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On the resurgence properties of the uniform asymptotic
expansion of the incomplete gamma function

A. B. Olde Daalhuis

Abstract. We examine the resurgence properties of the coecients ¢ ( ) ap-
pearing in the uniform asymptotic expansion of the incomple te gamma function.
For the coe cients ¢ ( ), we give an asymptotic approximationas r!1 thatis
a sum of two incomplete beta functions plus a simple asymptot ic series in which
the coe cients are again c¢m ().

The method of this paper is based on the Borel-Laplace transf orm, which
means that next to the asymptotic approximation of ¢/ ( ), we also obtain an
exponentially-improved asymptotic expansion for the inco mplete gamma function.

1. Introduction and summary

Recently it has been shown in many papers that the incompletegamma function is
the basis function for exponential asymptotics. The asympbtic expansion of (a;z)
asz!1 anda xed is rather simple. However, in exponential asymptotics, we need
the asymptotic properties of (a;z)asa!l andz= a, 60, acomplex constant.
In [9] and [11], the uniform asymptotic expansions of the (nomalized) incomplete
gamma function asa!1 are given as

(a2 1 G ei’X :
—erfc sa + p—— a()a’; (1.1a)
2
(a) 2 2a r=0
e i ) 1 q_— era * X
(a+1) > ( ajze ') éerfc [ %a +ipﬁ c() a) " (1.1b)
r=0
where is de ned as
=2( 1 In)? (1.2)
and
z

The complementary error function in (1.1b) will give the Stokes smoothing in expo-
nentially improved asymptotics for integrals and solutions of di erential equations.
See, for examplex4 of [8].

Our interest will go to the asymptotics of the coe cients ¢ ( )asr!1 . Asin
most uniform asymptotic expansions, the coe cients are rather complicated functions
of their arguments.
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Figure 1. -plane. The images of rays in the -plane.
First, we want to help the reader with the de nition of . Since 1 1In
has a double root at = 1, we prescribe that ( ) is analytic in a neighborhood of
= 1. We take las ! 1. In Figure 1, we give the images of the rays
ph = % ,k=0;1:::;8. Notethat =0is mappedto = 1 , the half line
0< < 1 is mapped onto the complete real -axis, and that the Riemann sheet
0 ph < 2 is mapped onto the upper half Blﬂ]e: 0 with a cut at the “half'-
hyperbolaf =+ i j = 2, 2 g, which is the image of the ray

ph =2 , and which is the dashed line in Figure 1.
Hence, (1.2) is well de ned as a mapping from the Riemann shég jph j< 2 to
n o/n p_0
N = 2C = + i = 2; 2 1.4)

According to [9]{[11], expansions (1.1) hold uniformly injzj 2 [0;1 ), in the domains
jphaj “;andjph j 2 "o where"; and ", are small positive numbers.
This would mean that the mapping (1.2) is de ned on the natural -domain. But, as
is noted in [4], the region of validity of (1.1) is smaller. For more details on the region
of validity, the reader is referred to the introduction of [4].

The coe cients ¢ ( ) are de ned by

1 1 1d
()= —5 = ()= =ga () —7 r=120 (1.5)
where the coe cients | are those appearing in Stirling's formula
72 te 2R
(z2) —p=— () z' (1.6)
2 o
asz!1
In [4], a new integral representation is given:
. I
i( ) (r+i dz
c()= LQZ) — (1.7)
(2 )z f1:9(z Yz 1 Inz)*:

where the contour of integration is a loop around 1 and . The authors use this
integral representation to obtain an asymptotic expansionof c¢.( )asr !'1 . This
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result can be written as

p— 1 r . l!
L r 12 2
72 7z 1 : z . 1 2i +1
a() ﬁ §2+2| erfc i r+§ln TZ
lp_ r 1 r . 12 l!
2 71 2 1 2i % 2
2 7 12 : . L1 :
(% 0 2 2i erffc i r 5 In —7
p_ (
+—2 _ 2i)" X (m+ D)
(3 1 =0 (r+%)m+%
X 1
1ym+ %
m=0 (r+ i)m 2
where
_ 2i L2 miox o 2 iom %
m)= I T T
xn

(m)
+e sl (2i)i1 o G() (19

P 1
j=0 ( J + E)
in which the coe cients q(m) have the generating function

m+ 1
X X (Mxi (1.10)
In(1+ x) .
j=0

Note that de nition (1.9) for the coe cients a, contains the (lower-order) ¢ ( ).
Hence, there seems to be a resurgence in the asymptotics@f( ) asr !1

To obtain the resurgence, we will study the Borel transform d the divergent series
in (1.1). In x2, we will de ne the Borel transform, give a representation that is valid
in the whole of N, and obtain the local behavior at the dominant singularities. These
singularities are poles and branch points. The location of lhe singularities will depend
on , and there will be coalescences of singularities when= 0, that is, when =1.

In x3, we will use the dominant singularities of the Borel transbrm to obtain an
asymptotic expansion ofc.( ) asr !1 . Our main result will be:

Theorem. For 2N, we have

1P = -
2 2 2 H 2 .
a() m% +21 2|1+%|’+%,%
1P - -
2 2 2 H 2 .
(T 20 hogprris
X
+ oa()(r o n) (20"t T (1.11)
n=0

asr!il
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In (1.11), we use the normalized incomplete beta function, wich is de ned by

1ZX

Iy(p; ) = 500 tP 11 )9 Ldt (1.12)

where B(p;g = ( p)( @)=( p+ g) is the beta function. For more details on the
incomplete beta function, seex11.3 in [10].

Hence, we have a simple resurgence relation for the coe cign ¢, ( ). Note that
due to cancellations in the divergent series in (1.11), the symptotic expansion of
¢ (), with r odd, involves only c,( ), with n even, and the asymptotic expansion
of ¢ ( ), with r even, involves onlyc,( ), with n odd. Since the incomplete beta
function can be computed via a simple continued fractiort, asymptotic result (1.11)
is an e cient way to compute the higher-order coe cients ¢, ( ). Thus, to use many
terms in the asymptotic expansions (1.1), the reader can r$ compute the lower-order
coe cients ¢ ( ) and use these results in (1.11) for the computation of the hgher-order
coe cients, which then can be used in the right-hand sides of(1.1).

In the second half ofx3, we will discuss the asymptotic behavior of the incomplete
beta functions that occur in (1.11). From these results, we ttain that in the main
part of N, the coe cients ¢ ( ) are of the order (r)(2 ) " Yasr!1 . However,
there are two lobes inN in which one of the terms with an incomplete beta function
dominates all the other terms in (1.11), and in these lobes tke coe cients ¢ ( ) are
of the order (% 2 2i) T %:( % r). This asymptotic behavior also was observed
in [4]. At the end of x3, we give an illustration of this asymptotic behavior.

Finally, in x4, we give an exponentially improved asymptotic expansion dr the
incomplete gamma function. The re-expansion is in terms ofudnctions that are more
complicated than the incomplete gamma function itself. This is the reason we omit
the proof of the results in x4.

If we compare (1.8) with (1.11), then it is obvious that there are similarities and
big di erences. The main similarity is that in both equation s, there are two loose
terms. The loose terms in (1.8) are the error function terms,and they are simpler
than the incomplete beta function terms in (1.11). In fact, one could argue that
since the incomplete beta function depends on three paramets, it is too complicated
to be used as an approximant ofc; ( ). But the incomplete beta functions in (1.11)
depend only on two parameters, and one of these parameterslisited to half-integers.
Furthermore, the computation of the incomplete beta functions is not very di cult.
Again, see [3].

The main di erence between (1.8) and (1.11) are the asymptoic series. Note that
the asymptotic scales are very di erent. Furthermore, the coe cients in the asymp-
totic series are much simpler in (1.11).

Due to the di erent asymptotic scales, it is not possible to dbtain (1.8) directly from
(1.11). However, by replacing the incomplete beta functios in (1.11) by asymptotic
expansionsag ! 1 that are uniformly valid in , we would obtain the error function
terms of (1.8). See (3.15).

1For a comprehensive discussion of the computation of the inc omplete beta function, see [3].
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2. The Borel transform

Let P be the complex plane with a cut from0to 1 . We take as the Borel transform
of the asymptotic series in (1.1)

R L o1
yit, )=  o&() 3 rt 2 (2.1)

r=0

This series is only convergent fort in a neighborhood of 0. To obtain a representation

in a larger t-domain, we use (1.7) in (2.1) and obtain

o
) (z 1 In z)%
272 1.4 XNz 1 Inz 1)

In the derivation of this integral representation, we need the restriction jt=(z 1
Inz)j < 1 for all z on the contour of integration. This is not a problem for t in a
neighborhood of 0. This integral representation is, of couse, valid in a much largert
domain. Hence, we can replace the restrictiofjt=(z 1 Inz)j< lbyt6z 1 Inz
for all z on the contour of integration.

We deform this contour of integration to a path that begins at z= 1 , encircles
z = 0 once in a negative sense, and returns to its starting point In this way, we obtain
the integral representation

yit; )=tz

Z
©) (z 1 Inz)z

P, @ )z 1T hz 9@

whichisvalid forph 2 ( ; )andt2P,=t2( ; ). Inthe following lemma, we
give a representation that is valid in a larger -domain.

2.2)

Lemmal. Forph 2( 2; 2 )andt2P, we have
r_

_ 1 s (0 1+2i In)z ( 1 2i 1In):z
yit; )= 5 St 2 4+ .
2 2 t ( 1 In +2i) t ( 1 In 2i)
| . 1 . 1
1 ( 1 In )% (t 2i) 2 . (t+2i) 2 _
2 2 t ( 1 In +2i) t ( 1 In 2i)
+he(t; ) h (6 )+se(t; ) s (t) (2.3)
where
[ 1 2i |In :
h ()= p=
22t ( 1 In 2i) t
11 . L )
n 2 1 1
In 1 1 2i |In ’ 1 In Zln 1 tt2| ’ .
1+ 1]éiln|n 2 t 21 1+ ttZI Z
(2.4)
and _—
1 1 sy L 1 1
s(t )= p— (_2i)eu 2z 1 In2)? 4 (o5

42 o ¢ (t 2i)(z Nz 1 Inz u

where thez-contour C( ) is de ned in Figure 2b,c.
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Figure 2.

(a) Contour C; (b) Contour C( ) whenph 2 (0;2 ); (c)
Contour C( ) whenph 2 ( 2; 0).

Proof. We start with the restrictions

<t>0;, =t2( 2;2); ph 2(@; ); and ph( 1 In )2(0;%): (2.6)

The branch point at z = 0 in the integral in (2.2) is integrable. We split the contou r
of integration in (2.2) into a contour from 1 e’ to the origin plus a contour from the
originto 1 e ' . We rotate the rst contour to the contour from 1 €' to the origin
and the second contour to the contour from the origin tol e 2! . During the second
rotation, we encounter a pole atz= e 2' . We note that whenph 2 ( ; ), then
(e 21 1 In(e 2")¥= ( 1 2i In )¥ where on the right-hand side

we use the usual square root. In this way, we obtain the integal representation
r_

)= _ . t*2i : 1
=3 t t (1 In +21)
101 21 (z 1+2i In2)z?
+t 2 —p— _ dz
2i 2 ZO (z Xz 1+2i Inz 1)
.1 ! (z 1 2i In2)z _
ViP5 @ @ 1T 2i nz 9% 2.7)

which is valid for ph 2 (0;2 ). To obtain a double integral representation for the

rst integral on the right-hand side of (2.7), we use the subdituton u=z 1 Inz
and write g—3=(z ) as a contour integral. For more details, see [2]. We obtain

. 1 Z1 (z 1+2i In2)z
t 2—p— s dz
202 o (z )(ZZ 1+2i Inz 1)
1 24,7 N1 L
otz (u+2i)zu 2(z 1 In2)2
—_p:

42 o c(u (t 2i)z Nz 1 Inz u)dzdu (2.8)
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where Cis de ned in Figure 2a. We deform contour C to contour C( ) and obtain

z ,

P! ! (z 1+2i Inz)z o
VISP 0 @ @ 1+2i mz et sE)

s 1 )t tn% Z1 (U+2i)zu z du (2.9)

202 o (U (t 2i)u ( 1 In) 7

The integral on the right-hand side of (2.9) can be expresseéh terms of elementary
functions. We use the transformationu = 2 iv and rotate the path of integration
from the negative imaginary axis onto the positive real axis

1 2y AT |
(1 In)bter (U*t21i)eu 2 du
202 o (u (t 2i)u ( 1 In)
B (21 In +21) a2
1 +1 1 1
rhEv E g, (2.10)
o V. -V .
The rst term on the right-hand side originates fromthe pole atv=( 1 In )=21i)
which is due to restrictions (2.6) in the fourth quadrant. Th e substitution v = z2=1 z?
leads to .
( 1 In)zt z°1 (v+1)zv z
Po= T 21 4V
4 2 o V ox Zv oz 7
. (1 In)Et ! dz vodz
"2t (1 In +2i) o022 —am_— 22 LZ
L i 1+2i In ?
272t ( 1 In +21i) t
1 In 1=2 1 L 1=2 )
In 1 1+2 i In i 1 In 2 In 1 ttZ' I
1=2 t 2i t 2i 192
|
I+ — 1+ =
(2.11)

where we used (2.6) to obtain the correct contributions fromthe end-point z = 0.
Combining (2.9){(2.11) leads to

z .
T (z 1+2i Inzz
202 o (z )z 1+2i Inz 1)
1
— i 1 P— am 2
%p§ l+2t| In 2 5 3 t2in

Tt ( 1+2i In) t ( 1+2i )
+he(t, )+ s (L ) (2.12)

In a similar manner, we can show that

1 Z1 (z 1 2i In2)z

22 o (z )z 1 2i Inz 1t

t 2z
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P—  12i mn 3 1
2 i 2

- + -
t (1 2i In) t ( 1 2i 1In)

Nl

+h (t )+s (1 ): (2.13)

Hence, (2.3) follows from (2.7), (2.12), and (2.13). Analytc continuation shows us
that (2.3)isvalid forph 2 ( 2;2 )andt2P. O

The main property that we need from the Borel transform y(t; ) is the local be-
havior at the singularities that are nearest to the branch pant t = 0. The rst two
terms on the right-hand side of (2.3) are rather simple singlarities. Notice that in the
second term, the branch point and the pole coalesce when= 1. Although the de ni-
tion (2.4) of h (t; ) is rather complicated, these functions have only one singlarity
in P and that singularity is a branch point at t = 0.

The remaining problem in this section is to nd the singularities of s (t; ). We
de ne for > 0 the functions

Z Z N1 1 1

t z (u 2i)zu z(z 1 Inz)z
s (t;; = —p— - dzdu: (2.14
( ) 4 2 o ¢yu (t 2i)y(z Nz 1 Inz u) ( )

We note that the functions s (t; ) s (t;; ) areanalyticforjt 2ij< . Hence,
by taking large enough, the singular behavior at the singularities that are the nearest
to t = 0 will be the same fors (t; ) and s (t;; ). These singularities originate
from the end-point u = 0. We expand the factor 1=(z 1 Inz u)in a Taylor series
at u =0 and obtain

st )= PR 20k %duz dz
. 472 o0 u (t 2i) c)(z Nz 1 Inz)"*z
37 (u 2i)zu" z

X 1
= c()(5 n)
n=0 2

- ———d 2.15
2i 5 u (t 2i) ! ( )
where we used (1.7) to compute thez-integral.

In the next lemma, reg(t 2i ) denotes a function that is regular (or analytic) in
a neighborhood oft =2 i .

Lemma 2.
z T
1 (u 2i)2u" 2 n . n o1 .
> 22 - 000 = + . .
t 2 TR T du= ()" 2i )" Z+regt 2i) (2.16)
Proof.
. 1 L
N T 1D LT s s LAY
o u (t 2i) T, u (t 2i)
¢ ‘”7%0'“+EZ Zlnu ¢ 200 %1 0 fawau
Toou (t 2i) 2t 4 o t
z N1
u" zdu .
= — " _+reg(t 2i): (2.17)

o U (t 21)
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We use (15.3.1) and (15.3.7) of [1] and obtain
z

u" zdu "tz Z1oyn by
o U (t 2i) 20 t o1 Viur
n+ g 1 3
= Fi Lin+ Zin+ = -
(2i Hm+H*? 2 2't 2i
. L 1 3 t 2i
= ()" 2i B° Z+n %2F1 1;5 s om
= ()" 2i " Z+regt 2i): (2.18)
O
Hence,
i X L W oo o L .
s(t)=5 @)z m)"C 20 H* 2+regt 2i): (2.19)
n=0

3. Late coe cients asymptotics

To obtain an asymptotic expansion forc,( ) asr !'1 , we use Darboux's method.
Hence, we use (2.1) and obtain

0 LT b 3.1)
()= —— y(t; )t 2 dt: 3.1
2i (3 1) 4
The main contribution in the asymptotics of ¢;( )asr ! 1 comes from the singularity
of y(t; ) thatis nearest to t = 0. In the previous section, we showed that the nearest
singularities are att = 1 2i In andt; = 2i. Hence, the dominant
asymptotic behavior in the bounded regions;j 1 2i In j<2 whent s
nearest will be very di erent from the dominant asymptotic b ehaviour in the region

j 1 2i In j>2 whent; is nearest. To obtain an asymptotic expansion that
is uniformly valid inph 2 ( 2; 2 ), we use (2.3) in (3.1) and obtain

6()= ___%_( 1+2i In )" 2+( 1 2i In)"' %

(1 In)E o0 ¢ o) bt
2i (2 1) .t ( 1+2i In)
209 (te2i) bt}

+ : dt
.t (1 21 In)

dt

Z (o+)

r 1
Z (04

N
o
—

he(t; ) h (g )t" 2

s.(t; )t T ozt

N 1 2i ( st

(3.2)

NiE| PN P

Nl P
-

N

N
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The rst two integrals are contour integral representations for the incomplete beta
function. From (11.42) in [10], we obtain

1

z .
( 1 In)z “O ¢ 2i)zt" z
2i .t ( 1+2i In
209 (te2i) bt

dt
)
1
2

: dt =
.t (1 21 In)
= ( 1+2i )"y (5ir+d)
2i
(1 2i In)"z1 3w (Ar+dy (3.3)
2i

Since the only singularity of h (t; ) in the bounded t-plane is a branch point att = 0,
the third integral in (3.3) can be estimated by
;Z(Oﬂh(t') h(t')tr%dt—;OA’ asr!1
2i (L), TV ' (z 1N '
(3.5)

where A is an arbitrary xed positive constant.
For the fourth integral in (3.2), we use (2.19) and obtain

Z Z ..

1 (0+) . 1 @i ) )
T se(t; )t " Zdt= ———— s+ (t; )t " Zdt
2i (3 1) 4 , 2i (3 1 i

R 1 péei)
4i ( )en( )% i t" It ozdt (3.6)
n=0 2 il
Note that
Z@i ) L N Z o+ 1 1
(Zi t)n 2t ' ?dt:(z )n rezi (n+r+l) ( +1)n Por oty
il 1
=2( )"i( 2i)" rB(% rron: (3.7)
Hence,
1 Z (0+) ) » ()
- sy (t; )t " zdt —— 2 _(r n) asr!l : (3.8
2i(% ry 1 +(6) n=0( 2i) ae ) (3.8)
Similarly,
Z
1 (0+) . X Cn( )
— s (t )t " 2dt ——=>—(r n) asr!l : (3.9
2i (% r 1 - (2i)

Since we can absorb the left-hand side of (3.5) into the righthand side of (3.8) and
(3.9), we have shown that

%pg H r 1 . r 1
¢ () I n ( 1+2i0i In ) " z+( 1 2i In)'" 2
RPN )
+ﬁ ( 1+2i In ) r 2 | 1_|n %;r+%
2 2i

+( 01 20 )" El g (Ar+d)
2
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p 3 n o
+ a()(r n) (20)" ") (3.10)
n=0
asr!1 . This expansion is valid forph 2 ( 2; 2).

When we apply the identity 11 x(q;p =1 Ix(p;0d), we can present the nal result
as

1P =
o) A ZE?+2i)" 21 L+ L))
(i I’) 1+W
1P =
(2% Zr)(% 2 2|) r 2|1 %(r‘k%,%)
hs n 0
+ G()(r n)y (2i) " te@i)r?t (3.11)
n=0

asr!l

To obtain a better understanding of which terms of the right-hand side of (3.11) are

dominant in which sectors of the complex -plane, we give the asymptotic behavior of
the rst term.

In the case ph % and bounded away from the origin, we have
1P =
22 (L2424)" 7 r+ i1
(% r)(z ) 1+4_|2( 2a2)
2
- i T T
(5 1) BGir+s) 0
_ Z.. > 1
177 @rvaiy ik YLy 2 %dt
(3 1) B(r+i 0 4i
—r)( 2i) "1t (3.12)
asr!l
In the case% ph and bounded away from the origin, we use that
I2(3;r + %) is an odd function of x and obtain
I 2(r+3:9)=1 | (3ir+3)
War I
=1+ 1 (e i)z(%;r+%)
i
=2 | (e )2 (r+ %,%) (3.13)
1+ 7

Now we can use (3.12) and obtain

1P =

(2% Zr)(% r2i) %'H—?(H%;%)
p*l
(lir)(%2+2i)r 2+ L0021y 11 g
2

asr!l
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Finally, in the case of in the neighborhood of the origin we write
p —
1
2 2 12,49 r%l r+ 4.1
(It 210 e 5)

_ 175 gee2iyrp s e thsg 3 S %ds

(3 D BZr+3 n o2 1 es

p— 1 Z

iv— (1 2 r L&

21 2 (2 -:”2|)1 § i e (r+%)SS 2 ds
(i r) B(i!r+i In ﬁﬁ

%p; 12 rol 1y1=2 2i :

12y 2 + Hl=

(% )(2 21i) zerfc (r+ 3) In% 2421 (3.15)

asr 11 where erfci) is the complementary error function.?

From (3.12), (3.14), (3.15), and the asymptotics of erfck) asx ! 1 , we obtain
that the rst term of the right-hand side of (3.11) is of the same order as the rst
term of the divergent series of (3.11), except in the region bthe sector% ph
where the rst term of the right-hand side of (3.14) dominates the second term. This

region is given by
n o
= +1i ; > 0 and (2%+ ?»2<16 : (3.16)

Similarly, the second term of the right-hand side of (3.11) & of the same order as the
rst term of the divergent series, except in the region
n

0
= i ; > 0 and ( 2+ ?)2<16 (3.17)
where we have
1P — p—
2 2 (12 iy orod 1.1 2 12 iy or L
< (5 2i) " 2| 2 (r+ 3;3) ——(5 2i) " z (3.18)
(3 0 L 22 (30’
asr!l
As an illustration of the change of dominant asymptotic behavior of ¢, ( ) as a
function of , we give Figure 3. In the example, we taker = 11 and = 3exp(i).
We note that in the sector 0< < % , the modulus of ¢, ( ) is almost constant, and
in the sector 3 < <, itvaries with and has a maximumat = 2 .

To give a \numerical proof” of (1.11), we use 6 terms in the sumof the right-hand
side of (1.11) (as we noted before, only 3 of the 6 terms are nexrero), and we evaluate
the incomplete beta functions via the continued fractions. The absolute and relative
errors are shown in Figure 3.

4. Exponentially improved asymptotics of (a;2)

In x2, we obtained the local behavior of the Borel transformy(t; ) at the dominant
singularities. In the previous section, we used this infornation to obtain an asymptotic

2To obtain a full uniform asymptotic expansion of the left-ha  nd side of (3.15), the reader can use
the rst three lines of (3.15) and exercise 6 of chapter 7 of [1 2].
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107
jer ()i
21
10
1
16°
absolute error
10—4 1
10°1 .
relative error
1684

Figure 3. An example with r =11 and =3exp(i).

expansion for the late coe cients in the divergent series in(1.1). As in [6], we also
can use this information to obtain a re-expansion for the renainder term Ry (a; ) in

2 ; 1 11 X '
a % serfe( 3a) = ~ G()a’+Rn(a ) @1

1
2ae:?

The method will be very similar to the method used in [6]. Thus, we would use the
Laplace transform ofy(t; ) as an integral representation of the left-hand side of (4.),

substitute a truncated version of (2.1) into this Laplace transform to obtain (4.1),

and use Taylor's theorem to obtain a double integral represstation for Ry (a; ). The

deformation of the contours in this double integral will give us

Z | 1
(0+) ely(; ) t N 3
RN (a, )= W - 7': — d dt
D 1 fO;tg
2 1N @ N+1; 122 @ N+1; 1=2
z2iE®  F7 %2 1om YFT % 207 1
1 N X.
a: N n N n
> c() FO a,. FO a™ . (4.2)
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where 7
1 i 2it +N n 1

F@ a;N n - Ldt

2i 0 a t

= (a¥ " (N n)e?? (n+1 N; 2ia); (4.3)

@ . N+1; 1= Ziifigais 1l
F a, . | = d dt

21; 1 In 0 0 (@ i )

The computation of the hyperterminants F(* () is discussed in [5] and [7]. How-
ever, the occurrence of 1 In in the F® hyperterminants in (4.2) makes the
computation of these double integrals nontrivial. In fact, if we compare the F®
hyperterminants in (4.2) with the left-hand side of (4.1), then we see that theF @
hyperterminants depend on more (dominating) parameters ad are more complicated.
Hence, it is pointless to re-expand the remainder termRy (a; ) in terms of hyperter-
minants. Other re-expansions in term of other functions midt be possible, but it is
very likely that one loses the simple resurgence.

Since some of the functions in the right-hand side of (4.2) a& more complicated
than the left-hand side of (4.1), we omit the proof of (4.2).
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