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Solvability in L, of the Dirichlet problem for a singular
nonhomogeneous Sturm-Liouville equation

N. Chernyavskaya and L. Shuster

Abstract. We consider the equation

(re)Y°a))°+ a)y(x) = F(x);  x2R ()
where f(x) 2 Ls(R), s2 [1;1 ], r(x) > 0, q(x) Ofor x 2 R, r(lx) 2 L'1°°(R),
and q(x) 2 L'1°°(R). The inversion problem for equation () is called regular in
Lp if equation () has a unique solution y(x) 2 Lp(R) of the form

y(x) = ' G(x;t)f (t)dt; X 2 R;
1

with kykp  ckf kp uniformly in p 2 [1;1 ] for any f (x) 2 Lp(R). Here G(x;t) is
the Green function corresponding to (), cis an absolute constant. For a given
s 2 [1;1 ], we give necessary and su cient conditions for the followi ng assertions
to hold simultaneously:

the inversion problem for () is regular in Lp, and

limjn  y(x)=0forall f(x)2Ls(R).

1. Introduction

In this paper, we are interested in the existence and certairproperties of the solution
of a Dirichlet problem :

(rY0N°+ ax)y(x) = f(x);  x 2 R; (1.1)
im y(x)=0 1.2)
jxji1

wheref (x) 2 Ls(R); s2 [1;1 ]; and r(x) and q(x) satisfy the conditions

r(x) > 0; q(x) Oforx2R; % 2 L°°(R); q(x) 2 LY°(R): (1.3)
Our goal is to nd all s 2 [1;1 ] such that if f(x) 2 Ls(R); then (1.1){(1.2) is
solvable. Note that we consider (1.1){(1.2) only for those guations (1.1) for which
the inversion problem is regular inL,: This means [1] that the following two assertions
hold simultaneously:

(R1) (1.1) has a unique solutiony(x%Z Lp(R) of the form
1

y(x) = (Gf )(x) & 1 GO ()dt,  x 2 R; (1.4)
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260 CHERNYAVSKAYA AND SHUSTER

uniformly in p 2 [1;1 ] for any f(x) 2 Ly(R). Here G(x;t) is the Green function
corresponding to (1.1):

u(x)v(t); X

Gty = u(t)v(x); X

(1.5)

and fu(x);v(x)g is a special fundamental system of solutions (FSS) of the egtion

(r(x)z2%x))°= q(x)z(x); x 2 R: (1.6)

(R2) There is an absolute constantc > 0 such that for all p2 [1;1 ], one has
kykp, ckfk, if f(x)2Lp(R): (1.7)

In [1, 2], necessary and su cient conditions for (R1){(R2) t o hold were found. The
conditions coincide and become a criterion for a wide classfeaquations (1.1) which
we call standard; we denote this class bys (see [1] andx2 below). Now we can give
the precise statement of our problem I:

I. Let (1.1) 2 S, let the inversion problem for (1.1) be regular in Lp; and let
s 2 [1;1 ] be given. Under what condition, for any f (x) 2 Ls(R), would the
solution (1.4) of (1.1) satisfy the equality (1.2)?

Our main Theorem 3.1 gives a precise answer to this questiorof all s 2 [1;1 ]:
In addition, we show (Theorem 3.2) that for (1.1) 2 S, Problem | for s 2 [1;1 ) is
equivalent to the following Problem II:

Il. Let (1.1) 2 S; suppose that the inversion problem for (1.1) is regular inL,;
and let s 2 [1;1 ] be given. Under what condition does there exist an absolute
constant c = ¢(s) > 0 such that for any f (x) 2 Ls(R), the solution (1.4) of (1.1)
would satisfy an inequality kykc(ry — c(S)kf ks?

We want to stress that our results are formulated in terms of the same auxiliary
functions (local integral averages ofr (x) and g(x)) as the conditions of regularity of the
inversion problem for (1.1) in L,: This is convenient for applications and, on the other
hand, as in [1, 2], our results include Dirichlet problems fo \interesting" equations
with oscillating coe cients.

Note that in the proofs, we mainly use the results of [1, 2, 5]which we summarize
for the reader's convenience irx2. In addition, we would like to point out that auxiliary
functions of type d(x) (seex2, Theorem 2.4) were introduced and extensively studied
by M.O. Otelbaev. Such functions turned out to be an e ective tool in solving various
problems related to di erential and di erence operators. For some of these results,
ideas, and original techniques, see [4]. The problem treatkin the present paper was
not considered by Otelbaev. Our approach is based on combing his methods with
the method of studying the Sturm-Liouville operator which we proposed in [1, 2].

2. Preliminaries

In this section, we give some notions and results from [1, 2,]5Below we denote byc
absolute positive constants which are not important for the exposition and which may
di er even within a single chain of calculations. Throughout we assume thatr(x) and
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g(x) satisfy the following conditions:

r(x)>0;, qx) 0 for x2R; % 2 L(R); q(x) 2 L°(R); (2.1)
Z Z
. * o dt X o ]
]dljllgn ) d@ ) dq(t)dt =1,; x2R: (2.2)
Theorem 2.1. [2] Consider the equation
(r(x)2%x))°= q(x)z(x); x2R: (2.3)

There exists a FSSfu(x); v(x)g of (2:3) such that
u(x) > 0; v(x) > 0; uYx) < 0; Vqx) > Ofor x 2 R;
re)VIx)ux)  uqx)v(x)] =1 for x 2 R;

X110 u(x)  xt v(x) '

The FSSfu(x);Vv(x)g with properties (2.4) is called a basic FSS (BFSS) of (2.3).

(2.4)

Lemma 2.1. [2, 3] For x;t 2 R, u and v have the following representations:

z
pP—— * d pP—— * d
u(x) = (x) exp > O 0O ; V(X)) = (x) exp :_ZL O 0 (2.5)
z
Ladef UVt x ot P ——— 1°¢ d
SO v x 1 T WO TGO 2©)
where (x) = u(x)v(x) and x; is the unique root of the equationu(x) = v(x):
Corollary. One has the following equalities:
Z, q Z, q
(2.7)

L 00 .00t

Lemma 2.2. [2] For every x 2 R, the following equations ind 0 have unique nite
positive solutions:

Zx gt %« Zxrd g Lxrd
1= LT dq(t)dt; 1= O q(t)dt: (2.8)
Denoteszy di1(x); da(x) the res%e:iizze(xs)olutions of (2.8) alnd introduce the functons
"(x) = - r?—tt); (x) = ) r?—tt); h(x) = % X2 R: (2.9)
Theorem 2.2. [2] For x 2 R, the following inequalities hold:

2 th(x) ) 2hXx): (2.10)

Lemma 2.3. [2] For every x 2 R, the equation

Z x4 d d
LT 4 TORO) 21y

has a unique nite positive solution in d. Denote this solution by d(x): The function
d(x) is continuous for x 2 R:
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Lemma 2.4. [2] For x 2 R, t2 [x d(x);x+ d(x)], the following inequalities hold:
9 v(x) wv(t) 9v(x); 9 u(x) u(t) 9ux); (2.12)

9! (x) t 9 x); (36) h(x) h(t) 36h(x): (2.13)

De nition 2.1.  [2] We say that a system of segment$§ gnono; NO= 1, 2;:::,

forms an R(x)-covering of R if the following conditions hold:
def

L n=[ n; #1=1[%n d(Xn)iXn + d(Xn)l; n2NE
2. g1 = nifn o1, Loy =  ifn 1,
3. 4= =X,
4. n = R.
n2N?©

Lemma 2.5. [2] For every x 2 R, there exists anR(x)-covering of R:

De nition 2.2.  [1] A nonhomogeneous equation (1) and the corresponding homo-
geneous equation (2.3) are called standard if

m € sup (r(x)j Ax)j) < 1: (2.14)
X2R
The set of all standard equations is denoted byS: By writing (1.1) 2 S; (2.3) 2 S, we
mean that (1.1) and (2.3) are standard equations.
Lemma 2.6. [1] Condition (2:14) holds if and only if there isc 1 such that
c(x) (x) c(x) forx2R: (2.15)

De nition 2.3.  [1] We say that for a given equation (1.1), the inversion probem is
regular in L if one has assertions (R1){(R2) fromx1.

Theorem 2.3. [1] For the inversion problem for (1:1) to be regular in Ly, it is
necessary, and for(1:1) 2 S it is su cient, that

def

B = sup(h(x)d(x)) < 1 : (2.16)
x2R
Corollary. Let (1:1) 2 SandB < 1Z: Then
1
H d:efsup G(x;t)dt cB: (2.17)
x2R 1

Theorem 2.4. [1, 2] Suppose there isa 1 such that

bor(x) for x 2 R: (2.18)
For every x 2 R, consider the equation ind 0:
x+d
2=d q(t)dt: (2.19)
x d

Equation (2:19) has a unique positive continuous solutiord(x) and, moreover,
c td(x) d(x) cd(x); x2R; (2.20)

@ +2) 4 (%) %d(x); X 2 R: (2.21)
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Theorem 2.5. [1] Under condition (2:18), the inversion problem for (1:1) is regular
in Lp if and only if

K € sup(d(x) < 1 : (2.22)
X2R
Lemma 2.7. [5] One hasd(x)! Oasjxj!1 if and only if for any a > 0, one has
Z X+a
lim g(t)dt=1: (2.23)
jxjiL X a

3. Statement of results

In this section, we formulate the main results of the paper. Throughout, we use the
following notation: f (x) is an arbitrary function from Ls(R); s 2 [1;1]; y(x) =
(Gf )(x) (cf. (1.4)). Problem I (see x1) is solved by the following theorem.

Theorem 3.1. Suppose that the inversion problem for(1:1) is regular in Lp: If s 2
[1;1); then to have the equality

lim y(x)=0; (3.1)
jxji1

it is necessary, and under condition(1.1) 2 S it is su cient, that

D:E'sup h()d00™ <1; I+ 10: L (3.2
X2R S S

If s= 1 ; then to have (3.1), it is necessary, and under the condition(1.1) 2 S it is
su cient, that h(x)d(x) would have a limit asjxj!1 and

D: dff_li_T (h(x)d(x)) =0 : (3.29
Jxj!

The following assertion gives a solution of Problem Il (see1).

Theorem 3.2. Suppose that the inversion problem fof1:1) is regular in L,; then
(@) If for some s2 [1;1 ], one has

Kykc(r)  C(S)KF ks (3.3)

where ¢(s) is a positive constant depending only ors; then Dg < 1 :
(b) Let (1:1) 2 S;s2[1;1): Then (3:3) holds if and only if (3:1) holds.
(c) Let (1:1) 2 Sands=1:Then (3:3) holds if and only if B < 1 (see(2:16)).

In the following assertion, we show that under the additiond assumption (2.18),
one has equality (3.1) regardless o$ and of the condition (1.1) 2 S:

Theorem 3.3. Suppose that(2:18) holds andK < 1 (see(2:22)). Then for any
s2[1;1 ), one has(3:1). For s= 1, one has(3:1) if and only if (2:23) holds.

Remark. Forr(x) 1and1 gq(x)2 L'(R), Theorem 3.3 was proved in [5].
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4. Estimates of auxiliary functions.
Below we use the following fact:

Theorem 4.1. [2] Suppose that under assumption§2:1) there exist functionsr(x),
ro(x), au(x), g(x) such that

Q) r(x) = ri(x) + ra(x); qx) = qu(x) + (x); x 2 R, where ri(x); u(x) are
continuous and positive forx 2 R;

(2) for some constantsa;b(b 3a> 0) and jxj 1, one has inequalities
s

a forjt xj bdx); dx) =

ri(x).

a(x)’

ra(t) (1)
o Y Gw
(3) thereis 2 (0;1] such thatr(x) r1(x) for x 2 R; and
@) limjgn {2(x) =1lim 51 {2(x) =0 where

(4.1)

{1(x) = 9177 sup p(t)dt ;
ri(X)(X) jzji vdx) x
Z X+ 2z
(20= " 0@ sup 200 4

jzj bd(x) X r1(t)2
Then the following assertions hold:

(A) One has(2:2). Equations (2:8) have unique nite positive solutionsd;(x) and
d>(x) for every x 2 R: In addition, (2:3) 2 S and

et hx) p—" . x2R: 4.2)
r1(X)ch(x) r1(X)c(x)
(B) If, in addition, b 160a% ?; then (see(4:1))
c Yx) dx) cdx); X 2 R: (4.3)

Corollary. [1] Let r(x) and q(x) satisfy the hypotheses of Theoren:1, then the
inversion problem for (1:1) is regular in L if and only if infxor u(x) > O:

Example. Consider (1.1) with the following coe cients:

r(x)=exp( (2  1)jxj)+ %exp( (2 1)jxj)sin(exp(2 jxj)); 1, x2R;
q(x) = exp(jxj) +exp(jxj) sin(exp(2 jxj)); X2 R:
According to Theorem 4.1, setri(x) = exp( (2  1)jxj); w(x) = exp(jxj); x 2 R:

Clearly, =1=2 d\(x) =exp( (x)): Since all the functions are even, it su ces to
give the needed estimates fox 1: Since d(x) = exp( x ); it is easy to see that
inequalities (4.1) are true, say, fora=2; b=160a® 2 =320: To estimate { 1(x) and
{ 2(x) in this case, one can apply the second mean value theorem {[6Ch.12, x3):

X+ 2z

{1(x) = exp(( 1)x) sup exp( (2 Dt) exp(2t )sin(exp(2t ))dt
jzj bd(x) x
z X+z
cexp(( 1)x) sup exp( (2 1)x) exp(2t )sin(exp(2t ))dt
jzji bd(x) X

cexp( X );
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{2x)=exp( ( 1)x)

X+z

sup = (sinexp(2t )exp( 2( 1t)[exp(2( 1)t))%dt
izj bd(x) 2
ZX+Z
=exp( ( Ix sup = exp( t)[exp(2t )sin(exp2t )]dt
jzj bd(x) 2
ZX+Z
cexp( ( 1)x) sup exp( x) exp(2t )sin(exp(2t ))dt
jzj bd(x) X
cexp( x):
It follows that all the hypotheses of Theorem 4.1 are satis al, and thus
c texp((  Djxj) h(x) cexp((  Djxj); x2R; (4.4)
c Yexp( jxj) d(x) cexp( jxj); x2R: (4.5)

Since infyor qu(X) = inf x2r €xp(jxj) = 1; by the corollary of Theorem 4.1, we conclude
that in this case the inversion problem for (1.1) is regular n L, and, in addition, by
Theorem 4.1, (1.1)2 S: Let s 2 [1;1 ): By (4.4) and (4.5), one has inequalities

c texp S 1 he)dx)=  cexp 5 1

and, therefore,Ds< 1 ifs ; andDg=1 ifs<:

By Theorem 3.1, we conclude that if 1 s < 1 ; then the Dirichlet problem for
(1.1) with the above coe cients is not solvable in Ls(R) for s <  (i.e., there exist
f(x) 2 Ls(R); s < such that (1.1){(1.2) has no solutions), and, conversely, ér
S the Dirichlet problem is solvable in Ls(R) (i.e., for any f (x) 2 Ls(R); problem
(1.1){(1.2) has a unique solutiony 2 Ls(R) with kyks ckf ks; Kykc(ry — C(S)Kf ks):
For s= 1, we haveD; =0 by (4.4){(4.5), i.e., for any f (x) 2 L1 (R), the Dirichlet
problem has a unique solutiony 2 L1 (R) with kykc(ry  ckfky :

5. Auxiliary results
To prove Theorems 3.1{3.3, we need the following assertions
Lemma 5.1. Let"2[0;1t2 [x "d(x); x+ "d(x)]; x 2 R: Then
(1 ™d(x) dit) @+ ")dx): (5.1)
For the function d(x), one has the relations
X!Iilﬁ (x+d(x)= 1 ; XI!il_m (x d(x))=1: (5.2)

Proof. Let us verify that for x 2 R, one has the inequality

jdx+ ) d0)j j j for jj o d(x): (5.3)
Indeed, suppose, for example, that 0 d(x): Then

Zyrd) g Zxs +( +d0) g

L= wo TORD) xe (o FOROY
d d

Z y+d(x) Z oy +(dx) )

a0 TORO) e oo ) rORO)
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The rst inequality implies d(x+ ) d(x)+ ; and from the second one, we obtain
dix+ ) d(x) : Hence, dix+ ) d(x) : Thecase 2[ d(x);0] can be
treated in a similar way.

To check (5.1), sett = x + in (5.3). Then we can write (5.3) in the form

jait) dx)j j x tj for jt xj "d(x): (5.4)
In (5.4), setjt xj "d(x); " 2[0;1]: Then

v it x

d(x) d(x)

The latter inequality is equivalent to (5.1). Now let us verify, for example, the second
equality of (5.2) (the rst one can be checked in a similar way). Assume the contrary.
Then there is a sequencd X, g%zl suchthatx, !'1 asn!l1 ,andx, d(x,)

¢ < 1 : Relations (2.11), (2.10), and (2.7) lead to a contradiction

an+d(xn) d an d lzxn d
2

for jt xj "dx):

1= 1 as n!l
xo dixa) TCOINC) ¢ r()h() ¢ () (O)
O
Corollary. Fort 2 [x d(X)=2;x + d(x)=2]; x 2 R, one has the inequalities
2 d(x) d(t) 2d(x): (5.5)
Proof. In (5.1), set" = 1=2; and we obtain (5.5). O
Lemma 5.2. Let 2 (0;1): For every x 2 R, the equations ind 0
z X z x+d
= 4 . = _d4 (5.6)
x a()h()’ x rCO)h() '

have unique nite positive solutions. Denote these solutins by d;(x; ) and dx(x; );
respectively. Then

im (x+ do(x; )= 1 ; lim(x di(x; )= 1: (5.7)
x!1 X1
Proof. Consider the functions
Z, VAN
d X d
d) = — d) = —
@= oot 297 L oo
Clearly, 1(0)= 2(0)=0;and 1(d)and ,(d) are monotone increasing and con-

tinuous for d  0: Let us verify that (1) = 2(1) = 1: Indeed, by (2.10) and
(2.7), we obtain

(1)—Zl d }Zl d ..,
2 o TORO)Y 2, T OO
_ X d 17X d _
1(1)= 5 =

1 rOhC) 2 4 () ()
This implies the rst part of the assertion. (5.7) can be chedked similarly to (5.2). O

Lemma 5.3. Let (2:3) 2 S: Then

G(x;t) ch(t)exp

Xt 2 R: (5.8)
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Proof. Since (23) 2 S; we havem =1 ;" 2 (0;1] (see (2.14)). By (2.5) and
(2.10),
v _ 1+r(0) ) " LR
v() 2r() () 2r() () 4 ()h()’ '
Therefore,
v(t) = d
—=  exp - for t x xt2R: 5.9
w3, o0 59)
Then, from (2.4), (2.6), (2.10), and (5.9) fort X, it follows that
v(x) «Zuy
G(x;t) = v(x)u(t) = (t)—= 2h(t)ex -
(D= VOO = Oyg MO 5 e
This gives (5.8). The caset x can treated in a similar way. O
6. Proof of the assertions on solvability of the Dirichlet pr oblem

In this section, we prove Theorems 3.1 and 3.3.

Proof of Theorem 3.1for s2 [1;1 ).
Necessity. Assume the contrary: for any f (x) 2 Ls(R), one has (1.2), butDs = 1 :
Then there is a sequencé x,, g%zl such that

ixnj!1 asn!l ;andh(x))d(x,)™" n2; n=1;2:::: (6.1)
Forn=1;2;:::, set
8 z
. I 0 F
fa(t)= _ N7dO= x, d() " 2
-B 0 if jt  Xnj> %:

By (5.2), one can choosd x,gi-; in such a way that for n 6 m, one would have
P

(suppfn)\ (suppfm) = ;: Now setfy(t) = fn(t) and verify that for fo(t) 2 Ls(R),
1

n=

z, v Z w4 (Z,, Zy 4
fodPdt="  jfaPdt= o gmee s g d
n=1 n n=1 n 2
Zy+ aln) iexp Szt d_ dt)
X d(t) x, d()

2s 2 .
hey N S 3

Sincefy(t) 2 Ls(R); we havey(x) = (Gfg)(x) ! 0Oasjxj!1 :Hencey(xp)! O0as
n!1 : Letus verify that this is not true and thus a contradiction. F irst note that
by (5.5), for t 2 [x, d(Xn)=2; X, + d(Xn)=2], one has the estimates
Z Z . .
‘ d_ _ “d(x,) d 2t Xn]
x, d() x, d() d(xn) d(xn)

2R 1 2R 1 2
S

1, n=1;2:::: (6.2)

+
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Therefore, usingz(5.5), (6.2), (2.12), and (2.10) we get

y(Xn) = l G(xn; t)fo(t)dt
1

u(x )Z A v(t) 1 1 ex “ d dt
" e N2 d(D) P dD)
e )ZX”Mu(t)i 1 1:sex Z, d
- nZ d() P d0)
VAN IETS! 1=s 1=s

}exp( 1) (XZ“) ¢ do) ! dt

9 n xo 90n) d(t) d(xn)

1 h(xn)d(xn)*="  exp( 1),

3_6exp( 1) n2 36 ’
a contradiction. HenceDs < 1 :
Suciency. Let us apply estimate (5.8) and Helder's inequality to (1.4):

Z
! 1°' d
jy(x)j ¢ h(t) ex - jf (1)jdt
Jy(x)j ) (exp o L TORO if (1]
Z 1 Z t l:SO
1 d
c h(t)s’ ex - dt
, NOTeR o OO
Z 1 1 Z t d 1=s
ex - if (t)j3dt : 6.3
. p ¢ . TOR0) it (i (6.3)

Let us estimate the rst factor. Let f ,gn2n0 be segments from anR(x)-covering
(see Lemma 2.5 and De nition 2.1). Then, by (2.11), one has iequalities, fort 2

ns

Z, d D% 1Z q Z, g |
L TORO T L TORO T toRg D Tk
Zx g Nz z . (6.4)

= - 9 i . _
c TORO) . . tORO) ¢« TORO) Gnj 1) ifn 1

P, P
Throughout, we use the notation °= ,NO= 1, 2::::. By Lemmas 2.5, 2.4,

n n2N?©°
and estimates (6.4), we have
Z, Z, x Z Z,
1 d 0 1 d
h(s)s” ex = dt= % h(t)® ex = dt
, "o "o 100 S homee o ORO)
O K dt exp J”‘Tl ¢ 0 h(x))Sd(xn) exp J%
n n n
%’
c exp n D§° c<1
n=0
Hence,
Z, 1 Z, d
jiy(x)j* ¢ ex = if (t)jdt; x 2 R: 6.5
Jy(x)j P TORO jt (0 (6.5)
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Fix 2 (0;1)anddenote! (x; )=[x di(x; );x+da(x; )] wheredi(x; ); da(Xx; )
are the solutions of (5.6), respectively. Then from (6.5), 1 follows that

(z L2
jy(x)j* ¢ ex = if (t)j5dt
Jy(x)i o) P o0 ! (Dj
z 1%t g :
+ ex - if (t)j°dt
e P o o T
z Z, )
cC exp -— jif (Oj3dt + jf (D)j°dt
C a2 (X;i x di(x; )
1
cexp - kf kS + c if ()j3dt:
x di(x; )
From the latter estimate, by (5.7), we get
Tim i is _ S.
0 XI!|1rn Jy(x)j cexp c kf k3: (6.6)

In (6.6), is an arbitrary number. Letting tend to in nity, we obtain W y(x)=0:
x!
Since 0 lim jy(x)j XW y(x) =0;we nally get lim y(x)=0:The casex ! 1
X1 ! !
can be treated in a similar way. O
Proof of Theorem 3.1 for s= 1 . Necessity. Let y(x) = (Gf )(x)! Oasjxj!1 for

any f (x) 2 L1 (R): Choosefo(x) 1. Then, using (2.10) and (2.13), we obtain the
inequality which implies (3.29:

zZ, zZ,
y(x) = G(x;t)fo(t)dt = G(x;t)dt
1 1
z X z X+ d(x)
u(x) V(t)dt + v(x) u(t)dt 2u(x)v(x)d(x) h(x)d(x):
x d(x) X 9 9
Suciency. First note thatif a,! Oasn!1 andngis xed, then
X No
lim a = 0: (6.7)
n!l .
i=n no

Suppose thatf ,gn2no from the R(0)-covering. Introduce the function k(x) = n if
X 2 [Xn d(Xn);Xn + d(xp)) for n 2 N® Clearly jk(x)j!'1 asjxj!1 :Letngbe
any positive integer. Below we use (5.8), De nition 2.1, (64), and (2.13):

Z 1 Z 1 1 Zt d
) G(x;t)dt ¢ ) h(t) exp P ré )
=c ‘ h(t) exp 1 L_d dt
N ¢ . rOh0)
k(&+ nNo X .. .
c h(x)d(x;) + ¢ h(a)dox)exp 0 KO

. . . C
i=k(x) no ji k(x)j>n o
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From (3.29), it follows that h(x)d(x) ¢; for x 2 R: Take" > 0 and chooseng = ng(")

such that 2c;exp %2 exp % <" Then we can continue the above estimate:

Z, KOR* No no R i
G(x;t)dt ¢ h(x;)d(xi)+ ciexp — exp -
1 i=k(x) no € iz ¢
k(X+no
c h(xi)d(x) + "
i=k(x) no

By (5.2) and (6.7), this implies

z 1 z 1 k(&+ No
0 i G;t)dt  im G t)dt ¢ lim h(xij)d(x;)+ "= "

] H H
Xt 1 iy i=k(x) no

Since" is arbitrary, letting it tend to zero, we get

z 1
~lim G(x;t)dt =0: (6.8)
jxjiL 1
(For x!' 1, one can check (6.8) in a similar way.) Therefore,
Z,
0 lm jy)i m jyeoj  Tm GEGf (tjdt
jxji1 jxji1 jxjii 1
1
~lim G(x;t)dt kfky =0:
jxji 1
O
Proof of Theorem 3.3,  From (2.6), (2.18), (2.21), and (2.22), it follows that
G(x;t) cexp JtTXJ ;o Xt 2R (6.9)
Let s2 [1;1): From (6.9) and Helder's inequality, we get
Z,
jy(x)j . G(x; t)jf (t)jdt
Z, 1=s° Z 4 1=s
c G(x; t)dt G(x; t)jf (t)j>dt
1 1
Z, . . 1= Z 4 . . 1=s
c exp X g exp Xyt
1 c 1 c
Z 1 . . 1=s
c op Xt s
1 c
Hence,
z 1

VOO © exp ”TXJ if (Oj°dt; x 2 R: (6.10)
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Let A2 (0;1): Then, from (6.10), it follows that
(7 7 )

YOOI ¢ exp X i jedt+ exp X i o
it xj>A c it xi A c

i (6.11)

cexp A kf k+ c if ()j3dt:
c it xj A

In (6.11), letting x tend to in nity, we obtain
0 lim jy(x)j°* cexp A kf kS: (6.12)
x11 C
Since A is arbitrary, we deduce from (6.12) asA!1 that
0 lim jy(x)j® lim jy(x)j®=0:
X1 x!1

Thus, y(x) ! Oasx!1 : Similarly, one can check thaty(x)! Oasx! 1

Now, let s = 1 : Necessity of our assertion follows from the proof of necedgiof the
hypotheses of Theorem 3.1, inequalities (2.20) and (2.21pnd Lemma 2.7. To prove
su ciency, note that from (2.6), (2.18), (2.21), and (2.22), it also follows that

4 it X
G(x;t) ¢ dx)exp — ;7 tx 2R (6.13)

By Lemma 2.7, we obtaind(x) ! 0asjxj!1 : The conclusion of the theorem follows
from (6.13) and the following obvious inequalities:
Z, qa— 2
Jy(x)j G t)if (jdt ¢ dlx) exp
1 q__ 1
c dx)kfky :

U9 G ik

7. Proof of the theorem on estimating the solution of
the Dirichlet problem in the uniform metric

In this section, we prove Theorem 3.2.

Proof of assertion (a). Let s2 [1;1 ): Introduce a function:

1 if t2[x d(x);x+ d(x)]

fx(t) = 0 if t2[x d(x);x+ d(x)]:

Now note that if t 2 [x d(x);x + d(x)]; then from Lemma 2.4, it follows that

Z 4 Z, Zyy d(x)
y(t) = G t)fx()d = u(t) v()d + v(t) u( )d
1 X d(x) t
2 2 h(x)d(x) .
200VOd) o (0de O,
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Therefore, if (3.3) holds, then
kka(R) kGf kC(R) kGkaC(R)
c(s sup ————= = su su
© S0k AP Wk SR Kk
1 h(x)d(x) _ 1
81,,r (2d(x)) = 162
If s= 1 ;thenforfo(x) 1 azs shown inx6, we have

y(x) = ' G(x;t)fo(t)dt &gd(x):
1

Ds:

Therefore, if (3.3) holds, then

kyKe (r)
——7  sup(h(x)d(x)):
K ok mg( (x)d(x))

O

Proof of assertion (b). If (3.3) holds for somes 2 [1;1 ); then Ds < 1 : Since (1.1)
2 S, Theorem 3.1 implies (3.1). Conversely, if (3.1) holds, the Dg < 1 : Since (1.1)
2 S; we can repeat the proof of suciency in Theorem 3.1 and obtain (6.5). This
immediately gives (3.3). O

Proof of assertion (c). Necessity is proved in (a). Since the inversion problem (1)1
is regular in L; by Theorem 2.3, we conclude thatB < 1 : Since (1.1)2 S; by (2.17),
we also haveH < 1 ; whence
1
kykc(ry sup G(x;t)jf (t)jdt  Hkfk;  cBkfky :
x2R 1

O
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