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Fundamental sets of functions on spheres

V. A. Menegatto

Abstract. Let Sm be the unit sphere in Rm +1 and let h � ; � i denote the usual
inner product in Rm +1 . We characterize those functions K in L p ([ � 1; 1]), p � 1,
for which the associated set of zonal functions f x 2 Sm ! K (hx; y i ) : y 2 Sm g is
fundamental in L p (Sm ). We then study fundamentality of sets generated by either
spherical convolution or spherical shifting, thus providi ng methods of construction
of fundamental sets in L p (Sm ).

1. Introduction

Let Sm be the unit sphere in the Euclidean spaceRm +1 and let h �; � i denote the usual
inner product in Rm +1 . In this paper, we study approximations of a given function or
a class of functions de�ned onSm by linear combinations of functions of the form

x 2 Sm �! K (hx; y i ); y 2 Sm : (1.1)

Following the literature, we call any function of the form (1 :1) a y-zonal (spherical)
function, or a zonal function on Sm for short. A zonal function is the spherical coun-
terpart of what is called a radial function in Rm . As we shall see, the approximation
can be done even when all the zonal functions are constructedfrom a �xed function K .
Hence, some choices ofK will not only serve for approximation purposes but also for
solving scattered data interpolation problems on spheres (see [4] for details on this).

Our starting point is reference [12] where the continuous functions K , de�ned on
[� 1; 1] for which the set

M (K ) := f x 2 Sm �! K (hx; y i ) : y 2 Sm g

is fundamental in the spaceC(Sm ) of all continuous functions on Sm , were completely
identi�ed. There, the space C(Sm ) was assumed (and we do the same here) to be
endowed with the topology of uniform convergence. Recall that a subset F of a
normed linear spaceV is fundamental (total) in V if its linear span is dense inV .
We observe that the setM (K ) obviously depends onm, even though our notation
neglects that fact. The proof of the result in [12] was achieved via another one, not
easily found in the literature, concerning the uniform C�esaro (C; m) summability of
the formal Fourier expansion of K in terms of Gegenbauer polynomials. A shorter
proof of the result in [12] was given later in [9].

In the present paper, we �rst extend the result in [12] to the L p context. More pre-
cisely, we identify the functions K for which the set M (K ) is fundamental in L p(Sm ).
In this context, the de�nition of M (K ) may be relaxed so thaty may vary in a subset
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of Sm whose complement is negligible andK may not be continuous. Our method of
proof is not related to that of the result in [12] but has some resemblance to the one
in [9]. This is done in Section 2, after a brief review ofL p spaces and spherical har-
monics. In Section 3, after listing some properties of spherical convolution, we apply
the results and ideas from Section 1 to examine fundamentality of sets generated by
such convolution. Some of the results in this section hold for general sets of functions
rather than sets of zonal functions. In Section 4, we repeat the steps of Section 3, now
considering sets generated by spherical shifting.

2. Fundamental sets in L p(Sm )

Let dwm be the standard surface measure onSm so that

wm =
Z

Sm
dwm =

2� m= 2

�( m=2)
:

A real-valued wm -measurable functionf de�ned on Sm is called p-integrable (p � 1)
if

kf kp :=
�

1
wm

Z

Sm
jK (x)jp dwm (x)

� 1=p

< 1 :

We shall denote byL p(Sm ) the vector space consisting ofp-integrable functions de�ned
on Sm where we consider that two functionsf and g are equal in L p(Sm ) whenever
kf � gkp = 0. The most important of these spaces isL 2(Sm ). It is a Hilbert space
with inner product given by

hhf; g ii :=
1

wm

Z

Sm
f (x)g(x) dwm (x); f; g 2 L 2(Sm ):

However, this nice structure will not be exploited in this paper. A remark concerning
our notation is that both the norm and the inner product above depend onm, but we
do not enforce that fact.

It also is convenient to introduce the spaceL 1 (Sm ) but the reader is advised that
almost all results in this paper do not hold for the casep = 1 . It is composed of all
functions de�ned on Sm which are wm -measurable andwm -essentially bounded. The
reader is invited to consult Chapter V in [6] for more details on this de�nition.

Spherical harmonics are the main tool in the proofs of our results. We recall some
basic facts about them but we assume that the reader is familiar with this topic
and, therefore, the results are stated without proof. General information on spherical
harmonics, including proofs of the results used here can be found in [8, 11, 13, 14].
A spherical harmonic of degreek in m + 1 variables is the restriction to Sm of a
homogeneous harmonic polynomial onRm +1 of degreek. The space of spherical
harmonics of degreek in m + 1 variables is denoted byH m +1

k , and its �nite dimension
is denoted byN m

k . If k 6= l , then H m
k and H m

l are orthogonal with respect to the inner
product above. The restriction to Sm of a polynomial on Rm +1 of degree at mostj
is an element of

L j
k=0 H m

k . This observation and the fact that polynomials on Rm +1

are dense in the spaceC(Sm ) gives rise to the following important result (see either
p. 222 in [13] or p. 448 in [14]).

Lemma 2.1. The set
S

H m
k is fundamental in C(Sm ).
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Another interesting property about spherical harmonics isthe so-called Funk-Hecke
formula. Before stating it, we need some additional notation. Hereafter, if p � 1, we
write L p;m ([� 1; 1]) to denote the space of all functions de�ned in [� 1; 1] which are
p-integrable with respect to the measuredrm := (1 � t2)(m � 2)=2dt. Thus, a function
K is in L p;m ([� 1; 1]) if and only if

kK kp;m :=
�

wm � 1

wm

Z 1

� 1
jK (t)jp(1 � t2)(m � 2)=2dt

� 1=p

< 1 ;

and we identify functions K and L for which kK � Lkp;m = 0. Given a function K in
someL p;m ([� 1; 1]), the coe�cients in its formal Fourier expansion

K (t) �
1X

k=0

am
k (K )P (m � 1)=2

k (t);

in terms of Gegenbauer polynomials, are calculated by

am
k (K ) :=

wm � 1

wm

Z 1

� 1
K (t)p(m � 1)=2

k (t)(1 � t2)(m � 2)=2dt; k = 0 ; 1; 2; : : : ;

where p(m � 1)=2
k = P (m � 1)=2

k =P(m � 1)=2
k (1).

The Funk-Hecke formula now reads as follows [11].

Lemma 2.2 (Funk-Hecke). For any K in L 1;m ([� 1; 1]) and any Y m
k in H m

k ,

1
wm

Z

Sm
K (hx; y i )Y m

k (x) dwm (x) = am
k (K )Y m

k (y); y 2 Sm :

The spacesL p;m ([� 1; 1]) and L p(Sm ) are connected to each other in a standard
way. If K is in L p;m ([� 1; 1]), then K (h �;yi ) is in L p(Sm ) for all y 2 Sm . Conversely,
if K (h �;yi ) is in L p(Sm ) for somey 2 Sm , then K is in L p;m ([� 1; 1]). Sincewm < 1 ,
Theorem IV-13.17 in [6] says thatL p(Sm ) � L 1(Sm ), p � 1. This fact, taken in con-
junction with the above comments, immediately implies that each function K (h �;yi ),
y 2 Sm , is in L 1(Sm ), wheneverK is in L p;m ([� 1; 1]).

Before we describe our main results, we digress to quote a consequence of the Hahn-
Banach Theorem related to fundamentality of sets in normed linear spaces. This result
is well known, and we include it as a separate lemma due to its frequent use.

Lemma 2.3. Let F be a subset of a normed linear spaceV . In order that F be
fundamental in V , it is necessary and su�cient that F not be annihilated by a nonzero
bounded linear functional onV.

We now can state and prove the main result of this section.

Theorem 2.4. Let K be in L p;m ([� 1; 1]). In order that the set M (K ) be fundamental
in L p(Sm ), it is necessary and su�cient that am

k (K ) 6= 0 , k = 0 ; 1; 2; : : : :

Proof. We �rst prove that the condition is su�cient. Let L be a bounded linear
functional on L p(Sm ) which annihilates M (K ). Using the Riesz representation the-
orem [6], we write L in the form L(g) = hhg; hii , g 2 L p(Sm ), in which h 2 L q(Sm ),
1=p+ 1 =q= 1 (as usual, q = 1 wheneverp = 1). The annihilating property of L then
reduces to

1
wm

Z

Sm
K (hx; y i )h(x) d! m (x) = 0 ; y 2 Sm a.e.
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Next, we multiply both sides of the previous equality by Y m
k (y), and we integrate with

respect to the surface measurewm . Holder's inequality implies that K (hx; y i )h(x)
Y m

k (y) is wm � wm -integrable over Sm � Sm , and hence, using Fubini's Theorem to
interchange the order of integration, we obtain

1
wm

Z

Sm

h(x)
� Z

Sm

K (hx; y i )Y m
k (y) dwm (y)

�
d! m (x) = 0 ;

Y m
k 2 H m

k ; k = 0 ; 1; 2; : : : . Using the Funk-Hecke formula, we reach

am
k (K )hhh; Y m

k ii = 0 ; Y m
k 2 H m

k ; k = 0 ; 1; 2; : : : :

From our hypotheses, it follows that

hhh; Y m
k ii = 0 ; Y m

k 2 H m
k ; k = 0 ; 1; 2; : : : :

That is, L annihilates
S

H m
k . SinceC(Sm ) is dense inL p(Sm ) (Theorem IV-13.21 in

[6]), Lemma 2.1 implies that
S

H m
k is fundamental in L p(Sm ). Thus, by Lemma 2.3,

L = 0. Therefore, M (K ) is fundamental in L p(Sm ) by Lemma 2.3.
Conversely, assume that there is an indexl such that am

l (K ) = 0. Select Y m
l 2 H m

l
and consider the nonzero Borel measure� on Sm de�ned on the family B of Borel
subsets ofSm by the following integral:

� (B ) :=
Z

B
Y m

l dwm ; B 2 B :

For any �xed y, we may use Lemma 2.2 once again to obtain
Z

Sm
K (hx; y i ) d� (x) =

Z

Sm
K (hx; y i )Y m

l (x) dwm (x)

= wm am
l (K )Y m

l (y) = 0 :

Thus, the nontrivial bounded linear functional L 1 over L p(Sm ) given by L 1(g) :=R
Sm gd� annihilates M (K ). By Lemma 2.3, M (K ) is not fundamental in L p(Sm ).

We observe that the argument used in the second half of the proof of Theorem 2.4
already has been used in several papers (see [12], for example). What is di�erent in
our procedure is the use of the Funk-Hecke formula to tie things up.

Since orthogonal transformations ofRm +1 can be regarded as coordinate transfor-
mations of Sm which leavedwm unchanged, we have the result:

Corollary 2.5. Let p, m, and K be as in the previous theorem. The following are
equivalent:

(i) M (K ) is fundamental in L p(Sm );
(ii) M (A; K ) := f x 2 Sm ! K (hAx; y i ) : y 2 Sm a.e.g is fundamental in L p(Sm )

for some orthogonal transformation A of Rm +1 ;
(iii) M (A; K ) is fundamental in L p(Sm ) for all orthogonal transformations A of

Rm +1 .

Proof. This follows directly from the fact that M (A; K ) = M (K ) whenever A is an
orthogonal transformation of Rm +1 .

It is a straightforward calculation to verify that every iso metry of Sm is the restric-
tion of an orthogonal transformation of Rm +1 . Thus, the previous corollary holds true
for isometries and motions ofSm .
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We close this section by presenting another elementary consequence of the proof
of Theorem 2.4. Its proof and the formulation of possible extensions are left to the
reader.

Corollary 2.6. Let K 1 and K 2 be functions in L p;m ([� 1; 1]). In order that the
set M (K 1) [ M (K 2) be fundamental in L p(Sm ), it is necessary and su�cient that
jam

k (K 1)j + jam
k (K 2)j 6= 0 , k = 0 ; 1; 2 : : : :

If K is either a strictly positive de�nite kernel or a nonnegative strictly condition-
ally negative de�nite kernel on the Hilbert sphere, then am

k (K ) 6= 0 for all k. Hence,
according to results in [7], K can be used not only to generate approximants to any
function in L p(Sm ), but it also can be used to construct interpolants for solving scat-
tered data interpolation problems on spheres. Certain completely monotonic functions
naturally belong to these classes of functions [7].

Finally, note that the above results hold for complex-valued functions although
we do not go into the details of that. Instead, we present a concrete example of
a complex function K that �ts in our theorems. For a positive real number r , the
function K r (t) = exp( � irt ) is such that (see Chapter 7 in [1])

am
k (K r ) =

(� i )k 2(m +1) =2�(( m + 1) =2)
r (m � 1)=2

Jk � 1+( m +1) =2(r )

where � is the Gamma function and J � is the Bessel function. If r is such that
Jk � 1+( m +1) =2(r ) 6= 0 for all k, then am

k (K r ) 6= 0 for all k as needed. It is well known
that if x � is the smallest positive zero ofJ � , (� > 0), then x � > � (p. 981 in [5]).
SinceJ0(1) 6= 0, then am

k (K 1) 6= 0 for all k and, therefore,K 1 is such an example.

3. Fundamental sets by convolution

In this section, we turn to consequences of Corollary 2.5 concerning the fundamentality
of sets generated by spherical convolution. The precise nature of the results we deal
with here is as follows. For an appropriate function K in L 1;m ([� 1; 1]) and a subset
F of L p(Sm ), we give conditions in order that the set K � F := f K � f : f 2 F g be
fundamental in L p(Sm ). Recall that if K 2 L 1;m ([� 1; 1]) and if f 2 L p(Sm ), then the
spherical convolutionK � f of K and f over Sm is given by

K � f (x) :=
1

wm

Z

Sm
K (hx; y i )f (y) dwm (y); x 2 Sm a.e. (3.1)

Notice that spherical convolution is not commutative. So, another completely di�erent
problem is to begin with a function f in L p(Sm ) and a subsetK of L 1;m ([� 1; 1]) and
then �nd conditions in order that the set K � f := f K � f : K 2 K g be fundamental
in L p(Sm ). In this section, we discuss these two questions.

We collect some properties of spherical convolution in Lemma 3.1.

Lemma 3.1. Fix 1 � p; q < 1 and let K be in L q;m ([� 1; 1]). If f is in L p(Sm ), then
K � f is in L r (Sm ) wheneverr := pq=(p + q � pq) � 1. If, in addition, f is a � -zonal
function, then K � f is a � -zonal function also.

Proof. The �rst claim of the lemma is essentially due to the well-known Young's
inequality. For the second part, �rst observe that

Z

S1
K (hx; y i )f (h�; y i ) dw1(y) =

Z �

0
K (cos� )f (cos(� �  )) sin � d�; x; � 2 S1;
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where  is the angle betweenx and � . Thus, the second assertion of the lemma holds
for m = 1. To handle the casem > 1, we use the well-known fact that a function f
de�ned on Sm is � -zonal if and only if f � A = f for all orthogonal transformations of
Rm +1 �xing � . Let A be an orthogonal transformation of Rm +1 �xing � and suppose
that f � A = f . Then,

K � f (Ax ) =
Z

Sm
K (hAx; y i )f (y) dwm (y)

=
Z

Sm
K (hx; A � 1yi )f (y) dwm (y)

=
Z

Sm
K (hx; y i )f (Ay) dwm (y)

= K � f (x) x 2 Sm a.e.

The invariance of dwm with respect to orthogonal transformations of Rm +1 has been
used in the third equality above. Thus, (K � f ) � A = K � f as needed.

Our �rst result in this section is now at hand.

Theorem 3.2. Let p, q be as in Lemma3.1 and write r = pq=(p+ q� pq). Let K be
in L q;m ([� 1; 1]) and let F be a subset ofL p(Sm ). If K � F is fundamental in L r (Sm ),
then am

k (K ) 6= 0 , k = 0 ; 1; 2; : : : : Conversely, if the latter holds andF is fundamental
in L p(Sm ), then K � F is fundamental in L r (Sm ).

Proof. For the �rst part, we assume that am
l (K ) = 0 for some l and show that K � F

is not fundamental in L r (Sm ). Consider the measure� de�ned in the second half of
the proof of Theorem 2.4. By integrating the elements ofK � F with respect to that
measure and using Lemma 2.2, we obtain

hhK � f; Y m
lj ii =

1
w2

m

Z

Sm

Z

Sm
K (hx; y i )f (y)Y m

lj (x) dwm (y) dwm (x)

=
1

wm

Z

Sm
f (y)K � Y m

lj (y) dwm (y)

= am
l (K )hhf; Y m

lj ii

= 0 ; g 2 F :

Thus, K � F is annihilated by a nonzero continuous linear functional over L r (Sm ).
Hence,K � F is not fundamental in L r (Sm ) by Lemma 2.3.

For the second part, we assume thatF is fundamental in L p(Sm ) and that am
k (K ) 6=

0, k = 0 ; 1; 2; : : : ; and we prove that the condition

hhK � f; h ii = 0 ; f 2 F ;

for some h 2 L s(Sm ), 1=s+ 1 =r = 1, implies that h = 0 a.e. Using the de�nition
of convolution in the above expression, interchanging the order of integration, and
arranging, we obtain

1
wm

Z

Sm
f (y)K � h(y) dwm (y) = 0 ; f 2 F :

Thus, combining the fundamentality of F in L p(Sm ) with Lemma 2.3, we see that
K � h = 0 a.e. Repeating the procedure in the �rst half of the proof of Theorem 2.4,
we achieve the required conclusion forh.
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The proof of the previous theorem can be made much shorter if certain properties of
convolution, closely related to those of convolution of periodic functions, are available.
The validation of one such property is already implicit in th e above proof. We formally
quote it in the proof of the following result:

Corollary 3.3. Let p, q, r , K , and F be as in the previous theorem. IfK � F is
fundamental in L r (Sm ), then the following condition must hold: if f is in F and
hhK � f; Y m ii = 0 for some Y m in

S 1
k=0 H m

k , then hhf; Y m ii = 0 .

Proof. It su�ces to observe that the proof of Theorem 3.2 gives the following property
for K and F :

hK � f; Y m
k i = am

k (K ) hhf; Y m
k ii ; f 2 F ; Y m

k 2 H m
k : (3.2)

Now, if K � F is fundamental in L r (Sm ), then am
k (K ) 6= 0 for all k by the previous

theorem. Therefore, if the left-hand side of the above equality vanishes for somef ,
the same is true ofhhf; Y m

k ii .

Similarly, we have the following result.

Theorem 3.4. Let p, q, and r be as before. LetK be a subset ofL q;m ([� 1; 1]) and f a
function in L p(Sm ). If K � f is fundamental in L r (Sm ), then the following conditions
hold:

(i) hhf; Y m ii 6= 0 , for all Y m in
S 1

k=0 H m
k ;

(ii) If K 2 K and hhK � f; Y m ii = 0 for some Y m in
S 1

k=0 H m
k , then am

k (K ) = 0 .

If f is zonal, sayf (�) = P(h �;� i ) for someP and some� , then it is easily seen that
formula (3.2) reduces, via the Funk-Hecke formula, to

am
k (K � f ) = am

k (K )am
k (P); k = 0 ; 1; 2; : : : : (3.3)

Thus, in particular, spherical convolution becomes a commutative property when re-
stricted to zonal functions. Formula (3:3) helps in the conclusion of our last result of
this section.

Theorem 3.5. Let p, q, r , and K be as before and letP 2 L p;m ([� 1; 1]). The
following are equivalent:

(i) K � M (P) is fundamental in L r (Sm );
(ii) M (K ) � P is fundamental in L r (Sm );
(iii) am

k (K ) am
k (P) 6= 0 , k = 0 ; 1; 2; : : : :

Proof. It su�ces to prove that (i) and (iii) are equivalent. If (i) ho lds, then, as in the
proof of Theorem 3.2, we have thatam

k (K ) 6= 0 and am
k (P) 6= 0 for all k. Conversely,

if (iii) holds, then M (P) is already fundamental in L p(Sm ) by Theorem 2.4. Hence,
(i) follows directly from Theorem 3.2.

4. Fundamental sets by shifting

In this section, we study fundamentality of sets generated by what we call spherical
shifting. The notion of shifting used here was apparently introduced by Rudin in
[10], but for the casem = 2 only. Later, this concept was further explored in [2] in
connection with the study of saturation problems on spheres. More recently it has
reappeared as an important ingredient in the de�nition of several moduli of smoothness
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of functions de�ned on spheres (see [3] and references therein). For t in ( � 1; 1), the
spherical shifting by t of f over Sm is given by the following averaging process:

Sm
t (f )(x) :=

1
wm � 1(1 � t2)(m � 1)=2

Z

hx;y i = t
f (y) dy; x 2 Sm

wheredy is the measure element of the spherical sectionf y 2 Sm : hx; y i = t g. Thus,
Sm

t (f )(x) can be interpreted as the mean value off on the surface of anm-dimensional
sphere of radius (1� t2)1=2. Since eachy in the spherical section can be represented
in the form

y = xt + z(1 � t2)1=2; hz; xi = 0 ;

a change of variables can be used to reduce the above integralto the form

Sm
t (f )(x) =

1
wm � 1

Z

Sm � 1
f (xt + z(1 � t2)1=2)dwm � 1(z); x 2 Sm :

Among several properties of the operatorSm
t , we mention that it maps each space

considered in this paper into itself and, in each case, it hasnorm 1. Proofs of these
properties along with more information on this operator canbe found in [2]. Perhaps
the most important of its properties is the following:

Sm
t (Y m

k ) = p(m � 1)=2
k (t)Y m

k ; t 2 (� 1; 1); Y m
k 2 H m

k ; k = 0 ; 1; 2; : : : : (4.1)

One way of proving this is to combine the so-called addition formula for Gegenbauer
polynomials (p. 472 in [14]) with the fact that for every k and everyY m

k in H m
k , there

are � 1; � 2; : : : ; � N m
k

in Sm and real numbersc1; c2; : : : ; cN m
k

such that

Y m
k (x) =

N m
kX

j =1

cj p(m � 1)=2
k (hx; � j i ); x 2 Sm :

As a consequence of (4.1), we have [2]:

Lemma 4.1. Let f be a function in L p(Sm ). Then, for any t in (� 1; 1),

hhSm
t (f ); Y m

k ii = p(m � 1)=2
k (t) hhf; Y m

k ii ; Y m
k 2 H m

k ; k = 0 ; 1; 2; : : : :

Our �rst result in this section is a simple consequence of this lemma.

Theorem 4.2. Let F be a subset ofL p(Sm ). If Sm
t (F ) is fundamental in L p(Sm )

for some t in (� 1; 1), then the following conditions hold:
(i) P (m � 1)=2

k (t) 6= 0 , for k = 0 ; 1; 2; : : : ;
(ii) If f is in F and hhSm

t (f ); Y m ii = 0 , for some Y m in
S 1

k=0 H m
k , then hhf; Y m ii =

0.

Proof. If P (m � 1)=2
k (t) = 0 for some k, then Lemma 4.1 implies that the nonzero

functional L over L p(Sm ) given by L(g) = hhg; Ym
k ii annihilates Sm

t (F ). Hence, the
latter would not be fundamental in L p(Sm ) by Lemma 2.3. That condition (ii) is
necessary now follows immediately from this.

We do not know whether both the fundamentality of F in L p(Sm ) and condition (i)
in Theorem 4.2 ensure the fundamentality ofSm

t (F ). As a matter of fact, in Theorem
4.6 ahead, we will answer this question in the a�rmative when F is of the form M (K )
for someK .

Sets composed of shiftings of a single function may be fundamental. Using the same
arguments of the above proof, we can easily obtain the following result.
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Theorem 4.3. Let f be in L p(Sm ). If f Sm
t (f ) : t 2 (� 1; 1) g is fundamental in

L p(Sm ), then the following conditions hold:
(i) hhf; Y m ii 6= 0 , for all Y m in

S 1
k=0 H m

k ;

(ii) If t is in (� 1; 1) and hhSm
t (f ); Y m

k ii = 0 for someY m
k in H m

k , then P (m � 1)=2
k (t) 6=

0.

We now return to zonal functions.

Lemma 4.4. If f is a � -zonal function, then so is Sm
t (f ).

Proof. Take an orthogonal transformation A of Rm +1 for which A� = � . Then, �rst
using the fact that f is � -zonal and then the invariance ofdwm � 1 under A � 1, we have
that

Sm
t (f )(Ax ) =

1
wm � 1

Z

Sm � 1

f (Ax t + z(1 � t2)1=2)dwm � 1(z)

=
1

wm � 1

Z

Sm � 1
f (xt + A � 1z(1 � t2)1=2)dwm � 1(z)

= Sm
t (f )(x); x 2 Sm :

Thus, Sm
t (f ) � A = Sm

t and, therefore,Sm
t (f ) is � -zonal.

From now on, if f (�) = K (h �;� i ) for some function K , we will write Sm
t (K ) to

denote the function K 0 satisfying Sm
t (f )( �) = K 0(h �;� i ). The following lemma com-

plements the previous one.

Lemma 4.5. Let f and K be as in the previous paragraph. Then,

am
k (Sm

t (K )) = p(m � 1)=2
k (t)am

k (K ); k = 0 ; 1; 2; : : : :

Proof. This follows from Lemma 4.1 as the following steps show.

am
k (Sm

t (K ))Y m
k (x) =

wm � 1

wm

Z 1

� 1
K 0(t)p(m � 1)=2

k (t)(1 � t2)(m � 2)=2dt

=
1

wm

Z

Sm
K 0(h�; y i )p(m � 1)=2

k (h�; y i ) dwm (y)

=
1

wm

Z

Sm

Sm
t (f )(y)p(m � 1)=2

k (h�; y i ) dwm (y)

= p(m � 1)=2
k (t)

1
wm

Z

Sm
f (y)p(m � 1)=2

k (h�; y i ) dwm (y)

= p(m � 1)=2
k (t)am

k (K ) :

In the above, we have used the fact thatp(m � 1)=2
k (h �;� i ) is an element ofH m

k .

Lemma 4.5 leads to the following nice result.

Theorem 4.6. Let K be a function in L p;m ([� 1; 1]).
(i) If t in (� 1; 1) is such that P (m � 1)=2

k (t) 6= 0 for all k and M (K ) is fundamental
in L p(Sm ), then the same is true ofM (Sm

t (K )) .
(ii) If M (Sm

t (K )) is fundamental in L p(Sm ) for some t, then the same is true of
M (K );

(iii) M (Sm
t (K )) is fundamental in L p(Sm ) if and only if P (m � 1)=2

k (t) am
k (K ) 6= 0

for all k.
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Proof. If the assumptions in (i) hold, then Theorem 2.4 implies that p(m � 1)=2
k (t)am

k (K )
6= 0 for all k. Hence, by Lemma 4.5,am

k (Sm
t (K )) 6= 0 for all k. Thus, (i) follows from

Theorem 2.4. Part (ii) follows from Theorem 4.2 and Theorem 2.4. Part (iii) is a
combination of both (i) and (ii).

Since jp(m � 1)=2
k (t)j 6= 1 for t in ( � 1; 1), the following criterion is apparent.

Theorem 4.7. Let K be a function in L p;m ([� 1; 1]). These assertions are equivalent:
(i) M (K ) is fundamental in L p(Sm );
(ii) For some t in (� 1; 1), M (K + Sm

t (K )) is fundamental in L p(Sm );
(iii) For some t in (� 1; 1), M (K � Sm

t (K )) is fundamental in L p(Sm ).

We close this paper by proving a theorem related to the problem mentioned at the
end of the �rst paragraph of Section 3. To do that, we rewrite formula (3.1) in the
following way:

K � f (x) =
wm � 1

wm

Z 1

� 1
K (t)Sm

t (f )(x)(1 � t2)(m � 2)=2dt; x 2 Sm :

Using Fubini's Theorem, it is not di�cult to see that if K is in L 1;m ([� 1; 1]), f is in
L p(Sm ), and h is in L q(Sm ), 1=p+ 1 =q= 1, then the following formula holds:

hhK � f; h ii =
wm � 1

wm

Z 1

� 1
hhSm

t (f ); hii K (t)(1 � t2)(m � 2)=2dt: (4.2)

Implicit in this formula is the fact that the function

t �! hh Sm
t (f ); hii

is in L p;m ([� 1; 1]). One way of seeing this is as follows. Using the fact that the
spherical shifting is an operator of norm 1, we have, by Holder's inequality, that

jhhSm
t (f ); hiij � k Sm

t (f )kp khkq � k f kpkhkq; t 2 (� 1; 1);

and so

khhSm
t (f ); hiik p;m � k f kpkhkq

Z

Sm

(1 � t2)(m � 2)=2dt

=
wm

wm � 1
kf kpkhkq:

Our �nal theorem is as follows.

Theorem 4.8. Let K be a subset ofL 1;m ([� 1; 1]) and f a function in L p(Sm ). If
K � f is fundamental in L p(Sm ), then f Sm

t (f ) : t 2 (� 1; 1) g is fundamental in
L p(Sm ). Conversely, if f Sm

t (f ) : t 2 (� 1; 1) n I g is fundamental in L p(Sm ) for every
rm -null subset I of [� 1; 1], and, in addition, K is fundamental in L 1;m ([� 1; 1]), then
K � f is fundamental in L p(Sm ).

Proof. For the �rst part, we have to show that, under the given hypoth eses, the
condition

hhSm
t (f ); hii = 0 ; t 2 (� 1; 1); (4.3)

for someh in L q(Sm ), 1=p+ 1 =q= 1, implies that h = 0 a.e. To see that, observe that
a combination of (4.2) and (4.3) yields

hhK � f; h ii = 0 ; K 2 K :
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Our assumption and Lemma 2.3 then imply that h = 0 a.e. For the second part,
assume the hypotheses and suppose that

hhK � f; h ii = 0 ; K 2 K ;

for someh as above. Formula (4.2) implies that
Z 1

� 1
hhSm

t (f ); hii K (t)(1 � t2)(m � 2)=2dt = 0 ; K 2 K :

The fundamentality of K in L 1;m ([� 1; 1]) and Lemma 2.3 now imply that

hhSm
t (f ); hii = 0 ; t 2 (� 1; 1) n I;

for somerm -null subset I of (� 1; 1). Finally, the fundamentality of

f Sm
t (f ) : t 2 (� 1; 1) n I g

in L p(Sm ) together with Lemma 2.3 forcesh to be zero a.e.

Remark. Most of the results in Sections 3 and 4 may be restated for continuous func-
tions. We believe this to be straightforward which is the reason why we have not done
it here.
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