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Strong asymptotics for Jacobi polynomials
with varying weights

Christof Bosbach and Wolfgang Gawronski

Dedicated to Richard Askey on the occasion of his 65th birthal

Abstract. Generalizing classical and recent results for Jacobi polyn omials
Prﬁ n n)(z), strong asymptotics are established as n ! 1 where, in contrast
to the standard situation, the real parameters n, n depend on the degree n
and satisfy certain limiting conditions. By rescaling the a rgument z suitably,
extensions of the well-known Darboux formulae are derived.

1. Introduction and summary

In this paper, we deal with generalizations of asymptotic fams for Jacobi polynomials
P{" ). As usual, we assume these functions to be de ned via the orthgonality relation
Z,

PO IXPS YL x) (1+x) dx
1

_ 2+ (n+ +1)(n+ +1)
" 2n+ + +1 nl(n+ + +1)

amLL > 1; (1.2)

which we take from Szege's book [25, Chapter IV] together wih the normalization
and some standard formulae as well.

The classical asymptotic theory of P{" ) is concerned with large degrees and
xed parameters , [25, Chapter VIII]. We mention Darboux's formulae [25, p. 196]

. 1 wn+t 2w 2w
Pl N2)= p= 1+ o(1 1.2
(D= n w2 1)22 w 1 w+1 o(1) (1.2)
forz2 C; 1,9 and
() 1 : :
P;' ’(cos )= p? smE cosE

n + +1 1 1°
[ + —_— +=- = +0 = 1.3
sin n 5 5 % . 1.3)

for 2 (0; )asn!1l . Here and throughout, for realr, s with r <s, we use the
notation

Crrsy = Cnlr;s];
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40 BOSBACH AND GAWRONSKI

i.e., the complex plane with a cut along the interval |r; s], and Jukowski's function

P—r P—
_oz*1l+ 7 1 P—
w = P— Vﬁ—z+ zz2 1 (1.4)
mapping C; 1.7 conformally onto the exterior of the unit circle jwj > 1 such that
z = 1 corresponds tow = 1 . Both asymptotic forms (1.2), (1.3) hold uniformly
on compact subsets ofC; i1.; and of ( 1;1), the interval of zeros, respectively. It is
customary to denote this property by the phrase strong asymptotics in contrast to
the so-calledweak asymptotics that is the limit distribution for the zeros. We shall
use this terminology throughout for the Jacobi polynomialsP; ™ ") in this paper as
well.

Questions of weighted polynomial approximation led Lacharme, Moak, Sa, Uliman
and Varga [12, 18, 23] to investigate the modi ed Jacobi polyiomials Py "' ") where
the real parameters ,, , may depend onn. If both ,, , > 1, thenitis well
known that the zeros of P{ " ), Xn , =1;::7;n, say, are located in the open
interval ( 1;1), and that all of them are simple. In addition, suppose that

Ap= — B, = ——" . 1.5
" on+ L+ g " on+ L+ g (1.5)

and that the limits
A= lim Ap; B := lim By, (1.6)
nll n'l

both exist. Then, by using Sturm's comparison theory in [18] Moak et al. proved that
the set

¢
Xn1y+: -3 Xnn
n=1
of zeros is dense in the intervalr s] where
r:=B? A? pﬁ; s:= B? A%+ pﬁ; (1.7)
and
D=(1 A+B)1+A B)1L A B)1+A+B): (1.8)

Note that (1.6){(1.8) imply 0 A,B,A+B,D 1and];s] [ 1;1]. Sharpening
the latter result in a series of papers [4{6, 9, 10, 16, 17, 2223], weak asymptotics
for P{ "* ») have been established, as well as in a more general frame fortlwogonal
polynomials with varying weights w, (x) satisfying limpn ~ wy (X)¥" = w(x) [9, 10,
13{15, 21, 24, 26, 28]. The recent publications [4, 5], amon@thers, treat weak
asymptotics for Py "’ ") under the general assumptions ,; , > 1and
lim - = a; im —~=b (1.9)
n'l n n'1 n
where, in particular, the casesa= 1 and/or b= 1 are admissible.

It is the main purpose of this paper to derive strong asymptoics for Py "’ ") under
the general condition (1.9). For the very special case of liear parameter sequences
n=an+ , ,=bn+ ,with a;b Oand; 2 R being independent ofn, this

has been done in [3, 8]. Besides (1.5), we put

Dni=(1 An+Bn)@+A, Bn)@ A, Bn)@d+ A+ Bp); (1.10)
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and we distinguish two cases. If both limitsa, bin (1.9) are nite, thatis A+ B< 1

in (1.6), then we consider the polynomialsPy " n)(z), whereas in casea = 1 or
b=1 in (1.9), thatis A+ B =1 in (1.6), we consider the rescaled polynomial
ALK n)( Dhz+ B, Ap,). This particular scaling of the argument is made in light
of the weak asymptotics treated in [4, p. 231; 5, p. 244]. Theesulting generalizations
and extensions of Darboux's formulae in (1.2), (1.3) are ddved in Sections 3 and 4.

The proofs of the various asymptotic forms rely on the saddlepoint approximation
of certain contour integrals combined with Vitali's theorem on compact convergence
for sequences of analytic functions. Also we mention that sbng asymptotics for
Laguerre polynomiaIsL% ") with varying weights are proved in [2].

2. Preliminary results

In this section, we collect some auxiliary results and formlae which are fundamental
for the proofs of our main theorems.

We start with the well-known representation

z
1 1t2 1" 1t 1+t dt

Fcitz 1 z 1+z t z

by means of a contour integral [25, p. 70, (4.4.6)],, 2 C,n 2 Ng. HereC is a
simple closed contour with positive orientation enclosingthe point t = z but not the
pointst = 1. The fractional powers of (1 t)=(1 z)and (1+ t)=(1+ z) are assumed
to reduce to 1 fort = z.

For the real sequences (,), ( n) with ,, n > 1, we suppose that (1.9) is
satis ed. Obviously, we havea, b2 [0;1 ] and, on account of (1.5), (1.6), thata= 1
orb=1 occurifand only if A+ B =1. Thus, in view of the above mentioned weak
asymptotics, we consider the modi ed Jacobi polynomialsPy "’ n)(z) when both a, b
are nite, and if a= 1 or b= 1, then we deal with the rescaled Jacobi polynomials
=XSLE n)( D, z+ B, A,)whereD, |Zs given in (1.10). Now (2.1) can be written as

Pi (@)=

;26 1 (2.2)

P{nin)(z) = L eawa  ze 1 (2.2)
2i ¢
if a, b2 [0;1 ) where
. 2t 2) 1 z 1+z )
oh(t) ;= n log ] + , log 11 + . log T+ +log(t 2): (2.3)
Ifa=1 orb= 1, then from (2.1), we infer 5
) p— 1 t) e
P{" (" Dnz+By An)= o e ® git; (2.4)
26( 1+A, By)= Dy, with
2t 2)
t):=nlo p—— +log(t z 25
Pn (1) 9 . An+~Dnt)2p 1 g(t 2z) ; (2.5)
. nlogl Bn+An Dnz + , log 1+Bn An+ Dnz

1 Bh+A, 'Dpt 1+B, Ap+ Dpt
and C,, being a simple closed Bontour with positive orientation entosingt = z but not
the pointst =( 1+A, B,)= D,. Further, according to the choice of the fractional
powers in (2.1) for the logarithms in (2.3) and (2.5) we have b choose that branch for
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which log is real, when is real and positive. In the sequel, an asymptotic evaluatio
of the modi ed Jacobi polynomials is performed by a saddle pmt approximation of
the contour integrals in (2.2) and (2.4). The special case ofinear sequences, that is

n=an+ , n=bn+ ,a b 0,in(2.2)[8, p. 384], could be dealt with by the
saddle point method in standard form [11, 20, 27, 31]. A treament of the general
cases in (2.2) and (2.4) requires a variant of the saddle potrapproximation which we
take from [1, Section 20.2]. It is given by the following lemna (also compare with the
corresponding Laguerre case [2]).

Lemma 2.1. Suppose thatG C is a domain and g, are complex-valued functions,
n 2 N, being twice di erentiable on G. Further, let t, 2 G, !, be complex numbers
such that the straight linesT, = [t, !, tn + ! 4] are contained in G, n 2 N. If
(>0

Rta)=0; n2N; (2.6)
lim 12 gftn) =1, (2.7)
arg(n pitn)'™@) 7 ¢ 0 no(); (2.8)

o) = gita)(@ + o(1)) asn!l

) . 2.9
uniformly with respect tot 2 Tp; 29

then we have
d S
e #Ogt= 2 e w1+ od); nil
Th gn‘(tn)

Condition (2.8) is to x the correct branch of the square root g2{t, ).

Further, we need the following Poisson integrals which aremportant for transferring
asymptotics of P{ " ") (x), x being real, toP{ "' ")(z), z being complex [25, pp. 275{
277; 7, p. 40; 2].

Lemma 2.2. Suppose that the real numberg, d satisfyc > 0, ¢ j dj and is a
complex numberzwithj j < 1. Then

1

(i) 17 g @+ @+2cdcos LT 4 =2l0g crd
2 g 1 e i - g ’
log being the principal branch (i.e., logx is real if x is real and positive), and
i} 1 L, 1+ el 1 2
(i) > log sin ﬁd =log > -

3. Thecase ,=n!1 or ,=n!l

In this section, we suppose that at least one of the quantitisa, bin (1.9) is in nite and,
in addition, that ,, , 1 forn 2 N. Strong asymptotics for the modi ed Jacobi
polynomials Py " n)( D, z+ B, A,) now is derived via saddle point approximation
of the parameter integral in (2.4). Therefore, basically, we follow ideas used in [2, 7,
8].

The saddle point equation pd(t) = 0 for the integral in (2.4) takes the form

+ + +
n+1 ntn N ntn 6o— =0 (3.1)
t z t (1 Bp+A,= D, t+(1+ B, A= D,
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with the explicit solutions

_ 2n+ + 4 m+s, P——
tn (Z)_ 2(n+ nt o 1) z T (Z rn)(z Sn) (32)
where
S
_ (n n)n+1) (n+1)( n*+ ntn 1)
h = —p i (3.3)
2 n(n+ n)(n"' n)(n+ nt n) n( nt n+n)
S
6 = p_ (o M+l R TR T T
2 n(n+ n)(n+ n)(n+ nt n) n( nt n+n)
In view of (1.9), obviously we haver, ! r,s,! sasn!1l where
1 1
r= 1+ p——; s=1+ p——; ifa=1,b2[0;1); 3.5
2 1+b 2 1+b [ ) (35
1 1
= 1 p— =1 p—; ifa2[0;1), b=1; 3.6
' 2 1+a S 2 1+a a2l ) (36)
r= 1 s=1; ifa=b=1 3.7)

(compare Theorem 2, ii) in [5]). In order to determine the proper branch of the square
root function in (3.2) for z 2 Cy;, 5,1, We introduce the variable w, by

_TntSn, S fn Wn + W, !
2 2 2
- _n (n n)(n+1)
2+ n(n+ )+ ot )

(3.8)

(n+1)( n+ ntn 1)Wn+Wn1.
nn+ .+ 4) 2 '

jwnj > 1; that is, the exterior of the unit circle in the w, -plane is mapped conformally
onto the domain Cy;, s, in the z-plane such that the pointsw, = 1 andz = 1
correspond to each other. Moreover, the upper and the lowerdge of the cut in the
z-plane is mapped onto the upper and lower half of the unit cirde in the w,-plane
respectively. Inverting in (3.8) yields

p
Z Ih+ zZ s 2 rh+s P
" i} r: pZ S: - Sh M z } 2 . (Z I’n)(Z Sn)
nin+ .+ 4)
3.9
MFD(n+ % o D) (3.9)
n+1 E
B (n n)( ) (z )z sn)
2 n(n+ L)(n+ K)(n+ n+ p)
Now putting
s
1 n+1
= — + + . )
th > 2n n n NN+ ot o D+ ot 1) Wh; (3.10)
we have
+ 5+ + P
th 20+ ot o L e A I (3.11)

Ton+ o+ . 1) " 2
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that is, in (3.2) we make the choice of the branch such that thecut z-plane C;; .} is
mapped conformally onto the exterior of the circlejtj = ,, , being the factor of wy
in (3.10). On the cut (rp;sy) in the z-plane, in view of (3.8) and (3.10), we have

rn + Sn Sn rn

z= + cos; wp=¢€; 0< <;
2 2 "

th= S@n+ o+ n) n+1 ¢ (3.12)
"2 Yo+ o+ o DN+ o+ on) '

Now straightforward computations lead to the following connection formulae [7,
Lemma 1; 2, Lemma 2.1; 8, Lemma 3].

Lemma 3.1. If the complex variablesz, w,, and t, are related by (3.8){(3.11), then
we have

s
() ¢ Z_n+1 n+1
" T 2w, n(n+ o+ o D+ .+ L)
s
W (n+ 7+ n L+ ,)
" (n+1)(n+ n)
s
e F 0t o D* )
n ]

(n+1)(n+ )

1 Bn+ A r:‘_ntn 2n+ p+ g
P

i “nn _
(i) 1 B,+ A, nzZ N+ .+ , 1
(al Wn
(n+D(n+ o)
Wn M ot o DN+ 1)
| O Jp—
(ii) 1+Bn An+ n ntn: 2n+ o+
1+B, A,+ Dpz n+ ,+ , 1
fal Wn .
(n+)(n+ o)
Wnt  mEE . Dt )
P—. S
(|V) (Bn An + Dn tn) 1 :4 n(n + n + n)
2(th  2) (n+1)(n+ o+ o 1)

(n+ p)(n+ n) .
@n+ v a2

Next, from (2.5), we compute

n+1 n+ o n+ o

0q+y = P P ;
pn(tt) - (t 2)2 + t (1 Bp+ An):P Dp)? * (t+(1+ B, An):lu D_n)z,

yielding the following identities via Lemma 3.1.
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Lemma 3.2. If the complex variablesz, wy, and t, are related by (3.8){(3.11), then
we have

pg(ttn): (n+1)(n+ o+ o 1) 1 wi

n+ o+ 4 Wrzm(tn 2)2
20+ n+ n 1) “n(n+ o+ ) 2
= 1
n+51 n+ o+ g, (T wy)
N GRS TGRS N
" (n+1)(n+ o)
S
N GET S VGRS

(n+1)(n+ )

Now we are in a position to derive the strong asymptotics for he Jacobi polynomial
in (2.4) on the cut plane Ci.s; (see (3.5){(3.7)). In this context, we observe that by
passing to the limit n!'1  in (3.9), we get the function

p_—
z r+ _z s r+s P —————
— Pﬁ—z > + (z r)z 5s); (3.13)

T T

V=l e s
mapping Cj.s; conformally onto the exterior of the unit circle jvj > 1.

Theorem 3.3. Suppose that the real sequencds ), ( n) satisfy (1:9) with at least
one of the limits a, b being in nite and ,, , 1. If the function w, is de ned in
(3.8), then for z 2 Cy;.51, the Jacobi polynomial rescaled according tq2.4) satis es

Sy P —
P{ " ") " Dyz+ B, A,

_ 2N+ o+ o 1=2 (n+ N+ ») n=2
C2(n+D(n+ ot o 1) (n+(n+ o+ o 1)
2n+ o+ 4 o Wn "
n+ ,+ , 1Wn - (n+1)( n+ 4)
(n+ n+ o (n+ n)
2n+ .+ g Whn "

€D

n+ o+ g 1 (n+1)( n+ ,)

(n+ n+ o 1)(n+ n)

wh +1
. n
(wi  1)t=

Here the branches of the fractional powers are positive whew, is real and greater
than s, (see(3.4)). Moreover the o-term holds uniformly on compact subsets oCy.s .

1+0(1); asn!l : (3.14)

We emphasize that without further growth conditions on , , in (1.9), we may
not replacew, by v in (3.14).

Proof. We consider the casea= 1 ,b 1 in (1.9) which corresponds to the limiting
cases (3.5) and (3.7) for the boundary points of the zero inteval. Further, suppose that
z = x> 2. Then on account of Lemma 3.1(i), we have, < x at least for su ciently
large n. Following arguments in [2, 7, 29], rst we establish the asynptotic formula
(3.14) for real x speci ed above, and then we transfer its validity to the cut plane
Cirs Via Vitali's theorem.
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We introduce the quantities ! , := in ,0< < 1=2,
X th aj
Ry = ——=; 3.15
" Xty (3.15)
and , 2 (0; ) according to n = arccos(1=R,) (0 < arccos < for 1<

< 1). Similar to the Laguerre case in [2, Proof of Theorem 2.3]we start from the
representation formula (2.4) and uset, as the saddle point given by (3.10). As the
contour in (2.4), we choose

Ch:=CU[ To[ Ck;

consisting of the straight line

Th=fth+ 1 oj 1 1g
and the circular arcs
Cli= t=x+jx t, ! 0 N
Cl= t=x+jx t, !y 2 n 2

The contribution of T, to the integral in (2.4) is computed by Lemma 2.1. Conditions
(2.6){(2.9) are easily veri ed with the aid of Lemma 3.2. In particular, we have to

make the choice argp{t,) = . Thus we get
d S
e Plgr= 1 02 e () 14+01); ntl : (3.16)
T, i jpeattn)j

Now the crucial point is to prove that the contributions along CY, Cl in (2.4) are
negligible. We restrict our reasoning toCY. That for C) is very similar. Let t 2 CY;
then we estimate Re 0,(t) pn(tn)) from below. On account of (2.5) and Lemma 3.1
obvious calculations lead to

Re (pn(t) pn(tn)) =(n+1)Re log

t
t
’ pD_t 1+B A

(n+ ,)Re logp—— n !
Dntn 1+ Bn An

Dht+1+ B A
(n+ n)Re logp— notn.
Dntn+1+ Bn An

Further, since

1 Bn+An_ 21+ o+ 4 n+ . _
"D, 2 SN+ )+ o+ )’
1 §n+An_2n+ nt n n+ g,

IuD_n 2 nn+ p)(n+ o+ 4)’
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we get

Re (p(t)  pn(ta)) =(n+1)log Ry
1+ Rpé€ n+1
Whn 2n+ o+ g

(n+ p)Relog 1
S

(n+ o+ 0 D+ 1)
(n+1)(n+ n)

1+ Rp¢€ n+1
Whn 2n+ o+ g

(n+ p)Relog 1

s
W (n+ n+ o D+ )
" (n+1)(n+ n)
for O n. In view of the well-known inequality,
Re log(1+ ) %j i2; 2Cnf 1g;

this gives
Re (pn(t) pa(t)) (n+1) logR, +1+ Rpcos
1 (n+1)2 j1+Rnei i2 W2+n+ nt o 1

2 %n+ n* n w2 n n+1
1 n+1
(n+1) logR,+1+ Rycos 1 w_,% TP
11+R2 +1 )
n n 2
— + 1
2 w2 n+ o+ n(W” )
for O n. Using the expansion (see (3.15))
1 n 2
Rh=1+ ———+0(n 4); 'L
n 2(X tn)2 (n ) n
and observing that R, cos , = 1, nally we end with
Re pn(t) pn(tn)
n 2 1 n+1
+1) —— 1 = 1 ——— = +0(n*
(n+1) 2(x  tp)? w2 n+ .+ g, (")
cnl 2

for some positive constantc and su ciently large n. Lemma 3.2 shows thatjp®{tn)j
grows like a positive multiple of n and so
z z

e PPWdt=o e gt ;  ni1
cy Th
This estimate also can be veri ed for the contribution along C|,. Thus combining
(2.4), (2.5), Lemma 3.1, and (3.16), we have proved (3.14) mvided that x > 2 and
a=1,b 1 . The remaining case,a < 1, b= 1, can be treated by a slight
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modi cation of the preceding arguments, i.e., now C, consists of the same straight
line T, and circular arcs being located to the left of T,,.

Next, we transfer the validity of (3.14) to the cut plane Cy.s;. To this end, let
z2 Gy, s, and jwnj > 1, related as above. Further, we put = re’ = 1=w,, and,
using (1.1) similar to [2, 7, 29], we get

20t ntl (n+ p+1)( n+

nt(n+ 5+

nt+1)
nt1)

2n + +
'z,
= PCrimd(x) 2 (@ x) " (L+x) "dx
1
p__Zara, BBy

P —
= D, PCrin)( Dyt+ B, Ap)°
( 1+A, Bn)= Dy

P
(1 Bn+A, Dnt)" (1+ B,

ntl

p
An+ Dpt) ndt

On account of (1.5), (1.10), (3.3), and (3.4), the inclusion

h i

p— p—
[rn;sn] ( 1+A, Bp)= Dn;(1+A, Bp)= Dy ; n2N;
is readily veri ed. Thus, it follows that
Z
20001 (N4 atD(n+ g+l P
2n+ o+ p+1  nl(n+ ,+ ,+1) "
pP— 2
D, s r . P— ry+s S r
- 2n n2n Prsn'n) D n2n_'_n2nCOS +B, A,
p— + "
1 Bn+A, D, TS5 oo
2 2
R + n
1+B, A,+ D, rn25n Snzr”cos jsin jd
Z
P —s 1 Ch P— rp+sy sp rn + 1
= Dn Amos P Do ——*+—3 2
2
+Bn An ] "j?iDn()j?*d
P—s, r o . P— rpn+sy, sy rn + 1
Dp o=+ (L] AP ) "Dy Ao St
2
+Bn An ] "2iDn()j?
where
1Z P— r,+s Sy I "
Dn()=exp — log 1 B+ A, D, -~ "4+ "e¢os
4 2 2
P— rn+s, Sy f " 1+ el
1+B, A,+ D, "2”+"2”cos jSInjﬁd
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By Lemma 2.2 (for applications of part (i) use of the assumpton ,, , 1), direct
computations lead to

T I S L (RISt
n()— l“'zvvﬂ . on + nt o
(+ DD 1

(n+ n)(n+ o+ p 1)W_n
TG | Crae— S
2n+ p+ g

(n+ n)(n+1) 1,
(n+ )N+ o+ 0 Dwy

S
1+

Hence, forz 2 Cy,, ;s,1, We get

2 (n+1)(n+ o+ o 1) 2
2n + nt n

Sy P —
P{ ") " D,z+B, A,

(n+1)(n+ o+ o, 1) ™2
(n+ DN+ o)

(n+1)( n+ 4)

n+ n+ , 1Wn M+ ot o DNt o) "
2n+ ,+ q Whn
(n+)(n+ ) p———
n+ ,+ , 1 Wn + (n+ o+ n I(n+ ) " Wr21 1
2n+ ,+ Whn WH+1
2 jWnj 2vj
jwaj? 1 vz 1

by (3.13) and Stirling's formula. Consequently, the left-hand side of (3.17) is uniformly
bounded on compact subsets 0C..sj, and thus Vitali's theorem on compact conver-
gence for sequences of analytic functions implies the fultatement of the theorem. O

As a consequence of the strong asymptotics in Thegrem 3.3, wabtain the weak
asymptotics for the rescaled Jacobi polynomial$; " n)( Dnhz+B, A;) by forming
the limit

1d oy P —

i - (nson) + = n .

nI!|1rn s log Py Dhnz+ B, A, ST m, (3.18)
2

z 2 Cy.s}, which is possible in view of the uniform convergence on congzt subsets

of Cprs7 in (3.16). Stieljes inversion for the right-hand side of (318) leads to the

generalized semicircle density

P
2 (s x)(x 1), .
z —1+2(r+ 9% r<x<s; (3.19)
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being the density of the limit distribution of the zeros of th e rescaled Jacobi polyno-
mials under consideration. A di erent derivation of (3.19) based on the di erential
equation for Jacobi polynomials is contained in [5, Theorem?]. If a= b= 1, then
we haver = 1,s =1 (see (3.7)) and (3.19) reduces to the density of the classal
semicircle law, which alsoﬁs well known to be the weak limit #the zeros of the rescaled
Hermite polynomials H, (" 2n+1 z) [e.g., 4{6, 19, 23, 30]. This coincidence of the
Weab asymptotics gives rise to the question: How ar@{ " n)( D, z+B, Ap)and
Hn( 2n+1 z) related asymptotically when z 2 C; 1.43?7 In view of the known strong
asymptotics (w is de ned in (1.4))

=P iy 1 w2+1
+ - =
@n)=t (w2 1= oP T3 e

Hn(p 2n+1z)= 1+ o(1) ; (3.20)

asn!1l , holding uniformly on compact subsets ofC; i.1) [e.9., 7, 25, 29], on the
basis of Theorem 3.3, it is not di cult to give various answers to the above raised
guestion. We restrict our explanations to two cases of ultrapherical polynomials
which are formulated by the following relative asymptotics.

Theorem 3.4. Suppose that the functionw is de ned in (1.4). If the real sequence
( n) satises

_ n?
lim — =0;
n'1 n
then
non ploin Py 4A7 7 3 wh
lim — b——— e —_— 3.21
il n=2 Ho( 2n+1 2) Xp dw2(w?2 1) ( )
whereas
(nz;nz) P—12
P O W N VA (3.22)
i n' H,( 2n+lz) P swi(w? 1) '

and both formulae (3.21), (3.22) hold uniformly on compact subsets ofC; 1.q;.

Both limit relations of this theorem follow by tedious but st raightforward compu-
tations based on Theorem 3.3 and (3.20) as explained above.hErefore, we omit the
detailed calculations. Finally, in this section, we give the complementary part of the
generalized Darboux formula (3.14) that is the oscillatoryasymptotics on the interval
of zeros.

Theorem 3.5. Suppose that the real sequencds );( n) satisfy (1.9) with at least
one of the limits a, b being in nite. Further assume that 2 (0; ) is xed and the
functions |, and a, are de ned through
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n():n+§+z

P T 0T o . D+

"t )Nt ot 0 1) (ED(nt ) 2
2(n+ DN+ o+ 5 1) (n+21)(n+

T+ N+ o+ o D+ (n+ED(n+ ) 2

(n+1)(n+

+ q arctan

T T ©w ©

+
1
|

arctan

2n+ ,+ g
(n+1)(n+ o+ , 1sin
(n+ )+ o) TF o2+ a4, T

(n+1)(n+s nt n 1) n+ pn+ 5, 1
(n+1)(n+ n) . (n+1)(n+ n)
(n+ p)n+ n+ n 1) (n+ )(n+ o+ o 1)

an( )=

n=2
1 2cos

(n+1)(n+ n) (n+1)(n+ n)

1+2cos
(n+ )(n+ o+ n 1) (n+ p)n+ ,+ 5 1)

s
ve o (n )+ , (ED(n+ o+ o 1)
2"+ )+ )+ ot o) nn+ o+ o)
then the rescaled Jacobi polynomial in(2.4) satis es

pl i) P Dy X+ By  An = an( )fsin o( )+ ol)g (3.25)

COS;

asn!l

In (3.23), \arctan" denotes the principal branch, that is 5 < arctan < 5 for
real . Moreover, from general estimates for the remainder of the addle point ap-
proximation [20, 31], it can be shown that the error term in (3.25) holds uniformly in

21[; ]. To a large extent, the proof of Theorem 3.5 is similar to tha of Theorem
3.3 and the determination of the quantities in (3.23), (3.29 follows the calculations
in the proof of Theorem 1 in [8]. Therefore, we omit the detais. We only mention
that the function , in(3.23)satises ()= 5(2 sin2 )1+ o(1)), n!1 , which
indicates the similarity to the corresponding PlancherelRotach formula in [25, p. 201
(8.22.12)] for Hermite polynomials.

4. Thecase ,=n! aand ,=n! b

As already mentioned in the introduction, the special case blinear parameter se-
quences , = an+ , , = bn+ ,a b 0, has been dealt with extensively in
[3, 8]. Now, more generally, we impose condition (1.9) witha;b2 [0;1 ) both being
nite. In contrast to the preceding section, here, as in the ase of the classical Dar-
boux formulae (1.2), (1.3), we consider the nonrescaled Jabi polynomial Py " n)(z)
represented by (2.2). Again we apply the saddle point approknation via Lemma 2.1.

+
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Since the calculations are very similar to those in Section 3we only state the resulting
two theorems below. To this end, we modify the quantitiesry,, s,, w, (see (3.3), (3.4),
(3.9)) and introduce the notations

Coala 2 (a2 & @FDOF JOF JOF o o D

" 2n+ ,+ )2
4.1)
Ca(n D (e D44 FD(NT DT )F ot o D).
Sn = @2n+ .+ )2 '
4.2)
Wy = 2r z r”+25n+p(z )z ) (4.3)

the square root being chosen such that the cugz-plane Cy; s ; is mapped conformally
onto the exterior of the unit circle jw,j > 1. Obviously, we haver,, ! r,s, ! swhere
r, s are given by (1.7). Now we have

Theorem 4.1. Suppose that the real sequencés,), ( ) satisfy (1.9) with both limits
a, b being nite. If the function w, is de ned in (4:3), then for z 2 C.s; the Jacobi

polynomial P{ "' ") (z) satis es

1=2 =2
P( nin)(z)= Nt nt on (n+ )N+ o) ’
n 2 (n+1)(n+ ,+ , 1) (n+1)(n+ o+ o 1)
2n+ n+ g o Wh ’
N+ o+ o 1, - (+D)( n+ n)
n (n+ o+ n I(n+ 4)
2n+ a+ 4 a Wh ’
n+ o+ 1 i 1 ;
R Gt ares 1oy
Wnn+1
— 1 _____ 1+4+01); asn!l
(w2 ez 1T

Concerning the fractional powers and the uniform validity o Cj..s;, analogous prop-
erties hold as in Theorem 3.3,

Theorem 4.2. Suppose that the real sequencés,), ( ) satisfy (1.9) with both limits
a, b being nite. Further assume that 2 (0; ) is xed and the functions ,, a, are
de ned in (3.23), (3.24), respectively. If

(e D a(n D44 ED(NT MF F aF o Doos
X = ;
@2n+ ,+ n)2

then the right-hand side of (3.25) also serves as an asymptotic form for the Jacobi
polynomial P$ ™" ) (x).
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Arguing as in Section 3 from Theorem 4.1, we can derive the knen limit distribu-

tion of the zeros ofP,§ i n) under the assumptions on ,, , of this section [2, 7, 8,
29].
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