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ember 2000 004SOME PECULIARITIES OF APPROXIMATION METHODS FORSINGULAR INTEGRAL EQUATIONS WITH CONJUGATION�V. D. DIDENKOy, S. ROCHz, AND B. SILBERMANNxAbstra
t. Approximation methods for singular integral operators with 
ontinuous 
oeÆ
ientsand 
onjugation on 
urves with 
orners are investigated with respe
t to their stability. Parti
ularemphasis is devoted to index 
onstraints for the lo
al stability 
onditions. It turns out that, if anasso
iated lo
al operator is Fredholm, then the absolute value of its Fredholm index is ne
essarilybounded by 2, and this maximal value is attained in some instan
es (whereas it is known that inthe 
ase of pure singular integral equations Fredholmness of the asso
iated lo
al operators alreadyimplies vanishing index).1. Introdu
tion. Many problems in mathemati
al physi
s 
an be des
ribed bysingular integral equations whi
h 
ontain both the unknown fun
tion and its 
omplex
onjugate, see, e.g., [10, 11, 16, 17, 15, 23℄. The presen
e of the 
omplex 
onjuga-tion leads to numerous new e�e
ts whi
h have no 
ounterparts for equations without
onjugation. Con
erning the appli
ability of 
ertain approximation methods, some ofthese e�e
ts have been observed in [8, 9℄ for the equation(Au)(t) � a(t)u(t) + b(t)�i Z� u(�)d�� � t + 
(t)u(t) + d(t)�i Z� u(�)d�� � t� e(t)�i Z� u(�)d�� � t � r(t)�i Z� u(�)d�� � t(1.1) + Z� k1(t; �)u(�)d� + Z� k2(t; �)u(�)d� = f(t); t 2 �;where a; b; 
; d; e; f; g; k1; k2 are given 
ontinuous fun
tions, � is an open or 
losedpie
ewise smooth 
urve in the 
omplex plane C , and where the operator A is 
onsid-ered as a
ting on a weighted L2-spa
e. The double layer potential equationa(t)u(t) + b(t)� Z� u(�) ddn� log jt� � jd�� + (Tu)(t) = f(t); t 2 �;(1.2)where T is a 
ompa
t operator and n� refers to the inner normal to � at the point �is a prominent example of equations of the form (1.1) (set 
 = d = e = 0 and b = rin (1.1)). In the present paper we 
onsider another spe
ial 
ase of (1.1) where we�Re
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664 V. D. DIDENKO, S. ROCH, AND B. SILBERMANNsuppose the 
oeÆ
ients e and r to be identi
ally equal to zero on �:(Au)(t) � a(t)u(t) + b(t)�i Z� u(�)d�� � t + 
(t)u(t) + d(t)�i Z� u(�)d�� � t(1.3) + Z� k1(t; �)u(�)d� + Z� k2(t; �)u(�)d� = f(t); t 2 �:We start with des
ribing a 
lass of approximation methods for equation (1.3) and withestablishing the 
orresponding stability 
riteria whi
h pro
eeds in 
omplete analogyto [9, 14℄. For the stability 
ondition, we have to asso
iate with every 
on
rete approx-imation method for (1.3) (whi
h will be spe
i�ed later on), and with every point � of�, a 
ertain "model" operator A� whi
h re
e
ts the lo
al behaviour of the sequen
e ofthe approximation operators at the point � . Then the stability 
riterion says that theapproximation method is stable if and only if the operator A as well as all operatorsA� are invertible.The invertibility of the lo
al operators A� (as well as that of the operator Aitself) 
an be 
he
ked e�e
tively only in a few rare situations. However, whi
h willbe done in the present paper, the Fredholm properties of these operators, and thebehaviour of their Fredholm indi
es, 
an be 
hara
terized 
ompletely. Analogousproblems were studied for the �rst time in [9℄ where the basi
 spa
e is L2(�) withoutweight. Parti
ularly, we observed in [9℄ that the indi
es �(A� ) of the operators A� 
anbe di�erent from zero if � is a 
orner point of �, but that in any 
ase the inequalityj�(A� )j � 1(1.4)holds. The fa
t that the indi
es 
an be di�erent from zero has no 
ounterpart for sin-gular integral equations without 
onjugation where it is known that the Fredholmnessof the operators A� is independent of the angle at � , and that it automati
ally impliesthe vanishing of the index of A� , 
f. [19, 20℄. Moreover, the latter result remains validfor singular integral operators without 
onjugation a
ting on L2-spa
es with powerweight.An essential 
hange of the Fredholm properties 
an be observed for the lo
aloperators A� whi
h 
orrespond to equation (1.3) on weighted spa
es. In this 
ase,we will show that the indi
es of A� will not only depend on the values of the angles,but also on the weight fun
tion at the point � 2 �. More pre
isely, if the angle!� of � at � belongs to one of the intervals (0; �=2℄ or [3�=2; 2�), then the index ofthe 
orresponding operator A� is subje
t to the estimate (1.4) for all possible weightfun
tions. However, if !� 2 (�=2; �) [ (�; 3�=2); thenj�(A� )j � 2;(1.5)and the equality sign in (1.5) holds for some 
ombinations of 
oeÆ
ients, weights andangles.We pro
eed with des
ribing ne
essary and suÆ
ient 
onditions whi
h guaranteethat the weight fun
tion 
an be spe
i�ed in su
h a way that the index of every operatorA� be
omes equal to zero in the 
orresponding weighted spa
e. The 
ase indA� = 0for all � is of parti
ular interest be
ause it allows to apply 
ertain 
utting o� te
hniqueswhi
h regularize the approximation systems in su
h a way that the sequen
e of theregularized systems be
omes stable. The appli
ability of 
utting o� te
hniques isdis
ussed in the 
on
luding Se
tion 5.



SINGULAR INTEGRAL EQUATIONS WITH CONJUGATION 665The 
ase where the indi
es of some of the lo
al operators are non-zero is obviouslyuna

eptable for pra
ti
ally relevant approximation methods. On the other hand, theestimate (1.5) shows that the Fredholm properties of the lo
al operators 
annot bearbitrarily bad. So there is some hope that index 
an
ellation te
hniques 
ould helpto manage also these situations. But this is beyond the s
ope of this paper.We will illustrate the mentioned pe
ularities only for one spe
ial, quadratureformula based, approximation method for solving (1.3). But 
learly, analogous e�e
tsappear, and 
an be studied in a similar manner, for other dis
retizations of (1.3)as well. Spline 
ollo
ation and qualo
ation methods 
an serve as further examples(
ompare [9℄). In this sense, we would like to 
onsider this paper as a 
ase studywhi
h 
an help to understand some pe
uliarities of approximationmethods for singularintegral operators with 
onjugation.Throughout this paper, let Ladd(X) stand for the set of all additive (i.e. A(x1 +x2) = Ax1 + Ax2 for x1; x2 2 X) and 
ontinuous operators a
ting on some Bana
hspa
e X .2. A quadrature method and its stability. Let � be a simple 
losed 
urve,and let 
 : R ! � be a 1-periodi
 parametrization of �. We suppose that there arepoints u1 < u2 < : : : < un0 = u1+1 su
h that 
 is twi
e 
ontinuously di�erentiable onea
h of the intervals (uj ; uj+1); j = 1; 2; : : : ; n0 � 1, and that the derivatives 
0 and
00 possess �nite one-sided limits 
0(uj � 0) and 
00(uj � 0) su
h that j
0(uj � 0)j =j
0(uj + 0)j; but, possibly, arg
0(uj � 0) 6= arg
0(uj + 0) at every point uj ; j =1; : : : ; n0 � 1. By ! = !(t) we denote the fun
tion!(t) := n0�1Yj=1 jt� 
(uj)j��j ; t 2 �;with �j 2 (�1=2; 1=2) for all j. Under these 
onditions, the operator A of (1.3) a
tsboundedly on the Lebesgue spa
e L2!(�) of all 
omplex-valued measurable fun
tionsx with jjxjjL2! := 0�Z� jx(t)j2!2(t)dt1A1=2 <1whi
h is 
onsidered as a Bana
h spa
e over the �eld R.To improve the 
onvergen
e rate we 
onsider dis
retizations based on gradedmeshes. For, given � � 1, 
hoose a 1-periodi
 fun
tion g : R ! R whi
h satis�es thefollowing 
onditions:1) g(j=n0) = uj for all j = 1; 2; : : : ; n0 � 1,2) g(s) = g(j=n0) + js� j=n0j�sign(s� j=n0) for all s in some neighbourhoodUsj of the point sj = j=n0; with Usj \ Usk = ; if j 6= k, and3) the fun
tion g is stri
tly monotoni
ally in
reasing on [0; 1℄, and its restri
tiononto the set [sj ; sj+1℄ n (Usj \ Usj+1 ) is a twi
e di�erentiable fun
tion for every j.Let n = ln0 with l 2 N, 
hoose numbers Æ; " 2 (0; 1) with Æ 6= ", de�ne ~
(s) =
(g(s)), and for ea
h k = 0; 1; : : : ; n� 1; putt(n)k := ~
�k + Æn � ; � (n)k := ~
�k + "n � ; �t(n)j = 1n ~
 �j + Æn � :(2.1)



666 V. D. DIDENKO, S. ROCH, AND B. SILBERMANNApplying a shifted trapezoidal rule to the singular integrals in (1.3) and then 
ollo-
ating at the di�erently shifted points � (n)k leads to the following system of algebrai
equations[a(� (n)k )� b(� (n)k )i 
ot(�("� Æ))℄�(n)k + b(� (n)k )�i n�1Xj=0 �t(n)jt(n)j � � (n)k �(n)j(2.2) + [
(� (n)k )� d(� (n)k )i 
ot(�("� Æ))℄�(n)k + d(� (n)k )�i n�1Xj=0 �t(n)jt(n)j � � (n)k �(n)j+ n�1Xj=0 k1(t(n)k ; t(n)j )�t(n)j �(n)j + n�1Xj=0 k2(t(n)k ; t(n)j )�t(n)j �(n)j= f(� (n)k ); k = 0; 1; � � � ; n� 1;where the �(n)k are thought of as approximations of the values of the solution u of(1.3) at the points t(n)k (for details we refer to [9, 14, 20℄). If �(n)j (t) denotes the
hara
teristi
 fun
tion of the subar
 [~
(j=n); ~
((j + 1)=n)) of �, then the fun
tionxn(t) = n�1Xj=0 �(n)j �(n)j (t); t 2 �:(2.3)
an be viewed as an approximate solution of equation (1.3).The stability of the approximation method (2.2)-(2.3) 
an be studied by meansof lo
alizing te
hniques as in [9, 14, 20℄. For, we asso
iate with every point � 2 � amodel equation A�x� = f� , whi
h lo
ally represents the equation (1.3), as well as amodel approximation method for the model equationA�nx�n = f�n ;(2.4)whi
h lo
ally represents (2.2). This asso
iation 
an be done as follows: Given � 2 �;let s� refer to that point of [0; 1) with ~
(s� ) = � , denote by !� the number!� := arg(�~
0(s� � 0)=~
0(s� + 0)); !� 2 [0; 2�);and write �� for the angle �� := ei!� [0;+1)[ [0;+1) with the ray ei!� [0;+1) beingdire
ted to the origin, while [0;+1) is dire
ted away from it. Then de�ne L2(�� ; �� )as the real Bana
h spa
e of all 
omplex-valued Lebesgue measurable fun
tions on ��su
h that Z�� jx(t)j2jtj�2�� (t)dt < +1;where �� = �j if � = 
(uj) (j = 1; 2; : : : ; n0 � 1) and �� = 0 at all other points � .Further introdu
e the operators(S��x)(t) := 1�i Z�� x(u)duu� t ; (Mx)(t) := x(t); t 2 �� ;as well as A� := a(�)I + b(�)S�� + 
(�)M + d(�)S��M;(2.5)



SINGULAR INTEGRAL EQUATIONS WITH CONJUGATION 667whi
h a
t boundedly on L2(�� ; �� ): Now, the model equation has the formA�x� = f� ; x� 2 L2(�� ; �� );(2.6)with a fun
tion f� belonging to the Bana
h spa
e R2(�� ; �� ) of all fun
tions whi
hare Riemann integrable on every �nite sub
urve of �� and have a �nite Riemann normkfkR2(�� ;�� ) := kfkL2(�� ;�� ) + 1Xk=0 supt2[k;k+1℄ jf(t)j2jtj�2��!1=2+  1Xk=0 supt2ei!� [k;k+1℄ jf(t)j2jtj�2��!1=2 :For the approximate solution of equation (2.6), introdu
e points ~t(n)k and ~� (n)k ,k 2 Z; by~t(n)k := 8<: �k+Æn �� if k � 0� �k+Æn �� ei!� if k < 0 ; ~� (n)k := 8<: �k+"n �� if k � 0� �k+"n �� ei!� if k < 0 ;and determine approximate values �(n)k of the exa
t solution x� (~t(n)k ); k 2 Z; of (2.6)by solving the in�nite model system[a(�)� b(�)i 
ot(�("� Æ))℄�(n)k + b(�)�i +1Xj=�1 �~t(n)j~t(n)j � ~� (n)k �(n)j(2.7) + [
(�)� d(�)i 
ot(�(" � Æ))℄�(n)k + d(�)�i +1Xj=�1 �~t(n)j~t(n)j � ~� (n)k �(n)j= f(~� (n)k ) for k 2 Zwhere �~t(n)j = 8>>><>>>: �n ��j + Æn ���1 if j � 0��n � �j + Æn ���1ei!� if j < 0 :If ~�(n)k stands for the 
hara
teristi
 fun
tion of the interval [(k=n)�; ((k + 1)=n)�℄ in
ase k � 0 and of the interval [ei!� (k=n)�; ei!� ((k + 1)=n)�℄ in 
ase k < 0, then theapproximate solution of (2.6) on the whole 
urve �� is given byx�n(t) =Xk2Z�(n)k ~�(n)k (t); t 2 �� :(2.8)One 
an think of the in�nite model system (2.7) - (2.8) as an operator equationA�nx�n = f�n ;(2.9)with x�n; f�n 2 L2(�� ; �� ) and A�n 2 Ladd(L2(�� ; �� )): Note that the boundedness ofA�n follows from the 
orresponding results of [14℄, Chapters 2 and 3, or of [19℄. But



668 V. D. DIDENKO, S. ROCH, AND B. SILBERMANNit is more 
onvenient for our purposes to translate this system into an equation onappropriately 
hosen little l2-spa
es.Let ~l2� ; � 2 R; be the Bana
h spa
e of all two-sided sequen
es f�kgk2Z of 
omplexnumbers su
h that jjf�kgk2Zjj~l2� :=  Xk2Zj�kj2(jkj+ 1)2�!1=2 <1:Set r� := (��1)=2����. It is well known (see, e.g., [14, 20℄) that there is a 
onstant
 > 0 su
h that1
 kXk2Z�k ~�(n)k kL2(�� ;�� ) � n�r��1=2kf�kgk2Zk~l2r� � 
kXk2Z�k ~�(n)k kL2(�� ;�� )(2.10)for every sequen
e f�kg 2 ~l2r� . The de Boor inequalities (2.10) allow to identify thesystem (2.7) with an operator equation~A�n�n = �n(2.11)where �n = f�(n)k gk2Z and �n = ff(~� (n)k )gk2Z belong to ~l2r� and ~A�n 2 Ladd(~l2r� ).Moreover, again due to (2.10), the sequen
e fA�ngn2N in (2.9) is stable if and only if thesequen
e f ~A�ngn2N in (2.11) is so. Now the advantage of 
onsidering the model problemon ~l2r� be
omes obvious: Namely, the operators ~A�n; n 2 N turn out to be independentof n, thus, the sequen
e f ~A�ngn2N is a
tually 
onstant, and so this sequen
e is stableif and only if one of its elements, say the operator ~A�1 , is invertible.Applying the lo
al prin
iple analogously to [9, 14℄ one arrives at the followingresult.Theorem 2.1. Let a; b; 
; d 2 C(�); and let k1; k2 2 C(�� �). The quadraturemethod (2.2) { (2.3) is stable if and only if the operator A 2 Ladd(L2(�� ; �� )) as wellas all operators ~A�1 2 Ladd(~l2r� ); � 2 �, are invertible.The di�eren
e between the situation examined in [9℄ and the previous theoremis that what we study here is weighted spa
es (i.e. � 6= 0) and non-uniformly gradedmeshes (i.e. � 6= 0). These modi�
ations do not in
uen
e seriously the proof ofTheorem 2.1, but they essentially 
hange the Fredholm properties of the ~A�1 as wewill see now.3. Lo
al operators and their indi
es. As mentioned above, both the Fred-holm properties and the index of the lo
al operators ~A�1 whi
h 
orrespond to puresingular integral equations without 
onjugation are independent both of the angles!� and of the weights �� (see [19, 20℄). On the other hand, as we observed in [9℄(where the weight fun
tion was supposed to be identi
ally 1), the index of the opera-tors ~A�1 whi
h 
orrespond to singular integral equations with 
onjugation 
an di�erfrom zero; however, it 
an take the values -1, 0 and 1 only. Now we are going toexamine how the 
hange of the weight fun
tion in
uen
es the index.We start with representing the lo
al operators ~A�1 as a 2 � 2 operator matrix.To this end we identify the Hilbert spa
e ~l2r� with the dire
t sum l2r� � l2r� of the
orresponding Hilbert spa
es of one-sided sequen
es. Then every operator on ~l2r�
orresponds to a 2� 2 matrix whose entries are operators on l2r� .Further, given �, let T� stand for the smallest 
losed subalgebra of L(l2�) whi
h
ontains all Toeplitz operators generated by pie
ewise 
onstant fun
tions, and let



SINGULAR INTEGRAL EQUATIONS WITH CONJUGATION 669T 2�2� be the subalgebra of L(~l2�) �= L(l2� � l2�) �= L2�2(l2�) whi
h 
onsists of all 2 � 2matri
es with entries in T� : (Re
all that the Toeplitz operator T (a) with generatingfun
tion a 2 L1 is de�ned via its matrix representation with respe
t to the standardbasis of l2� by T (a) = (aj�k)1j;k=0 with ak referring to the kth Fourier 
oeÆ
ient ofa. If a is a pie
ewise 
onstant fun
tion, then T (a) is a bounded operator on l2� if�1=2 < � < 1=2.)Lemma 3.1. Every operator ~A�1 as in (2.11) 
an be written as~A�1 = ~A1;� + ~A2;�M;(3.1)where ~A1;� ; ~A2;� 2 T 2�2r� , and where M is the operatorMff�kg1k=0; f�kg1k=0g = ff�kg1k=0; f�kg1k=0:gProof. Fix a point � 2 � and let for brevitya = a(�); b = b(�); 
 = 
(�); d = d(�); � = �� ; ! = !� :Straightforward 
omputation shows that the operator ~A�1 
an be written in the form(3.1) with ~A1;� = �A1;�k;r�2k;r=1 ; ~A2;� = �A2;�k;r�2k;r=1 ;where A1;�1;1 = (a� ib 
ot(�("� Æ)))I + b�i � �(j + Æ)��1(j + Æ)� � (k + ")��1k;j=0 ;A1;�2;1 = b�i � �(j + Æ)��1(j + Æ)� � (k + 1� ")� ei!�1k;j=0 ;A1;�1;2 = b�i � �(j + 1� Æ)��1ei!(j + 1� Æ)�ei! � (k + ")��1k;j=0 ;A1;�2;2 = (a� ib 
ot(�(Æ � ")))I � b�i � �(j + 1� Æ)��1(j + 1� Æ)� � (k + 1� ")��1k;j=0 :Repla
ing a and b by 
 and d, respe
tively, one gets analogous representations for theoperators A2;�k;r ; k; r = 1; 2.Let further �z; z 2 C ; refer to the operator of multipli
ation by the diagonalmatrix �z := ((j + 1)zÆj;k)+1k;j=0: Evidently, �z is a linear isometry from l2z onto l2(where, 
learly, l2 = l20). Therefore, ~A�1 is a 
ontinuous additive operator on l2r� � l2r�if and only if the operatorÂ�1 := � �r� 00 �r� � ~A�1 � ��r� 00 ��r� �



670 V. D. DIDENKO, S. ROCH, AND B. SILBERMANNbelongs to L2�2add (l2): Sin
e �zM = M�z for every real z, the operator Â�1 
an berewritten in the form Â�1 = Â1;� + Â2;�M;(3.2)with Âi;� = �(��1)=2��� ~Ai;��(��+1)=2+�� for i = 1; 2: To 
omplete the proof one hasto 
he
k that the latter operators belong to the algebra T 2�20 : This has a
tually bedone in [20℄, pp. 46-49, and [14℄, Se
tions 2.4 and 2.11.We further need the following result; a proof is in [9℄.Lemma 3.2. (a) If Â 2 T0; then MÂM is in T0 again.(b) The operator ~A�1 in (3.1) is Fredholm on the real spa
e ~l2 if and only if the operatorA1;� := � Â1;� Â2;�MÂ2;�M MÂ1;�M �(3.3)is Fredholm on the 
orresponding 
omplex spa
e. In that 
ase,indC A1;� = indR ~A�1 :In what follows we will �x the point � 2 �: Thus, we drop the subs
ript � inA1;� , but we will indi
ate the dependen
e of that operator from �; � and ! by writingA�;�;!1 in pla
e of A1;� . The Fredholmness of the operator A�;�;!1 
an be studied viathe Gohberg/Krupnik symbol 
al
ulus for the algebra T 2�20 . For that goal, we let f�stand for the fun
tionf�(ei2�s) = 2ei��(s�1) sin(���s)sin(���) � 1 for 0 � s < 1;and we set f�(t) := f(t); � := �(�) = sin(��); 
 := 
(�) = �i 
ot(��); and � :=�(�) = 12 � � + i2�� log �1� �; � 2 [0; 1℄: Then the symbol Sym (A�;�;!1 ) of theoperator A�;�;!1 , whi
h is a 4�4-matrix-valued fun
tion de�ned on T� [0; 1℄, is givenas follows (see [1, 9, 13, 14, 20℄):If t 6= 1 and � 2 [0; 1℄, then (SymA�;�;!1 )(t; �) is equal to0BB� a+ bf ("�Æ)(t) 0 
+ df ("�Æ)(t) 00 a� bf (Æ�")(t) 0 
� df (Æ�")(t)�
+ �df ("�Æ)�(t) 0 �a+�bf ("�Æ)�(t) 00 �
� �df (Æ�")�(t) 0 �a� �bf (Æ�")�(t) 1CCA :(3.4)If t = 1 and � 2 [0; 1℄, then (SymA�;�;!1 )(1; �) is given by0BBBBBB� a+ b
 i b� ei(!��)� 
+ d
 i d� ei(!��)��i b� ei(��!)� a� b
 �i d� ei(��!)� 
� d

� d
 �i d� ei(��!)� a� b
 �i b� ei(��!)�i d� ei(!��)� 
+ d
 i b� ei(!��)� a+ b

1CCCCCCA :(3.5)We prepare the investigation of the Fredholmness of the lo
al operator A�;�;!1 bymentioning two important properties of that operator.



SINGULAR INTEGRAL EQUATIONS WITH CONJUGATION 671Lemma 3.3. If t 6= 1, then detfSymA�;�;!1 (t; �)g is real and non-negative forarbitrary � 2 [0; 1℄ and a; b; 
; d 2 C .A proof of this assertion is in our paper [9℄. Here we o�er another proof whi
h isessentially simpler than the former one. Put � = "� Æ and multiply the matrix (3.4)both from the left and from the right hand side by the matrixJ := 0BB� 1 0 0 00 0 1 00 1 0 00 0 0 1 1CCA :This transformation does not in
uen
e the determinant, and the new matrix has theform 0BB� a+ bf�(t) 
+ df�(t) 0 0
+ df��(t) a+ bf��(t) 0 00 0 a� bf��(t) 
� df��(t)0 0 
� df���(t) a� bf���(t) 1CCA :Its determinant is just[(a+ bf�(t))(a + bf��(t)) � (
+ df�(t))(
+ df��(t))℄� [(a� bf��(t))(a � bf���(t)) � (
� df��(t))(
 � df���(t))℄;(3.6)and taking into a

ount the identitiesf��(t) = �f�(t); f�(t) = f��(t);we 
an write (3.6) in the form[(a+ bf�(t))(a � bf�(t))� (
+ df�(t))(
 � df�(t))℄� [(a+ bf�(t))(a� bf�(t))� (
+ df�(t))(
+ df�(t))℄;whi
h is obviously real and non-negative.Lemma 3.4. For any �1; �2 2 R; �1 � 1; �2 � 1; the operators A�1;�;!1 andA�2;�;!1 are simultaneously Fredholm or not. In 
ase they are Fredholm,indA�1;�;!1 = indA�2;�;!1 :(3.7)Proof. A 
loser look at the symbol of the operator A�;�;!1 reveals that only thematrix (3.5) depends on the grading parameter � via the fun
tion �. But the imageof the fun
tion � = �(�); � 2 [0; 1℄; 
oin
ides with 1=2� �+ iR whi
h is independenton �:So we 
an suppose here and hereafter that � = 1, and we will write A�;!1 in pla
eof A1;�;!1 . Re
all from [9℄ that the index of A0;!1 
an take the values -1, 0 or 1 only.Our next goal is to verify that this assertion remains true for � 2 (0; 1=2) as well.This proof is essentially di�erent from that given in [9℄ for 
ase � = 0.Lemma 3.5. The determinant of SymA�;!1 (1; �) 
an be represented asdetfSymA�;!1 (1; �)g = U + V �2(�);
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ertain real numbers U; V , and with � denoting the fun
tion�(�) = ��;!(�) = sin((! � �)�)sin(��) ; � 2 [0; 1℄;where � = �(�) is as above.Proof. Expanding the determinant a

ording to the se
ond order minors of the�rst two rows givesdetfSymA�;!1 (1; �)g(3.8) = [(a+ b
)(a� b
)� b2�2 ℄[(a+ b
)(a� b
)� b2�2 ℄+ [(
+ d
)(
� d
)� d2�2 ℄[(
+ d
)(
� d
)� d2�2 ℄+ [(a+ b
)(
� d
)� bd�2 ℄[ bd�2 � (a� b
)(
+ d
)℄+ [(a+ b
)(
� d
)� bd�2 ℄[ bd�2 � (a� b
)(
+ d
)℄+ 1�2 (ad� b
)(ad� b
)ei2(��!)�+ 1�2 (ad� b
)(ad� b
)ei2(!��)�:The �rst line on the right hand side of (3.8) is equal to[a2 � b2
2 � b2�2 ℄[a2 � b2
2 � b2�2 ℄= [a2 � b2(� 
ot2(��) + 1sin2(��) )℄[a2 � b2(� 
ot2(��) + 1sin2(��) )℄= ja2 � b2j2;analogously, the se
ond one 
oin
ides with j
2 � d2j2. For the third line, abbreviatea
� bd and 
b� ad by N and P , respe
tively, and note that(a+ b
)(
� d
)� bd�2 = N + P
; bd�2 � (a� b
)(
+ d
) = �N + P
;whi
h �nally gives�jN j2�2i Im(PN)
+jP j2
2 for the third and, analogously,�jN j2+2i Im(PN)
 + jP j2
2 for the forth line. Putting all pie
es together we �nddetfSymA�;!1 (1; �)g= ja2 � b2j2 + j
2 � d2j2 � 2jN j2 + 2jP j2
2 + 2jP j
os(2(! � �)�)sin2(��)= ja2 � b2j2 + j
2 � d2j2 � 2jN j2 + 2jP j2 1� 2�sin((! � �)�)sin(��) �2!= U + V �2(�)



SINGULAR INTEGRAL EQUATIONS WITH CONJUGATION 673with V = �4jP j2; U = ja2 � b2j2 + j
2 � d2j2 + 2(jP j2 � jN j2)(3.9)as desired.Corollary 3.6. If 
b � ad = 0 and if the operator A�;!1 is Fredholm, then itsindex is zero.The 
ondition 
b � ad = 0 is in parti
ular true for singular integral equationswithout 
onjugation (where 
 = 0; d = 0). The 
orresponding assertion for the indexof A�;!1 is well-known, see, e.g., [19℄. Thus, Lemma 3.5 provides us with another proofof this result.Corollary 3.7. If ! = � and if the operator A�;�1 is Fredholm, then its index iszero.It is obvious from Lemma 3.5 that the winding number of det SymA�;!1 (1; �)and, thus, the index of the operator A�;!1 depend essentially on the properties of thefun
tion �(�) = sin((! � �)�)sin(��) ; � = 12 � �+ i2� log �1� �:Of parti
ular interest for index 
omputation is the lo
ation of the zeros of the real andimaginary part of the fun
tion � in the open interval (0; 1) whi
h will be our next
on
ern. The results of those (somewhat tedious) 
onsiderations are summarized inLemmas 3.11 (imaginary part) and 3.17 (real part) below.Sin
e � = �+ i� with � = 1=2� � and � = (1=2�) log(�=(1� �)); one has�(�) = sin((! � �)�)sin(��)sin(��)sin(��) = sin((! � �)�) sin(��)j sin(��)j2= 
os((! � 2��) + i!�)� 
os(!�+ i(! � 2�)�)2j sin(��)j2= 
os((! � 2�)�) 
osh(!�)� 
os(!�) 
osh((! � 2�)�)2j sin(��)j2� i sin((! � 2�)�) sinh(!�)� sin(!�) sinh((! � 2�)�)2j sin(��)j2 ;thus, the real and imaginary parts of the fun
tion � have the formRe�(�) = 
os((! � 2�)�) 
osh(!�)� 
os(!�) 
osh((! � 2�)�)2j sin(��)j2 ;(3.10) Im�(�) = sin(!�) sinh((! � 2�)�)� sin((! � 2�)�) sinh(!�)2j sin(��)j2 :(3.11)The 
ommon denominator of (3.10) and (3.11) 
an be written asj sin(��)j2 = sin(��) sin(��) = 
os(�(� � �))� 
os(�(� + �))2= 
osh(2��)� 
os(2��)2 = 14 �� �1� � + 1� �� �+ 2 
os(2��)�= (2�� 1)2 + 4�(1� �) 
os2(��)4�(1� �) ;



674 V. D. DIDENKO, S. ROCH, AND B. SILBERMANNwhen
e via straightforward 
al
ulation followsRe�(�) = �(1� �)R(�) " � �1� ��Æ +�1� �� �Æ! 
os(2�(Æ � 1)�)(3.12) �  � �1� ��Æ�1 +�1� �� �Æ�1! 
os(2�Æ�)# ;Im�(�) = �(1� �)R(�) " � �1� ��Æ�1 ��1� �� �Æ�1! sin(2�Æ�)(3.13) �  � �1� ��Æ ��1� �� �Æ! sin(2�(Æ � 1)�)#with R(�) := (2�� 1)2 + 4�(1� �) 
os2(��); �1=2 < � < 1=2;and Æ := !=(2�); Æ 2 (0; 1).Let us start with 
onsidering the imaginary part of �. For 0 < � < 1=2, introdu
ea new variable x by x = (1��)=� and set y = 2��, i.e. x runs through (1;+1), andy lies in (0; 2�): Be
ause the fun
tion � 7! �(1� �)=R(�) has no zeros in the interval(0; 1), the zeros of Im� are 
ompletely determined by those of the fun
tion Æ(x) := (x1�Æ � xÆ�1) sin(Æy) + (x�Æ � xÆ) sin((1� Æ)y):(3.14)The following property of the fun
tion  Æ is obvious:Lemma 3.8. Let Æ be in (1=2; 1) and y = �=Æ. Then the fun
tion  Æ has no zerosin (1; 1):Thus, when investigating the fun
tion  Æ in 
ase Æ > 1=2, we 
an restri
t ourselvesto the 
ase when y 6= �=Æ.Write the fun
tion  Æ as Æ(x) = sin(Æy)(x�Æ � xÆ)(�Æ(x)�AÆ(y))(3.15)with AÆ(y) := sin((1� Æ)y)sin(Æy) and �Æ(x) := x1�Æ � xÆ�1x�Æ � xÆ :(3.16)Further, given a fun
tion f , denote by If (a; b) the image of the interval (a; b) underthat fun
tion.Lemma 3.9. Let �Æ be the fun
tion de�ned in (3.16). ThenI�Æ (1; 1) = � ((1� Æ)=Æ; 1) if Æ 2 (0; 1=2)(0; (1� Æ)=Æ) if Æ 2 (1=2; 1) :(3.17)Proof. The fun
tion �Æ is 
ontinuous on (1; 1) with one-sided limitslimx!1+0�Æ(x) = (1� Æ)=Æ; limx!+1�Æ(x) = � +1 if Æ 2 (0; 1=2)0 if Æ 2 (1=2; 1) ;



SINGULAR INTEGRAL EQUATIONS WITH CONJUGATION 675and the elementary inequality x� � x��� < x� � x��� ;(3.18)whi
h is valid for x > 1 and 0 < � < � < 1, yields�Æ(x) < 1� ÆÆ if x 2 (1; 1) and Æ 2 (0; 1=2);and 1� ÆÆ < �Æ(x) if x 2 (1; 1) and Æ 2 (1=2; 1)(put � = Æ; � = 1� Æ and � = 1� Æ; � = Æ in (3.18), respe
tively).A similar dis
ussion of the fun
tion AÆ givesLemma 3.10. Let AÆ be de�ned by (3.16) and let y 2 (0; 2�).(a) If Æ 2 (0; 1=2), then AÆ(y) < (1� Æ)=Æ for all y 2 (0; 2�).(b) If Æ 2 (1=2; 1), then AÆ(y) > (1� Æ)=Æ for all y 2 (0; �=Æ), and AÆ(y) < 0 for ally 2 (�=Æ; 2�).Proof. For 0 < � < � < � one hassin�� < sin�� :(3.19)If Æ 2 (0; 1=2), and if we set � = Æy and � = (1 � Æ)y in (3.19), then this inequalityyields for all y 2 (0; �=(1� Æ))AÆ(y) = sin((1� Æ)y)sin(Æy) < 1� ÆÆ ;whi
h shows that assertion (a) is 
orre
t in this 
ase, whereas in 
ase y 2 (�=(1 �Æ); 2�) one has sin((1� Æ)y) � 0 whi
h veri�es (a) for those y, too.If we analogously put � = (1� Æ)y and � = Æy with y 2 (0; �=Æ) in (3.19), thenwe get the �rst estimate in (b), and the se
ond one is evident.Lemma 3.11. Let Æ 2 (0; 1=2)[(1=2; 1); and � 2 (�1=2; 1=2). Then the fun
tion� 7! Im�(�) has no zero in the intervals (0; 1=2) and (1=2; 1).Proof. The assertion 
on
erning the interval (0; 1=2) follows from Lemmas 3.8,3.9 and 3.10, and for (1=2; 1) one 
an make use of the evident identityIm�(�) = �Im�(1� �); � 2 (0; 1=2):Now we turn over to the real part of the fun
tion � whi
h is given by (3.12). Asabove, we introdu
e a new variable x := (1 � �)=�, set y := 2��, and 
onsider thefun
tion̂ Æ(x) = (xÆ + x�Æ) 
os((Æ � 1)y)� (xÆ�1 + x1�Æ) 
os(Æy); x 2 (1;+1):For Æ 2 (1=4; 1=2)[ (1=2; 3=4), there is only one number y 2 (0; 2�) su
h that 
os(Æy)vanishes, whereas in 
ase Æ 2 (3=4; 1) there are exa
tly two di�erent zeros y1; y2 2



676 V. D. DIDENKO, S. ROCH, AND B. SILBERMANN(0; 2�) of the equation 
os(Æy) = 0. But in any 
ase, if 
os(Æy) = 0, then the signof the fun
tion  ̂Æ is 
onstant on the interval (1; 1). Therefore, in what follows wesuppose that y 2 (0; 2�) as well as Æ 2 (0; 1=2) [ (1=2; 1) are 
hosen in su
h a waythat 
os(Æy) 6= 0. Under this assumption, the fun
tion  ̂Æ 
an be written as ̂Æ(x) = (xÆ + x�Æ) 
os(Æy)(ÂÆ � �̂Æ(x))(3.20)where �̂Æ(x) = x1�Æ + xÆ�1xÆ + x�Æ and ÂÆ = ÂÆ(y) = 
os((Æ � 1)y)
os(Æy) :(3.21)Lemma 3.12. Let �̂Æ(x) be the fun
tion de�ned in (3.21). ThenI�̂Æ (1; 1) = � (1; 1) if Æ 2 (0; 1=2)(0; 1) if Æ 2 (1=2; 1):The proof is the same as that of Lemma 3.9 with the only di�eren
e that theinequality x� + x�� < x� + x�� for all 0 < � < � < 1 and x > 1should be used instead of (3.18).Let us now examine the fun
tion ÂÆ given by (3.21). The behaviour of thederivative Â0Æ(y) = sin((2Æ � 1)y) + (2Æ � 1) sin y2 
os2(Æy)(3.22)of that fun
tion depends essentially on the parameter Æ. Therefore, the 
ases Æ 2(0; 1=4℄, Æ 2 (1=4; 1=2), Æ 2 (1=2; 3=4) and Æ 2 [3=4; 1) will be 
onsidered separatelyin the subsequent four lemmata.Lemma 3.13. If Æ 2 (0; 1=4℄, then IÂÆ (0; 2�) \ I�̂Æ (1; 1) = ;.Proof. To start with, suppose Æ 2 (0; 1=4). Let �̂Æ denote the numerator of (3.22).Its derivative �̂0Æ(y) = 2(2Æ � 1) 
os(Æy) 
os((1� Æ)y)(3.23)has the two zerosy1 := �2(1� Æ) 2 ��2 ; 2�3 � ; y2 := 3�2(1� Æ) 2 �3�2 ; 2�� ;in (0; 2�), and �̂0Æ(y) is negative for y 2 (0; y1)[ (y2; 2�) and positive for y 2 (y1; y2).Parti
ularly, �̂Æ is a monotoni
ally de
reasing fun
tion on both intervals (0; y1) and(y2; 2�). Sin
e �̂Æ(+0) = 0 and �̂Æ(2� � 0) = sin(4�Æ) > 0, one further hasÂ0Æ(y) < 0 for all y 2 (0; y1) and Â0Æ(y) > 0 for all y 2 (y2; 2�):These inequalities imply that the fun
tion ÂÆ is monotoni
ally de
reasing on (0; y1)and monotoni
ally in
reasing on (y2; 2�). Sin
e ÂÆ(+0) = ÂÆ(2� � 0) = 1 we thus



SINGULAR INTEGRAL EQUATIONS WITH CONJUGATION 677obtain ÂÆ(y) < 1 for all y 2 (0; y1) [ (y2; 2�). Moreover, it is easy to see thatÂÆ(y) � 0 for all y 2 [y1; y2℄. Hen
e, IÂÆ (0; 2�) � (�1; 1), whi
h proves togetherwith Lemma 3.12 the 
laim in 
ase Æ 2 (0; 1=4). If, �nally, Æ = 1=4, then y2 = 2�,and ÂÆ(y) is negative everywhere on the interval (y1; 2�).Lemma 3.14. Let Æ 2 (1=4; 1=2) and set y1 := �=(2Æ) 2 (�; 2�) and y2 :=�=(2(1� Æ)) 2 (2�=3; �). Then(a) IÂÆ (0; y1) \ I�̂Æ (1; 1) = ;.(b) IÂÆ (y1; 2�) � I�̂Æ (1; 1). Moreover, for every y 2 (y1; 2�), there is only onex 2 (1; 1) su
h that �̂Æ(x) = ÂÆ(y).Proof. The points y1 and y2 are zeros of the derivative �̂0Æ in (3.23), and �̂0Æ(y) < 0for all y 2 (0; y2) [ (y1; 2�) but �̂0Æ(y) > 0 if y 2 (y2; y1). Hen
e, the fun
tion�̂Æ is monotoni
ally de
reasing on (0; y2) [ (y1; 2�) and monotoni
ally in
reasing on(y2; y1). Sin
e �̂Æ(+0) = 0 and �̂Æ(y1) = 2Æ sin(�=2Æ) < 0; the derivative Â0Æ is negativeon (0; y1) [ (y1; 2�): Therefore, the fun
tion ÂÆ is monotoni
ally de
reasing on theintervals (0; y1) and (y1; 2�). Moreover, ÂÆ(+0) = 1. Combining these observationswith Lemma 3.12, we obtain assertion (a).Now 
onsider the fun
tion ÂÆ on the interval (y1; 2�): It is 
ontinuous there, andhas the one-sided limits ÂÆ(y1 + 0) = 1 and ÂÆ(2� � 0) = 1. Taking into a

ountLemma 3.12 on
e again, we �nd that ÂÆ(y) 2 I�̂Æ (1; 1) for every y 2 (y1; 2�),and the uniqueness of an element x su
h that �̂Æ(x) = ÂÆ(y) follows from the stri
tmonotoni
ity of the fun
tion �̂Æ .Analogous dis
ussions lead to the following two lemmas.Lemma 3.15. Let Æ 2 (1=2; 3=4); and set y1 := �=(2Æ) 2 (2�=3; �) and y2 :=�=(2(1� Æ)) 2 (�; 2�). Then(a) IÂÆ ((0; y1) [ (y1; y2)) \ I�̂Æ (1; 1) = ;.(b) IÂÆ (y2; 2�) � I�̂Æ (1; 1). Moreover, for every y 2 (y2; 2�), there is only onex 2 (1; 1) su
h that �̂Æ(x) = ÂÆ(y) .Lemma 3.16. Let Æ 2 (3=4; 1) and set y1 := �=(2Æ) and y2 := 3�=(2Æ). ThenIÂÆ ((0; y1) [ (y1; y2) [ (y2; 2�)) \ I�̂Æ (1; 1) = ;:Summarizing the pre
eding lemmas and taking into a

ount the identityRe�(1� �) = Re�(�); for � 2 (0; 1=2)we arrive at the following 
hara
terization of the zeros of the real part of the fun
tion�. Lemma 3.17. Let � be the fun
tion de�ned in Lemma 3.5.(a) If Æ 2 (0; 14 ℄ [ [ 34 ; 1) and � 2 (� 12 ; 12 ), then the real part Re� of the fun
tion �has no zeros in (0; 12 ) [ ( 12 ; 1).(b) If Æ 2 ( 14 ; 12 ) and � 2 [ 12 � 14Æ ; 12 ), then Re� has no zeros on (0; 12 ) [ ( 12 ; 1),



678 V. D. DIDENKO, S. ROCH, AND B. SILBERMANNwhereas in 
ase � 2 (� 12 ; 12 � 14Æ ) the fun
tion Re� has exa
tly one zero in (0; 12 ) andone in ( 12 ; 1).(
) If Æ 2 ( 12 ; 34 ) and � 2 [ 12 � 14(1�Æ) ; 12 ), then Re� has no zeros on (0; 12 ) [ ( 12 ; 1),whereas in 
ase � 2 (� 12 ; 12 � 14(1�Æ) ), the fun
tion Re� has exa
tly one zero in (0; 12 )and one in ( 12 ; 1).Corollary 3.18. If Æ 2 (0; 1=2) [ (1=2; 1) and � � 0, then the fun
tion Re�has no zeros on (0; 1=2) [ (1=2; 1).Here is the main result of this se
tion.Theorem 3.19. Let � 2 (�1=2; 1=2); ! 2 (0; 2�), and let the operator A�;!1 beFredholm. Then the index � := �(A�;�1 ) of A�;!1 satis�es the estimates summarized inthe following table. This table has to be read as follows: If the angle ! and the weight� belong to the mentioned intervals, then � is subje
t to the 
orresponding estimate inthe last 
olumn. Angle Weight Index0 < ! � �2 � 12 < � < 12 j�j � 1�2 < ! < � � 12 < � < 12 � �2! j�j � 2�2 < ! < � 12 � �2! � � < 12 j�j � 1! = � � 12 < � < 12 j�j = 0� < ! < 3�2 � 12 < � < 12 � �2(2��!) j�j � 2� < ! < 3�2 12 � �2(2��!) � � < 12 j�j � 13�2 � ! < 2� � 12 < � < 12 j�j � 1Proof. Lemma 3.5 implies that the imaginary part of the determinant of thesymbol of A�;!1 has the formImdetfSymA�;!1 (1; �)g = �8jN j2Im�(�)Re�(�):(3.24)A

ording to Lemmas 3.11 and 3.17, the fun
tion Im� �Re� 
an possess either three(� = 0; � = 1=2; � = 1) or �ve zeros on [0; 1℄. Sin
e detfSymA�;!1 (t; �)g is real fort 6= 1 and � 2 [0; 1℄ (
f. Lemma 3.3), the 
urvefdetfSymA�;!1 (1; �)g; 0 � � � 1g [ fdetfSymA�;!1 (t; 0)g; t 6= 1g
an perform no more than one (in 
ase of three zeros) or two (in 
ase of �ve zeros)rotations arround the origin.Corollary 3.20. Let ! 2 (0; 2�); � 2 [0; 1=2); and let the operator A�;!1 beFredholm. Then j�(A�;!1 )j � 1.Figure 1 shows the image of the interval [0; 1℄ under the fun
tion �2 in the 
ase! = 5�=4, � = �0:49. Observe that at the �rst glan
e, this �gure does not give anyhint that there might be a se
ond 
oil of the 
urve. However, after Theorem 3.19 wasproved we returned to this example and, as the result of a more 
areful 
onsideration,we observed that, in a neighbourhood of the origin, the 
urve a
tually behaves as inFigure 2.4. On the vanishing of the index of the lo
al operators. Here we are goingto dis
uss 
riteria for the vanishing of the index �(A�;!1 ), whi
h is a ne
essary 
onditionfor the appli
ability of the modi�ed quadrature methods 
onsidered in Se
tion 5.The following result shows indeed that, in 
ase the estimate j�(A�;!1 )j � 1 
an be
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Figure 2guaranteed, it is possible to for
e that �(A�;!1 ) vanishes by appropriately 
hoosing theweight fun
tion �. Re
all that U and V are given by (3.9).Theorem 4.1. Let ! 2 (0; �)[ (�; 2�), assume the operator A0;!1 to be Fredholm,and let one of the following 
onditions be satis�ed:(i) ! 2 (0; �℄ [ [3�=2; 2�) and � 2 (�1=2; 1=2),(ii) ! 2 (�=2; �) and � 2 [�1=2� �=(2!); 1=2), or(iii) ! 2 (�; 3=2�) and � 2 [�1=2� �=(2(2� � !)); 1=2).Then the following assertions are true:(a) The operator A�;!1 is Fredholm if and only ift2 = t2(�) := t1 � 4j
b� adj2 sin2((! � �)(1=2� �))
os2(��) 6= 0;(4.1)with t1 := U = ja2 � b2j2 + j
2 � d2j2 + 2(j
b� adj2 � ja
� bdj2).(b) If the operator A�;!1 is Fredholm, then its index vanishes if and only if t1 � t2 > 0.Proof. Let A0;!1 be a Fredholm operator. Then t 7! detfSymA0;!1 (t; 0)g, t 6= 1, isa real-valued fun
tion without zero. Sin
edetfSymA�;!1 (t; 0)gjt6=1 = detfSymA0;!1 (t; 0)gjt6=1;the operator A�;!1 is Fredholm if and only if the origin does not lie on the ar
~� := fdetfSymA�;!1 (1; �)g; � 2 [0; 1℄g = fU + V �2(�); � 2 [0; 1℄g:Ea
h of the 
onditions (i) { (iii) implies that ~� possesses only two points in 
ommonwith the real axis whi
h 
orrespond to the parameters � = 0 and � = 1=2. We denotethese points by ~t1 and ~t2. Sin
e�2(�) = (Re�(�))2 � (Im�(�))2 + 2iRe�(�)Im�(�)with Re� and Im� given by (3.12) and (3.13), respe
tively, and sin
eRe�(0) = Im�(0) = Im�(1=2) = 0;



680 V. D. DIDENKO, S. ROCH, AND B. SILBERMANNRe�(1=2) = sin((! � �)(1=2� �))
os(��) :we 
on
lude that ~t1 = t1 and ~t2 = t2. However, t1 
annot be zero sin
e A0;!1 is aFredholm operator. This �nishes the proof of assertion (a), and that of (b) is obviousnow.Thus, under ea
h of the hypotheses (i) { (iii) of Theorem 4.1, the operator A�;!1is Fredholm, and if t1 � t2 < 0, then ne
essarily �(A�;!1 ) 6= 0. Obviously, sin
e thelo
ation of the point t2 on the real line depends on the weight �, one might try in this
ase to look for some new weight ~� su
h that �(A~�;!1 ) = 0: The following 
orollaryestablishes 
onditions when su
h a 
hoi
e is possible.Corollary 4.2. Let one of 
onditions (i) { (iii) of the previous theorem besatis�ed, and suppose that t1 � t2 < 0. Then one 
an 
hoose a weight � 2 (�1=2; 1=2)su
h that �(A�;!1 ) = 0 if and only if one of the following 
onditions is ful�lled:(a) ! 2 (0; �=2℄ [ [3�=2; 2�) and0 2 (�1; U � 4j
b� adj2(1� �=!)2):(b) ! 2 (�=2; �) and0 2 (U � 4j
b� adj2 
ot2(�2=2!); U � 4j
b� adj2(1� �=!)2):(
) ! 2 (�; 3�=2) and0 2 (U � 4j
b� adj2 
ot2(�2=2(2� � !)); U � 4j
b� adj2(1� �=!)2):In parti
ular, if U > 0 but U � 4j
b � adj2(1 � �=!)2 < 0, then for every � 2(�1=2; 1=2) whi
h satis�es the 
onditions of Theorem 4.1, the index of �(A�;!1 ) isnot equal to zero. Conversely, if U > 0 and U � 4j
b � adj2(1 � �=!)2 > 0, thenthere always exists a � su
h that all 
onditions of Theorem 4.1 are satis�ed and that�(A�;!1 ) = 0:Proof of Corollary 4.2. To prove the 
laim requires des
ribing the range of thefun
tion � 7! (Re�(1=2)(�))2 = � sin((! � �)(1=2� �))
os(��) �2or equivalently, after substituting y := �(1=2� �) 2 (0; �) and Æ := !=2�, that of thefun
tion  2Æ (y) := � sin((2Æ � 1)y)2)sin y �2 :The one-sided limits of  Æ at 0 and � arelimy!+0 Æ(y) = 2Æ � 1 and limy!��0 Æ(y) = � �1 if 2Æ � 1 < 0+1 if 2Æ � 1 > 0; ;(4.2)respe
tively, the derivative of  Æ(y) is 0Æ(y) = (Æ � 1) sin(2Æy) + 2Æ(sin(1� Æ)y)sin2 y ;



SINGULAR INTEGRAL EQUATIONS WITH CONJUGATION 681and the derivative of the nominator �Æ(y) of that fra
tion is given by�0Æ(y) = 4Æ(1� Æ) sin y sin((2Æ � 1)y):The following 
onsiderations depend on the lo
ation of Æ in (0; 1).Let Æ 2 (0; 1=4). Then �0Æ(y) < 0 for all y 2 (0; �), hen
e, �Æ is monotoni
allyde
reasing on [0; �℄: Sin
e �Æ(0) = 0, the fun
tion �Æ is negative on (0; �), whi
himplies that  0Æ(y) < 0 for all y 2 (0; �). Thus,  Æ is monotoni
ally de
reasing on thisinterval, whi
h together with (4.2) shows that I Æ (0; �) = (�1; 2Æ � 1) andI Æ (0; �) = ((2Æ � 1)2; 1) if Æ 2 (0; 1=4):(4.3)If Æ = 1=4, then  1=4(y) = �1=(2 
os(y=2)), whi
h immediately givesI 21=4(0; �) = (1=4; 1):(4.4)In 
ase Æ 2 (1=4; 1=2) we have �0Æ(y) < 0 for all y 2 (0; �) again. However, now wehave to restri
t ourselves to those y for whi
h the 
urve �0 has no more than twopoints in 
ommon with the real line (sin
e otherwise, we have no information aboutthe lo
ation of the zeros of the symbol). Thus, a

ording to Theorem 4.1, we gety 2 (0; �=(4Æ)), and therefore I Æ (0; �=(4Æ)) is the interval (
ot �4Æ ; 2Æ � 1), when
efollows I 2Æ (0; �=(4Æ)) = ((2Æ � 1)2; 
ot2 �4Æ ) if Æ 2 (1=4; 1=2):(4.5)Analogously we obtainI 2Æ (0; �=(4(1� Æ))) = ((2Æ � 1)2; 
ot2 �4(1� Æ) ) if Æ 2 (1=2; 3=4);(4.6) I 23=4(0; �) = (1=4; 1);(4.7) I 2Æ (0; �) = ((2Æ � 1)2; 1) if Æ 2 (3=4; 1):(4.8)A 
omparison of (4.3) - (4.8) with (4.1) indi
ates that the 
onditions of Corollary 4.2indeed allow to 
hoose the weight parameter � in su
h a way that the produ
t t1 �t2(�)be
omes positive and, hen
e the index of A�;!1 be
omes zero..5. Modi�
ation of the quadrature method by 
utting o� 
orner sin-gularities. In 
ase the operator A is invertible, and the lo
al operators A1;� areFredholm operators with index 0 but not invertible, then the quadrature rule (2.2)
an be modi�ed in su
h a way that the ne
essary and suÆ
ient stability 
onditionsbe
ome essentially weaker than for the original system. The modi�
ation under 
on-sideration was proposed by Chandler and Graham [12℄ and 
onsists in 
utting o� thequadrature rule in the neighbourhood of the 
orner points. For, 
hoose a non-negativeinteger i0, de�ne a set of subs
ripts In;i0 as the set of all k in f0; 1; : : : ; n� 1g su
hthat jk=n� j=n0j � i0=n for every j = 1; 2; : : : ; n0 � 1;
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e (2.2) by the system[a(� (n)k )� b(� (n)k )i 
ot(�("� Æ))℄�(n)k + b(� (n)k )�i Xj2In;i0 �t(n)jt(n)j � � (n)k �(n)j(5.1) + [
(� (n)k )� d(� (n)k )i 
ot(�("� Æ))℄�(n)k + d(� (n)k )�i Xj2In;i0 �t(n)jt(n)j � � (n)k �(n)j+ Xj2In;i0 k1(t(n)k ; t(n)j )�t(n)j �(n)j + Xj2In;i0 k2(t(n)k ; t(n)j )�t(n)j �(n)j= f(� (n)k ); k 2 In;i0 :Observe that the 
hoi
e i0 = 0 yields the original system (2.2).The modi�ed method 
an be analysed in a similar way as the original one (
om-pare Se
tions 4.2.4 { 4.2.6 in [14℄ for details), and what results is the following theoremwhere r� = (�� 1)=2� ��� again, where Pi stands for the proje
tion operatorPi : l2r� ! l2r� ; (x0; x1; : : : ) 7! (x0; : : : ; xi�1; 0; 0; : : : )in 
ase i � 1, and where Qi := I �Pi. The same notations Pi and Qi will be used forthe diagonal operators diag (Pi; Pi; Pi; Pi) and diag (Qi; Qi; Qi; Qi), respe
tively.Theorem 5.1. The modi�ed quadrature method (5.1) is stable if and only if(a) the operator A is invertible,(b) the lo
al operators A1;� are invertible for all � 2 � n f
(u1); : : : ; 
(un0)g, and(
) the sequen
es (Pi +QiA1;�Qi)i�1 are stable for all � 2 f
(u1); : : : ; 
(un0)g.Observe that, if the sequen
e (Pi+QiA1;�Qi)i�1 is stable, then the operators Pi+QiA1;�Qi are invertible for suÆ
iently large i, hen
e, A1;� is ne
essarily a Fredholmoperator with index 0 in that 
ase (due to the 
ompa
tness of the Pi). On the otherhand, the invertibility of A1;� is not ne
essary for the stability of that sequen
e sin
ethe strong limit of the operators Pi + QiA1;�Qi as i ! 1 is the identity operator(whi
h evidently is invertible). In that sense, (Pi+QiA1;�Qi)i�1 is an approximationmethod for the identity operator.The operator A1;� is of the form Toeplitz operator + dis
retized Mellin 
onvo-lution; thus Theorem 4.4 in [14℄ applies to give the following stability result for thesequen
e (Pi + QiA1;�Qi)i�1 (
ompare also Example 4.7 in [14℄). In this theorem,we again make use of the abbreviations a := a(�); b := b(�); 
 := 
(�); d := d(�)introdu
ed in Se
tion 3.Theorem 5.2. The sequen
e (Pi + QiA1;�Qi)i�1 is stable if and only if thefollowing 
onditions are satis�ed:(a) the operator A1;� is Fredholm on l2r� � : : :� l2r� ,(b) the 4� 4 blo
k Toeplitz operator T with generating fun
tion0BB� a+ bf ("�Æ) 0 
+ df ("�Æ) 00 a� bf (Æ�") 0 
� df (Æ�")�
+ �d(f ("�Æ))� 0 �a+�b(f ("�Æ))� 00 �
� �d(f (Æ�"))� 0 �a� �b(f (Æ�"))� 1CCA
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) the singular integral operator���n��;1(aI + bS + (
I + dS)M)���n��;1Iwith �� := ei!� [0; 1) [ [0; 1) and ��;1 := ei!� [0; 1) [ [0; 1) is invertible on L2(�� n��;1; r� ) � L2(�� ; r� ).Whereas it seems to be quite hard to analyse 
ondition (
) further (it is a
tu-ally equivalent to the invertibility of the Wiener-Hopf operator a
ting on the spa
eL2([0;1); r� )� : : :� L2([0;1); r� ) with generating fun
tion0BB� a+ bs �bn2��� 
+ ds �dn2���bn� a� bs dn� 
� ds�
� �ds �dn� �a� �bs �bn�� �dn2��� �
+ �ds ��bn2��� �a+�bs 1CCAwhere � :=!� and where s(z) :=
oth�(z+i(1=2+r�)) and n�(z) := e(z+i(1=2+r� ))(���)sinh�(z+i(1=2+r� )) ),we have e�e
tive 
riteria to 
he
k the invertibility of the Toeplitz operator T in 
on-dition (b).Indeed, as in the proof of Lemma 3.3 one easily gets that the operator T isinvertible if and only if the Toeplitz operator with generating fun
tion0BB� a+ bf ("�Æ) 
+ df ("�Æ) 0 0�
+ �d(f ("�Æ))� �a+�b(f ("�Æ))� 0 00 0 a� bf (Æ�") 
� df (Æ�")0 0 �
� �d(f (Æ�"))� �a� �b(f (Æ�"))� 1CCAis invertible and, hen
e, if and only if the 2 � 2 blo
k Toeplitz operators T1 and T2with generating fun
tions� a+ bf ("�Æ) 
+ df ("�Æ)�
+ �d(f ("�Æ))� �a+�b(f ("�Æ))� � ; � a� bf (Æ�") 
� df (Æ�")�
� �d(f (Æ�"))� �a� �b(f (Æ�"))� � ;(5.2)respe
tively, are invertible.Making use of the identity (f (�))� = �f (�) (again from the proof of Lemma 3.3)we 
an rewrite the operator T1 as� a+ bT (f ("�Æ)) 
+ dT (f ("�Æ))�
� �dT (f ("�Æ)) �a� �bT (f ("�Æ)) �and sin
e all entries in this operator matrix 
ommute with ea
h other, we 
on
ludethat the operator T1 is invertible if and only if the operator(a+ bT (f ("�Æ)))(�a� �bT (f ("�Æ)))� (
+ dT (f ("�Æ)))(�
� �dT (f ("�Æ)))= (a�a� 
�
)I + (�ab� a�b� �
d+ 
 �d)T (f ("�Æ))� (b�b� d �d)(T (f ("�Æ)))2is invertible. This 
learly happens if and only if(a�a� 
�
)I + (�ab� a�b� �
d+ 
 �d)�� (b�b� d �d)�2 6= 0(5.3)for all � belonging to the spe
trum of the Toeplitz operator T (f ("�Æ)).
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trum of that Toeplitz operator 
onsidered asa
ting on the Hilbert spa
e l2. For, abbreviate "� Æ by � and observe that, for � 6= 0,the pie
ewise 
ontinuous fun
tion f (�) maps the unit 
ir
le into a 
ir
ular ar
 C� inthe 
omplex plane whi
h joins -1 to 1 and runs through the point i tan(��=2) (the
enter of that 
ir
ular ar
 is �i 
ot��, and its radius is equal to 1=j sin��j). The wellknown 
riterion for the invertibility of Toeplitz operators with pie
ewise 
ontinuousgenerating fun
tion (see, e.g., Corollary 2.40 and Theorem 2.74 in [1℄) states that thespe
trum of T (f (�)) just 
oin
ides with that 
ompa
t region in the 
omplex planewhi
h is bounded by the 
ir
ular ar
 C� and the interval [�1; 1℄. Thus, denoting thisregion by D� , we getLemma 5.3. The Toeplitz operator T1 is invertible if and only if (5.3) is satis�edfor all � 2 D"�Æ.An analogous result holds for the invertibility of T2.REFERENCES[1℄ A. B�ott
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