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Addition formulas for g-Legendre-type functions

Mizan Rahman and Qazi M. Tariq

Dedicated to Richard Askey on the occasion of his 65th birthal

Abstract. Two families of addition formula for g-Legendre-type polynomials are
obtained by application of known product formulas of Askey- Wilson and g-Racah
polynomials. It is shown that the formula involving the g-Racah polynomials
also leads to a g-analogue of the classical addition formula for the nonterm inating
Legendre functions. Unlike the quantum group-theoretic me thods used by Koelink
to obtain essentially the same formulas, our method is purel y analytic based on
g-series techniques.

1. Introduction

The purpose of this paper is to show how to obtain, by purely amlytical methods,
families of addition formulas which, in appropriate limits, approach Laplace's [14]
addition formula for Legendre polynomials

Pn(cos cos' +sin sin' cos )

(n m)!

(me i (€08 )P (cos yoosm (L)

= Pp(cos )P,(cos' )+2

where P, (X) is the Legendre polynomial of degreen in x, jxj < 1, and
m

PROO=( D" xS

is the associated Legendre polynomials; see [21]. Gegenleay9] found an extension
of (1.1) for the ultraspherical (also called Gegenbauer) plynomials C,, (x):

Pn (x) (1.2)

I
C,(cos cos' +sin sin' cos )= %Cn (cos )C, (cos' )
n
X I \292k
o &2 1 k()2 C,"K(cos )C,*(cos' )C, f(cos ) (1.3)

k=1 2 1 (2 )n+k

(see [21]), which reduces to (1.1) as ! % since

P.(x)= Ci(x) and Iilmo—k+ C (cos )= 200K k =Liziiiy
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4 RAHMAN AND TARIQ

There have been many published proofs of (1.3) since its rstappearance in 1875,
some analytic and some algebraic. Algebraic proofs often e on group-theoretic
techniques since addition formulas of special functions uslly have group-theoretic
interpretations. For example, Vilenkin's proof [19] is based on the irreducible unitary
representations of the groupSU(2). Generally, an addition formula is a statement of
the homomorphism property

X
i (1%2) =t (Gu)tix (92) (1.5)
[
where g1, g2 2 G, and tjx (g) = hT(g)g; ei are the matrix elements of the repre-
sentation T of the group G on a Hilbert spaceV with respect to a suitably chosen
basisf e, g; see Vilenkin [19], Vilenkin and Klimyk [20], and Koelink [10]. For further
references on (1.3), see Askey [1]. Among many applicatiorsf (1.3) is Gegenbauer's

product formula [9]
z 1

Ca00C, () _ G
GG, D) - 4 ViR gy (1.6)

where

( +3H)@ x2 y? zZ2+2xyz) !
(D) 1@ x>y *
depending on whether 1 x? y? z?+ 2xyz is positive or negative, respectively.
This and an extension of it to the Jacobi polynomials due to Koornwinder as well as
Gasper (see Askey [1]) were the basis of Gasper's elaborataudy [6, 7] of Banach
algebras for Jacobi series. Product formulas of the type (B) lead to integral rep-
resentations of orthogonal polynomials which, in turn, canbe used to compute, for
example, generating functions of these polynomials.

With the advent of quantum groups and quantum algebras in the second half of
the 1980s, the quest for addition formulas forg-special functions, in general, and for
the g-orthogonal polynomials, in particular, has naturally tak en a di erent turn. For
a brief review of the di erent approaches to the same questio, see Koelink [10] and
the references therein. Before the start of the quantum eraaddition formulas for
g-Krawtchouk and g-Hahn polynomials were found by Dunkl [4] and Stanton [17],
through an interpretation of them on Lie-type nite groups. Rahman and Verma
[15] also foundg-versions of (1.3) and (1.6) by purely analytic methods. Howvever,
Koornwinder's addition formula [13] for the little g-Legendre polynomials:

Pn (0 5 1 @)Wy (0 5 0j) = pa (@ 51 2ja)pa (0 ;1 jQ)Wy (0 5 0*j0)
" X (q;Q)x+y+k(q;q)n+qu(y+k n)
PR CH Y PRV CHY P C
Pr k(@ oo japn k(O o A )Wy i (oF 5 0¥j0)
X (0 (a3 DnegHyt ™
ep (@30 k(@:n k(9:a)g
Pr k(@ *idSdiapn k(@Y K dS W, k(o sqja)  (1.8)
where the little g-Jacobi polynomials are de ned by
pa(x ;a;kQ) = o' 1(q ";abd ™ ;aq;q;gx); (1.9)

K(xy;z) = or 0 a.7)
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n=0;1;2;:::, and the Wall polynomials by
Wh (x ;ajd) = pa(x ;a;0jq) (1.10)

(see [8]), provides convincing evidence that the group-tharetic method is the more
natural method of discovering addition theorems because itvould be almost impossible
to suspect a formula of the form (1.8) by analytic consideratons alone. However, once
an addition formula is discovered by algebraic techniquesysually it is not too di cult

to nd an alternative analytic proof as, for example, Rahman's proof [16] of (1.8) would
testify. The converse does not occur too often, but occasially it can. Rahman and
Verma's full addition formula [15] for the continuous g-ultraspherical polynomials so
far has not been proved directly by the quantum group or quanum algebra method
although the related g-Legendre-type cases have been proved by quite a number of
authors; see Koelink [10] for references. The fact that (1)8is a g-extension of (1.1)
is not at all obvious. One has to be able to retrieve (1.1) from(1.8) by taking the
limit q! 1 after having made appropriate substitutions. This rather delicate limiting
procedure was carried out by Van Assche and Koornwinder [18]

In [12], however, Koelink mentions how to derive the Rahmanverma formula from
the g-Legendre case by usingy-derivatives and analytic continuation. Koelink [11]
also found an addition formula for the big g-Legendre polynomials:

P 11; ¢ q " ' 1.11
Xx;L51 cg =3 ; :
n( ja) = 3" 2 g cq 99 (1.11)
(see [8]). Koelink's review article [10] contains a sort of raster addition formula from
which these addition formulas forg-Legendre-type polynomials emerge as special cases.

The main objective of this paper is to derive two such master érmulas, one for the
continuous and the other for the discrete case, by simple-series methods, from which
all the known addition formulas for g-Legendre-type polynomials can be obtained as
special apd/or limiting cases. A g-series or a basic hypergeometric series is a series of
the type  u, whereu, is a rational function of ¢ .

Denoting the g-shifted factorials

1 a@ a9 (@ ad"); n=1;2:::;

a; = 1.12
CHURE heo. (112)
YK
(a5 a;n = (& ;Qn; (1.13)
j=1
a g-series ofr + 1 numerator and r denominator parameters is de ned by
TR R PH- I R O R o ;%JZ)
aya & X (az;a2;::;ar+1 ; Qk 2 (1.14)

If any of the numerator parameters is of the formg " where n is a nonnegative
integer and there is no zero factor in the denominator, then he above series becomes
a polynomial of degreen in z. In the nonpolynomial case, we need to assume that
jzj < 1 and that jg < 1 for the sake of convergence. We shall assume throughout
this paper that jgy < 1. We shall use some special but standard types adf-series,
like a balanced and a very-well-poised series. The-series in (1.14) is balanced if
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z=gand bbb, b = gma, a+1; itis a very-well-poised series ifa; = qafz,
az = qaizz, b = qa=a+1, k=1;2;:::;r. We also shall use a special notation for
a very-well-poised series:

ret Wr(an jas5as;0 a4 ;03 2)
o al;qpa_l; qpa_l;a4;:::;ar+1 oo #_
e P Pangasan:igaza.n 02 0
See [8] for notations, de nitions, and properties of these gecial g-series.
In Section 3, we shall derive the following addition formulain the continuous case:

Pn (x ;d;q=d; b; g=fpm (X ;a;b;c; 9 = Ao(m;n;a;b;c;dpm(x ;a;b;c;d
+ . Ax(m;n;a;b;c;dpm+k(x ;a;b;c; g
k=1
miry(m;n) .
+ Ac(m;n;a;b;c;dpm «(x ;a;b;c;d (1.16)
k=1
where
(abcdd™ ; q)n

Ao(m;n;a;b;c;d = (@ 27=abcd. Q)

(ql 2m :aden

#
.9 "otadd";cdd" |
43 q; dg=b; abcdq' 94
g ";q"**;bdd"; abcdd *
' D q; ; 1.17
43 q; bd; abcdg" 44 ( )

(abd;:t_':th*‘;gdq‘j;abcdcﬁ‘ 1;;1 rl;_q“+1 ;q)k( d=a)q("s)
d; d; bd; dg=hqg)x (abcdg™ * ; )2«

(abcdd™ 2% 1), ok
(F Zr=abodiqy (& abod”

qk n;qn+k+1;addn+k;CddT1+k_ .
¢<*1 ; dg*! =b; abcdgn 2k a:4d ,
k n.gntk+l.pqdn+k: gpeddntk 1

) ’Zkﬂ;b(’jcf;inbc(;&mf Lqiq ; (118

(@ ™iqt "=bc;d "=bdid ™=cd;q """ ;o)

(d;9; bd; dg=ba)x(q 2m** =abcd; 62

abcdag™ ;
(qZ (2m +2 g—abg)c; ql)( K (ql am+ k:abcdn k
n - ) n

qk n;qn+k+1;addn;cddn o
*1: dgf*t =b: abedgm 9
qk n;qn+ k+1 ;bdd";abcd(T 1 .
g+ : bdd; abcdd™ ’

Ak(m;n;a;b;c;d =

4 3

4 3

A, (m;n;a;b;c;d) = ( d=akq(?)

4 3

4' 3 q:q9 ; (1.19)
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" _ _ "
(X abcq= s q ";abcdd !;a€ ;ae'l (1.20)
X,q,0,C, 0= v 4 .

Pn 4 3 ab: ac: ad aq.9g

and

are the Askey-Wilson polynomials introduced in [3] with a dierent normalization

(also see [8]) andx =cos , 0 . It is not di cult to see that (1.16) is actually

a terminating version of Koelink's general addition formula in [10, Theorem 4.1].
The second addition formula that we shall prove in Section 5§

#

q ;q":q Vg ?=c

; 0;9 Rm(of ;arb;cig ™

a:q N:g=c a;9 Rm(q" ;a;b;ciq™)

= Bo(;m;a;b;c;q N)Rm (7 ;a;b;ciq ™)

%

+ Bkmiabiciq M)Rmek(of sasbiciq M)
k=1

4 3

+ Beimiabiciq MRm k(o aibicigM) (1.21)
k=1

wherez=0;1:::;N,and is a complex parameter which is a nonnegative integen
only if the 4' 3 series on the left-hand side is a polynomial of degree in gV 2. Also

q m;abqn+l;q z;qu N .

Rm(d? ;a;b;c;qN) = 4 »a; 1.22
m(d";a;b;c;q )= 4"3 aq:q N bog a:q (1.22)
is the g-Racah polynomial introduced in [2]; see also [8], and
" 1 m m—p #
q ;q™;q M=a;q "=bc
Bo(;mia;b;cig N)= 4 ;a;
LmaRag = Gq 2meabgee | 00
q ;9*;gq" N;abd"*t
' o (Ao I 1.23
4 3 q:q N abgm+2 a:q ( )

Br(;m;ab;ciq V) =
(abqn+1;aqm+1;aqm+1;bcqn+l;qm N;q ;q+l ;q)k k(<

( ]_:0) q( 2 )

(g;a;9=c; gN; abd¥ *™*2 ; g)i (ab@™*1 ; 0) 2k

#
.o g g M=a;q M=bc
4 3 g+ gl =c;q 2"=ab a.:q
cd¢ gkt gtk Noapgnt ket
43 K+l . ok N - m+2 k+2 e (1.24)
gt g N abd
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and
B.(;m;a;b;c;q V)=
(aq" ibd" hiaq feeidh $iq gt Ak oonykg()
(a;g;g=c;aN ;@) (@bdf™ k2 5 g)z
qk ;qk+ +1;qk mza;d< mIbC_

43 gL gkt =gy K 2M=ah a.q
Co gt g Nrabgttt
43 qk+l . qk N . ab(fm+2 ’ q: q . (125)

If is a nonnegative integer, then (1.21) is valid for arbitrary a, b, c. Otherwise,
we need to stipulate that the 4' 3 series in (1.23){(1.25) all terminate, for which it is
su cient to assume that ¢¢ M=aor ¢¢ ™=bcis of the formqgq ", n =0;1;2;:::, for
k=0;1:::;m.

In Section 5, we shall deduce from (1.21) the following addibn formula for the
little g-Legendre functions:

p (F ;LW (o ;q'jd) = p (¢ ;1;2a)p (47 ;1; L)Wy (of ;q*jg)
){- (q q +1.qx+y+1 'q)k K K41
— D gy (7))

ket (CHeH

p (@ a5 diap k(@Yo g Wy (o ;a0

X (9;9)y(q ;g gk K(x+y+1) k (5)
+k:1 (@;a)y «(a;a;9« a
P k(@ *id5djap k(@Y K dSd Wy k(o gfja)
where "
.abq+l #
p(q ;a;bg) = 2" 1 a 'aq e H (1.26)

are the little g-Jacobi functions that become the little g-Legendre functions when
a= b=1. However, the addition formula that Floris and Koelink [5 ] recently obtained
for the little g-Jacobi polynomialsp (x ;q ;1jg) does not follow from (1.21). If is
not a nonnegative integer then it is essential for convergece of the,' ;1 series in (1.27)
that x 0. Koornwinder's addition formula (1.8) is clearly the polynomial case of
(1.26). One can show that in the nonpolynomial case, (1.26)s a g-analogue of the
addition formula for the Legendre function:

+

P (cos cos' +sin sin' cos )= P (cos )P (cos')

p3
" %Pm(cos )P™(cos' Jcosm  (1.27)
where
PR =( DA XA TP (0 (1.28)
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see [21, 15.71]. The limiting process from (1.26) to (1.28)siessentially the same as
the one from (1.8) to (1.1) carried out in [18].

The proof of (1.16) depends on the evaluation of an integral eer products of Askey-
Wilson polynomials which we shall carry out in Section 2. In Sction 4, we shall
compute sums over products ofg-Racah polynomials that will be needed to prove
(1.21). In Section 6, we shall deduce a special product forma from (5.1) that will
establish it as an extension of a product formula for the little g-Jacobi polynomials
obtained by Koornwinder [13].

2. Evaluation of an integral

The orthogonality relation for the Askey-Wilson polynomials de ned in (1.20) is
Z 1
wW(x ;a;b;c;9pm(X ;a;b;c;dpn (X ;a;b;c;9dx = i hy 't (2.1)
1
where
(e” ;e 2 ;q); csc

W(X ;a1;az;83,84) = Q7 - . ;
= (&€ ;e ;ga

(1 abcdd" ')(abcdql;ab; ac;ad;q)na on .

X = COS ; (2.2)

— 1(q-h (-
hn = (&b 07— pcdq D)(q: cd bd. bo ), @3
he e = 2 (abcd;q): :
(@bicig= (q; ab; ac; ad; bc; bd; crhy); (2.4)
where max(aj;jhj;jcj;jdj) < 1; see [3] and [8].
Let k, m, and r be three nonnegative integers and let
z 1
S (m;m + k) := w(x ;a;b;c;9(de ;de '),
1
Pm (X ;a;b;c;dpm+k (X ;a;b;c;ddx: (2.5)

It is clear from (2.1) that this integral will vanish unless r k. We will show in this
section that

";bed; g™t ;o) (add™ ; bdd"; cdd” ; q),
(g;add" ; Q)k(abcdg™ ; Qk+

(add ) 10We(q" *" "=abed;g! ™ ¥ "=abed;§

St (m;m + k) = hml(q

(abcdd** 1;g)m
(abcdd*" 1;9)m

q ";qt M=ab;d M=ac;d M=bc;q™ ;:q;f=c) (2.6)

form=0;12:::;andr = kik+1;k+2;:::, wherek =0;1;2;:::. There is no
particular reason for attaching the parameter d to the r-shifted factorials inside the
integral in (2.5). It could be any one of the four parametersa;b;c;d The choice of
this parameter will naturally a ect the symmetry property o f the right-hand side of
(2.6). Since, by Sears transformation formula [8, (Il. 15)

(bc; bd; Q)m + a m+k

(ac.ad: Qmex b Pm+k(X ;b;a;c;0; (2.7)

Pm+k(X ;a;b;c;9 =
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we nd, by using (2.1), that
(bc;bd; @)m+k(ad; bd; cd; ), @ m*k

Si(m;m+ k)= (a;b;c;9 (ac.ad: Qmsc(@bod:q); b K (2.8)
where
K. = X(q ™ ¥ abcdd** 1;bdd ?Q)sqs
" . . (g;abcde;bdig)s
., q M;abcdd *;add;abd
43 +Sead- e Hs
abcdd*s; ad; ab
. 1.
_ (add ; abcdd’ ,q)m( g @)
(ab;ad; m
%K (@ " “;abedd""* Lbdd :Qs(abd idm o
s=0 (9; abed§; bd ; g)s(abedd*s ; Q) m
o #
m- 1mr s=abcd: 4 ™M=ab: m—ad
R i i N HY RN X-)

¢ *M=abcd;4 ™ "=ad;d ™ S=ab ’

the second,' 3 on the right having been obtained from the rst by simply reversing
the sum. By Watson's transformation formula [8, (Ill. 17)],

g ™;qt ™ " S=abcd;q M=ab;d M=ad
¢ *M=abcd;q ™ "=ad;d ™ S=ab '

(G ™ r=cdid ™S g)m
= (® 2m r=abcd; abg; q)m

43 a;q

sW-(q' °" "=abcd;

gt M=ab;d¢ M=bc;qM;q ";q¢ ™ " S=abcd;q; bg*! =0): (2.10)
So the series oves in the last line on the right-hand side of (2.9) becomes
(ql M f=cd:Q)m X 1 ql 2m 1+2j —ghed

(g2 2™ r=abcd;abcdq; q)m 1 ¢t 2m r=abcd

i=0
(¢ 2" "=abcd;4 M=ab;d ™=bc;q™;q " ;0) bg

(g;¢ ™ "=cd;d ™ "=ad;¢¢ M r=abcd;§ °m=abcd;q); d

’X+k (q m k;ade(TJrk 1;bdd;q)s(q1 m r S:abcdq)j (ql m+s+j;q)m qu(j+l)
(g; abedg™ ™ ; bd 0)s

_ (ql m f=cd;Q)m X 1 ql 2m r+2j =ghcd
" (¢? 2™ "=abcd; abcdq; g)m j 1 q' 2 r=abcd

s=m j

=0
(ql 2m f=abcd;c’4 m:ab;d m:bc;qm;q r ;Q)j B:I j
(g;¢ ™ r=cd;d ™ "=ad;¢¢ ™ r=abcd;§ °m=abcd;q); d
(@™ *;abcdd** bdd ;Qm (gt 2™ "*J=abcd, ),
(abcdd*";bd; Qm |
qj k;abcd&m“k i 1;bdqn j+r
abcdd™ 2*";bdd"

q(i +1)(m )

#

3 2 o ¢ (2.11)
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Summing the balanceds' , series above by theg-Saalschstz formula [8, (11.12)] and
simplifying, we nd that the expression in (2.11) is

(9 ";acd” ;q)k(qt ™ f=cd;q ™ *;abedd** 'ibdd ;q)m
(g2 2™ r=abcd;abcdq; q)m (bd; abcdd* 7 ; Qm+k
10We(g* ™ T=abed;qt *™ " “=abed;§ Tiq gt M=ab;
gt "=ac;d "=bciq™ ;q;=cf):
Substitution in (2.9), followed by another round of simpli cations, completes the proof
of (2.6).

3. Proof of the addition formula (1.16)

We now can multiply (2.6) by an arbitrary sequencef gl-, and sum overr to get a
general integration formula, but the most interesting of these is the one that produces
the g-Legendre-type polynomials

. . #
(xidigedibigaps g, O O dEde (3.1)
Pn(x;d;q=d;b;g=p= 4" 3 q:bd:dg=h I :
as part of the integrand. Denoting
1
Inmm +k 1= w(x ;a;b;c;dpn(x ;d;g=d;b;q=p
1
Pm (X ;a;b; C; Ipm+ k(X ;a;b; c; gdx; (3.2)

we have, by (2.6),
| 20 @ oS mim + k)
nmm + - [P .
o (a;9; bd; dg=bq),
n.n+1 . . . .M+l . "
—hml(q ;g"*; bed; bdd"; cdd™; ,q)k( ad)q*+)
(a; g; bd; dg=bag), (abcdg™ ; 0)«
K k (qk n;qk+n+1 ;adqm+k;bdqn+k;cddn+k;abcdqq+k 1 ;q)r )
(0 T ; bddf; dcf? =b; abcddn 2 ¥; abcddm % 1;0);
10Wg(q1 2m k rzabcd;ql 2m r 2k=abcd;qk r;
q "ot M=ab;d¢ ™=ac;d ™=bc;q™ ;q;F=cf): (3.3)
The interesting thing about it is that we now may identify the parameters with those
of the product formula [8, (8.2.6)]:
: g ";AQ"; b, g ";AQ";c1; ¢ _
* 3 B:bs;gAbb,=Bb; ’ 49 43 Agq=B; Aq=k; Bbsc;c=Aq’

X (9 ";AQ"; c1; C2; QAD =Bhys; qA=Bby ; 0), q

r=0

#
a;q
", (4;Aq=B;Aq=h; Aq=Bhs; qAb b, =Bbs; BbsCiC,=Ad ; O)r
10We Bbsg " *=A;Bq "=A;q "=A;q ;b by;
Ag?
bibcicy

Bbzci=Aq; Bc=Aq ; ; (3.4)
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This formula is valid even if n is not an integer as long as the parameter$y, by, ¢, ¢
are such that both of the 4' 3 series on the left-hand side and the series on the right-
hand side terminate. We are reproducing this formula here istead of just referring the
reader to [8] because of its crucial nature as far as this papéds concerned. Note the
relationship between the product ofqg " and Aq", and the ratio of qtimes Bbz=Aq to
the product of the three coe cients of q " in the 10Ws series. These two numbers are
the same. Whenk=0, this number for the 19Wy series in (3.3) isg. This is why this
procedure produces an addition formula only for theg-Legendre-type polynomials.
So, by (3.4), we now have

Inmm +k = hml(q n;qn+1;bcqn;bdqn;cddﬂ;qm+l ;q)k
o (q; g; bd; dg=bq)x (abcdd™ ; g)k

qk n;qk+n+l;q m;ql m=ac
ot ;bdd;? *M=abcd 9.9

of Mgt adgtt R cddn ko

( ad)*q(*?)
#

4' 3

' ) q; 3.5
4 3 qk+l ;qu+l :b;abcd%{“’fz" g.9 ( )
For k = 0, we have a product formula:
z 1
w(x ;a;b; c;9pn (X ; d; g=d; b; g=p5, (x ; a; b; ¢; 9dx
1 n
N qn.qn+1.q m.ql m=ac #
- h ' L 1 ’ ; ;
m4 3 4bd:@ 2m=abed
n.g"*;add";cd
4" 3 44 T cdd” e e [ (3.6)

q; dg=b; abcdq'

This suggests an expression of the form (1.16). To nd the coeient A, we multiply
(1.16) by pm (x ;a;b;c;dw(x ;a;b;c;d and integrate over x from 1 to 1. This gives
(1.17) after having used (3.6) and the transformation

g "dtig Mgt M=ac #_
g;bd:§d 2m=abed ' VT T

(abcdd™ ; g)n
(g? 2m=abcd; g)n

4" 3

g ";q"**;bdd";abcdd *
q; bd; abcagf" '

(o8 ®™=abcg"4' 3 a9 : (3.7)

To obtain Ay, we multiply (1.16) by pm+k(X ;a;b;c;dw(x ;a;b;c;d, integrate, and

use (3.5). This gives (1.18). Finally, (1.19) forA? is obtained by multiplying (1.16)

by pmn k(X ;a;b;c;dw(x ;a;b;c;d, integrating, and then using (3.5) after having

replacedm by m k. It is assumed, of course, that a formula similar to (3.7) has
been used in both cases to reach the nal form of the coe ciens as given in (1.18)
and (1.19).
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If we setc =0 in (1.16){(1.19), we obtain the;ollowing addition formu la

q M;a€ ;ae
;d;q=d; b; gk’ ;49 =
pn(x ;d;q =R’ 2 ab: ad g9
" P
ne " gt add" q ";q"*; bdd"
g (8)y, 409 R o L a;
( D'q 275 g dg=b q:d 32 g: bd ;9
" _ _ #
., q M ae  ;ae'
3 2 ab: ad » 4.9

x (abd";add™;q n.qn+1 Dk ) B
+ ’ q4 ’ D EED (3 (g=ak
k=1 W (9; g; bd; dg=bg) ( 1)"q (d=3)

qk n;qn+k+1;addn+k # ) qk n;qk+n+1;bddn+k.

3I2 qk+l_qu+1:b » 4.9 3I2 qk+l_bdd< » 4.9
" . . #

., g™ Kadael

32 ab; ad + 9.9

mirkm;n) Mol M-~ N-~n+1 .
N (@ ™;g° M=bd;q";q""" ;)

( "¢ () (abcePm)k

kel (d; 9; bd; dg=ha)«
" # #
qk n.qn+ k+1 'add“ qk n.qk+ n+l . bdd"
3 2" g+t dd*i=b q'i 3 2 g : bddf » 4.4
. amadjae ! (3.8)
32 ab: ad ya.q .
which is essentially the same as Theorem 5.1 of [10].
4. Evaluation of a series
In this section, we shall compute the sum
" #
: +l; z N;C 1 2
Jimm +k = . n(Z;a;b;94" 3 q qq;qu;qzc a ; a;q
Rm (o ;a;b;c;0 M )Rm+ (07 ;a;b;c;9 M) (4.1)
where is a complex parameter, and
(L ¢ M) (cq M;ag;begiq" ;q). .
z;a;b;9= ab 4.2
€ 9% @ oa ™) (acq N=aq N=bicgq), o0 #2)
is the weight function associated with the orthogonality relation
n(Z @b ORm (07 sasb;c;iq MR (7 sasb;c;qN) = mn =ka; (4.3)
z=0
where
. = n+1 . . . .
K, = (bdiag=con (1 abg"*!)(abg; aq; beg; d Dn g Ny (4.4)

~ (c habd ;gn (1 abd(q;bg;aq=c;atiy’? ;g
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see [8].
First, we will show that

X
T(mm+k):=  n(z;abo@ “ictg?;a
z=0
Rm (6 ;a;b;c;q N Rms k(¢ ;a;b;c;qN) (4.5)

iszero if 0 r<k and is given by

Tr(m;m + k)
(qr.qm+1.aqm+1.q)(m N . +1:.b +1 . b +k+1 .
=k 1 ) ) P (] ,aqm C; (T yQ)r(a dn vq)mq(r N )k
" (@;d" N o)k (abd™*2 Q)+ (@b T O
10Wg(q 2m r 1=ab;q 2m k r 1=ab;

¢ "iq ";q M=a;q M=bc;q™ ™ '=ab;q™;qgicd' ?);  (4.6)

Using [8, (111.15)] on the two R series in (4.5) followed by the use of [8, (11.21)], we
nd that

(abc;c 5 q)n (ag=c;abl *? ; g)m (bg; abdf *2 ; Q)m+«
(bg;ag=c g)n (bca; g N ;Pm(aq;q N ; Pm+k
(g N;aqg=c;bqq), abeN*? " bd\l+l k
(abqZ e c
ry(+k(q m k;abqn+k+1;bd+l 1 0)s .
oo, (a:abq2:bq;0)s q .
q m;abq-n+1 ;aqr+1 =c; abal+s+2
abd*s*2;aq=c; abyj *? Laa s @)

Tr(m;m + k) =

4" 3

The sum overs in (4.7) can be transformed, as in Section 2, by rst reversig the
order of summation of the 4' 3 series and then using [8, (111.17)], to get

(abd"**;ad ' =c;d N ;Q)m
(abd'*2 ;aq=c;abg*"*1 ;Q)m
XK (g ™ K;abg"t K+ ibd* q)s (6 ™ 5 O)m ¢
s=0 (9;abd*2 ; ba; )s (abg*s*2 ;Q)m
8W7(q 2m r l:ab;q m,q m:bC;qN m l:ab;ql’;
q m r s 1=ab;q;bcal+s+2)

(abd'*1)m( 1" g(":")

_ (abd"*;aqd ™ =c;d N ;Qm
(abd'*2;aq=c;abf* "+ ;q)ny
mi"y(m;r)l q2j 2m r 1:ab(q 2m r 1:ab;qm;q m:bc;qN m 1:ab;qr ; )
1 q?m " i=ab (g;q ™ r=abjeq™ r=a;di*t ™ r;q 2Mm=ab;q);

(abd'*1)m( 1" g("z)

j=0
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(q m k;abqn+k+1;bd+l ;CI)m ,(q' 2m r 1:ab;q)]_ (bcd\|+2)i
(bg;a)m j(abd*? ;Q)om |
qj k'ab(fm j+k+1.bqrn jrr+1
3 2 abq'Zm 2j+r+2;bdn j+1
which, on using [8, (Il. 12)] and simplifying the coe cients , becomes
ab +1;',51 +l:C; N; k+1;ab +k+l;b +1;
o e Ped i T D gz ym o )¢
(abd!*?; ag=c; abQt ;Dm (bdl; D+ k(@DA*2 ;A 2m+ k
10Wyg q 2m r 1=ab;q 2m r k 1:ab;qm;

4, q

q m:bc;qm:a;q r;qk r;q N m 1:ab;q;cd\l+2
forr=k;k+1;:::;N andis0if 0 r<k. Substitution of this into (4.7) completes
the proof of (4.6). This leads to the following expression:

Jimm +k =
. +1 . +1.b +1 . +]_:. +1 .
k 1@ 97 aq"bd" jaq" T =c; g aQ)k( 1)%q Nk +(“31)
" (a:a;9 N;q=c; )k (abd™*2 ; gk
N xm k(qk gt Lgntk N gkl = p@t kL gpgnt ktl ;q)fqr
. (q'd(+l,abq’im‘*zk‘*z'ab(fm*'k‘*l,qk N,qk+l :C'q)r
10W9(q 2m k r 1:ab;q 2m r k 1:ab;qm;q m:bc;qm:a;q r;q k r;
g N ™ lzab:q:cd'*?)
= 1(a g7 radm b aqh =e qT Qg ke ()
" . (@ a;a N;g=c; Q) (@bd™ 2 ok,
qk .qk+ +l.q m:a.q m:bC

4" 3 qk+1 ;qk+1 =c:q 2m —ah v 4.9
k : K+ +1; m+ k N;ab +k+1
$a 0 El ‘ (,3 kqn L a:q (4.8)
gt g Nabgm ke

by (3.4), provided the rst ,' 3 terminates as does the second one because of the
numerator parameter g™ * ¥ N This requires us to assume that the parameters; b; c
are such that either @ M=a, or q ™=bcis of the form q ' where | is a nonnegative
integer. This we shall assume to be true in the following sedbns.

5. Proof of the addition formula (1.21)

As in (3.6), we nd from (4.8) that
" #
: +1 : z N C 1y 2z
n(Z;ab;04" 3 4.4 T g RE (7 ;abicig M) =

2=0 . g:q Nia=c
q ;q+l;q m:a;qm:bc. . . q ;q+l;qm N;abqn+l . .
kml4 3 q_q:C_qu:ab ’ qvq 4 3 qq N'ab(fm+2 ’ q,q

(5.1)



16 RAHMAN AND TARIQ

This, of course, suggests an expansion of the form (1.21). Tand the coe cient By,
we multiply both sides of (1.21) by R (¢ ;a;b;c;q N) and use (4.3) and (5.1) to get
(1.23). To compute By, we multiply (1.21) by Ry« k(¢ ;a;b;c;qN), k=0;1::: and
use (4.3) and (4.8) to get (1.24). Finally, the expression (125) for Bﬁ is obtained by
rst multiplying (1.21) by Rm «k(¢f ;a;b;c;qN), then using (4.3) and (4.8) (with m
replaced bym k).

With a view to compare a limiting case of (1.21) with Koornwinder's [13] addition
formula for the little g-Jacobi polynomials, let us rst rewrite (1.21) by replacing m
and b by y and g*, respectively. We rst replace Ry, «(¢f ;a;b;c;qN) by

Rm k(¢ ;a;b;c;q M) .

) _ mk;'b k+l .~z N. Z—
- (P4BATCDn k47 TiADd T Tiatme g o)

" (aq;bcq Qm « 43 ba;q N ;agq=c
(see [7, (111.15)]), so we get
" 4 . 4
.9 sattig Migr=c o qYaqtYtig Mg f=c
4 3 q:q=c;q" 429 4 3 ¢+t ag=c;q N B |
: # "
.9 ;q*t;qY=aq* Y=c . g ;g Nyageyt
=43 q:q=c;q* ¥=a ya:q 4 3 q:ag 2y q N ; a:q
l q Y;aqX+y+l;qZ N;q Z—¢
43 Mo o N e
qx ,aq—C,q

A (q :q*t;aqtytagtt gty agtt =g N D gyeqls)

+
- (9;a;a=c; g™ ;A (ag2y*t ;)
#
. qk ;qk+ +1;q y:a;q X y:C. .
4 3 qk+1;qk+1 =C;q X 2y=a ’ qu
qk ;qk+ +1;qk+y N;aqx+y+k+l
4 3‘ qk+:l.;aqx+2y+2k+2;qk N ! q;_#q
. q y k;aqx+y+k+1;qz N;q Z—¢
4 3 » 4.9

q**;agq=c;q "

x ‘q*l:qY=arg Vg * Y=ccqY=a: "
(q 19 : !q. Nar.q e — Cicq_ a,q)k( Cd\l+X+1) kq(kz)
(g;9;9=c;gN ;Qk(q * ¥ 1=a;q)x

k=1
#

. qk ;qk+ +1;qk y:a;d< X y:C. .

4 3 g g =c kX Y=g a9

. qk ;qk+ +1; y N;aqx+y+1 o

4 3" qk+1;aqx+2y+2;qk N » 4.9 )

k Y agty k+1; 4 N; Z=¢
R T g (5-3)

qx+l : aqzc; q N

+
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Taking the limits a! 0,c!1 ,andN !'1 and simplifying the coe cients, we
obtain the addition formula (1.26) for the little g-Jacobi functions de ned in (1.27).
Note that the parameters x and z in (1.26) need not be integers, although we need to
assume thatq*** and g?** are both numerically less than 1 for the sake of convergence.
The question is whether the requirement of integraly also can be removed by analytic
continuation. It seems possible since

p (@ ¥ididjap k(g k;q;;qqu)

#
. qk ;q+k+1 . . qk ;q+k+l . .
=21 qk+l aq,q/ kel 21 qk+1 quq( y kel
@ttt g, 9 At ! Casatt !
T AT 21 gt CH 21 gt aq;d
Kk 1) (x+2y)k
=3 p (& ;d5a “jap (@Y i q Xja) (5.4)

(Y;q* Y;dk
by [8, (111.3)], so that we can rewrite (1.26) in the form

p (0 ;L Wy (" ;ja)
=p (@ :1Lgp (@7 ;1 LWy (d ;o)
h s v Flxty+Ll . .
@ 9759 77 i qpgr(FDp (o i)
f1 (9;0; Ak
Pok(@Y i d Wy k(i)
PR I B 1
og (@00 % Y Sa)
P (@7 d5a MWy w(d ;dtia); (5.5)
which is free from any divergence problems. It has to be undetood, of course, that
the second series on the right-hand side will terminate atk = y whenevery is a
positive integer. At the time of writing this paper, Erik Koe link has informed us that
he has found a more general formula than (5.5) by formal quanim group-theoretic
considerations. At the moment, we are not sure how to prove (%) directly when vy is

not a nonnegative integer. Thus, it may be a while longer befee the question of an
addition formula for the g-Legendre functions nally is settled.

+

dp (@ ;g Xjg)

6. A special product formula

Although the product formula (5.1) is pretty general in havi ng a number of free param-
eters, it becomes particularly interesting in the special @ase when = n, a nonnegative
integer, and the three,' 3 series on the two sides are the samgLegendre polynomials
in three di erent variables. This is achieved by settingm =y, a= gV * Y, b= g Y,
andc= g N 1 The parameter x has to be a nonnegative integer less than or equal
to N since we have stipulated thatq M=a= ¢ N is of the formqg ", n=0;1;::: .
In order to avoid singularities, we assume, therefore, thatl y xandx+y N.
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Since
" 4 4
. qn;qn+1;qz N;q zzc.q.q e qn;qn+1;qz N;qN+1 z.q.q
4 3 4d =4 3 + : a;
q; 9 N;q:C q;q N;qNZ
= Ro(q" Z;35Lg g V), (6.1)

which is a g-Legendre polynomial of degreen in g Z as well as ag-Legendre poly-
nomial of degreeN z in ", we can rewrite (5.1) in the form

X\I N X N 1
n(Z:q .9 Yiq )
z=0
R ;g * Vg Yia M Lg MRa(GY 254159 g V)
= ky'Ra(@ 5L Ld" ™ g MRa(A YL Ld g M) (6.2)
Using dual orthogonality, we nd that
)(‘l n n+1
q q Rn(qN X,l,l,qN+l,q N)
n=0 1 a
Ro(@ Y:;55,qN g MRa(@Y 255594 g M)
_ . Xy 1 M) gt
=ky Nz X Vg Vg N 1)(1 @N 227 1)(1 q 1)
R2(f ;o * Yiq* Ysa M Hg M) (6.3)

Use of [8, (I11.15)] gives

u

CooaYig gt g ANt

Ry(d ;" * ;g Viqg ™ g M)=4"3 X vig Nagey v 0
B (qN+1 y z;qN+1 X Z;Q)z
T @Ng N g, O

zZ(x+z 2N 1)

#
. q x;q y;q z;q3N X y z+2 o .
4 3 qN+1 X y.qN+1 y z.qN+1 z x a9 : (6-4)

Substituting (6.4) into (6.3) and simplifying the coe cien t on the right-hand side by
using (4.2) and (4.4), we nd that

X q" g N N+L.y N
1 g Re(@ *:LLa g ")

n=0 q

Ro(q" Y450 g MRa(d Z555dV g M)

(qx+1;qy+l;qz+l;q2N+2 x;q2N+2 y;q2N+2 Z;q)l

- (q;q;¢1+1+x y z;qN+1+y X z;qN+1+z X y;q3N+2 Xy Z;q)l

(1 qN+1)3
1 q

qvTYET KN (05 95 ), (6.5)

+
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where

Kn (g qf) =

(U x Nty Nt 2 g
(qN +1 )fl,qN +1 y,qN +1 z 'q)l #
qx-q y-q z.qSN X y z+2 2
4I3 qN+l X y.qN+l y z.qN+1 Z X » 4,9

(6.6)

If we take the limit N ! 1 , then the right-hand side of (6.5) corresponds to

Koornwinder's kernel [13, (9.10)] for the little g-Jacobi polynomials.
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supported in part by NSERC grant A6197.

10.

11.

12.

13.

14.

15.

16.

17.

18.

References

R. Askey, Orthogonal Polynomials and Special Functions , CBMS-NSF Regional Conference Se-
ries, Applied Math. 21, SIAM, Philadelphia, PA, 1975.

. R. Askey and J. A. Wilson, A set of orthogonal polynomials that generalize the Racah co e cients

or 6-j symbols, SIAM J. Math. Anal. 10, (1979), 1008{1016.
, Some Basic Hypergeometric Orthogonal Polynomials That Gen eralize Jacobi Polynomi-
als, Memoirs Amer. Math. Soc. Number 319, AMS, Providence, RI, 1985.

. C. F. Dunkl, An addition theorem for some g-Hahn polynomials , Monatsh. Math. 85 (1977),

5{37.

. P. G. A. Floris and H. T. Koelink, A commuting g-analogue of the addition formula for disk

polynomials, Constr. Approx. 13 (1997), 511{535.

. G. Gasper, Positivity and the convolution structure for Jacobi series , Ann. of Math. 93 (1971),

112{118.
, Banach algebras for Jacobi series and positivity of a kernel , Ann. of Math. 95 (1972),
261{280.

. G. Gasper and M. Rahman, Basic Hypergeometric Series , Cambridge University Press, Cam-

bridge, 1990.

. L. Gegenbauer, Uber einige bestimmte Integrale , Sitz. Math. Natur. Klasse Akad. Wiss. Wien 70

(1875), 433{443.

H. T. Koelink, Addition Formulas for g-Special Functions , Fields Institute Communications 14
(1997).

, Addition formula for big g-Legendre polynomials from the quantum SU(2) group , Canad.
J. Math. 47 (1995), 436{448.

, The addition formula for continuous g-Legendre polynomials and associated spherical
elements on the SU(2) quantum group related to Askey-Wilson polynomials, SIAM J. Math.
Anal. 25 (1994), 197{217.

T. H. Koornwinder, The addition formula for littte  g-Legendre polynomials and the SU(2) quan-
tum group, SIAM J. Math. Anal. 22 (1991), 295{301.

P. Laplace, Tleorie des attractions des sph eroides et de la gure des plaretes , Mem. de I'Acad.
Royale des Sciences de Paris, Published in 1785, 113{196; reprinted in uvres de Laplace 10
(1894), 339{419.

M. Rahman and A. Verma, Product and addition formulas for the continuous  g-ultraspherical
polynomials, SIAM J. Math. Anal. 17 (1986), 1461{1474.

M. Rahman, A simple proof of Koornwinder's addition formula for the lit tle g-Legendre polyno-
mials, Proc. Amer. Math. Soc. 107 (1989), 373{381.

D. Stanton, Orthogonal polynomials and Chevally groups . In: Special Functions: Group Theoretic
Aspects and Applications, (R. A. Askey, T. H. Koornwinder, a nd W. Schempp, eds.), Reidel,
Dordecht, 44 (1984), pp.867{879.

W. Van Assche and T. H. Koornwinder, Asymptotic behavior for Wall polynomials and the
addition formula for the little  g-Legendre polynomials , SIAM J. Math. Anal. 22 (1991), 302{311.




20 RAHMAN AND TARIQ

19. N. Ja. Vilenkin, Special Functions and the Theory of Group Representations , Translations of
Math. Monographs, Vol 22, AMS, Providence, RI, 1968.

20. M. Ja. Vilenkin and A. U. Klimyk, Representations of Lie Groups and Special Functions , 3
volumes, Kluwer, Dordrecht, 1991{1993.

21. E. T. Whittaker and G. N. Watson, A Course of Modern Analysis , Cambridge University Press,
Cambridge, 1927.

School of mathematics and Statistics, Carleton University, O ttawa, Ontario, K1S 5B6,
Canada
E-mail : mrahman@math.carleton.ca, gtarig@mathstat.carleton.c a



