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ember 2000 001AN IMPROVEMENT OF A BORWEIN- ERD�ELYI- K�OS RESULT�WILLIAM FOSTERy AND ILIA KRASIKOVzAbstra
t. This paper 
onsiders the problem of �nding, given n, the smallest m su
h thatthere exists a polynomial �(x) of degree m satisfying j�(�1)j > Pni=0 j�(i)j. It is shown thatm � bpn ln 2
 � 1: For polynomials non-negative on [0; n℄ we �nd the best possible value of m andshow that 2bpn ln 2
 � 3 � m � 2bpn ln 2
+ 2; n � 3;improving an earlier result of Borwein, Erd�elyi and K�os [3℄. As a 
onsequen
e we sharpen somebounds 
on
erning the Prouhet-Terry-Es
ott problem, polynomials with restri
ted 
oeÆ
ients andthe sequen
e re
onstru
tion problem.1. Introdu
tion. A question of �nding for a given n a polynomial �(x) of theleast degree satisfying(�) j�(�1)j > nXi=0 j�(i)j;has arisen in 
onne
tion with so-
alled Littlewood-type problems [3℄, and has manyappli
ations, see e.g. [2, 3, 5℄. Probably the most interesting of them is: having foundsu
h a polynomial of degree m then there are only trivial solutions for the Prouhet-Terry-Es
ott (PTE) problem of size n+1 and degreem. The PTE problem of size n+1and degree d asks for non-trivial solutions ui; wi 2 N \ [0; n+1℄; i = 0; : : : ; q � n+1to the system: uh0 + uh1 + � � �+ uhq = wh0 + wh1 + � � �+ whq ; h = 0; : : : ; d;u0 < u1 < � � � < uq ; w0 < w1 < � � � < wq :A trivial solution is given by ui = wi; i = 0; : : : ; q.Noti
e also that the famous Vinogradov mean value theorem gives an upper boundon the total number of the solutions of this system. Let Anm (resp. Bnm) denote theset of polynomials (resp. polynomials non-negative on [0; n℄) of degree m satisfying(*). It is easily 
he
ked (see e.g. [5℄) that the above PTE system has a non-trivialsolution i� there is a non-zero sequen
e Æ0; : : : Æn+1 with Æi 2 f�1; 0; 1g; su
h thatPn+1i=0 Æig(i) = 0; for any polynomials g(x) of degree m. Thus, whenever Anm 6= ; thenPTE problem has only trivial solutions for d � m.Another 
onsequen
e is that a polynomial Pn+1j=0 ajxj with ja0j = 1; jaj j � 1 
anhave at most m-fold zero at 1 [3℄. Condition Anm 6= ; provides also a bound for theSequen
e Re
onstru
tion Problem (see [5℄ and Theorem 1.5 below).In Borwein, Erd�elyi and K�os [3℄ an ingenious example is 
onstru
ted whi
h givesa non-negative polynomial of degree b 167 pn+ 1
 + 4 satisfying j�(�1)j >Pni=0 �(i).It turns out that this was an extremely good guess, sin
e, as we will show, no su
h apolynomial exists for m � bpn ln 2
 � 2: We improve on their result by 
onsideringpolynomials whi
h are non-negative on [0; n℄ and �nding su
h polynomials of the least�Re
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606 W. FOSTER AND I. KRASIKOVdegree whi
h satisfy (*) - see Theorem 4.1. Using estimates of this minimum degreewe �nd:Theorem 1.1. m� 2bpn ln 2
+ 2) Bnm 6= ;m< 2bpn ln 2
 � 3) Bnm = ;Sin
e j�(�1)j > Pni=0 j�(i)j, deg(�(x)) = m; implies �2(�1) > Pni=0 �2(i); andhen
e An2m 6= ;; we getTheorem 1.2. If m � bpn ln 2
 � 2 then Anm = ;:Theorem 1.3. The PTE problem of size n+1 has only trivial solutions for degreem � 2bpn ln 2
+ 2:Theorem 1.4. Pn+1j=0 ajxj ; ja0j = 1; jaj j � 1 has at most 2bpn ln 2
 + 2 zerosat 1.Theorem 1.5. Any word of length n is uniquely determined by all its �nm� sub-words of length m, provided m � 2bpn ln 2
+ 3:Con
erning Theorems 1.3 and 1.4 noti
e that the known lower bound is 
(p nlnn )[1℄ (see also [3℄).We 
onsider polynomials non-negative on [0; n℄ as we 
an apply Luk�a
s' Theorem(see [7℄, p.4) to these polynomials and then use the Hahn polynomials in order toobtain polynomials with the required minimum degrees. We state a minor variationof Luk�a
s' Theorem whi
h we use in this paper.Theorem 1.6. (a) Let f(x) be a polynomial of degree m with real 
oeÆ
ientswhi
h is non-negative on [�1; 1℄. Then there exists a polynomial h(z); z = ei� ofdegree m su
h that f(
os(�)) = jh(z)j2.Let k = bm+12 
 then:(b) f(x) = p(x)2+(1�x2)q(x)2 where p(x); q(x) are of degree k; k�1 respe
tively.(
) Let f(x) be a polynomial of degree m with real 
oeÆ
ients where p(x); q(x)are of degree k; k � 1 respe
tively.Proof. Part (a) is found in [7℄.Part (b): If m is even then we have f(
os(�)) = jh(z)j2 = je�im�=2h(z)j2 and onexpanding out in powers of ei� the result follows on using the Chebyshev polynomials- see proof in [7℄. If m = 2k�1 is odd then we use f(
os(�)) = je�i(k�1)�h(z)j2 insteadand expand. This is the only 
hange for the odd 
ase from the standard proof.Part (
): g(x) = f(n(x+ 1)=2) satis�es 
onditions of (b) and so we have g(x) =p(x)2 + (1 � x2)q(x)2 for suitable polynomials p; q. Sin
e f(x) = g((x � 1)=(n � 1))we �nd on substitution that f(x) = p((x� 1)=(n� 1))2 + x(n� x)(2q(x)=n)2. Hen
eresult.2. The Hahn Polynomials. The referen
es for this se
tion are [4℄,[6℄. We
onsider the Hahn polynomials for �; � > �1; n 2 N:Hk(x;�; �; n) = kXj=0(�1)j �kj��k+�+�+jj ��j+�j ��nj� �xj�:



AN IMPROVEMENT OF A BORWEIN- ERD�ELYI- K�OS RESULT 607For �xed �; � they are orthogonal on [0; : : : ; n℄ with weight �(�;�)(x) = �x+�x ��n�x+�n�x �;i.e. nXi=0 �(�;�)(i)Hk(i;�; �; n)Hq(i;�; �; n) = Æk;qd(�;�)kwhere d(�;�)k = n+ k + �+ � + 12k + �+ � + 1 �k+�k ��n+k+�+�n ��k+�k ��nk� :We shall work with the following two spe
ial 
ases of the Hahn polynomials. First,we have the dis
rete Chebyshev polynomials [6℄:Tk(x) = Hk(x; 0; 0; n) = kXj=0(�1)j �kj��k+jj ��nj� �xj�;�(0;0)(x) = 1; d(0;0)k = dk = n+ k + 12k + 1 �n+kn ��nk� :The other spe
ial 
ase is given by:Rk(x) = Hk(x� 1; 1; 1; n� 2) = kXj=0(�1)j �kj��k+2+jj �(j + 1)�n�2j ��x� 1j �;�(1;1)(x) = x(n� x); d(1;1)k = Dk = n+ k + 12k + 3 �n+kn�2��n�2k � :We also need to �nd Tk(�1); Rk(�1). To do this we need the following:Lemma 2.1. kXj=0 �kj��k+t+jj ��nj� = �n+k+t+1k ��nk� :Proof. On expanding the binomial 
oeÆ
ients and multiplying both sides by �nk�we �nd the above is equivalent to f(n; k; t) =Pkj=0 �n�jk�j��k+t+jj � = �n+k+t+1k �: Using�n�jk�j� = �n�1�jk�j �+ �n�1�jk�1�j� we obtain:f(n; k; t) = kXj=0��n� 1� jk � j �+�n� 1� jk � 1� j���k + t+ jj �= f(n� 1; k; t) + f(n� 1; k � 1; t+ 1):The result follows by indu
tion on n+ k + t:Lemma 2.2. Tk(�1) = �n+k+1k ��nk� ; k = 0; : : : ; n;Rk(�1) = �n+k+1k ��n�2k � ; k = 0; : : : ; n� 2:Proof. Apply Lemma 2.1 with t = 0; t = 2 respe
tively.



608 W. FOSTER AND I. KRASIKOV3. Finding the Optimal Polynomial. Let Pnk denote the set of all polynomialsof degree k whi
h are non-nega tive on f0; : : : ; ng: We �nd the minimum value overall polynomials �(x) 2 Pnk of:�(�) = nXi=0 �(i)� j�(�1)j:3.1. Even Case. Let �2k(x) 2 Pn2k. By Luk�a
s' Theorem we have polynomialspk(x); qk�1(x) of degrees k; k � 1 respe
tively su
h that �2k(x) = p2k(x) + x(n �x)q2k�1(x).Lemma 3.1. Let � 2 Pn2k;.(a) if �(�1) > 0 then�(�) < 0) kXi=0 T 2i (�1)=di > 1, kXi=0(2i+ 1)(n+ i+ 1)!(n� i)!(n+ 1)!2 > 1;(b) if �(�1) < 0 then�(�) < 0) k�1Xi=0 R2i (�1)=Di > 1=(n+ 1), k�1Xi=0(2i+ 3)(i+ 2)(i+ 1)(n+ i+ 1)!(n� i� 2)!(n+ 1)!n! > 1:Proof. (a) We note that�(�) = nXx=0 p2k(x) � p2k(�1) + nXx=0x(n� x)q2k�1(x) + (n+ 1)q2k�1(�1):Sin
e the last two terms are a sum of positive terms we have �(�) � �(p2k).Now write pk(x) = Pki=0 aiTi(x) and let Fk = Pkj=0 T 2j (�1)=dj . Using theorthogonality properties of the Hahn polynomials and the Cau
hy-S
hwarz inequalitywe have:�(p2k) = kXi=0 a2i di � ( kXj=0 ajTj(�1))2 � kXi=0 a2i di � ( kXj=0 a2jdj)Fk = (1� Fk)( kXi=0 a2i di):Hen
e Fk � 1) �(p2k) � 0) �(�) � 0.Substituting the values for Ti(�1) we obtain:Fk = kXi=0(2i+ 1)(n+ i+ 1)!(n� i)!(n+ 1)!2and (a) follows.(b) In this 
ase we have�(�) = nXx=0 p2k(x) + p2k(�1) + nXx=0x(n� x)q2k�1(x)� (n+ 1)q2k�1(�1):



AN IMPROVEMENT OF A BORWEIN- ERD�ELYI- K�OS RESULT 609Hen
e we have �(�) � �(x(n � x)q2k�1(x)) and we write qk�1 =Pk�1i=0 biRi(x). LetGk�1 =Pk�1j=0 (n+ 1)R2j (�1)=Dj. Following similar reasoning to (a) we �nd�(x(n� x)q2k�1) � (1�Gk�1)(k�1Xi=0 b2iDi):Hen
e Gk�1 � 1) �(�) � 0.Substituting the values found for Ri(�1) we obtain:Gk�1 = k�1Xi=0(2i+ 3)(i+ 2)(i+ 1)(n+ i+ 1)!(n� i� 2)!(n+ 1)!n!and (b) follows.Theorem 3.2. Given n the least k su
h that 9� 2 Pn2k and �(�) < 0 is given byk = Minfi : Fi > 1gProof. First we show that the inequality:Fk > Gk�1; k < pnln2is true for n � 3 and hen
e we need only 
onsider the 
ase �(�1) � 0; n � 3. Forn = 3; 4 it 
an be 
he
ked dire
tly and so we assume n � 5.Let Wj = (n+ j + 2)(n� j � 1)� (n+ 1)(j + 2)(j + 1): After a small amount ofalgebra we �nd:Fk �Gk�1 = 1=(n+ 1) + k�1Xj=0(2j + 3)(n+ j + 1)!(n� j � 2)!Wj=(n+ 1)!2:Now for j � n2=pn+ 2� 2. It is easy to show that n2=pn+ 2� 2 � pnln2; n � 5:The theorem follows by the last Lemma if we 
an �nd an example of a Case (a)polynomial of the given degree k = Minfi : Fi > 1g whi
h satis�es the 
onditions.We see easily that the polynomial�(x) = p2k(x); pk(x) = kXi=0 Ti(�1)di Ti(x)satis�es �(�) < 0 where k = Minfi : Fi > 1g.3.2. Estimating the optimal even degree. We establish the following resultLemma 3.3. ej(j+1)=(n+1) < �n+j+1j ��nj� < ej(j+1)=n; 1 � j � pnThis 
an be more pre
isely stated as:(a) ej(j+1)=(n+1) < �n+j+1j ��nj� ; j � 1(b) ej(j+1)=n > �n+j+1j ��nj� ; 1 � j � pn



610 W. FOSTER AND I. KRASIKOVProof. By indu
tion. We use the inequality ex=(1+x=2) < 1+ x; x > 0 throughoutthis proof without 
omment.(a) Certainly true for j = 1. Nowej(j+1)=(n+1) = e(j�1)j=(n+1)e2j=(n+1) < �n+jj�1�� nj�1� e2j=(n+1)by indu
tion. Bute2j=(n+1) < 1 + 2j=(n� j + 1) = (n+ j � 1)=(n� j + 1)and so ej(j+1)=(n+1) < �n+jj�1�� nj�1� (n+ j � 1)=(n� j + 1) = �n+j+1j ��nj� :Hen
e result.(b). Certainly (b) is true for j = 1. Suppose that j � pn and (b) is true forj � 1. Then we have ej(j+1)=n = e(j�1)j=ne2j=n > �n+jj�1�� nj�1� e2j=n:Hen
e if we 
an show thate2j=n > (n+ j + 1)=(n� j + 1) = 1 + 2j=(n� j + 1)we obtain ej(j+1)=n > �n+jj�1�� nj�1� (n+ j + 1)=(n� j + 1) = �n+j+1j ��nj� :Now let x = 2j=n in e2j=n � (n+ j + 1)=(n� j + 1) to obtainex � 1� 2nx=(2n� nx+ 2) > x+ x2=2� 2nx=(2n� nx+ 2) =x2=2� x(nx � 2)=(2n� nx+ 2) > 0 if nx2 � 2x� 4 < 0; i.e.x < 1 +p4n+ 12 , j <pn+ 1=4 + 1=2:But j � pn by the assumption, hen
e result.3.2.1. Finding bounds for 
(n). Using Lemma 3.2 we now estimate the �rstvalue of k su
h that Fk > 1. It is well-known that for a monotone fun
tion f(x),min(f(0); f(m)) � mXi=0 f(i)� Z m0 f(z)dz � max(f(0); f(m)):Using this we getFk = kXj=0(2j + 1)(n+ j + 1)!(n� j)!(n+ 1)!2 > 2j + 1n+ 1 e(j+1)j=(n+1)> Z k0 2x+ 1n+ 1 e(x+1)x=(n+1)dx+ 1=(n+ 1) = e(k+1)k=(n+1) � 1 + 1=(n+ 1):



AN IMPROVEMENT OF A BORWEIN- ERD�ELYI- K�OS RESULT 611Hen
e e(k+1)k=(n+1) � 1 + 1=(n+ 1) > 1) Fk > 1. Nowe(k+1)k=(n+1) � 1 + 1=(n+ 1) > 1)k(k + 1) > (n+ 1)ln(2� 1=(n+ 1)) > (n+ 1)(ln2� 1=(2n+ 1)):This implies(k + 1=2)2 > nln2 + ln2� (n+ 1)=(2n+ 1) + 1=4 > nln2 + 1=3; n � 3i.e. k >pnln2 + 1=3� 1=2) Fk > 1; n � 3:We also have using Lemma 3.2 and assuming that k < pn:Fk < kXj=0 2j + 1n+ 1 e(j+1)j=n < Z k+10 2x+ 1n+ 1 e(x+1)x=ndx = nn+ 1(e(k+2)(k+1)=n � 1):Hen
e we havee(k+2)(k+1)=n � 1 < (n+ 1)=n, (k + 2)(k + 1) < n(ln(2 + 1=n)) < n(ln(2) + 1=(2n� 1))) k <pnln(2) + n=(2n� 1) + 1=4� 3=2 <pnln(2) + 1� 3=2:Hen
e we have shown k < pnln(2) + 1 � 3=2 ) Fk < 1. If we let 
(n) = Minfi :Fi > 1g then if we let zn = bpnln(2)
 we have:zn � 2 � 
(n) � zn + 1; n � 34. General Case.Notation: Let �(n) = Minfi : Bni 6= ;g. Re
all that 
(n) = Minfi : Fi > 1g. Wehave shown in Se
tion 3 that �(n) � 2
(n) Note that if k� = 
(n) i.e 9 �(x) 2 Pn2k�satisfying �(�) < 0, then �(n) � 2k� � 1. Clearly we have �(n) 6= 2s; s < k� and�(n) 6= 2s�1; s < k�. This last 
ase follows from the �rst as if �1(x) 2 Pn2s�1;�(�) < 0then �2(x) = ax2s + �1(x) 2 Pn2s and �(�2) < 0 for small enough a 2 R+ , e.g.a = �0:5�(�1)=�(x2s). However it is possible to have �(n) = 2k��1 for some n andthe following theorem gives the ne
essary 
ondition on n.Notation: bk�1 = (k + 1)(n� k)=(n(n� 1))Mk = b2k�1Dk�1(1 +Gk�1)1 +Gk�2mk = dk(1� Fk)1� Fk�1Qk = mk=MkTheorem 4.1. Given n 2 N. Let k� = 
(n).Qk� < �1) �(n) = 2k� � 1Qk� � �1) �(n) = 2k�



612 W. FOSTER AND I. KRASIKOVProof. Sin
e we have �(n) � 2k� from the even 
ase, we 
onsider odd degreepolynomials. Let �(x) 2 Pn2k�1. By Lukas
' Theorem we 
an write: �(x) = p(x)2 +x(n�x)q(x)2; where p(x); q(x) are of degree k; k� 1 respe
tively. This enables us tore-use the 
al
ulations for the even 
ase, but we pay for this by having to normalizethe polynomial. On using the Hahn polynomials as in the even 
ase we have:pk(x) = Tk(x) + k�1Xi=0 aiTi(x)qk�1(x) = bk�1Rk�1(x) + k�2Xi=0 biRi(x)where bk�1 = (k + 1)(n � k)=(n(n � 1)) is a �xed 
onstant ensuring that T 2k (x) �b2k�1R2k�1(x) has no term in x2k . But we note that the 
oeÆ
ient of x2k�1 is deter-mined by these 
hoi
es and is non-zero. This gives a normalization of the polynomial�(x).As before we have to 
onsider the 
ases �(�1) > 0; �(�1) < 0.Case (a) �(�1) > 0.�(�) = Pnx=0 p2k(x) � p2k(�1) +Pnx=0 x(n � x)q2k�1(x) + (n + 1)q2k�1(�1). Butnow we 
annot assume that qi(x) = 0; x 2 f�1; 1; ::g as we have a non-zero term inRk�1(x). But we 
an minimize this expression independently to get a value inde-pendent of pk(x). On minimizing using the de
omposition into Hahn polynomials weobtain that Pnx=0(n� x)q2k�1(x) + (n+ 1)q2k�1(�1) has the minimum value:Mk = b2k�1Dk�1(1 +Gk�1)1 +Gk�2This value o

urs at bi = �k�1Ri(�1)=Di; i = 0; : : : ; k � 2, where�k�1 = �(n+ 1)bk�1Rk�1(�1)=(1 +Gk�2):Hen
e we have �(�) � �(p2k(x)) +Mk and we now minimize�(p2k(x)) = k�1Xi=0 a2i di + dk � (Tk(�1) + k�1Xj=0 ajTj(�1))2to obtain the minimum value: mk = dk(1� Fk)1� Fk�1and ai = �k�1Ti(�1)=di; i = 0; : : : ; k � 1; where �k�1 = Tk�1=(1 � Fk�1). Hen
ewe have Mk +mk � 0 ) �(�) � 0. We note that mk < 0 , k = k�. A ne
essary
ondition for �(�) < 0 is that Mk +mk < 0, mk < �Mk < 0) k = k�.We see dire
tly that Bn2k��1 6= ; , Qk� < �1 and an example of su
h a polynomialis given by using the 
oeÆ
ients:ai = �k��1Ti(�1)=di; i = 0; : : : ; k� � 1bi = �k��1Ri(�1)=Di; i = 0; : : : ; k� � 2where �k��1 = Tk��1=(1� Fk��1); �k��1 = �(n+ 1)bk��1Rk��1(�1)=(1 +Gk��2):



AN IMPROVEMENT OF A BORWEIN- ERD�ELYI- K�OS RESULT 613Case (b) �(�1) < 0.�(�) = Pnx=0 p2k(x) + p2k(�1) +Pnx=0 x(n � x)q2k�1(x) � (n + 1)q2k�1(�1). Weobtain that the minimum k su
h that �(�) < 0 is given by the least k su
h thatNk + nk < 0 whereNk = b2k�1Dk�1(1�Gk�1)1�Gk�2 ; nk = dk(1 + Fk)1 + Fk�1We now show that Sk = Nk+nk� (Mk+mk) � 0 for all k � 
(n) and Case (a) givesthe least k. After some algebra we qui
kly �nd that:Sk = 2�2k�1Dk�1Gk�2 �Gk�11�G2k�2 + 2dkFk � Fk�11� F 2k�1 = �2�2k�1Rk�1(�1)21�G2k�2 + 2 Tk(�1)21� F 2k�1� 2(Tk(�1)2 � �2k�1Rk�1(�1)2)1�G2k�2 ; k � 
(n):The last inequality follows from 0 < Gk�2 � Fk�1 < 1; k � 
(n); see proof ofTheorem 3.2. Using Lemma 2.1 we see that �k�1Rk�1(�1) � Tk(�1), n2 � nk andthe result follows.5. Cal
ulations and Examples. Mathemati
a was used for all 
al
ulations.We �nd on 
al
ulation using the test Fk > 1 for the minimum degree 2k of even degreepolynomials � non-negative on [0; n℄ and satisfying �(�) < 0 that k = bpn ln 2
 is
orre
t in about 99% of 
ases from n = 300 to n = 1000. The other values 
al
ulatedare all bpn ln 2
+ 1.5.1. Odd Degree polynomials. The following values of n up to 605 have odddegree minimum degree polynomials � whi
h are positive on [0; n℄ and satisfy �(�) <0. The values of n are given in ranges; [a; b℄ meaning all integers between a; b in
ludinga; b.[5; 7℄; [12; 15℄; [22; 27℄; [35; 42℄[143; 157℄; [174; 189℄; [207; 224℄; [243; 261℄[282; 302℄; [324; 345℄; [368; 391℄; [416; 440℄[467; 492℄; [520; 547℄; [576; 605℄All other values of n have even degree minimum degree polynomials.5.2. Examples of Minimum Polynomials: n = 23. If we 
al
ulate the min-imum degree even dimension polynomial �even given in Se
tion 3 we �nd we get apolynomial of degree 8:(75900� 46754x+ 7599x2 � 454x3 + 9x4)25309162496 :However the minimum odd degree polynomial is of degree 7 and is:(6020175780326366208� 4683235859203903260x+ 1393432015941831656x2�204308880340318863x3+ 16253918538185423x4� 712839540298293x5+16129965347897x6� 146153389200x7)=12347200692845568
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