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A STUDY OF THE GENERALIZED CHRISTOFFEL FUNCTIONS
WITH APPLICATIONS*

E. BERRIOCHOAT, A. CACHAFEIRO!, AND F. MARCELLANS

To Richard Askey on his 65th birthday

Abstract. In this paper we solve the problem of minimizing the norm of polynomials of degree
less than or equal to n, verifying linear restrictions. This case extends in a natural way a problem
studied by Grenander and Rosenblatt. We obtain algebraic properties of the solution which enables
us to compute it and we present some applications.

1. Introduction. Let u be a finite positive Borel measure on [0,27) with an
infinite set as support. In the linear space P of algebraic polynomials with complex
coeflicients we consider the inner product:

27
<P.Q>= / P(e*)Q(@)du(6), VP.Q € P.
0

We denote the Gram matrix of {z*}7_, by M,11 = [< 2%,27 >]izo...n and the

; g j=0,---,n
corresponding moments by ¢;—; =< 2,29 > i,j=0,1,2,--- . We denote || P ||*=
<P P>

By applying the Gram-Schmidt process to the sequence {z"},,>0, we can obtain
the sequence of orthonormal polynomials {¢, }, such that

©n(2) = knz2" + lower degree terms,

with &, > 0.

Also we consider the sequence of monic orthogonal polynomials, {¢,, } >0, defined

_¥n
by ¢, = o

If we denote by P,, the linear subspace of polynomials of degree at most n, it
is known that there exists a unique polynomial function of two variables, K, (z,y),

and degree n in z and y, such that it has the reproducing property on P,, that
is < Kn(z,v),P(z) >= P(y) VP € P,. The function K,(z,y) is called the nth

reproducing kernel and K,(z,y) = . ¢r(2)or(y), (see [Aro]). In the theory of
k=0

orthogonal polynomials, it is well-known that the monic orthogonal polynomials and
the kernels satisfy some extremal conditions, (see [VAss]):
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1
1. min {P*} = — and it is attained at P = ¢,.
Pep, 2 © ki
2. If zp is an arbitrary point in the complex plane, then: min  {|| P ||?}
PE]Pn,P(Z()):l
1 Ky (z,
= ——— and it is attained at P(z) = M.
Ko (20, 20) K (20, 20)
In the same way, we can consider the minimal problems corresponding to interme-
1
diate cases, see ([Be]). For 0 <r <mn min | P|*= ————— and it is
PPy, P (20)=1 K (20, 20)

K”(ZOJ") r,Tr n T
attained at P(z) = %, where we denote by K\ )(zo, 20) = > |go,(c )(zo)|2
K" (20, 20) k=0

and K57 (2,20) = 3 on(2)ey (20) -
k=0

Another extremal characterization for these polynomials is the following;:
i P2 —onpp™ — _Kmr)
in {]| P [ =20 (z0)} = —K (20, 20)

and it is attained at P(z) = 7(10’”(2, 20). We are going to prove this property in the

next section (Theorem 3) in a more general situation.

Thus, if we introduce the Christoffel function w,,(du), defined by w,(du)(z) =

1
, then it holds that the minimum value in property 2 is wy (dp)(2o), (see

K, (z,2)
[Nevl]).

In the same way , using generalized Christoffel Functions w,,(dy, m), one can
write min || P |I?= wn(du, m)(20), (see [Nev2]).

PEP,,,P(20)=1,P’ (20)=0,--- ,P(m) (29)=0

A more general case is studied in [GrRo], where the following problem is solved.
Find the minimum:

m%)n | P||?, with the restrictions P(k)(aj) = ﬁf forj=1,---,m, k=0,---,nj;
pely

where the o are different points in the closed unit circle and the 6]’“ do not all vanish.
The explicit solution of this minimum problem is given in terms of determinants
involving the kernel function and its derivatives. Moreover, they also say that the
results are valid with appropriate modifications when the restrictions are of the form:
P®) () = B}“, keS;, j=1,---,n; where S; is a finite set of nonnegative integers.
All these problems appear in the theory of linear prediction of stationary discrete-time
stochastic processes. In fact they allow to construct best predictors.

The preceding problems can be extended in a natural way to the following.

Let fi,---, fm be m linear functionals in [P, such that f; |]Pn Z20. If f1,--- , fm
are linearly independent, find the minimum of the quadratic form || P ||? given by the
matrix M,,4+1, under the restrictions f;(P) =a; ,j=1,---,m.

Our aim is to study this last problem. In Section 2 we solve the problem with only
one linear restriction. We obtain algebraic properties of the solution which enables us
to compute it. In Section 3 we solve the general problem and in Section 4 we present
some applications.



GENERALIZED CHRISTOFFEL FUNCTIONS 69

2. Generalized christoffel functions. Throughout this section, let f be a
linear functional on PP, such that f |]Pn # 0, Yn. We are going to analyze the following

problem. Find min{|| P ||*>: P € P and f(P) = 1}. In order to do this, we introduce,
in the following definition, a family of polynomials.

DEFINITION 1. We denote by fi,, the polynomial in P, such that f(sin) = 1,
and < §bp, P >=0 for all P € P,, such that f(P)=0.

It is clear that, for each n, there exists a unique polynomial ¢, verifying the
preceding definition. Taking into account P, = Ker(f [p ) @ span{q} for some

q € P,, such that f(¢q) # 0, then we choose i, = %
q

above definition were introduced in [Be], and the following minimal property can be
deduced.

The polynomials in the

THEOREM 1. The minimum of the norm, taken over all polynomials q € Py, with
the constraint f(q) =1, is attained for ¢ = yb,. The minimum is equal to || riby ||

Proof. See [Be]. O

The polynomials satisfying the above extremal conditions can be related with
the generalized Christoffel functions, see [Nev2]. Next we are going to find explicit
expressions in order to compute them.

THEOREM 2. The sequence {sin}tn>0 satisfies the following forward recurrence
relation:

(1) fUny1 = tBn(ftn + pandni1) n >0,

with o = (f |P0)*1(1). The coefficients ra,, and ¢By, are complex numbers, ¢3, # 0
given by:

|f(Dns ) || £9n ||2)71
|| dngr |12 ‘

| ntr |12

Proof. Since

(3) Prpi1 =Py, et span{¢ni1} = span{yin} ot Ker(f |[p>n) ot span{dn+1},

we introduce the polynomial i, + fo,¢py1, with oy, a complex number.

If q€Py and f(Q) =0, then < fwn—’—fan(bn-i-la q>=< fwna q>tra, < ¢n+1, q>
=0. Let ¢ = 2" + lower degree terms, such that f(q) # 0, and impose that
< f¥n + fandni1,q >= 0. This yields

< fwnvq >

4 = — Y4~
) o = T G P

If < ¢9,,q >=0 for every g = z"*! + lower degree terms, such that f(q) =0 then
#n = f¥p41 and (1) is true. In other case ra,, # 0.
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On the other hand, it holds that fi¢,+fandni1 #0 because <phn+ rom@nyi, >
=||s¥nll*# 0. Moreover, it is easy to see that f(fin+ fndni1)#0. Indeed, if we as-

1
sume that f(f¢nt+fandni1)=0, we deduce f(¢ni1)=——": Then ¢p11 EKer(f |p
a

and so ¢py1 = App4q for some A € C. Therefore < anﬂ, fUn + fan@ni1 >= 0,
which implies 7o, || ¢nt1 [|°= 0, and fa,, = 0, leading a contradiction.

Thus there exists ¢3, # 0 such that (5, (f¥n + fanPni1) = f¥ny1, which proves
(1).

Next we obtain explicit expressions for the coefficients. By applying f in (1) we
obtain

n+1)

1
5 1= 8,1+ ranf(dn = fp=——.
(5) B+ ponf(fni1)) = 15 T o )
From (4), ra, = < f¥n.g > with ¢ = 2" + lower degree terms and f(q) = 0.

EEE
Taking into account (3) we have ¢ = Ayt +R+¢n 41, with A € Cand R € Ker(f | ).

Since f(q) =0, then A = — f(¢n+1). Therefore

_ < ﬂ/’m _f(¢n+l)f1/)n + R+ ¢n+1 > _ f(¢n+l) ” fd}n ”2

H ¢n+1 H2 ” ¢n+1 ”2 ’

from which, combined with (5), it follows (2). O

fom =

COROLLARY 1. The sequence { in, }rn>0 verifies the following backward recurrence
relation:

(6) FUn = (1Bn) " (f¥nt1 — s fBndns1)-

Proof. It is an immediate consequence of (1). Moreover, when f is the linear
functional defined by f(P) = P(0), then i, = ¢, and therefore relation (6) is the
well-known Szegd’s backward recurrence relation, (see [Sze]). O

Next we develop another way for the computation of the sequence {4, }n>0.

Following the usual notation for the kernels we can write:

n n

(M KD =3 edlen. KPP = KD, and KD = 37 (o0
k=0 k=0
Taking into account that min | q |I*°= (K,(If’f))_l and the fact that it is
q€Py, f(g)=1
(=) KD
attained for ¢ = W, (see [Be]), from Theorem 1 we deduce that ji,, = W

1 _
and || s, ||?= 7P Therefore we can obtain ¢, by computing KD and KD,
Ky
and it holds that:

(®) K7D = (fQ), - flym) (M) (1, 2T

as well as
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Some other properties concerning the polynomials f1,, can be deduced.
THEOREM 3.

i 2 _ — KD
in {|| P || —2Rf(P)} = - Ky

fz/]n

and it is attained for P = K,(f’f) =
| £%n 17

Proof. Let P(z) = > Ag¢r(2). Then:
k=0

| PI?=2RF(P) =D [Mel® = 2R Mef(gn)) =
k=0 k=0

Do IMP =D A (r) - Z)\kf (or) Z Ak —
k=0 k=0 k=0

Thus min || P[|* ~2R/(P)} = ~K ) and it is attained for P(z) = Yr_, Fler)er(2)
6 n

n

12 =D 1 (en)l.

k=0

=K. 0
THEOREM 4. Let fi,---, fm be m linear functionals in P, which are linearly
independent. Then the polynomials p )n,--- , 1, %0 are linearly independent.
K( fj)
Proof. Let Z Ajsbn = 0, that is, Z A, i~ =0 Taking into account (7),
K J2JJ

we have:

(Kflflel)fl—i_ me)(<ﬂk)—0 k=0,-
A_ .
which yields Z (j P )fj = 0 and therefore A; =0for j=1,---,m. 0

3. Minimizing quadratic forms with linear restrictions.

THEOREM 5. Let m and n be nonnegative integer numbers, with m < n. Let
fi,-+ 5 fm be m linearly independent linear functionals in P, such that f; |IP’n Z0
Vi=1,---,m, and let a1,--- ,a,, be m complex numbers. Then:

1. There ezists q € Py, such that fj(q) = a; for j =1,---,m if and only if there
exists p € spand{ f,¥n, -+, r,.Un} such that f;(p) =a; forj=1,--- ,m.

2. If there exists p € span{s,¥n, -+, . n} such that f;(p) = a; for j =
1,---,m then p is uniquely determined.
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Proof.

1. Let ¢ € P, such that f;j(¢) = a; for j = 1,--- ,m. It is clear that ¢ may be
written as:

q=p+I1, with p € span{p¥n, -, 1, ¥n} and [ € span{ s n, - ,fmz/Jn}J‘.

Taking into account that [ € span{sz/)n}J- for j =1,---,m, then f;(1) =0
for j =1,--- ,m. Therefore f;(p) = fi(¢ —1) =a; for j=1,---,m.
The converse is straightforward.

2. Let p1,p2 € span{pthn, -, 1, ¥n} verifying f;(p1) = fi(p2) = a; for j =
1,---,m. Since fj(p1 —p2) =0 forj =1,---,m, then p; —py €
span{ s, ¥n, + , £..n}+. On the other hand, p1 —ps € span{ f,Pn, -, .. n}
and therefore p; = ps. O

Notice that if there exists ¢ € P,, such that f;(¢) = a; for j = 1,--- ,m, then
all those solutions can be written p + span{ s, n, - 7f7nwn}J_7 with p the unique
polynomial in span{ s, ¥n, -, 1. ¥n} satisfying f;(p) = a; for j=1,--- ,m.

THEOREM 6. Let m and n be nonnegative integer numbers, with m < n. Let
fi,-+ 5 fm be m linearly independent linear functionals in P such that f; |IF’n Z0Vj =
1,---,m and let ar, - ,a,, be m complex numbers. If there exists q € P, such that

fj(Q) =a; forj=1,---,m, then:

min Ip
pePn
fj(p):a’Jv ]:17 ,m

is attained at a unique polynomial p € span{ s Un, -, f,.¥n} satisfying f;(p) = a;

forj=1--- m.

Proof. If ¢ € P, satisfies f;(p) = a; for j = 1,--- ,m, we have proved that

q = p+l, with p € span{s, ¥n, -, f.¥n}, L € span{pn, -, . ¥n}* and f;(p) = a;
forj=1,---,m.

Therefore, || ¢ |*=[lp |I* + [ 1 |*>[|p ||I*. O

THEOREM 7. Let m and n be nonnegative integer numbers, with m < n. Let

fi,-++ 5 fm be m linearly independent linear functionals in P such that f; |]Pn Z0Vj =
1,---,m and let ay,--- ,a,;, be m complex numbers. Then:
K”(lflyfl) .. K”(lfhfnl) a_l
KU Ut %
. 2 aj Tt Qm 0
. B T L N = T SRR

Ky;,fl) K7(1f7;hfm)
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The minimum is attained at:

. K7(1f17f2) K7(If1,fm) .
K”(If27f2) K”(IfmvfM)
KU d) )
KUnR) ) ! m
K1 2) Kiflem)

1 K(f2vf2) K’,(lfmwfnl)
K250 " K (2 5m)
Kifl’fl) 1 Kglfm,fm)
K”(lf;ufl) Kifv;uf2) 1

Kgbfhfl) K7(lf2wf2)

Proof. Under our hypotheses there exists p € span{, ¥, -
m

73

s fmWn} satisfying

filp) = a; fori=1,--- ,m. Indeed, let p = > Ajf1bn. If we assume that fi(p) = a;

j=1
fort=1,---,m, then we have:

ai =Y Aifi(gbn) i=1,--,m,

j=1
that is,

1 fl(fzz/]ﬂ)
fo(pton) 1

a

T

am

(i) Fnlsatin)

or, equivalently, we can write

1 K7(Lf1,f2)
K (f2:72)
al Kflfz‘fl) 1
. Kifl,fl)

Kéfm’fl) Kflfm,f2)

Kifl,fl) K7(lf2,f2)

Next we prove that Kn = (Kflf“fj))

fi (fmwn)
f2(fm1/)n)

K1 fm)

KFm.fm)

K”;(‘lwifwn)

K Tm)

Ay

Am

Ay

Am

_ is a nonsingular matrix. Indeed Kn =

i=1,..-
j=1,---,m
B,y By, where By, = (£;(5)) izt
Jj=1,---,m
Let X = (#1, -+, @m) € C™ and assume that B, X” = 0. Then Y z;f; =0,
and taking into account that the linear functionals f; (i = 1,---,m) are linearly

independent, we obtain X = 0, which implies that rank of B, is m. Thus, rank

K, -n
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Therefore the coefficients 4; (j =1,---,

1 K;Lflvf2)
K7(Lf2,f2)
Ay K(f2:/1)
_ Ky(lflvfl) 1
A . .
m KUm,f1) K(m,f2)
Kglflvfl) K;fz«fz)

E. BERRIOCHOA, A. CACHAFEIRO, AND F. MARCELLAN

m) are given by:

Ky(lfl’f”l) -1
Kéfm,fm)
Kif2’f"") aq
K;fmwfwn) .
Qm
1

and applying the preceding Theorems 5 and 6 we obtain the result. Indeed

Ay
p=(f%n ftn) |
Am
KU1:02) KU1 fm)\
K7(lf2,f1) K7(lf2,fm) a1
_ K,(f’fl) K,(f’fm) KT 1 T KUmTm
B KT Ko dm) .
K7(lf7;1,f1) K7(lf7;1,f2) m
K;fl«fl) Ky(lfzwfz) 1
K gelnf) Krdm) -1
' K(fZ;fl) K(fz;fz) K(fmfm) ax
_ ( (—f1) <<fm>) " " "
= | Ky Ky
. : . : m
Kflfm-,fl) K»,(Lfm7j2) K»,(y,fmﬂfm)
=Y ot
k=1
where the polynomials 1/;717]@ are given by the following expressions:
K7(lf17f1) K7(lf17fm)
K1(lfk'—1,f1) K7(1fk;17fm)
K”(l_)fl) K”(l_mﬂn)
K7(1fk+17f1) K7(lfk+1,fm)
B K(f’r’nvfl) . K(f'r;t-,fm)
(12) 1/}n,k = - -
det Kn
It is clear that 1/~)nk satisfies the condition fz(d;nk) = d; k. Finally,
K”(lflvfl) K”(lfhfnl) a’_l
a1 A, 0

m
Ip 2= Y axdy < g, Pny >= —

k,j=1

det Kn
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Therefore, the minimum is a quadratic form in terms of the constraints and the matrix

-1
of coefficients is Kn , which is a positive definite hermitian matrix. O

4. Some applications.

1. In [Nev2], the following problem is raised.

min | pl]?
peP,
[ pdv =1

with v a positive Borel measure on [0, 27) with finite moments. We know that

S on([ ordv)

the minimum is ———————— and it is attained at kzr?
kZ | [ rdv]? kE | [ erdv|?
=0 =0
if we denote by d,, =< 2™,1 >,, then:

. Besides,

2 _ _ T
Z@k(/@kd’/): (d07 dlu ) dn) (Mn_jil) (17 2 Zn)T
k=0
and
- _ _ T
Z|/wkdu|2:(do, i, oy dn) (M) (doy dre ey da)”
k=0

2. In [GrSz, Chapter 10, Section 9] the prediction of a stationary discrete-time
stochastic process m units of time ahead is considered. The best predictor is
constructed either from the moving-average representation of the process or
from the spectral representation.

Here, we will present an alternative approach using the following extremal
problem:

min [ p?
pelP,
p(0)=1, p'(0)=0,---,p™=Y(0) =0, m > 1.

From Theorem 7, taking into account (12) we obtain as solution of it:

K,(z,0) e 7(10.,m71)(27 0)
KM20,00 -0 K8™Y(0,0)
~ 7(177171,0) (070) L Kr(mel,mfl)(O,O)
Una(z) = (0,m—1) :
K.00,00 - K™ Y0,0)
K1(lm71,0) (070) L Kémfl,mfl)(ojo)

Notice that the best predictor can be easily deduced in terms of the coefficients

of ’Jjn,l(z) -1
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In the same way, from (10), we obtain an explicit expression for the minimum
error of prediction:

K&Y0,00 - K8™Y(0,0)
| G |12 KMMY0,0) - KSY(0,0)
n,l = — .
K,(0,0) o KP™Y(0,0)
K’r(Lm—l,O) (O7 0) . K’Elm—l,m—l)(o, 0)

3. G. Freud showed in ([Fre]) that if f is a real linear functional on the space of
all polynomials, then

f P2do 1

min =
deg(P)n—1 F(P)2 S f(p;)?

)

and the minimum is attained by

n—1

P:=3 f(p)p;.

=0

Here {p;} are the orthonormal polynomials for the positive measure do. Freud
went onto use this with f(P) = P’ to establish Markov-Bernstein inequalities.
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