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Abstract. W e consider n umerical appro ximations of a quasistatic problem mo deling the slid-

ing frictional con tact with w ear b et w een a visco elastic b o dy and a rigid mo ving foundation. The

con tact is mo deled with the Coulom b's la w of dry friction and the w ear is describ ed b y a v ersion

of Arc hard's la w. The v ariational form ulation of the problem consists of a nonlinear ev olutionary

equation coupled with a time-dep enden t v ariational inequalit y with nonlinear di�eren tial op erators,

whic h has a unique solution under certain assumptions on the giv en data. W e deriv e error estimates

for b oth spatially semi-discrete and fully discrete sc hemes to solv e the problem. Under appropriate

regularit y assumptions on the exact solution, w e establish optimal order error estimates.

1. In tro duction. W e consider a mathematical mo del for the pro cess of bilateral

frictional con tact of a visco elastic b o dy with a rigid mo ving foundation, suc h that there

is no lose of con tact b et w een the b o dy and the foundation. The framew ork is that

of small displacemen t and small strain theory . The external time dep enden t v olume

forces and tractions are assumed to v ary slo wly; as a result the mec hanical states

ev olv e quasistatically . W e assume a sliding frictional con tact whic h in v olv es w ear of

the con tacting surface. The friction is mo deled with Coulom b's la w and the w ear is

mo deled b y a v ersion of Arc hard's la w.

Situations of frictional con tact b et w een deformable b o dies can b e frequen tly found

in industry and ev eryda y life suc h as train wheels with the rails, a sho e with the 
o or,

tectonic plates, the car's braking system, etc. F or this reason, considerable progress

has b een made with the mo deling and analysis of con tact problems. An early attempt

to study frictional con tact problems within the framew ork of v ariational inequalities

w as made in [5 ]. An excellen t reference on analysis and n umerical appro ximations of

con tact problems in v olving elastic materials with or without friction is [12 ]. The math-

ematical, mec hanical and n umerical state of the art can b e found in the pro ceedings

[18 ].

W ear is one of the plagues whic h reduce the lifetime of mo dern mac hine elemen ts.

It represen ts the un w an ted remo v al of materials from surfaces of con tacting b o dies

o ccuring in relativ e motion. W ear arises when a hard rough surface slides against

a softer surface, digs in to it, and its asp erities plough a series of gro o v es. When

t w o surfaces come in to con tact, rearrangemen t of the surface asp erities tak es place.

When they are in relativ e motion some of the p eaks will break and therefore the

harder surface remo v es the softer material. This phenomenon in v olv es the w ear of the

con tacting surfaces. Material loss of w earing solids, the generation and circulation

of free w ear debris are the main b eha viors of the w ear pro cess. The lo ose particles

form a thin w ear pro duct la y er on the b o dy surface. T rib ological exp erimen ts sho w

that this la y er has a great in
uence on con tact phenomena and the w ear particles

b et w een sliding surface a�ect the frictional b eha vior. Realistically , w ear cannot b e
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totally eliminated. It is v ery di�cult to express accurately a quan titativ e la w for

the w ear b ecause of the man y factors that a�ect this pro cess. It is kno wn that hard

materials w ear less than soft and the rate of w ear of metals is in v ersely prop ortional

to the hardness of material [16, 24 ]. V ery often w ear increases with increase of loads

and sliding time [24 ].

Generally , a mathematical theory of friction and w ear should b e a generalization

of exp erimen tal facts and it m ust b e in agreemen t with the la ws of thermo dynamics of

irrev ersible pro cesses. The �rst trials of a thermo dynamical description of the friction

and w ear pro cesses w ere pro vided in [3 , 13 , 14 , 15 ]. General mo dels of quasistatic

frictional con tact with w ear b et w een deformable b o dies w ere deriv ed in [22 , 23 ] from

thermo dynamic considerations. There a dual pseudo-p oten tial with a general friction

and w ear limit criterion w as in v estigated, from whic h Coulom b's la w of friction and

Arc hard's la w of w ear w ere obtained. The consistency of suc h mo dels in the case of

small displacemen ts and small strain theory w as also discussed. The mo dels deriv ed

in [22 , 23 ] w ere used in v arious pap ers where existence and uniqueness results of w eak

solutions ha v e b een pro v ed. F or example, a dynamic thermo elastic con tact problem

with normal compliance and surface w ear has b een analysed in [2] and v ariational

analysis in the study of visco elastic frictional con tact problems with w ear has b een

pro vided in [19 , 20 , 21 ].

The presen t pap er represen ts a con tin uation of [21]. Its aim is to pro vide n umerical

analysis of a quasistatic problem of sliding frictional con tact with w ear, similar to that

studied in [21 ]. W e mo del the pro cess as in [22 , 23 ] b y in tro ducing the w ear function

whic h measures the w ear of the con tact surface and whic h satis�es Arc hard's la w. The

friction is mo deled with the sliding v ersion of Coulom b's la w. The w ell-p osedness of

the problem is stated and ma y b e obtained using the argumen ts of [21 ]. In a v ariational

form ulation, the problem consists of a nonlinear ev olution equation coupled with

a time-dep enden t v ariational inequalit y with nonlinear di�eren tial op erators. The

literature is abundan t on n umerical treatmen t of v ariational inequalit y , see for instance

the monographs [6, 7, 11, 12 ]. Of particular relev ance to this pap er are the w orks on

n umerical analysis of v ariational inequalities arising in plasticit y , cf. [8, 9 , 10 ].

The pap er is organized as follo ws. In Section 2 w e presen t the mec hanical problem

together with its v ariational form ulation. W e then list the assumptions on the data

and state an existence and uniqueness result, whic h sho ws that under a smallness

assumption on the giv en data, the mec hanical problem has a unique w eak solution.

In Sections 3 and 4 w e analyze spatially semi-discrete and fully discrete sc hemes,

resp ectiv ely . W e use the �nite elemen t metho d to discretize the spatial domain and

a bac kw ard Euler sc heme to obtain the fully discrete problems. W e also deriv e error

estimates for b oth spatially semi-discrete and fully discrete sc hemes. Finally , under

appropriate regularit y assumptions on the exact solution, w e obtain optimal order

error estimates.

W e thank the t w o referees whose suggestions lead to an impro v emen t of the pap er.

2. The problem of sliding frictional con tact with w ear. In this section w e

describ e a mo del for the con tact problem with w ear, presen t its v ariational form ula-

tion, list the assumptions imp osed on the problem data and state an existence and

uniqueness result.

The ph ysical setting is as follo ws. W e consider a visco elastic b o dy whose material

particles o ccup y a b ounded domain 
 of I R

d

( d = 2 ; 3 in applications). F or the
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domain 
, w e assume that its b oundary � is Lipsc hitz con tin uous, and is partitioned

in to three disjoin t measurable parts �

1

, �

2

and �

3

, with meas (�

1

) > 0. Displacemen t

and surface traction conditions will b e sp eci�ed on �

1

and �

2

, resp ectiv ely . On �

3

, the

b o dy is in frictional bilateral con tact with a mo ving plane foundation, whic h results

in the w ear of the con tacting surface. W e assume that there is only sliding con tact

whic h is alw a ys main tained. Let [0 ; T ] b e the time in terv al of in terest.

As usual, w e will use the notation u = ( u

i

) : 
 � [0 ; T ] ! I R

d

for the displacemen t

�eld and � = ( �

ij

) : 
 � [0 ; T ] ! S

d

for the stress �eld. Here and throughout this

pap er, the indices i and j run b et w een 1 and d , w e adopt the summation con v en tion

o v er rep eated indices, unless stated otherwise, and the index that follo ws a comma

indicates a partial deriv ativ e with resp ect to the corresp onding comp onen t of the

indep enden t v ariable. W e use S

d

to represen t the space of second order symmetric

tensors on I R

d

, or equiv alen tly , the space of symmetric matrices of order d . W e de�ne

the inner pro ducts and the corresp onding norms on I R

d

and S

d

b y

u � v = u

i

v

i

; j v j = ( v � v )

1 = 2

; 8 u ; v 2 I R

d

;

� � � = �

ij

�

ij

; j � j = ( � � � )

1 = 2

; 8 � ; � 2 S

d

:

Since the b oundary � is Lipsc hitz con tin uous, the unit out w ard normal v ector � on the

b oundary is de�ned a.e. F or ev ery v ector �eld v , w e use the notation v to denote the

trace of v on � and w e denote b y v

�

and v

�

the normal and the tangential comp onen ts

of v on the b oundary giv en b y

v

�

= v � � ; v

�

= v � v

�

� :

W e also use the notation " ( v ) for the tensor �eld de�ned b y

" ( v ) = ( "

ij

( v )) ; "

ij

( v ) =

1

2

( v

i;j

+ v

j;i

) :

F or a stress �eld � , the application of its trace on the b oundary to � is the Cauc h y

stress v ector � � . W e de�ne, similarly , the normal and tangential comp onen ts of the

stress on the b oundary b y the form ulae

�

�

= ( � � ) � � ; �

�

= � � � �

�

� :

Finally , in the sequel div will denote the div ergence op erator for tensor �elds, i.e.

div � = ( �

ij;j

) :

The material is assumed to b e visco elastic, its constitutiv e relation b eing

� = A ( " (
_

u )) + G ( " ( u )) ;(2.1)

where A and G are giv en nonlinear constitutiv e functions and " ( u ) represen ts the small

strain tensor. Here and b elo w a dot ab o v e a v ariable represen ts its time deriv ativ e.

W e recall that in linear visco elasticit y , the stress tensor � = ( �

ij

) is giv en b y

�

ij

= a

ij k l

"

k l

(
_

u ) + g

ij k l

"

k l

( u )

where A = ( a

ij k l

) is the viscosit y tensor and G = ( g

ij k l

) is the elasticit y tensor,

for i; j; k ; l = 1 ; :::; d . Kelvin-V oigt visco elastic materials of the form (2.1) in v olving

nonlinear constitutiv e functions ha v e b een considered recen tly in [19 , 20 ].
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W e assume that the visco elastic b o dy is �xed on �

1

, and therefore the displace-

men t �eld v anishes there. W e also assume that a b o dy force of densit y f acts in 
,

and surface traction of densit y g is imp osed on �

2

. The densities f and g ma y dep end

on the time v ariable and are assumed to v ary slo wly in time; the accelerations are

therefore neglected in the equations of motion, leading to a quasistatic approac h of

the pro cess.

W e no w brie
y describ e the b oundary conditions on the con tact surface �

3

, using

the mo del deriv ed in [22 , 23 ]. W e in tro duce the w ear function w : �

3

� [0 ; T ] ! I R

whic h measures the w ear of the surface. The w ear is iden ti�ed as an increase in gap

in the normal direction b et w een the b o dy and the foundation or, equiv alen tly , as the

normal depth of the material that is lost. Since the b o dy is in bilateral con tact with

the foundation it follo ws that

u

�

= � w(2.2)

on �

3

. Th us the p osition of the con tact ev olv es with the w ear. W e remark that the

e�ect of the w ear is the recession on �

3

and therefore is exp ected that u

�

< 0 on �

3

whic h implies w > 0 on �

3

. W e conclude that the w ear is p ositiv e whic h justify the

sign con v en tion in (2.2).

The ev olution of the w ear of the con tacting surface is go v erned b y a simpli�ed

v ersion of Arc hard's la w (cf. [22 , 23 ]) whic h w e no w describ e. The rate form of

Arc hard's la w is

_w = � k

w

�

�

j
_

u

�

� v

�

j

where k

w

> 0 is a w ear co e�cien t, v

�

is the v elo cit y of the foundation, and j
_

u

�

� v

�

j

represen ts the slip b et w een the con tact surface and the foundation. W e see that the

rate of w ear is assumed to b e prop ortional to the con tact stress and the slip. F or

the sak e of simplicit y w e assume in the sequel that the motion of the foundation is

uniform, i.e. v

�

is a constan t v ector in the plane of the foundation and w e denote

v

�

= j v

�

j > 0. W e also assume that v

�

is large and therefore w e neglect in the sequel

_
u

�

as compared with v

�

to obtain the follo wing v ersion of Arc hard's la w

_w = � k

w

�

�

v

�

:(2.3)

Use of the simpli�ed la w (2.3) for the ev olution of the w ear a v oids some mathematical

di�culties in the study of the quasistatic visco elastic problem.

W e can no w eliminate the unkno wn function w from our problem. Let � = k

w

v

�

and � = 1 =� . Using (2.2) and (2.3) w e ha v e

�

�

= � _u

�

:(2.4)

W e mo del the frictional con tact b et w een the visco elastic b o dy and the foundation

with Coulom b's la w of dry friction. Since there is only sliding con tact it follo ws that

j �

�

j = � j �

�

j ; �

�

= � � (
_

u

�

� v

�

) ; � � 0(2.5)

where � > 0 is the co e�cien t of friction. These equalities sho w that the tangen tial

stress is limited and it is in the opp osite direction to the relativ e v elo cit y
_

u

�

� v

�

.

Moreo v er, the w ear increases in time, i.e. _w � 0 and therefore, it follo ws from

(2.2) and (2.3) that _u

�

� 0 and �

�

� 0 on �

3

. Th us, the conditions (2.4) and (2.5)

imply

� �

�

= � j _u

�

j ; j �

�

j = � � �

�

; �

�

= � � (
_

u

�

� v

�

) ; � � 0 :(2.6)
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on �

3

. Using no w (2.1) as constitutiv e la w and (2.6) as con tact conditions, the classical

form ulation of the mec hanical problem of sliding frictional con tact with w ear is the

follo wing: Find a displacemen t u : 
 � [0 ; T ] ! I R

d

and a stress tensor � : 
 � [0 ; T ] !

S

d

suc h that

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

� = A ( " (
_

u )) + G ( " ( u )) in 
 � (0 ; T ) ;

div � + f = 0 in 
 � (0 ; T ) ;

u = 0 on �

1

� (0 ; T ) ;

� � = g on �

2

� (0 ; T ) ;

� �

�

= � j _u

�

j ; j �

�

j = � � �

�

; �

�

= � � (
_

u

�

� v

�

) ; � � 0 on �

3

� (0 ; T ) ;

u (0) = u

0

in 
 :

(2.7)

Here u

0

represen ts the giv en initial displacemen t.

T o presen t the v ariational form ulation of this problem w e need to in tro duce some

functional notation. F or the displacemen t v ariable, w e use the space

V = f v = ( v

i

) 2 ( H

1

(
))

d

: v = 0 on �

1

g

with the canonical inner pro duct de�ned b y

h u ; v i

V

=

Z




u

i

v

i

dx +

Z




"

ij

( u ) "

ij

( v ) dx

and the asso ciate norm

k v k

V

=

p

h v ; v i

V

:

F or stress and strain �elds, w e use the space

Q = f � 2 ( L

2

(
))

d � d

: �

ij

= �

j i

; 1 � i; j � d g

with the canonical inner pro duct de�ned b y

h � ; � i

Q

=

Z




�

ij

�

ij

dx;

and the corresp onding norm de�ned b y

k � k

2

Q

= h � ; � i :

W e will also need the space

H (div ; 
) = f � 2 Q : div � 2 ( L

2

(
))

d

g :

Since meas (�

1

) > 0, Korn's inequalit y holds ([17]):

k v k

V

� c k " ( v ) k

Q

8 v 2 V ;(2.8)

where c is a p ositiv e constan t dep ending on 
 and �

1

. Ev erywhere in this pap er,

the sym b ol c will represen t a p ositiv e constan t whic h ma y c hange its v alue from

place to place, and ma y dep end on the input data, but indep enden t of discretization

parameters h and k to b e in tro duced later.

F rom (2.8) it follo ws that v 7! k " ( v ) k

Q

is a norm o v er the space V , equiv alen t to

the norm v 7! k v k

V

.
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F or an y normed space X , C ([0 ; T ]; X ) denotes the space of con tin uous functions

from [0 ; T ] to X , with the norm

k f k

C ([0 ;T ]; X )

= max

t 2 [0 ;T ]

k f ( t ) k

X

:

Similarly , C

1

([0 ; T ]; X ) denotes the space of con tin uously di�eren tiable functions from

[0 ; T ] to X , with the norm

k f k

C

1

([0 ;T ]; X )

= max

t 2 [0 ;T ]

k f ( t ) k

X

+ max

t 2 [0 ;T ]

k

_

f ( t ) k

X

:

When X is a Banac h space, b oth C ([0 ; T ]; X ) and C

1

([0 ; T ]; X ) are Banac h spaces.

In the study of the mec hanical problem (2.7) w e mak e the follo wing assumptions.

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

(a) A : 
 � S

d

! S

d

:

(b) There exists L

A

> 0 suc h that

j A ( x ; "

1

) � A ( x ; "

2

) j � L

A

j "

1

� "

2

j 8 "

1

; "

1

2 S

d

; a : e : x 2 
 :

(c) There exists m > 0 suc h that

( A ( x ; "

1

) � A ( x ; "

2

)) � ( "

1

� "

2

) � m j "

1

� "

2

j

2

8 "

1

; "

1

2 S

d

; a : e : x 2 
 :

(d) F or an y " 2 S

d

; x 7! A ( x ; " ) is Leb esgue measurable on 
 :

(e) The mapping x 7! A ( x ; 0 ) 2 Q:

(2.9)

8

>

>

>

>

<

>

>

>

>

:

(a) G : 
 � S

d

! S

d

:

(b) There exists an L

G

> 0 suc h that

j G ( x ; "

1

) � G ( x ; "

2

) j � L

G

j "

1

� "

2

j 8 "

1

; "

2

2 S

d

; a : e : x 2 
 ; :

(c) F or an y " 2 S

d

; x 7! G ( x ; " ) is measurable :

(d) The mapping x 7! G ( x ; 0 ) 2 Q:

(2.10)

8

>

>

>

>

<

>

>

>

>

:

f 2 C ([0 ; T ]; ( L

2

(
))

d

) ;

g 2 C ([0 ; T ]; ( L

2

(�

2

))

d

) ;

� 2 L

1

(�

3

) ; � ( x ) � 0 a : e : on �

3

;

� 2 L

1

(�

3

) ; � ( x ) � �

�

> 0 a : e : on �

3

;

u

0

2 V :

(2.11)

W e de�ne the functionals

L ( t ; v ) =

Z




f ( t ) � v dx +

Z

�

2

g ( t ) � v ds;

j ( u ; v ) =

Z

�

3

� j u

�

j ( � j v

�

� v

�

j + v

�

) ds

for all u ; v 2 V and t 2 [0 ; T ], where ds denotes the surface elemen t.

The v ariational form ulation of the mec hanical problem (2.7) can b e stated as

follo ws.

Pr oblem P . Find a displac ement u : 
 � [0 ; T ] ! I R

d

and a str ess �eld � :


 � [0 ; T ] ! S

d

, such that for t 2 [0 ; T ] ,

� ( t ) = A ( " (
_

u ( t ))) + G ( " ( u ( t ))) in 
 ;(2.12)

h � ( t ) ; " ( v �
_

u ( t )) i + j (
_

u ( t ) ; v ) � j (
_

u ( t ) ;
_

u ( t )) � L ( t ; v �
_

u ( t )) 8 v 2 V ;(2.13)

and the initial c ondition

u (0) = u

0

:(2.14)
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W ell-p osedness of this problem is giv en b y the the follo wing result.

Theorem 2.1. L et the assumptions (2 : 9) { (2 : 11) hold. Then ther e is a c onstant

�

0

> 0 which dep ends only on 
 , �

1

, �

3

and A , such that if

k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) < �

0

;(2.15)

then the pr oblem P has a unique solution u 2 C

1

([0 ; T ]; V ) , � 2 C ([0 ; T ]; H (div ; 
)) .

The pro of of Theorem 2.1 is carried out in sev eral steps, using the same argumen ts

as in [21 ]. Since the mo di�cations are straigh tforw ard, w e omit here the details. W e

just recall that the pro of is based on classical results for elliptic v ariational inequalities

follo w ed b y �xed p oin t argumen ts. In the rest of the pap er, w e assume the conditions

stated in Theorem 2.1 are satis�ed so that the con tact problem P has a unique

solution.

W e end this section with the remark that if v

�

is large enough then � = 1 = ( k

w

v

�

)

is small enough and therefore condition (2.15) whic h guaran tees the unique solv abilit y

of problem P is satis�ed. W e conclude that the mec hanical problem (2.7) has a unique

w eak solution if the v elo cit y of the foundation is large enough.

3. Spatially semi-discrete appro ximation. In this section w e consider an

appro ximation of the problem P b y discretizing only the spatial domain. Let V

h

� V

and Q

h

� Q b e �nite-dimensional spaces whic h for example, can b e constructed b y

the �nite elemen t metho d. W e assume that these spaces satisfy

" ( V

h

) � Q

h

:

This assumption is v ery natural and is v alid when the p olynomial degree for the space

V

h

is at most one higher than that for the space Q

h

.

Let P

Q

h : Q ! Q

h

b e the orthogonal pro jection de�ned through the relation

hP

Q

h q ; q

h

i

Q

= h q ; q

h

i

Q

8 q 2 Q; q

h

2 Q

h

:(3.1)

Ob viously , w e ha v e

kP

Q

h q k

Q

� k q k

Q

8 q 2 Q:(3.2)

This prop ert y will b e used on v arious o ccasions.

W e no w discuss a spatially semi-discrete sc heme.

Pr oblem P

h

. Find the displac ement �eld u

h

: [0 ; T ] ! V

h

and the str ess �eld

�

h

: [0 ; T ] ! Q

h

such that

u

h

(0) = u

h

0

;(3.3)

and for t 2 [0 ; T ] ,

�

h

( t ) = P

Q

h A ( " (
_

u

h

( t ))) + P

Q

h G ( " ( u

h

( t ))) in 
 ;(3.4)

h �

h

( t ) ; " ( v

h

�
_

u

h

( t )) i + j (
_

u

h

( t ) ; v

h

) � j (
_

u

h

( t ) ;
_

u

h

( t ))(3.5)

� L ( t ; v

h

�
_

u

h

( t )) 8 v

h

2 V

h

:

Here, u

h

0

2 V

h

is an appropriate appro ximation of u

0

.
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Using the argumen ts in [21 ], it can b e sho wn that under the conditions stated

in Theorem 2.1, the problem P

h

has a unique solution u

h

2 C

1

([0 ; T ]; V

h

), �

h

2

C ([0 ; T ]; Q

h

). Our main purp ose here is to deriv e estimates for the errors u � u

h

and

� � �

h

.

T o this end, let t 2 [0 ; T ]. F rom (2.12) and (3.4), w e ha v e

� ( t ) � �

h

( t )

= ( I

Q

� P

Q

h ) � ( t ) + P

Q

h

�

A ( " (
_

u ( t ))) � A ( " (
_

u

h

( t ))) + G ( " ( u ( t ))) � G ( " ( u

h

( t )))

�

;

where I

Q

: Q ! Q is the iden tit y op erator.

Using the conditions (2.9), (2.10) and the prop ert y (3.2), w e obtain

k � ( t ) � �

h

( t ) k

Q

(3.6)

� k ( I

Q

� P

Q

h ) � ( t ) k

Q

+ c

�

k " (
_

u ( t ) �
_

u

h

( t )) k

Q

+ k " ( u ( t ) � u

h

( t )) k

Q

�

:

Since

" ( u ( t ) � u

h

( t )) = " ( u

0

� u

h

0

) +

Z

t

0

" (
_

u ( r ) �
_

u

h

( r )) dr ;

w e ha v e

k " ( u ( t ) � u

h

( t )) k

Q

� k " ( u

0

� u

h

0

) k

Q

+

Z

t

0

k " (
_

u ( r ) �
_

u

h

( r )) k

Q

dr :(3.7)

Th us from (3.6),

k � ( t ) � �

h

( t ) k

Q

� k ( I

Q

� P

Q

h ) � ( t ) k

Q

+ c

�

k " (
_

u ( t ) �
_

u

h

( t )) k

Q

+ k " ( u

0

� u

h

0

) k

Q

�

+ c

Z

t

0

k " (
_

u ( r ) �
_

u

h

( r )) k

Q

dr :

Recalling Korn's inequalit y (2.8), w e conclude

k � � �

h

k

C ([0 ;T ]; Q )

(3.8)

� k ( I

Q

� P

Q

h ) � k

C ([0 ;T ]; Q )

+ c ( k
_

u �
_

u

h

k

C ([0 ;T ]; V )

+ k u

0

� u

h

0

k

V

) :

It remains to estimate k
_

u �
_

u

h

k

C ([0 ;T ]; V )

. W e tak e v =
_

u

h

( t ) in (2.13) and use

(2.12) to obtain

h A ( " (
_

u ( t ))) + G ( " ( u ( t ))) ; " (
_

u

h

( t ) �
_

u ( t )) i + j (
_

u ( t ) ;
_

u

h

( t )) � j (
_

u ( t ) ;
_

u ( t ))

� L ( t ;
_

u

h

( t ) �
_

u ( t )) :

Using (3.4) and (3.5), w e get

h A ( " (
_

u

h

( t ))) + G ( " ( u

h

( t ))) ; " ( v

h

�
_

u

h

( t )) i + j (
_

u

h

( t ) ; v

h

) � j (
_

u

h

( t ) ;
_

u

h

( t ))

� L ( t ; v

h

�
_

u

h

( t )) :

Adding these t w o inequalities and p erforming some elemen tary manipulations, w e

obtain

h A ( " (
_

u ( t ))) � A ( " (
_

u

h

( t ))) ; " (
_

u ( t ) �
_

u

h

( t )) i

� h A ( " (
_

u ( t ))) � A ( " (
_

u

h

( t ))) ; " (
_

u ( t ) � v

h

) i

+ h G ( " ( u ( t ))) � G ( " ( u

h

( t ))) ; " (
_

u ( t ) � v

h

) i

� h G ( " ( u ( t ))) � G ( " ( u

h

( t ))) ; " (
_

u ( t ) �
_

u

h

( t )) i

+ R ( t ;
_

u ( t ) ; v

h

) + D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

) ;



A QUASIST A TIC PR OBLEM IN FRICTIONAL CONT A CT 695

where

R ( t ;
_

u ( t ) ; v

h

)(3.9)

= h � ( t ) ; " ( v

h

�
_

u ( t )) i + j (
_

u ( t ) ; v

h

) � j (
_

u ( t ) ;
_

u ( t )) � L ( t ; v

h

�
_

u ( t )) ;

D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

)(3.10)

= j (
_

u ( t ) ;
_

u

h

( t )) � j (
_

u ( t ) ; v

h

) + j (
_

u

h

( t ) ; v

h

) � j (
_

u

h

( t ) ;
_

u

h

( t )) :

Using the assumptions (2.9) and (2.10) on the functions A and G , w e then ha v e

k " (
_

u ( t ) �
_

u

h

( t )) k

2

Q

� c

�

k " (
_

u ( t ) � v

h

) k

2

Q

+ k " ( u ( t ) � u

h

( t )) k

2

Q

�

+ c

�

j R ( t ;
_

u ( t ) ; v

h

) j + j D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

) j

�

;

or equiv alen tly ,

k " (
_

u ( t ) �
_

u

h

( t )) k

Q

� c

�

k " (
_

u ( t ) � v

h

) k

Q

+ k " ( u ( t ) � u

h

( t )) k

Q

�

+ c

�

j R ( t ;
_

u ( t ) ; v

h

) j

1 = 2

+ j D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

) j

1 = 2

�

:

Recalling again Korn's inequalit y (2.8) and the inequalit y (3.7), w e obtain

k
_

u ( t ) �
_

u

h

( t ) k

V

� c

�

k
_

u ( t ) � v

h

k

V

+ k u

0

� u

h

0

k

V

+

Z

t

0

k
_

u ( r ) �
_

u

h

( r ) k

V

dr

�

(3.11)

+ c

�

j R ( t ;
_

u ( t ) ; v

h

) j

1 = 2

+ j D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

) j

1 = 2

�

:

F rom the trace theorem V , ! ( L

2

(�))

d

(cf. [1 ]), w e ha v e

k v k

( L

2

(�

3

))

d � k v k

( L

2

(�))

d � c k v k

V

8 v 2 V :(3.12)

No w w e are ready to estimate the term

D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

) =

Z

�

3

� ( j _u

�

( t ) j � j _u

h

�

( t ) j )

�

� ( j
_

u

h

�

( t ) � v

�

j � j v

h

�

� v

�

j ) + _u

h

�

( t ) � v

h

�

�

ds:

Since

j D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

) j

� k � k

L

1

(�

3

)

k _u

�

( t ) � _u

h

�

( t ) k

L

2

(�

3

)

�

�

k � k

L

1

(�

3

)

k
_

u

h

�

( t ) � v

h

�

k

( L

2

(�

3

))

d
+ k _u

h

�

( t ) � v

h

�

k

L

2

(�

3

)

�

� k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) k
_

u ( t ) �
_

u

h

( t ) k

( L

2

(�

3

))

d
k

_
u

h

( t ) � v

h

k

( L

2

(�

3

))

d

� k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) k
_

u ( t ) �
_

u

h

( t ) k

( L

2

(�

3

))

d

� ( k
_

u

h

( t ) �
_

u ( t ) k

( L

2

(�

3

))

d + k
_

u ( t ) � v

h

k

( L

2

(�

3

))

d ) ;

using the trace theorem (3.12), w e ha v e

j D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

) j

� c k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) k
_

u ( t ) �
_

u

h

( t ) k

V

( k
_

u

h

( t ) �
_

u ( t ) k

V

+ k
_

u ( t ) � v

h

k

V

) :

Therefore, it follo ws that

j D (
_

u ( t ) ;
_

u

h

( t ) ; v

h

) j(3.13)

� c k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) k
_

u ( t ) �
_

u

h

( t ) k

2

V

+ c k
_

u ( t ) � v

h

k

2

V

:
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Using (3.13) in (3.11), w e obtain

k
_

u ( t ) �
_

u

h

( t ) k

V

� c k � k

1 = 2

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1)

1 = 2

k
_

u ( t ) �
_

u

h

( t ) k

V

+ c

�

k
_

u ( t ) � v

h

k

V

+ k u

0

� u

h

0

k

V

+

Z

t

0

k
_

u ( r ) �
_

u

h

( r ) k

V

dr + j R ( t ;
_

u ( t ) ; v

h

) j

1 = 2

�

:

Then, if k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) is su�cien tly small, w e ha v e

k
_

u ( t ) �
_

u

h

( t ) k

V

(3.14)

� c

�

k
_

u ( t ) � v

h

k

V

+ k u

0

� u

h

0

k

V

+

Z

t

0

k
_

u ( r ) �
_

u

h

( r ) k

V

dr + j R ( t ;
_

u ( t ) ; v

h

) j

1 = 2

�

:

Notice that v

h

is arbitrary in the ab o v e inequalit y . Using the Gron w all's inequal-

it y , w e obtain

max

t 2 [0 ;T ]

k
_

u ( t ) �
_

u

h

( t ) k

V

(3.15)

� c k u

0

� u

h

0

k

V

+ c max

t 2 [0 ;T ]

inf

v

h

2 V

h

�

k
_

u ( t ) � v

h

k

V

+ j R ( t ;
_

u ( t ) ; v

h

) j

1 = 2

�

:

The follo wing estimate for � � �

h

follo ws directly from (3.8) and (3.15).

max

t 2 [0 ;T ]

k � ( t ) � �

h

( t ) k

Q

� c k u

0

� u

h

0

k

V

+ k ( I

Q

� P

Q

h ) � k

C ([0 ;T ]; Q )

(3.16)

+ c max

t 2 [0 ;T ]

inf

v

h

2 V

h

�

k
_

u ( t ) � v

h

k

V

+ j R ( t ;
_

u ( t ) ; v

h

) j

1 = 2

�

:

Summarizing, w e ha v e sho wn the follo wing result.

Theorem 3.1. L et ( u ; � ) and ( u

h

; �

h

) b e the solutions of the pr oblems

P and P

h

r esp e ctively. Assume the c onditions state d in The or em 2.1. Then

if k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) is su�ciently smal l, the estimates (3 : 15) and (3 : 16) hold.

In order to giv e more concrete results based on (3.15) and (3.16), w e no w brie
y

sp ecify the �nite dimensional spaces V

h

and Q

h

via the �nite elemen t metho d. Details

can b e found in [4]. F or simplicit y , w e assume that 
 is p olygonal. Let T

h

b e a regular

�nite elemen t partition of the domain 
. Here w e use linear elemen ts for the space

V

h

and piecewise constan ts for Q

h

.

T o p erform our con v ergence analysis, w e need the follo wing densit y result from

[25 ].

Lemma 3.2. Assume that X is a Banach sp ac e, X

0

� X is a dense subsp ac e of

X . Then C ([0 ; T ]; X

0

) is dense in C ([0 ; T ]; X ) .

No w w e are ready to giv e con v ergence and error analysis of the spatially discrete

solution for the problem P .

Theorem 3.3. Ke ep al l the assumptions in Theorem 3.1. Assume the initial

appr oximation u

h

0

2 V

h

is chosen such that

k u

0

� u

h

0

k

V

! 0 ; as h ! 0 :(3.17)

Then

max

t 2 [0 ;T ]

( k
_

u ( t ) �
_

u

h

( t ) k

V

+ k � ( t ) � �

h

( t ) k

V

) ! 0 as h ! 0 :(3.18)
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Mor e over, if

u 2 C

1

([0 ; T ]; V \ ( H

2

(
))

d

\ ( H

2

(�

3

))

d

) ; � 2 C ([0 ; T ]; ( H

1

(
))

d � d

) ;(3.19)

and

k u

0

� u

h

0

k

V

� c h;(3.20)

then we have the optimal or der err or estimate

max

t 2 [0 ;T ]

( k
_

u ( t ) �
_

u

h

( t ) k

V

+ k � ( t ) � �

h

( t ) k

V

) � c h:(3.21)

Pr o of. Since V \ ( H

2

(
))

d

and ( H

1

(
))

d � d

\ Q are dense in V and Q resp ectiv ely ,

then b y Lemma 3.2 , C ([0 ; T ]; V \ ( H

2

(
))

d

) and C ([0 ; T ]; ( H

1

(
))

d � d

\ Q ) are dense

in C ([0 ; T ]; V ) and C ([0 ; T ]; Q ) resp ectiv ely . Therefore, 8 " > 0, there exist
~

u 2

C ([0 ; T ]; V \ ( H

2

(
))

d

) and
~

� 2 C ([0 ; T ]; ( H

1

(
))

d � d

\ Q ) suc h that

k
_

u �
~

u k

C ([0 ;T ]; V )

� "; k � �
~

� k

C ([0 ;T ]; Q )

� ":(3.22)

Let �

h

v 2 V

h

b e the piecewise linear in terp olan t of v 2 V \ ( H

2

(
))

d

. Then (cf. [4])

k v � �

h

v k

V

� c h k v k

( H

2

(
))

d :(3.23)

No w w e estimate the term j R ( t ;
_

u ( t ) ; v

h

) j in (3.15) de�ned b y (3.9). Recalling

the assumption (2.11) and the trace theorem (3.12), w e can sho w that

j R ( t ;
_

u ( t ) ; v

h

) j � c k
_

u ( t ) � v

h

k

V

:

By (3.22) and (3.23), w e obtain from (3.15) that

max

t 2 [0 ;T ]

k
_

u ( t ) �
_

u

h

( t ) k

V

� c k u

0

� u

h

0

k

V

+ c max

t 2 [0 ;T ]

inf

v

h

2 V

h

k
_

u ( t ) � v

h

k

1 = 2

V

� c k u

0

� u

h

0

k

V

+ c "

1 = 2

+ c max

t 2 [0 ;T ]

k
~

u ( t ) � �

h

~
u ( t ) k

1 = 2

V

� c k u

0

� u

h

0

k

V

+ c "

1 = 2

+ c h

1 = 2

k
~

u k

1 = 2

C ([0 ;T ];( H

2

(
))

d

)

:

Using the assumption (3.17), w e conclude from the ab o v e estimate the con v ergence

of
_

u

h

to
_

u .

Observ e that the error b ound of (3.16) di�ers from that of (3.15) only in one

extra term k ( I

Q

� P

Q

h ) � k

C ([0 ;T ]; Q )

. Th us the con v ergence of �

h

to � follo ws from

the estimate

k ( I

Q

� P

Q

h ) � k

C ([0 ;T ]; Q )

� k � �
~

� k

C ([0 ;T ]; Q )

+ max

t 2 [0 ;T ]

inf

q

h

2 Q

h

k
~

� � q

h

k

Q

� " + c h k
~

� k

C ([0 ;T ];( H

1

(
))

d � d

)

;

b y using (3.2), (3.22) and �nite elemen t in terp olation error estimates ([4]).

W e no w pro v e the error estimate (3.21) under the solution regularit y condition

(3.19) and the assumption (3.20). W e re-estimate the term

R ( t ;
_

u ( t ) ; v

h

) =

Z




�

� ( t ) � " ( v

h

�
_

u ( t )) � f ( t ) � ( v

h

�
_

u ( t ))

�

dx �

Z

�

2

g ( t ) � ( v

h

�
_

u ( t )) ds

+

Z

�

3

� j _u

�

( t ) j

�

� ( j v

h

�

� v

�

j � j
_

u

�

( t ) � v

�

j ) + v

h

�

� _u

�

( t )

�

ds:
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In tegrate b y parts,

R ( t ;
_

u ( t ) ; v

h

) =

Z




�

� div � ( t ) � f ( t )) � ( v

h

�
_

u ( t ))

�

dx

+

Z

�

� ( t ) � � ( v

h

�
_

u ( t )) ds �

Z

�

2

g ( t ) � ( v

h

�
_

u ( t )) ds

+

Z

�

3

� j _u

�

( t ) j

�

� ( j v

h

�

� v

�

j � j
_

u

�

( t ) � v

�

j ) + v

h

�

� _u

�

( t )

�

ds:

Using the equilibrium equation and the b oundary conditions on �

1

�

2

, w e ha v e

R ( t ;
_

u ( t ) ; v

h

) =

Z

�

3

�

� ( t ) � � ( v

h

�
_

u ( t )) + � j _u

�

( t ) j

�

� ( j v

h

�

� v

�

j � j
_

u

�

( t ) � v

�

j ) + v

h

�

� _u

�

( t )

�

�

ds:

Therefore,

j R ( t ;
_

u ( t ) ; v

h

) j

� ( k � ( t ) � k

( L

2

(�

3

))

d + k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) k _u

�

( t ) k

L

2

(�

3

)

) k
_

u ( t ) � v

h

k

( L

2

(�

3

))

d ;

whic h with the aid of the result (3.12) yields

j R ( t ;
_

u ( t ) ; v

h

) j �

�

k � k

C ([0 ;T ];( H

1

(
))

d � d

)

+ k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) k
_

u k

C ([0 ;T ]; V )

�

� k
_

u ( t ) � v

h

k

( L

2

(�

3

))

d :

Hence from the estimate (3.15), it follo ws that

max

t 2 [0 ;T ]

k
_

u ( t ) �
_

u

h

( t ) k

V

(3.24)

� c k u

0

� u

h

0

k

V

+ c max

t 2 [0 ;T ]

inf

v

h

2 V

h

�

k
_

u ( t ) � v

h

k

V

+ k
_

u ( t ) � v

h

k

1 = 2

( L

2

(�

3

))

d

�

:

With the regularit y condition (3.19), using the in terp olation results, w e ha v e

k u ( t ) � �

h

u ( t ) k

V

� c h k u ( t ) k

( H

2

(
))

d ;

k u ( t ) � �

h

u ( t ) k

( L

2

(�

3

))

d � c h

2

k u ( t ) k

( H

2

(�

3

))

d ;

k ( I

Q

� P

Q

h ) � ( t ) k

Q

� c h k � ( t ) k

( H

1

(
))

d � d

for all t 2 [0 ; T ]. Then the error estimate (3.21) follo ws from (3.16), (3.20) and (3.24).

4. F ully discrete appro ximation. No w w e consider a fully discrete appro xi-

mation of the problem P . In addition to the �nite dimensional spaces V

h

and Q

h

in tro duced in the last subsection, w e need a partition of the time in terv al [0 ; T ] : 0 =

t

0

< t

1

< � � � < t

N

= T . W e denote the step-size k

n

= t

n

� t

n � 1

for n = 1 ; : : : ; N . W e

allo w non-uniform partition of the time in terv al, and denote k = max

n

k

n

the maximal

step-size. F or a con tin uous function w ( t ), w e use the notation w

n

= w ( t

n

). F or a se-

quence f w

n

g

N

n =0

, w e denote � w

n

= w

n

� w

n � 1

for the di�erence, and � w

n

= � w

n

=k

n

the corresp onding divided di�erence. In this section, no summation is implied o v er

the rep eated index n .
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Then a fully discrete appro ximation metho d based on a bac kw ard Euler sc heme

is the follo wing.

Pr oblem P

hk

. Find the displacemen t �eld u

hk

= f u

hk

n

g

N

n =0

� V

h

and the stress

�eld �

hk

= f �

hk

n

g

N

n =0

� Q

h

, suc h that

u

hk

0

= u

h

0

;(4.1)

and for n = 1 ; : : : ; N ,

�

hk

n

= P

Q

h A ( " ( � u

hk

n

)) + P

Q

h G ( " ( u

hk

n � 1

)) in 
 ;(4.2)

h �

hk

n

; " ( v

h

� � u

hk

n

) i + j ( � u

hk

n

; v

h

) � j ( � u

hk

n

; � u

hk

n

) � L ( t

n

; v

h

� � u

hk

n

) 8 v

h

2 V

h

:(4.3)

Using the argumen t tec hnique of [21 ], it can b e sho wn that the fully discrete

problem P

hk

has a unique solution if k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) is su�cien tly small.

W e no w deriv e some error estimates for the n umerical solution. W e will use the

notations u

n

= u ( t

n

),
_

u

n

=
_

u ( t

n

) and �

n

= � ( t

n

). W e use (2.12) and (2.13) at

t = t

n

and tak e v = � u

hk

n

to obtain

h A ( " (
_

u

n

)) + G ( " ( u

n

)) ; " ( � u

hk

n

�
_

u

n

) i + j (
_

u

n

; � u

hk

n

) � j (
_

u

n

;
_

u

n

)(4.4)

� L ( t

n

; � u

hk

n

�
_

u

n

) :

Substituting (4.2) in to (4.3), w e get

h A ( " ( � u

hk

n

)) + G ( " ( u

hk

n � 1

)) ; " ( v

h

� � u

hk

n

) i + j ( � u

hk

n

; v

h

) � j ( � u

hk

n

; � u

hk

n

)(4.5)

� L ( t ; v

h

� � u

hk

n

) :

Adding (4.4) and (4.5) with rearrangemen t of the terms, w e obtain

h A ( " (
_

u

n

)) � A ( " ( � u

hk

n

)) ; " (
_

u

n

� � u

hk

n

) i

� �h G ( " ( u

n

)) � G ( " ( u

hk

n � 1

)) ; " (
_

u

n

� � u

hk

n

) i

+ h A ( " ( � u

hk

n

)) � A ( " (
_

u

n

)) + G ( " ( u

hk

n � 1

)) � G ( " ( u

n

)) ; " ( v

h

�
_

u

n

) i

+ R ( t

n

;
_

u

n

; v

h

) + D (
_

u

n

; � u

hk

n

; v

h

) ;

where the quan tities R ( t

n

;
_

u

n

; v

h

) and D (
_

u

n

; � u

hk

n

; v

h

) are de�ned in (3.9) and (3.10).

Using the conditions (2.9) and (2.10), w e obtain

k " (
_

u

n

� � u

hk

n

) k

2

Q

� c k " ( u

n

� u

hk

n � 1

) k

Q

k " (
_

u

n

� � u

hk

n

) k

Q

+ c ( k " (
_

u

n

� � u

hk

n

) k

Q

+ k " ( u

n

� u

hk

n � 1

) k

Q

) k " (
_

u

n

� v

h

) k

Q

+ c ( j R ( t

n

;
_

u

n

; v

h

) j + j D (
_

u

n

; � u

hk

n

; v

h

) j ) :

Then w e ha v e

k " (
_

u

n

� � u

hk

n

) k

Q

� c

�

k " ( u

n

� u

hk

n � 1

) k

Q

+ k " (
_

u

n

� v

h

) k

Q

+ j R ( t

n

;
_

u

n

; v

h

) j

1 = 2

+ j D (
_

u

n

; � u

hk

n

; v

h

) j

1 = 2

�

:

Korn's inequalit y (2.8) can b e applied here to yield

k
_

u

n

� � u

hk

n

k

V

(4.6)

� c

�

k u

n

� u

hk

n � 1

k

V

+ k
_

u

n

� v

h

k

V

+ j R ( t

n

;
_

u

n

; v

h

) j

1 = 2

+ j D (
_

u

n

; � u

hk

n

; v

h

) j

1 = 2

�

:
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F rom the estimate (3.13) and the result (3.12),

j D (
_

u

n

; � u

hk

n

; v

h

) j

1 = 2

� c k � k

1 = 2

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1)

1 = 2

k
_

u

n

� � u

hk

n

k

V

+ c k
_

u

n

� v

h

k

V

:

Using this estimate in (4.6), w e obtain

k
_

u

n

� � u

hk

n

k

V

� c k � k

1 = 2

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1)

1 = 2

k
_

u

n

� � u

hk

n

k

V

+ c k u

n

� u

hk

n � 1

k

V

+ c inf

v

h

2 V

h

�

k
_

u

n

� v

h

k

V

+ j R ( t

n

;
_

u

n

; v

h

) j

1 = 2

�

:

If k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) is su�cien tly small, w e ha v e

k
_

u

n

� � u

hk

n

k

V

(4.7)

� c k u

n

� u

hk

n � 1

k

V

+ c inf

v

h

2 V

h

�

k
_

u

n

� v

h

k

V

+ j R ( t

n

;
_

u

n

; v

h

) j

1 = 2

�

:

W rite

u

n

� u

hk

n � 1

= u

0

� u

h

0

+ u

n

� u

n � 1

+

n � 1

X

j =1

k

j

( � u

j

�
_

u

j

) +

n � 1

X

j =1

k

j

(
_

u

j

� � u

hk

j

) :

Then

k u

n

� u

hk

n � 1

k

V

� k u

0

� u

h

0

k

V

+ k u

n

� u

n � 1

k

V

(4.8)

+

n � 1

X

j =1

k

j

k
_

u

j

� � u

j

k

V

+

n � 1

X

j =1

k

j

k
_

u

j

� � u

hk

j

k

V

:

Hence from (4.7), w e get

k
_

u

n

� � u

hk

n

k

V

� c k u

0

� u

h

0

k

V

+ c k u

n

� u

n � 1

k

V

+ c

n � 1

X

j =1

k

j

k
_

u

j

� � u

j

k

V

(4.9)

+ c inf

v

h

2 V

h

�

k
_

u

n

� v

h

k

V

+ j R ( t

n

;
_

u

n

; v

h

) j

1 = 2

�

+ c

n � 1

X

j =1

k

j

k
_

u

j

� � u

hk

j

k

V

:

T o pro ceed further, w e need the follo wing result.

Lemma 4.1. Assume f g

n

g

N

n =1

and f e

n

g

N

n =1

ar e two se quenc es of non-ne gative

numb ers, satisfying

e

n

� c g

n

+ c

n � 1

X

j =1

k

j

e

j

; n = 1 ; : : : ; N :

Then

e

n

� c

�

g

n

+

n � 1

X

j =1

k

j

g

j

�

; n = 1 ; : : : ; N :(4.10)
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Ther efor e,

max

1 � n � N

e

n

� c max

1 � n � N

g

n

:(4.11)

Pr o of. Denote

E

n

=

n

X

j =1

k

j

e

j

:

Then

e

n

� c g

n

+ c E

n � 1

; n = 1 ; : : : ; N :(4.12)

No w

E

n

� E

n � 1

= k

n

e

n

� c k

n

g

n

+ c k

n

E

n � 1

;

whic h implies

E

n

� (1 + c k

n

) E

n � 1

� c k

n

g

n

n = 1 ; : : : ; N :(4.13)

W e in tro duce a sequence of n um b ers f z

n

g

N

n =0

b y setting z

0

= 1 and

z

n

=

n

Y

j =1

(1 + c k

j

) ; 1 � n � N :

Using the inequalities

1 � 1 + c k

j

� e

c k

j

; j = 1 ; : : : ; N ;

w e ha v e the follo wing b ounds:

1 �

N

Y

i = j +1

(1 + ck

i

) � e

c ( T � t

j

)

; j = 1 ; : : : ; N :(4.14)

No w with the ab o v e notations, the inequalit y (4.13) can b e rewritten as

E

n

z

n

�

E

n � 1

z

n � 1

�

c k

n

g

n

z

n

:

A simple induction argumen t giv es us

E

n

� c z

n

n

X

j =1

k

j

g

j

z

j

= c

n

X

j =1

k

j

n

Y

i = j +1

(1 + ck

i

) g

j

;

whic h can b e com bined with (4.12) and (4.14) to yield (4.10). The inequalit y (4.11)

follo ws easily from (4.10).

Applying Lemma 4.1 to the inequalit y (4.9), w e obtain the follo wing estimate,

max

1 � n � N

k
_

u

n

� � u

hk

n

k

V

(4.15)

� c

�

k u

0

� u

h

0

k

V

+

N � 1

X

n =1

k

n

k � u

n

�
_

u

n

k

V

�

+ c max

1 � n � N

k u

n

� u

n � 1

k

V

+ c max

1 � n � N

inf

v

h

2 V

h

�

k
_

u

n

� v

h

k

V

+ j R ( t

n

;
_

u

n

; v

h

) j

1 = 2

�

:
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No w w e turn to b ound �

n

� �

hk

n

. Subtracting (4.2) from (2.12) at t = t

n

, w e ha v e

�

n

� �

hk

n

= ( I

Q

� P

Q

h ) �

n

+ P

Q

h

�

A ( " (
_

u

n

)) � A ( " ( � u

hk

n

)) + G ( " ( u

n

)) � G ( " ( u

hk

n � 1

))

�

;

whic h, b y the assumptions (2.9), (2.10) and the prop ert y (3.2), yields

k �

n

� �

hk

n

k

Q

� k ( I

Q

� P

Q

h ) �

n

k

Q

+ c k
_

u

n

� � u

hk

n

k

V

+ c k u

n

� u

hk

n � 1

k

V

:

Recalling (4.8), w e then get the estimate

max

1 � n � N

k �

n

� �

hk

n

k

V

(4.16)

� c

�

k u

0

� u

h

0

k

V

+

N � 1

X

n =1

k

n

k � u

n

�
_

u

n

k

V

�

+ k ( I

Q

� P

Q

h ) � k

C ([0 ;T ]; Q )

+ c max

1 � n � N

k u

n

� u

n � 1

k

V

+ c max

1 � n � N

inf

v

h

2 V

h

�

k
_

u

n

� v

h

k

V

+ j R ( t

n

;
_

u

n

; v

h

) j

1 = 2

�

:

Summarizing, w e ha v e sho wn the follo wing result.

Theorem 4.2. L et ( u ; � ) and f ( u

hk

n

; �

hk

n

) g

N

n =1

b e the solutions of the pr ob-

lems P and P

hk

r esp e ctively. Assume the c onditions state d in The or em 2.1. Then if

k � k

L

1

(�

3

)

( k � k

L

1

(�

3

)

+ 1) is su�ciently smal l, the estimates (4 : 15) and (4 : 16) hold.

The follo wing result (cf. [25 ]) is needed for con v ergence analysis.

Lemma 4.3. Assume that X is a Banach sp ac e. Then C

1

([0 ; T ]; X ) is dense in

C

1

([0 ; T ]; X ) .

Theorem 4.4. Ke ep al l the assumptions in Theorem 4.2. Assume the initial

appr oximation u

h

0

2 V

h

is chosen such that

k u

0

� u

h

0

k

V

! 0 ; as h ! 0 :(4.17)

Then

max

1 � n � N

( k
_

u

n

� � u

hk

n

k

V

+ k �

n

� �

hk

n

k

V

) ! 0 as h; k ! 0 :(4.18)

Mor e over, if

�

u 2 C

1

([0 ; T ]; V \ ( H

2

(
))

d

\ ( H

2

(�

3

))

d

) \ W

2 ; 1

(0 ; T ; V ) ;

� 2 C ([0 ; T ]; ( H

1

(
))

d � d

) ;

(4.19)

and

k u

0

� u

h

0

k

V

� c h;(4.20)

then we have the optimal or der err or estimate

max

1 � n � N

( k
_

u

n

� � u

hk

n

k

V

+ k �

n

� �

hk

n

k

V

) � c ( h + k ) :(4.21)

Pr o of. First w e sho w the con v ergence result (4.18). Most terms on the righ t-hand

sides of the estimates (4.15) and (4.16) can b e handled in m uc h the same w a y as those
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similar terms on the righ t-hand side of the estimate (3.16), as w as done in the pro of

of Theorem 3.3. Here it is enough for us to estimate the t w o terms

N � 1

X

n =1

k

n

k � u

n

�
_

u

n

k

V

and max

1 � n � N

k u

n

� u

n � 1

k

V

:

By Lemma 4.3, C

1

([0 ; T ]; V ) is dense in C

1

([0 ; T ]; V ). Hence 8 " > 0, there exists

w 2 C

1

([0 ; T ]; V ) suc h that

k u � w k

C

1

([0 ;T ]; V )

� ":

Since

k � u

n

�
_

u

n

k

V

� k � ( u

n

� w

n

) � (
_

u

n

�
_

w

n

) k

V

+ k � w

n

�
_

w

n

k

V

� " + k

1

k

Z

t

n

t

n � 1

(
_

w ( t ) �
_

w

n

) dt k

V

� " +

Z

t

n

t

n � 1

k
•

w ( t ) k

V

dt; n = 1 ; : : : ; N � 1 ;

w e ha v e

N � 1

X

n =1

k

n

k � u

n

�
_

u

n

k

V

� T " + k k
•

w k

L

1

(0 ;T ; V )

;

where
•

w ( t ) denotes the second-order deriv ativ e of w ( t ) with resp ect to the time

v ariable t . It is easily seen that

max

1 � n � N

k u

n

� u

n � 1

k

V

� k k
_

u k

C ([0 ;T ]; V )

:

Th us w e ha v e the con v ergence (4.18).

Under the regularit y condition (4.19), w e ha v e

N � 1

X

n =1

k

n

k � u

n

�
_

u

n

k

V

� k k
•

u k

L

1

(0 ;T ; V )

:

The estimate (4.21) can b e pro v ed in m uc h the same w a y as the estimate (3.21) w as

pro v ed in the previous section.

REFERENCES

[1] R. A. Ad ams , Sob olev Sp ac es , Academic Press, New Y ork, 1975.

[2] K. T. Andrews, A. Klarbring, M. Shillor, and S. Wright , A dynamic c ontact pr oblem

with friction and we ar , In t. J. Engng. Sci., 35 (1997), pp. 1291{1309.

[3] J. J. Bikerman , Thermo dynamics, adhesion, and sliding friction , J. Lubr. T ec hnol., 92 (1970),

pp. 243{247.

[4] P. G. Ciarlet , The Finite Element Metho d for El liptic Pr oblems , North Holland, Amsterdam,

1978.

[5] G. Duv a ut and J. L. Lions , Ine qualities in Me chanics and Physics , Springer-V erlag, Berlin,

1976.

[6] R. Glo winski , Numeric al Metho ds for Nonline ar V ariational Pr oblems , Springer-V erlag, New

Y ork, 1984.



704 J. CHEN, W. HAN, AND M. SOF ONEA

[7] R. Glo winski, J.-L. Lions, and R. Tr

�

emoli

�

eres , Numeric al A nalysis of V ariational Ine qual-

ities , North-Holland, Amsterdam, 1981.

[8] W. Han and B. D. Redd y , Computational plasticity: the variational b asis and numeric al

analysis , Computational Mec hanics Adv ances, 2 (1995), pp. 283{400.

[9] W. Han and B. D. Redd y , Conver genc e of appr oximations to the primal pr oblem in plasticity

under c onditions of minimal r e gularity , Numer. Math., 87 (2000), pp. 283{315.

[10] W. Han and B. D. Redd y , Plasticity: Mathematic al The ory and Numeric al A nalysis , Springer-

V erlag, New Y ork, 1999.

[11] I. Hla v

�

a

�

cek, J. Haslinger, J. Nec

�

as, and J. Lo v

�

�

�

sek , Solution of V ariational Ine qualities

in Me chanics , Springer-V erlag, New Y ork, 1988.

[12] N. Kikuchi and J. T. Oden , Contact Pr oblems in Elasticity: A Study of V ariational Ine qual-

ities and Finite Element Metho ds , SIAM, Philadelphia, 1988.

[13] B. E. Klamecki , We ar{an entr opy pr o duction mo del , W ear, 58 (1980), pp. 325{330.

[14] B. E. Klamecki , A thermo dynamic mo del of friction , W ear, 63 (1980), pp. 113{120.

[15] B. E. Klamecki , A n entr opy-b ase d mo del of plastic deformation ener gy dissip ation in sliding ,

W ear, 96 (1984), pp. 319{329.

[16] M. M. Khr uscho v , Principles of abr asive we ar , W ear, 28 (1974), pp. 69{88.

[17] J. Ne

�

cas and I. Hla v a

�

cek , Mathematic al The ory of Elastic and Elastoplastic Bo dies: A n

Intr o duction , Elsevier, Amsterdam, 1981.

[18] M. Ra ous, M. Jean, and J. J. Morea u (eds.), Contact Me chanics , Plen um Press, New Y ork,

1995.

[19] M. R ochdi, M. Shillor, and M. Sof onea , Quasistatic visc o elastic c ontact with normal c om-

plianc e and friction , Journal of Elasticit y , 51 (1998), pp. 105{126.

[20] M. R ochdi, M. Shillor, and M. Sof onea , A quasistatic c ontact pr oblem with dir e ctional

friction and damp e d r esp onse , Applicable Analysis, 68 (1998), pp. 409{422.

[21] M. Shillor and M. Sof onea , A quasistatic visc o elastic c ontact pr oblem with friction , In t. J.

Engng. Sci., 38 (2000), pp. 1517{1533.

[22] N. Str

•

omber g , Continuum Thermo dynamics of Contact, F riction and We ar , Ph.D. Thesis,

Link• oping Univ ersit y , Sw eden, 1995.

[23] N. Str

•

omber g, L. Johansson, and A. Klarbring , Derivation and analysis of a gener alize d

standar d mo del for c ontact friction and we ar , In t. J. Solids Structures, 33 (1996), pp.

1817{1836.

[24] D. T abor , We ar{a critic al synoptic view , J. Lubr. T ec hnol., 99 (1977), pp. 387{395.

[25] E. Zeidler , Nonline ar F unctional A nalysis and its Applic ations, V olume II/A: Line ar Mono-

tone Op er ators , Springer-V erlag, New Y ork, 1985.


