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PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES
GENERATED BY COEXISTING FRONT AND BACK WAVES*

SHUNSAKU NIIf

Abstract. Pitchfork and Hopf bifurcations of traveling pulse solutions bifurcating from coexist-
ing traveling front and back waves of reaction-diffusion systems are studied. It is assumed that the
parameter set on which the traveling front exists and the set on which the back wave exists intersect
non-transversally. As a result, more complicated bifurcations than the transversal case are proven
to occur, including pitchfork and Hopf bifurcations of traveling pulses.

1. Introduction. Recently, bifurcation phenomena of traveling waves and their
stability in parabolic systems has been attracting attention. Such systems include
reaction-diffusion systems, where the waves are thought to represent qualitative change
of propagation of transition layers of chemical substances, and nerve axon equations,
where they are thought to represent conduction of electric pulses. These waves are
expected to be stable if they are observed experimentally. This problem has already
commanded a large body of literature.

One way to study this subject is to regard the bifurcations and the linear stability
of traveling waves as bifurcations of homoclinic or heteroclinic solutions of ordinary
differential equations.

A natural strategy in this line of thought is as follows:

(1) Assume the weakest type of degeneracies on the homoclinic or heteroclinic
orbits corresponding to the wave and apply the homoclinic or heteroclinic
bifurcation theory. Then analyze the stability of waves corresponding to the
homoclinic or heteroclinic solutions.

(2) Proceed to more degenerate cases.

Results in stage (1) go back to early works by Evans, Fenichel and Feroe [5],
Yanagida [21], Yanagida and Maginu [22] Kokubu, Nishiura and Oka [13] and Deng [4].
Later results include Alexander and Jones [2][3], Gardner [6], Kan-on [10][11], Nii [14]
[15][16] and Sandstede [18][19]. [13] and [14] treat bifurcation of pulses from coexisting
front and back waves under certain transversality conditions. Works belonging to
stage (2) have already done by Sandstede, Alexander and Jones [20], Yew [23] and
Nii and Sandstede [17].

The subject of this paper is bifurcation from coexisting front and back waves
which do not satisfy transversality conditions. This type of degeneracy appears in
[13] and belongs to stage (2) above.

In [13], the following type of one-dimensional reaction diffusion system is treated:

(11) {ETU,:

Ut

eUyq + f(u,v;6,7)
Vg + g(u,v;6,7)

where x € R and ¢t > 0. € and 7 are real positive parameters, with £ a small parameter.
The nullcline of f intersects with that of g at P = (up,vp), R = (ug,vgr) and
@ = (ug,vq) where vp < vg < vg. P and @ are stable constant solutions of (1.1)
which guarantees the bistability, while R is unstable.
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Let s = x + ct be the traveling coordinate. Then the system of equations for a
traveling wave becomes:

. 1
U = —uy
€
. cT 1f( 6,+) d
= —u; — —f(u,v;0, o
1 c 1 c ;030,79 ( _dS)
v = V1
i)l = Cu; — 9(7%”;9;7)
This system is simply written as:
Y c
z = F(x; ), r = 1;1 € RY, pu= 6] ecr
(%1 v

This system has equilibria corresponding to P and (), which are denoted in the same
notation by:

up uQ
0 0
P= vp ’ Q_ UQ
0 0

The equilibrium P (resp. @) has a two-dimensional stable manifold W#(P) (resp.
W#(Q)) and a two-dimensional unstable manifold W*(P) (resp. W*(Q)). In [13],
a function Zq(u) (resp. Ea(p)) is defined to analyze heteroclinic orbits from P to @
(resp. from @ to P), which measures the separation of W¥*(P) and W?*(Q) (resp.
WH*(Q) and W#(P)) and satisfies the following property:
=; = 0 if and only if there exists a heteroclinic orbit from P to Q.
(resp. 22 = 0 if and only if there exists a heteroclinic orbit from @
to P.)

It is, then, proven that =; is expanded into the following Taylor expansion:

Zi(p) = FO+ Gey + He® + o(|6] + |2y| + |¢*])

where F', G and H are positive if € and 7 are sufficiently small. Moreover, Z; and =,
have the following relations:

E1(¢,0,7) = —Ea(—¢,6,7)
and
Z1(c,8,7) = Ea(c, —0,7)
It follows from the information above that the set of zeros of Z; and Z:
M= {(c.6.7) €R | Ei(c,6,7) =0}, My = {(c.6,7) €K’ | Ea(c,6,7) =0}

form cusp surfaces which are symmetric to each other. Especially, the bifurcation
diagram in c-6 plane for fixed v has the following feature:
v« >0 M., and M, intersect transversally at (c,6) = (0,0)
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Yx<0 Y.=0 Y.>0
Figure 1.

7« = 0 they tangent at (c,6) = (0,0)
v« < 0 they intersect transversally at three points including (¢, 8) = (0,0)
where M;,, = M;N{y = v.}. (See figure 1.) As for the stability of waves correspond-
ing to these heteroclinic orbits, the following is shown:

Let p. € My, then

Dowy>0 (=) <0)

if and only if the traveling wave corresponding to the heteroclinic

orbit is stable (resp. unstable) as a solution of the original system

(1.1); the same applies for =s.

In [13], the existence of homoclinic orbits to P and @ bifurcating from the
transversal intersection of M., and M,,, are obtained by applying homoclinic bifur-
cation theorem by Kokubu [12]. That is, when M;,, and M,,, intersect transver-
sally i.e. 7. # 0, there are branches of curves Mp,, = Mp N {y = 7.} and
Mg~. = Mg N {y =7} in c-0 plane corresponding to homoclinic orbits to P and @
which bifurcate from the intersection points of M., and Ms.,, . (See figure 2.) The
stability of traveling pulses corresponding to these homoclinic orbits is determined in
[14]. The method used there also depends on the transversality.

At this stage, nothing had been proven concerning the existence of homoclinic
orbits for v, = 0. Later, an almost complete bifurcation diagram of homoclinic and
heteroclinic orbits, and the stability and instability of the corresponding waves were
obtained for piece-wise linear f and g by the singular perturbation technique (Ikeda,
Ikeda and Mimura [8]). The existence of Hopf bifurcation of pulses was also shown.
Still, these results exclude a small neighborhood of (¢, 6,v) = (0,0, 0) in the parameter
space, because of the lack of transversality.

The purpose of this paper is to investigate this type of degeneracy and to exhibit
the bifurcation structure of pulses. Moreover, the existence of Hopf bifurcation of
pulses is also proven.

2. The Theorems. In this section, the theorems of this paper shall be stated.
First, a theorem concerning a heteroclinic bifurcation of a family of ordinary differen-
tial equations under certain condition is introduced. Pulse solutions for a system of
reaction diffusion equations are obtained from an application of the theorem. Then,
under additional assumptions of symmetry, a theorem concerning the Hopf bifurcation
of the pulse solutions is stated.
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Figure 2.

The subject analysed first is a three parameter family of ordinary differential
equations on R?":

(2.1) {ﬂf = X(z,y; po, i, pi2)

g =Dz, y; po, 1, p2)

where z,y € R” and (o, 1, pt2) € R3.
In order to formulate the problem, this system is assumed to satisfy several hy-
potheses.

HypoTHESIS 1. The system (1.1) possesses the following symmetry:

—X(y, z; —po, p1, p2) = D(x,y; po, p1, 12)

HyroTHESIS 2. The origin O is a hyperbolic equilibrium of the system and there
are other hyperbolic equilibria O_ and O4. O_ corresponds to Oy wunder the sym-
metry in Hypothesis 1. O (Ox) has an n-dimensional stable manifold W*(O) (resp.
W#(0Ox)) and an n-dimensional unstable manifold W*(O) (resp. W*(O4)).

For the sake of simplicity, the system (2.1) is assumed to be linear around the
origin O. Moreover, it is written in the following form for some small neighborhood
around the origin:

ii?] —A(uo,u],ug) 0 0 0 I
(2-2) f — 0 7"4(,“0;/11:/12) 0 0 z
1 0 0 A(—po, p1, p2) 0 Y1
y 0 0 0 A(=pios p1, p2) ) \¥

where (:Ela'f)a(ylag) € R x ]Rn717 )‘(/j’():,ul:u2) > 0 and A(H0>N17N2) is a (T] o 1) X
(n — 1) matrix.



PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 619

HYPOTHESIS 3. %(0,;117/12) < 0.

HyproTHESIS 4. There is a positive constant v > X uo, p1, p2) satisfying the
following property:

||67A(H0’H1’H2)t|| <e vt (t>0)

As the subject of interest is the heteroclinic bifurcation of this system, the original
heteroclinic solutions which undergo the bifurcation are assumed to exist.

HYPOTHESIS 5. When (uo, 1, p2) = (0,0,0) (2.1) possesses a heteroclinic solu-

tion, which is unique up to translation in t

hi(t) = (R (t), hY(t)) satisfying tlim hi(t) =O0_ and lim hy(t) = O.
——00

t——+oo

If hy(t) := (RY(—t),hf(—t)), then the symmetry in Hypothesis 1 implies that
hs(t) is a heteroclinic solution satisfying . lim hq(t) = O and . 1ir+n hi(t) = O4.
——oc —+00

These heteroclinic solutions are assumed to be of generic type i.e. they satisfy
the following hypotheses.

HYPOTHESIS 6.

hy ()

im — =(-1,0,0,0)
t=too |hy (1)
By the symmetry, the following also holds:
"2 (0,0,1,0)

1m -
t=—00 |hy(t)]

Let ¥;, = {z1 = ¢} and ¥,,; = {y1 = ¢} be local sections which are transversal to
the heteroclinic orbits and § > 0 be so small that 3;,, and ¥,,; are in the neighborhood
of the origin where the linearity assumption (2.2) holds. (See figure 3.) In what
follows, 6 = 1 is assumed through a scalar change of the coordinates, and (z,y1,7)
and (x1,Z,y) are used as the coordinates on ¥;, and ¥,;.

3( Vy

Figure 3.
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HypoTHESIS 7. W*(O_) N X, is expressed as the graph of a smooth function
from g to (z,y1) (see figure 4):

z = &(y; po, p1, p2), y1 = n(Y; po, pa s pr2)

By the symmetry in Hypothesis 1, this implies that W*(O4)N X,y is expressed as the
graph of a smooth function from T to (z1,y):

x1 = (T; —po, 1, p12), y = &(T; —po, i1, p2)

The next hypothesis represents the degeneracy which is under investigation.

Yi
W 0)nZy,
W 0)nZy,
n, O) .7
X
Figure 4.

HyproTHESIS 8. The function 1y has the following symmetry:

m (0; po, pas pr2) = =1 (05 —pao, —pa1, p2)

and is expanded into the following Taylor expansion:

(05 po, p1, p2) = 1 + pops + i + o (|| + |ugpe| + |Né|)

REMARK 2.1. 11 (0; po, p1, o) corresponds to the separation function in [12] and
[13].

Let M_ and M, be the parameter sets on which the heteroclinic solution from
O_ to O and from O to Oy exists:

M= {(po, i, ) | m(0; po, i, ) = 0}

My = {(po, s o) | m (0 —po, s p2) = 0}

and let P := M_ N My be the parameter set on which both heteroclinic solutions
coexist. Hypothesis 8 implies that M_ and M form cusp surfaces which are expressed
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by w1 = c(po, p2) and g1 = c(—po, p2), and that P consists of the line {ug = p1 = 0}
and the graphs of symmetric square-root-like functions {ug = p(p2),p2 < 0,1 =
0} U {po = —p(p2), p2 < 0, p1 = 0} with p(p2) > 0 and p(0) = 0.

Under the hypotheses above, the following heteroclinic bifurcations occur.

THEOREM 1. Under Hypothesis 1 to Hypothesis 8, there exists a heteroclinic
solution from O_ to Oy for (0,u1,p2) with py > 0.  Furthermore, for
o < 0 with sufficiently small |po|, there ewists a function ¢(uo,u2) for
—p(pe) < po < p(u2) such that there exists a heteroclinic solution from O_ to Oy for
(1o, p11, p2) = (po, Bpo, p2), p2). o, p2) satisfies i (0; Lo, ¢(po, pr2), p2) > 0 and

lim  @(uo,p2) = 0. (0, u2) converges to 0 as pus 10 like po = pylogur. (See
pro—Ep(p2)

figure 5.)

REMARK 2.2. The branches of the heteroclinic orbit is unique when us # 0 and
w1 is near 0 by the results of Kokubu [12].

Ho

M= {1, M5)

M1

H< O
Figure 5.

When this theorem is applied to the problem of traveling waves, the theorem
concerning existence of pulse solutions is obtained. The subject here is the following
system of reaction diffusion equations:

(2.3) U = Bug, + f(u; ,u)

where z € R, £ > 0 and v € R?. B is an n X n positive diagonal matrix and
f is a smooth function of u depending on parameters u = (ui,p2) € R2. This
equation is considered on the function space BU(R,R") := {u: R — R” | u is bounded
and uniformly continuous }. The basic hypothesis for this system is the following
bistability

HyproTHESIS 9. The non-linearity f has two zeros P and @), and steady state
constant solutions u = P and u = () are both stable.
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Put s = x + ¢t and (2.3) in (s,t) coordinate becomes:
(2.4) ug = Bugys — cus + f(u; p)

Then a traveling wave solution u(z,t) is a stationary solution u(z,t) = u(s) of (2.4)
for which lirf u(s) exists and equals either P or (). That is, if the equation:
S§— 00

(2.5) Bugss — cus + f(u;u) =0

possesses a solution u(s) with lirf u(s) = P or @, then u(z+ct) in (z,t) coordinates
S§— 00

becomes a traveling wave solution of the system (2.3). Notice that a traveling wave
is called a traveling pulse if both of the limits of ligl u(s) are equal to P or both
§—>-00

are equal to @, and is called a standing wave (a standing pulse) if ¢ = 0.

The problem above is regarded as the existence problem of a homoclinic or het-
eroclinic solution. The second order ordinary differential equation (2.5) is rewritten
as a first order system:

2.6 b= 4
(26) b =cB™ v — B7! fu; py, po) U=

Under Hypothesis 9, the system (2.6) has two hyperbolic equilibria (u,v) = (P,0)
and (u,v) = (@,0). By abuse of notation, these equilibria are also denoted as P and
@. Then (u,u') is a homoclinic or heteroclinic solution to P and/or @ of (2.6) if and
only if u is a solution of (2.5) with sluiloou(s) =Por Q.

In what follows, f is assumed to be linear around P corresponding to the as-
sumption (2.2). Then, by letting O = P, O_ = Oy = @ and (uo, p1, u2) = (¢, p1, p2),
Hypothesis 1 and Hypothesis 2 are automatically satisfied after a suitable change of
coordinates. This system is, then, expressed as in (2.2).

In this context, theorem 1 is interpreted as follows.

THEOREM 2. If (2.6) has heteroclinic solutions which correspond to traveling
waves of (2.3) and which satisfy the above hypotheses, then the system possesses a
homoclinic solution to Q for ¢ =0 and py > 0 which corresponds to a standing pulse
of (2.3). Furthermore, the system has a homoclinic solution to Q) for py = ¢(c, u2)
for pa < 0 which corresponds to a traveling pulse with speed c.

REMARK 2.3. From this point of wview, the bifurcation point (c,u1,p2) =
(0,0(0, p2), u2) of a traveling pulse from a standing pulse is the pitchfork bifurcation
point of the standing pulse.

In the context of traveling waves, this degeneracy generates a richer structure. In
fact, it is shown that the standing wave undergoes Hopf bifurcation under additional
hypotheses.

The first hypothesis is a symmetry of the system (2.3).

HyrorHESIS 10. The non-linearity f is odd symmetric with respect to u and uy :
fmus—pa, po) = = f(us i, o)
If P and @ correspond to each other under this symmetry, then Q@ = —P for u; = 0.

The next hypothesis concerns the linear stability of traveling waves.
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Let u(s) be a traveling waves of (2.3). Consider the linearization of the system
(2.4) along the wave:

pt = Lp:= Bpgs —cps + Df (u(s); ) p

Under Hypothesis 9, there is a negative constant o such that the essential spectrum
0¢(L) of L on the function space BU (R, R™) lies in the region Rz < gg. Moreover the
origin is an eigenvalue of L with the eigenfunction us(s) which corresponds to spatial
translation of the wave. The wave is said to be linearly stable if there is no eigenvalue
of L with non-negative real part and linearly unstable if there is an eigenvalue of L
with positive real part.

REMARK 2.4. In the context of reaction diffusion systems, it is well known that
linear stability of a wave implies non-linear stability. See Henry [7], for example.

Let u_(s;c,pu1,p2) be the traveling wave satisfying lim u_(s) = @ and
§——00

lim u_(s) = P, which exists for (¢, u1, o) € M_, and let uy(s; ¢, p1, o) be the wave

s——+oa
satisfying lim wuy(s) = P and lim wuy(s) = @, which exists for (¢, p1,p2) € My.
S——00 s—-+4o00

HyprotTHESIS 11. Let L_ be the linearized operator corresponding to the traveling
wave u_(8; ¢, 1, u2). Then there is a negative constant oy so that there are only two
eigenvalues of L_ with real part greater than o,. Moreover, one of these is negative
(positive) if and only if

0
%(0; ¢ pin,p2) >0 (resp.

om

5c (06 p1: p2) <0)

(The other one is at the origin.) Similarly, let Ly be the linearized operator corre-
sponding to the traveling wave uy (s;c, i, u2). Then there are only two eigenvalues
of Ly with real part greater than u., one of which is negative (positive) if and only if

Om
Oc

om

dc (OQCaNhﬂ?) > 0)

(0; —c,p1,p2) <O (resp.

Under these hypotheses, the standing pulse, the existence of which is proven in
theorem 2, undergoes Hopf bifurcation.

THEOREM 3. Under the additional Hypotheses 10 and 11, there is a curve puy =
pa(p1) for py > 0 such that the linearization along the standing pulse possesses a

pair of pure imaginary eigenvalues for (u1,p2) = (u1, pa(u1)), and p2(p1) satisfies
lirﬁ)uz(ul) =0.
M1

3. Heteroclinic bifurcations. In this section, theorem 1 and 2 shall be proven.

To begin with, the bifurcation equation is formulated.

PROPOSITION 3.1. The system (2.1) possesses a heteroclinic solution from O_
to O4 if and only if the following system of equations has a solution (Z,y):

A(Ho,11,12)

{m (s po, p1, o) } X Cromrmz) =0y (Z; —po, pr, po)
(31) { T =exp {m lOgnl(g§NO:Nl:l@)A(NOnUh,UQ)} (Y pos 5 1)
y = exp {m log 11 (95 po, p11, p2) A(—po, ﬂl:ﬂ?)} §(2; —po, pa, p2)
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Proof. By Hypothesis 7, a point in W*(0_) N %;, is expressed as:

('fiayhg) = (5@5HO:Hl:HQ):7}1(@:#0:#1:#2):@)

and a point in W*(O4) N X, as:

($17i'7:lj) = (771(53’ _MO:M1:u2):j7€(i‘; _M0=H17N2))
Then, the condition that the orbit of a point in W*(O_)NX;,, under the flow of (2.2)
hits a point in W*(O1) N X,y is expressed as (3.1). O
Then, the first half of theorem 1 is easily proven.

PROPOSITION 3.2. For ug = 0 and u; > 0, the system (2.1) possesses a hetero-
clinic solution from O_ to O if |u1| and |us| are sufficiently small.

Proof. If & = y, then the first equation of (3.1) is automatically satisfied and the
second equation coincides with the third equation. Let F: R"! x R2 — R"! be
defined as:

g — €xp {m lOg ‘Th (ga 07”17 /1’2)‘14(07”1//1’2)} f(ga 07”17 /1’2)
F(gs s p2) = (1 (930, pa, p2) # 0)
g (nl(gao,ulnuz) = 0)

Then, F(0;0, ) = 0 and F is of class C' by Hypothesis 4. Furthermore, %F(O; 0, u2)
= I and thus there is a function § = g(u1, p2) satisfying F'(g(u1, pa); p, p2) = 0 for

small |g1]. A similar calculation yields % = 7.5 = 0 at py = 0 which means

11 (7; 0, 1, ue) > 0 for positive small u; by Hypothesis 8. Therefore, (3.1) is satisfied
by Z =y = y(u1, u2) for sufficiently small positive p;. O
To tackle the case pug # 0, the second and the third equation are solved first.

LEMMA 3.1. Let G: R x R?1 x R® = R*"1 x R*! be defined as:

G(2,9; po, 11, p2)
T — exp {m log \771(17;uo,ul,ua)\A(uo,ul,ua)} §(Y; po, ;s i)

Y —exp {m log \7}1(33;MO:M:M)\A(*NO:M:M)} (25 —po, pa, p12)

if m(F; po, g1, p2) # 0 and
G(i‘:g;,u07,u17,u2) = (j7:lj)

if m(9; po, pa, p2) = 0, then there is a function X (o, 1, p2) and Y (po, p, p2) with
X(0,0,0) =Y(0,0,0) = 0 which solves the equation

G (X (po, p, 12), Y (1o, f1s p2), fos ph, f2) =0

for sufficiently small |uol|, |u1| and |pz].

Proof. This is also a consequence of Hypothesis 4 and the implicit function theo-
rem. [
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Moreover, the following is easily seen.

LEMMA 3.2.
(1) ‘;()guoal‘gl;(ﬂ2) :XY(MOB:#thB)Y: 0 g];(uoauhuz) eM-_.
(2) Big = Bur = Bus = Buo = Bur = oy = 0 0t (o, ) = (0,0).

This lemma implies the following.

LeEMMA 3.3. mi (Y (o, 1, p2); po, f1, 2) > 0 holds if |uo| and |u1| are sufficiently
small and py satisfies c(po, o) < 1.

In what follows, ug > 0 is assumed because the results for the other case auto-
matically follow from the symmetry. (Hypothesis 1)

In order to find a solution of the first equation of (3.1), the following function is
considered:

rﬁ{’h (Y (ko, 11, p2), o, p1, pro) N (Fo-H1:H2)

—m (X (po, g1, p2), —M0=M1=M2))‘(7”°7“1’“2)} (1o > 0)
H (po, 1, pr2) :=
Biyg {ﬂl(Y(M07M17M2)7MO=M1=M2))‘(“07“1’“2)
1o=0

- (X(MO, M1, :u2)7 —Ho; M1, H2)>‘(7“0’u1’“2) } (:uO = 0)

Then for pg > 0, H(po, p1, u2) = 0 if and only if the system (2.1) possesses a hetero-
clinic orbit from O_ to Oy.
The next proposition proves the second half of the theorem.

PROPOSITION 3.3. There exists pa. < 0 such that the following holds. For each
Hox < po < 0 and 0 < pg < p(ua) there exists pn with c(po, p2) < p1 satisfying
H(po, 1, p2) = 0.

Proof. First, there are constants C; and Cs and a function Cs(uq,u2) > 0 such
that H(po, 1, u2) is defined for 0 < p; < Cy, |pa| < Co and |uo| < Cs(u1,p2) by
the proof of the proposition 3.2 and the continuity of 71 (Y (uo, p1, pt2); po, pt1, p2) and
(X (o, 1, p2); — o, p1, f12). Moreover, lemma 3.2 implies that there are constants
Cy and Cj such that mi (Y (po, pa, p2); pos 1 p2) > 0 for [pol < Ca, |p2| < C2 and
¢(po, o) < p1 < Cjs. Therefore there is a function Cg(ug, pe) such that H is defined
for c(po, p2) < p1 < Ce(po, p2) if 0 < o < p(uz) and —C> < p2 < 0 because

(X (o, 1, p2); —Hos s p2) > 0 for (po, pa, pa) € M-
H(0, g1, p2) is explicitly expressed as:

H(Ol M1, /1’2)
=11 (Y (0, 1, 1), 0, i, o) NOH1ob2) =1

o
dpo

0
A(Ol ﬂl,ﬂ2){ﬂ(y(0, /1’17/1’2)7 07”17/"‘2)

X agj

(07N17N2)

(3.2) o

aNO (07,u17:u2)}

o0X
- —,(X(07u1,u2),07u17uz)a—m(07u17u2) +2

oA

+ 28—'%(0,N1,N2)7}1(Y(0,N1,N2)7 0, pu1, p2) log 11 (Y0, a1, p2), 0, uu#ﬁ]
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Because %(Q,ulhug) < 0, H(0, 11, p2) behaves like ps — pq log 1. Therefore there
is a constant C7 and a function Cs(pus) with Cg(0) = 0 such that H is positive if
0 < po < Cr, |p2| < Cy and Cs(ps) < p1.

On the other hand, H is negative if ps < 0, 0 < pg < p(u2) and g1 = c(po, p2)
as 01 (0; po, p1, p2) = 0 and 11 (0; —po, 11, 2) > 0 there.

Take po. < 0 such that |,u2| < Oy, Cg(ﬂz) < (5 and p(,LL2) < min{C4,C7}
holds for ps« < p2 < 0. Then, for each pox < ps < 0 and 0 < pg < p(us),
m (Y (o, 1, t2); po, p1, o) is positive for c(uo, p2) < p1 < Cs, and H (uo, 1, p2) is
defined and positive for Cg(us) < p1 < Cs.

When (po, pu2) is fixed in this region and p; is increased from ¢(ug, pa) to Cs,
either of the following happens:

(1) H is defined for all ¢(po, p2) < p1 < Cs and H < 0 for 3 = ¢(po, p12) and

H > 0 for uy = Cs.
(2) There is some c(ug, pu2) < pi« < Cs such that H is defined for ¢(pg, p2) <
p < pis and H < 0 for p = c(po, p2), but n1 (X (po, 1, p2); —po, i, pi2)
becomes zero at p; = p1«
The conclusion immediately follows by taking into account that H(ui1.) > 0 for the
second case. O

Proof of theorem 1. The theorem for 0 < pug is proven in proposition 3.3. The
conclusion for ug < 0 follows from the symmetry (Hypothesis 1). Asymptotic of the
bifurcation curve follows from (3.2). O

Proof of theorem 2. Recall the system of the traveling wave (2.6):

u="uv
b =cB v — B fu; py, po)

This system is simply written as

i
<> = F(u,v;c, p1, p2)

v

Let DF(P,0;c,u1,u2) be the linearization of F around the equilibrium P. If
A(e, p, p2) is an eigenvalue and V' = (u, v) is a generalized eigenvector associated with
A, then the symmetry implies that W = (u,—v) is an eigenvector of DF' (P, 0; —¢, u1, fi2)
associated with the eigenvalue —A(e, 1, p2). Thus, if Vi(¢) = (u1(e),v1(c)), ..., Va(c)
= (un(c),vs(c)) are n eigenvectors associated with eigenvalues Ai(c, p1, p2), ... ,
An (e, p1, p2), then the other eigenvectors are obtained as Wi (¢) = (ug(—¢), —v1(—c)),

5, Wh(e) = (up(—c), —vp(—c)) and belong to the eigenvalues —Ai(—c, p1, 2), . .. ,
—An(—¢, p1, p2). Therefore, if (Vi,...,V,, Wy,... ,W,) are the basis of the coordi-
nates, the system (2.6) possesses the symmetry of Hypothesis 1, and is expressed as
(2.2). Hypothesis 2 also holds if Hypothesis 9 holds.

Then theorem 2 is obtained by applying theorem 1.

4. Hopf bifurcations. In this section, theorem 3 shall be proven. In order to
do this, a geometric interpretation of the eigenvalue problem is introduced, and then
the proof of the theorem based on this interpretation is presented.

4.1. Geometric interpretation of the eigenvalue problem. Let u(s) be
a traveling wave of (2.3) i.e. (u(s),u'(s)) is a homoclinic/heteroclinic solution of
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(2.6) to/between P or/and ()—and consider the eigenvalue problem associated with
the linearization along the wave:

(4.1) Lp = Bpss — cps + D f (u(s);p) p = Ap
This system is also treated in the form of the first order system:
P=q
(4.2) . . .
G=cB g+ B {A— Df(u(s);pa, p2)} p
This system is simply rewritten as:
z2=T(u(s); Aje, p)z
Also consider the n-th exterior power of (4.2):
(4.3) £ =T (u(s); A e, ) 2™
where 2(") € AC?" and T(™ := Pr@l@-@l+ -+l --@lxl, , . Notice
that if z1(s),. ..
(4.3)

Under Hypothesis 9, there exists a negative constant oo such that for RA > o
the matrix 'L (A) := liril ['(u(s); A) has n eigenvalues /\fc, ..., A with negative real
§— 00

,Zn(s) are solutions of (4.2), then z1(s) A --- A z,(s) is a solution of

part and n eigenvalues /\fﬂ, . ,/\2in with positive real part. Moreover, \; < /\1i <0

for2<i<nand0< /\f+1 < §R)\ii for n + 2 < i < 2n holds under Hypothesis 4.

2n
Then F(i")(A) ;= lim T("(s;A) has a simple eigenvalue A\f = 3. AF having the

s—+oo i=n+1

n
largest real part among the eigenvalues and a simple eigenvalues /\Iil => )\ii having
i=1

the smallest real part. (See [1].) Let zﬁ) be the eigenvector associated with the
eigenvalue )\}t and zé"i) be the eigenvector associated with the eigenvalue )\Iil.

As the problem (4.1) is treated on the function space BU (R, R™), A is an eigen-
value of L if and only if (4.1) has a bounded non-trivial solution. This is just to
say that the system (4.2) has a non-trivial solution which converges to zero when
s = Foo. This is reformulated in the following manner.

Let W_ := {z(s) | a solution of (4.2) satisfying lim z(s) =0} and W_(sp) :=

§——0Q
{z(s0) | 2(s) € W_}. Similarly let W, := {z(s) | a solution of (4.2) satisfying
lim z(s) = 0} and Wi(so) = {z(s0) | 2(s) € Wi}. Then Wi(sp) is an n-

s——+o0
dimensional subspace of C?”. The following is easily seen.

LEMMA 4.1. A is an eigenvalue if and only if W, (so) N W_(so) # {0}.

This lemma is interpreted as follows. Let zgn)(s; A) be a solution of (4.3) which
converges to 0 as s — —oo along the eigenspace span{z\"} of T and let 2" (s; A) be
a solution of (4.3) which converges to 0 as s — +o0o along the eigenspace span{zéi)}
of F(+"). 2™ and z{" can be chosen such that they are analytic in A.

LeEmMMA 4.2 ([1]). A is an eigenvalue if and only if z§n)(s;A) A zén)(s;A) =0 as

n n 2n
an element in C = (AC*™) A (ACP) = A C?".
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LeMMA 4.3. A is not an eigenvalue if and only if zin)(s) diverges along the
eigenspace span{zﬁ)} of F(f) s — +o0.

Proof.  Let z1(s), ..., zan(s) be the solutions of (4.2) for which

lilll |zi(s)|e’m’\jss”i exists and is non-zero for some non-negative integer /;. Then
S§—+00

2" is expanded as 2™ (s) = 2 Ci,. iz, () A--- Az, (s) and 20" is expressed

(n)

as zy (s) = (C',;al(s) A--- A zp(s) for some non-zero constants C;, . ;. and C. By this
n

expansion, z; ' (s) A zgn)(s) # 0 is equvalent to Cpt1,.. 2n # 0 and this means that
z%")(s) diverges along the eigenspace sprm{zﬁ)} since AT is the eigenvalue of FT)
with largest real part. O

In this paper, this problem is treated in the framework of the Graimann manifold.

Let G, (C?") be the Grafimann manifold of n-dimensional subspaces in C?*. Then

this manifold can be seen as a submanifold of the projective space P(}l\ C?) of AC2"
by the following Pliikker embedding;:

Gn(C*™) 3 span{vy,... ,op} = 1 A---Awy] € P(/n\(C2")

As the system (4.3) is linear, it induces a system on G,,(C?"):
(4.4) z=D(2u(s),Ase, p) 2 € Gu(C™) C P(/n\ ™)

Then lemma 4.3 is expressed as follows:

LEMMA 4.4. A is not an eigenvalue if and only if

" (s A)] = [0 (s = +00)

in Gp(C2") C P(AC2).

In what follows, the eigenvalue problem along the standing pulse solution, exis-
tence of which is proven in theorem 2, is treated from this point of view.

4.2. Analysis of Poincaré maps. The analysis makes use of the analysis of
Poincaré maps. For this purpose, first coordinates and sections are suitably chosen.
Let (x,y) = (x1,%,91,y) be alocal coordinate system around P in which system (2.6)
satisfies Hypothesis 1 and is expressed as (2.2). Let X;, = {z1 = 0} and X,; =
{y1 = d} be local sections which are transversal to the heteroclinic orbits between
P and @ which exist for (c,u1) = (0,0). Similarly, let (z',y") = (2},2',y],¢y’) be a
local coordinate system around @, and let X, = {2} = ¢} and X!, = {y; = 6} be
local sections. As above (the discussion following Hypothesis 6), § is assumed to be 1
through a scalar change of coordinates.

Consider the coupled system of (2.6) and (4.2)

w = F(w;ec,
(4.5) . (w;c, p)

z=T(w;Aje,p)z
where w = (u7v). Let (21372/,2) = (3317537y1,g72(1),... 7Z(2n)) and (mlzylzzl) =
(23,2, 91, 9,21y - - +2{s,,)) be local coordinate around {P} x C? and {Q} x C*".

By simple application of Kato [9] p. 99, these coordinates can be chosen such that
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they are analytic in A and smooth in ¢ and p, and I'(w; A, ¢, p) is expressed in the
following form:

—AA; ¢, ) 0 0 0
A _ 0 —A(Ase,p) 0 0
F(U),A,C,/J,) - 0 0 )\(A’ —c“u) 0
0 0 0 A(A; —c, 1)
if w is near P and

=N(A;e,p) 0 0 0
L B 0 —A'(As e, p) 0 0
F(szaczu) - 0 0 AI(A, C:N) 0

0 0 0 A'(A; —c, )

if w is near Q. Moreover I' and DF coincide for A = 0 i.e.
I(w;05¢, p) = DF(w;c, p)

if w is near P or Q.

The system (4.5) induces a system on R2" x A C2" in the same manner as (4.2)
induces (4.3):

(46) { w = F(w;e, p)

S0 = 10 a A, ) =)
and this induces a system on R*" x G,,(C*"):

W = F(w;c, p)
(4.7) A
2 =T(w,2;A;¢, 1)
Now consider the Poincaré maps:

M X!, % Gu(C) = X4 x G (C?™)
HO : Ezn X Gn((CZ”) _)Eout X Gn((CZ")
Iy Bou X Gp(C*) = 2L x G, (C*™)

I, (x = £,0) is denoted as:
H*(w,é,A,c,,u) = (W*(wﬂzu)ﬂ?*(wj;A?QN))

On each section, inhomogeneous coordinate systems on P(}l\ C?") are employed
as coordinate systems on G,,(C**). On ¥/ , x G,,(C*™), let

! ! !
Z = (Zl,n+27...72n7"-7Zi1,...,in7"')

be the inhomogeneous coordinate systems on P(?\ C2?") centered at zzn
that is, the point

+1)/\.../\z22

n)’
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is expressed as

Z/ _ C{7n+2,...,2n 01{17...,2',1
= ey .
C;H—l,... 2n C;H—l,... 2n
Then (z},%',y',Z') is employed as the coordinate system on ¥ , x G, (C*"). Simi-

larly, (z1,2,3, Z) is employed as the coordinate system on X,,; x G, (C?").
On i, X G (C*), let ¢ = (Cat1... 2n5--- Gy ins---) be the inhomogeneous

coordinate system on P(}l\ C?") centered at, 2(1) N Z(nt2) A"+ - AZ(2n), that is, the point

L Z Ciy.inZi) N A Z(i")}

01,eenyln)

is expressed as

CZ ( Cn+17...,2n Cil,...,in 7)

gy
Cl,n+2,...,2n Cl,n+2,... 2n

Then (Z,y1,¥, () is employed as the coordinate system on X;, x G, (C?").
In what follows, the map 7. (x = £,0) is analysed.

As the system (4.6) is linear around {P} x A C?", 7y is obtained by direct calcu-
lation.

LEMMA 4.5.
1 A(A;c,;}f?(—)}—.)\(/\);*c,u]
Wo(j7y17g:<n+l7...,2n7"') = (<n+17...,2ny1 o PN 7Zi1,...,in7"')
and for (i1,... ,in) #Z (L,n+2,...,2n) the following estimate holds:
1 et
Ziv,inl < Cugr2nGinyinyy "
where v is what appears in Hypothesis 4.

As for 7_, consider its Taylor expansion:

T (2',y's 2" A0, 1) = 7-(0,¥'(0, 12); 0; 0; 0,0, o)
on_ on_ O*7_
7' A A?
R TN T €
or_ ., ., 7
— (0. 1
+ a(x,7y/) (m Y y ( 7”2)) + alll M1

+ (higher order terms)

where (0,y"(1)) := 72" (1,€(5(1); 0, pur, pr2), 1 (§(1); 0, pa s pi2), 5 (1)) for the function
y(u) defined in proposition 3.2

LEMMA 4.6.
(ﬁ-*)’fH-l,--- 72”(07 yl(Oa N2)1 05 01 07 07 N2) = 0

and

0 (n— ;
M(OJI(O:M);O;O;QO:W) =-1
6Zl,rH—Q,...,Qn
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where (T_)p+1,.. 2n stands for the (n +1,...,2n) component of 7_.

Proof. The first equality is clear from the fact that (0,y'(0, u2)) is on the hetero-
clinic orbit from @ to P and A = 0 is an eigenvalue, and lemma 4.3.

The second equality is proven as follows.

As the system is symmetric when p; = 0 (Hypothesis 10), there exists a solu-
tion (wq(s),zo(s)) of (4.5) for A = ¢ = py = 0 such that wg(s) is a heteroclinic
solution from @ to P, and if (ug(s),vo(s)) are the (u,v) coordinates of wq(s) and
(po(s),q0(s)) are zp(s) in (p,q) coordinates then (ug(—s),vo(—$),po(—5),q(—5)) =
(—uo(s),v0(s), —po(s),qo(s)) holds and sErinoo\zO(s)\ep‘(O‘O#‘?)S exist and are non-

zero. See [13]. Also Hypothesis 6 implies that lim g (5)|eTA(0:012)5 exist and
§—>T 00

are non-zero.
Chose s such that wo(—sg) € X!, and w(sg) € L;, and let

20(—50) = (2(1)(=50); -+, 2() (=50); 2(511) (=50) - -+ Z(20) (—50))
then
20(50) = (2(1)(50), - -+ » 2(n)(50), Z(n+1)(50), - - -, 2(2n) (50))
= (2En+1)(—50)7--- =z22n)(—50)7221)(—80)7--- 7ZEn)(_SO))

by the symmetry (Hypothesis 1 and 10), and 221)(750) # 0,222)(750) = .- =
Z(p)(—s0) = 0 holds. Also, let

to(—50) = (W(1)(=50), .-, W(;)(—=50); W(ppp1)(—50), - s W2, (—50))
in (221), . ,zéQn)) coordinates then;

o (s0) = (W(1)(50), -+ »W(n) (50), Wint1)(80)s - -+, W(2n)(50))

= (~t0{yq1)(—80)s -+ s —W{a,,)(—80), —(1)(—50), - -, —1i,,)(—50))
in (2(1),...,%(@2n)) coordinates, and w’(n+1)(_50) # 0,11)21)(—50) == u')zn)(—so) =
0.
; n—1
Consider a system on R?? x A C?":
w = F(w;c, p)

(48) {Z(nl) — F(nfl) (U), A’ c, M)Z(nfl)

Hypothesis 7 implies that there exists a solution (wg(s)7z(()n71)(s)) of (4.8) such

that lim |2" (s)le™>" """ and lim |2{" 7" (s)le=*" " exist and are non-zero,
§——00 s—+o00

where A" and A" are the sum of all eigenvalues of A'(0;0,0,u2) and A(0;0,0,u2).
Then zénil)(fs(]) = C’zé YA -/\zEM) and zénil)(so) = Yo Ciyin 2 N

(i1, in_1)

n+2
A2,y with Chia  2n # 0.

Let zén)(s; () := wo(s)/\zénfl)(s)+(z0(s)/\zén71)(s); then (wg(s), z(()n)(s)) satisfies
(4.6) and

-1

Z(()n)(—SOQ ()= (Z CZ{ZEi))/\Clz(nH) A= NZ(2n) +C(Z Dgzzi))/\C’Z(rH-?)/\' “*NZ(2n)
= (C;l+1 +CD;1+1)C/Z(n+1) ASRRVAV-TO T +(:D/1C'/Z(1) NZ(nt2) N - NZ(2n)
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since C] =---=C), =0,C) ., #0and D} #0,D5 = --- = D;, = 0, and

25 (505 €)

n 2n
:(Z —Cz{+n2(i) + Z *Cz{inZ(i)) A Z Cil,... Jin_17(i) A A Z(in_1)
i=1

i=n+1 (217...27171

C(ZD;—FTL + Z Dz n? l))/\ Z Ci1,---7in712(i1) /\-.-/\Z(in—l)
i=1

i=n+1 (2150t —1)
=CD{Chnir,... 202(nt1) A= N Z(2m)
+ (= Chg1 + (Dni1)Cnsa,.. 2020) A Z(nt2) Ao A Z(an)
+ P

Thus

(7}7) (LO .__O)ZLD,1
mtbe2n \ Oy + (D, ' Chi1 —(Dpiq
and the second equality is obtained from this. O
LEMMA 4.7.
o(n_)

n+1,...,2n /
— (0 0, ;0:0;0,0, =-1
a,ul ( 7Y( //1’2)5 s Uy Uy //1’2)

Proof. Let wq(s; p1) be a solution of (2.6) with the initial condition

wo (s0(p1); 1) = (1,€(0;0, 1, p2), m1(0; 0, pa, p2), 0)

where & and 1, are as in hypothesis 7, sq(u1) is chosen such that wg(so(u1),p1) €
Yin and wo(—so(p1),p1) € X!,;- Then wo(so(pr), 1) = (=A, —AE, Ay, 0). Here,

M (0;0, i, o) = i+ O(p3). Let 2°(s;1), - 2" (85 11) € Tung(so(un) ) W (Q) be
linearly independent solutions of (4.5) with A = 0 satisfying anﬂ')(SO(Nl): p1) = 0i;

(j =2,...,n) and 2(;)(so(u1), 1) = 0, where z(; (so(pu1), 1) is the z(z) component
of 2%(so(p1), p1). Also let (") (s; 1) = aing(s; 1) A 2%(s31) A~ -+ A 2"(s;1). Then
(wo(s, 1), 2 (s; 1)) is a solution of (4.6), and
5 (—so(pr), 1) = C' 21y N A 2o
2 (so(u1), ) = =Az(1) A Z(nga) Ao A Zam)
+ ()\/1,1 + O(/J,f)) Zine1)y N Nzp) + -

The conclusion follows from this. O

LEMMA 4.8.
O )i s 1
4.9 b 2R y(0, 1): 0;0;0,0, gy) = ———— i
( ) BA (7Y( ,Mz): s Uy Uy MZ) A(0,0,0,ug)uz
and
8% (7_ .
(4.10) M(OJI(O“M); 050;0,0, 12) < 0

OA?
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Proof. Let w;(s;c, p2) € W*(Q) be a solution of (2.6) with the initial condition
'lUl(S;C7IUQ) = (176(0;070,[,62)77]1(0;C,07M2) ) AlSO let (wl(s 0 :uz) (S A7:u2)) be a
solution of (4.5) such that lim |2(s; A, us)|e > ® exists and is non-zero, (s; A, up)

§——00
is analytic in A and smooth in ps, and 2(s;0, u2) = wi(s; 0, pue). Then

0z 0
(w1<s 0.12). (350, a) — 20 <s;o,u2>)

satisfies (4.5). This is easily seen by subtracting the differentiation of (2.6) with
respect to ¢ from the differentiation of (4.5) with respect to A. Moreover,

0z Own u
(4.11) o (510 12) = (530, 412) € Ty (510, W (Q)
because
. oz 0
Jim {8—2(8;0,;@) - %(S;sz)} =0

Let (wl(s;O,,ug)J("’l)(s;A,,ug)) be a solution of (4.8) for which

lim 20 (5 A, pug)le N
S— —0C

exists, is non- zero and is analytic in A. Then (w; (s;0, p12), 2" (s; A, p2)) is a solution
of (4.6) for (") (s; A, o) := 2(s; A, p2) A 27D (s; A, o), and

lim |2(")(s;A7u2)|e*{)‘("71)1+)‘,}s

§——0Q
exists.
If 2(s; A, p2) and 2(" Y (sg; A, po) are expanded in (2(1)- -+ » Z(2n)) coordinates:
2(s0; A p2) = (=A(A), C2(A), ..., Crya(A), ..., Can(A))
2 W (s A ) = D> Ciyi (M2 A Az,
(i1, in_1)
then
2 50; 7”2
:< n+2,...,2n(A)
(4-12) + Z C Cl 2,010, 72n(A)> Z(1) A Z(n+2) VANRERIVAN Z(2n)
i=n+2

2n
+ ( Z Ci(A)Cn+17...,z‘1,z‘+17...,2n(A)> Znt1) N A Z(2n)

Here, (4.11) and

20D (50:0, p2) € A T, (s0:0,) W™ (Q)
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mean
92 (350, 2) — 2 (550, ) ) A 20 (550, ) 0

aA a n+1,...,2n
and

2(50;07,u2) € Twl(SO;O,uz)Wu(Q) N Twl(SO;O,yz)WS(P)
means

aé(nfl)
2(5;0, p2) A 7(5;0,,@)) =0
< aA n+1,....2n

where ( )nq1,... 20 stands for (z(,41) A -+ A 2(2,)) component. Thus

9z(m) 0z 9z(n—1)
—aa (5050, p2) = 8A(S°’0 p2) A 27 (5030, p2) + 2(s050, p2) A —gx (5050, p2)

587}1(0 0, 12)Z(n1) A" A 2(any + -
Therefore
O In1,... 2n
oA Ao
_ 0 Z?nn+1 Ci(N)Cns1,... ic1,i41,.. 2n(A)
= 9A (/\(A)C'n+2,... 2n(A) + Zz npo Ci(A )C1,n+2,...,i1,i+1,...,2n(A)> Ao
S S Y

A(0;0,0, u2) Oc
since C;(0) =0fori=n+1,...,2n. (4.9) follows from this and
MmO, ) = p1 + cpo + & + o (I + [Ppa| + |c])
As for (4.10), let (w1(8;07,u2)72§n)(8;A7M2)) be a solution of (4.6) for which

lim |55 (53 A, pg) [N

s—+o0

exists and is non-zero, and is analytic in A, then
één)(so; A o) = C’(A)z(l) AN 2y
Define an Evans’ function D(A) by:
D(A) = 2 (s0; A, o) A 23" (s0; A, o)

Then D(A) = 0 if and only if A is an eigenvalue. (See [1].)
By (4.12),

D(A) = C(A ( Z Ci(A n+1,...,i1,i+1,...,2n(A)>

i=n+1
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and
2n
dD oy
dA A=0 ( ) dA Ao (Z_;l z( ) F1,e i1, 1,2 ( ))
.. 0
= C(0) 20,0, 12)
Oc
Thus %_/[\1)3‘/\:0 = 0 if and only if %LCI(O,O’M) —o.
If 42| _ =0, then
d’>D 3 a2 2n
dA? |, _, = C(0) dAz|,_, (Z Ci(A)On+1,...7i17i+1,...72n(A)>
B - i=n+1

On the other hand, hypothesis 11 implies that there are two zeros of D(A) for
RA > oy counting multiplicity. Moreover, if 2(") is chosen such that Alim D(A) > 0,
——+o00

then %L\:o > 0 if and only if % > 0, %‘A:o < 0 if and only if %icl < 0, and
‘fTIQJ e 0 when % = 0. Thus, this choice of 25") corresponds to C'(0) > 0 and
d2 2n
A2 Z Ci(N)Chns1,.. i—1,i+1,... 2n(A) | >0
A=0 \j=n+1

Therefore at pus = 0,

0% (7_
m(o, y'(07,u2), Z’(uz)z 01 0, 07 0)

OA2
1 d? o
= X000 ) A, (;l Ci(A)OnH,...J17i+1,...72n(A)>
<0
O
LEMMA 4.9.

7AT+(’U’: v, 21 C, U1, Hz) = 7},(—11,, -0, 21 C, —H1, ,u;)
Proof. Under Hypothesis 10, the system 4.6 is invariant under the transformation
(’U,, v, Hl) - (_u7 -0, _:ul) i.e.
F(WQC:H1:N2) = 7F(7U);Caiulau2)
F(U);A;C7/1’17N2) = F(irw;A;C: 7”17/1’2)
Thus if wo(s; ¢, p1, p2) is the heteroclinic solution of
W= F(w;cnulan)
from @ to P, then —w(s;c, u1, u2) is the heteroclinic solution of
w = F(’Ll), & 7“‘17/1’2)
from P to (), and the Poincaré map has the following relation:
(7T+ (U, U3 ¢, 4y, /1’2)7 7%+ (’U,, v, 21 C, M1, /1’2))
= (ﬂ-* (711‘7 —U; ¢, — 1, N2)7 T (*U, -, 25 Cy —H1, /1’2))

This includes the lemma. O
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4.3. Proof of theorem 3. Theorem 3 is proven by tracing the image of the
unstable manifold of () under the Poincaré maps.

Let w(s; u) be the homoclinic solution of (2.6) to @ with w(s1;u) € X!,;, w(sa; p)
€ Yin and w(s3; ) € Yoy Consider the image of (w(s1; i), [2(n41) A+ - AZ(2p)]) under

the Poincaré maps II_, IIy and II.

First, by lemmas 4.6, 4.7,4.8 and the fact that 22-(0, s12) = 0

(ﬁ-*)nﬁ»l,...,Qn (07yl(u)501A507N)

= (7}7)714-1,...,271 (O;YI(OHUZ)’ 0,0, 0,07,u2)

6(7}7) +1 2 0 (7}*) +1 9 .

n+1,..., nA n+l,..., nAZ

* OA + OA2
8(7?,)7“_1’“_’2” ’ ,
+ W(U,y (1, p2) = ¥'(0, p2)) +
+0(p7, A?)
o (#)

1 n+1,...,2n , 2 2 3
=— A ot A — O(pi, A
/\(0,070,111)“2 + 8A2 M1 + (Nl/ )

9 (’fr*)n+1,... 2n

8[11 i

Also Hypothesis 7 implies that all other (7_),

i 4, are also bounded for small p,
and A.

Second, by lemma 4.5

(T0)1.n42. 2n (f(ﬂ(u);0=uuuz)ml(ﬂ(u);07u1=u2)=ﬂ(u)7 (T )ng1, 2ms-- )

1 2352
— 2 - 0;0,p . .
- (ﬂ-*)n+17...72nnl 7Z11,---,ln:"'

where

A(A0,p)+v

—1 X(0;0,p)

‘Zil,---7in‘ < (ﬁ-*)n+17...,2n ’ (ﬁf)il,...,in “h

. . v
= (Wo)l,n+2,...,2n ) (ﬂ—*)il,...,in Ny

for (i1,...,in) #(n+1,...,2n).

~ Third, by lemmas 4.6, 4.7, 4.8 and 4.9, and the facts that y'(0, 1) = £(0;0,0, u1)
3831 (0, p2) = 0 and 9y (0;0, p1, p2) = p1 + O(p3)

3
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(T4 )1, on (M (@(1)5 0, 1y p2), g (), E(G(1); 0, s po); Z5 A3 0, pn s o)
= (ﬁ-*)nﬁ»l,... ,2n (771 (ZJ(N), 07”17/1’2)7 Zj(ﬂ),f(g(ﬂ), 07”17”2); Za Aa 07 7“17”2)
= (’fr*)n+1,___72n (0;076(07070,1'62)701 0:070,H2)
+ 6(ﬁ*)n+17...72nA 82 (ﬁ-*)n+17...72n A2
oA OA2
a(’fr*)n+1,...,2n _ _ _
W(m(y(u);0,u1,u2),y(u),£(y(u);0,u1,u2) —£(0;0,0, p2))
o(m_ o(m_ . .
( gnlj-ll,...znlul + ( )521,...,271Z + O(,uf,Ag,Zz)
0 ()
A n+1,...,2n A2
00,0, )20 T T 0N
8(71—*)714-1,...,271
oz i

+ 1 — Zint2,.. 2n
+ O(Zzl, 72'717#%7 A37)

Therefore

(T4 00 0 7—)\iq o, (0,5 (1); 05 450, p)

2 ~
1 O (T )py1,. 2 9 ()
n+1,...,2n , 2 n+1,...,2n
= A + - A% + ; 1+
2,\(A;o,u)
X(0;0, 1)
Hy

X PG s 2 O™ ™25} £
7WH2A GRSy P
Let E(A, ) be defined by the right hand side of (4.13). Then, by lemma 4.3, A

is an eigenvalue if E(A, u) = 0. Here, as A = 0 is an eigenvalue and the eigenfunction
is given by the s derivative of the wave, E(0, u) = 0 and thus

8(7r*)n+1,...,2n - _9
Oz i

The existence of pure imaginary eigenvalues is proven by a scaling argument. Let
pe = /pifiz and A = /a1 A, and consider the following:

~ 1
E(A,[Jl,/l&) = _E(A:N)
M1

1 G € I
— ~ A n yeeey TLA2 o 1
A(0:0,0,) "2 T T a4
ZA(A;O,M) .
Nl X(0;0,p)

min{1,% 1 -
T e O VY
_>\(0;070,u1),u2/\—|— Jotloan 2
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E(A, i) can be continuously extended to u; = 0. The equation:

- - 1 . -, 1
lim E(A, pi1, jis) = —~—————fish + 7tap A2 — 1 —

1110 A(0;0,0, u1) —m[w[\—l—fr/m[\? -1

has solutions

. i iy £ /] + ST N
A=o0, F2 apg H2E VT OTAA
ATAA 2ATAN

82 (ﬁ*)n+1,... 2n
ON? s
when ji; = 0; therefore, the equation E(A, ui,fi2) = 0 has pure imaginary solutions

where man stands for The last two solutions are pure imaginary

for small u; > 0, which are near i,/%, because F is continuous for p; > 0 and

fiot/2+87an N2 .
MQ—AA' Thls

eI proves the theorem:.

analytic in A near

5. Discussion. First, notice that the bifurcation curve p1 = ¢(0, u2) for ¢ =0
in theorem 2 is that of a pitchfork bifurcation of the standing pulse. This is easily
seen from the following two facts. The first is that

g(cuulan)

=T (Y(Cz M, MQ): C, U1, IUQ))\(C’NI’NQ)

— (X(Cz s MQ): —C, 1, MQ))\(ic’ul’NQ)
measures the separation of the stable and unstable manifolds W*(Q) and W*(Q) of
Q. The second is that H (0, u1,p2) = 0 and %I:I(O,ulug) = H(0,p1p2) = 0 mean
that that Evans’ function E(A) for the pulse has a double zero at the origin.

Next, as is mentioned in the introduction, the theorems of this paper apply to
the following e-7 system treated in [13] and [8]:

L1) eTUr = €2Ugy + f(u,v;6,7)
Ut = Ve + g(u,v;6,7)

[13] proves that the hypotheses in this paper are satisfied for suitably chosen f and
g, but it only proves the existence of pulses bifurcating from transversal intersection
of M1 and Mz.

[8] proves the existence of pitchfork and Hopf bifurcations for piece-wise linear f
and ¢ by the singular perturbation technique. Although their results exclude a small
neighborhood around the degenerate point in the parameter space because of lack of
transversality, the asymptotic of the bifurcation curve of pitchfork bifurcation for the
singular limit system agree with that of theorem 1 of this paper.

The order of the bifurcations, that is, whether Hopf bifurcation or pitchfork bi-
furcation occurs first when us is decreased, is not determined by the analysis of this

paper.

REFERENCES

[1] J. ALEXANDER, R. GARDNER, AND C. JONES, A topological invariant arising in the stability
analysis of travelling waves, J. Reine Angew. Math., 410 (1990), pp. 167 212.



(2]
(3]
[4]
(5]
(6]
(7]
(8]

[9]
(10]

(11]

[12] H

(13]
[14]
[15]
[16]

[17]
(18]

(19]
20]
21]
(22]

(23]

PITCHFORK AND HOPF BIFURCATIONS OF TRAVELING PULSES 639

J. ALEXANDER AND C. JONES, FEzistence and stability of asymptotically oscillatory double
pulses, J. Reine Angew. Math., 446 (1994), pp. 49 79.

, Ezistence and stability of asymptotically oscillatory triple pulses, Z. Angew. Math.
Phys., 44 (1993), pp. 189 200.

B. DENG, The existence of infinitely many traveling front and back waves in the FitzHugh-
Nagumo equations, STAM J. Math. Anal., 22 (1991), pp. 1631-1650.

J. EvaNs, N. FENICHEL, AND A. FEROE, Double impulse solutions in nerve axon equations,
STAM J. Appl. Math., 42 (1982), pp. 219-234.

R. GARDNER, Instability of oscillatory shock profile solutions of the generalized Burgers-KdV
equation, Physica D, 90 (1996), pp. 366—-386.

D. HENRY, The geomeltric theory of semilinear parabolic equations, Lec. Notes in Math. 840,
Springer, 1981.

T. IKEDA, H. IKEDA, AND M. MIMURA, Hopf bifurcation of travelling pulses in some bistable
reaction-diffusion systems, Methods Appl. Anal., 7 (2000), pp. 165 193.

T. KAro, Perturbation Theory for Linear Operators, Springer, 1976.

Y. KAN-ON, Ezxistence of standing waves for competition-diffusion equations, Japan J. Indust.
Appl. Math., 13 (1996), pp. 117-133.

Y. KAN-ON, Instability of stationary solutions for Lotka-Volterra competition model with dif-

fusion, J. Math. Anal. Appl., 208 (1997), pp. 158-170.
. KokuBU, Homoclinic and heteroclinic bifurcation of vector fields, Japan J. Appl. Math., 5
(1988), pp. 455 501.

H. KokuBu, Y. NIsHIURA, AND H. OkA, Heteroclinic and homoclinic bifurcations in bistable
reaction diffusion systems, J. Diff. Eqs., 86 (1990), pp. 260 341.

S. N1, An extension of the stability indez for travelling wave solutions and its application for
bifurcations, SIAM J. Math. Anal., 28 (1997), pp. 402 433.

, Stability of travelling multiple-front (multiple-back) wave solutions of the FitzHugh-

Nagumo Equations, SIAM J. Math. Anal., 28 (1997), pp. 1094 1112.

, A topological proof of stability of N-front solutions of the FitzHugh- Nagumo Equations,
J. Dyn. Diff. Eqns, 11 (1999), pp. 515-555.

S .N11 AND B. SANDSTEDE, in preparation.

B. SANDSTEDE, Stability of multiple-pulse solutions, Trans. Amer. Math. Soc., 350 (1998), pp.
429 472.

, Stability of N-fronts bifurcating from a twisted heteroclinic loop and an application to
the FitzHugh-Nagumo equation, SIAM J. Math. Anal., 29 (1998), pp. 183 207.

B. SANDSTEDE, J. ALEXANDER, AND C. JONES, FEzistence and stability of n-pulses on optical
fibers with phase-sensitive amplifiers, Physica D, 106 (1997), pp. 167-206.

E. YANAGIDA, Branching of double-pulse solutions from single pulse solutions in nerve azon
equations, J. Diff. Egs., 66 (1987), pp. 243-262.

E. YANAGIDA AND K. MAGINU, Stability of double-pulse solutions in nerve azon equations,
STAM J. Appl. Math., 49 (1989), pp. 1158-1173.

A. YEW, Analytical Study of Solitary- Waves in Quadratic Media, PhD thesis, Brown Univer-
sity, 1998.



640 S. NII



