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TRANSFORMATION FORMULAS FOR MULTIVARIABLE
BASIC HYPERGEOMETRIC SERIES

T. H. Baker and P. J. Forrester

Dedicated to Dick Askey on the occasion of his 65th birthday

ABSTRACT. We study multivariable (bilateral) basic hypergeometric series asso-
ciated with (type A) Macdonald polynomials. We derive several transformation
and summation properties for such series, including analogues of Heine’s 2¢1
transformation, the ¢-Pfaff-Kummer and Euler transformations, the g-Saalschiitz
summation formula, and Sear’s transformation for terminating, balanced 4¢3 se-
ries. For bilateral series, we rederive Kaneko’s analogue of the 111 summation
formula, and give multivariable extensions of Bailey’s 212 transformations.

1. Introduction

Multivariable basic hypergeometric series of the type studied in this paper were first
introduced by Kaneko [16] and Macdonald [19]. They are defined as

aiy...,0p, L Al n(\) s+1—r (al;Q))\"'(ar;Q))\ '
» Ps 12| = -1 Py(z;q,t) (1.1
{bl""’bs } z,\:(( ) ) (b @)~~~ (bs; @Ay A(z0,8) (11)

where all quantities are defined in Section 1.1.

The ¢ = 1 case had been studied previously by Yan [24] where several important
properties of the hypergeometric series ,F, were studied, including the Gauss (2F1)
and Kummer (; ;) summation formulas, and the Pfaff-Kummer and Euler transfor-
mations, and integral representations were derived (see also [22] for the Gauss formula
with respect to arbitrary root systems).

Kaneko [16] considered a generalized ¢-Selberg integral dependent on parameters
T1,...,Ty and derived a set of m g-difference equations satisfied by such an integral.
He then showed that the basic hypergeometric series o®; defined by (1.1) was the
unique solution (satisfying certain properties) of such a system. Thus he was able
to derive an integral representation for this o®; series and hence give an alternative
proof of the ¢-Selberg integral [2] (see also [11, 12, 25]). He additionally derived the
g-analogue of the Gauss formula and another integral formula, the constant term ver-
sion of which was presented in [18, Theorem 4]. In a subsequent work [14], Kaneko
introduced a multivariable analogue of the bilateral basic hypergeometric series W, 1
and derived an analogue of Ramanujan’s 141 summation formula, along with a mul-
tivariable version of the Jacobi triple product identity (which is a limiting case; see
also [17]).

Independently, Macdonald, in his unpublished notes [19], carried out (among other
things) a program similar to Yan in the ¢ = 1 case along with a multivariable version
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148 BAKER AND FORRESTER

of the Saalschiitz summation formula (the summation of a balanced 3F2 with unit
argument), while for general ¢, he derived the integral representation for the o®;
series and g-analogues of the Gauss and Saalschiitz formulas.

The aim of the present work is to supplement some of the existing knowledge with
some new transformation and summation formulas in this multivariable setting (in-
cluding the g-analogue of the Pfaff-Kummer transformation formulas, Heine’s transfor-
mation formula for the o ®; series, Sear’s transformation for terminating, balanced 4®3
series, and various summation and transformation formulas for bilateral oWy series),
as well as providing alternative derivations of known results. For a comprehensive
review of summation and transformation formulas for basic hypergeometric series in
the one-variable case, see Gasper and Rahman’s book [7].

We note here that many of the summation and transformation formulas involving
multivariable basic hypergeometric series are only valid when the argument is special-
ized to #t% := (2,2t 2t%, ..., 2t""1) (the exceptions being the g-binomial theorem, the
Euler transformation of the o®; series, and the ; U7 summation formula).

Finally, we point out that many of the formulas presented here can be derived in
the case ¢ = t (the Schur polynomial case) as special cases of the very general formulas
of Milne and co-workers (see [21] and references therein), or from those found in the
works of Krattenthaler, Gustafson, and Schlosser [8, 23]. Also, summation formulas
for hypergeometric systems associated with the BC root system have been considered
by Van Diejen [4] (see also [5]).

The plan of the paper is as follows. In Section 1.1, we set out the basic facts
about Macdonald polynomials that we shall require. Section 2 exhibits a multivari-
able extension of Heine’s ¢ transformations. The Euler transformation is derived in
Section 3 from the defining difference equations for the o®; series. Section 4 treats
the ¢g-Saalschiitz formula, while the g-Pfaff-Kummer transformation for o ®; and Sear’s
transformation for terminating, balanced 4®3 series are discussed in Section 5. Bi-
lateral series are studied in Section 6 where the ;¥; summation formula is derived
using a shifted version of the multivariable Gauss summation formula, and various
oW5 transformations are derived using two different methods.

1.1. Notations. The Macdonald polynomials Py(x;q,t), = (z1,...,2,) (often
abbreviated as Py(z) or just Py when the context is clear) are defined as the unique
symmetric polynomials having the expansion

Py(x) = ma(z) + Y cxumpu(@)
pn<A
(where < denotes the dominance order on partitions and my(z) denotes the monomial
symmetric function), which form an orthogonal basis of symmetric functions with
respect to the inner product

()0 = o O (@) gla™) A () (12)

where C.T. stands for “the constant term of” in the case of Laurent polynomials
or the corresponding contour integral otherwise, |q| < 1, (4;¢)o0 = [[1oo(1 — ug’),

xl = (z7t, .. 2 t), and

Apl) = [ (@i/ 253 @)oo (/213 Q)0 (1.3)

(tzi /255 q) oo (t25/Ti5 @) o

1<i<j<n
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We define the quantities
NS | (CRPECIICE R A ) (SRR (1.4)
SEA SEA
where a(s) = A; — j and I(s) = A} — i denote the arm-length and leg-length (that is,
the number of boxes to the right of and below, but not including s), respectively, of
the node s = (4, 4) in the Ferrer’s diagram of A. The generalized shifted g-factorial is

given by (a; ) = "M [[I_, (at' "% q)x,. Heren(\) = 3,(i— 1)\ = NN —1)/2.
We require two fundamental results on Macdonald polynomials, both of which can be
found in [20]. They are the specialization formula

Py(1,t,..., ") = L};q” (1.5)
A

and the normalization with respect to the inner product (2.1)

Ry (")
IO g gy 1.6
N (qt"‘l;q)A < >(17t ( )

In the case t = ¢* where k is a positive integer, we have the explicit evaluation
[9, 11, 25]

(Pr,Pr)gt =

(¢; Q)ir—1

1 n
L)t = — CT.Ag(z) = : 1.7
b bae =51 () S @Dk @) - (1)
We note that in general
n tl :
(11)ge = - OT. Ayl H q S 9o (18)
e} oo (45 @)oo

where the product A, ;(x) is expanded using the g-binomial theorem

(@;@n ,  (02,¢)c
nzzo (6 O)n =T (2;@) 00 (1.9)

The identity (1.8) can be proved by applying Ismail’s argument as found in [10] using
the known result (1.7). Similarly, although the result (1.6) is derived in ref. [20] with
the restriction ¢ = ¢*, the final result remains valid for general ¢ (see the remark on
p. 372 of [20]).

Further, following Macdonald [20], for a partition A, let uy denote the evaluation
map on polynomials in n variables which sets 2; = ¢*t" . There are no nice expres-
sions for uy(P,) except in the cases A = 0 (since ug(P,) = P,(1,t,...,t""!) given
above in (1.5) or more generally A = (m") (since u(y,n)(Py) = ¢™uo(F,)). Nonethe-
less, there is a useful symmetry property for u,(P,) in general, which reads

ux(Py) _ UM(PX)' (1.10)
uo(Fy)  uo(Pr)

One of the fundamental results in the theory of basic hypergeometric series is the
summation formula for a ;¢ series (1.9). This has the important multivariable gen-
eralization (see e.g., [16, Thm 3.5]):

1@ [fz] —ﬁw, (1.11)
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which will often be of use below.

2. Heine’s transformation formula

A fundamental transformation formula for ¢, series is Heine’s transformation formula

s [1] - e ] o

¢ (€ @)oo (25 @)oo az
The utility of this formula is two-fold: iterate it twice to get the Euler transformation
formula (see (3.1)); set z = ¢/ab and the 2¢1 on the right-hand side of (2.1), becomes

1¢0 which can be summed by the ¢g-binomial theorem resulting in the Gauss summation
formula

P LN i LV CTAT S
291 e ab (¢; @) oo(c/ab; @)oo
The multivariable version of Heine’s formula is:
ab. s (0t @)oo (a2t @)oo /b, AL
® A= ; @ Loty 2.2
? 1{ } H (et @)oo (2" 7% @) o 2EL gagn—l o (2.2)

i=1

(as mentioned in the introduction, the notation 2t stands for the argument (z, zt, . . .,
2t"~1)). The proof of this identity follows in the same manner as the one-variable
case, with the aid of the symmetry property (1.10). To see this, first note that setting
z; = bt'~'¢* and a = ¢/b in the g-binomial theorem (1.11) yields

H M _ Z (c/b;q)u (bt =)y (P). (2.3)

(bt ~1g*; q) oo K,
Thus
2 ® [a,cb;zté} ﬁgii :a ;:Z A () D\IZ c/b Qu £ (bl (P
HEZl :’ ;OOZ @ thz//b @ 2Bt ™) g (P )y, (Py)
( )oo

n btl—i7q azt ,q 00 C/b q tn— ,q) e
:H (Ctl_i;q) tn Z Z aztn 1 h/ (bt )‘H‘UO(P;L)

which gives the result. Here we have used (2.3), (1.10), and (2.3), respectively.

As mentioned above, upon setting z = ¢/abt™ 1, the right-hand side of (2.2) reduces
to a 1P which can be summed through the ¢-binomial theorem giving the Gauss
formula

o, {a,b' ¢ 5] B ﬁ (ct! /b @)oo (et /a: @)oo (2.4)

c’abtn=1" | b (ct1=/ab; q) oo (ct' % @)oo

Also, we can iterate (2.2) twice and obtain a version of Euler’s transformation which
is valid for the variables z#?. In fact, we shall sec in the next section that there exists a
multivariable version of the Euler transformation, which is true for general argument

z:=(21,..+,2n)-
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3. Euler transformation

In the theory of the one-variable g-hypergeometric function 3¢, the Euler transfor-
mation reads

a, b, | _ (abz/c;q)s c/a,c/b
2¢1[ c 7$] = m 201 ‘ ;abx/c| . (3.1)
This transformation generalizes naturally to the n-variable case.

Proposition 3.1. With 2@, defined by (1.1), we have
a,b " (abzi/c; q) oo c/a c/b
) iz = ————5 ab 3.2
2 1[ 072] E (21 0) o 291 z/c (32)

The n-variable Euler transformation (3.2) can be proved by using a theorem of
Kaneko [16, Thm. 4.12] which characterizes 3®; as the unique solution of a system of
g-difference equations. To state these equations, let 7; denote the g-shift operator for

the variable z; so that 7;f(z1,...,2n) = f(21,...,92i,...,2n), Write
Stz — 2
Ai(z;t) := el
e =122
I#i

and define the g-derivative by

o (1-m)o
0q%i (1 —q)z

(3.3)

Theorem 3.2 (Kaneko). The multivariable basic q-hypergeometric series 2 ®q [a,cb; z]

as defined by (1.1) is the unique solution of the system of q-difference equations'

928 " 2izi(c — abz;) 928
zi(c — abgz;)Ti(Aq(2; t))@ + (1=t ; ﬁ 7i(A;(z; t))m
J#i
tn71 —c 1 88
L—a)(1—b)t" ' — ("' —abq))z ¢ =—
(000 e - e - b))z
1—¢(1—7(Ai(2;1)) " zj(c — abzj) 08
+ T q{ T2 (c aqul ; pr—r Ti(Aj (%)) 90z
VE)
(1—a)(1—=b)n? _
— S =0, 1=1,...,n, 3.4
(1-4¢)? (34
subject to the conditions that S(z) is a symmetric function in z1,...,2, and S(z) is

analytic at the origin with S(0) = 1.

In light of Theorem 3.2, the Euler transformation (3.2) can be proved by verifying
that the substitution

& abzl/c q) oo
S = H i U
=1 4

I This is (2.26) of [16] with the factor (1 — ) in the second term corrected to read (1 — t).
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into the g-difference equation (3.4) implies that U satisfies the same g-difference equa-
tion (3.4) with the replacements

bz;
" Z crr e,z acz . (3.5)

To perform this task, we will require the g-differentiation product rule

Noyp) _ 09 oy
= i 5 3.6
8q2i 8q2i Q/J + (T ¢) (?qzi ( )
as well as the special summation formula [16, eqn.(2.11)]
n A (- - _ sn—1
Z zjAj(z; 1) _ Ai(zt) —t ' (3.7)
— th — Z; 1-—t¢
j=1
J#i

Proof of Proposition 3.1. Let us now give some details of the required calculation.
With

(abg®z;/¢; q) o
(2i1@)

(abzi/c; q)oo

Pi = N Pz” = s
(2i3 @)oo

straightforward use of (3.3) and (3.6) shows that

2Py = L abgzi)PIU + (1 2)(1 - abgz [P/ (as)
q%i — q~i
0? (I —ab/c)(1 —abg/c) _,, (1—ab/e)(1 —z) _,, OU
+—(PU) = P'U pr—
8qzi2( ) (1—gq)? PO 1—gq b Ogzi
oU 0*U
(= abfe)(L = 2) P (L= 2)(1 = g P 5. (39)
9% 7%

Double use of (3.8) allows us to write down a similar formula for

62

Byeiys; U

Next we use these formulas to rewrite the derivatives in (3.4) with S = ([[;_, P;)U,
and proceed to collect together terms so that the essential structure of (3.4) is main-
tained. Thus, for example, we must collect together all terms proportional to U,
and show that, apart from a common factor (which is eventually canceled out), the
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coefficient of S in (3.4), with the substitutions (3.5), results. These terms are

(1_abQZZ/C P/ i(2; —ab/c)(1 —abg/c
(197 (HP> 1[“”“4(’”)(1 b/c)(1 — abg/c)

l#1

1—t)e(l —ab/c)?z _
+ ( Je(l —ab/e)*z j; pr——
i

+(1- ab/c){t”f1 —c+ ((1 —a)(1=byt" - ("t - abq))zi}

+ =00 - ap/o{ EAED g “'ZW i) |

7751
—(1-a)(1 —b)t"l(l—abzi/c)} (3.10)

2j

7i(4; (1))

Noting that
n . - n 27 .
Z -—tzJ (Aj(2:1)) —Ti( Zm!‘l‘j(z»f))
j=1 j=1
i i
we see that the summation can be evaluated according to (3.7). The expression (3.10)
then greatly simplifies, reducing down to

. 1-— 1—b/e)tn!
((1 —abgzi/c)(1 — z;) (HP;)P{’){—( a/e)( 2/0) } (3.11)
ey (1-q)
I#i
The factor in the curly brackets is precisely what is required to obtain (3.4) with the
replacements (3.5).
Similar calculations to simplify the terms proportional to the g-derivatives show
that the precise g-difference equation (3.4) results with S = U and the replacements
(3.5); the term in the parenthesis in (3.11) is a common factor which cancels out. O

4. ¢-Saalschiitz summation formula

A summation formula for basic hypergeometric series used in many contexts is the
sum of a terminating, balanced 3¢9 series (g-Saalschiitz formula)

g Vb ] _ (e/big)n(e/cia)n

302 [ ' Vbe/ed| T (e q)nle/ba gy

This formula follows directly by comparing coefficients of z% on both sides of the
Euler transformation formula (4.1) (the products being expanded with the g-binomial
theorem). This can be generalized to a multi-variable setting following the proof of
Macdonald [19] in the ¢ = 1 case. First, we need some preliminary results.

Given a partition X of length £(\) < n, let ) be the complement of A in the rectangle
(N™). That is, /A\l = N — Ap41—i. Then it follows from the various definitions that

e ) )~ (YDA (@ 9) v , 4.1
(a,q)/\ q (—a)W(t”*lql*N/a;q))\ (4.1)
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Next, let ju(q,t) denote the coefficient of Py in the expansion of P, P,. The

following result is due to Macdonald [19], but we include the proof for completeness.

Lemma 4.1. We have
(P, P)& (t"™;q)uhy,

(N") (g, 1) = Snp = O - 4.2
fuu (q ) <171>k H (qtnfl;q)#h# H ( )

Proof. Writing |z| := 1 - - - @y, first note that
Py (@) = |2Y Pa(z™1) (4.3)

which follows from the characterization of the Macdonald polynomials explained in
Section 1.1 (clearly both sides of the above equation have leading-order term mj (x)
and also (|z|NV Py(z71), |2|N P, (x7 1))k = (P, PA)k, yielding the requisite orthogonal-
ity; see also [5] on this point). It thus follows from (4.3) that

(Pa(2), Pu(x))k = (Pa(2) Pu(x7"), 1), = (Px(z) Pa(x), 2|V )&
=3 (@ )P (@), Py (@) = A5 (@, 4)(1, 1)

The result now follows from the orthogonality of Macdonald polynomials and the
expression (2.5) for their normalization. O

The last ingredient needed is the following expression for i) due to Kaneko [17]:

1 (@M )
A .\ )
AT (Qa q)oo 1:[ (q>\1+1tn—i; q)oo g (q)\i*)\jJrltj—i—l : q)oo ) (44)
from which one obtains a relation we shall need presently, namely,
/ n—1.
h_ (—1)Pgr)=n((N™) gn(V) =N A (@™ @) vy , (4.5)
h (@ )A(gt" 5 q)a

Beginning with the Euler transformation formula (3.2), expand the products oc-
curring there with the g-binomial theorem and compare coefficients of Py(z) on both
sides to obtain

(a0rB0)x = (/as@)ule/bia)u(ab/e;q), (ab\"
(e @)ah)\ ; (5 q)hi 1, (C) o (4 1)- (4.6)

The point here is that, in the case when A = (N"), the sum on the right-hand side
can be expressed as a balanced 3P series (the series , ®; in (1.1) is said to be balanced

if ay---a.qt"! = by ---by). Indeed, after using the expression (4.2) for ff/fn) and

expressing all quantities labeled by /i in terms of those of p by means of (4.1) and

(4.5), the resulting sum over u can be simplified to yield
(@) Gy o [ aNe/ac/b

() vy (ab/c;q)umy  ° - e, et g =N Jab’ !

which is a multivariable version of the g-Saalschiitz formula.
Note that by taking the limit @ — 0 in (4.6) and using the fact that

], (4.7)

lim &3 gyl g,

r—oo lM
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we have (after shifting b — ¢/b)
() (/05 @) () () (039) cylm
DDA =3 g <u>(7u (__) A (@,1), (4.8)

(c;q)nh)\ ¢ q)uhy,hy, \ b "

which is a generalization of the Chu-Vandermonde formula (especially in the case
A = (N™) when the right-hand side can be expressed as a terminating o®;) that we
shall need subsequently.

J78%

5. Other transformation formulae

One of the simplest transformations where the simple n = 1 proof must be rethought
is the Pfaff-Kummer transformation

ab | (az;q)s0 a,c/b
2¢1{ c’Z}_m2¢2[c,az«’bz . (5.1)
This is a g-analogue of the classical relation
a,b —a a,c—b =z
2F1[C;Z}:(1—2) 2F1[ c ;z—l]' (5.2)

Indeed, it can be shown, using the 2 F; integral representation [19] or the defining set
of m partial differential equations [15, 24], that the multivariable analogue of (5.2)
holds in its full generality:

a,b | - a a,c—b z
2]‘—1|:c,2’:|—H(1—Zi) 2.7:1|: c ,2_1:| .

i=1

This is not possible in the multivariable version of (5.1); however, for the restricted ar-
gument zt°, such a formula can be derived via a suitable modification of the argument
in [7].

The key step is to establish the identity

- ( 2" l7q) (a’aq),u. b(v)—=b(\ (a,q)A vl oA
1oy Sy toB) = DT S (P, (53)

i=1 w0 (azt""hiq)y v

for then it follows, from the Chu-Vandermonde formula (4.8), that

ab s / ooy (€/b5q)u (a39)a
o | @b 5] _ Z )il g o) —b) (/8 D PO A Il
2%F1 |: c V2 :| ( ) q (07 q)uh‘lu h/ ( )\)Z fMu z

n aztmt
H @)oo 2®2 { a7c/b—1§b2t5] ; (5.4)

n
(2" 7% @)oo c,azt

which is the mulm—varlable version of the Pfaff-Kummer transformation formula. It
thus remains to prove (5.3). This identity is, in fact, a special case of the more general
identity:

Lemma 5.1.
5 (¢; @)z ((IQQ)?xH)PM(té) f (q,t)
hy, b;q)u 7

n

H (2t % @)oo (@22t ™4 )0 (ax;q)a 2Py (£0)
(O @)oo (221" 5 q)o (azat™15q),

o,

=1
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provided b = aczat™ 1.

Proof. Let S denote the summation side of the above equation. Note that from the
definition of the generalized g-factorials and the g-binomial theorem, we can write

n 1

H o f’q“’Z O/ De (p1-mirla, (P, ()

=1

It follows that

a " l 00 Z‘U‘ — a;q)r
s= [T i 3 C020 gty 1 OO0 9y ()
=1

T, 0, T

(5.5)

where we also have used the symmetry property (1.10) for Macdonald polynomials.
Now, from the definition of the coefficients f4' (¢,¢) and the g-binomial theorem, it
also follows that

c; zlol " (czaw;;
Z(’q}zifffg(%fﬂwu( (H i) 9 » I/\\p/\( ))

(zzw;; q
o

Using this result in (5.5) gives

g ﬁ (at' =% @)oo (2™ @) oo
= (B ) (2217 ) oo

<3 (at'™)I"l(b/a; ), (zxt" 13 q),

h (cz:vt"—l; q)r 2P (t)ur (Pa(w))

T

ﬁ (at'=% @)oo (22t @) 0o

(01" q) oo (2t™~ 1,Q)

WP (té)
=1

y Z (b/a;q)-(zxt" L q), (at' ™) uy (P (w) | (5.6)

h! (czat™1;q),

where again, we have used the symmetry property (1.10). The crucial point now is
that if b = aczat™ !, then the sum over 7 can be carried out using the g-binomial
theorem again, i.e.,

z:v" L9)r _ - azxt™ % @)oo a;
Zu’\( " 5q) P, (at! nw)):H( - q) (a5 9)x

21 (@) (azzttTlig)s

Using this in (5.6) gives the required result. O

Remark 1. When A = 0, this identity reduces to the Gauss formula (2.4), and thus
can be considered a “shifted” version of the Gauss theorem.

Remark 2. The identity (5.3) is simply the case b= ¢ =0, z = 1 of the above lemma.

5.1. Sear’s ,®3 transformation. A final application of the ¢-Saalschiitz formulas
(4.6) and (4.7) is in deriving a multivariable analogue of Sear’s transformation of a
terminating, balanced 4¢3 series (see [7, eq. (3.2.1)]. Following the proof given in [7,
Ex. 2.4], it suffices to write the product of two specific 2®; series in two different ways
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and compare coefficients of the Macdonald polynomial Pyn)(2) in each case. Indeed,
the coefficient of P(yn(z) in the product

a,b d,e abz
P =% { . ,Z] 21 [abde/c’?]
can be seen to be

(@ ovm B Dy o g N, gt Nl de ot
(C§Q)(Nn)h2Nn) ’ tn_lql_NG_l,tn_lql_Nb_l,abde/c’q

(5.7)

where one must use the expression for f,sjjn)(q, t) given in (4.2), along with (4.1) and
(4.5). On the other hand, we have by Euler’s transformation (3.2):

P ﬁ((z& <1> [abe/c, abd/c; Z] 'y [a,cb; Z} ' (5.8)

P abzi/c;q)oo2 ! abde/c

Expanding this using the ¢-binomial theorem and then examining the coefficient of
Pinny(z), it follows from use of (4.1), (4.2), (4.5) and (4.6) that the coefficient of
P(Nn)(z) in (58) is

(a_b)nN (c/a; q)(nny(c/b; @) (nmy @ [ g N, t" g =Ne=1 abe/c,abd/c 5}

c (€ @) vy h{pny n=1gl=Nge=1 tn=1q1=Npe=1 gbde/c'
(5.9)

Comparing (5.7) and (5.9) yields the multivariable analogue of Sear’s transformation
g Nt 1gt N1 d e s ab\ ™"
4®s3 n1g N =L n=1g1=Np=1 apde /¢ qt® | = —

(¢/ a3 q) ) (¢/b; @) () ¢, e abefe abdfe 5] sy
@O B [ e Va4 g N be abde /e T

6. Bilateral series

We now turn our attention to bilateral basic hypergeometric series. The key point is
that by using the following property of the Macdonald polynomials [20]

|z|* Px(x) = Prya(x), a €7, |z := a1 - -y, (6.1)

where A+ a := (M +a,..., A\, + a), one can define Macdonald polynomials for all
n-tuples A with Ay > Ao > -+ > X\, where )\; € Z, namely, if \,, < 0, then Py\(x) =
|z|A Py_x, (7). Denote the set of such partitions as P and those with nonnegative
entries as Py.

It also follows from (6.1) and the definition of the inner product on the space of
Macdonald polynomials that, for any A € Py and any a, we have (|z|*Py, Py)r =
(P, ||~ *Py)k, and it follows that we can extend the definition of the inner product
to polynomials Py for all A € P, and that they remain orthogonal, i.e.,

(Px, Pu)k = Oxp{Pr—x,> Px—x, )k -
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Following Kaneko [14], define the multivariable bilateral hypergeometric series by

aq,... - btz 1,(1 q Q)OO
Vs , ¢ =
1 |:b blv"'a :| 71;]]; qtl 17q (b Q)OO

) T @ (@ )a (e ey o
x;(( D) gt a2 62

For A, < 0, the above factorial symbols (a), must be interpreted according to

_tz i—1)A;
( ) H aq)\ tl 1

and R, is interpreted according to (4.4).

6.1. Kaneko’s 1¥; summation formula. In [14], Kaneko gave a simple argument
for the summation of a ;U; series, following Ismail’s argument for the one-variable
case [10]. Here, we give an alternative proof following Andrew’s argument in the
one-variable case [1] which uses the Gauss theorem.

Theorem 6.1 (Kaneko). For [b/a| < |z;| <1 for alli=1,...,n, we have

0 [x] T 02 0) e (0/0213 @)oo (08 3.0) o (05 )
b’ 7 (@5 @)oo (/0 @)oo (g1 /a3 4) oo (b5 4) o

Proof. We have from the g-binomial theorem that

n

(b/ax;; q S (0 9) o0 (45 9) oo
H / oolq}l[b; ]:H( _ 'Q) (Q'Q)

i1 (q/az;; q)

b/a;9)s (a7 (at" "5 q)u .

x 9 9e_p 1P, ().

G’GZP+ h (a) (bt"=1;q)uh, a
pnepP

We need to expand P,(z~')P,(z) in terms of Macdonald polynomials. Suppose

Py(a™ =Y d),Pi(z

AEP
From the orthogonality of {Py}xep, we have that
(Py—v, (), Pyes, (517)>de” = (Pu(z), Po(xil)Pu(fE»k
— (P (2 P (), Prsr, ()1

Since both o and v—vy, € P4, then dy , is nonzero only for all y such that p—v, € Py.
Thus,

44 = <P;U'7Vn’PIJ«7Vn>k H=Vn h;tf hl’ Un (t aQ),u Vn(qt q)v Vn W—Vn
. <PU—V7L7PU_V7L>I€ v h//’/ Vnh/;/ Un (qt’ﬂ 17q)M_Vn(tn;Q)V_Vn v
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Thus, we have

- b a’xw OO ba oo
H (©/ ) 101 [Z;I]

=2 (/a5 q)os (43 0) oo

:ﬁ btzi OOZ hy—v, (a1 5vre b ) (6.4)

izl tZ 1/ un(tn7q)l/ VUn

" _
1 (gt q) (b/¢:0)s (a7
Be= =g, 2 h, (5)
N_Vn'E:P+
(aq""; @) u—vn Sy epv
(bquntn—l.;)y Py, (t*) 5—:l,a(q7t) .
) H—Vn

We now observe that we can use Lemma 5.1 to sum the above expression, yielding

n

11 (Og" " " @)=, (Bt /0@ oo (¢ T oo (00" Q) 0w,
pabey aq”"tl MJ) v (@1 Qoc (@ /a5 @)oo (¢ 115 )0,

Clearly B, = 0 when v, < 0. In the cases when v,, > 0 (i.e., v € P,), it follows after
some manipulations that

P,_, (t%).

B, =

ﬁ(bti_l/a;Q)oo(qti_l;Q)oo Ry, (" Do, (a;9)s
L (@t a3 @)oo (08 Qo Ty, (@t 15 @)vw, B,

Substituting back into (6.4) and using the g-binomial theorem gives the result. O

6.2. 2V, transformations. Our final application of the theory of Macdonald poly-
nomials will be to transformation and summation formulas for bilateral oW series.
We begin with the following important result of Kadell and Kaneko [13, 16, 18] which
is equivalent to the ;¥; summation theorem given above.

Theorem 6.2. Given a partition \ € P, let
Aa0)i= o) [ sahala/ms anseto)
i=1

where Ay (x) is the Macdonald weight function given in (2.2) with t = ¢, k a positive
integer, and a, b are arbitrary complex numbers. Then

lJratZ 1 1+bt’i71,

n b, )
A (a b 1+b)|)\\ | | OO(q 7Q)OO (q )\ P)\(té)<1 1> .
i— 1 14+a+byi—1. 1+a4n—1. AR
=2 (gt S (e L) PO A A T/ ) DY

We remark that here there is nothing essential about the restriction ¢ = ¢*
Theorem 7.2; the result remains valid for general ¢ provided C.T. is interpreted as an
appropriate contour integral.

The connection with the ; ¥, formula is as follows: suppose

n
[T dala/ziae = 3 exlab) Pr(a™) . (6.5)

=1 AeP
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It follows from the orthogonality of Macdonald polynomials that cy(a,b) = Ax(a,b)/
(P, P\)i with Ay(a,b) given as in Theorem 6.2. Now, the transformation z; — ¢~*/x;
certainly doesn’t affect the constant term of the expression appearing in Theorem 6.2.
Thus

n

C.T.{P)\(x_l) H(q_“/xi; Q)ar (g Ty q)b/Ak(:C)} = ¢ Ay (', b). (6.6)

i=1
As above, it follows that if

n

1@ /s @ar (@ e e =Y ¢ (a’,b) Pu(x), (6.7)

i=1 neP

then ¢} (a’,b") = g A, (a',0")/(P,, P.)x. Define

I(a,b,d, Vs u {H 253 9)a(q/%i; )o(q™" /25 Q)ar (¢ wis )y Ag(a )}- (6.8)
i=1
It follows from (6.5) and (6. 7) that
I(a,b,a' b5 u) Z ex(a (@', V) (P, P\)k
AEP

n 1+a q1+bti—1;q)oo(q1+a/ti—l;q)oo(ql-l-b = 1,q) .
H (gt 15 @)oo (@M aTbti=1 q) oo (@M FA" V' E715 g) oo (L1

i=1
— -
q q b+b' +2+u 48
X oWy |:q1+a ql+a 4n— 134 e (69)
We now note that there are a couple of values of u for which we can derive an alter-
native expression for I(a,b,a’,b’; u).

The case u = a — 1. In this case, note that (x;;q)a(¢*i; Q) = (Ti; @)arr - Using the
g-binomial theorem to expand [[,(¢7"/%;¢)ar and inserting in (6.8), we have

’
—a

DN (@i1a - -
I= Z %q( +i-a)lAl C.T.{ H (@3 Qatvr (¢/xi; Q) Pr(z 1)Ak(:1c)}
i=1

AP+
B n (ql-l-bti—l;q)oo(ql-l-a-‘rb tz l,q)
= (@ Qoo (¢TI ) oo

—a—b

(1,1)2®y [qqlgl?tnl ;q1+“/+b/t5] (6.10)

where we have used (6.6) with u = —1. Comparmg (6 10) with the u = a — 1 case
of (6.9) gives (upon setting a; = ¢~ %, az = ¢, = ¢ and ay = q1+a) the
transformation formula

_ ﬁ (@ @)oo (@3t /13 @)oo (Qat’™ " /a2; @)oo (a5t 21 @)

=0 (@35 @)oo (a5 @)oo (gt s @) (st far a2 4) o

q/a4,qa2/a3 Q4 5
X oP ; 7. 6.11
2%] |: qtn 1/041 5 :| ( )




FORMULAS FOR HYPERGEOMETRIC SERIES 161

Note that when a3 = gay, the ;@1 appearing in the above equation can be summed
by the Gauss formula (2.4) yielding the summation formula

v ae2 45| _ (4000 (@15 @)oo (qor ! a2 @)oo (st 015 @) o
2%®2 - - H . Fi—1. Fi—1 . Fi—1 .
2 1 (qala q)oo(a4 7q)oo(q /042, Q)Oo(q /ala q)oo

qag, a4tn b (6%
(6.12)
The case u = —1. Note from the definition (6.8) that
I(a,b,a’,b'; 1) = 1(V,b,a’,a;—1) = I(a,a’,b,b'; —1).

Taking, for example, the first of these relations, and using the equivalent expressions
given by (6.9) gives the following transformation formula:

Qy, Qg q 5
2Wa k n—13 t
Qa3 O[4t 109

:ﬁ q/az, st '3 @)oo (™" fan; @)oo (st ! ;@)oo
— (asiq qu a2 q)oo (gt fanaz; q)oo(a3aat’™ ! /3 q) oo

Qai,qaz QA3
X 2\112 [q/ag,a4t"_1’ alt :| . (613)
6.3. The ¢ — 17 limit. One of the curious features of the bilateral basic series o5
is that there appears to be no analogue of the Gauss summation for the o¢; series,
whereas in the ¢ = 1 case, the bilateral s H series with unit argument indeed can be
summed [6]. Let us now show that this behavior carries over in the multivariable case.
We begin by defining the limit as ¢ tends to one from below of the bilateral series
»WUsi1, namely,

I ay . S T(1+ k(i —1))T(b)
rifetl bb1 L TO+kG-1)

(1 + k(n— 1)x(a1)x - (ar)x |
X%(bmn_lw IEHANA Px(x; k). (6.14)

Here Py(x; k) is the Jack polynomial (normalized so that the coefficient of the mono-
mial symmetric function my(z) is unity), the generalized Pochhammer symbols are
defined by (a) :=[[;(a + k(1 —1))x, with (a), :=a(a+1)---(a+ n — 1) being the
usual Pochhammer symbol, and d := [],.,(a(a) + 1 + kl(s)) which is the limit as ¢
tends to one from below of h) defined in (2.3).
It follows from (6.9) that
lim I(a,b,a’,b';u)
q—1—
o TA+ kG-I (A +a+b+k@GE— 1)1 +a + +k@i—1))
P+ ar@+ v+ kG- DA+ b + ki — D)L +a + k(i — 1))
X (kn) _b7 _b/ 1"
nl(kn 272 [1+a,1+a +k(n—1)

where we have used the fact that

qligl7<17 1>q,q" = E (k|)n7
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which follows from (1.7).
The crucial point now is that in the limit ¢ — 17, we can combine the quantities a
and b’ (respectively, ' and b) in the definition of I(a,b,a’,b’;u) in (6.8), so that

lim I(a,b,a’,b';u) = lim Ag(a+b',a’ +b)

q—1~ q—1~

n

H FA+k(—-1))TA+a+d +b+V +k(t—1))
n'k'” Fl+a+b+k(E—1))A+a +b+k(E—1))

i=1

From these two equations, we have the summation formula

H —b, =t/ 1"
21 4a,14d +k(n—1)
ﬁ Fl+a)l(l+a+a +b+b +k(i—1))

N((l+a+b+kGE—1))'A1+a +0 +k(E—1))

y H P(L4b+ k(i = D)L+ Y + k(i = )T +a’ + k(i 1)

T +a+b +k(i—1)T(A+d +b+k(i—1)) (6.15)

i=1
which certainly reduces to Dougall’s result [6] when n = 1.

6.4. Bailey’s oU, transformations. In this final section, we shall derive multivari-
able analogues of Bailey’s general transformations for 219 series [3]. First, given a

general partition A € P, define =\ := (=X, =A\p_1,..., —A1). It follows from (4.3)
(which can easily be seen to hold for all partitions ¢ € P) and (6.1) that

P_,r(z) = P\(z71), for A € P. (6.16)

It also follows from the definitions that

_ (cq/a)Mgr ™) (gt g) yn _aemin (@

6.17
(™ a: s T 7 (617

(a5)-xn
The proof follows [3]: from the ; ¥; summation formula (6.3), it follows that
b ab’
10y [07 CLZ} 10y [ J 7Z:|

ﬁ tz 1/b Q) (Iti_l/abIQQ)w(qti_l/b/§Q)W(qti_l/ab;Q)oo
(qti=1/b; @)oo (gt =1 /al; @)oo ('t V5 @) oo (et~ fab; q) o

i=1
/

X 1V [lg,;az} 19, [acb; z} . (6.18)

We now need to compare the constant terms on each side. Certainly, the prod-
uct Py(z) P,(z) only has a constant term if ;4 = —A® and that constant term is
(Py, Py)r/(1,1);. If we now use this fact to write down the constant terms in each
side of (6.18)), using the simplifications (6.17) and changing parameters, we end up
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with the transformation

Qaq, Q2 §
\J ’ 2t
2%2 as, Oé4tn71’

_ ﬁ (ast'™ /o @)oo (Qat'™" /a2; @)oo (22t @)oc (qauat’ ™ 010221 @)
(gt =1/ a1; @)oo (Qat™15 @)oo (287715 @)oo (3 0at ™1 fa1 00225 @) o

n

« H (Oégti71QQ)oo(q/a2;Q)oo W |: Q/a2zaQ/a3 . %té] '

= (@ oz q)so (31 ) s q/az, qt" tag/ran2’ oy

=1

Following [3], we can rewrite this using the identity

a,b (e )0 (9/5 ) oo q/e,qt" 1V /d ced
)\ 1. = - \\s ? .
e Lvd’z} E(C;Q)oo(qﬂ‘l/a;q)oo 22 gla gt W ac© |

which follows from making the substitution A — —Af in the definition of the oWy
series and simplifying using (6.17). The final result is thus

T an e sl 1y (st @) (ast' T ans @)oo (™ a2 )
272 =1 z7) = H . i1/, i—1.
a3, 0y " (as5@)ec(@t T s @)oo (@t ™ )0

i

ﬁ (225 q)oo(qouat™ Jo122; q) oo " C¥27CY16Y2Z/044,044t"71

: : . (6.19
(2715 @)oo (gt 1 J1 00223 ) 0 U2 agz,agtt T ( )

i=1
We remark here that the transformations appearing in previous section (6.11), (6.13)
are special cases of the transformation (6.19).
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