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Stability of localized structures in non-local
reaction-diffusion equations

Amitabha Bose and Gregory A. Kriegsmann

Abstract. The stability of non-homogeneous, steady state solutions o f a scalar,
non-local reaction-di usion equation is considered. Suc ient conditions are pro-
vided that guarantee that the relevant linear operator poss esses a countable in-
nity of discrete eigenvalues. These eigenvalues are shown to interlace the eigen-
values of a related local Sturm-Liouville operator. An osci llation theorem for the
corresponding non-local eigenfunctions also is establish ed. These results are ap-
plied to assess the stability of n-pulse solutions of a model which describes hot
spot formation in a microwave heated ceramic ber. Each  n-pulse solution con-
tains n spatially localized regions of elevated temperature. It is shown that the
1-pulse solution is metastable in that the principal eigenv alue of the corresponding
linear operator is exponentially small. For n 2, all solutions are unstable with
corresponding principal eigenvalues bounded away from the origin.

1. Introduction

Spatially non-trivial solutions arise in a variety of contexts. An important property for
any physically realizable solution is that it be asymptotically stable to perturbations in
the initial data. In this paper, we consider the stability pr oblem for non-homogeneous
steady state solutions of non-local reaction-di usion equations. We apply our results to
spatially localized solutions that arise in a model for hot ot formation in a microwave
heated ceramic ber.
The equation of interest is
Z,
Ug = D2uy + G u;  f(u)dx ; (1.1a)
0
U (0;t) = ux(1;t) =0 (1.1b)

whereG andf are assumed to be su ciently smooth, 0 x 1, andD is the di usion
coe cient. A steady state solution, Ug(x), of (1.1) satis es

0= D?Ug,, + G(Uo;lo); (1.2a)
Uo, (0) = Uo, (1) =0; (1.2b)
z 1
lo = f (Up) dx: (1.2¢)
0

For (1.1), Chafee [3] has shown that linear stability of soldions implies asymp-
totic stability with respect to the underlying partial die rential equation (1.1) in an
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appropriate function space. The linear stability of the solution Up is determined in
the usual manner by insertingu = Ug(x) + e ' (x) into (1.1) and linearizing about
Uo(X). This yields

Z,
D2 004 %ﬁuo(x);lo)+ = %(IB(UO(X)HO) . %EUo(X)) dx; (1.3a)
%)= 9%1)=0: (1.3b)
We rewrite this as

Z
D2 O+ (A(X)+ ) = B(x) lC(x) dx; (1.4a)

0
M= M=o (1.4b)

where A(x) = €%(Uo(x);10), B(X) = &¥(Uo(x);10), and C(x) = %L(Uo(x)). The
stability of Up is assured if solutions of (1.4) satisfy Re > 0.

The non-local eigenvalue problem de ned in (1.4) is non-stadard due to the pres-
ence of the integral operator on the right-hand side. Howewe its spectrum is inti-
mately linked with the eigenvalues of the related local Stum-Liouville problem

D2 %+ (AX)+ ) =0; (1.5a)
%)= 9%1)=o0: (1.5b)

It is well known that there exists a countable in nity of disc rete and simple local eigen-
valuesf ,g of (1.5) with corresponding eigenfunctionsf ,g, n =0;1;2:::; see e.g.,
[4]. Furthermore, there exists an oscillation theorem for te local eigenpair ( n; n),
which states that the number of interior zeros of the eigenfunction equalsn. For the
generic non-local problem (1.4), an eigenvalue may be complex-valued. Motivated
by the application to microwaves, we provide a condition which assures that the non-
local eigenvalue will be real. This condition will allow us to show that there exists a
countable in nity of discrete and simple non-local eigenvduesf ;g of (1.4). Moreover,
the analysis establishes the novel result that the non-lockeigenvalues interlace the
local ones, i.e., between any two local eigenvalues, thers a non-local eigenvalue. The
structure of the non-homogeneous solutions being studiedrpvides a second condition
which guarantees that the non-local eigenfunctions obey amscillation theorem which
is analogous to the local oscillation theorem. However, thee exists a fundamental
di erence between the local and non-local cases. Dependingn the context, the non-
local problem may not possess an eigenfunction of strictly me sign. In the local case,
there necessarily exists such an eigenfunction. Thus the melocal sequencd ;g need
not start with j =0.

These two results are applied to an example involving formaibn of spatially local-
ized hot spots in a microwave heated ceramic ber. This phenmenon occurs when a
thin ber is heated in a highly resonant, single mode cavity. The spot forms along the
axis of the sample and begins to propagate outward elevatinghe temperature of the
ceramic sample [10, 12, 13]. In most instances, the spot eveerally becomes stationary,
thus leaving a localized region of the ber at a dramatically higher temperature than
the rest. These interesting phenomena occur even though theavity geometry and
the polarization of the exciting electric eld produce an electric eld whose intensity
is constant along the axis of the ber.
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In [11], Kriegsmann derives an equation to model this situaton. He shows that for
di erent values of the power, the model supports the existerte of anS shaped curve
of spatially homogeneous, steady state solutions. Analysion this curve shows that
the upper and middle branches lose stability as the value of ke di usion constant
is lowered. It is natural to ask, therefore, if non-homogeneus steady state solutions
exist and, if so, are they stable? ForD su ciently small, using an asymptotic anal-
ysis, Kriegsmann shows that a highly localized, symmetric,pulse-like solution can
be formally constructed. He also obtains numerical resultsfrom a time-dependent
code which suggest that this 1-pulse solution is, in fact, sible in parameter regimes
where the spatially homogeneous solution is unstable. In aampanion paper, Bose
[1] shows how to construct an actual symmetric 1-pulse solibn using geometric sin-
gular perturbation theory for a variant of the model in [11]. This solution lies in a
neighborhood of the asymptotic one and is realized as the tnasverse intersection of
relevant invariant manifolds. It also is proved that n-pulse solutions exist [1]. These
solutions are time independent and containn localized hot spots.

In this paper, we conduct a detailed stability analysis of the n-pulse solutions. We
nd thatfor n 2, the n-pulse solution is unstable, with principal eigenvalue bowmded
away from the origin asD ! 0. The situation for the 1-pulse solution is much more
delicate. Our analysis shows that the 1-pulse solution alsds unstable, but that its
principal eigenvalue is exponentially small in the di usion constant D. Thus it, and
its translates, persist for exponentially long amounts of ime. The unstable 1-pulse
and its translates fall into a class of solutions known as ‘m@astable’. Establishing
that the 1-pulse is metastable follows directly from resuls of Ward [14]. Metastable
behavior also has been studied in [2, 9] for scalar, local pbdems. It is interesting
to note that the type of metastability found here is qualitat ively dierent than in
those works. For the local problem, pulse solutions ar€(1) unstable, and solutions
that are constructed by piecing together reduced versions fofront and back solutions
are metastable. Arbitrarily high numbers of such reduced stutions can be suitably
concatenated to form a metastable solution, with each pieceontributing an exponen-
tially small eigenvalue [2, 9]. In our case, for the non-lochproblem, the 1-pulse alone
is metastable and then-pulses are simply unstable, i.e., additional pulses contbute
O(1) unstable eigenvalues. While the non-local problem is gaable of producing the
metastability of a pulse, it cannot duplicate the diversity of patterns available in the
local case.

Establishing the oscillation theorem, below, does not spaaally rely on the singular
nature of the solutions under consideration. In fact, it is quite general. However,
utilizing it to assess the stability of the 1-pulse relies onthe singular structure of Uy
in two key ways. First, the localized structure is needed to pove the existence of an
exponentially small eigenvalue. Second, it is used to estdish the non-existence of
an eigenfunction of strictly one sign. The singular nature @ the n-pulses is used to
establish their instability.

This paper is organized as follows. In Section 2, we discus$i¢ non-local eigen-
value problem (1.4). Su cient conditions are provided to establish the existence and
oscillatory behavior of solutions. The oscillation theorem is stated and proved. In
Section 3, we analyze the non-local model for ceramic bershat arises in [11]. We
establish the existence of at most two exponentially small igenvalues and show that
the other eigenvalues are strictly positive. We provide argiments which indicate that
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there is actually only one exponentially small eigenvalue.Section 4 contains numerical
simulations and a discussion.

2. The non-local eigenvalue problem

The linear stability analysis for scalar non-local problens has previously been con-
ducted by Freitas [5{7]. He establishes his results by viewig the linear operator of
the non-local problem as a perturbation of a local operator ad then showing that the
perturbation can be continued to large values of the perturtation parameter. Informa-
tion about the speci ¢ problem (1.4) then is obtained as a sultase of the more general
results. Freitas proves a number of important and interestng results concerning so-
lutions to generic non-local equations for the case of Diriclet boundary conditions.
In particular, in [6], he proves an oscillation theorem simliar to, but less precise, than
ours. For Neumann boundary conditions [7], he considers a gi ¢ equation in which
the non-local term enters in a convenient fashion. For this ase, he does not establish
any analogous oscillation theorem.

Our approach to the non-local eigenvalue equation will be snilar to Freitas in that
we will relate the spectra of the local and non-local operatos. This will be achieved
without using a perturbation argument, however. Rather, we shall directly compare
the non-local equation (1.4) with the local equation (1.5). Our results will be less
general but, as a result, more focused to the microwave apmlation.

In order to establish the existence of eigenvalues and the o#lation of eigenfunc-
tions, we impose the following two conditions on the functions A(x), B (x), and C(x):

(C1) B(x)= kC(x);wherek 2 <=f0g;and
(C2) A(x); B(x); and C(x) are symmetric about x = 1=2:

Of these two conditions, (C1) is de nitely the more restrictive. First, (C1) requires
that whenever, and however, the non-local term enters the eggation, it must be mul-
tiplied by a factor of f (u). Second,f (u) must be equal to e wherec; > 0. The
exponential form of f (u) is widely used in ceramic applications [8], including the me
of interest in this paper. Thus it is natural to exploit its pr operties. The major sim-
pli cation (C1) o ers is that it implies that the eigenvalue s of (1.4) must be real. This
is easily demonstrated by showing that the linear operator asociated with (1.4) then
becomes self-adjoint inL,. The condition (C2) does not restrict the problem in any
substantial way. Note that an n-pulse solution to (1.2) will necessarily be symmetric
about the midpoint x =1=2. This can be seen by phase plane arguments, since (1.2)
de nes a Hamiltonian system. Thus, for these solutions,A(x), B(x), and C(x) are
automatically symmetric about x = 1=2. (C1) is needed to establish the existence of
non-local eigenvalues. Once this is established, (C2) is ad to obtain the oscillation
result.

2.1. Interspersing of local and non-local eigenvalues. Assume initially that
only condition (C1) holds. Let f ,g denote the complete set of orthonormal eigen-
functions of (1.5) andf g the corresponding eigenvalues. Then the solution of (1.4)
can be expanded in terms of these functions as the series

*
=  an()m (2.1)

m=0
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where the unknown coe cients depend upon . Multiplying (1.4a) by ,, integrating
the ensuing equation fromx = 0 to x = 1, applying integration by parts twice, and
using (1.5) and (2.1), we obtain

an=J K n (2.2)
n
where

z 1
J= C(x) dx; (2.3a)

2,
n= C(x) ndx (2.3b)

0

Multiplying (2.1) by C(x), integrating the resulting expression fromx = 0to x =1,
and using condition (C1) yields

X
J = Jk

SN

(2.4)
n=0 n

For each , the series converges since, behaves asymptotically like n? [4], and |

remains bounded am!'1  since , is highly oscillatory in this limit. There are two

possibilities to consider for equation (2.4). 1fJ = 0, then the non-homogeneous term

in (1.4) drops out and the eigenvalues of the non-local protdm coincide with those of

the local problem. If J 6 0, then (2.4) reduces to

1_ X2

k n=0

(2.5)
n

With the proviso of J 6 0, the eigenvalues of (1.4) are given by the solutions of
(2.5). Assume for a moment that , 6 O for all n. The solutions of (2.5) are real and
can be estimated by a graphical analysis of the right-hand sle of (2.5). Note that
at a solution of (2.5), the right-hand side is decreasing in . It is readily seen that
since the eigenvalues, of the Sturm-Liouville problem (1.5) are real and distinct t hat
there existf g with the property that if k> 0,

0< 0< 1< 1< 2 | (2.6a)

see Figure 1. Thus, the real non-local eigenvalues interlacthe local eigenvalues. That
there exists at most one non-local eigenvalue between any tMocal eigenvalues follows
easily by using the monotonicity in . If k < 0, then there existf g with the property

0< 0< 1< 1< 2< 5 (2.6b)

If it happensthat =0, ; 160,and j.; 60 for somei, then ; is a non-local
eigenvalue and the graphical analysis shows that there is aher distinct non-local
eigenvalue between; 1 and j+1. A more thorough examination of this case occurs
in the next section.

2.2. Oscillations of the non-local eigenfunctions. The eigenfunctions of a
Sturm-Liouville operator are subject to an oscillation theorem. The theorem states
that if |, is an eigenfunction, then the number of interior zeros of ,, on (0; 1) equals
n. Similar to the ordering of the eigenvaluesf ,g = o< 1< 3 < , the
eigenfunctions are ordered by the number of interior zeroshey possess. These two
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Figure 1. The right-hand side of equation (2.5) is plotted as a func-
tion of the non-local eigenvalue parameter . The casesk > 0 and
k < 0 both are depicted.

ordering result§ can be obtained simultaneously by using tb Pnsfer transformation.
Lettan = 2—. Using (1.5), this implies

D2 00 (D 0)2
Z+ (D 92
= (A(X)+ )cog  sin® : (2.8b)

D 9= (2.8a)

Without loss of generality, the boundary condition %0) = 0 transforms to  (0) = 0.

Denote the dependence of the variable on by (x). An eigenvalue is created if
(1) = n for some integer value ofn. It can be shown [4] that the angular variable
(x) has the following properties:

(P1) (x) < = 2forall x and ;

(P2) (x) > 0if is su ciently large and negative,
(P3) (x) is monotone decreasing in for eachx;
(P4) x)'r1 as !1

The existence and oscillation results are obtained by an apgal to continuous depen-
dence of solutions on the parameter ; see Figure 2. Note that an interior zero of an
eigenfunction occurs when (x)=(2n+1) =2.
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Figure 2. The angular variable  evaluated at x = 1 is plotted as
a function of the local eigenvalue parameter . Local eigenvalues are
created at those values of where the graph crosses (1)=n .

For the non-local problem, the Prafer transformation also is applicable. Now let
0 .
tan = 2—. As before, we derive

2 00 2
D 0= % (29a)
= (A(X)+ )cos  sin? %: (2.9b)

Here, the dependence of on isdenoted (x). As before, the left boundary condition
transforms to  (0) = 0, and an eigenvalue is created when (1) = n for an integer
value of n. The property (P1) above also applies to the non-local angwdr variable

(x). However, properties (P2){(P4) cannot, in general, be esablished. This is
because the non-local ternrkC(x)J = ( 2+ (D 9?) can change signs not only as is
varied, but also for di erent values of x along a given trajectory of . In some sense,
(2.8b) can be analyzed independently of (1.5), whereas (29 cannot be disassociated
from (1.4). Thus, it is not immediately clear how to use the angular variable to obtain
an oscillation result. This di culty is overcome by imposin g condition (C2) and using
it in conjunction with (2.6).

Condition (C2) requires A(x), B(x), and C(x) to be symmetric, or even, about
x = 1=2. By checking to see what equation (1 x) satis es, it is not di cult to show
that if A(X) is even, then the local eigenfunctions break up into two subets: f 2,9
which are even andf ;.1 g which are odd aboutx = 1=2. The evenness requirement
on C(x) has profound consequences. It implies that

Z,

o+l = C(x) 2n+1 dx=0 (2.10)
0
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since C(x) 2n+1 is odd. Thus, the local eigenfunctionsf 5,41 g also must be non-
local eigenfunctions and the local eigenvalue$ »,.+1 g also must be non-local eigen-
values, i.e., 2n+1 = 2n+1 a@nd 2n+1 = 2n+1 . INVestigating conditions under which

(1 x) satis es (1.4) and using the evenness o€ (x) implies that the set of non-local
eigenfunctions , also consists of subsets of even and odd eigenfunctions. Tlogld,
local eigenfunctions (and thus also non-local eigenfunabins), together with (2.6), serve
as a backbone on which to build the following oscillation therem.

Oscillation Theorem. Let be a non-local eigenvalue with corresponding eigenfunc-
tion . Then, forn 1.

(@ = 2n 1ifandonlyif = 5, 1 has2n 1 interior zeros.

(b) 2n 1< < 2n+41 ifandonly if has?2n interior zeros.

(c) There exists at most one interval( 2n 1; 2n+1) that contains two non-local
eigenvalues. All other such intervals contain exactly one an-local eigenvalue.

Proof. Part (a) of the proof is obvious. To prove (b), rst consider k > 0. Since the
odd local eigenfunctions drop out of the sequence, (2.6) nolvecomes

0< 6,< 2< 6,< 4< (2.11)

where we introduce the subscriptG; to denote the ith non-local eigenvalue obtained
from the graphical argument. Next, observe from (2.9a) that (x) = 0 implies
cos =0, D %= 1,and = (2n+1) =2. Thus, the angular variable is strictly
decreasing at a zero of the eigenfunction. Fon = 1;2;:::, consider next . ,(X)
and , ., (x). From the local result, it follows that ,, ,(1) = (2n 1) and

ama ()= (2n+1) . Thus, by continuous dependence on parameters, there exist
at least one value inthe openinterval ( 2, 1; 2n+1)Suchthat (1)= 2n . This
value of must be a non-local eigenvalue. See Figure 3. From (2.11),r&ie there
uniquely exists G, 2 ( 2n 2; 2n), @and c,.; 2 ( 2n; 2n+2), there can exist at most
two graphical eigenvalues in the interval ( 2, 1; 2n+1)- Crucially, note that any as-
sociated eigenfunction must have exactly 8 interior zeros. If the eigenfunction had
either 2n 1 or 2n + 1 interior zeros, then its associated eigenvalue also wodl need
to be a local eigenvalue, which would violate (P3). If the ei@nfunction had j interior
zeros wherej 6 2n 1, 2n, 2n + 1, this would imply the existence of yet another
eigenvalue which would need to be a local one and thus violatéP3).

To prove (c), we must show that if the interval ( 2 1; 2i+1 ) contains two non-local
eigenvalues for some, then for all j 6 i, ( 2; 1; 2j+1) contains exactly one non-local
eigenvalue. To clarify this, consider rst the intervals ( o; 2) and ( 1; 3). From the
graphical argument, we know there exists a unique non-locakigenvalue in (o; 2).
From the Prafer argument, there exists at least one, not ne@ssarily unique, non-local
eigenvalue in (1; 3). Suppose that there exists a non-local eigenvalue in ¢; 1),
then this must be the one obtained from the graphical argumeh Thus, the non-local
eigenvalue obtained from the Prafer argument must lie in ( 2; 3). But then this must
be the unique non-local eigenvalue that lies in (2; 4). So ( 1; 3) contains exactly
one non-local eigenvalue. By repeating the argument, we nowee that ( 3; s) also
contains exactly one non-local eigenvalue and so on. Nextuppose that there does
not exist a non-local eigenvalue in (o; 1). Then the graphical argument necessitates
that there be non-local eigenvalue in (1; 2). A second (Pnsfer) eigenvalue now may
lie in the interval ( 2; 3). Thus ( 1; 3) may contain two non-local eigenvalues. If it
does, then the argument presented directly above shows thatvery subsequent interval
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Figure 3. A non-local eigenvalue is shown to exist in the interval
( 1; 3). The corresponding eigenfunction has exactly two interi@
Zeros.

( 2n+1; 2n+3) for n = 1;2;::: contains exactly one non-local eigenvalue. If (1; 3)
does not contain two non-local eigenvalues, then check §; s) and proceed as above.
Our argument does not guarantee that an interval of the form ( 5j 1; 2j+1) exists
which contains two-non local eigenvalues. Nor does it say ectly where this interval is,
should it exist. It does show, however, that there exists at nost one pair of non-local
eigenfunctions that have the same number of interior zeros. O

Remark 1. The oscillation theorem gives a nearly complete descriptin of the location
of the non-local eigenvalues in terms of the local ones. It ab states that the non-local
eigenvalues can be ordered by comparison to the number of iatior zeros of their
corresponding eigenfunctions. Statement (c) relates infonation obtained from the
graphical argument to that obtained from the Prafer argument.

Remark 2. Although the theorem does not make explicit mention of the caen = 0,
information about this case is implicitly present. For example, if a non-local eigenfunc-
tion of strictly one sign were to exist, then its associated genvalue would necessarily
be less than ;. What the oscillation theorem does not say is whether such areigen-
function exists. In fact, this must be resolved on a case-byase basis.

Remark 3. For k > 0, the non-local eigenvalue problem (1.4) need not have a sdion
of strictly one sign. In the microwave problem, we show that the lack of existence of an
eigenfunction of one sign is the precise reason that the 1-pge solution is metastable,
and not O(1) unstable.

Remark 4. For k < 0, (1.4) must have a solution of strictly one sign. This is beause
G, < o0, Which in this case implies Gl(1) =0 and that ¢, has no interior zeros.
Establishing the oscillation theorem for k < 0 then proceeds as above.
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Remark 5. If condition (C1) were not enforced, then a modi ed version d the oscil-
lation theorem would still hold. Points (a) and (b) would continue to hold, but (c)
would not necessarily. In this case, the exact count of eigemlues in ( 2n 1; 2n+1)
cannot be determined by our methods. Without (C1), complex eégenvalues also may
exist. If (C1) were retained, but (C2) were discarded, then elationship (2.6) would
continue to hold. However, the oscillation theorem would na follow by our methods.
It is entirely likely that an oscillation theorem for this ca se exists. We, however, do
not pursue it here. See [1] for further details.

Remark 6. The oscillation theorem is not directly tied to the fact that we have im-
posed Neumann boundary conditions. Suitable modi cationsof the theorem hold for
Dirichlet and mixed boundary conditions as well. Thus, our results also can be used
to sharpen those in Freitas [6].

3. Stability of hot spots

We now apply our results to the equation derived by Kriegsmam [11] which models
hot spot formation in a ceramic ber. The equation of interest is

- pf (u) :
Ug = D2%uy  L(u)+ " 2(r\olf(u) dx)z' (3.1a)
L(u=2(u+ [u+D)* 1]); fu)=e*; >0 (3.1b)
Ux(0;t) = ux(1;t) =0 (3.1¢)

where u denotes a dimensionless temperature along the axig,(u) models heat loss at
the surface of the ber due to convection and radiation, and the exponential function
f (u) represents the e ective electrical conductivity of a low-loss ceramic, such as
alumina [8]. The parametersD, , and are assumed to be su ciently small, which
is true for bers, and p is the dimensionless power which is proportional to the squee
of the amplitude of the mode which excites the cavity. The norocal term in (3.1a)
models the detuning e ect the heated ber has upon the cavity. There exists a curve
of homogeneous solutions which is determined by the solutits of

pf(u)= L(u)L+ *f ) (3.2)

The graph of this curve is S shaped whenp is plotted on the horizontal axis, and
u is plotted on the vertical axis. Kriegsmann [11] shows that he lower and middle
branches of this curve lose stability asD is lowered. Naturally, one would like to know
what other types of steady state solutions exist. Kriegsman constructs a locally
unique 1-pulse using the method of matched asymptotic expasions. Locally unique
n-pulse solutions of (3.1) also exist [1]. These solutions arsymmetric aboutx = 1=2
and have n interior layers on which a hot spot forms. We show that forn 2, the
n-pulse solutions are unstable with O(In(1=D)) instabilities. The 1-pulse solution,
however, is metastable. That is, its principal eigenvalue $ O(e P ) where a > 0.
Perturbations of the 1-pulse in the translational direction persist for exponentially
long amounts of time. Other perturbations decay quickly to the original 1-pulse or
to one of its translates. In Section 4, we discuss the implidgons for asymmetric hot
spot formation.
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Figure 4. The 1-pulse solutionUpy(x) is depicted.

3.1. Metastability of the 1-pulse solution. We use much of the notation de-
veloped earlier in the paper. Let UOQ) denote the 1-pulse steady state solution of
(3.1) pictured in Figure 4. Let Ig = f(Uo)dx The non-local eigenvalue problem
associated with (3.1) satis es conditlons (C1) and (C2). It can be written as follows:
Z,
D2 04 (A(Ug)+ ) = kf(Up)  f(Up) dx; (3.3a)
0

%)= 9%1)=0: (3.3b)

Here we have explicitly included the dependence of the potdial A on the underlying
1-pulse solution and suppressed dependence an Now A(Up) and k are given by

AUg)= 2(1+4 (Up+1)%)+ %; (3.3¢)
0
_ 2p %ocy |
k_ m. (3.3d)

Note that k > 0, thus o will serve as a lower bound for the principal non-local
eigenvalue. Also, note that this implies that there need notbe an eigenfunction of
strictly one sign.
As before, the symmetry ofUg(x) is crucial as it implies
1
nv1 = f(Uo) 2041 =0; (3.4)
0

from which it follows that the odd subscripted eigenvalues ad eigenfunctions also will
be non-local ones. Thus, a necessary rst step in assessinge stability of Up(x) is to
locate 1, which is the rst local eigenvalue that coincides with a non-local one, and
G,, Which is the rst eigenvalue obtained from the graphical analysis. Apriori, we
know that the eigenfunction associated with ; has one interior zero. We do not know
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the structure of the eigenfunction associated with ¢,. After normalization, it will
be either strictly positive, or it will contain two interior zeros. Using the oscillation
theorem, this will determine the location of ¢, relative to ;.

We rst derive an estimate for 1 since, as we show below, it turns out to be the
principal non-local eigenvalue. Let = U§ and note that satis es

D2 %%+ A(Uy) =0; (3.5a)
(0)= (1)=0: (3.5b)

Also (1=2) = 0 since Up(1=2) is a maximum for the 1-pulse. Note that (3.5) is the
equation satis ed by the eigenfunction associated with a zeo eigenvalue of the local
Dirichlet problem. From the ordering property of Dirichlet and Neumann eigenvalues,
we can immediately conclude that ; < 0. To estimate the magnitude of 1, consider
(3.3) for the eigenfunction ; and the eigenvalue ; (keep in mind that J = 0 in this
case). Using a standard trick, multiply (3.3a) by and (3.5a) by 1, and subtract the
two ensuing equations to obtain

D2 1%+ 11 =0: (3.6)

Integrating (3.6) on the interval [1=2; 1], using integration by parts where necessary,
and inserting the appropriate boundary conditions, we obtan

z 1
D[ {(1) (1) (122 (1=2) 1(1) W+ 1(1=2) (1=2)]+ 1 dx =0:
1=2
(3.7)
The rst, second, and fourth boundary terms are zero. Thus
D? 1(1) Y1

1= 1 Ox

Without loss of generality, the value of ;(1) can be chosen negative, and thus the
integral in the denominator is positive. The derivative 1) is also positive. All of
these imply that ; is negative. Again, without loss of generality, the integrd term
and 1(1) in (3.8) can be chosen a€O(1) terms. Thus, 1 is O( Y1)), which is the
order of the second derivative of the solutionUy at the x = 1 boundary. Ward [14]
shows that 91) is exponentially small. If (3.3) is rescaled by = (x 1=2)=D, then
the derivative of the 1-pulse solution will be an eigenfuncton of the ensuing equations.
Due to translational invariance on <, the corresponding eigenvalue is 0. Ward shows
that when the domain then is rescaled back to [0,1], this O eignvalue is perturbed
by an exponentially small amount. Ward's results [14] apply directly to the present
situation, and we obtain ; O(e #P) and negative. The value of the positive
constant a can be found by determining the eigenvalues of the critical pints of the
scaled version of (3.1). Thus, the non-local equation possses an exponentially small,
unstable eigenvalue.

We next locate ,. Since 1 < 0, by Sturm-Liouville theory, o < 0 also. Using
the above trick with ,, it is easy to show that , > 0. The graphical argument
implies the existence of g, 2 ( o; 2). Since o < 0, we are not guaranteed that

G, IS actually a stable eigenvalue. We prove that the eigenfuniion associated with

G, must have exactly two interior zeros. Thus, an appeal to the scillation theorem
implies that ¢, > 1. This will nally show that the principal non-local eigenva lue
is the exponentially small ;.
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Integrating (3.3) from x =0to x =1 with = pg=(1+ 2I3) yields
z 1 z 1
( 2 dx 8 (Up+1)2 dx + J = klgd: (3.10)
0 0
Assume that there exists a strictly positive eigenfunction . Then J > 0. Since , Uy,
and are all positive, after rearrangement, we obtain the following estimate:
z 1

( 2  dx>J [klo ]
0

_ Jpc 2 )
= m[ g 1k (3.11)
In [11], Kriegsmann derives a relationship between the pammetersD, , , p, and

c; and the value oflg. He shows that | ¢ 1 for D su ciently small. Since p and

c1 are positive by de nition and J > 0 by assumrla_iion, the right-hand side of (3.11)

is strictly positive. This implies 2 > 0 since 01 dx > 0. Thus, > 2. This

result violates the oscillation theorem as ; < contradicts having no interior zeros.
Thus, there cannot exist a strictly positive eigenfunction.

In summary, we have shown that ; O(e #7P) is the principal non-local eigen-
value. This eigenvalue governs the metastability of the 1-plse solution in the trans-
lational direction along the x-axis. The rst graphical eigenvalue ¢, > 1. We have
not ruled out that ¢, may itself be exponentially small. Heuristically, if ¢, were
exponentially small, though, then there would exist anothe nearly invariant trans-
lational direction. The physical setup of the problem precludes this possibility. We
further discuss these and related issues below in Section 4.

3.2. Instability of the n-pulse solutions. We have just shown that the 1-pulse
solution is metastable. We show that ifn 2, then the n-pulse solution is unstable
with principal eigenvalue bounded away from the originasD ! 0.
We present the argument for a 2-pulse solution. Denote the Zulse solution by
2(x) and its derivative by ( x). By symmetry considerations, the interior zeros of
( x) occur at x = 1=4, 1=2, and 3=4. The relevant equations for ( x) and for the
related Sturm-Liouville problem are

D2 %+ A( ,) =0 ; (3.12a)
©0=@)=0 ; (3.12b)
and
D? %4 (A( )+ ) =0; (3.13a)
%)= Yq)=o0: (3.13b)
Let ; be the eigenfunction of (3.13) with exaﬁtly one interior zen. Using the same
procedure as the previous section, since; = f( 2) 1 dx =0, it is not hard to

showthat ;= ; and
_ D? _(34) 0(3—4)
N
12> dx
Note that ; is again negative. However, the value of ; is now O(D2U{{1=2)),
instead of O(D?U§{1)) for the 1-pulse. Using Kriegsmann's asymptotic analyss [11],
it is straightforward to show that jD2U§{1=2))j grows like In(1=D) asD ! 0. Thus, 1

(3.14)
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remains bounded away from the origin in this limit. This impl ies that perturbations
of the 2-pulse solution grow quickly in time. Finally, using estimates as above, it is
not hard to show that 3 is negative andO(e &P).

The stability analysis of n-pulse solutions forn 3 is identical to that just pre-
sented, so we omit it.

4. Numerical experiments and discussion

In this section, we present a few numerical simulations to spport our work. We used
an implicit Crank-Nicholson scheme as in Kriegsmann [11]. he following parameter
values were used for all simulations:p =1:0, D =0:001,¢; =1, = :01, = :01.
All simulations were run for the same number of time steps, wich is equivalent to six
seconds, clearly arO(1) amount of time. Figure 5a shows the evolution of a symmetic
perturbation of the homogeneous steady state solution withseveral local maxima, one
of which occurs atx = 1=2. Three time snapshots are superimposed. The one with
nine equal local maxima corresponds to the initial condition. The snapshot with nine
unequal local maxima occurs next. Finally, a snapshot of thenal attracting steady
state 1-pulse is provided. Notice that this 1-pulse solutim is centered atx = 1=2.

Figure 5b shows the evolution of an initial condition that does not have a local
maximum at x = 1=2. Four snapshots are provided. The one with twelve roughly
equal local maxima corresponds to the initial condition. The next snapshot has four
local maxima at about U = 12. The third snapshot shows that the spot centers at
x = 0:125 and decays at the other three spatial locations. The nalsnapshot shows
the spot centered atx = 0:125 and nothing else. This spot is a translate of the 1-pulse
solution. We do not yet fully understand why the spot forms at x = 0:125 as opposed
to some other value ofx. By taking non-symmetric perturbations, one can shift the
position of this attracting 1-pulse to seemingly any point in the domain (simulations
not shown). However, when a perturbation with a su ciently | arge local maximum
at x = 1=2 is evolved, then the symmetric 1-pulse solution is the attacting solution.
The asymmetric 1-pulses that are not centered at £2 do not represent steady state
solutions. Instead they are moving exponentially slowly tavards one of the boundaries.
They are manifestations of the metastability a orded by the equation.

Finally, we address the possibility of there existing two exonentially small eigen-
values. The numerical simulations above do not suggest thexéstence of a second
exponentially small eigenvalue. A second exponentially s@ll eigenvalue would imply
that a 2-pulse solution is, in fact, metastable. Numericall, we would then expect to
see this. That we did not nd such a solution gives strong supprt to the instability
of the n-pulse solutions and the metastability of the 1-pulse soluion.

In conclusion, using the su cient conditions (C1) and (C2), we have shown how to
locate the spectrum of a non-local linear operator. These mlts then were employed
to assess the stability of solutions of Kriegsmann's modell[1]. In microwave heating
experiments on ceramic bers, the hot spot forms in the midde of the sample. The
experimental apparatus is such that there is a symmetry abotithe midpoint of the
ber. Thus, any thermal perturbations to the spatially homo geneous temperature
distribution will have this symmetry, too. It is evident, fr om the above discussions,
that the hot spot corresponds to a metastable 1-pulse.
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