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On the Andrews-Bowman continued fraction

Dharma P. Gupta and David R. Masson

Dedicated to Dick Askey on the occasion of his 65th birthday

Abstract. Andrews and Bowman have obtained a continued fraction repre sent-
ing a ratio of very-well-poised g 7 basic hypergeometric series. They call this
a full extension of the Rogers-Ramanujan continued fractio n. We rederive their
result starting with contiguous relations for a terminativ. e 4 3 series. We then
use Carleson's theorem to prove corresponding contiguous r elations for a non-
terminating very-well-poised g 7 series. Both minimal and dominant solutions
to the Andrews-Bowman three-term recurrence then are obtai ned. The minimal
solution yields their continued fraction result via Pinche rle's Theorem. A special
parameterization of the three-term recurrence yields a pol ynomial recurrence of
the type associated with rational biorthogonality of type Ry with the dominant
solution giving an explicit expression for the polynomial. An explicit discrete
biorthogonality then is stated. The basic beta integral ass ociated with this or-
thogonality is a summation formula for a pair of 3 2 s of type | which generalizes
the g-Vandermonde summation.

1. Notation

We follow the notation of Gasper and Rahman [4], but we omit the designation ¢
for the base in the g-shifted factorials and the basic hypergeometric functiors. Thus,
with jgj < 1, we have

Y _
(@o:=1; (@n:= @ ad 1); n>0;

i=1
(1.1)

(ar;az;::i;a)n = ’ (@ )n:

oo (buibeiiiihb)n (@n
(1.2)

Received April 21, 1998, revised August 24, 1998.

1991 Mathematics Subject Classi cation : 33045, 40A15, 39A10, 47B39.

Key words and phrases: g-series, contiguous relations, di erence equations, mi nimal solution,
continued fraction, biorthogonal rational functions.

175



176 GUPTA AND MASSON

For a very-well-poisedg 7 series, we make use of the notation

W = gW(a;b;c; d;e;f) |
ada o abicdef Ea

_ _ o 1.3
a; IOa;aq=b;aq=c;aq=d;aq=e;aqzbcdef (1.3)

=87 P

We also denote a balanced 3 series by

— Che e A e e Y a;b;c;d,
= 4 3(a1bucvde1f!g)'_ 4 3 e,f,g y
where

efg = abcdq:

We follow the usual notation for variations of or W with respect to the parameters.
For example, W (f +) represents W with f replaced byfq, W(e+;f ) representsW
with e replaced byeqgand f replaced byf=q, and . represents with a, b, c, d, e,
f replaced byaq, bg cq dg, eq fq, respectively.

In [8], we obtained a contiguous relation connectingV (f +) ; W, and W (f ) and ob-
tained the related continued fraction. This was shown to be onnected with Watson's
g-analogue [14] of Ramanujan's Entry 40 [13]. In [9], we made more detailed study of
the above three-term recurrence. It was shown that, when theelated continued frac-
tion terminates, it has a singularity structure of simple poles which is associated with
a system of biorthogonal rational functions. We were unableto exhibit the orthogo-
nality explicitly in the non-terminating case. The associated gW; case was studied in
[10] as a limit of a special linear combination of two balancd very-well-poised 10 ¢
series. In another paper [7], we have used thg ; model to study the associated case
of the Askey-Wilson polynomials [4].

In a recent paper [2], Andrews and Bowman have obtained the s®nd-order g-
di erence equation for a non-terminating W (a; b; c; d; e; f) using variations of the pa-
rameter "a'. The connected continued fraction and its limiting cases dso are given.
The proof depends on the properties of some auxiliary functins de ned and studied
by Andrews [1] in his earlier work on g-di erence equations for the very-well-poised
basic hypergeometric series.

We feel obliged to study the above problem for several reasan Firstly, the three-
term recurrence satis ed by a hypergeometric function is esentially a three term
contiguous relation, and we should be able to obtain the Andews-Bowman equation
from three-term contiguous relations. Starting with some @ntiguous relations for, 3
series, we obtain a contiguous relation fogW- which gives the result obtained by An-
drews and Bowman. Secondly, as a bonus, we are able to nd a saed solution to the
second-orderg-di erence equation which was not given in [2]. From the asynptotics
of the two solutions, we show that one of the solutions is a miimal solution. We
then apply Pincherle's theorem [12] to obtain the value of the associated continued
fraction. Finally, we discuss a rational biorthogonality resulting from this study of
gW> functions. As a byproduct, we have a summation formula forz , s of type I.

Andrews and Bowman have proved the following:
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Theorem A (Andrews & Bowman [2]). If

(Xg=b; xq=c; xq=d; xq=e; xq3f

H(x) = 01 sW7(x;b;c;d; e;f); (1.4)
then
Q(X)H (x) = P(x)H (xa) + R(x)H (xa?) (1.5)
where
Q) =1 x*¢ 5)1 x*d’ s)p(xa); (1.6)

P(X)= xal x°¢®s) 1 xq s+ x3¢ 25 x'q* 4 5 p(xq)
(1 xg1+x°q" s)p(x)p(xaq)

6,11 2, 5.9 5.9 4.7 4.7
p(x) X7 25+Xq 145 XQ 45tX(q 35+X0 25

X4q7 E X3q5 157+ XZqS 4 X2q3 3+ Xq 1 ; (17)
Xqg? Xqg? Xqg?
R = 1 — 1 — 1 — 1.8
(x) = xqp(x) bo bd of (1.8)
px)=1 x?¢% 4+ x3%¢ 15 x°¢ Z; (1.9)
and j = j %1311 denotes thej™ elementary symmetric function of £, 1, 1,
Lolwith p= 1424 ady Lo o1 =podef

The resulting continued fraction is given by

HK _ PO, ROO=QX)
Hixa) ~ Q0 R(<)=Q(x)

P (xq)=Q(xq) +
P (xg?2)=Q(xq?) +

(1.10)

P (x9?)=Q(xq?)
P(xa®)=Q(xq®) + .

Note the misprint in [2] in the de nition of P(x). The coe cient of the term in x%¢g*!
shouldbe q, 2,andnot q 7 s.

2. Three-term contiguous relation for sW>7
We start with a balanced 4 3 series

a;b;c;d.

e;f,g 2.1)

=4 3

where

efg = abcdq: (2.2)
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Wilson [15] has obtained a number of three-term contiguous &lations satis ed by
terminating balanced 4F3's. Following his procedure, we can obtain analogous resust
for terminating balanced 4 3's. We indicate below the derivation of a few of these
which are relevant to our work.

If we subtract the series term-by-term, we obtain the following four relations:

| (g A oL d |

@b =@ 9a na g @ 23)
| e ad Bl od d |

@i€) @ eqa oa na g @ 24
| Cqa 91 HaL ol d |

(@rie) =T 9n e@ Ha@ g & 25)

ot af_edl A BA 9A & . o

1 9@ e f=q)@ f)I 9
In order to obtain another relation, we use Sear's transfornation [4, (111.15)] for

terminating balanced 4 3 series; i.e., the transformation

q ";b;c;d,  _ (f=b)n(9=Hn

q = g ";b;e=c;e=d
e.f,g (F)n()n

e;bd n:f;bql n:g;q (27)

4 3

where efg = bedd ".

If we apply (2.7) to the series
respectively, the series

+(a ),

+(et)with a=qgq ", n> 0, we have,

(f=b)n (g=Hn B s a;b;e=c;e=d .

(f)n(9)n e;ef=cd;eg=cd "
%(b@n4 ., & bg; e=c;e=d
(fa)n (99n eq; ef=cd;eg=cd " "’

and

(f=b)n 1(9=Bn 1
(fd)n 1(99n 1

aqg; ba; eq=c; eq=d

n 1
(bg™ "4 3 eqf; efq=cd; egq=cd“

It can be seen that the three, 3 series given above are connected by the relation (2.5).
After writing this connecting equation, we reverse the transformations and thus arrive
at the following contiguous relation:

ag(l a)b e)(c ed e
e 1 o1 eg
+(e+) a(l

(@ f)a 9 «(@)
f)Y1 g =0: (2.8)

Making appropriate substitutions from (2.3) through (2.6) into (2.8), we can easily

+
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derive the following:

(1 b f)b g (a+:b ) L ba@ f=q)(a e)(c e)(d e
(b a0 1 a(f eg
(e+;f ) +bh1 o d =0; (2.9)

(1 a)b e (at;et) =1 b(a e (b+;er) ; (2.10)

al a)b e(c e(d e (at;et) +e(l o1 f=q)(a e(a 9
(a ;f ) +ae(l bh@ o@ dya e =0; (2.11)

ba f)a g (a ;e ) alb f)b g (b ;e)
aba b o@ d
+ — =0: (2.12)

We now proceed to obtain a4 3 contiguous relation in which four of the seven param-

eters are made to vary. Replacing ;g by (bg;gq in (2.9), interchanging e and g in
(2.10), and then eliminating (a+;g+) from the resulting equations, we have

b (1 _f=a)(a_e)(c_e(d o)
@ o1 a(bg )+ e

bql a1 o@ d) (b+;g+)

bd (1 f=q)(a e)(c e)(d e
e (f €0
(1 e g)bg f) =0: (2.13)

(b+;e+;f ;g+)

Next we replace @; g) by (a=q;g=0in (2.9), interchange e and g in (2.12), and then
eliminate (b ;g ) from the two relations. We get

+abb el ol d (a;g)
L abg@ f=q)(a=q e)(b e)(c e(d ¢

o @ a=9(f _eq (a ;etif 59)
@ e(b g=9g ef ab+w =0:

(2.14)

We nowleta$ b f $ gin(2.13),e$ gin(2.14),e$ f in(2.11), and then eliminate

(a+;f+) and (a ;e ) from the resulting three relations to obtain a three-term
contiguous relation connecting , (at+;e+;f+;g )and (a ;e ;f ;g+). We state
this result below as Theorem 1.

+
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a;b;c;d.

Theorem 1. If =4 3 e:fig ;q Is a balanced terminating, 3 series, then
al a)b f)c f)d f) a (1 g=d(b e)(c e)(d e
D; e (9 eg

(a+;er;f+;9 )+(1 €@ f)ag 09
L@ )@ e=q(a f)a 9

D,
abq(b g)1 f=q)(a=q g)(c _g)(d 9) o o -
K] @ a=9( o9 @ et g9
+@ 9 e=q (g aps HIC9D

h
al a)(b f)(c f)d f)+f@ f)1 e=a(a f)a g
[
af(l b@d o@ d(a f) =0

(2.15)
where
h
- @ ¢ €9 €q €q, €eg, €eg €g
Di= 359 e €99 3 7 T T o’ bd i
+egleq g aegd+ ae’fq?
and
h
@ o(f a eg fg ef
D, = abg bg+ cg+ d bc bd = =+ —
27 9@ a=q(f gg “0PITHOTA@ 9 9 ¢ _
2 i
+bfe+f g9 e? :

Note that it requires some simple algebra to write expressios D; and D, in the
form in which they are given.

It is now possible to obtain from (2.15), the required threeterm contiguous rela-
tion for gW; by applying the Watson's transformation [4, (lll. 17)] of a t erminating
balanced, 3 to a terminating very-well-poised g 7:

ag=bc;d;e;f . _ (ag=d;ag=e;aq=f;aq=det e e A
ag=b;aq=c;det=a% ~ “(aq;aq=de;aq=d;ag=er ° > o @& (210)

4 3

with f = g ", say.
In (2.16), we make the parameter substitutions:

A=%; B=d;, C=e D=f E=@; F=—
bc b c

where the balance condition requires
G = ABCDg=EF: (2.18)

I
®
I
~~
N
-
\‘
N
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The transformations (2.16) therefore may be rewritten as

A;B;C;D . _ (CDg=G:BDg=G:BCq=G;q=G:
‘3 EFRG 'Y T (BCD4=G;Bq=G;Cq=G;Dq=0;
.w, BED BCD4 BCDG o\ EF o

G ' GE ' GF '
We replace small letters in relation (2.15) by capitals and gply (2.19) to the three
series , (A+;E+;F+;G ),and (A ;E ;F ;G+).

Thus (2.15) will yield a relation connecting three gW5 series with parameters written
in terms of A, B, C, D, E, F. With the help of (2.17), we substitute back the values
of A, B, C, D, E, Finterms of a, b, ¢, d, e, f. After making simpli cations, the
result may be stated as:

Theorem 2. If W = gW; a;b;c;d;e;f,a’g?=bcdef is a terminating very-well-
poisedg 7, with sayf = q ", then

a(l ag)(l ga=by(l ag=bd (1 aqg=ef)
(1 ag=H(1 ag=9 (1 ag=f)

+ g(l ag=by(1 ag=cd(l ag=c§(l ag=cf)(l a*q’=bdef)(1 a’¢’ s)p(a=g

p(a=qW (at+)

+ b1 a=bd(1 a=bg(l a=bg(1 a=bf)(1 a’=cdef)(1 aZ%q s)p(a)

+ 1 b g+a é+%+f£ a’q s(d+e+f) a’gs 1 g % p(a=gp(a) W
(1 a=h a=9 (1(1 a:;)(l 2q5)L 2 5) awia )=0: (2.20)

We next proceed to remove the restriction of “termination ofseries' in the statement
of Theorem 2. We prove:

Theorem 3. If W(a ) := gW; a=qgb;c;d;e;f;a?=bcdef is a convergent non-
terminating very-well-poised g 7 series, then it satis es the three-term contiguous re-
lation (2:20).

Proof. By Theorem 2, the relation (2.20) is valid for a terminating W. Suppose the
termination is due to the parameterf = q ", n being a non-negative integer. We then
replaceq " by q # where z is a complex variable. We then multiply the left side of
equation (2.20) by (ag=f; a’¢? s), so that it becomes an analytic function of z which
we denote byF (z).

The function F(z) is zero forz = 0;1;2;:::; and the three g ; series inF(z) are
absolutely convergent for<(z) 0 sinceja®=bcdefj < 1. Also, F(z) is bounded in the
half plane whenjzj!1

Thus the conditions of Carlson's theorem [3, p. 39] are satied. Accordingly,
F (z) = 0 for all values of z. This completes the proof of the theorem. O
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Remark 1. Note that, by the application of Carlson's theorem, we can renove the
restriction of “termination of series' in any three-term contiguous relation for a termi-
nating g 7. However, Carlson's theorem cannot be applied to remove tls restriction
in a three-term relation for a terminating 4 3. This is because of the fact that in this
case, due to the balance condition, one cannot obtain a corsponding F (z) which is
both analytic and suitably bounded.

Remark 2. We now write the relation (1.5) given by Andrews and Bowman in the
form

R(a=gH(ag) + P(a=qH(a) Q(a=qH(a=9=0; (2.21)
with Q(x), P(x), R(x) given by (1.6), (1.7), and (1.8), respectively. Using (1.3, if

we changeH s into W s in the relation (2.21), we observe that (2.21) and (2.20) ae
identical.

However, the equality of the middle term, i.e., the coe cient of W, is not so evident,
and one needs to verify the following algebraic identity:

c, ag , a9 , ag , ag , ¢ 22 o)p(a=
q 1 bc ! cd ! ce ! cf ! bdef (L& s)pa=qg
a a a a a? 2
c 1 1 1 1 ' a
# 1 b Cvagro+g ags@rerf) @qs (| prlop @

= all a’qs)(1 asz+al,s a'ss)p@+@1L+ a1 aqs)p@=gp(a)
P §+a5q4 145 ad 4s+a'd 35

4.3 4.3 2 3.2 2 2 —A.
+tagq 25 &g 3 aq i1s+taqas aqgqstaipl@asog:

(2.22)

We have veri ed the above identity with the help of the Maple Software program.

3. The g-dierence equation and its solutions

Replacing a by aq" in (2.21), we obtain the second-order di erence equation

R(ad HUnua + P(ad” HUn  Q(ad" YUy 1=0 (3.1)
where
Un = H(ad") = (aq™? =b;a(ﬁ'(;;]=+(i;)llii;ad1+1 =) sW5 aq“;b;c;d;e;f;%
(3.2)
Renormalizing (3.1), we obtain the equation
Xns1 + e Xn Xy 1=0 (3.3)

+
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where

P(ad" %)
ad’(1 aq"* 5)( 1 ad' s+ aq" 25 a'g™ 4 s)p(ad’)
(1 ad 1+a¢"" s)pad’ p(ad)

6 6n+5 2 5.5n+4 5 _5n+4
aq 2 st aq 145 aq 45

€n

4_4n+3 4 _4n+3 4 4n+3 2 3. 3n+2
+ a'q* 3 staq 25 aqg 4 aq 15
i

+a%gf"t 4 &’ s+ ad' 1 p(ad ) (3.4)
R(ad" ?)Q(ad" )
ad" (1 aq'=bo(1 aqd'=hg (@1 aq'=ef)

1 &g )1 a*d"*t s)plad *)p(ad’): (3.5)

fn

From (3.2), we know that one solution of equation (3.3) is given by

Y

X[gl) — r:lnqn(n 1)=2 p(aqk 2)
k=0

a2an+2

sW7 ad';b;c;d;e;f; boder

n 0 (3.6)

A second solution to the equation (3.3) may be obtained by apjying a ‘re ection’
transformation to (2.21). We make the parameter replacemets

(a;b;c;d;e;f) ! NN T (3.7)

in the original equation, viz., the equation (2.21). Before making the parameter
replacements in (2.21) we expand® (a=0) in powers of a' to obtain the following:

P(a=g=  Cya (3.8)

where

Ci= 1
Co=(1+ q 3 (L+g+FP) 4
Ca=(1+ g+ F+P) 15 s,
Ca=(q+F+P) 5 @+P)s4 @+ ss (1+) 25
(3.9)
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Cs=(1+qg+P+q) as+(aq+P) 135 (@+) 2
@+2+2+q") 1 4 5+ F 1 3;
Co=(F+q) 2 4 s+(P+P+q) F2+(q+ ) 2 2
P+ a5 @+d)12+2 345 o 3
Cr= (F+T+d) 25 @+ 32 (F+d") 13 2+(P+P) 42
+(P+a) 135 2@ 122+ g
Co=(F+20+20*+ ) 1 4 2 (F+P+P+P) 1 3+(q+ ) 3
(q3+q5)24§ q4§4§;
Co=(q'+ ) 12 3+(P+P) 2 2+(TC+P) 3 (F+d+) 7
Co= (@F+d'++0d°) 43+ &
Cu=(d'++) 15 (+7°) 22
Cio=¢ 4 &
Ciz= ¢ 2 (3.10)
Under the re ection transformation (3.7), we see that
akcy ! a Bq 8 ;% kCyz ; (3.11)
and, hence,
P(a=0) ! a ¥ ;5q ®P(a=0: (3.12)

It is easy to obtain the re ected forms of Q and R. We nd that

Q=g ! q° %1 &¢ )1 @F s)p(a=9;
R(a=0) ! q % ®p(a)l a=b9(1 a=bg (1 a=ef):

Thus, we obtain from (2.21), the equation

a '® ;g %p(a)d a=by(l a=bg (1 a=ef)A(ag) a = ;°q °P(a=gH(a)
+a ® g%pla=dq °(1 &’ 5)1 &F s)H(@=9=0 (3.13)

where H (a) denotes the re ection of H (a).

Again, replacing a by aq in (3.12) and writing H(a=0Q = Vh+1, H(a) = V,, and
H(aq) = V, 1, we have

alg™™t splad® (1 @’ 5)1 &g s)Vam  Plad! HVi

a ‘g "% gtad 'pad' )l ad'=bg(l ad'=bg (1 ad'=ef)Vy 1=0
(3.14)
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where
v, = (ba "=ajcq " =a;iiiifq " =a),
" (g "*2=a);
N cdef
sW7 g "*!=a q=b;q=c;q=d; q=e; g= = n 1. (3.15)

Renormalization of (3.13) yields the original equation (33). Hence, a second solution
of (3.3) is given by

Y
X@ =const. ( 1)"a* g " ! plag 2)

k=0
2 (bg "t =a;cq "t =a;:::;fq "t =a);
(@ s)on+2 (q "2 =a);
sW7; g "™t =a;q:b;q:c;:::;q=n‘b<;(iefq ot (3.16)

Omitting constant factors independent of n, X @ also may be written as

v (ad 1)
(2) = n 2 1
sty k=0 i )(aq”:b;a@:c;:::;aqlzf)l (a2¢?"*2 5)1
sWy; q " =euq=b;q=c;:::;q=n‘b(;gefq ol (317
4. Asymptotics and the continued fraction
From (3.6), it is clear thatas n!1
oy

XM At D= plad ?): (4.2)

k=0

In order to nd the asymptotics of the solution X @ given by (3.16), we make use of
the three-term transformation of a gW5 into two 4 3S. The standard transformation
formula is given in [4, (111.36)]. However, it is more converient to use the following
form of the transformation derived in [10] as a limiting caseof a generalized three-term
transformation for complementary pairs of 19 ¢S:

sW7 A;B;C;D;E;F ;759[2)%1
_ (Aq;B;Aq=DC; Aq=EC; Aq=F C; A?¢?=BDEF ),
~ (AQ=C; Aq=D; Aq=E; Aq=F; B=C; R?=BCDEF ),
Aq=DB; Aq=EB; Aq=FB;C

43 Ag=B;Cq=B; A’?>=BDEF

;q + idem (B;C): 4.2)

Note that the above formula also can be derived by rst applying the two-term
transformation [4, (111.24)] to gW; and then applying the three-term transformation
[4,(111.36)] to the resulting gW-.
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Applying (4.2) to the gW5 in (3.16), we obtain

bcdef 5, 3
a2
q "2 g.cdg" ceq” cfq " bdef
= a 'b_a ' _a '_a 'a &
cq "I dg "1 eq "' fq "' c bedef , -,
a 1] a L] a 1] a ,b’ azl q 1
bdqg "=a;beq"=a;bfg "=a;q=c
bq "=a; bg=c; bdefg?" =&

4 3 ;q + idem (b;c): 4.3)

Applying
(ag ") =( 1"a'q "V Z(g=adn(a)
and letting n!1 , we nd that the right side of (4.3) is asymptotic to
q.cd ce cf a aq aq aq. q bdef  a’q

a’'a'a'a'q'cd ce’cf’'b ; a 'bdef | q=c
C= 2 2 11 .
cq.dg.eqfq.a aaac  bedef a’g ba=c
a’'a'a’'a'c'def’'b, a’q  bcdef |
+ idem (b c): (4.4)
Since; 1 g=c., _ (O , we infer that

bg=¢” = (bg=9:

has constant asymptotics. Consequently from (3.16), we haw, asn!1

Yl
X@ (1n"c  pad ?): (4.5)
k=0

From (4.1) and (4.5), it follows that

X
nI!llrn @ =0; (4.6)
and, therefore, X is the minimal solution to the second-order di erence equaton
(3.3).

We now apply Pincherle's theorem [12] to obtain the continuel fraction associated
with the equation (3.3). We use the formula

1 x®
CF ™ ox @ (4.7)
where
1
CF =g+ K f—nZ (4.8)

n=2 en
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Substituting from (3.4), (3.5), and (3.6), we have

1

fa
e+

L

e+ .

_8W7 ag; b;c;d; e; f; a’g*=bcdef
T W5 ab;cd e f: a2g2=bcdef

1 ag .
1%1ﬂ 16;_qla2q251a2q35p(aq)'

(4.9)

If we replacea by x, this is Theorem 1 of Andrews and Bowman [2].

Remark 3. Andrews and Bowman [2, (3.16)] have obtained a limiting casef (4.9) by
writing f = q N, and taking the limitas N !'1 . This gives

a;b;c. de
2 de abc _ TYa;b;c;d; 9 . U%a;b;c;d;§=SYa;b;c;d; ¢ (4.10)
- aq; bg; cq de "~ Sqa;b;c;d; 8 To(f'zlq;bq;cq;dq;éq+ '
dg;ed ’abc S%agq; bq; cq; dg; &)
where

SYa;b;c;d; 9 = a®Pc?(d)2(e)s(1  edf)(L  ed);
T°(a;b;c;d;9=ab0(%] dil e ed)

abde); + de(1 ed) (ab+ ac+ bc+ e abc e(a+ b+ c)
[
+d(1 e) eqab+ ac+ bc+t e) abc ela+ b+ c)

U%a;b;c;d;8= d’e(1 e)(1 aq)l bgl cg(a ed(b eg(c eqd: (4.11)

Note that we have corrected, in (4.11), a number of misprintsin the expressions for
S%and T%in [2, (3.14)]. The above result was obtained earlier in [5] ad [6], where
(4.10) is obtained with the help of the minimal solution to th e three-term recurrence
for the associated bigg-Jacobi polynomials. We refer to [5, (3.3)], which is the same
as (4.10). This is veri ed by writing

a= é; b= E; c=
q q

a0

in (4.10) and simplifying it to the other form.
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5. Biorthogonal rational functions

Let us rewrite equation (3.1) with a new parameter V' inducted into the equation.
Making parameter replacements

a bcdef

@bicidiet  HZigiTyy ®-1)
we nd that
(10203 4 5! Y 239 5y 4y° 5) (5.2)
and
p(ad") ! p(ad"): (5.3)

Consequently, we can easily show that
Rad" 1! y *R(ad" Y);
Qad Ht 1 @ ay)e(ad)

and
Plad’ )1 [(Awy Bo) (5.4)

where

An= pad® Ypad)+ o np(ad')+ np(ad’ ');

Bn= npad” )+ aplad’)+ nplad “)pad); (5.5)
and

n= ad (1 ad s+a’q" 25 a'q" 4 s);

o= a2 g

n = aqn 1 a3q3n+l 5

n= o @S, 24 @S L, g+ At g s

a4q4n+3 2 a3q3n+2 1 5+ aZan+l 4
n=aq"™ 45 Al o s+ @ 5 ad o (5.6)

With the above substitutions made in equation (3.1), we have

a a +1 a +1 a +1
%np(aq” l) 1 qt:C 1 q;d 1 of Yn+1 (Any Bn)Ya
y 1 Y@ aypad)Ya 1=0; (5.7)

q
with a solution given by

Yh
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Renormalizing the equation (5.7), we obtain the equation inthe form required for an
Ry -fraction [11]. Namely

Za(y) (Y C)Zn 1)+ (Y an)(y b)Zn 2(y)=0 (5.9)

— 1_ 2 2 1. — 1_ 2 2 1 1. — — .
a-n_qn_aqn51 h’]_n_aqn 5 Cn—Bn—An,

(1 ad'=bg(1 ad'=bg (1 ad'=ef) Zp(aq’)p(ad’ ?): (5.10)

From (5.8), a solution of (5.9) is

1 _
7O = a " gD :2Y] p(ad 1)

j=0

(5.11)

We can obtain a second solution to the equation (5.9) from theformula we obtained

for a second solutionX & to equation (3.1). The second solution to (5.9) works out
to be

Y ad !
j=0 '
(ao'=y?)1
(ag'*! =by; ad*t =cy;:::;ad*t =fy); (a??"** sy)1
bcdef
sW7 y2q “=a;yq=b;yq=c;:::;yq:,fy7q n 3 . (5.12)

We now consider the R-fraction of the type R, associated with the recurrence
relation (5.9). From (5.9), we have

(1) 1
! Lo - . (513)
Wy a)(y b)) z® y ¢ 20y a)(y b)
1
sy as)(y hs)
y @
y G _
Substituting for Zo;Z 1; 1;a1;by from (5.9) and (5.11), we nd that
1 2§ Ay a2y aZg? Nt
1y a)ly b)z® p(ag)atyeP 2
aq a® acf ac? ag b c f a’q'y
— e R R sW7 — = =i =,
y2 1 by’ cy fy 1 y2'y'y y ' bedef
s (5.14)
af ag.aq...aq & bc T &g
y2 1 by'cy’ fy 1 87 y2yy y ' bcdef

+
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An application of the transformation [4, (111.36)] to the gW?5 in the denominator above
for ag=bc= 1 yields
(ag=y*;ag=de; ag=d; aq=ef, (5.15)
(aq=dy; ag=ey; aq=fy; aqy=dgf

Henceforth, we impose the restrictionaq = bc To the numerator gW7 in (5.14), we
apply the g ;7 to g 7 transformation [4, (111.23)]. We then obtain

af af ag® gt &g’
1 Zél) 1 A; dy'ey'fy 1 9 bdef’ cdef 1
al)(y b)z®@  ypagd aq aq a’q aq. aq, aq

1(y
by cy defy , de'd’'ef
0 S 1
a’q? a2ep a’¢® a¢® a® af b c
defy’q defy g defy’ ef " o ’ de’y’y
8 7 i q (5.16)
a?¢®  @¢ ad ad aq &g a’q

defy’ defy’ dy’ ey’ fy 'bdef’ cdef
From (5.16), it is clear that the singularities are given by (ag=by;agq=cyy =0, i.e
y=aq"l=b and y=aq"™t=c for m=0;1;2::::

The residue aty = ag"*! =beasily works out to be

bg ™' bg ™** bg m*! gt @
Ap ( pmgm(m+D =2 d ' e ' f 1 bdef’ cdef 1
bg™ abg ™ aq aq aq

p(ad)  (Am (A1 _abg M3
c ' def 1 de'd’ef 1

abg "*? ad® adf ad® b’ o4 m.
sW7 T def ef ' d 'de’ a 9 Mg - (5.17)

The gW7 above is summed up by Jackson'g-analogue of Dougall's;Fg-sum [4, 11.22]
We thus obtain the residue aty = agq"*! =bas

a’q* bg bq, bq af aq® aq

i

A1 bdef’d’e’f 1 'bd be' bf m .
™" plad ag agq aq ©F w9 (5.18)
de'd ef'agi b bdef m

The residue aty = ag™*! =cis similarly obtained. Using aq= bg it is given by

a’q® ad aq ad bg, ab_bq
Ar  def 'bd" be'bf 1 d'e'f m .
aq ag, ad, aq & _abg q": (5.19)

de'd 'ef "2 1 "a’' def m

(¢) =

" p(aq)



+

ANDREWS-BOWMAN CONTINUED FRACTION 191

The sum of the residues at all singularities therefore is gign by

a’q* bq bq bg
(04 ©)= Ay 1 bdef’ d’ e’ f 1
m m p(ag) 2d.2aq. aq 2
m=0 ) ’ i
de' o "ef 1 q 1
0 1 0
a, aq?, ag? abd ag® ac® af bg. bg bg
bd’ be’ bf _§+ def ' bd’ be' bf 1 %d e f %
a® a’qt ' aq E abg 9
2 ' bdef b 2 a’
(5.20)
An explicit polynomial solution. A lot of simpli cation takes place in the case

ag= bc Applying the transformation [4, (111.36)] to the gW> in (5.12), we can write
@ in the form

z@ =( y)" Y plagd 1) (aq"=y?);

n . +1 +1 1

1=0 A ad’ ;aq” ;:::;aqn (@2 sy)1
by cy fy 1

q__GEﬂ a ﬁ aq2 aq2 0 y_q yq.yq 1

a’'ag'aqg’aq 1 ‘de’ o "9 e ¥ o
dy ey fy  def @ aq. aq ang %4 S%by —yq n, ayq'3 q&

a’a’'a’'ayq 1 dy'ey fy’ def a def

(5.21)

From (5.21), we write the expressions forZ(()Z) and Zf) , and consequently, we obtain
the expression forP; = Ziz) =Z(()2) . After simpli cation, we have

p(a) ac? ac? ac? aq a3 1 1 1

Pi=n P e Y d Y oar PThtaer A gteti
1 1 a’y b 1

ytady @t *te  def ag'p - ©2

In order to obtain a simpli ed expression for p(a)=A; in the caseaq = bg we prefer
to write

1= +5 2= —+t s1t+ 95 3= —+ S2+5s3
S2 S3
4= 2+ sg3; 5= — (5.23)
a aq

where

sy =1=d+1=e+1=f; s, =1=de+1=d +1=ef;
s3 = 1=def; =1=b+ b=aq: (5.24)
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Therefore, from (1.9), (5.5), (5.23), and (5.24), we get

p(@=1 ags+ a’g’s;sz ag’sz=(1 aq=d§(1 ag=d)(1 aqg=ef);

p(ag =1 ac’s; + a’gPsiss aqPs;  alqtss(l q); (5.25)
1= aqp(a); 1= agrss;
and
h
1 = a’q’(sz=ag+ s 3)p(ag) + a’q’ss (1 affs; + a*q°s;ss a°q’s3)

[
+(1 g s1 a’gPsyss+ agfss + ag’ss) ¢

Considerable algebra is required in determining the value DA; from (5.6) and then
obtaining the value of A;=p(a) in the form below:

Al_ aq2 aq2 aq2 2.5 .
@ 1 b 1 3 1 o 1 acd’s, + a’Psy (5.26)

Consequently, the monic polynomialP; can be written from (5.22) in the form

ag( g + aq'sg)

Pl(y):y 1 aq332+a2q533
b 1 1 1 1 aqf*
45" g d e Tger
=y aq (5.27)

25
1 aq’ die+d‘i+i L@ b,

aqg b, 1
ef def aq b

This provides a check of our calculations. In general, the moic polynomial solution
of degreen to the recurrence (5.9) in the caseaq= bcis given explicitly by

Pa(y) = 22 (y) 22 (y) (5.28)

with z® given by (5.21). Thus,

) D Pt P B B I 2
p(aq l) by’ Cy' de' o ’ ef n(a q4 SY)Zn

P = n
n()=(y) o A (ayp=def),
° q n.¥4.Y4.¥9 1
,d, e’f
4 389@(] S R s :q&: (5.29)
a’ "a ' def



+

ANDREWS-BOWMAN CONTINUED FRACTION 193

The biorthogonality. We now record the biorthogonality associated with this R, -
fraction [11]. We rst de ne the rational functions

Pn(y)
2:1 (y a1 )y besr)

a " onzssn Pn(Y) .

def (ayc®)zn

The biorthogonality then is given by

Sn(y) = Q

(5.30)

& Pc(aq" "t =h Sy (aq" =+ PP (ad" ! =Sy (ad" " =0) = 0;

0 k<n; bc=aq: (6.31)

m=0

A 3 2 summation formula.  The large y asymptotics of (5.16) yields

. L #d Do af ag
A "bdef’ cdef 1 %E’T’E §
(b) (©)y = 1 .
W W)E g A A A 0 2@ g g (K (5%
de’d "ef 1 bdef’ cdef

where bc= aq.

Comparing (5.32) with (5.20), we obtain a news > summation formula. The 3 »
s involved in (5.20) are of type | [4, p. 60] where the argumenis q. Also, they may
be said to be 0-balanced because the product of the denominat parameters is equal
to the product of the numerator parameters. The 3 , in (5.32) is also of type I, but
is 1-balanced.

We thus arrive at a formula connecting a pair of 0-balanced, ype I, 3 2 s with a
1-balanced, type I,3 ». With a renaming of the parameters, we may write the identity
as

(F; Ag=E;Bqg=E;Cq=E); A;B;C ., (AF=E;A/B;C)
(9=6): 2 R (E=a):

Ag=E;Bg=E;Cqo=E., _, . _ __ F=A;F=B;F=C _
3 2 q2:E,qF:E vq _(ququ_E)l 3 2 F,qF:E !q (533)

where
EF = ABC:

A limiting case of (5.33) for F;C ! 0 yields the non-terminating form of the ¢-
Vandermonde sum (see [4,(11.23)].
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