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APPROXIMATION BY ENTIRE FUNCTIONS BELONGING TO
THE LAGUERRE-POLYA CLASS

D. Dryanov and Q. I. Rahman

Dedicated to Richard Askey on the occasion of his 65th birthday

ABSTRACT. For each given p > 1, we minimize the integral Lll |1— f(z)|Pdz over
all entire functions f belonging to the Laguerre-Pdlya class having = —1 and
x = 1 as consecutive zeros. The extremal function turns out to be of the form
c(1 — x2) where ¢ depends on p. The case p = 1 of the problem was considered
earlier by J. G. Clunie.

1. Introduction

During the course of a lecture on convergence properties of polynomials with only real
zeros, given at the Université de Montréal a few years ago, J. G. Clunie mentioned the
following proposition as a lemma crucial for the proof of the main result which gave a
necessary and sufficient condition for an entire function to belong to the well-known
Laguerre-Pélya class.

Proposition 1. Let Pr denote the class of all polynomials with only real zeros, having
x=—1 and v =1 as consecutive zeros. If f € Pr, then

/1 1= f(a)ldz > 1% . (L.1)

For reasons explained in [2, p. 110], the manuscript on which the lecture was based
has never been submitted for publication. This is why this inequality did not get
the attention it might have otherwise drawn. For Clunie, it was enough to know
that for f belonging to Pg, the integral f_ll |1 — f(z)|dz was bounded below by a
positive constant not depending on f; but once such an inequality is discovered, it
becomes natural to look for its sharp version. While considering another problem for
polynomials in Pr, we needed to know (see the proof of Theorem 2 of the present
paper) the infimum of f_ll |1 — f(x)|?dx over all polynomials belonging to Pr. We

then found it natural to consider the problem of minimizing fil [1 — f(x)|Pdx where
p € (0,00) and f € Pg.
If f is negative on (—1,1), then [ |1 — (—f(z))[Pdz < [, |1 — f(z)|Pde for all
p > 0, so if Pr+ consists of those functions in Pr which are positive on (—1, 1), then
1

1
inf 1— Pdx = inf 1-— Pdx .
ot [ - r@Prae = st / 1= fo)ds
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22 DRYANOV AND RAHMAN

At this stage, it seems desirable to mention that an entire function is said to belong
to the Laguerre-Pdlya class, £~ for short, if it is the local uniform limit in C of
a sequence of polynomials with only real zeros (see [1] and some of the literature
cited therein for additional facts about £-J3). Let us denote by (£—P); the set of all

functions in £ which have x = —1 and z = 1 as consecutive zeros and are positive
n (—1,1). A function f in (£-B); can be written as f(z) = (1 — 22)1(z) where
P(z) = ceaF Tz H(l —tpz)e*, ¢>0,a>0,bER,
k=1

and —1 <t <1for k=1,2,3,... such that ) -, t? < co. Note that f € (£-P); if
and only if it is the local uniform limit in C of a sequence of polynomials in Pgr+.

2. Statement of results

We prove:

Theorem 1. For each p € [1,00), there exists a unique constant ¢, > 0 such that for
every f € (£-P)1, different from c,(1 — %), we have

1 1
— f(x)|Pdx —cp(1 — 2?)|Pda . .
| n-t@ras [ i-gn-ap @)

Remark 1. For each p, the quantity on the right-hand side is a positive number which
is independent of f. It is easily seen that ¢; = 1/(1 — 4sin® 7/18) and

1
/ |1 —ci1(1—a%)|de = (2/3)(4sF — 3s1 + 1)/(1 — s7)
~1
with s; = 2sin7/18, i.e., (1.1) can be replaced by the equality

1 3
2453 — 35y + 1
i 1= f(z)de = 2202252 61407
fe?élfish/_1| f@ldr=3=7—5

We include the following result because the case p = 2 of Theorem 1 plays a crucial
role in its proof. So it may be seen as an application.

For any continuous function f : [-1,1] — C and any p € (0,00), let ||f|, :=
(2~ 1f (2)|Pda) Y7 besides, let 1 flloo := max_1<z<1 |f(2)].
Theorem 2. If f belongs to £-B and has x = —1 and x = 1 as consecutive zeros,
then

151 < 2150 (22)

where equality holds if and only if f(z) := c¢(1 — 22), c € R\ {0}.

Remark 2. Theorem 2 is an analogue of a result of Erdds and Griinwald [4]. They
had proved that under the conditions of Proposition 1

2
£l < 3 (1 flloo
where equality holds if and only if f(z2) :=¢(1 — 2?), c € R\ {0}.
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Let Py, P, ... ... be the orthonormal set of Legendre polynomials, i.e.,
2 11 % 2n — 2
=4/ ”+ (”)(” V>a:"2” (n=0,1,2,...) .
v n
Consider an arbitrary function f belonging to £-P having z = —1 and x = 1 as
consecutive zeros and denote by bg,bi,...,b,,... its Legendre-Fourier coefficients,
ie.,

:/1 f(@)Py(x)dz, n=0,1,2,....
-1

Then [3, Theorem 8.9.1]

1
= — b R =
(ralE \/QI ol, [IfIl2
SO
bo> <5 [bal? (2.3)
n=1

which says in particular that |by| can be estimated from above, in terms of the coeffi-
cients b1,ba,..., by, .... Thus, we have:

Corollary 1. If bo,b1,...,bn,... are the Legendre-Fourier coefficients of a function
f belonging to £-B having x = —1 and x = 1 as consecutive zeros, then (2.3) holds.
The inequality is sharp.

3. Preparatory lemmas

3.1. The class Pg+ , and the set 9, ;. Let P+ ,, consist of polynomials in Pg+
whose degree does not exceed n+ 2 and consider the auxiliary problem of determining

1
JTRERES inf{/1 1 — f(x)|Pdz : f EPR+7H}, p>0. (3.1)

Each f in Pg+ , can be written in the form
f(z):=c(1—2?) H1—th c>0,-1<tp,<lfor1<k<n. (3.2)

It is clear that if f(0) = ¢ < 27", then || f]lcc = M < 1. Consequently,
0<l—(14¢f(x)<1l—flz), —-l<z<l,
for0<e< M~ 1—1,s0

1
fonp = inf{ [ - s@lds s e Pu . g0 2 2n}.

For any p > 0 and f as in (3.2), let

n

1-c(1-2%) [](0 - tea)

k=1

1 P
wp(f) = Qpleity, .. 1) ::/ dr

-1
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The function wy(f) := Qp(c; t) where t := (¢1,...,1t,) is continuous on [0, co) x [—1,1]™.
We note that

e [1 (=21 = J2)")’ dz — 2 if0<p<l,
(c(fh (=2 —Jahm) dr)” —28)" i1 <p<oo,

80, given any L < oo, we can find vz, > 1 such that Q,(c;t) > L for all ¢ > yr 0 p
and all t in [—1,1]". Hence, there exists ¢, , € (0,00) such that

iy = f{Q(c18) s c € 27yl b € [-1,1]" .

Qp(c;t) >

The set E, = [27",¢pn] X [—1,1]" being compact, the infimum of ,(c;t) on E,
is attained for some ¢ = ¢ , € [27",¢p ] and some t = t* € [~1,1]". Hence, the
infimum in (3.1) is attained for at least one polynomial in Pgr+ ,. Let us denote by
M, » the set of all such polynomials and define

My, = UpZ My p -
Further, for any p > 0, let

1
Lp :—inf{/l|1—f(3:)|p : fGPR+} .

Then it is clear that

1
Hp :—inf{/1|1—f(3:)|p : féimp} .
3.2. An essential property of polynomials in 9,. From Rolle’s theorem, it
follows that an arbitrary f in Pr+ has one and only one critical point in (—1,1),
so the graph of y = f(x) on (—1,1) cannot have more than two points of intersec-
tion with the line y = 1. It is not self-evident but if f € 9,, then there must
be two such points (£1,1), (€2,1) where —1 < & < & < 1. To see this, note that if
f(x) := ¢ (1—2?)g(x) belongs to M,,, then because 0 < ¢ < 0o, the partial derivative

of f_ll |1 — (1 — 2?)g(x)|Pdx with respect to ¢ must vanish at ¢j. But

%/1 ll—c(l—xz)g(x)‘pdx: —p/ﬁfgn(l—dl—:f)g(x))

x |1 =c(1-a?)g(x)P~ (1 - 2*)g(x)dx,
so it cannot vanish for ¢ = ¢} unless 1 — ¢j(1 — 2?)g(x) changes sign in (—1,1), and
then it must do so twice. So in looking for the infimum of f_ll |1 — f(x)|Pdx over
Pr+ 5, We may restrict ourselves to polynomials whose graph on (—1, 1) intersects the
line y = 1 in two distinct points.

3.3. A reformulation of the problem. Given two points &1, & in (—1,1), let
PR+ n.¢, ¢, consist of all those polynomials in Pg+ ,, whose graph on (—1, 1) intersects
the line y = 1 in the points (£1,1) and (£2,1). The set Pr+ ¢, ¢, may be empty
for small values of n. For example, Pr+ 1,6, = 0if & =0, (VE—1)/2< & < 1.
However, we claim that for each pair &1, &2 where —1 < & < & < 1, there exists a
smallest positive integer n* = n*(&1,£2) such that Pr+ ,, ¢, ¢, # 0 for each n > n*. It
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suffices to show that for some ¢ > 0 and some ¢ € (—1,1), depending on &, &2, and n,
the polynomial f(x) := c(1 — 22)(1 — tz)" satisfies

f&)=f(&)=1 (3.6)
for all large n. Let n > 1. For (3.6) to hold, we must have
a—1
t =
a2 — &

where a = ((1 — £3)/(1 — £€3))Y/™. Tt is clear that a — 1 as n — 00, 50

[(a=1)/(a& = &) <1
for all large n. For each such n, (3.6) holds for f(x) := c¢(1 — x2)(1 — tz)™ if and only
if

(1 _52)1/77, ( _gf)l/n
1-&)""6-0-&)'""a

(-8 -a@-&)"")
I-D-&)E-&)r

t = t(n,fl,fg) =

c= C(na€17§2) =
For each n > n*(&1,&2), let

Prer 60 (CL‘) = c(n, 51752)(1 - .%'2) (1 - t(nv &1, 52)$)n (3'9)

with t(n,&1,&2), ¢(n,&1,€&2) as in (3.7), (3.8), respectively. In particular, if & = —&;,
then t(n, &1,&2) = 0 and ¢(n, &1, &) = 1/(1 — £2) for all n > 0.
Recalling the definition of p,, we see that if

1
Hn. &1 ,62,p = inf {/ |1 - f($)|pd:c : fe PR+,TL7§17§2} , p>0,
—1
then

= f f n . 3.10
mp =k e (3.10)
3.4. Two crucial lemmas. Given &1, & such that —1 < & < & < 1, the infimum
tn,g1 &5,p Of f_ll |1 — f(x)[Pdx over all polynomials f € Pgr+ ¢, ¢, for any fixed n >
n*(£1,&2) is attained. To see this, observe that if f € Pr+ ¢, ¢,, then for each
€ (—1,1), we have
f(z) - 1—a? 2n < 2n
f&) " 1—laP A—1ahm = A=)+ 1&al)

In particular,
2n
f0) < .
W< Teya e
It follows that if f(z) :==>_'_, a,z”, then

n 2"
|aV| <’U,(7’L,V,§1) = (V) (1_ |§1|)n+1(1+ |€1|), 0<v<n.
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For each j € N, there exists a polynomial h;(z) := >_'_ ay,;2” belonging to Pr+ ,, ¢, ¢,
such that

1
/1 1 —hj(x)]Pde < pine, 0p + % .
Since |a,, ;| < u(n,v,&) for all j € Nand 0 < v < n, we can use a standard argument
to select a subsequence {hj,,...,hj,,...} of h; converging uniformly on any compact
subset of C to a polynomial F' of degree at most n. Since h;(&) = 1 for each j, we
note that F' cannot be identically zero.

Note that Pr+ 1¢, ¢, is either empty or consists of only one element, namely ®1 ¢, ¢,.

Lemma 1. Letn > 2. If f € Pr+ ne e, and f # Ppe ey, then for all p > 0, we
have

1 1
/|1—f(:1c)|pd:c>/ = Dre, e, () da | (3.11)
1 1

Proof. Let F(z) := (1 — 2%)¢(z) be a polynomial in Pr+ ,, ¢, ¢, for which fi, ¢, ¢, p is
attained. First we observe that ¢ cannot have zeros in (—oo, —1] and [1,00) at the
same time. Suppose it does. Let A1 be the smallest zero of F' and \; the largest. For
all sufficiently small € > 0, the polynomial
F(z)
F. =F(z)—e— 72 (g — _
71(‘T) (JJ) E(I — )\1)($ — Al) ((E 61)(1‘. 52)

belongs to Pr+ n¢, ¢, and F(z) < Foi(x) < 1if z € (—1,&) U (§,1), whereas
1< F.1(z) < Fx) if ¢ € (&,&2). Hence,

1 1
/|1—F€,1(x)|pdx</ 1= F@)P de .
—1 1

Assume that ¢ has no zeros in (—oo, —1]. We claim that ¢ cannot have two or
more distinet zeros in [1,00). Suppose it does. Let A; be the largest zero and Ay the
largest but one. It is geometrically evident that for all small € > 0, the polynomial

F(x)
CESNIEESY) (- &)z — &)

belongs to Pr+ ¢, ¢, and F(z) < Fea(z) < 1if 2 € (=1,&) U (§2,1), whereas
1< F.a(z) < F(x) if ¢ € (&,&). Hence,

1 1
/ |1—F€12(3:)|pd:c</ 1 —F(z)|Pdz .
1 1

Feo(x) :=F(z) + e

We have proved that F(z) must be of the form c(1—x2)(1+axz)™ where n* (&1, &) <
m <n. If & = —¢&, then clearly « = 0 and F(z) = @y, ¢, —¢, (x) = (1 — 2?) /(1 — &}).
We claim that if & # —&;, i.e., a # 0, then m cannot be less than n. Suppose it is.
For sufficiently small € > 0, the polynomial

F(z)
€
1+ ax

Fes(x) = F(z) + (z = &)z - &)

belongs to Pr+ p¢, ¢, and

1 1
/|1—F€,3(x)|pdx</ 1 - F(z)Pdz ,
—1 —1
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which is a contradiction. Hence, F' must be the polynomial ®, ¢, ¢,. It follows that
In.&1,62,p 1S attained by one and only one polynomial, namely ®,, ¢, ¢,. O

From Lemma 1, it follows that
1
= inf inf 1—-®, 2)|P dx . 3.12
b= ot it -G (312)

Lemma 2. Let —1 <& <& <1 andp > 0. Then

Mt 161,620 < fngr o, (3.13)
for all n > n*(&1,&2). In (3.13), equality holds only if & = —&;.

Proof. The case & = —&; is trivial; so let & # —&;. Refer to (3.9) and assume that
1/t(n,&1,82) > 1. If 1/t(n, &1, &) > 1, then for all € > 0, the polynomial

9e(@) = Brg, 6 () + €(1 = 2°) (1 = £(n, &1, &) )" (2 — &) (2 — &)
has a zero of multiplicity n — 1 at 1/t(n, &1, &2), simple zeros at —1, 1, one simple zero
slightly larger than 1/t(n, &1, £&2), and another simple zero which is positive and large.
In the case where t(n, &1, &2) is equal to 1, the zeros of g. at 1/t(n,&1,&2) and 1 have
to be replaced by a zero of multiplicity n at 1. Hence,

1 1
/1|1—ge<x>|pd:c < / 1= By, (o) da

Since ge belongs to Pr+ n11,¢, ¢, and has two distinct positive zeros, we conclude that

1 1
/1 1= B0 () da < / 1 go(o)|" da

1
<[ n-taa@ri.
The case 1/t(n,&1,&) < —1 can be handled similarly. O

3.5. A “reduction” of the problem. From the expression for ¢(n, {1, &) given in
(3.8), it is easily checked that

£ €1
1—¢2)aa (1 - ¢2) &
nlingoc(na€15€2) = 0(51752) = ( 52(?[ - 512)((1 _é;%))

Further, referring to (3.7) for the definition of t(n, &1, &2), we note that nt(n, &1, &2)
tends to a finite limit as n — co. Indeed,

_e\
lim nt(n,&,&) = p(&1,&) :=1n <1 52) ) )

e [y
It follows that for any fixed z in [—1,1],
Dpey 6, () — e(é1,8)(1 — IQ)B*P(&-,&)I as 1 — 00 .
Besides, from the proof of Lemma 2, it is clear that for all n > n*(&1, &2)
Dpe, 6, (2) < {(11) if oe [—1,&) U (&2, 1],
n(66)60.6 () I @€ [6, &)

Hence, the functions |1 — ®,, ¢, ¢, (2)|P are uniformly bounded on [—1,1]. We may use
Lebesgue’s bounded convergence theorem to conclude that
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1 1
inf / |1 o ¢n351)52 (l‘)|pd$ = lim |1 - (I)n751752 (‘T)|p dx
—1

n>n*(§1,€2) J_1 n—00

1
/ |1 — c(€1,&)(1 — x?)e P&z Pqy
-1
(3.14)
Hence, from (3.12),

1
= ’1— 1 — 22)e—r6r62)m
He —1<51?<g2<1/_1 c(&1,&)(1 —x)e

p

dr .

It is easily checked that ¢(£1, £2) can take any positive value as &1, & are allowed to vary
such that —1 < & < & < 1; besides, p(&1,&2) can take any real value. Consequently,

1
. 2\ — p
02 ol f 1ottt

1
= _inf 1—c(l—a?)er*|” dz . 3.15
20,20 _1‘ ol = a%)er| (3.15)
The functions ¢(1 — 22)e”® do not belong to Pr+ except when p = 0. So determining
the infimum on the right-hand side of (3.15) can solve our problem at least in the
polynomial case if it occurs for p = 0 and for no other p. We shall show that this is
indeed the case if p > 1.

4. Proof of Theorem 1

We shall first assume that f is a polynomial and start with (3.15). In our argument,
the case p = 1 has to be distinguished from the case p > 1.

4.1. The case p = 1. For sake of clarity, we divide the proof into several steps.

Step 1. First let p be any given nonnegative number and let us minimize F'(c, p) :=
fil |1 —c(1 —2%)eP®|dx as c is allowed to vary in [0, 00). Clearly, F(c, p) tends to +oo
as ¢ tends to +oo. Furthermore, F(c,p) < F(0,p) for all small positive values of p.
Hence, the infimum of F(c, p) over [0, 00) is attained at some finite point of the open
interval (0,00). At such a point, we must have

oOF _[' 1—c(l —a2?)e’) (1 —a?)e’*dz =0 4.1
—%—Llsgn( —c(1—a%)e’”) (1 —2*)eP dz =0 . (4.1)
This can be satisfied for some ¢ only if the function 1 — ¢(1 — 2%)e® changes sign in
(—1,1), at least once. Indeed, it must do so exactly twice since it has only one critical
point in the interval. Let 1 — ¢(1 — 2?)e”® change sign in (—1,1); denote by &1 ¢, &a.c
the points where it does and let & . < §2... We claim that (4.1) is satisfied for only
one value of ¢. To see this, divide the region bounded by the curve y = (1 — 2?)er®
and the interval [—1,1] into three parts by the lines x = &1, ¢ = &2.. Denote by
21 (c) the area of the part lying to the left of © = & ¢, by ™Ua2(c) the area of the one
lying to the right of z = &, and by 2s3(c) the area of the part in the middle. Then
(4.1) can be written as

A(c) := Ui () + Az(c) +As(c) =0 .

If 1/c is small, then 2;(c) + As(c) is small and A3(c) is relatively large; but as 1/¢
increases, 21 (c) + s(c) increases while 23 (c) decreases. So there is one and only one
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value of ¢ for which 2((¢) = 0. Thus, for each p > 0, the equation (4.1) has a unique

root which we denote by c(p). Let &1(p) := &1,c(p)5 £2(0) = E2,e(p)-
Step 2. For each given p > 0,

1 1
min/ |1 —c(1 —a%)e’”| d:c:/ |1 —c(p)(1 — 2?)e’”| da
cz20 /1 ~1

1
= [ sen (= a0 (2 - ©(0) (1 - o)1~ a2)e)

-1

1
:/ sen ((z — &1(p)) (x — &(p))) d

-1

1
/_ s (2 = 60)(@ — €a(p))) (1~ 2%)er"dr =0 (4.2)
Hence,
mip [ 1= (1 —a?)e] do = 2=2(6p) ~€1(0)) (4.3)

We show that & (p) — &1(p) is a decreasing function of p for all p > 0. For this we
make use of (4.2) and the two relationships

(p) (1 - E(p)) 5 = 1, (4.4
clp) (1 - &5(p)) e = 1. (4.5)

We note that &(p) > 0 for all p > 0 since otherwise we would have

0= / sen ((z — &(0)(@ — £2(0)) (1 — 22)eP da

-1

0 1
= [ s (@ =)@ - @)1 - )erds+ [ (1= aternda

-1

0 1
> —/ (1 —3:2)epc”d:1:—|—/ (1 —x?)ef da
0

-1
>0.

Since for p > 0, we have

L2800 _ pteti-6) 5 1,
1-&(p)
it follows that & (p) > |€1(p)|, and so

&a(p) +&i(p) >0, p>0. (4.6)

Of course, &2(0) + &, (0) = 0.

We extend the definition of F'(c, p) by setting F(c, p) := fil [1—c(1—2?)er|dx for
all p € R. Then, clearly F(c,—p) = F(c,p). The definitions of ¢(p), &(p), and &2(p)
also extend in an obvious way to negative values of p. Furthermore, ¢(—p) = ¢(p),

€1(~p) = —&a(p) and &(—p) = —&1(p). In particular, &(p) — €1 (p) is an even function
of p.
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Step 3. We now prove that &1(p), &2(p), and c(p) are continuously differentiable
functions of p. For this we write (4.1) in the equivalent form

1
Fi(&,&,c,p) = /_1 sgn ((z — &1)(z — &))(1 — 2°)ePdx = 0,

Fy(&1,&2,¢,p) :=1In (c(1 - &)e”™) =0,
F3(61,&2,¢,p) :=In (c(1 - £3)e”2) =0,

and apply the implicit function theorem [5, Theorem 9.18]. It suffices to show that
06 05 Oc
O(Fy1,Fy, F3) | OFy O0F, O0F; 40
0 (517 527 C) 851 852 oc ’
0F; OF; OF;3

06 96 Oc
The calculations are fairly simple, and we get
‘2—2 =2(1-¢)e*, ‘2—2 =-2(1-¢&)e*, % =0,
0F, 2&, OFy oF, 1
%6 1’ e " e @
OFy _\ OF 2% O 1
0&1 T 0& 1-¢&2 T e ¢

So

8(5175270) N 0_2

which is positive since £/(1 — £2) is an increasing function of £ in (—1,1).
Step 4. Now we prove that

&)~ €)= —3¢0) | sen((e— () - Gle))a’errds . (1)

-1

3(F1,F27F3)4< & & >
- 1-&)°

Write (4.2) in the form

1 &2(p) &1(p)
/ (1—2%) er*dr — / (1—2?) e’ dz + / (1—2?)er*dz=0  (4.8)
&2(p) &1(p) -1

and differentiate with respect to p to obtain

—265(p) (1 — €3(p)) e#%2() +2¢1(p) (1 — €2 (p)) P (P)

&1(p) &2(p) 1
—|—{/ —/ +/ }3:(1—:02)6”56150—0,
-1 &1(p) &2(p)
1

&(0)~ 60 = 5e0) [ s (- a@)le - Qo)) - a)eds . (19

-1

which gives
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However, if p > 0, then from (4.8) it follows that

1
/_ san ((z = &1(p))(x — &(p)))ze dr = (1 — £3(p)) e’ — (1 — &3 (p))ers

where the expression on the right is zero by (4.4) and (4.5). This proves that the
integral on the left is zero for p > 0; but by continuity, it must be zero for p = 0 also,
ie.,

1
[ sm(@-a)a-alp)aerrd=o, =0 (4.10)

so (4.7) holds.
Step 5. Next we show that for p > 0,

1

(% +&(p)+ & (p)) / 1 sgn ((z — & (p))(z — &(p)))aderda

= /71 sgn ((z = &(p)(z — &2(p))) (z — &1(p)(z — &2(p)) (1 — 2*)e " dx
2

- pc(p)

(&) - &) - (4.11)
Note that

(z = &(p) (@ = &(p)(1 —27) =1 = 2" + (&1(p) + &2(p)) 2
- (1= &(p&) 1 —2?) = (&(p) + &(p)x -
Hence, using (4.2) and (4.10), we obtain

[ s (0 = 61 (0)@ — () @ — )z ~ E(p) (1 —a?) e d
- / s (0 = 6 ()@ — () (1~ =) e dr + (61(0) + €2(0)

< [ s (@ = 610 @ = ap))a i (412)

It is easily seen that the first integral on the right-hand side is equal to
2
_z {(1 — §§(p)) ePE2(p) _ (1 — ﬂl(p)) epfl(p)}
p

w2 f s (e — &40z — () P
pJ-1
Using (4.4) and (4.5), we see that

1
(=& ()™ = (1= &l(0)er ) = 5 (6(0) = 6(0)
and so (4.12) is equivalent to (4.11).
Step 6. Now refer to (4.11). The integral on the right-hand side is positive since
the integrand is nothing but |(x — &1 (p))(z — &2(p))|(1 — 22)e”®. Because of (4.6), the
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other quantity on the right-hand side of (4.11) is also positive. For the same reason,
4/p+ &(p) + &(p) > 0 and so

[ s (@ =& - elo)ateras > 0.

Now from (4.7), it follows that

d(&2(p) — &1(p))

<0 for p>0,
dp

ie., &(p) — &1 (p) steadily decreases as p increases in the open interval (0,00). This,
in conjunction with (4.3), shows that

1 1
minmin/ ‘l—c(l—xz)epz‘d:r:min/ |1 —c(l—27)| da .
p20 c>0 J_ 4 c>0 1

We use it in (3.15) to obtain the inequality

1 1
inf 1— f(z)| de > min 1—c(1—2%)| de.
it [ =@ ez min [ 11 —a?)
The inequality can be replaced by equality since the function ¢(1 — x?) belongs to
Pr+. The argument used in Section 3.2 can be used to see that the minimum of
f_ll |1 — ¢(1 — 2?)|dx, when c is allowed to vary in [0, 00), is attained for one and only
one value of ¢. With this we have proved Theorem 1 for f € Pr+ and p = 1.

4.2. The case p > 1. The proof is similar to the one for p = 1 but differs in details.
Take any p > 1 and keep it fixed.
Step 1. Let p be any given nonnegative number and minimize

1
G(c,p) = /1 11— c(1 — 2?)e’”|Pda

as ¢ is allowed to vary in [0,00). The minimum is attained at some finite point in
(0,00). At such a point, we must have

1 -1
T %=/ || e (1 1= atern) (1= oty < 0.
(4.13)

So 1 —¢(1 — 2?)e”” must change sign at exactly two points in (—1,1). Let & ¢, &ac
be as in Step 1 of the case p = 1. Here again, we claim that (4.13) is satisfied for
only one value of ¢. For sake of simplicity, let us use (¢, z) to denote the integrand
in (4.13). Let 6, := 1/(max_1<,<1(1 — 2%)e”®). Then, for ¢ > 6,, we may write

Y(e,z) = —|(1 — 2?)el” — %’p_lsgn(l —c(1—2%)e!) (1 — z%)el” .

Let 6, < ¢ < ¢+ ¢ and sketch the graphs of (1 — 2?)ef”, |(1 — 2?)e”* — 1/c|, and
|(1 —22)e? —1/(c+d)| on (—1,1). Looking at the points in

(_17 gl,c-‘ré] 9 (61,0-{-67 gl,c] 9 (61,07 52,0) 9 (62,07 52,0-{-6) ) [52,0-‘1-57 1) )



APPROXIMATION BY ENTIRE FUNCTIONS 33

we see that ¢(c,z) < (c+ 6, ) for all z € (—1,1). The same conclusion is obviously
true for 0 < ¢ < ¢+ 6 < 0(p) as well. Since 9(c, ) is a continuous function of ¢, it
follows that

Y(e,x) <Ple+d0,z) if 0<c<e+d and —-1<z<l.
Hence, f_ll Y(e,x)dr < f_llw(c +d,z)dr if 0 < ¢ < ¢+ 6. Note, in addition, that
filw(c, z)dr < 0 for 0 < ¢ < 6,. Finally, we observe that {1, — —1, & — 1 as
¢ — oo and fgj: (c, x)dz, which is positive, becomes larger than — ffllc (e, x)dx —
f;c (e, x)dz, ie., f_ll (e, x)dr is positive for all large c. These facts about
f_ll (e, z)dx allow us to conclude that (4.13) is satisfied for only one value of ¢ which
we denote by c(pa p) Let 61 (p) = gl,c(p,p)u 52(p) = 52,c(p,p)'

Remark 3. For later use, we remark that here again & (0) + £&2(0) = 0 and & (p) +
&(p) > 0 for p > 0.

Our ultimate aim is to show that G(c(p,p),p) is an increasing function of p for
p>0.
We extend the definition of G(c, p) by setting

1
G(e,p) = /1 |1 —c(1- x2)epw|p dx

for all p € R. The definitions of ¢(p, p), £1(p), &2(p) also extend in an obvious way to
negative values of p. Clearly enough, ¢(—p) = ¢(p), &1(—p) = —&2(p), and &(—p) =

=&i(p).
Step 2. If p > 1 is given, then ¢(p, p), &1(p), &2(p) are continuously differentiable
functions of p. To see this, write (4.13) in the equivalent form

! p
G1(&1,82,¢,p) = /71’% — (1 —z%)er”

G2(§1a€27 ¢, P) = C(l - 5%)6’)51 —1=0,
G3(§1a€27 ¢, P) = C(l - 53)6’)52 —1=0.

After making some elementary calculations, we obtain
a(Glu G27 G?)) 251 252
—_— = — — + —_

8(5155256) ( 1_5% >( 1—5%

1
X / |1 —c(1- x2)epw|p72 (1 —a?)2e**dy
-1

Ssgn (- &) (@ — £))(1 — 22)ebmdz = 0,

+p)(p—1)

which is different from zero, since —2x/(1—x?)+ p vanishes in (—1, 1) only at the point
where (1 — 2%)eP” assumes its maximum and not at & or . Hence, by the implicit
function theorem ¢(p, p), &1(p), and &(p) are continuously differentiable functions of p.

In order to show that G(c(p, p),p) is an increasing function of p for p > 0, we
calculate its derivative with respect to p. It is equal to %—Cjc’ (p) + %—g; but %—Cj is zero

since ¢(p, p) is the root of (4.13). Hence,
d ! o1 p—1
Glelp.p)0) = pelpp) [ 1= clp )1~ e
-1

< sgn((@ — (0) (@ — &(0)) (c° — )er"da.
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Step 3. Now we show that
1
| =t - e sen((o - @) o - o)) ae s =0, (414)
For ¢ = c(p, p), & = &i(p), &2 = &2(p), we have
! -1
0= /1 |1 —c(l— 3:2)6’”‘1) sgn((z —&)(x — {2))(1 - 3:2)ep:”d:1:
= % /11 |1 —c(1— 902)epw|1071 sgn((:v —&)(z - 52)) xePrdx

Yt
1 &2

+— [ (c(t=aer” — 1) Hd(c(1 — a?)er — 1), (4.15)
P Je

from which (4.14) follows because

c(p,p) (L—=&)e” =1, clp,p) (1 —E&)e”* =1.

So

dipG(C(PaP)aP) =pc(p, p) /71 ‘1 —c(p, p)(1 — x2)6pz‘p71
x sgn ((z = &(p)) (@ — &2(p))) e da,

and it would suffice to show that if p > 0, then
/11 1= e(p, p)(1 = 2?)e? " sgn((w — &1(p)) (@ — &(p))) #®e™dx > 0. (4.16)
Step 4. For ¢ = c(p, p), &1 = &1(p), &2 = &(p), we clearly have
0< /_11 11— c(1—a?)er " sgn((z — &)@ — &) ((r — &)@ — &)) (1 — 22) e da
- /_11 11— c(1—22)er "™ sgn((z — &1)(x — &) (1 — 2*) e’ da
+ (&1 + &) /11 1—c(1—2?) e [P sgn((@ — &) (@ — &) 2 PP de (4.17)
by (4.14) and (4.15). Writing 1 — 2* in the form
1—2%+ %(—295 + p(1 — 2%) + 22)2?

and using (4.15), we see that (4.17) is equivalent to



APPROXIMATION BY ENTIRE FUNCTIONS 35

0< l/l 11— c(1—22)e? "™ sgn((z — &1)(x — &) (=22 + p(1 — 2°))2? " dx
pJ-1

1
+ (51 + &+ %) /71 1= c(1—2?) e’”\p*l sen((z — &) (x — &)) 2* e da

—_ 2 ' 1 1 2\ _pz|P d
= o 71‘ —c(l—a%)e ‘:v:v
1
+ (51 +§2+%) /71|1—c(l—IQ)ePI}p_lsgn((x—51)(:17—52)) x3 e dx .

(4.18)

But

/’1—0(1—x2)epz‘pxd:ﬂ:/ ‘1—0(1—:172)6’”’17_1 sgn((z—{l)(x—ﬁz))

1 —1
x(1—c(l—a*) el ade.
So in view of (4.14), inequality (4.18) becomes
1

0< %p . |1 — C(l - {[;2)6131‘1’*1 sgn ((.’IJ — 61)(,@ — 52))(de

1
carer e Z) [ i—cl—aer ] s (o - )l ) e

But, as pointed out in Remark 3, & (p) + &2(p) > 0 for p > 0, and so (4.16) would
follow if we had

1
/_1 |1—c(1—3:2)e’”‘p_1 sgn ((z —&)(xz —&))zdz <0 forp>0. (4.19)

We are going to show that this is indeed true.
Step 5. First let £1&; < 0. Consider the function

1 1 & glepgl

heyey(@) = ——— |1 & &ere| =xel” — Bz — o
51 - 52 1 T ,'Eepz
where
ePb2 _ opla & oPlr 6 oré
“mT g 20 =——F——2>0.
&162 s 3 —

Clearly, {1, & are zeros of h¢, ¢,. We note that they are simple. Indeed, if h, ¢, (u) =0
for some real u, then (pu+1)e”™ = 3> 0; so pu+1> 0 and e’ = 3/(pu+1). Hence,

pBu?
Bu+1

—a#0.

he, g, (u) == ue’™ — fu —a = —

In addition, we note that he, ¢, has no other zeros in [—1,1]. For this, it would
suffice to show that hg . has only one zero in (—1,1). The second derivative h{, .,
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has only one zero, namely —2/p, and so h, ., can have only two real zeros; only
one of them can lie in (—1,1) if —2/p < —1 So let —1 < =2/p, e, p > 2. We
observe that hg decreases on (—oo,—2/p), and at the point —1, it takes on the
value (—p+1)e ?— (3 < —e P — 3 < 0; so it has no zero in [—1,—2/p]. On (—2/p, 0),
the derivative hi, ., (%) increases as x increases and therefore cannot have more than
one zero in (—2/p, 1].

It is now clear that he, ¢, () is positive on (—1,&1) U (€2, 1) and negative on (&1, &2).
Therefore, by (4.14)

1
0< / 11— c(1—22)er '~ sgn((z — &1)(2 — &))he, e, (x)da
-1
1

=&66& (epg2 - e”gl) / ‘1 —c(1- :102)em’p71 sgn ((z — &) (z — &) da

—1

1
—(&Le” - & epfl)/ [1—c(1- :102)6’””‘1)71 sgn ((z — &)(x — &) xzdx .
-1

Since sgn((r — &) (2 — &) (1 — (1 — 22)eP) = |1 — ¢(1 — 2?)e*|, it follows from (4.15)
that

| =ct=ater (e - - ) do = [ |1—c1 - )| do.

-1

We thus obtain
1
(52 es2 — & epgl) / ’1 —c(l— :cz)epx’p_l sen ((z — &) (z — &)) xdx
-1
1
<6 & (epéz _ ep&)/ ‘1 —c(1— IQ)er‘P dz <0,
-1

which proves (4.19) in the case & &3 < 0.
Now let us verify (4.19) when &€ > 0, i.e., when 0 < & < &. Since p > 0, we
have |1 — ¢(1 — 2%)eP®|P~1 < |1 — ¢(1 — 2?)e P®|P~1 for 0 < x < 1, and so

1
/ ’1—0(1—:10)6’””‘ sgn((x—ﬁl)(:v—fg))xdx
&1 &2 1
(/ / / /)1—01—,@)6’)1‘1) xdx
1 &2
<—/ ‘1—0(1—172)6’””‘1) lxdaj—/ ‘l—cl—x )e 7,,93’17—1 xdr <0.
1 &1
With this we have proved that if f € Pr+, then, for p > 1,

1 1
/ |1—f(:v)|pd:v2min/ 11— o1 — 22)[" de .
-1 cz0 J_q

It is trivial to show that this minimum is attained for a unique c¢. The proof of
Theorem 1 for functions belonging to Pr+ is now complete.
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4.3. Transcendental functions in (£—P);. It remains to prove that (2.1) holds
for an arbitrary f € (£-8)1 which is different from ¢,(1 — 2?). Let

f(z) == c(1 — 2?)g(x) with g(0) = 1
be an arbitrary function in (£-); which is not a polynomial. The argument used
in Section 3.2 can be used to show that such a function f (with prescribed g) cannot
minimize f_ll |1 — f(z)|Pdz unless the graph of y = f(z) on (—1,1) cuts the liney = 1
at least twice. In fact, it must do so exactly twice since each function in (£-3); is
the local uniform limit of a sequence of polynomials in Pgr+. Denote these points by

51, 52 and let 51 < 52.

Case (i). Let & # —&;. Find a sequence f1, fa,..., fn,... of polynomials where
fn € Pr+, such that f, tends to f locally uniformly. For all large n, the graph of
y = fn(x) cuts the line y = 1 in two points which we denote by &, 1 and &, 2 with
&n1 < &n2. Then, clearly &,1 — &1, §n2 — & as n — oco. Now using (3.11) and
(3.14), we obtain

1 1
p
/ 1= fu(2)[" do > / ‘1 —c(En,bn2) (1= a?) e PEnnnl o g
—1 —1

SO

1 1
/ 1= f(@)Pds = lim/ 1= fo(2)|Pda
1 n—ee

1
> lim [ |1 = (G, €)1 —22) e PEnatn2) [Py
-1

n—oo

1
= / |1 —c(&,&)(1 - wz)e”’(gl@)ﬂpdx

-1
1

>/ |1—cp(1—x2)}pd:c
-1

since & # —&; (see the end of Section 3.5).
Case (ii). If & = —& =&, then f(2)/(1 —2%) <1/(1—-¢€?) forall z in (—1,—-&)U
(¢,1) and f(z)/(1 — 2?) > 1(1 — €2) for —€ < x < £. Hence

/_11 1= f(2)[" de > /_11

5. Proof of Theorem 2

p

1 (1—2%)| dx.

Tiie

From the case p = 2 of Theorem 1, it follows that for all real A, we have

2—2>\/11f(x)d:c+)\2/11 f?(x)dx_/l (=A@ de>

-1

where the inequality is strict unless Af(z) = 2(1 — 2?). So
1 1 5
2)\/ f(z)dr — )\2/ fA(z)dx < 3
-1 —1

for all real \. Choosing \ = (fil f(x)d:c)/(fil f*(x)dz), we obtain (2.2). The case
of equality is easily discussed.
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