METHODS AND APPLICATIONS OF ANALYSIS. C 1999 International Press
Vol. 6, No. 3, pp. 67-76, September 1999 004

A STUDY OF THE GENERALIZED CHRISTOFFEL FUNCTIONS
WITH APPLICATIONS

E. BERRIOCHOA Y, A. CACHAFEIRO %, AND F. MARCELL ANX

To Richard Askey on his 65th birthday

Abstract.  In this paper we solve the problem of minimizing the norm of po lynomials of degree
less than or equal to n, verifying linear restrictions. This case extends in a natu ral way a problem
studied by Grenander and Rosenblatt. We obtain algebraic pr operties of the solution which enables
us to compute it and we present some applications.

1. Introduction. Let p be a finite positive Borel measure on [0, 21m) with an
infinite set as support. In the linear space P of algebraic polynomials with complex
coe [ciehts we consider the inner product:

e
<P,Q>=  P(e")Q(e®)du(h), [P, Q LE
0

B - 0, ,N
corresponding moments by ¢; j =<z',zZ} > i,j =0,1,2,--- . We denote [ B [2F
<P,P >.

By applying the Gram-Schmidt process to the sequence {z"}, o, we can obtain
the sequence of orthonormal polynomials {¢n}, such that

We denote the Gram matrix of {zX}l_;, by Mp+1 = [< z',Z) >]i=o..n and the
=

on(z) = knz" + lower degree terms,

with k, > 0.

Also we consider the sequence of monic orthogonal polynomials, {¢n}n o, defined
b =1xn
y (pn kn

If we denote by P, the linear subspace of polynomials of degree at most n, it
is known that there exists a unique polynomial function of two variables, Kn(z,y),
and degree n in z and y, such that it has the reproducing property on P,, that

is < Kn(z,y),P(z) >= P(y) [P1 [CH,. The function Kn(z,y) is called the nth
reproducing kernel and Kn(z,y) = %k(z)cbk(y), (see [Ara]). In the theory of

k=0
orthogonal polynomials, it is well-known that the monic orthogonal polynomials and
the kernels satisfy some extremal conditions, (see [VAsS]):
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. 1 o .
1. min {[B *}= = and it is attained at P = ¢y
P2p,, 2@ k&
2. If zp is an arbitrary point in the complex plane, then: min {[P 2}
P2Pn,P (20)=1
— 1 KI’I(Z! ZO)
Kn(2o, 20) Kn(zo,20)’
In the same way, we can consider the minimal problems corresponding to interme-
diate cases, see ([Be]). ForO0<r<n min [P 2 ——— anditis
P2Pn,P (" (z0)=1 7 (20, 20)

, where we denote by K& (z0,20) = i%k! )(20)|2
k=0

and it is attained at P (z) =

Kr(wo’r)(zy Z0)
Kr(nr'r)(zo, Z0)

and KOOz, 20) = ' o2)0® (o) -
k=0

Another extremal characterization for these polynomials is the following:

attained at P (z) =

min {[B [23-2 (P¥(20)} = —K{" (20, 20)

and it is attained at P (z) = Krﬁo’r)(z, Zo). We are going to prove this property in the
next section (Theorem 3) in a more general situation.

Thus, if we introduce the Christo [l function wn(dp), defined by wn(du)(z) =

;, then it holds that the minimum value in property 2 is wn(dp)(z0), (see

Kn(z,2)
[Nev1]).

In the same way , using generalized Christo [ell Functions wn(du, m), one can
write min R [ZF wh(dy, m)(zo), (see [Nev2]).

P2Pn,P(20)=1,P (20)=0, ,P(™(z0)=0

A more general case is studied in [GrRo], where the following problem is solved.
Find the minimum:

min (B [2] with the restrictions P®(aj) =B} for j=1,---,m, k=0,---,nj;
P2 Pn

where the a; are di[erknt points in the closed unit circle and the BJ'-‘ do not all vanish.
The explicit solution of this minimum problem is given in terms of determinants
involving the kernel function and its derivatives. Moreover, they also say that the
results are valid with appropriate modifications when the restrictions are of the form:
P (aj) =Bf, k S}, j =1,---,nj where S; is a finite set of nonnegative integers.
All these problems appear in the theory of linear prediction of stationary discrete-time
stochastic processes. In fact they allow to construct best predictors.

The preceding problems can be extended in a natural way to the following.

Let fq,---,fm be m linear functionals in P, such that f; |Pn BO Iff, -, fm
are linearly independent, find the minimum of the quadratic form (R [2lgiven by the
matrix Mn+1, under the restrictions f;(P) =a; ,j =1,--- ,m.

Our aim is to study this last problem. In Section 2 we solve the problem with only
one linear restriction. We obtain algebraic properties of the solution which enables us
to compute it. In Section 3 we solve the general problem and in Section 4 we present
some applications.
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2. Generalized christo el functions. Throughout this section, let f be a
linear functional on P, such that f |, & 0, [nl We are going to analyze the following

problem. Find min{[B 21 P [Pland f(P) = 1}. In order to do this, we introduce,
in the following definition, a family of polynomials.

Definition 1.  We denote by¢y, the polynomial in Py, such that f(¢{pn) = 1,
and < ¢y, P >=0 for all P [P}, such that f(P) = 0.

It is clear that, for each n, there exists a unique polynon]ijL_ﬁipn verifying the
preceding definition. Taking into account P, = Ker(f |, ) ° span{q} for some

q [A,, such that f(q) & 0, then we choose ¢y, = . The polynomials in the

g4
- : . f@
above definition were introduced in [Be], and the following minimal property can be
deduced.

Theorem 1. The minimum of the norm, taken over all polynomialsq [P}, with
the constraint f(q) = 1, is attained for g = ¢{),. The minimum is equal to ey, [

Proof. See [Be]. O

The polynomials satisfying the above extremal conditions can be related with
the generalized Christo [ellfunctions, see [Nev2]. Next we are going to find explicit
expressions in order to compute them.

Theorem 2. The sequence{syn}n o Satis es the following forward recurrence
relation:

@ fUn+1 = Bn(fPn + £AnPr+1) N =0,

with £Yo = (F |p,) 1(1). The coe cients fa, and £Bn are complex numberssB, & 0
given by:

f((pn+1) I—_ﬁNJn E _ L] |f((pn+1)|2 I—_ﬁNJn m
IEn+1 E and an = 1 IEn+1 E .

@3] fOn =

Proof. Since
(3)  Pn+1=Pn C3pan{gn+1} = span{sPn} CKer(f | ) C3pan{@n+1},

we introduce the polynomial £ + f0n@n+1, With £a, a complex number.

If ¢ [P} and f(q) =0, then <¢Yn+¢0nPn+1,q>=<fPn,q> +0n < Qn+1,q>
=0. Let ¢ = z"*! + lower degree terms, such that f(q) 8 0, and impose that
< #n + £0nQPn+1,q == 0. This yields

_<qun,q =

4) fOn = e 20

If <¢Pn,q>=0 for every g = z"*1 + lower degree terms, such that f(q) = 0 then
fUn = £¥n+1 and (1) is true. In other case fan E 0.
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On the other hand, it holds that ¢ n+f0n@n+1 820 because <gPn+£0nQn+1, fPn>
=[e,[2E8 0. Moreover, it is easy to see that f(fn+fan@n+1)E0. Indeed, if we as-

. Then @n+1 DKler(f |5 )
fan n+1

and S0 Qn+1 = AfPn+1 for some A [CQ. Therefore < Qp+1, fPn + f0nQPn+1 >= 0,
which implies 05 C@n+1 23 0, and fa, = 0, leading a contradiction.

sume that f (fUn+rOn®n+1) =0, we deduce f(Pn+1)=

Thus there exists ¢34 & 0 such that ¢Bn(fUn + £f0nPn+1) = £Pn+1, Which proves
1).

Next we obtain explicit expressions for the coe [ciehts. By applying f in (1) we
obtain

1

5 1= 1+ ¢anf T 1t cof(on)’

(5) B+ ranf(@na)) TeBh = ooy

From (4), rtn = ——2m 9= ith q = 27*1 + lower degree terms and f(q) = 0.
mn+l Izl

Taking into account (3) we have g = AfPn+R+@n+1, with A [Qand R [CKer(f | ).
Since f(q) =0, then A = —f(Qn+1). Therefore

_< fUn, —F(@Pn+1)fPn + R+ Pn+1 > — T(Pn+1) Cpn 2]
mn+1 ri—, IEn+1 E ’

from which, combined with (5), it follows (2). O

£0n

Corollary 1. The sequencdsUn}n o veri es the following backward recurrence
relation:

(6) fUn = (£Bn) 1(fllJn+l — £0n £BnPn+1).

Proof. It is an immediate consequence of (1). Moreover, when f is the linear
functional defined by f(P) = P (0), then £y, = @,,, and therefore relation (6) is the

well-known Szegd’s backward recurrence relation, (see [Sze]). O

Next we develop another way for the computation of the sequence {fUn}n o-
Following the usual notation for the kernels we can write:

1 _ 1
M KEPD = oef(de), K =KD, and KFD = [F (902
k=0 k=0

Taking into account that min o 2% (KSP) 1 and the fact that it is

92Pn, f(9)=1
attained for q = % (see [Be]), from Theorem 1 we deduce that ¢y, = %
and Ceyn 2% % Therefore we can obtain ¢, by computing K *" and K",
and it holds that: "
®) KE D =F@), - FEMM )T zMT
as well as

9) KD = (F @), FOMML )T (F Q). - F @)
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Some other properties concerning the polynomials £y, can be deduced.

Theorem 3.
min{[B -2 [E(P)} = —K{D
and it is attained for P = K§ P = _f¥n__
" Cepn 2]

Proof. Let P(2) = %kcbk(z). Then:
k=0

 — | 1
(R P20 P)= |A?—200 MF(dW) =

k=0 k=0
[ | 1 [ 1 1 1 1
AP = AF@O) = AF(D) = A—F@)IP—  [F(d)I
k=0 k=0 k=0 k=0 k=0

Thus min{ (P (212 [F(P)} =~ {0 and it is attained for P (z) = mkzof(q;k)q)k(z)

—k{ .o
Theorem 4. Let f1, - ,fy be m linear functionals in P, which are linearly
independent. Then the polynomialsg, Yn, - - , f,,Un are linearly independent.
 u— $ oW
Proof. Let Ajf;Un =0, that is, Aj—g—55 = 0. Taking into account (7),
j=1 j=1 Kr(," 1)
we have:
T Tl  _
A mmy kT A P =0
k=0 "™n k=0 '\n

Since {¢x}i—, are linearly independent, we get

LA Am

C]
—mmht ot =g i5fm (k) =0 k=0,---,n,
K () I (P P 1T

which yields ﬁfj =0 and therefore Ay =0forj=1,---,m. O
Ky
j=1 fn

3. Minimizing quadratic forms with linear restrictions.

Theorem 5. Let m and n be nonnegative integer numbers, withm < n. Let
f1,---,fm be m linearly independent linear functionals in P, such that fj |, & 0
OF1,---,m,and letas, - ,am bem complex numbers. Then:

1. There existsq [P} such thatf;(q) =a; for j =1,---,m if and only if there
existsp Cspan{f,Yn, -, fPn} such thatfj(p) =a; for j=1,---,m.

2. If there exists p [dpan{s,Yn, -, f,WUn} such that f;(p) = a; for j =
1,---,m then p is uniquely determined.
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Proof.

1. Let g P} such that fj(q) = a; for j = 1,---,m. It is clear that g may be
written as:

g=p+1, with p Cspan{e,¥n, -, f..Un} and | CSpan{e,Wn, -, £, Un}’ .

Taking into account that | @an{fjwn}? forj =1,---,m, then f5(I) =0
forj =1,---,m. Therefore fj(p) = fj(g—1)=4a; forj=1,---,m.
The converse is straightforward.

2. Let p,p2 Lspan{f,Yn, -, f,Wn} verifying fj(p1) = fj(p2) = a; for j =
1,---,m. Since Tj(pr—p2) =0 forj =1,---,m, then p; —p,

span{s, Wn, - - ,fqun}? . On the other hand, p1—p2 Cspan{f,Un, -, £, Un}
and therefore p; = po. 0

Notice that if there exists g [P, such that fj(q) = a; for j = 1,---,m, then
all those solutions can be written p + span{f,Un, - ,,Un}’ , with p the unique
polynomial in span{s,Wn, -, ., Yn} satisfying fj(p) = a; for j =1,---,m.

Theorem 6. Let m and n be nonnegative integer numbers, withm < n. Let
T, ,fm be mlinearly independent linear functionals inP such thatfj |, &0 [~
1,---,mand letas, --,am bem complex numbers. If there existgy [P}, such that
fj(@) =a; for j=1,---,m, then:

min a2l
p LBh
fip) =3, =1, m

is attained at a unique polynomialp LCspan{f,Yn, -, f,.Pn} satisfying fj(p) = a;
forj=1,---,m.

Proof. If ¢ [CH, satisfies fj(p) = a; for j = 1,---,m, we have proved that

g =p+1, withp Cspan{s,Wn, - , fUn}. | CSPan{s,¥n, -, f,,Wn}’ and fj(p) = a;
forj=1,---,m.

Therefore, [q (23 [p P+ [2=[p 210

Theorem 7. Let m and n be nonnegative integer numbers, withm < n. Let

fy1, -+, fm be mlinearly independent linear functionals inP such thatf; |, &0 =
1,---,mand letas, - ,am bem complex numbers. Then:
'gflyfl) L Kr(1f1,fm) a
'gfmvfl) - K'gfm,fm) Tm
. _ e am
(10) A 0o = T Ot
fj (p)=aj. j=1,---.m n n

r(]fm,fl) - Kr(]fmvfm)
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The minimum is attained at:

Kr(‘fl,fz) Kr(‘fl,fm) ]

1 —_— i ————— a1 [

K (21 K)o

. F ., T =

I’(’l ms 1) Kr(1 ms 2) 1 L]

) O am

n Kn —

(11) — £,Un f2Un e fmUn 0=
p= . Kr(]flyfz) Kgflvfm) N
L 1 Kgfz,fz) e Kr(1fm,fm) L
i r(1f2'f1) Kr(fz'fm) o
j [GREW) 1 e K Tm)
Lk (Fm 1) K (Fm F2) ]

T 1. T 1
S]l-l) Kf(]z-z)

Proof. Under our hypotheses there exists p [_span{¢,Wn, " ,f,Un} satisfying
1
fi(p) =ajfori=1,---,m. Indeed, letp =  AjfUn. If we assume that fi(p) = a;

j=1
fori=1,---,m, then we have:
™ 1 )
ai= AjfilgYn) i=1,--,m,
j=1
that is,
1
TR fi(r,n) o nmmeE?Ej
4r, Un) 1 o Talf,Un)
| o SR
a : : : A
m fm(fllpn) fm(lepn) Y 1 ™
or, equivalently, we can write
L1 Kr(‘flvfz) Kr(fl’fm) L1
I | T L7 o s oo S o
az gz.n) nl Kgfz,fm) 1
| ; ” I :f.rfl) . Kr(‘fn'.l,fm) 'CEI El
m qur;'lvfl) Kr(jfr.nvfz) . Am

Kgflrfl) Kr(1f2'f2)

Next we prove that K h= ki _, .. isanonsingular matrix. Indeed K n=

j=1,---.m
Bn' Bn, where By, = (;(¢1)) 1= n
j=1,---.m
] O ]
Let X = X3, -+, Xm L[O" and assume that B,XT =0. Then =~ x;fi =0,
i=1
and taking into account that the linear functionals f; (i = 1,---,m) are linearly

independent, we obtain X = 0, which implies that rank of B, is m. Thus, rank

Kn=m
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Therefore the coe Lciehts A; (j = 1,---,m) are given by:

|:|1 KLt Kram 11
i — k> T gm I | -

A1 2.F1) K (F2.Fm) a

1 - n

= E™ kg m |

Am . . . am

. T fm . T
Kr(11m 1) Kr(1 m.T2) 1

KETD 2

and applying the preceding Theorems 5 and 6 we obtain the result. Indeed

=
O 1
p= Pn - fmwn%El
Am

I:Il Kr(1f1,f2) Kr(]flvfm) L
W e Krgfm-fm) | 11 ]
I:I( R C ] 2.F1) 1 K2 a1
_ Kn Kn 41D K (Fm ) | ” |
T @y (Frm Fm) : : : :
Kn Kn . . . a
KOm ) K (m. T2 m
KT k@ 1
Krifl,fl) KIgfl,fZ) . r(1f1,fm) : C 11
1 Chdr- ™ Ff) L (Fofm) a1
n n
B RNt 2 I S =
KEmf) ) (o) am
1
= aWPnk,
k=1

where the polynomials lﬁn,k are given by the following expressions:

Kr(1f1yf1) L Kr(]flyfm) -
Faf) | g Fenfm
D I QL A
(Foaf) P fm) E

'gfm'fl) - Kr(]fm,fm) :

(12) Pnk =

detKn

It is clear that an,k satisfies the condition fi(lﬂn,k) = dj k. Finally,

r(1f1,f1) . Kr(1f1,fm) a
'gfm'fl) - Kr(]fm,fm) Tm
™ 1 a am 0

[a 2 axaj < l]In,ka l]Jn,j >= — —
K.j=1 det K n
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Therefore, the minimum is a quadratic form in terms of the constraints and the matrix

1
of coe [cights is K n » Which is a positive definite hermitian matrix. O

4. Some applications.
1. In [Nev2], the following problem is raised.

min a2
A LFh
pdv =1
with v a positive Borel measure on [0, 2m) with finite moments. We know that
|
1 o ok dkdv)
the minimum is o S | and it is attained at T Besides,
[ dxdv]? [ dxdv]?
if we denote by d, =< z",1 >,, then:
! oo ) G ]
¢k( ¢kdv) = d01 dly Ty dn Mn+]_ 11 Za Ty Zn
k=0
and
, 1 B R B
| ¢de| = dO! dl! Tty n Mn+]_ dOv dlv Tty dn .
k=0

2. In [GrSz, Chapter 10, Section 9] the prediction of a stationary discrete-time
stochastic process m units of time ahead is considered. The best predictor is
constructed either from the moving-average representation of the process or
from the spectral representation.

Here, we will present an alternative approach using the following extremal
problem:

min p 2
p [CPhL
p(0) =1, p%0)=0,---,p™ D) =0, m> 1.

From Theorem 7, taking into account (12) we obtain as solution of it:

| Kn@0) oo KO™ D0 B

jKr(11,0)(0,0) KEm 1)(0,0) ]
N KM 190,00 - KM M Yo, 0
na1(2) = om D

o Ka@O) o KT P0,0) 5

K" 190,00 - K™ B D(0,0)0

Notice that the best predictor can be easily deduced in terms of the coe [Ciehts
of Yn1(2) — 1.
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In the same way, from (10), we obtain an explicit expression for the minimum
error of prediction:

K&D©,0 o KE™ P0,00 T

5 (m 1:1)(0 0) . (m 1,rr; 1)(0 0)5
(P B2 - : ©,m 1)

KI’I(OI O) e Kn ' (O! 0) j

r(]m 1,0)(0, 0) L Kr(]m 1,m 1)(0' 0) ]

3. G. Freud showed in ([Fre]) that if f is a real linear functional on the space of
all polynomials, then
|
min P2do _ 1
degP) n 1 F(P)Z ~ T TE(p;)2]

and the minimum is attained by
1
P:= f(pjp;.
j=o0

Here {p;} are the orthonormal polynomials for the positive measure do. Freud
went onto use this with £(P) = P %to establish Markov-Bernstein inequalities.

Acknowledgements . We are very grateful to the referee for pointing out the
reference by G. Freud ([Fre]).
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