Methods and Applications of Analysis ¢ 1999 International Press
6 (2) 1999, pp. 147{164 ISSN 1073{2772

Transformation formulas for multivariable
basic hypergeometric series

T. H. Baker and P. J. Forrester

Dedicated to Dick Askey on the occasion of his 65th birthday

Abstract. We study multivariable (bilateral) basic hypergeometric s  eries asso-
ciated with (type A) Macdonald polynomials. We derive several transformation
and summation properties for such series, including analog ues of Heine's » 1
transformation, the g-Pfa -Kummer and Euler transformations, the g-Saalschstz
summation formula, and Sear's transformation for terminat  ing, balanced 4 3 se-
ries. For bilateral series, we rederive Kaneko's analogue o f the 1 1 summation
formula, and give multivariable extensions of Bailey's , » transformations.

1. Introduction

Multivariable basic hypergeometric series of the type studed in this paper were rst
introduced by Kaneko [16] and Macdonald [19]. They are de né as
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where all quantities are de ned in Section 1.1.

The q = 1 case had been studied previously by Yan [24] where severahportant
properties of the hypergeometric serieg,F4 were studied, including the Gauss §F 1)
and Kummer (1F1) summation formulas, and the Pfa -Kummer and Euler transfor-
mations, and integral representations were derived (see ab [22] for the Gauss formula
with respect to arbitrary root systems).

Kaneko [16] considered a generalized-Selberg integral dependent on parameters

He then showed that the basic hypergeometric series ;1 de ned by (1.1) was the
unique solution (satisfying certain properties) of such a gstem. Thus he was able
to derive an integral representation for this , ; series and hence give an alternative
proof of the g-Selberg integral [2] (see also [11, 12, 25]). He additiorlglderived the
g-analogue of the Gauss formula and another integral formulathe constant term ver-
sion of which was presented in [18, Theorem 4]. In a subsequework [14], Kaneko
introduced a multivariable analogue of the bilateral basichypergeometric serieg s+1
and derived an analogue of Ramanujan's 1 summation formula, along with a mul-
tivariable version of the Jacobi triple product identity (w hich is a limiting case; see
also [17]).

Independently, Macdonald, in his unpublished notes [19], arried out (among other
things) a program similar to Yan in the q= 1 case along with a multivariable version
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148 BAKER AND FORRESTER

of the Saalschdatz summation formula (the summation of a bahnced 3F, with unit
argument), while for general g, he derived the integral representation for the, 1
series andg-analogues of the Gauss and Saalschatz formulas.

The aim of the present work is to supplement some of the existig knowledge with
some new transformation and summation formulas in this mulfvariable setting (in-
cluding the g-analogue of the Pfa -Kummer transformation formulas, Heine's transfor-
mation formula for the , ; series, Sear's transformation for terminating, balanced, 3
series, and various summation and transformation formulador bilateral , , series),
as well as providing alternative derivations of known resuls. For a comprehensive
review of summation and transformation formulas for basic lypergeometric series in
the one-variable case, see Gasper and Rahman's book [7].

We note here that many of the summation and transformation famulas involving
multivariable basic hypergeometric series are only valid iaen the argument is special-
ized to zt :=(z;zt;zt?;:::;zt" 1) (the exceptions being theg-binomial theorem, the
Euler transformation of the , ; series, and the; 1 summation formula).

Finally, we point out that many of the formulas presented here can be derived in
the caseq = t (the Schur polynomial case) as special cases of the very geatformulas
of Milne and co-workers (see [21] and references therein)y érom those found in the
works of Krattenthaler, Gustafson, and Schlosser [8, 23]. B0, summation formulas
for hypergeometric systems associated with th&C root system have been considered
by Van Diejen [4] (see also [5]).

The plan of the paper is as follows. In Section 1.1, we set outhie basic facts
about Macdonald polynomials that we shall require. Section2 exhibits a multivari-
able extension of Heine's, 1 transformations. The Euler transformation is derived in
Section 3 from the de ning di erence equations for the , ; series. Section 4 treats
the g-Saalschatz formula, while the g-Pfa -Kummer transformation for , ; and Sear's
transformation for terminating, balanced 4 3 series are discussed in Section 5. Bi-
lateral series are studied in Section 6 where the ; summation formula is derived
using a shifted version of the multivariable Gauss summatio formula, and various
2 2 transformations are derived using two di erent methods.

1.1. Notations. The Macdonald polynomials P (x;q;t), X := (X1;:::;Xn) (often
abbreviated asP (x) or just P when the context is clear) are de ned as the unique
symmetric polynomials having the expansion

PX)=m (xX)+ c m (x)
<
(where < denotes the dominance order on partitions andn (x) denotes the monomial

symmetric function), which form an orthogonal basis of symnetric functions with
respect to the inner product

. 1
Higig = 5 CT. F(0g(x 1) ax(®) (1.2)
where C.T. stands for \the constant term of" in the case of Laue@ polynomials
or the corresponding contour integral otherwise,jq < 1, (u;Q); := i1:0 1 ud),
x Li=(xhx, 1), and

Yo (=X 01 (X =% 0
L (Xi=x0)1 (X =Xxi;q)1

qt(x) = 1.3)

1 i<
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We de ne the quantities

h = (1 qa(s)tl(s)+l ); ho — Y (1 qa(s)+l tl(s)) (1.4)
s2 s2
wherea(s)= ; j andlI(s) = ]-O i denote the arm-length and leg-length (that is,

the number of boxes to the right of and below, but not including s), respectively, of
the nodes = (i;j) in ttherrer‘s diagram of . The glgneralized shigedq—factorial is
givenby (a;q) :=t"C) T, (at' ';q) . Heren( )= (i 1) = ; X 1=
We require two fundamental results on Macdonald polynomias, both of which can be
found in [20]. They are the specialization formula

n-.
P (Lt::t" b= (th’q) (1.5)
and the normalization with respect to the inner product (2.1)
0 n.
P ;P gt = h—& hL; 2i g (1.6)

In the caset = ¢ where k is a positive integer, we have the explicit evaluation
[9, 11, 25]

: 1 Y (G Dk 1
hi; ligq« = — C.T. X) = : 1.7
W i <) oy @Dk (A pk a9
We note that in general
. 1 Y (9 (at Yo
hl;ligy = — C:T: gt(X) = - 1.8
“ 7l (%) i (a1 (gds 4o
where the product g (x) is expanded using theg-binomial theorem
X . .
(@Dn o _ (824, (1.9)

0 o (G Dn (z;0)1

The identity (1.8) can be proved by applying Ismail's argument as found in [10] using
the known result (1.7). Similarly, although the result (1.6) is derived in ref. [20] with
the restriction t = ¢, the nal result remains valid for general t (see the remark on
p. 372 of [20]).

Further, following Macdonald [20], for a partition , let u denote the evaluation
map on polynomials inn variables which setsx; = q 't" '. There are no nice expres-
sions foru (P ) except in the cases = 0 (since ug(P ) = P (L;t;:::;t" 1) given
above in (1.5) or more generally = (m") (since Umny(P ) = g"uo(P )). Nonethe-
less, there is a useful symmetry property foru (P ) in general, which reads

uP)_u(P),
Uo(P ) ug(P)
One of the fundamental results in the theory of basic hypergemetric series is the

summation formula for a ; ¢ series (1.9). This has the important multivariable gen-
eralization (see e.g., [16, Thm 3.5]):

a. _ Y (az;9): .
oo o (@sa

(1.10)

(1.11)
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which will often be of use below.

2. Heine's transformation formula
A fundamental transformation formula for , ; series is Heine's transformation formula

a;b, (b;0)1 (az; 0)1 c=bh;z
12 = b 2.1
S CT T PR @
The utility of this formula is two-fold: iterate it twice to g et the Euler transformation
formula (see (3.1)); setz = c=aband the , ; on the right-hand side of (2.1), becomes
1 o Which can be summed by theg-binomial theorem resulting in the Gauss summation
formula
a;b ¢ _ (c=aqg) (c=hq):

21 ) -

c’ab (c;a)1 (c=ahQ):
The multivariable version of Heine's formula is:

aib_, _ Y (bt ;0 (azt" ;) c=b;zf 1
2t P T e ar @ Gy 2t ez b

bt "t (2.2)

Cc

zt" 1)). The proof of this identity follows in the same manner as the one-variable
case, with the aid of the symmetry property (1.10). To see ths, rst note that setting
z, = bt 'q' and a= c=bin the g-binomial theorem (1.11) yields

Y (et 'qi;9)1 _ X (c=hq)

A CORERET P 5 — (bt MY Tu(P): (2.3)
Thus
- i ETTTLEC RIS
= I\nl ESS :g))i X (@ q)héf;bq) Z (bt ") Tug(P Yu (P)
= .\nl ((bcttl1 ii;;q(;)l1 (E':\Zz;” i‘;; q(;)11 X (C?:Z?” (f;t;) 1r;] ;1) (bt ™I Tug(P )

which gives the result. Here we have used (2.3), (1.10), and2(3), respectively.

As mentioned above, upon settingz = c=abf' 1, the right-hand side of (2.2) reduces
to a 1 o which can be summed through theg-binomial theorem giving the Gauss
formula

ab ¢ Y (et i=hq); (ctr '=ag);
c'aptt W~ (ct! T=ahq) (ct! ;g

2 1 (2.4)

Also, we can iterate (2.2) twice and obtain a version of Eulels transformation which
is valid for the variables zt . In fact, we shall see in the next section that there exists a
multivariable version of the Euler transformation, which is true for general argument
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3. Euler transformation

In the theory of the one-variable g-hypergeometric function , 1, the Euler transfor-
mation reads
a;b  _ (abx=¢Q): c=ajc=b ,
21 o> —W21 c ;abx=c : (3.1)
This transformation generalizes naturally to the n-variable case.
Proposition 3.1.  With , ; de ned by (1.1), we have

a:b Y' (abz=c q); c=a;c=b
'z = —_ ' Tabz=c : 3.2
21 . . @9 21 c (3.2)
The n-variable Euler transformation (3.2) can be proved by usinga theorem of
Kaneko [16, Thm. 4.12] which characterizes ; as the unique solution of a system of

g-di erence equations. To state these equations, let; denote the g-shift operator for

the variable z; so that if (z1;:::;2z0) = f(z1;:::;07;:::;2zn), write
Y i
Ai(z;t) = Z 2 ;
Zi 7
1=1
16

and de ne the g-derivative by
@ _@ ) .
@ (1 oz
Theorem 3.2 (Kaneko). The multivariable basicg-hypergeometric series, ; a(;:b;z
as de ned by (1.1) is the unique solution of the system ofy-di erence equations®

X
zi(c abqgz) i(Ai(Z;t))@;SZ +(1 1) zz(c abz) (A (Z1) @?ézj

@z o 9%t
i6i
1 n 1 n 1 : QS
t e TG 1 a@ bt (t abg z; az
1 i(Az) @s X z(c abz) , . @S
(c aqu)@Zi L@ i(Aj(z:1) 2

th 1 ¢

1t
+

1 q 1t
1 a@r bt"?

R S=0; i=1;::0m (3.4)

analytic at the origin with S(0) =1.

In light of Theorem 3.2, the Euler transformation (3.2) can be proved by verifying
that the substitution
o= " (abz=c Q)
o (@5

1This is (2.26) of [16] with the factor (1 ) in the second term corrected to read (1 t).
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into the g-di erence equation (3.4) implies that U satis es the sameqg-di erence equa-
tion (3.4) with the replacements

a7l g; b7! E; c7lc 77! % (3.5)

To perform this task, we will require the g-di erentiation product rule

@ )_ @
as @z (I)@ (3.6)

as well as the special summation formula [16, egn.(2.11)]

X Z Aj(z;t) _ Ai(z;t) t" L
tz; z - 1 t '

(3.7)
j=1
i6i

Proof of Proposition 3.1. Let us now give some details of the required calculation.
With

(ab2=G Q)1 . oo (ADFZ=C )1

Pi= (z;91 Y (zson

straightforward use of (3.3) and (3.6) shows that

@ o (RU)= T abaz=gPfU +( 2)( aquzc)PP"%; (3.8)
@ (1 ab=9(l aba=p gy (1 ab=)(l 2)_,@U
@Z(P.U) (1 2 PoU + ' Pi°°@

)P°°§ Y@ 2)a qz)ng . 39)

Double use of (3.8) allows us to write down a similar formula ér

@

7@& @Zj (Pi Pj U)Z

Qn

Next we use these formulas to rewrite the derivatives in (3.3with S=( ~;_; Pi)U,
and proceed to collect together terms so that the essentialtaucture of (3.4) is main-
tained. Thus, for example, we must collect together all terns proportional to U,
and show that, apart from a common factor (which is eventually canceled out), the
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coe cient of S in (3.4), with the substitutions (3.5), results. These terms are

(1_abgz=g Y
a9
|

6i

P P2cz i(Ai(z;t))(1 ab=9(1 abg=9

X,
+(1 el ab=9%z7 —2— (A (z;1)
(=1 Z th
i6i

n 0
+(1 ab=9 t" ! ¢+ (1 a@d bBt"! (" ! abg z

1 iA@Y Xy
+(1 @I ab=9 11 (c abqz) Cj:1 P i(Aj(z:1)
i6i
1 a@ bt" @ abz=9 : (3.10)
Noting that
X 7 7
—— (A ()= L_A(zZ) ;
o9zt Lo g
i8i j6i

we see that the summation can be evaluated according to (3.7)The expression (3.10)
then greatly simpli es, reducing down to

Y 1 =9(1 b=0t" 1
(1 abgz=9(1 z) |1P| poo | ag( = 9

181

(3.11)

The factor in the curly brackets is precisely what is requiral to obtain (3.4) with the
replacements (3.5).

Similar calculations to simplify the terms proportional to the g-derivatives show
that the precise g-di erence equation (3.4) results with S = U and the replacements
(3.5); the term in the parenthesis in (3.11) is a common facto which cancels out. O

4. g-Saalschutz summation formula

A summation formula for basic hypergeometric series used inmany contexts is the
sum of a terminating, balanceds; , series -Saalschsatz formula)

q Mibje  _ (e=ho)n(e=Ga)n .
° 2 ed Nbe=e' T (e;gn (e=heq)n
This formula follows directly by comparing coe cients of zN on both sides of the
Euler transformation formula (4.1) (the products being expanded with the g-binomial
theorem). This can be generalized to a multi-variable setthg following the proof of
Macdonald [19] in the g = 1 case. First, we need some preliminary results.
Given a partition oflength () n,let " be the complement of in the rectangle
(N™). That is, N=N n+1 i. Then it follows from the various de nitions that

(& A (nny .
(a)y it gt N=aq)

(a; )~ = t" ) g 9 (N Djj 4.1)
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Next, let f (q;t) denote the coe cient of P in the expansion of P P . The
following result is due to Macdonald [19], but we include theproof for completeness.

Lemma 4.1. We have
PP iy (t";0) h°

f(N )(qvt): hl,1|k nE (qtn l'q) h ~l (42)

Proof. Writing jXj:= X1  Xu, rstnote that
Pr(x)= jxiNP (x 1) (4.3)

which follows from the characterization of the Macdonald pdynomials explained in
Section 1.1 (clearly both sides of the above equation have deling-order term ma(x)
and alsohixjN P (x 1);jxjNP (x Dix = WP ;P iy, yielding the requisite orthogonal-
ity; see also [5] on this point). It thus follows from (4.3) that

P (x);P (x)ik )rf’ (X)P (x 1);%ix = P (X)PA(X);ixjNik
fA(@; )P (X);Pnny(X)ik = f(';‘n)(Q;t)hl; Lig:

The result now follows from the orthogonality of Macdonald polynomials and the
expression (2.5) for their normalization. O

The last ingredient needed is the following expression foh® due to Kaneko [17]:

Y 1 Y (g i Y9
0 — . \N ’ 1 .
B T S T CERE T PR
from which one obtains a relation we shall need presently, naely,
h? L o o (qtn l.q)
= i itn( ) n(N" ) gn( ) Njj V(N
po = “ @%g @ tg &

Beginning with the Euler transformation formula (3.2), expand the products oc-
curring there with the g-binomial theorem and compare coe cients of P (z) on both
sides to obtain

(@0 (b9 _ X (c=aq) (c=hq) (ab=cq) ab '’
CT I (c;q) hoho c

f(a:1): (4.6)

The point here is that, in the case when = (N"), the sum on the right-hand side
can be expressed as a balanced , series (the series s in (1.1) is said to be balanced

ifag aqt" !=1b b). Indeed, after using the expression (4.2) forf (N") and
expressing all quantities labeled by “in terms of those of by means of (4.1) and
(4.5), the resulting sum over can be simpli ed to yield

@dnny@dNn q N:c=aic=b
(Cahnn)(ab=ca)(nn) 32 cieth gt N=ab

which is a multivariable version of the g-Saalschatz formula.
Note that by taking the limit a! 0 in (4.6) and using the fact that

qt 4.7)

i 06D i 9.
lim T—( 1) Iq ;

x!1



+

FORMULAS FOR HYPERGEOMETRIC SERIES 155

we have (after shifting b 7! c=h

(co h°
which is a generalization of the Chu-Vandermonde formula (specially in the case

= (N™) when the right-hand side can be expressed as a terminating ;) that we
shall need subsequently.

I

nOgo_ B f(a;); (4.8)

¢
(c;g hoho b

5. Other transformation formulae

One of the simplest transformations where the simplen = 1 proof must be rethought
is the Pfa -Kummer transformation

ab_ _ (az;0)1 a;c=b )
21 2 = Za, 2° C;az’bz ; (5.1)
This is a g-analogue of the classical relation
ab_ _ a ac b z
2F1 "z =1 2) R c 7 1° (5.2)

Indeed, it can be shown, using the;F; integral representation [19] or the de ning set
of m partial di erential equations [15, 24], that the multivari able analogue of (5.2)
holds in its full generality:
ab_ _ Y N a ac b z
2F1 ¢ 2 —i_l(l z) “2F1 c 7 1
This is not possible in the multivariable version of (5.1); however, for the restricted ar-
gument zt , such a formula can be derived via a suitable modi cation of he argument
in [7].
The key step is to establish the identity

Y o(azt" gn (a0
i (2" Loy (azt Yo

for then it follows, from the Chu-Vandermonde formula (4.8), that

X : .
u(P )= ) X >_(a;1‘g’ u(P)zZ 'f ; (5.3)

a;b
' Z
c

2 1 Co= (g O b0 (ERD @A e

(c;q) ho  h°

Y (azt" ;o). a;c=b

L @ nas 22 caze BPP &4

which is the multi-variable version of the Pfa -Kummer tran sformation formula. It
thus remains to prove (5.3). This identity is, in fact, a spedal case of the more general
identity:

Lemma 5.1.
X (ca) 21 (aq) X IP (1) .
po G @Y

Y (czxt" ';q)p (azxt" ')y (ax; q)
- (bt T;0)1 (zxt" ;01 (azxt" 1)

xIP (t)
i=1
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provided b= aczxt" 1.

Proof. Let S denote the summation side of the above equation. Note that fom the
de nition of the generalized g-factorials and the g-binomial theorem, we can write

(&g _ Y (at! ;91 X (b=aq)
(o)~ (bth a) ho
It follows that
_ V@t g X (g 2
) PR G F h

(at* ") lu (P (w):

(q;t)x I(att M) ,—@ P(t)u (P (w)

(5.5)

where we also have used the symmetry property (1.10) for Maazhald polynomials.
Now, from the de nition of the coecients f (q;t) and the g-binomial theorem, it
also follows that

X . i Y -
COZL @ox lu (P wy=u (WD

i :
ho iy (Zxwiig)s xR (w)

Using this result in (5.5) gives
_ Y (att g (c2xt" 'ig)
= - (btl i;CI)1 (thn i;q)1
X (at! ") i(b=aq) (zxt" %;0q)
ho(czxt™ 1;q)
_ Y (att g (c2xt” 'ia)s
= - (btl i;CI)1 (thn i;q)1

X (b=gq) (zxt" ;q)
hO(czxtn 1;q)

S

X} IP (t)u (P (w)

x 1P (1)

(at* " iu (P (w)); (5.6)

where again, we have used the symmetry property (1.10). Theracial point now is
that if b= aczxt" !, then the sum over can be carried out using theg-binomial
theorem again, i.e.,

X (zxt" *;0)
u 7*']0

_ Y (azxt" Ggp (a0
- (at! ;q); (azxt" 1;q)

Using this in (5.6) gives the required result. O

P (at® "w)
i=1

Remark 1. When = 0, this identity reduces to the Gauss formula (2.4), and thus
can be considered a \shifted" version of the Gauss theorem.

Remark 2. The identity (5.3) is simply the caseb= c=0, x =1 of the above lemma.

5.1. Sear's 4 3 transformation. A nal application of the g-Saalschatz formulas
(4.6) and (4.7) is in deriving a multivariable analogue of Sar's transformation of a
terminating, balanced 4 3 series (see [7, eq. (3.2.1)]. Following the proof given in [7
Ex. 2.4], it su ces to write the product of two specic , 1 series in two di erent ways
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and compare coe cients of the Macdonald polynomial P(yy(z) in each case. Indeed,
the coe cient of P(yn)(2) in the product

p = ab d;e . abz
21 ¢'% 21 apde=t ¢

can be seen to be

(a;q)(Nn)(b;q)(Nn) ol N;tn 1q1 N ¢ 1;d;e gt (57)
(C;Q)(Nn)h?Nn) 43 0 Igt Ng 1:qn Igt Np 1;abde=<‘:q :

where one must use the expression ficfr (M n)(q; t) given in (4.2), along with (4.1) and
(4.5). On the other hand, we have by Euler's transformation (3.2):

¥ (Zi ; q)l abe=c: abd=c ab
P=  (bitcqs 2 ' abdemc £ 21 ¢ 68)

Expanding this using the g-binomial theorem and then examining the coe cient of
Pnny(2), it follows from use of (4.1), (4.2), (4.5) and (4.6) that the coe cient of
P(nny(2) in (5.8) is

ab ™ (c=ann(c=h ) g N;t" gt Nc !;abe=c;abd=c .
c CAnmhyay % t" gt Nac Lt" gt Nbe *abde=t

qt
(5.9)

Comparing (5.7) and (5.9) yields the multivariable analogue of Sear's transformation

q N:t" gt Nc L:de gt = ab "™
43 qn 1gl Ng Lgn 1gl Np 1apde=tdt = ¢
(c=a q)nny(c=ha)(nn) q N:t" gt Nc !;abe=c;abd=c .

t : (5.10
@ Doy (B Dnr) 4 3 qn 1gl Ngc L.qn 1gt Npg 1- abde=¢Y (5.10)
6. Bilateral series

We now turn our attention to bilateral basic hypergeometric series. The key point is
that by using the following property of the Macdonald polynomials [20]

Xji2P (X) = P +a(X); a2z jXj = X1 Xn; (6.1)
where +a:=( 1+ a;:::; 5+ a), one can de ne Macdonald polynomials for all
n-tuples with ; 2 n Where ; 2 Z, namely, if , < 0, thenP (x) =

iXj P, (x). Denote the set of such partitions asP and those with nonnegative
entries asP. .

It also follows from (6.1) and the de nition of the inner prod uct on the space of
Macdonald polynomials that, for any 2 P, and any a, we have hixj2P ;P iy =
P ;jxj 2P ik, and it follows that we can extend the de nition of the inner p roduct
to polynomials P for all 2 P, and that they remain orthogonal, i.e.,

hP P ik = hP P N ik .

n?

+
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Following Kaneko [14], de ne the multivariable bilateral h ypergeometric series by

a7 (bt N (49

© btk T (af Lo (Ba)s
4§ ( 1y i T L) (aya)  (arg)

o (bt" a) (b;q)  (bs;q) h°

P (2): (6.2)

For , < 0, the above factorial symbols &) must be interpreted according to
(a;q) =t (D v 7("’“1 i;_q)l -
’ i, (@gitt gy

and h° is interpreted according to (4.4).

6.1. Kaneko's ; 3 summation formula. In [14], Kaneko gave a simple argument
for the summation of a; i series, following Ismail's argument for the one-variable
case [10]. Here, we give an alternative proof following Andrw's argument in the
one-variable case [1] which uses the Gauss theorem.

Theorem 6.1 (Kaneko). For jb=g < jxjj< 1forall i =1;:::;n, we have

a  _ " (a9 (a=ax;Qa (bt *=aq)s (G 6.3)
Pt T (o (brax:i g (af =ad) (g '

Proof. We have from the g-binomial theorem that
Y oraxiay a7 (bt Nas (G0
., (@=ax;0)1 b i, (@t 1)1 (brg)y

X (b=qq) qii (qt" %q
hO a (bt" 1:g) hO

P (x HP (x):

2P 4
2P

We need to expandP (x )P (x) in terms of Macdonald polynomials. Suppose

X
P (x YHP (x)= d P (x):
2P
From the orthogonality of fP g 2p , we have that
P (xX);P  (Xikd =H (x);P (x HP (X)ik
P (P (x)P (X

Since both and n2P.,thend isnonzeroonlyforall such that n2P..

Thus,

g =P P i o, M b e @ Yo L,
WP P ik " h R (@t Lo (g "

+
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Thus, we have
Yo (b=ax;ds (BAy A
-y (@=ax;0)1 (g0)1 b
_ Yt B9 X h (@ Y9
P CTIET P LR (LH

"B P (x) (6.4)

where

_ Y (bgt" 9 , X X (b=qq q il
i=1 (aqntl I;q) n 2P + S.t. hO a
n2P .

(bfiqt;;?q)n P.M)f @Y

We now observe that we can use Lemma 5.1 to sum the above expsisn, yielding

B _ Y (bgrt” g (bt zaqs (gt gs  (agniq)
i=1 (aqntl I’q) n(qtl 1;q)1 (qtn i:a;q)l (q n+1tn l,q) .

Clearly B =0 when , < 0. Inthe cases when, 0 (i.e., 2P.), it follows after
some manipulations that

_ Y (ot *=agn (gt o h (N9, (29
i (at =30y (bt Ly h o (g tg , hO T

Substituting back into (6.4) and using the g-binomial theorem gives the result. O

P (t):

6.2. o o transformations.  Our nal application of the theory of Macdonald poly-
nomials will be to transformation and summation formulas for bilateral , » series.
We begin with the following important result of Kadell and Ka neko [13, 16, 18] which
is equivalent to the ; ; summation theorem given above.

Theorem 6.2. Given a partiton 2P, let

¥
A (@b:=C:T: P (x) (Xi;Qa(@=%;0b «(X)
i=1
where (x) is the Macdonald weight function given in(2:2) with t = ¢¢, k a positive
integer, and a, b are arbitrary complex numbers. Then

A (a;b) = gt i Y (ql:a'ii. l:Q)llfqal:bbtii 11.: )1 1(+(11 :i ql).
., (at o) (g th L)y (gath Lo

We remark that here there is nothing essential about the restiction t = ¢¢ in
Theorem 7.2; the result remains valid for generalt provided C.T. is interpreted as an
appropriate contour integral.

The connection with the ; ; formula is as follows: suppose

P (t )hL; Ligq:

W X
(Xi;Da(0=%:;Dp= ¢ (a; P (x 1): (6.5)

i=1 2P
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It follows from the orthogonality of Macdonald polynomials that ¢ (a;b) = A (a;b=
P ;P iy, with A (a;b)given asin Theorem 6.2. Now, the transformationx; ! q Y=x

certainly doesn't a ect the constant term of the expressionappearing in Theorem 6.2.
Thus

\'d o
CT. P(x 1) (g "=x:;0a(d""%i;0 «(x) =g TA (&°%b): (6.6)
i=1
As above, it follows that if

4 X
(@ “=xi; QPao(d™ “xi; Qo = @) P (x); (6.7)

i=1 2P

then (@%b = gl 1A (@%B)=hP ;P ix. De ne

Yl
| (a;b; ;% u) :=C.T. (Xi5 Da(a=%; Du(q “=%i; Dao(d ™ Xi; Yo k(X) : (6.8)

i=1
It follows from (6.5) and (6.7) that
X
I (a;b; &% u) = ¢ (a;bC@%AP ;P iy
2P
Y @3 (@ Lo (@t o) (@Y L)
- . (q;0): (qf 1;0); (gita+bti 1), (q1+a0+b0ti 1)1

b.y b°
q-q . bt D%4+2 .
2 2 q1+ a; q1+ aotn 11 q + b +2+ Ut : (6.9)

hl; 1i q;0%

We now note that there are a couple of values ofi for which we can derive an alter-
native expression forl (a; b; & b% u).

The case u=a 1. In this caée, note that (Xj; @)a(Q?Xi; Qe = ( Xi; Qa+ . Using the
g-binomial theorem to expand ~;(q “=x;;0)a0 and inserting in (6.8), we have

X (q aOiQ) (a°+1 a)' i Y] 1
| = —o 4 TICT. (X5 Qar (=% AoP (X %) k()
2P, i=1
Y (Pt 1:q), (q1+a+b°ti L)y . q a°.q a 1’ 14 2% b
= - (qti l;Q)l (q1+ a+ b+ blyi l;q)l h; Tikz 1 q1+ bgn 1 g 2 t (6'10)
where we have used (6.6) withu = 1. Comparing (6.10) with the u = a 1 case
of (6.9) gives (upon setting 1= q° ,=q", 3= "2 and 4= ¢*?) the

transformation formula
.1:tnz . 3 ¢
3 4 12

_ Yo (g (st = g50)1 (att 1= 25001 (st 1= 5;q)
i Caaa (st Ba)o (gt 1= 250)1 ((st' 1= 1 2,0

q‘qtﬁ’ qu‘l 3. —‘z‘t : (6.11)

2 2

2 1
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Note that when 3 = q i1, the » 1 appearing in the above equation can be summed
by the Gauss formula (2.4) yielding the summation formula

o2 L d Yo (g (qf L)1 (g ot =201 (at' 1= 400

PPan "M T (@ ndn (o 5 (af = 50 (9 = 0
(6.12)

The case u= 1. Note from the de nition (6.8) that

[(a;b;d b 1)= 1 (" b;da; 1)=1(a;a%b; 8 1):
Taking, for example, the rst of these relations, and using the equivalent expressions
given by (6.9) gives the following transformation formula:

o2 . 9
2 2 R
3 4 12
= v (@= 2,1 (st 501 ( at' 1= 2501 (st 1= 4500
o (a1 (gt = 2001 (Ot =1 2;0)1 ( 3 at' '=qQ)

. na s pt (6.13)

t

6.3. The g! 1 Ilimit. One of the curious features of the bilateral basic series »

is that there appears to be no analogue of the Gauss summatiofor the , ; series,
whereas in theq = 1 case, the bilateral ;H, series with unit argument indeed can be
summed [6]. Let us now show that this behavior carries over inthe multivariable case.

We begin by de ning the limit as g tends to one from below of the bilateral series
rs+1, Namely,

b, Asna Y@+ k(i 1)(b
T bbbt T (bt k(i 1))
X (+k(n 1) () (&)
p Bk D) (b)) () &

Here P (x;k) is the Jack polynomial (normalized so that the coe cient of the mono-
mial symmetric fur@tion m (x) is unity), the generalized Pochhammer symbols are
dened by (a) = “;(a+ k(1 1)), \eﬂ'th (a), ;= a(a+1l) (a+n 1) being the
usual Pochhammer symbol, andd® := ~_, (a(a)+ 1+ ki(s)) which is the limit as g
tends to one from below ofh® de ned in (2.3).

It follows from (6.9) that

lim 1 (a;b; & % u)
q 1

P (x;k): (6.14)

Y @+ k(i 1)@+ a+b+k(i 1)L+ a%+ P+ k(i 1))
T, @+ @@+ brk(i D)@+ Pk 1)+ a+ k(i 1)

(kn)! b, B

.1qNn
ik 2H2 1e a1+ 04 k(n 1)t
where we have used the fact that
. s _ 1 (kn)!,
qlllnj? hl, 1|q;qk - mw,
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which follows from (1.7).

The crucial point now is that in the limit q! 1 , we can combine the quantitiesa
and B (respectively, a° and b) in the de nition of 1 (a;b; & b%u) in (6.8), so that

lim I(a;b;&B%u) = lim Aq(a+ b*a’+ b)
q 1 q 1

kn)t Y @+ k(i 1)@+ a+a+ b+ P+k(i 1)
Tk @+ a+ Bk 1)@+ a+ br k(i 1)

From these two equations, we have the summation formula
1+ a;1+a%+ k(n 1)

oy (1+ a)(1+ a+ a+ b+ P+ k(i 1))
- . (A+ a+ b+ k(i 1)@+ a%+ P+ k(i 1)

Yo @+ b+ k(i 1)@+ P+k(i 1)@+ a+ k(i 1)

2H>

. - 6.15
- A+ a+ P+ k(i 1)@+ a%+ b+ k(i 1) ( )
which certainly reduces to Dougall's result [6] whenn = 1.
6.4. Bailey's , , transformations. In this nal section, we shall derive multivari-
able analogues of Bailey's general transformations fop , series [3]. First, given a
general partiton 2P,dene R := n,  n 1;:::; 1) It follows from (4.3)
(which can easily be seen to hold for all partitons 2 P) and (6.1) that
P «(2)=P (z 1) for 2P: (6.16)
It also follows from the de nitions that
(9=9' i) (@t La) & _ o At Lo
. X = =t P2 . 6.17
(2:9) Gt =g R . (617)

The proof follows [3]: from the; ; summation formula (6.3), it follows that

] at’

11 wazZ 1 1 CO'Z

_ Y (et *=hg); (X '=afg); (qf = q): (qf '=abq),
i, (@t '=hqg); (gt '=atfg) (X' =P g); (ct' '=ahaq)

ol ab
11 88211 2 (6.18)

We now need to compare the constant terms on each side. Certaly, the prod-
uct P (z) P (2) only has a constant term if = R and that constant term is
hP ;P iyx=hl; lix. If we now use this fact to write down the constant terms in eah
side of (6.18)), using the simpli cations (6.17) and changhg parameters, we end up
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with the transformation

2 2 .l;tnz 1; 2t
3 4
_ Yot = g)n (ot 1= 25001 (22t L) (g att t= 1 2z;90
@t t=a5a)n (ath Bo)g (2t Yoy (3 at' t= 1 2zi0)
Y (st Y01 (9= 29 0= 22;0=3 . 3,
o1 Ot = 2591 (591 - 2 O= gt T 4= 7

Following [3], we can rewrite this using the identity

ab_ _ Y (et Y01 (9=a ) g=c; qf l=d_C_dZ 1
22 cd® T (@ (af =aq; © ? g=agf '=bac”

which follows from making the substitution ! R in the de nition of the ,
series and simplifying using (6.17). The nal result is thus

_ ¥ (st L9 ( s_ti 1= 01 ( 4_ti 1= 501
o Csa (gt =101 (4t" 10

Yo (2291 (q ot =1 2z;00 2 1 22= 4, at" !

oy @ B (s ot =1 2z0) S - L

We remark here that the transformations appearing in previaus section (6.11), (6.13)
are special cases of the transformation (6.19).

1, 2 .

3; at” 12t

t : (6.19)
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