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Approximation by entire functions belonging to
the Laguerre-P  olya class

D. Dryanov and Q. I. Rahman

Dedicated to Richard Askey on the occasion of his 65th birthe

Abstract. For each given p 1, we minimize the integral 11 j1  f(x)jPdx over
all entire functions f belonging to the Laguerre-RPolya class having x = 1 and
x = 1 as consecutive zeros. The extremal function turns out to b e of the form
c(1 x2) where c depends on p. The case p = 1 of the problem was considered
earlier by J. G. Clunie.

1. Introduction

During the course of a lecture on convergence properties ofgblynomials with only real
zeros, given at the Universie de Monteal a few years ago,J. G. Clunie mentioned the
following proposition as a lemma crucial for the proof of themain result which gave a
necessary and su cient condition for an entire function to belong to the well-known
Laguerre-RPolya class.

Proposition 1.  Let Pr denote the class of all polynomials with only real zeros, hiang

x= landx=1 as consecutgle zeros. If 2 PR, then
1
1
i1 f(x)jdx> —: 1.1
11 (didx > - (1.1)

For reasons explained in [2, p. 110], the manuscript on whiclhe lecture was based
has never been submitted for publication. This is why this irequality did not get
the attention it might have otherwise draywn. For Clunie, it w as enough to know
that for f belonging to PR, the integral 11j1 f (x)jdx was bounded below by a
positive constant not depending onf ; but once such an inequality is discovered, it
becomes natural to look for its sharp version. While consideng another problem for
polynomials in Pg, weFQeeded to know (see the proof of Theorem 2 of the present
paper) the in mum of lljl f (x)j%dx over all polynomials belonging to Pg. We

then found it natural to consider the problem of minimizing lljl f (x)jPdx where
p2(0;1)andf 2Pg. R R
If f is negative on ( 1;1), then lljl ( f(x))jPdx < lljl f (x)jPdx for all
p > 0, so if Pg+- consists of those functions inPg which are positive on ( 1;1), then
Z, Z,
. . Dy = . .
f|2rgfR 1]1 f (x)jPdx férpﬁR+ 1]1 f (x)jPdx:
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22 DRYANOV AND RAHMAN

At this stage, it seems desirable to mention that an entire function is said to belong
to the Laguerre-Polya class, L{P for short, if it is the local uniform limit in C of
a sequence of polynomials with only real zeros (see [1] andme of the literature
cited therein for additional facts about L{P). Let us denote by (L{P); the set of all
functions in L{P which havex = 1 andx =1 as consecutive zeros and are positive
on ( 1;1). A function f in (L{P); can be written asf (z)=(1 z?) (z) where

V
(2)= ce az”+ bz (1 tgz2)e'*?; ¢c>0;a 0O b2R;
k=1 .
and 1 tx 1fork=1;2;3;::: such that i=1 t2< 1. Note that f 2 (L{P); if
and only if it is the local uniform limit in C of a sequence of polynomials iPg- .

2. Statement of results
We prove:

Theorem 1. For eachp 2 [1;1 ), there exists a unique constant, > 0 such that for
everyf 2 (L{P)y, dierent from c,(1 x?), we have
z 1 z 1
j1 f(x)jPdx > i1 ol x?)jPdx: (2.1)
1 1

Remark 1. For eachp, the quantity on the right-hand side is a positive number which
is independent off . It is easily seen thatc; = 1=(1 4sir® =18) and
Z,
i1 a@ xd)jdx=(2=3)@4s} 3s;+1)=(1 s
1

with s; =2sin =18, i.e., (1.1) can be replaced by the equality

Zl 3
+
min 1 fojdx= 281 3 * L 469407
f2(L{P)1 1 3 1 s

We include the following result because the casp = 2 of Theorem 1 plays a crucial
role in its proof. So it may be seen as an application.
For any continuous function f : [ 1;1] 7! C and anyp 2 (0;1 ), let kfkp :=

2 17 jf (x)iPdx *; besides, letkf ky =max 1 x 1jf (X)].

Theorem 2. If f belongs toL{P and hasx = 1 and x = 1 as consecutive zeros,
then
r_
5
kf kq P kf ko (2.2)

where equality holds if and only iff (z) :== ¢(1 z?), ¢2 Rnf0g.

Remark 2. Theorem 2 is an analogue of a result of Erd)s and Grunwald [{ They
had proved that under the conditions of Proposition 1

2
kf k1 ékf k1

where equality holds if and only if f (z) := ¢(1 z?), c2 Rnf0g.
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Let Po;P1;:::;Pp;: 1 be the orthonormal set of Legendre polynomials, i.e.,
r 21
n+l 1 K n 20 2
P = — 1 n 2 =0;1;2;:::) :

n () 7 (D GOXT P (n=0in2i)
Consider an arbitrary function f belonging to L{P having x = 1 andx =1 as
consecutive zeros and denote byy;by;:::;b,;::: its Legendre-Fourier coe cients,
ie.,

Z,
b, = f(X)Pn(X)dx; n=0;1;2;::::
1
Then [3, Theorem 8.9.1]
v
u
1. R
kf k1 = p=jloj; kf kz=tj 5 Ij%;
2 2 _
n=0
o)
- .2 X - .2
jojc 5 jmj%; (2.3)
n=1

Corollary 1. If by;by;:::;by;::: are the Legendre-Fourier coe cients of a function
f belonging toL{P havingx = 1 and x =1 as consecutive zeros, therf2:3) holds.
The inequality is sharp.

3. Preparatory lemmas

3.1. The class Pg-+., and the set Mp,. Let Pg-., consist of polynomials inPg+
whose degree does not exceedt 2 and consider the auxiliary problem of determining

z 1
np = inf il f)jPdx : f 2Pgeyy 5 p>0: (3.1)
1
Eachf in Pgr+., can be written in the form
e
fx)=cl x?) (@ tx); ¢>0, 1 t 1forl k n: (3.2)
k=1

Itis clear thatif f(0)= c< 2 ", then kfk; = M < 1. Consequently,
0<1 @A+ )fx<1 fXx); 1<x< 1;
for0< <M ! 1, so
Zl
np = inf jil f(xX)jPdx : f 2Pgey;f(0) 27
1

Forany p> 0 andf asin (3.2), let
Z, v p
Fo(f) = plcty;iinity) = l1 c1 x? 1 tgx) dx:
k=1
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Thefunction ! o(f):= ,(c;t)wheret :=(t1;:::;ty)iscontinuouson[Q1) [ 1;1].
We note that

R
< @@ AN T 2 fo<p< I

(C;t) R b 1 P
P 11 @ x2)@ jxh)" Pdx " 2¢ ifl p<1;
so, givenanyL< 1 ,wecan nd _np > 1suchthat ,(ct)>L forallc> |np
and all t in[ 1;1]". Hence, there existscy;, 2 (0;1 ) such that
n o}
mp =inf p(ct):c2[2 "epnit 2] L1

The setE, = [2 ";cn] [ 1,1]" being compact, the inmum of (c;t) on Ep
is attained for somec = c,, 2 [2 ";cyn] and somet =t 2 [ 1;1]". Hence, the
inmum in (3.1) is attained for at least one polynomial in Pg-.,. Let us denote by
M n;p the set of all such polynomials and de ne

Mp = [ =t Mup
Further, for any p > 0, let
Z,
p = inf i1 fXP . f 2Pgs
1

Then it is clear that
z 1

p = inf lj1 f)P:f2Mp

3.2. An essential property of polynomials in Mp. From Rolle's theorem, it
follows that an arbitrary f in Pgr+ has one and only one critical point in ( 1;1),
so the graph ofy = f(x) on ( 1;1) cannot have more than two points of intersec-
tion with the line y = 1. It is not self-evident but if f 2 My, then there must
be two such points (1;1), ( 2;1) where 1< ;< , < 1. To see this, note that if
f (Q = c(1 x2)g(x) belongs toM ,, then because < Cp, < 1, the partial derivative

of 11j1 c(1 x?)g(x)jPdx with respect to ¢ must vanish at c,- But

@Zl Zl
= 1 c@ x)g(x)"dx= p sgn(@ c(@ x3)g(x))
@c 1

j1 oc@@ x)HgM)iP ML x*)g(x)dx;

so it cannot vanish forc = ¢, unless 1 ¢,(1 x2)g(x) chanqgs signin ( 1;1), and

then it must do so twice. So in looking for the in mum of 11j1 f (x)jPdx over
Pr+ .n, We may restrict ourselves to polynomials whose graph on (1; 1) intersects the
line y =1 in two distinct points.

3.3. A reformulation of the problem. Given two points 1, 2 in ( 1;1), let
Pr+ . ;. , consist of all those polynomials inPg- ., whose graph on ( 1; 1) intersects
the line y = 1 in the points ( 1;1) and ( 2;1). The set Pg- i may be empty
for small values ofn. For example, Pg+.y. ,., = ; if 1 =0,( 5 1)=2 2 < 1.
However, we claim that for each pair 1, , where 1< ;< , < 1, there exists a
smallest positive integern = n ( 1; 2) such that Pg+.,. ,. , 6 ; foreachn n . It
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su ces to show that for some ¢ > 0 and somet 2 ( 1;1), depending on 1, », andn,
the polynomial f (x) := ¢(1 x?)(1 tx)" satis es

f()="1(2=1 (3.6)
for all large n. Let n 1. For (3:6) to hold, we must have
a 1
t=
a: 1

wherea=((1 3)=1 2)¥". Itisclearthat a! lasn!l ,so
jda D=a. 1) 1

for all large n. For each suchn, (3.6) holds for f (x) := ¢(1 x?)(1 tx)" if and only
if

2 1=n 2 1=n
t=t(n; 1; o) = 1 > 13 (3.7)
@ »p™ 2 a T
n
) 1 % 1=n 1 ]2- 1=n
c=c(n; 1; = 3.8
N (R TR PR (38
Foreachn n ( 1; 2), let
mo ()= e 1 2@ X))@t 15 2)x)" (3.9)
with t(n; 1; 2), c(n; 1; 2) asin (3.7), (3.8), respectively. In particular, if , = 4,
thent(n; 1; 2)=0and ¢(n; 1; 2)=1=1 2)foralln O.
Recalling the de nition of ,, we see that if
z 1
n: 1 oep o= inf jil f)jPdx : f 2Pgey o, 3 P>0;
1
then
p= inf inf N1 oap (3.10)

1< 1< 2 1 n n (1;2)
3.4. Two crﬁcial lemmas. Given 1, o suchthat 1< ;< ,< 1, theinmum
n 1: 2;p Of 11j1 f (x)jPdx over all polynomialsf 2 Pr+.,. ,., for any xed n
n (1; 2) is attained. To see this, observe that iff 2 Pgr+.. ,.,, then for each
x 2 ( 1;1), we have

f (x) 1 x? 2" 2"

f(x)= < — — — — !
) () 1) 42@ ) " @ )"t @+]aj)
In particular,
2n
f(0) < — — !
©) @ )"t @+
It follows that if f(z):= ", az,then
n 2"

jaj<u(n;; 1):= @] )@+

+
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P
For eachj 2 N, there exists a polynomialhj (z) .=~ "_; a; z belonging toPg- .. .. ,
such that

j1 h()jPdx< oy ,p 7 :
1
Sinceja; j<u(n;; i)forallj 2 NandO n, we can use a standard argument
to select a subsequenceh;,;:::;h;,;:::g of h; converging uniformly on any compact

subset of C to a polynomial F of degree at mostn. Sinceh;( 1) = 1 for each j, we
note that F cannot be identically zero.
Note that Pg- ;. ,. , is either empty or consists of only one element, namely 1. ,. ,.

Lemmal. Letn 2 Iff 2Pg+., ,., andf &  ,.,, thenforall p> 0, we
have
VA 1 z 1
i1 feifdx> 1 (0P dx: (3.11)
1 1

Proof. Let F(z) :=(1 z2)' (z) be a polynomial in Pg+ . ,., for which . .., is
attained. First we observe that ' cannot have zeros in 1 ; 1]and [11) at the
same time. Suppose it does. Let ; be the smallest zero ofF and | the largest. For
all su ciently small > 0, the polynomial

F(x)
m (X 1)(X 2)

belongs to Pr+ . .., and F(x) < F.1(x) < 1if x 2 (1, 1) [ ( 2;1), whereas
1<F .1(x) <F (x)if x2 ( 1; 2). Hence,
Z, Z,
i1 F.a(x)jPdx< j1 F(X)jPdx:
1 1

Fia(x) = F(x)

Assume that' has no zeros in (1 ; 1]. We claim that ' cannot have two or
more distinct zeros in [1 1 ). Suppose it does. Let | be the largest zero and  the
largest but one. It is geometrically evident that for all small > 0, the polynomial

F(x)
(x QX D (x x  2)
belongs to P+, ,., and F(X) < F.o(x) < 1ifx 2 (L 1) [ ( 2;1), whereas
1<F .2(X)<F (X)if x 2 ( 1; 2). Hence,
Z 1 Z 1
i1 F.o(x)jPdx < i1 FX)jPdx:
1 1

F.o(x):= F(x)+

We have proved that F (x) must be of the formc(1  x?)(1+ x )™ wheren ( 1; 2)
m n.If ,= 1, thenclearly =0 and F(x) e LX) =@ xH)= 2.
We claim that if 5, 6 1, i.e., 60, then m cannot be less thann. Suppose it is.
For su ciently small > 0, the polynomial

F(x)

F.3(x):= F(x)+ T+ x

(

x

)(x  2)
belongs toPg+ .. ,. , and
Z, Z,

j1 F.3(x)jPdx < il F(X)jPdx ;
1 1

+
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which is a contradiction. Hence,F must be the polynomial . It follows that

1, 2°
n: 1; ,;p IS attained by one and only one polynomial, namely . .; ,. O
From Lemma 1, it follows that .
1
p 1<|r1n; <in n|r(1fl; N l11 nog L, (X)jTdx: (3.12)

Lemma 2. Let 1< ;< ;< landp> 0. Then
n+l; 1; 25p n; 15 2;p (3-13)

foralln n (1; 2). In (3:13), equality holds only if , = ;.
Proof. The case , = 1 is trivial; so let , 6 1. Refer to (3.9) and assume that
1=t(n; 1; 2) 1. I1f1=t(n; 1; 2) > 1, thenforall > O, the polynomial

g0)= w00+ (L XAt 3 )X T (X 2)
has a zero of multiplicity n 1 at 1=t(n; 1; ), simple zeros at 1, 1, one simple zero
slightly larger than 1=t(n; i1; 2), and another simple zero which is positive and large.
In the case wheret(n; 1; »2) is equal to 1, the zeros ofg at 1=t(n; 1; ») and 1 have
to be replaced by azzero of multiplicity n at 1. Hence,

1 1
i1 giPdx< 1 oy, (0P dx:
1 1

Sinceg belongs toPg+ .41 ,: , and has two distinct positive zeros, we conclude that

z 1 z 1
1 neg (0 dx< 1 g (x)j°dx
1 1
z 1
< Jl n, 1; z(X)jde .
1
The case Et(n; 1; 2) 1 can be handled similarly. O
3.5. A \reduction" of the problem. From the expression forc(n; 1; 2) given in

(3:8), it is easily checked that

2 1
1%211 2 1

i
T Ha 3
Further, referring to (3.7) for the de nition of t(n; 1; »), we note that nt(n; 1; 2)
tends to a nite limitas n!1 . Indeed,

nI!ilm c(n; 1; 2)=c(1; 2):=

1 % 2 1
2
1 1

nI!ilrn nt(n; 1; 2)= (1; 2):=1In
It follows that for any xed x in[ 1;1],
o200 (1 )@ xP)e (a2 asn!1l
Besides, from the proof of Lemma 2, it is clear that for alln = n ( 1; 2)
(1 it x2[ L )[ (2:1F
n (122 (X) I X2 [ 2

Hence, the functionsjl n . ,(X)jP are uniformly bounded on [ 1;1]. We may use
Lebesgue's bounded convergence theorem to conclude that

n 1 2(X)
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Z, Z,
inf j1 n 1, (JPdx = lim j1 n 1; 2 (X)J° dx

nn(1;2) 1 n!l 1

z 1
= 1 oy 2@ xPe (2 DjPdx:
1
(3.14)
Hence, from (3.12),
Z, o
p = l<ir2f< < 1 o 1; )2 xPe (22X gx:

Itis easily checked thatc( 1; 2) can take any positive value as 1, » are allowed to vary
suchthat 1< ;< ;< 1;besides, ( 1; 2) can take any real value. Consequently,
1

; 2 x P
P |0r;1fZR . 1 c(1 x9e dx
Z,
= inf 1 c1 x?e* Pdx: (3.15)
c 0 O 1

The functions ¢(1 x?)e* do not belong to Pr+ except when =0. So determining
the in mum on the right-hand side of (3.15) can solve our problem at least in the
polynomial case if it occurs for =0 and for no other . We shall show that this is
indeed the case ifp 1.

4. Proof of Theorem 1

We shall rst assume that f is a polynomial and start with (3.15). In our argument,
the casep =1 has to be distinguished from the casep > 1.

4.1. The case p=1. For sake of clarity, we divide the proof into several steps.
Step 1. Firstlet be any given nonnegative number and let us minimizé- (c; ) :=
lljl c(1 x?)eX jdx ascis allowed to vary in [0;1 ). Clearly, F(c; ) tends to +1
asctends to +1 . Furthermore, F(c; ) < F (0; ) for all small positive values of .
Hence, the in mum of F(c; ) over [0;1 ) is attained at some nite point of the open
interval (0;1 ). At such a point, we must have
z
@F_ ! 2\ X
@c lsgn 1 c(1 x9e
This can be satis ed for somec only if the function 1 ¢(1 x?)e* changes sign in
( 1;1), at least once. Indeed, it must do so exactly twice since ihas only one critical
point in the interval. Let1 ¢(1 x2)eX change sign in ( 1;1); denote by 1.¢; 2.
the points where it does and let 1. < 2. We claim that (4.1) is satis ed for only
one value ofc. To see this, divide the region bounded by the curvey = (1  x?)eX
and the interval [ 1;1] into three parts by the lines x = 1., X = .. Denote by
Ai(c) the area of the part lying to the left of x = 1., by Ax(c) the area of the one
lying to the right of x = 2., and by Az(c) the area of the part in the middle. Then
(4.1) can be written as

(1 x%)eXdx=0: (4.1)

A(Q) = Ar(c) + Az(0) + A3(0) =0 :

If 1=cis small, then A;i(c) + Ax(c) is small and Az(c) is relatively large; but as 1=c
increases A1(c) + A(c) increases whileAz(c) decreases. So there is one and only one
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value of ¢ for which A(c) = 0. Thus, for each 0, the equation (4.1) has a unique
root which we denote byc( ). Let 1( ):= 1¢(), 2():= 2¢0)-
Step 2. For each given 0,
Z, Z,
min 1 c(1 x%e* dx= 1 c( )1 x?eX dx
c 0 1
z,
= osgn((x  a(N(x 20N 1 o)L xPe* dx
z,
= s (x 20N 2()) dx

since .
1
lsgn (x  2(N(x  20))@ xPe*dx=0: (4.2)
Hence,
Z,
r;nirg 1 c1 x%e* dx=2 2(2() 1)) 4.3)

1

We show that ,( ) 1( ) is a decreasing function of for all > 0. For this we
make use of (4.2) and the two relationships

o)1 2()e0)=1; (4.4)
o)1 3()e20)=1: (4.5)
We note that ,( ) > O for all 0 since otherwise we would have
z 1
0= sgn (x  1( N(x  2()) (1 x*)e*dx
Z, z,
= sgn (x  1( N(x 2()) @ xPe¥dx+ (1 x*)e*dx
0
0 Z,
> 1 xPeXdx+ (1 x%eXdx
1 0
0:

Since for > 0, we have

120 Cg2) ) s g
T30 ° =
it follows that »( ) > j 1( )j, and so
20)+ 1()>0; > 0: (4.6)

Of course, 2(0)+ 1(0)=0. R

We extend the de nition of F(c; ) by setting F(c; ) := lljl c(1 x?)eX jdx for
all 2 R. Then, clearly F(c; )= F(c; ). The de nitions of ¢( ), 1( ), and 2( )
also extend in an obvious way to negative values of. Furthermore, ¢( ) = ¢( ),
1( )= 20)and 2( )= 1(). Inparticular, () 1( )is an even function

of .
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Step 3. We now prove that 1( ), 2( ), and ¢( ) are continuously di erentiable
functions of . For this we write (4.1) in the equivalent form
Z,
Fi( 15 216 ) = sgn (x  1)(x 2 @ x?)eXdx=0;
1
Fa( 15 2;¢ ):=In ¢  He * =0;
Fs(1; 2;¢; ):==In ¢l 3e ? =0;

and apply the implicit function theorem [5, Theorem 9.18]. It su ces to show that

@F @F @F
@ @2 @c
@FiF:iF) . @F @F @F
@ 1; 2;0) @ @ @c
@F @ @F
@ @ @c
The calculations are fairly simple, and we get
@: 2 1- @: 2 2 @_ .
@1211e,@2 21 2e,@co,
@: 2 1 + @:O @: 1.
@, 1 2 7 @ ' @c c
@ :0' @ = 2 2 + @ = }
@, @2 1 2 c ¢
So
@QF1;F2;F3) _ 4 2 1

@1 220 1 3 1 2
which is positive since =(1  ?) is an increasing function of in ( 1;1).
Step 4. Now we prove that

z 1
1
3() 20)= 5¢() 159n (x a(N(x 2()) x%eXdx: 4.7)
Write (4.2) in the form
Z, Z ,0) Z .0
1 x? eXdx 1 x? eXdx+ 1 x? eXdx=0 (4.8)

2( ) 1() 1
and di erentiate with respect to  to obtain

2%) 1 3()e+2%) 1 () e )
Z .y 2,0 41
+ + x 1 x? eXdx=0;
1 () 2()
which gives
1 Z1
50) (1)()250() 1Sgn (x 1(Nx 20)) (x x¥eXdx: (4.9)
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However, if > 0, then from (4.8) it follows that
Z,
sgn (x  1()(x 2()) xeXdx= 1 Z()e:) 1 F()e:U
1

where the expression on the right is zero by (4.4) and (4.5). Tis proves that the
integral on the left is zero for > 0; but by continuity, it must be zero for =0 also,
ie.,
Z,
sgn (x  1( D(x  2()) xe*dx=0; 0; (4.10)
1
so (4.7) holds.
Step 5. Next we show that for > 0,

4 1
-+ 200+ 1() S (x a(N(x  2() x*e* dx
z 1
= [ son (xa(Nx 20 (x Nx 2 NA - xP)eX dx
2 .
0 2O 10 (4.12)

Note that

(xa(Nx A NA XP)=1 x+ a()+ o) X
1 1()20)@ x3) 1)+ 2()) x:
Hence, using (4.2) and (4.10), we obtain

Z,
 son a0 20 (x aON(x 2 N x?)eXdx
Z,
= son (xa(Nx 20 ) @ xHetdx+ 1()+ 2()
Z4

 san (x a(N(x 2() xPeXdx: (4.12)

It is easily seen that the rst integral on the right-hand sid e is equal to

on 0
21 g()ez() 1 f()el()
Zl
+ - lS@Jn(x 1(ON(x 2( ) x¥eXdx:
Using (4.4) and (4.5), we see that
1
1 3()e:0) 1 f()eﬂuﬁ%() 10)

and so (4.12) is equivalent to (4.11).
Step 6. Now refer to (4.11). The integral on the right-hand side is paitive since
the integrand is nothing but j(x  1( ))(x  2( ))j(1 x?)e* . Because of (4.6), the
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other quantity on the right-hand side of (4.11) is also posiive. For the same reason,
4= + ,( )+ 1()>0andso
z 1
sgn (x a()(x  2()) x*e*dx> O:
1

Now from (4.7), it follows that

dC2() 1())
d

i.e., 2( ) 1( ) steadily decreases as increases in the open interval (91 ). This,
in conjunction with (4.3), shows that
z 1 z 1
min min 1 cd1 x2e* dx=min 1 c1 x?) dx:
0co0 4 c o0 4
We use it in (3.15) to obtain the inequality
z 1 z 1
. . . . 2 .
f2|£n‘ 1]1 f (x)j dx rcnn(')] . 1 c(1 x9) dx:

R+

<0 for > 0;

The inequality can be replaced by equality since the functim c(1  x?) belongs to
r+. The argument used in Section 3.2 can be used to see that the mimum of
11j1 c(1 x?)jdx, whenc is allowed to vary in [0; 1 ), is attained for one and only

one value ofc. With this we have proved Theorem 1 forf 2 Pr+ and p=1.

4.2. The case p > 1. The proof is similar to the one for p=1 but di ers in details.
Take any p > 1 and keep it xed.
Step 1. Let be any given nonnegative number and minimize
Z,
G(c; ):= il c1 x?eXjPdx
1

asc is allowed to vary in [0;1 ). The minimum is attained at some nite point in
(0;1 ). At such a point, we must have
1

Z 4 1
pTll%iz - a x)eX | sgnl ol x¥eX (I x%)e* dx=0:
1
(4.13)

Sol c(1 x?e* mustchange sign at exactly two points in ( 1;1). Let 1¢, 2c
be as in Step 1 of the casg = 1. Here again, we claim that (4.13) is satis ed for
only one value ofc. For sake of simplicity, let us use (c;x) to denote the integrand
in (4.13). Let :=1=(max 1 x 1(1 x2)eX). Then, for c> , we may write

p

cx):= @ x?e* lsgnl c(l x%e* (1 x?e* :

Ol

Let <c<c+ and sketch the graphs of (1 x?)e*, j(1 x?e* 1=d, and
j@ x®eX 1=(c+ )jon ( 1;1). Looking at the points in

(L 1c+ 1 Caes 5 o1els Caer 2¢)s Co2cr 2e4 )5 [ 20+ 3 1);
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we see that (c;x) < (c+ ;x)forall x2 ( 1;1). The sameconclusionis obviously
truefor0<c<c + () as well. Since (c;x) is a continuous function of c, it
follows that

(c;x)< (c+ ;x) if 0O<c<c + and l<x< 1:

Hence,
1
1

c!l and
Rl

; (x)dx < 7 (c+ ;x)dxif 0 <c<c + . Note, in addition, that
(c;x)dx < 0 for0< c . Finally, we observe that . ! 1, 2! 1as

f: (c; x)dx, which is positive, becomes larger than 1 (cix)dx
11 (c;x)dx is positive for all large c. These facts about

11 (c;x)dx allow us to conclude that (4.13) is satis ed for only one valte of ¢ which
we denote byc(p; ). Let 1( )= 1cp ), 2( )= 2¢p )-

Remark 3. For later use, we remark that here again 1(0)+ ,(0) =0 and 1( )+
2()>0for > 0.

Our ultimate aim is to show that G(c(p; ); ) is an increasing function of for
> 0.
We extend the de nition of G(c; ) by setting
Z,

v (c;x)dx, i.e.,

G(c; )= 1 c1 x?e* Pdx
1
forall 2 R. The de nitions of c(p; ), 1( ), 2( ) also extend in an obvious way to
negative values of . Clearly enough,c( )= c¢( ), 1( )= 2(),and o( )=
1()-

Step 2. If p> 1is given, thenc(p; ), 1( ), 2( ) are continuously di erentiable
functions of . To see this, write (4.13) in the equivalent form
z 1
p 1
(—1: (1 x?eX sgn (x  1)(x  2)(@ x?eXdx=0;
1

Ga(1; 2,6 ):=¢c1 He® 1=0;

Gs(1; 2, ):=¢c(1 2ez 1=0:
After making some elementary calculations, we obtain

@Gy, G2; G3) 2 27

_— = + + 1

@ 1; 2:0) 1_¢% 1 3 P 1)
Z;

Gi( 1; 2;¢; )¢

1 o1 x2)e* P 1 x?)2e*dx:
1
which is di erent from zero, since 2x=(1 x?)+ vanishesin ( 1;1) only at the point
where (1 x?)e* assumes its maximum and not at ; or . Hence, by the implicit
function theorem c¢(p; ), 1( ), and »( ) are continuously di erentiable functions of
In order to show that G(c(p; ); ) is an increasing function of for > 0, we
calculate its derivative with respect to . Itis equal to S%cX )+ &€ but &%is zero
sincec(p; ) is the root of (4.13). Hence,
z 1
d Dy Y — . . 2ya.x P 1
g e ) )= c(p) . 1 c(p; )3 x%)e

sgn(x  1()(x  2() (x* x)e*dx
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Step 3. Now we show that
z 1
1 op; )2 x2)e* P 1sgn x (Nx  2()) xeXdx=0: (4.14)
1

Forc=c(p; ), 1= 1(), 2= 2( ), we have
Z,
0= 1 1 x®e* P lsgn(x  )(x o) @ xP)e*dx

== 1 ol x¥e* P lsgn(x  1)(x  2) xeXdx
+ 1 o1 x)e* P 'd1 ol x?)e~

1 x3)e* 1°'dcl x¥)e* 1 (4.15)

from which (4.14) follows because

op; )@ De t=1; cp; )@ Ze *=1:

So
d 1
g 80P )= em) 1 odp)d xer "

sgn (x  1(N(x  2()) x*e*dx

and it would su ce to show that if > 0, then
Z,
1 cp; )L x¥e* P 1sgn (x 1(Nx o)) x%eXdx>0: (4.16)
1

Step 4. Forc=c(p; ), 1= 1( ), 2= 2(), we clearly have
z 1
0< 1 c1 x2e* P tsgn(x (X 2) (X (X 2 @ x?)e*dx
z;
= 1 c1 x2)e* P tsgn(x  )(x o) (1 x*)e* dx
1 7 .
+( 1+ 2) 1 o x¥)e* Plsgn(x )(x o) xPeXdx  (4.17)
1

by (4.14) and (4.15). Writing 1 x* in the form
2, 1 2 2
1 x°+ =( 2x+ (1 x°)+2x)x

and using (4:15), we see that (4.17) is equivalent to
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z 1
0< 1 1 ¢l x¥)e* P lsgn(x  )(x  2) ( x+ (1 xH))xZe* dx
1 7 .
+ 1t ot = 1 ol x¥)e* P 'sgn(x  )(x  2) x3e*dx
Z, .
= — 1 c1 x?)e* Pxdx
cp 1
z 1
+ o+ o+ = 1 c1 x¥)ex? 1sgn (x )(x 2) x%edx:
1
(4.18)
But
z 1 z 1
1 ¢l x?)e* Pxdx = 1 c@ x¥e* " lsgn (x D(x  2)
1 1

(1 c@@ x?e*)xdx:

So in view of (4.14), inequality (4.18) becomes

Z1
O<a 1 o1 x2e* P Tsgn(x )X 2) xdx
1 , Zl
+ 1+ 2+—+p— 1 cd x2e* P lsgn(x  )(x  2) xPe*dx:
1

But, as pointed out in Remark 3, 1( )+ () > O0for > 0, and so (4.16) would
follow if we had
z 1
1 c@ x¥e* P lsgn(x 1)(x ) xdx O for > 0: (4.19)
1
We are going to show that this is indeed true.
Step 5. Firstlet ; , 0. Consider the function

1 1 1 1e !

h,. ,(x):= 1 , ,e 2 =xeX X
121 x xeX
where
ez e e ? e
= 1,— 0 =2 1 >o:
2 1 2 1

Clearly, 1, » arezerosoh ,.,. We note that they are simple. Indeed, ifhol; ,(u=0
for some realu, then (u +1)eY = > 0;sou +1 > 0andeY = =(u +1). Hence,
u 2

— u — .
h,.,(u):= ue u = o1 60:

In addition, we note that h ,. , has no other zeros in [ 1;1]. For this, it would
su ce to show that h° . ~has only one zero in ( 1;1). The second derivativeh®. _
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has only one zero, namely 2=, and so hol. , can have only two real zeros; only

one of them can lie in ( 1;1) if 2= 1. Solet 1< 2= , e, > 2. We
observe that hol; , decreases on L ; 2=), and at the point 1, it takes on the
value ( +1)e < e < 0O;soithasnozeroin[1, 2=]1.0n( 2=;1),

the derivative hol; ,(x) increases as< increases and therefore cannot have more than
one zero in ( 2=; 1].

It is now clear that h ,. ,(x) is positive on ( 1; 1)[ ( 2;1) and negative on (1; 2).
Therefore, by (4.14)

Z
0< 11 1 cd x?e* P lsgn(x  )(x  2) h,.,(X)dx
Zl
= 1,e2 et 1 o1 x2)e* P tsgn(x  )(x ) dx
1Zl
e 2 el 1 1 x¥e* P lsgn(x  1)(x ) xdx:

1

Sincesgn(k  1)(x )L ol x%e*)=jl c@ x?)eXj,itfollows from (4.15)
that
z 1 z 1
1 ol x¥)e* Plsgn(x  )(x 2) dx= 1 c1 x?e* Pdx:
1 1
We thus obtain
z 1
2e 2 et 1 ¢l x?e
1 7 .
< j1,e? et 1 c1 x?e* "dx O;
1

P lsgn(x  1)(x 2) xdx

which proves (4.19) in the case; , O.
Now let us verify (4.19) when 1 », > 0, i.e., when 0< 1 < 5. Since > 0, we
havejl c¢(1 x?)eXjP 1<jl ¢l x?e *jP Lfor0O<x< 1,andso
z 1
1 @ x¥)e* P lsgn (x  O(x  2) xdx
1
Zo 2, 2, Z,
= + + 1 c1 x%e
1 0 1 2
z z

2 2
< 1 o1 x2e* P ' xdx 1 o1 x2e * P 'xdx< 0:

1 1

1
x Pt ydx

With this we have proved that if f 2 Pg-, then, for p > 1,
z 1 z 1
il f(x)jPdx min 1 ¢ x?Pdx:
1 c0 g

It is trivial to show that this minimum is attained for a uniqu e c. The proof of
Theorem 1 for functions belonging toPg+ is now complete.
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4.3. Transcendental functions in (L{P)1. It remains to prove that (2.1) holds
for an arbitrary f 2 (L{P)1 which is dierent from c,(1 x2). Let

f(x):=c(l x?)g(x)with g0)=1

be an arbitrary function in (L{P); which is not a polynomial. The argument used
in Section 3.2 can be used to show that such a functiof (with prescribed g) cannot
minimize 11j1 f (X)jPdx unless the graph ofy = f (x) on ( 1;1) cuts the liney =1
at least twice. In fact, it must do so exactly twice since eachfunction in (L{P); is
the local uniform limit of a sequence of polynomials inPg- . Denote these points by
1, 2andlet 1< .

Case (i). Let , 6 1. Find a sequencef 1;f,;:::;fnh;::: of polynomials where
fn 2 Pr+.y such that f,, tends to f locally uniformly. For all large n, the graph of
y = fn(x) cuts the line y = 1 in two points which we denote by .1 and n.» with

n1 < n2. Then,clearly n1! 1, nn2! 2asn!1l . Now using (3.11) and
(3.14), we obtain
i1 fa(0j° dx 1 c(min2)(@ x?)e (miim2X dx;
1 1
SO
Z, Z,
il f(xX)jPdx = lim i1 fa(x)jPdx
1 nll 1
z 1
lim 1 o n1 o) xZ)e (maim2)x Py
z,

1 ool xP)e (2% Pdx

z;
> 1 c@ x?) Pdx
1

since , 6 1 (see the end of Section 3.5).
Case (ii). If o= 1= ,thenf(X)=(1 x?®)<1=1 ?foralxin( 1, )]
(;Dandf(x)=(1 x?)>1(1 ?)for <x< . Hence
Z, Z,
i1 fx)j°dx> 1
1 1

p
I -1 x%) dx:

5. Proof of Theorem 2

From the casep = 2 of Theorem 1, it follows that for all real , we have
Z 1 z 1 Z 1

2 2 f(x)dx+ 2 f2(x)dx = @ f (x)%dx
1 1 1

3
where the inequality is strict unless f (x) = 3(1 x?). So
Z, Z, 5
2 fo)dx 2 f2(x)dx =
1 1 3
R R
for all real . Choosing = 1lf (x)dx = llfz(x)dx , we obtain (2.2). The case

of equality is easily discussed.

+
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