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Diffusion limit of a hyperbolic system with relaxation

Shi Jin and Hailiang Liu

Abstract. In this paper, we introduce a di usive scaling to a hyperboli ¢ system
with relaxation and prove that, under such a scaling, the sol ution converges to
that of a nonlinear convection-di usion equation. Using en ergy estimates, such a
limit is justi ed with the initial data prescribed around a t raveling wave solution
of the relaxation system.

1. Introduction

Hyperbolic systems with relaxation arise in a wide variety d physical problems, rang-
ing from linear and nonlinear waves [22], kinetic theory [3] to multiphase and phase
transition modeling. In these problems, usually one cannotnd the exact solution.
The behavior of the solution can be understood in some asymptic regimes.

In recent years, much attention has been paid to the study of he zero relaxation
limit. In this regime, a complicated system may asymptoticdly be replaced by a much
simpler hyperbolic system, the behavior of the latter is eiher already well understood
or easier to analyze. Rigorous justi cation of such a limit has been made by Liu [15],
Chen et al. [5], Collet and Rascle [6], and Natalini [18] for 2 2 systems, where
the zero relaxation limit is a scalar conservation law, usig compensated compactness
or bounded variation (BV) estimates. Such results were alscobtained for multidi-
mensional relaxation systems that converge to scalar equains by Katsoulakis and
Tzavaras [9] and Natalini [19]. See [20] for a survey of recémesults in this direc-
tion. More recently such a program has been carried out for riaxations to hyperbolic
systems by Serre [21].

In this article, we study a di erent asymptotic limit, which leads from a hyperbolic
system with relaxation to a convection-di usion equation. The proper scaling of this
asymptotic regime, besides the usual assumption of a smalktaxation time ", requires
a long time and weak nonlinearity assumption. This kind of long time behavior is
important physically. Among the famous examples are the traxsport equation in
di usive regimes [2, 10] and the Boltzmann equation near inompressible Navier-Stokes
regimes [4, 1, 12]. For hyperbolic systems with relaxationyarious di usion limits have
been investigated [5, 7, 16, 17], but the asymptotic scalingtudied in this article is
new to our best knowledge.

We begin with the hyperbolic system with relaxation constructed by Jin and Xin [8]:

U +v, =0;
v +au, = [ () (1.1)
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318 JIN AND LIU
where " > 0 is the relaxation time. This system was introduced as a new ay of
regularizing the hyperbolic system

ug + f(U)x =0: 1.2)

In fact, for small ", using the Chapman-Enskog expansion, one may get the conviion-
di usion equation,

urfU=" (@ TWdux

which gives the viscosity solution to (1.2) if the following subcharacteristic condition
holds:

a>f Yu)?: (1.3)

It has been proved that the solution of (1.1) does converge tdhe entropy solution
of (1.2) [5, 6, 18]. Thus, (1.1) provides a physically naturd way to regularize (1.2),
parallel to the regularization of the Euler equation by the Boltzmann equation [3].
It is also the basis for the construction of the relaxation stieme, a class of simple,
e cient TVD schemes for a general system of conservation lavg [8] that does not need
a Riemann solver nor the local characteristic decompositio.

Despite its simplicity, the system (1.1) possesses the key#tures of a more general
hyperbolic system with relaxation. It thus serves as an ideamodel problem to under-
stand the more general ones. This is the reason we, among otts study this model.
Our analysis clearly extends to more general systems and asptotic limits of similar
type.

Similar to what was normally done for a kinetic equation [12] we rescale to the
long time t 7! t=" and the weak nonlinearity f (u) 7! "f (u). Under such a scaling,
(1.1) becomes (we still keep the same notation for all variakes)

", +¥, =0; L4
"w +au, = i f () (1.4)
After introducing v = "v, (1.4) becomes
u, +v, =0;
E) ot v
vi tau, =f(u) v:
The initial data associated with (E-) are
UV jzo = (ugive) ©'F (U v ) v o =f(u ) (1.5)
Here, for conveniencey is chosen to be the local equilibrium, so there is no initial
layer.
Asymptotically it is easy to see that, as" ! 0, (E+) reduces to the following
problem

Up + f(U)x = aux;

(Eo) v="f(u) auy:

Our goal in this paper is to rigorously justify this asymptot ic limit. Since the reduced
equation (Ep) is a di usion equation, we call such a limit the di usion lim it.

Since the reduced equation ) is parabolic, the key smoothness assumption which
leads to the above approximation is naturally satis ed. Thus we do not need to impose
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any additional restriction to ensure stability. This can be better understood by using
the Chapman-Enskog expansion, which in the case ofH-) reads

v = () au, + "2+ O("Y): (1.6)
Applying (1.6) in the system (E-), we obtain, up to an O("?) error,
vy = FAU)2ux  a f(U)xx + FAU)Ux + @%Uxxx :

After dropping all higher-order terms, we get the second-oder correction to the lim-
iting form ( Ep):

ur+ f(u)x =[(a "2f Oz)ux]x + auz[f (U)xx + fo(u)uxx Ix aznzuxxxx . (1.7)

The equation (1.7) always possesses positive viscosity fd< 1 if the subcharacteristic
condition (1.3) is satis ed.

In the present paper, we will investigate the di usion limit of system (E-), with
the initial data prescribed around a traveling wave of (E+). We intend to show that
the sequencef (u";v')g converges, as' ! 0, to the unique solution (u;v) of the
problem (Eg). Our result shows that, for any solution of the original system (E-), a
small perturbation about a traveling wave (U"; V") will persist in the moving frame.
Namely, the solution of (E-) will converge to that of the reduced equation (Eo) about
its own traveling wave, which is the limit of the U-component of the traveling wave of
the original system.

In Section 2, we will show that there exist traveling wave soltions with shock
pro le for ( E+), i.e.,

U5Vt = (U5 V) (x sty (U5V)(2);
(U:V)2)! (u;v) as z!1

where (U ;u.) is an admissible shock of the corresponding conservatiorals. That
is, the constantsu and s (shock speed) satisfy the Rankine-Hugoniot condition

H(u:)=0; H (u) s(u u )+ f(u) f(u) (2.9)
and the entropy condition [11]

(1.8)

H () <0 forus <u<u ; (1.10)
>0 foru <u<u.:
We also show that, as" ! 0, the above traveling wave convergesgp the traveling wave
(U9 v9) of the reduced equation €g) in the H! norm, provided (U" U%) =0.

In Section 3, we study the initial-value problem associatedwith the error (between
(u”;v") and (u°; v%)) equation, and we will derive some elementarya priori estimates
for the solution which lead to the global wellposedness of ta error equation. The
energy method employed in this section is similar to that in L3] and [14] where the
nonlinear stability of traveling waves to system (1.1) was dtained. The convergence
to the local equilibrium is established in Section 4, and themain theorem is proved
in Section 5. Furthermore, it will be shown that some higherorder energy estimates
hold under additional assumptions on initial data which enaures the compactness.

In the recent literature, the main mathematical tools in justifying the zero relax-
ation limit are compensated compactness or BV estimates [40 These techniques, in
general, do not work for hyperbolic systems. Therefore, it $ interesting to analyze
the possibilities of the energy methods for such problems, llnough in the present
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case the BV estimates still could be obtained under possiblyveaker assumptions by
monotonicity techniques.

Notations. H™ denotes the Sobolev space oR of order m; its norm will be denoted
by k km. L2([0;T];HK) is the space of functionsg(t;x) such that kg(t; kg is in
L2([0; T]), and similarly for C°([0; T];H¥) and H™([0; T]; H¥). Other norms that will
be used occasionally arégk_: = esssupjgj and k(g:; g2)km = kgikm + kgokm. Here
and elsewhere,H™ and k ky, refer to the spatial variables only unless otherwise
indicated.

The elementary estimatesab a2+ ‘%b2 forany > 0, the Schwarz inequality, the
Sobolev inequalityk kcx Ck ki, form > %+ k, will be used freely. Throughout the
paper, integrals are taken overR unless otherwise indicated.C is the generic positive
constant independent of".

2. Traveling waves

To be self-contained, we rst state the existence theorem othe traveling wave solution
with shock pro le for the system (E-). We then will show that it converges, as" ! 0,
to the traveling wave solution of (Eg) in H®. Substituting

(u;v)(x;t) = (U V')(2); zZ=x st

into (E+), we have

sU, +V, =0;
s"?V, +au, = f(U) V' (2.1)
This also implies
a "’s*U,=fU") V' (2.2)

Integrating the rst equation of (2.1) over ( 1 ;z), and using the boundary conditions,
one has

sU+V'= su +v = su +f(u): (2.3)
Combining (2.2) with (2.3) gives
-_ HU) |
(I) Uz - m

Without loss of generality, if we restrict ourselves to the ase
us <u and U, <0 (2.4)

then the ordinary di erential equation ( 1+) with boundary condition U"(1 )= u
admits a unique smooth solution up to a shift provided that H (U) ! 0 at nite order
asU ! u . Moreover, if fqus) <s<f Qu ), or H(u ) 6 0, then H(U")

j U ujasU'! u .HencejlU u;V' v )2)j exp( cijz)asz! 1
for some constantsc > 0, independent of". If s = f%u.), or HYus) = 0, then
(U uesVY v )(2)j z K asz! +1 ,providedH(U") j U usjt* for
ki > 0. We notek, = nif Hqu+)= = HM(u,)=0and H™*D (u,) 6 0. Thus,
we have the existence of traveling wave solutions.
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Lemma 2.1. AssumeH(U") < Ofor U" 2 (us+;u ), and jH(U")j j U u ji*k

asU" ! u withk 0. Then there exists a traveling wave solutiof(U";V")(x st)

to (E+) with (U";V")(1 )=(u ;v ), unique up to a shift, and the speed satis es
||252 < a:

Moreover, asz! 1 ,

U u v v )2 exp( ¢ jzj); it fqus)<s<f qu);
(U wV w2 oz o if s=fqu):
Remark 1. This existence also includes the case df = 0; the corresponding wave
pro le is the solution of the reduced equation.

We now prove that U" converges toU° in the H! norm as" ! 0 in the case of
fAus) <s<f Yu ), which will be used in a later section.

Lemma 2.2. Let U" gpd U° be one component of the traveling waves fofE-) and
(Eo), respectively, and (U" U%dx =0. Then

kU U%;! O as "! O: (2.5)
Proof. Dene z= x st. Using (E-), we nd that U" and U° satisfy
du’ _ H(U")

) 7= s

and
(To) du? _ HUY,
dz a '’

respectively. Hgre the pro les U" and U°, connectingu. to u , are both monotone.
The condition (U" U%dz = 0 implies that there exists at least one spatial point
z ,sayz =0, such that

U'(z)=U%2z)=u2(us;u ):

Letz=(1 "?s?=a)zand U’ (z) = U"(2), then equation (I+) becomes

do” _ H(O").
- a (2.6)
SinceU"(z=0) = U%z=0)= u, one gets
. . "2g?
U%z)=0'(z2)= U z — 7 (2.7)
by the uniqueness of the solution to (2.6). Therefore,
. . ; "2g2
U'(z) U'(z=U'(z0 U z —Z
" n2g2 n2g2
= di z —Sz —Sz for 0< < 1 (2.8)
dz a a

For someM > 0 to be determined later, we have
Zy ) s 4 . Zy
lo = jU(z) U°%@2)j%dz - maxjH (U")j2 z?dz  C"*M3:
M M
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On the other hand,

z +1 .
I, = jU(z) U°@2)j%dz
+1 .
2 jU  usj?+ju%2z) wus+j?dz Ce 2M
M

where we have used the fact that the traveling waves tend tou. exponentially as
z! +1,uniformlyin ", in the case off Qu.) <s <f Yu ). Hence, for any small
positive constant , there exists a positive constantM ; suchthatl. < 5 forM  Mj.
In a similar fashion, we have
Z
| = jU(z) U°2)j%dz =
1 3

for M Mo. With Mg = maxfM1;M,g xed, letting " be suitably small, we obtain

lo< 5 forM  My. Thus,Z

= jU U%dz | +1pg+1: <

which yields the convergence inL?. The convergence inH?! follows immediately by
using the equations (-) and (lo). O

3. Global existence and uniform estimates

In this section, we shall establish the global existence fothe solutions (u";Vv") of the
Cauchy problem (E+) with the initial data

u (x; 0) = ug(x); V' (x; 0) = vo(x); (3.1)
for x 2 R. Let us consider the following assumptions:
(H,) f is a smooth convex function, sayf (u) 2 C3(R).
(H2) The functions (ug;Vvy) are uniformly bounded in L (R)2. Moreover, the se-

quence (i, U";v' V") convergesinL?(R)?tosome g U%vy V©) 2 L?(R)?
as"! 0 where U";V") are traveling waves of E-) discussed in Section 2.

For the initial data, without loss of generality, we may assume
z +1
(Uup U )(X)dx =0: (3.2)
1

For some traveling wave (U";V"), given in Section 2, we de ne

X

("(t); o) = . (U Uy (v V)
ZX
(0 0)= . (Up  U")(y)dy; (Vo V' )(X):

Clearly (3.2) implies (1 ;t)=0. Our goal then is to show the existence theorem:

Theorem 3.1. Suppose(H1) holds, andf (u.) <s<f Qu ). Let (U";V")(x st)
be a traveling wave solution satisfying3:2), and assume thatu, U" is integrable on
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Rand 52 H3 " ;2 H2 In addition, assume there exist positive constants'o < 1
and ¢y independent of" such that

o<" "o< 1 fP<a for u2 (uesu ); (3.3)
k I(')kH3+ k" E)kHZ Co:

Then there exists a unique global solutiofu”;v") to (E+), with initial condition (1:5),
such that

(U UV V) 2C00:1 ) HA)\ LA([0;1 ); H):
Moreover,
k(u" U5V V)kieqoayney G

k(u" U";"(V" V"))kCO([O;l );H 2) C:

To prove Theorem 3.1, we reset the problemE-) by applying
UVt = (U5 V) +( L (zi0); (1) (3.4)
wherez = x st (sometimes we drop the index" in the proof for convenience) to get
(t sz)+ =0;
"2y s )tanL=fU+ ;) fU) (3.5)
The rst equation of (3.5) gives
= (¢ s2) (3.6)
Applying (3.6) in the second equation of (3.5), a closed equi#on for is obtained:
L()="(t szt S(t Sz)z azn+t 1 s +fAU).=F (37

where
n ) ) o
F= fU+ ;) f(U) fU). =0Q) ;] (3.8)
is a higher order term. The corresponding initial data for (3.7) are
Z V4
“itzo = o(2) = up UM)dx;
Jt=0 o(2) . (Ug ) (3.9)
tlt=0 =S jt=0 = sS@ o(2) 0 1(2):
We introduce the solution space of the problem (3.7), (3.9) a
n
X(0;T)= “(z;t): 2Co%0;THH3\ CH0;T); H?);
o}
(z; 02L2%([0;T;H?) ;  0<T< +1:

Clearly, (3.6) implies
2 COI0; T):; HA)\ L2([0; T); H?):

Thus, Theorem 3.1 can be obtained from the following propogion.
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Proposition 3.1.  Let No(t) =sup, ; k ( )ks+ k" ( )k . Under the assump-
tions in Theorem 3.1, the problem (3.7){(3.9) admits a unique solution " 2 X (0;+1 )
satisfying
Z, 1=2
kK (Dknsr) + K" (t)ky2(r) + k(; 2)kZ.d CNy(0) (3.10)
0

where C is a positive constant independent of".

Proof of Proposition 3.1. (3.7) can be written as a rst-order symmetric hyperbolic
system, so the existence of a solution to (3.7){(3.9) on somé&me interval [0; T(")] is
well known. Furthermore, in order to show that T(") T for someT independent
of " and that (3.10) holds, it su ces to show that (3.10) holds for " su ciently small
under the assumptions that exists on [Q T] and is smooth enough to justify the
energy estimates used below.

Next, we will give an a priori estimate for (3.7) with energy estimates. For simplicity
in our energy analysis, we assume

fOluy > 0 for u2 (us;u ): (3.11)

Methods used later in this section are similar to those in [1314]. Multiplying (3.7)
by 2 vyields

2 L()=2F:
The left-hand side can be reduced to

LHS. = 2+2"% ({ s;), 2%« s)P?+2ai ,?+f gg

=fqU) s

wheref g, denotes the terms which disappear after integration with respect to z
over R. Multiplying (3.7) by 2( { s ;) gives

2(t sz) LO)=2F( ¢ s o)
The left hand side is reduced to
LHS.= aZ+"( ¢ s2) , +2(« s2)?+2fqU) (¢ s )+f g
Hence, the combination of the above equations in the form
fo+2( ¢ s )g L()=Ff +2( + s ;)g

yields
Ei(; ¢ s)+Es(2) *+Ea(z ¢t s)+Ea)+f g,
=Ff +2( ¢« s;)g (312
where
Ei(; ¢ s2)="%( 1 s2)?+" (¢ s )+ % %
Ea( 2; t S2)=@ ")t s )%+2fYU) (¢ s )+al; (3.13)

2

E3( z):ag; E4(): z 7

+
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Since , = f%U")U, and U, < 0, f°qU") , one gets
Ea( ) EjU;j 2
It is easy to see that (3.3) ensures the positive de nitenes®f the energiesE; and
E,. Therefore,
of 2+ ?(¢ s;)’g Ex1 Cf 2+ %( ¢ s )%
Ex o 2+( 1+ s )%
In summary, we have:

Lemma 3.1. If (3:3) holds, then
Z, .72
k (OK2+ "2k (OK2+  k(; 2)( K3 + ju,j 2dzd
0 0 R
zZ.Z
Cfk okZ + "2k ok®+ jFi(G j+j jdzd g (3.14)
0 R

for t 2 [0; T].

The next step is to obtain higher order energy estimates in a ranner similar to the
preceding arguments. Taking a spatial derivative@ over (3.7) and dening @ =,
one obtains

@L():L"( 2)+* z z=LO)+ z

Rearranging

f2+2( ¢ s2).9 @QL()=2Ff .+2( + s ;)0 (3.15)
by a similar argument as in the proof of Lemma 3.1, one gets
(s PHT( s bz P+al +E+GHE g,
=F,f +2( + s 2)0 (3.16)

where
E=@2 ")( ¢ s ,)?+2fqU") (¢ s ,)+a E;

G=2 ,( sz)+7Z 2:

Under condition (3.3), one has
E 5"’( t S z)zg:
After the integration with respect to t and z, (3.16) gives

Zt
K( K2+ "2k( + s K2+  k( + s 2 2)( )k
n ° Z.Z
C k okZ+"%k( s ,)0)k*+ iGjdzd (3.17)
0
z.2 o

+ JF2j( j+i( ¢ s 2)j)dzd
0 R
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where ¢ = 8. Using the estimate in Lemma 3.1,
Z.Z Z.Z
jGjdzd jUiili( ¢ s 2)i+ Zldzd
R z .z Z.2

jt sz j%dzd +C j j2dzd
0 R 0 R

0

it s z; jldzd
n ZZ 0
+C k Oki"' "2k ok + iFig j+j jdzd (3.18)
0o R

where we have used the boundedness pf,j.
Substituting (3.18) into (3.17), and replacing by @ , we have

Lemma 3.2. If (3:3) holds, then

Z, n
k@ K2+ "2k@ K2+ k(@ @, ,)k%d  C k okZ+ "2k ok
Z.2 0 z.2 o

+ jJFj( j+j j)dzd + Fj(i@ j+j@ j)dzd (3.19)
0 R 0 R
for t 2 [0; T].

Finally, we consider the equality

@ @dL()+2d(: s.) @L()=dFf@ +2d(: s )

After some manipulations, we get the following for = @

o s rea e s SEE 2't+<2 A s )
+2fUT) (¢ s )*ta f+d (¢ s o)
=Fi[+2( ¢ s ) (3.20)

Integrating over [0;t] R, using the fact that ,; ,; are smooth bounded functions,
and applying Young's inequalityto4 ,( ¢ s z)and2 , ( ¢+ S 2), we get
the following estimate on =

Lemma 3.3. If (3:3) holds, then
1Z t z t

k@ (t)k?+ "?k@ k*+ 3 k(@ ;,@> ,)kd C k@ k®+ k ,k?gd

0 0

Z.Z

n (0]
C k@ (0)ki+ "*k@ (O)k*+ iF2j(i@ j+j@ j)dzd : (3.21)
R
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Successively combining the estimates in Lemmas 3.1{3.3, weave
Z.Z Z,
k (DK + "2k (D)k3 + jUyj 2dzd +  k(; )kid
0 0
Z+Z n
C k (0)k5+ "2k ok + - IFid i+ D+ iFi(@ j+ i@ J)
o]
+F2j(i@ j+jd j) dzd (3.22)
By recalling the de nition of F in (3.8), we have
jFj=0)j .j%
iF2i= 0 2%+ 2l z2);
iF2z2j = OQ)(J 2%+ Zi+] 2 z22)):

Since supfj j;j zisJ zzJd  CNp(t), the integral on the right-hand side of (3.22) is
dominated by

z t
CNo(t) k(; )K3d:
0
Hence,
Z, zZ.Z
NE(t)+(1 CNo(t)) k(; )kid + jU,j 2dzd  CNZ(0):
0 0 R
Therefore, assumingNo(T) < % we obtain the desired estimate
z t z t p -
N+  k(; 2)k3d + jusj §d CNZ(0) (3.23)
0 0

for t 2 [0; T]. This estimate combined with local existence yields Propsition 3.1. [

4. Convergence to the local equilibrium

A necessary step to establish the limit is to study the convegence to the local equi-
librium v = f (u) aux. Additional a priori estimates for | and the equilibrium will
assure this.

To this end, we multiply @ L( )by 2  and 2( ; s ;)i, respectively. Noting
that @L( )= L( ) = L(7), similar arguments as in Lemma 3.1 yield the estimates
for .

Lemma 4.1. There exists a positive constantC such that if (3:3) holds, then

Z, Z.Z

k ((Dki+ k' (DK2+  k( ;@ )()Kd + ju,j 2dzd
0 0
n ZZ 0
C k t(O)KE + k" ((0)K* + jFjG j+j j)dzd (4.1)
0 R
for t 2 [0; T].
By the de nition of F in (3.8),
JFj=0@Q)j Zi 2 J:
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The integral on the right-hand side of (4.1) is bounded by
t
C jz2i(j@ j+j@ j)dzd
0 R 7.2
CNo(t) fi . ?+i ?+] j*gdzd
R
nZ . Z, o
CNo(t) k( ;@ )Kd +  Kk(; ,)k*d (4.2)
0 0

where we have used the Sobolev inequality and (3.6). AssuminCNg(t) < % for
0 t T,applying (4.2) to (4.1) yields

227 7.z
Kok J2+ 2 k(1@ Kd + iUj 2dzd
0 z 0 R
t
Cfk ((0)K2 + K" t(0)|<Zg+% K(: K3 4.3)
0

Next, we estimate the higher order of ;. We begin with the equality,
f2+2(t S 2)ag @L()=Faf 2+2( ¢+ s 2)uQ
Note that @ L( )= L( )+ fqU"); 2 = L(D)+ .~ with “= . By a similar
argument, we have (compare with (3.17))

kK2+K'(7 s)k*+ t|<(~ s;@7)( )k3d
N 0 Z.2
C k= (O)k?+ k"(7 s2)O0)k*+ jGjdz d
z.2 °
+ Rsz jG77+J7  s%j)dzd

0
whereG=2 , (% s)+ 3 .2 Thatis,
Z

t
K ¢ ki"' K' k2 + k@ ;@ zkZd
n ° z.z
C kT(O)K2+ k' (7 s)(0)k?+ jGjdzd
0
Z.Z o
+ JF2 j(G7+]7  sTj)dzd (4.4)
0 R
Clearly,
Z.Z 122 Z.Z
c iGjdzd = (T s )j%dzd + C j J°dzd
0 R 3 0 R 0 R
1Zt Z,

3 k@ ;@ .k°d +C k( ;@ )k’d (4.5)
0

0
where we have used the boundedness of. Considering

JF2j= OD)fj 2 z2ti+ ] 2z 2ti+] z 22ti9
=0 279+ 270+ 2z 7Zjg;
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the last integral in (4.4) is dominated by

Z.z
CNo(t) f2+ Z+(~ s7)%gdzd

1OZ tR 1Zt

3 0u(@ @ )k*d + 3, i ;@ )Kd: (4.6)

By substituting (4.5){(4.6) into (4.4) with ~replaced by ¢, we have
z t
k@ (k3 + k'@ (k*+ % k@ ;@ )kad
0
n Z, 0
C k@ ((0)k2+ k'@ ((0)k® + k( ;@ )kd
0
Using (4.3) and (3.23), the last integral in the above inequdity is dominated by
Z, 0
k(;@; )k*d
0

C k ((0)ki + k" {(0)k? + NZ(0) :

n
C k ((O)K2 + k" ((0)k?+

Combining these estimates with (4.3) yields
Z, a4

gk i+ K@ KD+ U] Pdzd

Cfk ((0)k3 + k" ((0)kf + N5 (0)g: 4.7)
Using the identity
@ =@ s@ +s@;
we have
k'@ k3 k"(@ s@ k¥ "2s%k ,k?
k"(@ s@ )ki "2s’k ka:
Now (3.23) yields
"25%k k3= s?k" k3 Cs?NE(0);
and
Z, Z, Z,
k@ K k@ s@ )kd s*  k ,kid
0 0 0
Z t
k(@ s@ )k Cs?N¢:
0
Applying a similar argument to the term k'@ (0)k3, (4.7) yields
Z, Z,
1 1
kK kB+k'(¢ s dkB+> k(@ )d +> k s ,Kkd
2 0 2 0
C k (k3 + k(@ s 2)(0)ki+ N§(O) :
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Adding this estimate to (3.23), we get
z t
NF@O)+ k (kG +K'( ¢« s ki+  k(;@; )kid
z, zy
+ k@(;@ )kid + k(s o)kid
0 0

C NGO)+ k (K3 + k"( + s 2)(O0)KE :

De ning
N(t)= NE(t)+ sup fk (k3 + k"( s 2)( )K%g;
Z, o Z,
M(t)= k(;@ )Kid + k@(;@, )kid
0 0
Zt
+ k( S z)kid;
0

we obtain, from (4.8), that there exists "¢ > 0 such that, when 0<" <" g,
N(t)+ M(t) CDo
where, by (3.5),
Do =k ok3+ k" "(0)k3 + k {(0)k3
FE T I DU a L)@0) L
It is clear that if initially we assume
K oka+ "k oko+ k {(0)ka o
and
TCTHUTE U A )@k G
then the above estimates lead to
k(© fU + )+ fU)+a )bk rozry C™
and
k™ f(U+ )+f(U)+a kg ry C"2
In conclusion, we have proved
Theorem 4.1. Assume, in addition to the hypotheses of Theoren8.1, that
k ((O)k2 Co;

and

T U DU+ a @0, o

then the global solution * for the Cauchy problem(3:7), (3:9) satis es
Z: Z:

sup fk (t)k3 + k" (t)k3 + k ((t)k3g+ k(; 2)k3d + k@(; ,)kid
ot T 0 0

(4.8)

(4.9)
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forany T 0, and

FU+ D+ fU)* a5 g r, C

sup (1 f(UTH DU AL e C
0Ot T
Consequently, we have the desired solution of problemE-), (1.5), through the
relation (3.4).
Theorem 4.2. Assume, in addition to the hypothesis of Theorem3.1, that
Vo V' sup U), o
and
1 . " .
= Vo f(ug)+a@uy, ; Co;
then the global solution(u”;Vv") for the Cauchy problem(E-), (1:5) satis es, for any
T 0,

Z
sup (u UtV VYY) §+ ' (u UGV V) id C;
ot T 0
u UV V) HiR Ry C
and
v f(u')+ au, HIR Re) c"2:
5. Limit

In this section, we study the limiting behavior, as " goes to zero, of the solution

, = 10 (3.7), and then prove our main convergence theorem.

Proposition 5.1.  Assume, in addition to the hypotheses of Theoremt.1, that

( ) There exists T such that 5! Tin HZas"! O.
Then there exists an~in C1([0;T] R) forany T 0 such that
"1~ in CO(O;TL;HE. 1) forany 1> O; (5.1)
¢!t weaklyin L2([0;T] R); (5.2)
and ~ satis es the reduced equation
T s+ f(U%+ D), fU%, a, =0; (5.3)
TJt=0 = To: (5.4)
Proof. First, the sequence (,; ")(t;z) satis es the estimates

Z t Z +1 )@ ) . . )(]_ ) i i
i@ ; DifGz)+  j@@( ; ,)i’(;z) dzd  C (5.5)
i=0 i=0
and
k ;kHl(R R:) C:

Thus, f "g=f ,gisin a bounded set ofCO([0; T[;H?) L2([0;T;H?) andf .gis
in a bounded set ofL2([0; T];H'). Hence, by the known compactness theorem, some

+
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sequence (still denoted) * converges inL?([0; T];HZ,.) to some “as" ! 0. Also

~2 LY ([0;TI;H?) since sup , +k ko constant for all ". Now,

k© Tkeorpngy Ok Ky 3o
! 1=3 ! 2=3 "
Ck  Kepmmg) K Kivorgeg,! 0 as "t 0

since the rst term on the right-hand side ! 0 and the second is bounded. Further-
more,

. 1 .
k ‘kCO([%);T];HZ !

loc

k ~« k ‘kclo([0 TIHL

loc

COOTLHE, 1)

so ! Tin COIO;TLHE, 1)

Next, the boundedness of ,gin L2([0;T];HY) L2([0;T] R)implies that some
subsequence (still denoted) ; ! somew weakly in L2([0;T] R). In particular,
for 2Ci,w; ) ()= (550! (T ¢), sow = 7 in the sense of
distributions. Once we show that ~ satis es (5.3){(5.4) classically, then uniqueness
for that system implies that the above convergences hold whout restriction to a
sequence since all sequences have subsequences converintpe same limit, and
hence (5.1){(5.2) hold.

On the other hand, sinceU” U°! 0in HY(R) and f 2 C2, we get

f( "+U), f(C+U%,! 0 in L2
and
f(U), fEU%,! 0 in L%

Combining the above convergence results with Theorem 4.1, & conclude that
strongly converges inH®

LfU%+ ) fUY as,  in HL:
Taking " to zero in the equality
¢ S+ =0
we have that the limit function ~ satis es
T osTHfUY+ ), f(UY, a3, ! 0
weakly in L2([0;T] R)as"! 0. On the other hand, for any 2 C} ,
(; ¢ so+f(U+ ") fU): a) =i "% s )i
"ot it siGT )i C
by (4.8). SinceC} is dense inL?, we have
TosT+H iU+ ), f(U%, a3, =0

and assumption () implies =g = . Finally, (5.1) implies that ~2 C°([0; T]; C?)
and then (5.3) shows that ~2 C%([0;T] R). This completes the proof of Proposi-
tion 5.1. O

Now we turn to proving our main convergence theorem.
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Theorem 5.1. Suppose that the functions(u”;Vv") are solutions of the Cauchy prob-
lem (E-) and (1:5) uniquely determined by Theorem4.2, (U";V") are traveling wave
solutions of (E+). If the initial data satisfy (H,) and

up U1 u U° in H2 as "! O
Vo V1 vg VO in H? as "! 0

R .
and (up Uo)(x)dx =0, then there exists au 2 CY([0;T] R)forany T 0 such
that

u U out) U in COO;TLHE, t) forany 1> O;
viooVTE vxt) VO oin COO;TIIHA, )
and the limit function (u;v) satis es the reduced equations
Up + f (U)x = aux;

Ujt=o = Uo(X)

and
v="f(u) auy:

Proof. The system (E) can be expressed in terms of the perturbation (;; ") =
( "; ") and traveling waves (U";V") de ned in Section 2 as follows:

WSt eV =0
2y oslta,=fU+ ) fU) (5.6)
Here, we have used (2.1). Setting
=fU°+ ) fEY a (5.7)
and applying the transformations
(z;)! (x  stt);
~1ou(xt) U%x sty and ! owv(xit) VO(x st)
in (5.6), we get
ur + f(U)x au + aul, + su? f(U%,=0
and
v(x;t) = VO(z)+ f(u) f(U% aux + aud:
Since U°; V) satis es
au? +sU? fU%,=0; Vv2=sU?
we get
Ut + f (U)x = aux; v=Ff(u) au:

This ends the proof of Theorem 5.1. O

+
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