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AOMOTO’S MACHINE AND THE DYSON CONSTANT TERM IDENTITY

Kevin W. J. Kadell

ABSTRACT. Aomoto has used the fundamental theorem of calculus to give an
elegant proof of an extension of Selberg’s integral. A constant term formulation
of Aomoto’s argument is based upon the fact that for 1 < s < n, the constant
term in ts 0/0ts f(t1,...,tn) is zero provided that f(t1,...,tn) has a Laurent
expansion around t; = --- = t, = 0. We use this as the engine for a simple proof
of an Aomoto-type extension of the Dyson constant term identity. We outline the
use of Good’s proof to evaluate the coefficients of t1 /tn, t1t2/tn—1tn, and tite/t2
in[Ti<icjcn(I—ti/t;)* (1 —t;/t;)"5. We give a conjecture with some surprising
symmetries and its g-analogue.

1. Introduction and summary

Selberg [14] has given an important multivariable beta integral which is related to con-
stant term identities associated with root systems. Aomoto [2] has extended Selberg’s
integral to

1 1 n .
/ / Htl(,w—l)er(sz)(l — ti)(yfl) Aik(h, ) dty - dt
0 0 9

n

Fz+n—k+xE<m)T(y+ (n—1i)k) T(1+ik
:1:[1 ( )k 4+ Xx( )Ty + (n—i)k) I'( )

Fz+y+(2n—i—1k+x(E<m) I'(1+k) (1.1)

where n, k, and m are integers with n > 1, k¥ > 0, and 0 < m < n, Re(z) > 0,
Re(y) > 0, x(A) is one or zero according to whether A is true or false, respectively,
and

At .otn)= [ ti—t) (1.2)

1<i<j<n

denotes the Vandermonde determinant. When m = 0, (1.2) is Selberg’s integral in

which the integrand is symmetric in ¢y, ..., t,. Observe that the effect of the parameter
m is to introduce the product ¢; - - - ¢, into the integrand.
Aomoto’s elegant proof [2] is based upon the fact that if f(¢1,...,¢,) is continuous

on the unit cube [0, 1], then, by the fundamental theorem of calculus, we have

o_/ / i t1 1—t1)f(t1,...,tn)) dty - dtn. (1.3)

Received March 31, 1998, revised May 21, 1998.
1991 Mathematics Subject Classification: 33C70, 33C80, 33D70, 33D80, 05A15, 05K99.
Key words and phrases: Dyson’s constant term identity, Selberg’s integral, Aomoto’s machine.

335



336 KADELL

Morris [13] has proven the case m = 0 of the following constant term identity which
is equivalent to Aomoto’s integral (1.1):

0 S W

i=1 1<i<j<n
- (a+b+ (n—0)k+ x(t <m))! (ik)!
};[1 a+(n—9)k+x(@ <m) b+ (n—10)k) k! (14)

where [w]f denotes the coefficient of the monomial w in the Laurent expansion of f.
Let 1 < s <n. Aomoto’s argument may be applied to constant term identities by

observing that if f(¢,...,t,) has a Laurent expansion around ¢t; = --- = t,, = 0, then
we have
0=[1]¢ i(f(t t)) (1.5)
= s 8t5 Ty-vesln)]). .

Let n > 2 and aq,...,a, > 0. We set

falar,oamit ot =[] (1—3)%(1—1?)% (1.6)

1<i<j<n tj ti
and use capital letters to denote the constant term
F.(a1,...,an) =[1] fular,. .. an;t1,. .. tn). (1.7)
Dyson [4] conjectured the constant term identity
(a1 + - Fap)!
Fn(al,...,an)—w, (18)

which was proven independently by Gunson [6] and Wilson [16]. Good [5] gave a short
proof of (1.8) using the identity
—1
( ) , (1.9)

which may be obtained [7] by expanding the Vandermonde determinant
An(tla e ;tn) - det|t?71|

:]:

-3

J=11

S,

Nl
Sl

(1.10)

nxn

along the bottom row.
Observe that Good’s identity (1.9) gives

n

fn(al,...,an;tl,...,tn)=an(a1,...,aj_1,aj—1,aj+1,...,an;tl,...,tn).

j=1
(1.11)
Extracting the constant term from (1.11), we have
Fn(al, ey an) = ZFn(al, vy, Q1,05 — 1, Qjg1y--- ,(Ln). (112)

Jj=1
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Good’s proof [5] of the Dyson constant term identity (1.8) is concluded by observing
that the multinomial coefficient (a3 + - - -+ ap)!/a1! - - - a,! also satisfies (1.12) and the
boundary condition

Fo(a1, .. am—1,0,0m41, -, 0n) = Fuo1(a1, .« o, Gme1, Gmt1, - - -, Q). (1.13)

Let [1,n] = {1,...,n} denote the set of positive integers from one to n. We set

kn,m(al,...,an;tl,...,tn)zz Z (1+ Z av)
M

p=1 MC[1,n]—{p} vE[l,n]—
|M|=m

t
X H (l_t_p) fn(a’la"'van;tla"'vtn)v (114)
seM s

and use capital letters to denote the constant term
Kom(at, ... an) =[1]knm(at, ..., ant1, ... tn). (1.15)

Observe that we may relax the restriction M C [1,n] — {p} to M C [1,n] since
p € M implies that [ .,,(1 —,/ts) = 0. It will be convenient for the proof not to
do so.

We use (1.5) as the engine for a simple proof of an Aomoto-type generalization of
the Dyson constant term identity (1.8). This is given by the following theorem which
is our main result.

Theorem 1.

Kn,m(al,...,an)_n<”;11) <1+Uz:av) lantda)t

ai!l -+ ap!
Let 7 € S,,. The case where 7 is a transposition of the symmetry

fn(aw(l), AP ,aﬂ(n);tw(l), ce ,tﬂ.(n)) = fn(al, ceey Qpy tl, ce ,tn) (117)

plays a silent role in our proof of Theorem 1. We avoid its use by using the engine (1.5)

with s ranging from one to n and combining terms so as to remove the denominators

from the partial derivatives which arise when we use the engine (1.5) of our machine.
Defining the partial g-derivative by

8(1 (f(tlv st ;tn) - f(tlv st 7t571;qt55t5+1 A 7tn))
t1,...,tn)) = , 1.18
gty et =0 e
we see that if f(¢1,...,t,) has a Laurent expansion around t; = --- = ¢, = 0, then
we have
0,
0= (1]t = (F(t1,. 1)) (1.19)
qls

Observe that the g-engine (1.19) expresses the fact that the constant term is unchanged
by the substitution ts — qts.

See Kadell [9-11], Stembridge [15], and Zeilberger [17, 18] for some surprisingly
simple proofs of certain constant term identities associated with root systems using
this idea.

Let |g| < 1 and set (2;¢)m = [~ (1 — 2¢"~*). Following [1], we set

gfnai, ... an;te, ... ty) = H (E,q) (qz;q) E (1.20)

1<i<j<n
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Andrews’ g-Dyson conjecture [1],

(¢ Dartta
V)gfn(ar, ... an;t1, ..., ty) = — 1.21
[1]afn ) (@ Dar (4 0)an (1.21)

has been established by Zeilberger and Bressoud [19] and extended by Bressoud and
Goulden [3].
In Section 2, we use the engine (1.5) of our machine to give a constant term identity

which involves the weighted averages K, o(a1, ..., an) and K, 1(a1,...,a,).
In Section 3, we continue with the engine (1.5) of our machine and give a functional
equation which gives the behavior of Ky, n,,(a1,...,ay) as a function of m.

In Section 4, we establish the Dyson constant term identity (1.8) and then complete
the proof of Theorem 1.

In Section 5, we outline the use of Good’s proof [5] to evaluate the non-constant term
coefficients [tl/tn] fn(al, ceey Qg tl, RPN ,tn), [tltg/tnfltn] fn(al, S 1 7% tl, . ,tn),
and [t1t2/t2] fu(a1,...,an;t1,...,t,). We give a conjecture with some surprising
symmetries and its g-analogue.

2. The machine meets Dyson

In this section, we use the engine (1.5) of our machine to give a constant term identity
which involves the weighted averages K, o(a1,...,a,) and K, 1(a1,...,an).
We apply the engine (1.5) of our machine by using the fact that

B ) t, .
0= Y [1]tsa—ts((1—E)fn(al,...,an,tl,...7tn)>. (2.1)
1<pFs<n

Observe that
0 5\ i\ —a s/t bt/s s\ i\
Sa((“z) (1-3) ):(1_S/t+1_t/s> (-7 (-3)

_asth (1—f)a(1—f)b. (2.2)

s—t t S

Interchanging the roles of s, t and a, b in (2.2), we have

(R N (O ) R (I I (S RCY

Replacing a by a + 1 in (2.3), we obtain

(3 oty -
Using (2.3) and (2.4), we obtain

ts % ((1 - i—;:) fn(al,...,an;tl,...,tn)>

B ((ap + 1)t, + asts N asts + avtv>

ts =t vellml{spy 5T

t
><(1_t_p)fn(ala-'wan;tla"'?tn)' (25)




AOMOTO’S MACHINE AND DYSON IDENTITY 339

Substituting (2.5) into (2.1) and rearranging the result, we obtain

o= 3 (1] (ap + Dty + asts (1__) Fal@1, it )

1<p£s<n bs =ty ts

asts + Qyty t
+ 3 3 [1]ﬁ(1—t—p)fn(al,...,an;tl,...,tn).

1<p#s<n ve€[l,n]—{p,s}
(2.6)

We now remove the denominators from the terms in the two sums on the right side
of (2.6).
For the first sum on the right side of (2.6), observe that

(ap + 1)ty + asts
te—tp

t
(1—t—”) (ap +1) "+,
t
:ap+as+1—(ap+1)(1—t—p). (2.7)
Hence, we have

1)t sts t
Z [1](ap+ )p+a (1_t_p)fn(ala"'aan;tla"'vtn)

1<p#s<n ts =ty

- 3 1 (ap+as+1—(ap+1) (1- t—)) Flar, .. anity, ..o tn).

S

1<p#s<n
(2.8)
For the second sum on the right side of (2.6), we have
> > hpsv) =) h(p, s,v) + h(p,v,s), (2.9)
1<p#s<n ve[l,n]—{p,s} p=1 1<s<v<n
s,wel[l,n]—{p}
and we observe that
ast +avv p) avt —i—at ( tp) tp
- 5 1-—)= sts vl
ts — ( t ty tsty (a ta )
et ) ()
= qa, . + a, ;. =as+a, —as (1 ;. Gy i) (2.10)
Setting
StS 'Ut'U t
h(p,s,v) =[1] % (1 - t_p) fular, ... an;ty, ... ty) (2.11)

n (2.9) and using (2.10), we obtain

sts vty t
3 3 [1]%(1—t—p)fn(al,...,an;tl,...,tn)
1<p#s<n v€[l,n]—{p,s} s v s
- sts +auty (ot oty +agty (ot
) [1](w(1_£)+w(1_£))
ts — ty ts ty — s ty
=1 1<s<wv<n
s,we[l,n]—{p}

p

xfn(a’lv"'van;tlv"'atn)
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:an > [1]<as+av_as(1_§_p)_av (1_%))

p=1 1<s<v<n v s
s,0€([1,n]—{p}

><fn(al,...,an;tl,...,tn). (212)
Substituting (2.8) and (2.12) into (2.6) gives

0= > [1] (ap+as+1—(ap+1) (1—t—”)) falar, . anity, . tn)

l<p7és<n ts
t t
—I—Z Z [1] <as—|—av—as (1— i) — @y (1— i)) folar, ... an;t, ... ty),
p=1 1<s<v<n
s,v€[1,n]—{p}
(2.13)
which we may rearrange as
(( Z ap—l—as—i-l)—i-(Z Z as—i-av))Fn(al,...,an)
1<p#s<n p=1 1<s<v<n
s,vell,n]—{p}
= 3 [1](a+1) (1 - —) Fal@rs . anity,. . t)
l<p7és<n ts
tp tp
+Z Z [1]( (1——U)+av(1 ts))fn(al,...,an;tl,...,tn).
p=1 1<s<v<n
s,v€[l,n]—{p}
(2.14)

Using (2.9) and interchanging the roles of s and v in the last sum, we see that (2.14)
gives

(( > ap+as+1)+<z > +>>F()

1<p#s<n = 1<s<v<n
s,ve[l,n]—{p}

= 3 (1@ +1) (1_5) Fal@r, . anity, . )

1<p#s<n
t
+ > Y (ia (1— t—p) Falar, .. anits, ... tn). (2.15)
1<p#s<n ve[l,n]—{p,s}
Observe that

< > ap+a5+1) <i > a5+av>

1<p#s<n = 1<s<v<n
s,ve€[l,n]—{p}

=n(n—1) (1+Zn:av>. (2.16)
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Choose p and s with 1 < p # s < n. Then we have
ap+1+ Z a, =1+ Z Q. (2.17)
ve([l,n]—{p,s} ve([l,n]—{s}
Substituting (2.16) and (2.17) into (2.15), we obtain the functional equation

n—l(l—l—Zav) ar, ... an)
- ¥ <1+ 3 av>[1](1—g)fn(al,...,an;tl,...,tn). (2.18)

1<p#s<n ve([l,n]—{s}

Observe that | M| = 0 requires that M = (). Setting m = 0 in the definition (1.14),
we have

Kno(al,...,an —n(l—i—ZaU) (a1,...,ap). (2.19)

Thus, (2.18) becomes
(n—1)Kpolat,...,an) = Kyi(ar,...,an), (2.20)

in agreement with Theorem 1.

3. A functional equation involving the parameter m

In this section, we continue with the engine (1.5) of our machine and give a functional
equation which gives the behavior of K, ,,(a1,...,ay) as a function of m.

Let 1 <m < n—1. We apply the engine (1.5) of our machine by using the fact
that

0= % 3 [1]t£<(1—i—j)H(1—i—g)fn(al,...,an;tl,...,tn)>.

1<p#s<n MC[1 n] ;D7 jeEM
| M=

(3.1)

Observe that the case m = 1 of (3.1) is (2.1) which gave the functional equation (2.20).
Let M C [1,n] — p,s with |[M| =m — 1. Using (2.3) and (2.4), we obtain

eM
~ (ap + 1)ty + asts n Z asts + aypty n Z asts + ayty
ts—t, ts — t ts — t
veM vE([l,n]—M—{p,s}

x (1— i—”) I1 (1— %) Falar, . aniti,. . tn). (3.2)
57 jeM -

Substituting (3.2) into (3.1) and rearranging the result, we obtain

D = ()

1<p#s<n Mg[l,n]—p
| M|=m

><H(l——)fnal,...,an;tl,...,tn) +

jeM
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ast + a,t, tp

Y Y Yumreep)

1<p#s<n MC[l,n]— p,sueM s
|M|=m

X H(l——)fn al,...,an;tl,...,tn)

JjEM

S T w®

1<p#s<n Mg[l,n]fp,s vE[l,n]—M—p,s
|[M|=m

xH(l——)fn a1y .y anity, .., ty). (3.3)

jeEM

We now remove the denominators from the terms in the three sums on the right
side of (3.3).
Using (2.7), the first sum on the right side of (3.3) becomes

S Y et (i)

1<p#s<n Mg[l,n]—p
|M|=m

X H(l——)fn al,...,an;tl,...,tn)

jeM

- ¥ 3 [1](ap+as+1—(ap+1)(1—i—i))>

1<p#s<n MC]| 1n] ps
| M|=

xH(l——)fn a1,y nite, ..y ty). (3.4)

jeEM

Observe that when m = 1, the condition |[M| =m —1 = 0 implies that M = ) and
the second sum in (3.3) is zero. Thus, for the second sum on the right side of (3.3),
we may assume that 2 <m < n — 1. We have

)SIED DI SRR

1<p#s<n MC[ln ps veEM
|M|=

Z Z hMU{v}(paSav) +hMU{s}(pvvvs)' (35)

1 1<s<v<n  MC[1,n]—{p,s,v}
s,vell,n]—{p} |[M|=m—2

n
p=

Observe that the function

(o 5,0) = (1] 2222000 (1 2) T (1= 22 fular, o anitr, o) (36)

satisfies

M C1,n]—{p,s,v}, 1<s<wv<n, swvel[ln]—{p}
g hMU{S}(p,U,S) = _hMU{v}(pvsvv)v (3.7)
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since the factor (1 —t,/ts)(1 — t,/t,) appears in both harugsy(p,v,s) and haruge
(p, s,v). Thus, (3.5) gives

0= ¥ Y Y-

1<p#s<n MC[l,n]—{p,s} vEM

|M|=m—1
t
1——p) (@1, ity t). 3.8
XH( . falar, ... anith ) (3.8)
JjeEM

For the third sum on the right side of (3.3), we have

> > S hulps,v)

1<p#s<n MC[1,n]—{p,s} v€[l,n]-M—{p,s}

|[M|=m—1
= Z Z hM(pasav)+hM(p7U78)' (39)
p=1 1<s<w<n  MC[1l,n]—{p,s,v}
s,v€[l,n]—{p} [M|=m—1

Using (2.10), we see that (3.9) gives

asts + ayty t
> > > e (=)
ts — ty t
1<p#s<n MC[1,n]—{p,s} v€[l,n]—M—{p,s}
|M|=m-—1

t
X H (1—5) fn(al,...,an;tl,...,tn)

jEM

- sts + ayty t ot + asts t
Y Y Y (M (- ) e et (1))

p=1 1<s<v<n  MC[1,n]—{p,sv}

swElln]~{p}  |M|=m-1
t
X H (1 — i) fn(al,...,an;tl,...,tn)
JjeEM

=2 X > [1]<as+av—as(1_t_p)_av(1_t_p))
p=1 1<s<v<n  MC[1,n]—{p,s,v}
s,v€[l,n]—{p} |M|=m—1

tp )
x H (1 _ t—j) Fal@rs. o anits,. . tn). (3.10)
JEM
Substituting (3.4), (3.8), and (3.10) into (3.3), we obtain

0= Z Z [1](ap+as+1—(ap+1)(1—i—p))

1<p#s<n MC[1,n]—{p,s} s

|M|=m-—1
t

X H (1 — t_p) folar, .. an;t, ... ty)
jEM J

+zn: 3 3 [1](as+av—a5( —i—”)—av(1—i—p)>x

p=1 1<s<w<n  MC[1,n]—{p,s,v} v
s,v€[l,n]—{p} |M|=m—1
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t
X H(l_t_p) fn(alv"'aan;tlv"'atn)a (311)
JjEM J
which we may rearrange as

) S e tat)) ] (1—%)fn(al,...,an;tl,...,tn)

1<p#s<n MC[1,n]—{p,s} JEM /
|M|=m-—1
+ 3 S [1)(as+a) H(1—t—j)fn(al,...,an,tl,...,tn)
p=1 1<s<v<n MC[1l,n]—{p,s,v} JEM
s,v€[1,n]—{p} |M|=m—1
t t
- ¥ S [1(ap+1) (1_t_f’) I1 (1_t_é)fn(al,...,an;tl,...,tn)
1<p#s<n MC[1,n]—{p,s} ° jeM !
[M|=m—1

n

+pz y [1](a5(1—§—2)+av(1—t—p))

=1 1<s<v<n  MC[1l,n]—{p,s,v} ts
s,v€[1,n]—{p} |M|=m—1
tp
x H (1_ t—j) Falar, . aniti,. . tn). (3.12)
JjEM

Using (3.9) and interchanging the roles of s and v in the last sum, we see that (3.12)
gives

3 S M+ ) TT(1-2) faor o anit i)

1<p#s<n MC[1,n]—{p,s} jeM J
M|=m-—1
" t
Y > [ata) [T (1—t—j)fn(al,...,an;tl,...,tn)
p=1 1<s<w<n  MC[1l,n]—{p,s,v} jeEM
swellnl={p}  |M|=m—1
t t
= Z Z [1](ap+1)(1—t—p) H(1—f)fn(al,...,an;tl,...,tn)
1<p#s<n MC[1,n]—{p,s} 5 jem J
|M|=m—1

+ > 3 3 [1]av(1—t—p)

1<p#s<n MC[1,n]—{p,s} v€[l,n]—M—{p,s}
|[M|=m—1

t
x H(l—i) Fal@r, .. anite,. .. tn). (3.13)
JjeEM
Observe that

3 S [ra+) ] (1—%)fn(al,...,an;tl,...,tn)

1<p#s<n MC[1,n]—{p,s} JEM J
|M|=m-—1
_ - ((n—m)(ap+ DR av) X
p=1 M‘glyn]f{p} ve[L,n]—M—{p}



AOMOTO’S MACHINE AND DYSON IDENTITY 345

t
x ‘H (1_ f) Falar, . anit,. . tn) (3.14)
JjeEM
and
- tp
Z Z Z [1](as+av) H(l_t_)f’n(a’lv '7an;t17"'7tn)
p=1 1<s<v<n Mg[l,n]—{p,s,v} JjeEM J
s,v€([l,n]—{p} |M|=m

m-m-0y Y (X w)

p=1 MC[1,n]— {p} ve[l,n]—M—{p}
| M|=m

x [1] H(l—t—) Fal@rs .y anite,. . tn). (3.15)

jeM J
Observe that the sum of (3.14) and (3.15) is given by

3 S [ty tac+ ) I (1—E)fn(al,...,an;tl,...,tn)

1<p#s<n MC[1,n]—{p,s} JjEM
|[M|=m—1
- tp
+Z 3 3 [1]<as+av>ﬂ(l—5)fn<a1, ey nityy e ta)
= 1<s<w<n  MC[1,n]—{p,s,v} JjEM
s,v€[l,n]—{p} |M|=m—1
—m) Z Z (1 + Z av)
p=1 ]Wg[l,n]—{p} vE[l,n]—
[ M|=m
x [1] H(1—E)fn(al,...,an;tl,...,tn). (3.16)
jeEM

We also have

) > WD (1= 2) TL(1-2) fular et ta)

1<p#s<n MC[1,n]—{p,s} JEM !
|M|=m-—1
- t
=md> > (@] (1 - f) Falasy . anity, ... tn) (3.17)
p=1 MC[1,n]—{p} jeM
|M|=m
and

22 > Ma(-g)

1<p#s<n MC]1, n] {p,s} ve[l,n]—-M—{p,s}
—1

M=
(T
cM ]

Z Z ( Z av)[l] H(1—%)fn(al,...,an;tl,...,tn).
p=1 \1[\ In:] {p} vell,n]-M—{p} jeEM J
(3.18)
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Observe that the sum of (3.17) and (3.18) is given by

) S e+ ) (1—%’) (- i—j)fn(al,...,an;tl,...,tn)

1<p#s<n MC[1,n]—{p,s} 57 jeM
|IM|=m—1

F Y Y > e (1-%)

1<p#s<n MC[1,n]—{p,s} v€[1,n]—M—{p,s} *
|M|=m—1

t
X H (l—t—é) falar, ... an;t, ... ty)
JEM J

:mz Z (1+ Z av)[l]H(1—i—j)fn(al,...,an;tl,...,tn).

p=1 MC[1,n]—{p} ve[l,n]—M JjeEM
M
(3.19)
Combining our results (3.14)—(3.19), we see that (3.13) becomes

(n—m)i Z (l—l— Z av)[l] H(1—i—j)fn(al,...,an;tl,...,tn)

p=1 MC[1,n]—{p} v€E[l,n]—M JjEM
|M|=m-—1
- t
:mz Z (1+ Z av)[l] H( —t—j)fn(al,...,an;tl,...,tn).
p=1 Mgu[\lﬂni]f{p} ve([l,n]—M jeEM

(3.20)

Comparing with the definition (1.14), we see that the functional equation (3.20) is
given by

(n—=m)Kpm-1(a1,...,an) =m K, m(ar,...,an), 1<m<n-—1. (3.21)
Observe that this agrees with (2.20) when m = 1.

4. A proof of Theorem 1

In this section, we establish the Dyson constant term identity (1.8) and then complete
the proof of Theorem 1.
Observe that Theorem 1 is trivially true for m = n since

-1
Knyn(al,...,an)—knﬁn(al,...,an;tl,...,tn)—n(n ) =0. (4.1)
n
We may rearrange (3.21) as
n—m
Kpm(a,...,an) = ( — ) Kpm-1(a,...,ap). (4.2)

Using (4.2), we see by induction on m that

m n—i
Kn)m(al, ce ,an) = H M Kn,O(a/h .- '7an)

=17

- <” - 1) Knolar, ... an), (4.3)

m
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in agreement with Theorem 1.
Setting m =n — 1 in (4.3) gives
Knﬁnfl(al,. ..,an) = Knyo(al,. AN ,an). (44)
Observe from the definition (1.14) that

Knyn,l(al,.. .,an) = [1]kn1n,1(a1,. AN ,an;tl,. ..,tn)

n

“S+a)1] ]I (—i—p)fn(al,...,an;tl,...,tn)

p=1 j€lLn]—{p} ’
n
= Z (1+ap) Fo(a,...;ap—1,ap +1,apt1,...,an). (4.5)
p=1
Substituting (4.5) and (2.19) into (4.4) gives
n n
Z(l +ap) Fular,...,ap—1,ap + 1,ap41,...,an) =10 (1 + Zav> Fo(a1,...,a,).
p:l v=1
(4.6)

We now use the functional equation (3.21) to prove the Dyson constant term identity
(1.8) where n is a positive integer and a4, ..., a, are nonnegative integers.

We proceed by induction on n and the minimum

z =min(ay,...,a,) (4.7)
of the parameters aq, ..., ay,.

Observe that when a,, = 0 for 1 < m < n, the variable t,, does not occur to a
positive power in any of the terms in the expansion of f,(a1,...,an;t1,...,t,). Thus,
we have the boundary condition

Fn(alu L] 7am—1707am+17 L) 7an)
=Fo_1(at, ..., Qm—1,0m+1,-..,0n), 1<m<n, (4.8)

which using our induction assumption on n establishes the Dyson constant term iden-
tity (1.8) when a,, = 0 for some m with 1 < m < n.

We now assume that aq, ..., a, are positive integers. We let a,, = z where 1 <u <n
and we have z > 1.
Replace ay, ..., ay, in (4.6) by a1, ..., a, where a,, = z—1l and a; = a; for 1 <i < n,

1 # u. We may rearrange the result as

ay Fr(ay,...,an)=n (iav) Fo(ag,...,aq)
v=1

— E (14 am) Fu(at, ..oy @m—1,0m + 1, g1y -, Q). (4.9)
m=1
m#u

Observe that the multinomial coefficient (a; +- - -+a,)!/a1! - - - a,! satisfies (4.6). Each
term in the sum on the left side of (4.6) equals 1/n times the right side of (4.6). Thus,
the multinomial coefficient also satisfies (4.9).

Observe that

min(ag,...,q,) =2z —1 (4.10)
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and

l<m<nandm#u = min(aq,...,¥n—1,0m + 1, @mi1,...,0,) =2 — 1.

(4.11)

Thus, we see by our induction assumption on z that all of the constant terms on the
right side of (4.9) are given by the Dyson constant term identity (1.8). This completes
our induction on z and establishes the Dyson constant term identity (1.8).

Theorem 1 then follows using (2.19) and (4.3).

5. A conjecture and its ¢g-analogue

In this section, we outline the use of Good’s proof [5] to evaluate the non constant
term coefficients [t1/t,] fn(a1, ..., aniti, ... tn), [tite/tn_1tn]fn(at,. .. an;t1, ... tn)
and [t1ta/t2]fn(at, ..., an;t1,...,t,). We give a conjecture with some surprising sym-
metries and its g-analogue.

Extracting the coefficient of ¢;/t,, from (1.11), we see that the coefficient

fn(al,...,an) = [tl/tn] fn(al,...,an;tl,...,tn) (51)

satisfies the functional equation (1.12). Observe that it also satisfies the boundary
conditions

Fn(0,a2,...,a,) =0, (5.2)
-7:77,(@17'"7a7‘—1707a7‘+17"'7an): n—l(alu'"7a7‘—17a’r+17"'7an)7 53
2<r<n-1,

and

Fular,. .. an-1,0) = —a1 Fuy(as, . 1)

—(ag+---—l—an_l)fn_l(al,...,an_l). (54)
The reader may readily use Good’s proof [5] to obtain
- B (a1 + -+ ap)!
(1+§G/U> fn(al,...,an)——al W (55)
Observe that the coefficient F, (a1, ...,a,) is symmetric in ag, ..., a,.

Let 1 < p # s < n. Taking the Dyson constant term identity (1.9) minus (5.1)
and using the symmetry (1.17) with the transpositions 7 = (p,n) and © = (1, s), we

obtain
(1+ 3 av)[1](1—i—p)fn(al,...,an;tl,...,tn)

ve[l,n]—{s}
(15 ) et an)

Observe that (5.6) states that the contribution of each term on the right side of (2.18)
to the constant term K, 1(a1,...,ay,) is independent of p and s.

The reader may consult [12] for the details of using Good’s proof [5] to establish
the non-constant term coefficient identity

[tito/tn_1tn] fr(a, ... an;te, ... tn) = [tite/t2] falas, ... anity, ... ts)
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a a2 a2 a
= n n + n n
(14—2%) (14—2%) (1—|—a1—|—2av) (l—l—ZaU)
v=2 v=3 v=3 v=3
a1+ -+ ay)!

% (1—’—'——'—'") (5.7)

ai! -+ ay!
Observe that this common coefficient is symmetric in a1, as and in as, ..., a,.
Let 3 < p1,p2 < n. Using the constant term identities (5.1) and (5.7), their

symmetries, and some tedious computation, we obtain

(1+§av) 1 (1- ’“;Ll) ( —%) Falar, . anits, .o ty)

- (a1 + -+ +ap)!
_ (1—}—;(11,) PR (5.8)
Observe that (5.8) states that the contribution of each term on the right side of
the definition (1.14) to the constant term K, 2(a1,. .., a,) is independent of p and the
subset M. Moreover, we may let p be a function whose range is a subset of [1,n] — M.
This leads us to make the following conjecture which provides a refinement of
Theorem 1.

Conjecture 2. Let M C [1,n], | M|=m,0<m <n-—1, and {ps | s€ M}NM = 0.
Then we have

<1+ > av)[l]H(1—%)fn(al,...,an;tl,...,tn)

vE[l,n]—M sEM
- (a1 + -+ ap)!
- <1+;av> P B (5.9)
Conjecture 2 states that the contribution of each term on the right side of the
definition (1.14) to the constant term K, ,,(a1,...,a,) is independent of p and the
subset M. Moreover, we may let p be a function whose range is a subset of [1,n] — M.
That is, we may replace the variable ¢, in the numerator of the extra factors in the

definition (1.14) by t,, where t,, € [1,n] — M for all s € M.
It is well known (see [1, 7]) that the case n = 2 of (1.21)

[1](§;q)a(q£;q)b—% (5.10)

is equivalent to the g-binomial theorem. Observe that we may interpret the symmetry
of (5.10) in a and b as stating that if we add one to the subscript a or b and multiply
by (1 —¢®1) or (1 — g**1), respectively, then we obtain the same constant term. In
particular, the presence or absence of ¢ in the argument s/t or gqt/s does not affect
the result.

This leads us to make the following conjecture which provides a g-analogue of
Conjecture 2.

Conjecture 3. Let M C [1,n], | M|=m,0<m <n-—1, and {ps | s€ M}nNM = 0.
Then we have

t; t;
ey (1) T () (1.9
( [ ]1§11;!':§n tj a;i+x(JEM and i=p;) t; aj+x(t€M and j=p;)
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n QQQ)a +-ta
= (1 S ( 1 n_ 5.11
( ) (6 Dar (6 Qa (5-11)

Observe that the right side of (5.11) is independent of the function p and the subset M.
In [7], we observed the elementary symmetry

(If’n.(a’27 <. '7anva’1;t27 ce. 7tn7qt1) = qfn(ala e aan;tla e 7tn)7 (512)

which extends (1.17) for long cycles in S,. As happened in [8], (5.12) allows us
to compute the partial ¢g-derivatives required by the g-engine (1.19). Since the case
a3 =---=a, =k of (5.12) is central to the simple proof in [10], we may ask if there
is a simple proof of the Zeilberger-Bressoud theorem (1.21) using the symmetry (5.12)
and the fact that the constant term is unchanged by the substitution t5 — gts where
1<s<n.
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