
METHODS AND APPLICATIONS OF ANALYSIS. 

 2000 International PressVol. 7, No. 4, pp. 615{640, De
ember 2000 002PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSESGENERATED BY COEXISTING FRONT AND BACK WAVES�SHUNSAKU NIIyAbstra
t. Pit
hfork and Hopf bifur
ations of traveling pulse solutions bifur
ating from 
oexist-ing traveling front and ba
k waves of rea
tion-di�usion systems are studied. It is assumed that theparameter set on whi
h the traveling front exists and the set on whi
h the ba
k wave exists interse
tnon-transversally. As a result, more 
ompli
ated bifur
ations than the transversal 
ase are provento o

ur, in
luding pit
hfork and Hopf bifur
ations of traveling pulses.1. Introdu
tion. Re
ently, bifur
ation phenomena of traveling waves and theirstability in paraboli
 systems has been attra
ting attention. Su
h systems in
luderea
tion-di�usion systems,where the waves are thought to represent qualitative 
hangeof propagation of transition layers of 
hemi
al substan
es, and nerve axon equations,where they are thought to represent 
ondu
tion of ele
tri
 pulses. These waves areexpe
ted to be stable if they are observed experimentally. This problem has already
ommanded a large body of literature.One way to study this subje
t is to regard the bifur
ations and the linear stabilityof traveling waves as bifur
ations of homo
lini
 or hetero
lini
 solutions of ordinarydi�erential equations.A natural strategy in this line of thought is as follows:(1) Assume the weakest type of degenera
ies on the homo
lini
 or hetero
lini
orbits 
orresponding to the wave and apply the homo
lini
 or hetero
lini
bifur
ation theory. Then analyze the stability of waves 
orresponding to thehomo
lini
 or hetero
lini
 solutions.(2) Pro
eed to more degenerate 
ases.Results in stage (1) go ba
k to early works by Evans, Feni
hel and Feroe [5℄,Yanagida [21℄, Yanagida and Maginu [22℄ Kokubu, Nishiura and Oka [13℄ and Deng [4℄.Later results in
lude Alexander and Jones [2℄[3℄, Gardner [6℄, Kan-on [10℄[11℄, Nii [14℄[15℄[16℄ and Sandstede [18℄[19℄. [13℄ and [14℄ treat bifur
ation of pulses from 
oexistingfront and ba
k waves under 
ertain transversality 
onditions. Works belonging tostage (2) have already done by Sandstede, Alexander and Jones [20℄, Yew [23℄ andNii and Sandstede [17℄.The subje
t of this paper is bifur
ation from 
oexisting front and ba
k waveswhi
h do not satisfy transversality 
onditions. This type of degenera
y appears in[13℄ and belongs to stage (2) above.In [13℄, the following type of one-dimensional rea
tion di�usion system is treated:( "�ut = "2uxx + f(u; v; �; 
)vt = vxx + g(u; v; �; 
)(1.1)where x 2 R and t > 0. " and � are real positive parameters, with " a small parameter.The null
line of f interse
ts with that of g at P = (uP ; vP ), R = (uR; vR) andQ = (uQ; vQ) where vP < vR < vQ. P and Q are stable 
onstant solutions of (1.1),whi
h guarantees the bistability, while R is unstable.�Re
eived August 5, 1999; revised Sept 18, 2000.yDepartment of Mathemati
s Fa
ulty of S
ien
e Saitama University, 255 Shimo-Okubo, Urawa338-8570, Japan (snii�rimath.saitama-u.a
.jp). 615



616 S. NIILet s = x + 
t be the traveling 
oordinate. Then the system of equations for atraveling wave be
omes:8>>>>>><>>>>>>: _u = 1"u1_u1 = 
�" u1 � 1"f(u; v; �; 
)_v = v1_v1 = 
v1 � g(u; v; �; 
) ( _ = dds )This system is simply written as:_x = F(x;�); x = 0BB� uu1vv11CCA 2 R4 ; � = 0�
�
1A 2 R3This system has equilibria 
orresponding to P and Q, whi
h are denoted in the samenotation by: P = 0BB�uP0vP0 1CCA ; Q = 0BB�uQ0vQ0 1CCAThe equilibrium P (resp. Q) has a two-dimensional stable manifold W s(P ) (resp.W s(Q)) and a two-dimensional unstable manifold W u(P ) (resp. W u(Q)). In [13℄,a fun
tion �1(�) (resp. �2(�)) is de�ned to analyze hetero
lini
 orbits from P to Q(resp. from Q to P ), whi
h measures the separation of W u(P ) and W s(Q) (resp.W u(Q) and W s(P )) and satis�es the following property:�1 = 0 if and only if there exists a hetero
lini
 orbit from P to Q.(resp. �2 = 0 if and only if there exists a hetero
lini
 orbit from Qto P .)It is, then, proven that �1 is expanded into the following Taylor expansion:�1(�) = F� +G

 +H
3 + o(j�j+ j
2
j+ j
4j)where F , G and H are positive if " and � are suÆ
iently small. Moreover, �1 and �2have the following relations: �1(
; �; 
) = ��2(�
; �; 
)and �1(
; �; 
) = �2(
;��; 
)It follows from the information above that the set of zeros of �1 and �2:M1 := �(
; �; 
) 2 R3 �� �1(
; �; 
) = 0	; M2 := �(
; �; 
) 2 R3 �� �2(
; �; 
) = 0	form 
usp surfa
es whi
h are symmetri
 to ea
h other. Espe
ially, the bifur
ationdiagram in 
-� plane for �xed 
 has the following feature:
� > 0 M1
� and M2
� interse
t transversally at (
; �) = (0; 0)
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� = 0 they tangent at (
; �) = (0; 0)
� < 0 they interse
t transversally at three points in
luding (
; �) = (0; 0)whereMi
� =Mi\f
 = 
�g. (See �gure 1.) As for the stability of waves 
orrespond-ing to these hetero
lini
 orbits, the following is shown:Let �� 2M1, then��
�1(��) > 0 ( ��
�1(��) < 0 )if and only if the traveling wave 
orresponding to the hetero
lini
orbit is stable (resp. unstable) as a solution of the original system(1.1); the same applies for �2.In [13℄, the existen
e of homo
lini
 orbits to P and Q bifur
ating from thetransversal interse
tion of M1
� and M2
� are obtained by applying homo
lini
 bifur-
ation theorem by Kokubu [12℄. That is, when M1
� and M2
� interse
t transver-sally i.e. 
� 6= 0, there are bran
hes of 
urves MP
� = MP \ f
 = 
�g andMQ
� = MQ \ f
 = 
�g in 
-� plane 
orresponding to homo
lini
 orbits to P and Qwhi
h bifur
ate from the interse
tion points of M1
� and M2
� . (See �gure 2.) Thestability of traveling pulses 
orresponding to these homo
lini
 orbits is determined in[14℄. The method used there also depends on the transversality.At this stage, nothing had been proven 
on
erning the existen
e of homo
lini
orbits for 
� = 0. Later, an almost 
omplete bifur
ation diagram of homo
lini
 andhetero
lini
 orbits, and the stability and instability of the 
orresponding waves wereobtained for pie
e-wise linear f and g by the singular perturbation te
hnique (Ikeda,Ikeda and Mimura [8℄). The existen
e of Hopf bifur
ation of pulses was also shown.Still, these results ex
lude a small neighborhood of (
; �; 
) = (0; 0; 0) in the parameterspa
e, be
ause of the la
k of transversality.The purpose of this paper is to investigate this type of degenera
y and to exhibitthe bifur
ation stru
ture of pulses. Moreover, the existen
e of Hopf bifur
ation ofpulses is also proven.2. The Theorems. In this se
tion, the theorems of this paper shall be stated.First, a theorem 
on
erning a hetero
lini
 bifur
ation of a family of ordinary di�eren-tial equations under 
ertain 
ondition is introdu
ed. Pulse solutions for a system ofrea
tion di�usion equations are obtained from an appli
ation of the theorem. Then,under additional assumptions of symmetry, a theorem 
on
erning the Hopf bifur
ationof the pulse solutions is stated.
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t analysed �rst is a three parameter family of ordinary di�erentialequations on R2n : ( _x = X(x; y;�0; �1; �2)_y = Y(x; y;�0; �1; �2)(2.1)where x; y 2 Rn and (�0; �1; �2) 2 R3 .In order to formulate the problem, this system is assumed to satisfy several hy-potheses.Hypothesis 1. The system (1.1) possesses the following symmetry:�X(y; x;��0; �1; �2) = Y(x; y;�0; �1; �2)Hypothesis 2. The origin O is a hyperboli
 equilibrium of the system and thereare other hyperboli
 equilibria O� and O+. O� 
orresponds to O+ under the sym-metry in Hypothesis 1. O (O�) has an n-dimensional stable manifold W s(O) (resp.W s(O�)) and an n-dimensional unstable manifold W u(O) (resp. W u(O�)).For the sake of simpli
ity, the system (2.1) is assumed to be linear around theorigin O. Moreover, it is written in the following form for some small neighborhoodaround the origin:0BB� _x1_�x_y1_�y 1CCA=0BB���(�0; �1; �2) 0 0 00 �A(�0; �1; �2) 0 00 0 �(��0; �1; �2) 00 0 0 A(��0; �1; �2)1CCA0BB�x1�xy1�y 1CCA(2.2)where (x1; �x); (y1; �y) 2 R � Rn�1 , �(�0; �1; �2) > 0 and A(�0; �1; �2) is a (n � 1) �(n� 1) matrix.



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 619Hypothesis 3. ����0 (0; �1; �2) < 0.Hypothesis 4. There is a positive 
onstant � > �(�0; �1; �2) satisfying thefollowing property: ke�A(�0;�1;�2)tk < e��t (t > 0)As the subje
t of interest is the hetero
lini
 bifur
ation of this system, the originalhetero
lini
 solutions whi
h undergo the bifur
ation are assumed to exist.Hypothesis 5. When (�0; �1; �2) = (0; 0; 0) (2.1) possesses a hetero
lini
 solu-tion, whi
h is unique up to translation in th1(t) = (hx1(t); hy1(t)) satisfying limt!�1h1(t) = O� and limt!+1h1(t) = O:If h2(t) := (hy1(�t); hx1(�t)), then the symmetry in Hypothesis 1 implies thath2(t) is a hetero
lini
 solution satisfying limt!�1h1(t) = O and limt!+1h1(t) = O+.These hetero
lini
 solutions are assumed to be of generi
 type i.e. they satisfythe following hypotheses.Hypothesis 6. limt!+1 _h1(t)j _h1(t)j = (�1; 0; 0; 0)By the symmetry, the following also holds:limt!�1 _h2(t)j _h2(t)j = (0; 0; 1; 0)Let �in = fx1 = Æg and �out = fy1 = Æg be lo
al se
tions whi
h are transversal tothe hetero
lini
 orbits and Æ > 0 be so small that �in and �out are in the neighborhoodof the origin where the linearity assumption (2.2) holds. (See �gure 3.) In whatfollows, Æ = 1 is assumed through a s
alar 
hange of the 
oordinates, and (�x; y1; �y)and (x1; �x; �y) are used as the 
oordinates on �in and �out.

x�P
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x,y
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Σout

O

Figure 3.



620 S. NIIHypothesis 7. W u(O�) \ �in is expressed as the graph of a smooth fun
tionfrom �y to (�x; y1) (see �gure 4):�x = �(�y;�0; �1; �2); y1 = �1(�y;�0; �1; �2)By the symmetry in Hypothesis 1, this implies that W s(O+)\�out is expressed as thegraph of a smooth fun
tion from �x to (x1; �y):x1 = �1(�x;��0; �1; �2); �y = �(�x;��0; �1; �2)The next hypothesis represents the degenera
y whi
h is under investigation.

x
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y

W  (O)   Σin∩
s     

W  (O-)   Σin∩
u     

η1(0;µ)

Figure 4.Hypothesis 8. The fun
tion �1 has the following symmetry:�1(0;�0; �1; �2) = ��1(0;��0;��1; �2)and is expanded into the following Taylor expansion:�1(0;�0; �1; �2) = �1 + �0�2 + �30 + o �j�1j+ j�20�2j+ j�40j�Remark 2.1. �1(0;�0; �1; �2) 
orresponds to the separation fun
tion in [12℄ and[13℄.Let M� and M+ be the parameter sets on whi
h the hetero
lini
 solution fromO� to O and from O to O+ exists:M� := �(�0; �1; �2) �� �1(0;�0; �1; �2) = 0	M+ := �(�0; �1; �2) �� �1(0;��0; �1; �2) = 0	and let P := M� \M+ be the parameter set on whi
h both hetero
lini
 solutions
oexist. Hypothesis 8 implies thatM� andM+ form 
usp surfa
es whi
h are expressed



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 621by �1 = 
(�0; �2) and �1 = 
(��0; �2), and that P 
onsists of the line f�0 = �1 = 0gand the graphs of symmetri
 square-root-like fun
tions f�0 = p(�2); �2 � 0; �1 =0g [ f�0 = �p(�2); �2 � 0; �1 = 0g with p(�2) � 0 and p(0) = 0.Under the hypotheses above, the following hetero
lini
 bifur
ations o

ur.Theorem 1. Under Hypothesis 1 to Hypothesis 8, there exists a hetero
lini
solution from O� to O+ for (0; �1; �2) with �1 > 0. Furthermore, for�2 < 0 with suÆ
iently small j�2j, there exists a fun
tion �(�0; �2) for�p(�2) < �0 < p(�2) su
h that there exists a hetero
lini
 solution from O� to O+ for(�0; �1; �2) = (�0; �(�0; �2); �2). �(�0; �2) satis�es �1(0;��0; �(�0; �2); �2) > 0 andlim�0!�p(�2)�(�0; �2) = 0. �(0; �2) 
onverges to 0 as �2 " 0 like �2 = �1 log�1. (See�gure 5.)Remark 2.2. The bran
hes of the hetero
lini
 orbit is unique when �2 6= 0 and�1 is near 0 by the results of Kokubu [12℄.
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p(µ2)

µ1=φ(µ0,µ2)

-p(µ2)

µ0

M - M +

µ2< 0Figure 5.When this theorem is applied to the problem of traveling waves, the theorem
on
erning existen
e of pulse solutions is obtained. The subje
t here is the followingsystem of rea
tion di�usion equations:ut = Buxx + f(u;�)(2.3)where x 2 R, t > 0 and u 2 Rn . B is an n � n positive diagonal matrix andf is a smooth fun
tion of u depending on parameters � = (�1; �2) 2 R2 . Thisequation is 
onsidered on the fun
tion spa
e BU(R;Rn ) := fu : R ! Rn j u is boundedand uniformly 
ontinuous g. The basi
 hypothesis for this system is the followingbistabilityHypothesis 9. The non-linearity f has two zeros P and Q, and steady state
onstant solutions u � P and u � Q are both stable.



622 S. NIIPut s = x+ 
t and (2.3) in (s; t) 
oordinate be
omes:ut = Buss � 
us + f(u;�)(2.4)Then a traveling wave solution u(x; t) is a stationary solution u(x; t) = u(s) of (2.4)for whi
h lims!�1u(s) exists and equals either P or Q. That is, if the equation:Buss � 
us + f(u;�) = 0(2.5)possesses a solution u(s) with lims!�1u(s) = P or Q, then u(x+
t) in (x; t) 
oordinatesbe
omes a traveling wave solution of the system (2.3). Noti
e that a traveling waveis 
alled a traveling pulse if both of the limits of lims!�1u(s) are equal to P or bothare equal to Q, and is 
alled a standing wave (a standing pulse) if 
 = 0.The problem above is regarded as the existen
e problem of a homo
lini
 or het-ero
lini
 solution. The se
ond order ordinary di�erential equation (2.5) is rewrittenas a �rst order system:( _u = v_v = 
B�1v �B�1f(u;�1; �2) ( _ = dds )(2.6)Under Hypothesis 9, the system (2.6) has two hyperboli
 equilibria (u; v) = (P; 0)and (u; v) = (Q; 0). By abuse of notation, these equilibria are also denoted as P andQ. Then (u; u0) is a homo
lini
 or hetero
lini
 solution to P and/or Q of (2.6) if andonly if u is a solution of (2.5) with lims!�1u(s) = P or Q.In what follows, f is assumed to be linear around P 
orresponding to the as-sumption (2.2). Then, by letting O = P , O� = O+ = Q and (�0; �1; �2) = (
; �1; �2),Hypothesis 1 and Hypothesis 2 are automati
ally satis�ed after a suitable 
hange of
oordinates. This system is, then, expressed as in (2.2).In this 
ontext, theorem 1 is interpreted as follows.Theorem 2. If (2.6) has hetero
lini
 solutions whi
h 
orrespond to travelingwaves of (2.3) and whi
h satisfy the above hypotheses, then the system possesses ahomo
lini
 solution to Q for 
 = 0 and �1 > 0 whi
h 
orresponds to a standing pulseof (2.3). Furthermore, the system has a homo
lini
 solution to Q for �1 = �(
; �2)for �2 < 0 whi
h 
orresponds to a traveling pulse with speed 
.Remark 2.3. From this point of view, the bifur
ation point (
; �1; �2) =(0; �(0; �2); �2) of a traveling pulse from a standing pulse is the pit
hfork bifur
ationpoint of the standing pulse.In the 
ontext of traveling waves, this degenera
y generates a ri
her stru
ture. Infa
t, it is shown that the standing wave undergoes Hopf bifur
ation under additionalhypotheses.The �rst hypothesis is a symmetry of the system (2.3).Hypothesis 10. The non-linearity f is odd symmetri
 with respe
t to u and �1:f(�u;��1; �2) = �f(u;�1; �2)If P and Q 
orrespond to ea
h other under this symmetry, then Q = �P for �1 = 0.The next hypothesis 
on
erns the linear stability of traveling waves.



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 623Let u(s) be a traveling waves of (2.3). Consider the linearization of the system(2.4) along the wave: pt = Lp := Bpss � 
ps +Df (u(s);�) pUnder Hypothesis 9, there is a negative 
onstant �0 su
h that the essential spe
trum�e(L) of L on the fun
tion spa
e BU(R;Rn ) lies in the region <z < �0. Moreover theorigin is an eigenvalue of L with the eigenfun
tion us(s) whi
h 
orresponds to spatialtranslation of the wave. The wave is said to be linearly stable if there is no eigenvalueof L with non-negative real part and linearly unstable if there is an eigenvalue of Lwith positive real part.Remark 2.4. In the 
ontext of rea
tion di�usion systems, it is well known thatlinear stability of a wave implies non-linear stability. See Henry [7℄, for example.Let u�(s; 
; �1; �2) be the traveling wave satisfying lims!�1 u�(s) = Q andlims!+1 u�(s) = P , whi
h exists for (
; �1; �2) 2M�, and let u+(s; 
; �1; �2) be the wavesatisfying lims!�1u+(s) = P and lims!+1 u+(s) = Q, whi
h exists for (
; �1; �2) 2M+.Hypothesis 11. Let L� be the linearized operator 
orresponding to the travelingwave u�(s; 
; �1; �2). Then there is a negative 
onstant �1 so that there are only twoeigenvalues of L� with real part greater than �1. Moreover, one of these is negative(positive) if and only if��1�
 (0; 
; �1; �2) > 0 (resp: ��1�
 (0; 
; �1; �2) < 0)(The other one is at the origin.) Similarly, let L+ be the linearized operator 
orre-sponding to the traveling wave u+(s; 
; �1; �2). Then there are only two eigenvaluesof L+ with real part greater than �1, one of whi
h is negative (positive) if and only if��1�
 (0;�
; �1; �2) < 0 (resp: ��1�
 (0; 
; �1; �2) > 0)Under these hypotheses, the standing pulse, the existen
e of whi
h is proven intheorem 2, undergoes Hopf bifur
ation.Theorem 3. Under the additional Hypotheses 10 and 11, there is a 
urve �2 =�2(�1) for �1 > 0 su
h that the linearization along the standing pulse possesses apair of pure imaginary eigenvalues for (�1; �2) = (�1; �2(�1)), and �2(�1) satis�eslim�1#0�2(�1) = 0.3. Hetero
lini
 bifur
ations. In this se
tion, theorem 1 and 2 shall be proven.To begin with, the bifur
ation equation is formulated.Proposition 3.1. The system (2.1) possesses a hetero
lini
 solution from O�to O+ if and only if the following system of equations has a solution (�x; �y):8>><>>: f�1(�y;�0; �1; �2)g �(�0 ;�1;�2)�(��0;�1;�2) = �1(�x;��0; �1; �2)�x = expn 1�(��0;�1;�2) log �1(�y;�0; �1; �2)A(�0; �1; �2)o �(�y;�0; �1; �2)�y = expn 1�(��0;�1;�2) log �1(�y;�0; �1; �2)A(��0; �1; �2)o �(�x;��0; �1; �2)(3.1)



624 S. NIIProof. By Hypothesis 7, a point in W u(O�) \ �in is expressed as:(�x; y1; �y) = (�(�y;�0; �1; �2); �1(�y; �0; �1; �2); �y)and a point in W s(O+) \ �out as:(x1; �x; �y) = (�1(�x;��0; �1; �2); �x; �(�x;��0; �1; �2))Then, the 
ondition that the orbit of a point in W u(O�)\�in under the 
ow of (2.2)hits a point in W s(O+) \�out is expressed as (3.1).Then, the �rst half of theorem 1 is easily proven.Proposition 3.2. For �0 = 0 and �1 > 0, the system (2.1) possesses a hetero-
lini
 solution from O� to O+ if j�1j and j�2j are suÆ
iently small.Proof. If �x = �y, then the �rst equation of (3.1) is automati
ally satis�ed and these
ond equation 
oin
ides with the third equation. Let F : Rn�1 � R2 ! Rn�1 bede�ned as:F (�y;�1; �2) := 8>><>>: �y � expn 1�(0;�1;�2) log j�1(�y; 0; �1; �2)jA(0; �1; �2)o �(�y; 0; �1; �2)(�1(�y; 0; �1; �2) 6= 0)�y (�1(�y; 0; �1; �2) = 0)Then, F (0; 0; �2) = 0 and F is of 
lass C1 by Hypothesis 4. Furthermore, ���yF (0; 0; �2)= I and thus there is a fun
tion �y = �y(�1; �2) satisfying F (�y(�1; �2);�1; �2) = 0 forsmall j�1j. A similar 
al
ulation yields ��y��1 = ��y��2 = 0 at �1 = 0 whi
h means�1(�y; 0; �1; �2) > 0 for positive small �1 by Hypothesis 8. Therefore, (3.1) is satis�edby �x = �y = �y(�1; �2) for suÆ
iently small positive �1.To ta
kle the 
ase �0 6= 0, the se
ond and the third equation are solved �rst.Lemma 3.1. Let G : Rn�1 � Rn�1 � R3 ! Rn�1 � Rn�1 be de�ned as:G(�x; �y;�0; �1; �2):= 0� �x� expn 1�(��0;�1;�2) log j�1(�y;�0; �1; �2)jA(�0; �1; �2)o �(�y;�0; �1; �2)�y � expn 1�(��0;�1;�2) log j�1(�y;�0; �1; �2)jA(��0; �1; �2)o �(�x;��0; �1; �2)1Aif �1(�y;�0; �1; �2) 6= 0 and G(�x; �y;�0; �1; �2) := (�x; �y)if �1(�y;�0; �1; �2) = 0, then there is a fun
tion X(�0; �1; �2) and Y (�0; �1; �2) withX(0; 0; 0) = Y (0; 0; 0) = 0 whi
h solves the equationG(X(�0; �1; �2); Y (�0; �1; �2); �0; �1; �2) = 0for suÆ
iently small j�0j, j�1j and j�2j.Proof. This is also a 
onsequen
e of Hypothesis 4 and the impli
it fun
tion theo-rem.



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 625Moreover, the following is easily seen.Lemma 3.2.(1) X(�0; �1; �2) = Y (�0; �1; �2) = 0 if (�0; �1; �2) 2M�.(2) �X��0 = �X��1 = �X��2 = �Y��0 = �Y��1 = �Y��2 = 0 at (�0; �1) = (0; 0).This lemma implies the following.Lemma 3.3. �1(Y (�0; �1; �2);�0; �1; �2) > 0 holds if j�0j and j�1j are suÆ
ientlysmall and �1 satis�es 
(�0; �2) < �1.In what follows, �0 � 0 is assumed be
ause the results for the other 
ase auto-mati
ally follow from the symmetry. (Hypothesis 1)In order to �nd a solution of the �rst equation of (3.1), the following fun
tion is
onsidered:
H(�0; �1; �2) := 8>>>>>>><>>>>>>>:

1�0n�1(Y (�0; �1; �2); �0; �1; �2)�(�0;�1;�2)��1(X(�0; �1; �2);��0; �1; �2)�(��0;�1;�2)o (�0 > 0)���0 �����0=0n�1(Y (�0; �1; �2); �0; �1; �2)�(�0;�1;�2)��1(X(�0; �1; �2);��0; �1; �2)�(��0;�1;�2)o (�0 = 0)Then for �0 > 0, H(�0; �1; �2) = 0 if and only if the system (2.1) possesses a hetero-
lini
 orbit from O� to O+.The next proposition proves the se
ond half of the theorem.Proposition 3.3. There exists �2� < 0 su
h that the following holds. For ea
h�2� < �2 < 0 and 0 � �0 < p(�2) there exists �1 with 
(�0; �2) � �1 satisfyingH(�0; �1; �2) = 0.Proof. First, there are 
onstants C1 and C2 and a fun
tion C3(�1; �2) > 0 su
hthat H(�0; �1; �2) is de�ned for 0 < �1 < C1, j�2j < C2 and j�0j < C3(�1; �2) bythe proof of the proposition 3.2 and the 
ontinuity of �1(Y (�0; �1; �2);�0; �1; �2) and�1(X(�0; �1; �2);��0; �1; �2). Moreover, lemma 3.2 implies that there are 
onstantsC4 and C5 su
h that �1(Y (�0; �1; �2);�0; �1; �2) > 0 for j�0j < C4, j�2j < C2 and
(�0; �2) < �1 < C5. Therefore there is a fun
tion C6(�0; �2) su
h that H is de�nedfor 
(�0; �2) < �1 < C6(�0; �2) if 0 < �0 < p(�2) and �C2 < �2 < 0 be
ause�1(X(�0; �1; �2);��0; �1; �2) > 0 for (�0; �1; �2) 2M�.H(0; �1; �2) is expli
itly expressed as:H(0; �1; �2)=�1(Y (0; �1; �2); 0; �1; �2)�(0;�1;�2)�1� "�(0; �1; �2)n��1��y (Y (0; �1; �2); 0; �1; �2) �Y��0 (0; �1; �2)� ��1��y (X(0; �1; �2); 0; �1; �2) �X��0 (0; �1; �2) + 2 ��1��0 (0; �1; �2)o+ 2 ����0 (0; �1; �2)�1(Y (0; �1; �2); 0; �1; �2) log �1(Y (0; �1; �2); 0; �1; �2)#(3.2)



626 S. NIIBe
ause ����0 (0; �1; �2) < 0, H(0; �1; �2) behaves like �2 � �1 log�1. Therefore thereis a 
onstant C7 and a fun
tion C8(�2) with C8(0) = 0 su
h that H is positive if0 � �0 < C7, j�2j < C2 and C8(�2) < �1.On the other hand, H is negative if �2 < 0, 0 � �0 < p(�2) and �1 = 
(�0; �2)as �1(0;�0; �1; �2) = 0 and �1(0;��0; �1; �2) > 0 there.Take �2� < 0 su
h that j�2j < C2, C8(�2) < C5 and p(�2) < minfC4; C7gholds for �2� < �2 < 0. Then, for ea
h �2� < �2 < 0 and 0 � �0 < p(�2),�1(Y (�0; �1; �2);�0; �1; �2) is positive for 
(�0; �2) < �1 < C5, and H(�0; �1; �2) isde�ned and positive for C8(�2) < �1 < C5.When (�0; �2) is �xed in this region and �1 is in
reased from 
(�0; �2) to C5,either of the following happens:(1) H is de�ned for all 
(�0; �2) � �1 � C5 and H < 0 for �1 = 
(�0; �2) andH > 0 for �1 = C5.(2) There is some 
(�0; �2) < �1� < C5 su
h that H is de�ned for 
(�0; �2) <�1 < �1� and H < 0 for �1 = 
(�0; �2), but �1(X(�0; �1; �2);��0; �1; �2)be
omes zero at �1 = �1�The 
on
lusion immediately follows by taking into a

ount that H(�1�) > 0 for these
ond 
ase.Proof of theorem 1. The theorem for 0 � �0 is proven in proposition 3.3. The
on
lusion for �0 < 0 follows from the symmetry (Hypothesis 1). Asymptoti
 of thebifur
ation 
urve follows from (3.2).Proof of theorem 2. Re
all the system of the traveling wave (2.6):( _u = v_v = 
B�1v �B�1f(u;�1; �2)This system is simply written as� _u_v� = F (u; v; 
; �1; �2)Let DF (P; 0; 
; �1; �2) be the linearization of F around the equilibrium P . If�(
; �1; �2) is an eigenvalue and V = (u; v) is a generalized eigenve
tor asso
iated with�, then the symmetry implies thatW =(u;�v) is an eigenve
tor ofDF (P; 0;�
; �1; �2)asso
iated with the eigenvalue ��(
; �1; �2). Thus, if V1(
) = (u1(
); v1(
)); : : : ; Vn(
)= (un(
); vn(
)) are n eigenve
tors asso
iated with eigenvalues �1(
; �1; �2); : : : ;�n(
; �1; �2), then the other eigenve
tors are obtained as W1(
) = (u1(�
);�v1(�
));: : : ;Wn(
) = (un(�
);�vn(�
)) and belong to the eigenvalues ��1(�
; �1; �2); : : : ;��n(�
; �1; �2). Therefore, if (V1; : : : ; Vn;W1; : : : ;Wn) are the basis of the 
oordi-nates, the system (2.6) possesses the symmetry of Hypothesis 1, and is expressed as(2.2). Hypothesis 2 also holds if Hypothesis 9 holds.Then theorem 2 is obtained by applying theorem 1.4. Hopf bifur
ations. In this se
tion, theorem 3 shall be proven. In order todo this, a geometri
 interpretation of the eigenvalue problem is introdu
ed, and thenthe proof of the theorem based on this interpretation is presented.4.1. Geometri
 interpretation of the eigenvalue problem. Let u(s) bea traveling wave of (2.3)|i.e. (u(s); u0(s)) is a homo
lini
/hetero
lini
 solution of



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 627(2.6) to/between P or/and Q|and 
onsider the eigenvalue problem asso
iated withthe linearization along the wave:Lp = Bpss � 
ps +Df (u(s);�) p = �p(4.1)This system is also treated in the form of the �rst order system:( _p = q_q = 
B�1q +B�1 f��Df(u(s);�1; �2)g p(4.2)This system is simply rewritten as:_z = �(u(s); �; 
; �)zAlso 
onsider the n-th exterior power of (4.2):_z(n) = �(n)(u(s); �; 
; �)z(n)(4.3)where z(n) 2 n̂ C 2n and �(n) := �
 I 
 � � � 
 I + � � �+ I 
 � � � 
 I 
 �jn̂ C2n . Noti
ethat if z1(s); : : : ; zn(s) are solutions of (4.2), then z1(s) ^ � � � ^ zn(s) is a solution of(4.3)Under Hypothesis 9, there exists a negative 
onstant �0 su
h that for <� > �0the matrix ��(�) := lims!�1�(u(s); �) has n eigenvalues ��1 ; : : : ; ��n with negative realpart and n eigenvalues ��n+1; : : : ; ��2n with positive real part. Moreover, <�i < ��1 < 0for 2 � i � n and 0 < ��n+1 < <��i for n + 2 � i � 2n holds under Hypothesis 4.Then �(n)� (�) := lims!�1�(n)(s; �) has a simple eigenvalue ��I = 2nPi=n+1 ��i having thelargest real part among the eigenvalues and a simple eigenvalues ��II = nPi=1 ��i havingthe smallest real part. (See [1℄.) Let z(n)1� be the eigenve
tor asso
iated with theeigenvalue ��I and z(n)2� be the eigenve
tor asso
iated with the eigenvalue ��II .As the problem (4.1) is treated on the fun
tion spa
e BU(R;Rn ), � is an eigen-value of L if and only if (4.1) has a bounded non-trivial solution. This is just tosay that the system (4.2) has a non-trivial solution whi
h 
onverges to zero whens! �1. This is reformulated in the following manner.Let W� := fz(s) j a solution of (4.2) satisfying lims!�1 z(s) = 0g and W�(s0) :=fz(s0) j z(s) 2 W�g. Similarly let W+ := fz(s) j a solution of (4.2) satisfyinglims!+1 z(s) = 0g and W+(s0) := fz(s0) j z(s) 2 W+g. Then W�(s0) is an n-dimensional subspa
e of C 2n . The following is easily seen.Lemma 4.1. � is an eigenvalue if and only if W+(s0) \W�(s0) 6= f0g.This lemma is interpreted as follows. Let z(n)1 (s; �) be a solution of (4.3) whi
h
onverges to 0 as s! �1 along the eigenspa
e spanfz(n)1� g of �(n)� and let z(n)2 (s; �) bea solution of (4.3) whi
h 
onverges to 0 as s! +1 along the eigenspa
e spanfz(n)2+ gof �(n)+ . z(n)1 and z(n)2 
an be 
hosen su
h that they are analyti
 in �.Lemma 4.2 ([1℄). � is an eigenvalue if and only if z(n)1 (s; �) ^ z(n)2 (s; �) = 0 asan element in C �= ( n̂ C 2n ) ^ ( n̂ C 2n ) = 2n̂ C 2n .



628 S. NIILemma 4.3. � is not an eigenvalue if and only if z(n)1 (s) diverges along theeigenspa
e spanfz(n)1+ g of �(n)+ s! +1.Proof. Let z1(s); : : : ; z2n(s) be the solutions of (4.2) for whi
hlims!+1 jzi(s)je�<�+i ss�li exists and is non-zero for some non-negative integer li. Thenz(n)1 is expanded as z(n)1 (s) = P(i1;::: ;in)Ci1;::: ;inzi1(s)^� � �^zin(s) and z(n)2 is expressedas z(n)2 (s) = Cz1(s)^ � � � ^ zn(s) for some non-zero 
onstants Ci1;::: ;in and C. By thisexpansion, z(n)1 (s) ^ z(n)2 (s) 6= 0 is equvalent to Cn+1;::: ;2n 6= 0 and this means thatz(n)1 (s) diverges along the eigenspa
e spanfz(n)1+ g sin
e �+I is the eigenvalue of �(n)+with largest real part.In this paper, this problem is treated in the framework of the Gra�mann manifold.Let Gn(C 2n ) be the Gra�mann manifold of n-dimensional subspa
es in C 2n . Thenthis manifold 
an be seen as a submanifold of the proje
tive spa
e P ( n̂ C 2n ) of n̂ C 2nby the following Pl�uker embedding:Gn(C 2n ) 3 spanfv1; : : : ; vng 7! [v1 ^ � � � ^ vn℄ 2 P ( n̂ C 2n )As the system (4.3) is linear, it indu
es a system on Gn(C 2n ):_̂z = �̂(ẑ;u(s);�; 
; �) ẑ 2 Gn(C 2n ) � P ( n̂ C 2n )(4.4)Then lemma 4.3 is expressed as follows:Lemma 4.4. � is not an eigenvalue if and only if[z(n)1 (s; �)℄! [z(n)1+ ℄ (s! +1)in Gn(C 2n ) � P ( n̂ C 2n ).In what follows, the eigenvalue problem along the standing pulse solution, exis-ten
e of whi
h is proven in theorem 2, is treated from this point of view.4.2. Analysis of Poin
ar�e maps. The analysis makes use of the analysis ofPoin
ar�e maps. For this purpose, �rst 
oordinates and se
tions are suitably 
hosen.Let (x; y) = (x1; �x; y1; �y) be a lo
al 
oordinate system around P in whi
h system (2.6)satis�es Hypothesis 1 and is expressed as (2.2). Let �in = fx1 = Æg and �out =fy1 = Æg be lo
al se
tions whi
h are transversal to the hetero
lini
 orbits betweenP and Q whi
h exist for (
; �1) = (0; 0). Similarly, let (x0; y0) = (x01; �x0; y01; �y0) be alo
al 
oordinate system around Q, and let �0in = fx01 = Æg and �0out = fy01 = Æg belo
al se
tions. As above (the dis
ussion following Hypothesis 6), Æ is assumed to be 1through a s
alar 
hange of 
oordinates.Consider the 
oupled system of (2.6) and (4.2)( _w = F (w; 
; �)_z = �(w; �; 
; �)z(4.5)where w = (u; v). Let (x; y; z) = (x1; �x; y1; �y; z(1); : : : ; z(2n)) and (x0; y0; z0) =(x01; �x0; y01; �y0; z0(1); : : : ; z0(2n)) be lo
al 
oordinate around fPg � C 2n and fQg � C 2n .By simple appli
ation of Kato [9℄ p. 99, these 
oordinates 
an be 
hosen su
h that



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 629they are analyti
 in � and smooth in 
 and �, and �(w; �; 
; �) is expressed in thefollowing form:�(w; �; 
; �) = 0BB���(�; 
; �) 0 0 00 �A(�; 
; �) 0 00 0 �(�;�
; �) 00 0 0 A(�;�
; �)1CCAif w is near P and�(w; �; 
; �) = 0BB���0(�; 
; �) 0 0 00 �A0(�; 
; �) 0 00 0 �0(�;�
; �) 00 0 0 A0(�;�
; �)1CCAif w is near Q. Moreover � and DF 
oin
ide for � = 0 i.e.�(w; 0; 
; �) = DF (w; 
; �)if w is near P or Q.The system (4.5) indu
es a system on R2n � n̂ C 2n in the same manner as (4.2)indu
es (4.3): ( _w = F (w; 
; �)_z(n) = �(n)(w; �; 
; �)z(n)(4.6)and this indu
es a system on R2n �Gn(C 2n ):( _w = F (w; 
; �)_̂z = �̂(w; ẑ; �; 
; �)(4.7)Now 
onsider the Poin
ar�e maps:�� : �0out �Gn(C 2n )! �in �Gn(C 2n )�0 : �in �Gn(C 2n )!�out �Gn(C 2n )�+ : �out �Gn(C 2n )! �0in �Gn(C 2n )�� (� = �; 0) is denoted as:��(w; ẑ; �; 
; �) = (��(w; 
; �); �̂�(w; ẑ; �; 
; �))On ea
h se
tion, inhomogeneous 
oordinate systems on P ( n̂ C 2n ) are employedas 
oordinate systems on Gn(C 2n ). On �0out �Gn(C 2n ), letZ 0 = (Z 01;n+2;::: ;2n; : : : ; Z 0i1;::: ;in ; : : : )be the inhomogeneous 
oordinate systems on P ( n̂ C 2n ) 
entered at z0(n+1)^� � �^z0(2n),that is, the point 24 X(i1;:::;in)C 0i1;::: ;inz0(i1) ^ � � � ^ z0(in)35



630 S. NIIis expressed as Z 0 =  C 01;n+2;::: ;2nC 0n+1;::: ;2n ; : : : ; C 0i1;::: ;inC 0n+1;::: ;2n ; : : :!Then (x01; �x0; �y0; Z 0) is employed as the 
oordinate system on �0out �Gn(C 2n ). Simi-larly, (x1; �x; �y; Z) is employed as the 
oordinate system on �out �Gn(C 2n ).On �in � Gn(C 2n ), let � = (�n+1;::: ;2n; : : : ; �i1;::: ;in ; : : : ) be the inhomogeneous
oordinate system on P ( n̂ C 2n ) 
entered at z(1)^z(n+2)^� � �^z(2n), that is, the point24 X(i1;:::;in)Ci1;::: ;inz(i1) ^ � � � ^ z(in)35is expressed as � = � Cn+1;::: ;2nC1;n+2;::: ;2n ; : : : ; Ci1;::: ;inC1;n+2;::: ;2n ; : : :�Then (�x; y1; �y; �) is employed as the 
oordinate system on �in �Gn(C 2n ).In what follows, the map �̂� (� = �; 0) is analysed.As the system (4.6) is linear around fPg� n̂ C 2n , �̂0 is obtained by dire
t 
al
u-lation.Lemma 4.5.�̂0(�x; y1; �y; �n+1;::: ;2n; : : : ) = (��1n+1;::: ;2ny �(�;
;�)+�(�;�
;�)�(0;
;�)1 ; : : : ; Zi1;::: ;in ; : : : )and for (i1; : : : ; in) 6= (1; n+ 2; : : : ; 2n) the following estimate holds:jZi1;::: ;in j < ��1n+1;::: ;2n�i1;::: ;iny �(�;
;�)+��(0;
;�)1where � is what appears in Hypothesis 4.As for �̂�, 
onsider its Taylor expansion:�̂�(x0; y0;Z 0; �; 0; �) = �̂�(0; y0(0; �2); 0; 0; 0; 0; �2)+ ��̂��Z 0 Z 0 + ��̂��� �+ �2�̂���2 �2+ ��̂��(x0; y0) (x0; y0 � y0(0; �2)) + ��̂���1 �1+ (higher order terms)where (0; y0(�)) := ��1� (1; �(�y(�); 0; �1; �2); �1(�y(�); 0; �1; �2); �y(�)) for the fun
tion�y(�) de�ned in proposition 3.2Lemma 4.6. (�̂�)n+1;::: ;2n(0; y0(0; �2); 0; 0; 0; 0; �2) = 0and � (�̂�)n+1;::: ;2n�Z 01;n+2;::: ;2n (0; y0(0; �2); 0; 0; 0; 0; �2) = �1



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 631where (�̂�)n+1;::: ;2n stands for the (n+ 1; : : : ; 2n) 
omponent of �̂�.Proof. The �rst equality is 
lear from the fa
t that (0; y0(0; �2)) is on the hetero-
lini
 orbit from Q to P and � = 0 is an eigenvalue, and lemma 4.3.The se
ond equality is proven as follows.As the system is symmetri
 when �1 = 0 (Hypothesis 10), there exists a solu-tion (w0(s); z0(s)) of (4.5) for � = 
 = �1 = 0 su
h that w0(s) is a hetero
lini
solution from Q to P , and if (u0(s); v0(s)) are the (u; v) 
oordinates of w0(s) and(p0(s); q0(s)) are z0(s) in (p; q) 
oordinates then (u0(�s); v0(�s); p0(�s); q0(�s)) =(�u0(s); v0(s);�p0(s); q0(s)) holds and lims!�1 jz0(s)je��(0;0;�2)s exist and are non-zero. See [13℄. Also Hypothesis 6 implies that lims!�1 j _w0(s)je��(0;0;�2)s exist andare non-zero.Chose s0 su
h that w0(�s0) 2 �0out and w(s0) 2 �in and letz0(�s0) = (z0(1)(�s0); : : : ; z0(n)(�s0); z0(n+1)(�s0); : : : ; z0(2n)(�s0))then z0(s0) = (z(1)(s0); : : : ; z(n)(s0); z(n+1)(s0); : : : ; z(2n)(s0))= (z0(n+1)(�s0); : : : ; z0(2n)(�s0); z0(1)(�s0); : : : ; z0(n)(�s0))by the symmetry (Hypothesis 1 and 10), and z0(1)(�s0) 6= 0; z0(2)(�s0) = � � � =z0(n)(�s0) = 0 holds. Also, let_w0(�s0) = ( _w0(1)(�s0); : : : ; _w0(n)(�s0); _w0(n+1)(�s0); : : : ; _w0(2n)(�s0))in (z0(1); : : : ; z0(2n)) 
oordinates then;_w0(s0) = ( _w(1)(s0); : : : ; _w(n)(s0); _w(n+1)(s0); : : : ; _w(2n)(s0))= (� _w0(n+1)(�s0); : : : ;� _w0(2n)(�s0);� _w0(1)(�s0); : : : ;� _w0(n)(�s0))in (z(1); : : : ; z(2n)) 
oordinates, and _w0(n+1)(�s0) 6= 0; _w0(1)(�s0) = � � � = _w0(n)(�s0) =0. Consider a system on R2n � n�1^ C 2n :( _w = F (w; 
; �)_z(n�1) = �(n�1)(w; �; 
; �)z(n�1)(4.8)Hypothesis 7 implies that there exists a solution (w0(s);z(n�1)0 (s)) of (4.8) su
hthat lims!�1 jz(n�1)0 (s)je��(n�1)0s and lims!+1 jz(n�1)0 (s)je��(n�1)s exist and are non-zero,where �(n�1)0 and �(n�1) are the sum of all eigenvalues of A0(0; 0; 0;�2) andA(0; 0; 0;�2).Then z(n�1)0 (�s0) = C 0z0(n+2) ^ � � � ^ z0(2n) and z(n�1)0 (s0) = P(i1;:::in�1)Ci1;::: ;in�1z(i1) ^� � � ^ z(in�1) with Cn+2;::: ;2n 6= 0.Let z(n)0 (s; �) := _w0(s)^z(n�1)0 (s)+�z0(s)^z(n�1)0 (s); then (w0(s); z(n)0 (s)) satis�es(4.6) andz(n)0 (�s0; �) =(XC 0iz0(i))^C 0z(n+2)^� � �^z(2n)+�(XD0iz0(i))^C 0z(n+2)^� � �^z(2n)=(C 0n+1+�D0n+1)C 0z(n+1)^� � �^z(2n)+�D01C 0z(1)^z(n+2)^� � �^z(2n)
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e C 01 = � � � = C 0n = 0; C 0n+1 6= 0 and D01 6= 0; D02 = � � � = D0n = 0, andz(n)0 (s0; �)=( nXi=1 �C 0i+nz(i) + 2nXi=n+1�C 0i�nz(i)) ^ X(i1;:::in�1)Ci1;::: ;in�1z(i1) ^ � � � ^ z(in�1)+ �( nXi=1 D0i+nz(i) + 2nXi=n+1D0i�nz(i)) ^ X(i1;:::in�1)Ci1;::: ;in�1z(i1) ^ � � � ^ z(in�1)=�D01Cn+2;::: ;2nz(n+1) ^ � � � ^ z(2n)+ (�C 0n+1 + �D0n+1)Cn+2;::: ;2nz(1) ^ z(n+2) ^ � � � ^ z(2n)+ � � �Thus ��̂��n+1;::: ;2n� �D01C 0n+1 + �D0n+1 ; 0; : : : ; 0� = ��D01C 0n+1 � �D0n+1and the se
ond equality is obtained from this.Lemma 4.7. � (�̂�)n+1;::: ;2n��1 (0; y0(0; �2); 0; 0; 0; 0; �2) = �1Proof. Let w0(s;�1) be a solution of (2.6) with the initial 
onditionw0 (s0(�1); �1) = (1; �(0; 0; �1; �2); �1(0; 0; �1; �2); 0)where � and �1 are as in hypothesis 7, s0(�1) is 
hosen su
h that w0(s0(�1); �1) 2�in and w0(�s0(�1); �1) 2 �0out. Then _w0(s0(�1); �1) = (��;�A�; ��1; 0). Here,�1(0; 0; �1; �2) = �1 + O(�21). Let z2(s;�1); : : : ; zn(s;�1) 2 Tw0(s0(�1);�1)W u(Q) belinearly independent solutions of (4.5) with � = 0 satisfying zi(n+j)(s0(�1); �1) = Æi;j(j = 2; : : : ; n) and zi(1)(s0(�1); �1) = 0, where zi(k)(s0(�1); �1) is the z(k) 
omponentof zi(s0(�1); �1). Also let �z(n)(s;�1) = _w0(s;�1) ^ z2(s;�1) ^ � � � ^ zn(s;�1). Then�w0(s; �1); �z(n)(s;�1)� is a solution of (4.6), and�z(n)(�s0(�1); �1) = C 0z0(n+1) ^ � � � ^ z0(2n)�z(n)(s0(�1); �1) = ��z(1) ^ z(n+2) ^ � � � ^ z(2n)+ ���1 +O(�21)� z(n+1) ^ � � � ^ z(2n) + � � �The 
on
lusion follows from this.Lemma 4.8.� (�̂�)n+1;::: ;2n�� (0; y0(0; �2); 0; 0; 0; 0; �2) = � 1�(0; 0; 0; �2)�2(4.9)and �2 (�̂�)n+1;::: ;2n��2 (0; y0(0; �2); 0; 0; 0; 0; �2) < 0(4.10)



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 633Proof. Let w1(s; 
; �2) 2 W u(Q) be a solution of (2.6) with the initial 
onditionw1(s; 
; �2) = (1; �(0; 
; 0; �2); �1(0; 
; 0; �2); 0). Also let (w1(s; 0; �2); �z(s; �; �2)) be asolution of (4.5) su
h that lims!�1 j�z(s; �; �2)je��0s exists and is non-zero, �z(s; �; �2)is analyti
 in � and smooth in �2, and �z(s; 0; �2) = _w1(s; 0; �2). Then�w1(s; 0; �2); ��z��(s; 0; �2)� �w1�
 (s; 0; �2)�satis�es (4.5). This is easily seen by subtra
ting the di�erentiation of (2.6) withrespe
t to 
 from the di�erentiation of (4.5) with respe
t to �. Moreover,��z��(s; 0; �2)� �w1�
 (s; 0; �2) 2 Tw1(s;0;�2)W u(Q)(4.11)be
ause lims!�1� ��z��(s; 0; �2)� �w1�
 (s; 0; �2)� = 0Let �w1(s; 0; �2); �z(n�1)(s; �; �2)� be a solution of (4.8) for whi
hlims!�1 j�z(n�1)(s; �; �2)je��(n�1)0sexists, is non-zero, and is analyti
 in �. Then �w1(s; 0; �2); �z(n)(s; �; �2)� is a solutionof (4.6) for �z(n)(s; �; �2) := �z(s; �; �2) ^ �z(n�1)(s; �; �2), andlims!�1 j�z(n)(s; �; �2)je�f�(n�1)0+�0gsexists.If �z(s0; �; �2) and �z(n�1)(s0; �; �2) are expanded in (z(1); : : : ; z(2n)) 
oordinates:�z(s0; �; �2) = (��(�); C2(�); : : : ; Cn+1(�); : : : ; C2n(�))�z(n�1)(s0; �; �2) = X(i1;::: ;in�1)Ci1;::: ;in�1(�)z(i1) ^ � � � ^ z(in�1)then �z(n)(s0; �; �2)= ��(�)Cn+2;::: ;2n(�)+ 2nXi=n+2Ci(�)C1;n+2;::: ;i�1;i+1;::: ;2n(�)!z(1) ^ z(n+2) ^ � � � ^ z(2n)+ 2nXi=n+1Ci(�)Cn+1;::: ;i�1;i+1;::: ;2n(�)! z(n+1) ^ � � � ^ z(2n)+ � � �
(4.12)
Here, (4.11) and �z(n�1)(s0; 0; �2) 2 n�1^ Tw1(s0;0;�2)W u(Q)



634 S. NIImean �� ��z��(s; 0; �2)� �w1�
 (s; 0; �2)� ^ �z(n�1)(s; 0; �2)�n+1;::: ;2n = 0and �z(s0; 0; �2) 2 Tw1(s0;0;�2)W u(Q) \ Tw1(s0;0;�2)W s(P )means ��z(s; 0; �2) ^ ��z(n�1)�� (s; 0; �2)�n+1;::: ;2n = 0where ( )n+1;::: ;2n stands for (z(n+1) ^ � � � ^ z(2n)) 
omponent. Thus��z(n)�� (s0; 0; �2) = ��z��(s0; 0; �2) ^ �z(n�1)(s0; 0; �2) + �z(s0; 0; �2) ^ ��z(n�1)�� (s0; 0; �2)= ��1�
 (0; 0; �2)z(n+1) ^ � � � ^ z(2n) + � � �Therefore�(��)n+1;::: ;2n�� �����=0= ���  P2ni=n+1 Ci(�)Cn+1;::: ;i�1;i+1;::: ;2n(�)��(�)Cn+2;::: ;2n(�) +P2ni=n+2 Ci(�)C1;n+2;::: ;i�1;i+1;::: ;2n(�)!������=0= � 1�(0; 0; 0; �2) ��1�
 (0; 0; �2)sin
e Ci(0) = 0 for i = n+ 1; : : : ; 2n. (4.9) follows from this and�1(0; 
; �1; �2) = �1 + 
�2 + 
3 + o �j�1j+ j
2�2j+ j
4j�As for (4.10), let �w1(s; 0; �2); �z(n)2 (s; �; �2)� be a solution of (4.6) for whi
hlims!+1 j�z(n)2 (s; �; �2)jef�n�1+�gsexists and is non-zero, and is analyti
 in �, then�z(n)2 (s0; �; �2) = �C(�)z(1) ^ � � � ^ z(n)De�ne an Evans' fun
tion D(�) by:D(�) := �z(n)(s0; �; �2) ^ �z(n)2 (s0; �; �2)Then D(�) = 0 if and only if � is an eigenvalue. (See [1℄.)By (4.12), D(�) = �C(�) 2nXi=n+1Ci(�)Cn+1;::: ;i�1;i+1;::: ;2n(�)!



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 635and dDd� �����=0 = �C(0) dd� �����=0 2nXi=n+1Ci(�)Cn+1;::: ;i�1;i+1;::: ;2n(�)!= �C(0)��1�
 (0; 0; �2)Thus dDd� ���=0 = 0 if and only if ��1�
 (0; 0; �2) = 0.If dDd� ���=0 = 0, thend2Dd�2 �����=0 = �C(0) d2d�2 �����=0 2nXi=n+1Ci(�)Cn+1;::: ;i�1;i+1;::: ;2n(�)!On the other hand, hypothesis 11 implies that there are two zeros of D(�) for<� > �1 
ounting multipli
ity. Moreover, if �z(n) is 
hosen su
h that lim�!+1D(�) > 0,then dDd� ���=0 > 0 if and only if ��1�
 > 0, dDd� ���=0 < 0 if and only if ��1�
 < 0, andd2Dd�2 ����=0 > 0 when ��1�
 = 0. Thus, this 
hoi
e of �z(n)2 
orresponds to �C(0) > 0 andd2d�2 �����=0 2nXi=n+1Ci(�)Cn+1;::: ;i�1;i+1;::: ;2n(�)! > 0Therefore at �2 = 0,�2 (�̂�)n+1;::: ;2n��2 (0; y0(0; �2); Z0(�2); 0; 0; 0; 0)= � 1�(0; 0; 0; �2) d2d�2 �����=0 2nXi=n+1Ci(�)Cn+1;::: ;i�1;i+1;::: ;2n(�)!< 0Lemma 4.9. �̂+(u; v; ẑ; 
; �1; �2) = �̂�(�u;�v; ẑ; 
;��1; �2)Proof. Under Hypothesis 10, the system 4.6 is invariant under the transformation(u; v; �1)! (�u;�v;��1) i.e.(F (w; 
; �1; �2) = �F (�w; 
;��1; �2)�(w; �; 
; �1; �2) = �(�w; �; 
;��1; �2)Thus if w0(s; 
; �1; �2) is the hetero
lini
 solution of_w = F (w; 
; �1; �2)from Q to P , then �w(s; 
; �1; �2) is the hetero
lini
 solution of_w = F (w; 
;��1; �2)from P to Q, and the Poin
ar�e map has the following relation:(�+(u; v; 
; �1; �2); �̂+(u; v; ẑ; 
; �1; �2))= (��(�u;�v; 
;��1; �2); �̂�(�u;�v; ẑ; 
;��1; �2))This in
ludes the lemma.



636 S. NII4.3. Proof of theorem 3. Theorem 3 is proven by tra
ing the image of theunstable manifold of Q under the Poin
ar�e maps.Let w(s;�) be the homo
lini
 solution of (2.6) to Q with w(s1;�) 2 �0out, w(s2;�)2 �in and w(s3;�) 2 �out. Consider the image of (w(s1;�); [z(n+1)^� � �^z(2n)℄) underthe Poin
ar�e maps ��, �0 and �+.First, by lemmas 4.6, 4.7,4.8 and the fa
t that �y0��1 (0; �2) = 0(�̂�)n+1;::: ;2n (0; y0(�); 0; �; 0; �)= (�̂�)n+1;::: ;2n (0; y0(0; �2); 0; 0; 0; 0; �2)+ � (�̂�)n+1;::: ;2n�� �+ �2 (�̂�)n+1;::: ;2n��2 �2+ � (�̂�)n+1;::: ;2n�(x0; y0) (0; y0(�1; �2)� y0(0; �2)) + � (�̂�)n+1;::: ;2n��1 �1+O(�21;�3)= � 1�(0; 0; 0; �1)�2�+ �2 (�̂�)n+1;::: ;2n��2 �2 � �1 +O(�21;�3)Also Hypothesis 7 implies that all other (�̂�)i1;::: ;in are also bounded for small �1and �.Se
ond, by lemma 4.5(�̂0)1;n+2;::: ;2n ��(�y(�); 0; �1; �2); �1(�y(�); 0; �1; �2); �y(�); (�̂�)n+1;::: ;2n ; : : :�= �(�̂�)�1n+1;::: ;2n �2�(�;0;�)�(0;0;�)1 ; : : : ; Zi1;::: ;in ; : : :�where jZi1;::: ;in j < (�̂�)�1n+1;::: ;2n � (�̂�)i1;::: ;in � � �(�;0;�)+��(0;0;�)1= (�̂0)1;n+2;::: ;2n � (�̂�)i1;::: ;in � � ���11for (i1; : : : ; in) 6= (n+ 1; : : : ; 2n).Third, by lemmas 4.6, 4.7, 4.8 and 4.9, and the fa
ts that y0(0; �1) = �(0; 0; 0; �1),��y��1 (0; �2) = 0 and �1(0; 0; �1; �2) = �1 +O(�21)



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 637(�̂+)n+1;::: ;2n (�1(�y(�); 0; �1; �2); �y(�); �(�y(�); 0; �1; �2);Z; �; 0; �1; �2)= (�̂�)n+1;::: ;2n (�1(�y(�); 0; �1; �2); �y(�); �(�y(�); 0; �1; �2);Z; �; 0;��1; �2)= (�̂�)n+1;::: ;2n (0; 0; �(0; 0; 0; �2); 0; 0; 0; 0; �2)+ � (�̂�)n+1;::: ;2n�� �+ �2 (�̂�)n+1;::: ;2n��2 �2+ � (�̂�)n+1;::: ;2n�(x0; y0) (�1(�y(�); 0; �1; �2); �y(�); �(�y(�); 0; �1; �2)� �(0; 0; 0; �2))� � (�̂�)n+1;::: ;2n��1 �1 + � (�̂�)n+1;::: ;2n�Z Z +O(�21;�3; Z2)= � 1�(0; 0; 0; �1)�2�+ �2 (�̂�)n+1;::: ;2n��2 �2+ � (��)n+1;::: ;2n�x01 �1+ �1 � Z1;n+2;::: ;2n+O(Zi1;::: ;in ; �21;�3; )Therefore(�̂+ Æ �̂0 Æ �̂�)n+1;::: ;2n (0; y0(�); 0; �; 0; �)= � 1�(0; 0; 0; �1)�2�+ �2 (�̂�)n+1;::: ;2n��2 �2 + � (��)n+1;::: ;2n�x01 �1 + �1� �2�(�;0;�)�(0;0;�)1� 1�(0;0;0;�1)�2�+ �2(�̂�)n+1;::: ;2n��2 �2 � �1 +O(�minf2; ��g1 ;�3)(4.13)Let E(�; �) be de�ned by the right hand side of (4.13). Then, by lemma 4.3, �is an eigenvalue if E(�; �) = 0. Here, as � = 0 is an eigenvalue and the eigenfun
tionis given by the s derivative of the wave, E(0; �) = 0 and thus� (��)n+1;::: ;2n�x01 �1 = �2The existen
e of pure imaginary eigenvalues is proven by a s
aling argument. Let�2 = p�1~�2 and � = p�1 ~�, and 
onsider the following:~E(~�; �1; ~�2) := 1�1E(�; �)= � 1�(0; 0; 0; �1) ~�2~� + �2 (�̂�)n+1;::: ;2n��2 ~�2 � 1� �2�(�;0;�)�(0;0;�) �21� 1�(0;0;0;�1) ~�2~� + �2(�̂�)n+1;::: ;2n��2 ~�2 � 1 +O(�minf1; ���1g1 ;p�1~�3)



638 S. NII~E(�; �) 
an be 
ontinuously extended to �1 = 0. The equation:lim�1#0 ~E(~�; �1; ~�2) = � 1�(0; 0; 0; �1) ~�2~� + �̂�� ~�2 � 1� 1� 1�(0;0;0;�1) ~�2~� + �̂�� ~�2 � 1= 0has solutions ~� = 0; ~�2��̂�� and ~�2 �p~�22 + 8�̂���22����where �̂�� stands for �2 (�̂�)n+1;::: ;2n��2 . The last two solutions are pure imaginarywhen ~�2 = 0; therefore, the equation ~E(~�; �1; ~�2) = 0 has pure imaginary solutionsfor small �1 > 0, whi
h are near �q 2�̂�� , be
ause ~E is 
ontinuous for �1 � 0 andanalyti
 in � near ~�2�p~�22+8�̂���22���� . This proves the theorem.5. Dis
ussion. First, noti
e that the bifur
ation 
urve �1 = �(0; �2) for 
 = 0in theorem 2 is that of a pit
hfork bifur
ation of the standing pulse. This is easilyseen from the following two fa
ts. The �rst is that~H(
; �1; �2)= �1 (Y (
; �1; �2); 
; �1; �2)�(
;�1;�2) � �1 (X(
; �1; �2);�
; �1; �2)�(�
;�1;�2)measures the separation of the stable and unstable manifolds W s(Q) and W u(Q) ofQ. The se
ond is that ~H(0; �1; �2) = 0 and ��
 ~H(0; �1�2) = H(0; �1�2) = 0 meanthat that Evans' fun
tion E(�) for the pulse has a double zero at the origin.Next, as is mentioned in the introdu
tion, the theorems of this paper apply tothe following "-� system treated in [13℄ and [8℄:( "�ut = "2uxx + f(u; v; �; 
)vt = vxx + g(u; v; �; 
)(1.1)[13℄ proves that the hypotheses in this paper are satis�ed for suitably 
hosen f andg, but it only proves the existen
e of pulses bifur
ating from transversal interse
tionof M1 and M2.[8℄ proves the existen
e of pit
hfork and Hopf bifur
ations for pie
e-wise linear fand g by the singular perturbation te
hnique. Although their results ex
lude a smallneighborhood around the degenerate point in the parameter spa
e be
ause of la
k oftransversality, the asymptoti
 of the bifur
ation 
urve of pit
hfork bifur
ation for thesingular limit system agree with that of theorem 1 of this paper.The order of the bifur
ations, that is, whether Hopf bifur
ation or pit
hfork bi-fur
ation o

urs �rst when �2 is de
reased, is not determined by the analysis of thispaper. REFERENCES[1℄ J. Alexander, R. Gardner, and C. Jones, A topologi
al invariant arising in the stabilityanalysis of travelling waves, J. Reine Angew. Math., 410 (1990), pp. 167{212.
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