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ember 2000 005NUMERICAL ANALYSIS OF A QUASISTATIC PROBLEM OFSLIDING FRICTIONAL CONTACT WITH WEAR�JIUHUA CHENy, WEIMIN HANz, AND MIRCEA SOFONEAxAbstra
t. We 
onsider numeri
al approximations of a quasistati
 problem modeling the slid-ing fri
tional 
onta
t with wear between a vis
oelasti
 body and a rigid moving foundation. The
onta
t is modeled with the Coulomb's law of dry fri
tion and the wear is des
ribed by a versionof Ar
hard's law. The variational formulation of the problem 
onsists of a nonlinear evolutionaryequation 
oupled with a time-dependent variational inequality with nonlinear di�erential operators,whi
h has a unique solution under 
ertain assumptions on the given data. We derive error estimatesfor both spatially semi-dis
rete and fully dis
rete s
hemes to solve the problem. Under appropriateregularity assumptions on the exa
t solution, we establish optimal order error estimates.1. Introdu
tion. We 
onsider a mathemati
al model for the pro
ess of bilateralfri
tional 
onta
t of a vis
oelasti
 body with a rigid moving foundation, su
h that thereis no lose of 
onta
t between the body and the foundation. The framework is thatof small displa
ement and small strain theory. The external time dependent volumefor
es and tra
tions are assumed to vary slowly; as a result the me
hani
al statesevolve quasistati
ally. We assume a sliding fri
tional 
onta
t whi
h involves wear ofthe 
onta
ting surfa
e. The fri
tion is modeled with Coulomb's law and the wear ismodeled by a version of Ar
hard's law.Situations of fri
tional 
onta
t between deformable bodies 
an be frequently foundin industry and everyday life su
h as train wheels with the rails, a shoe with the 
oor,te
toni
 plates, the 
ar's braking system, et
. For this reason, 
onsiderable progresshas been made with the modeling and analysis of 
onta
t problems. An early attemptto study fri
tional 
onta
t problems within the framework of variational inequalitieswas made in [5℄. An ex
ellent referen
e on analysis and numeri
al approximations of
onta
t problems involving elasti
 materials with or without fri
tion is [12℄. The math-emati
al, me
hani
al and numeri
al state of the art 
an be found in the pro
eedings[18℄.Wear is one of the plagues whi
h redu
e the lifetime of modern ma
hine elements.It represents the unwanted removal of materials from surfa
es of 
onta
ting bodieso

uring in relative motion. Wear arises when a hard rough surfa
e slides againsta softer surfa
e, digs into it, and its asperities plough a series of grooves. Whentwo surfa
es 
ome into 
onta
t, rearrangement of the surfa
e asperities takes pla
e.When they are in relative motion some of the peaks will break and therefore theharder surfa
e removes the softer material. This phenomenon involves the wear of the
onta
ting surfa
es. Material loss of wearing solids, the generation and 
ir
ulationof free wear debris are the main behaviors of the wear pro
ess. The loose parti
lesform a thin wear produ
t layer on the body surfa
e. Tribologi
al experiments showthat this layer has a great in
uen
e on 
onta
t phenomena and the wear parti
lesbetween sliding surfa
e a�e
t the fri
tional behavior. Realisti
ally, wear 
annot be�Re
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688 J. CHEN, W. HAN, AND M. SOFONEAtotally eliminated. It is very diÆ
ult to express a

urately a quantitative law forthe wear be
ause of the many fa
tors that a�e
t this pro
ess. It is known that hardmaterials wear less than soft and the rate of wear of metals is inversely proportionalto the hardness of material [16, 24℄. Very often wear in
reases with in
rease of loadsand sliding time [24℄.Generally, a mathemati
al theory of fri
tion and wear should be a generalizationof experimental fa
ts and it must be in agreement with the laws of thermodynami
s ofirreversible pro
esses. The �rst trials of a thermodynami
al des
ription of the fri
tionand wear pro
esses were provided in [3, 13, 14, 15℄. General models of quasistati
fri
tional 
onta
t with wear between deformable bodies were derived in [22, 23℄ fromthermodynami
 
onsiderations. There a dual pseudo-potential with a general fri
tionand wear limit 
riterion was investigated, from whi
h Coulomb's law of fri
tion andAr
hard's law of wear were obtained. The 
onsisten
y of su
h models in the 
ase ofsmall displa
ements and small strain theory was also dis
ussed. The models derivedin [22, 23℄ were used in various papers where existen
e and uniqueness results of weaksolutions have been proved. For example, a dynami
 thermoelasti
 
onta
t problemwith normal 
omplian
e and surfa
e wear has been analysed in [2℄ and variationalanalysis in the study of vis
oelasti
 fri
tional 
onta
t problems with wear has beenprovided in [19, 20, 21℄.The present paper represents a 
ontinuation of [21℄. Its aim is to provide numeri
alanalysis of a quasistati
 problem of sliding fri
tional 
onta
t with wear, similar to thatstudied in [21℄. We model the pro
ess as in [22, 23℄ by introdu
ing the wear fun
tionwhi
h measures the wear of the 
onta
t surfa
e and whi
h satis�es Ar
hard's law. Thefri
tion is modeled with the sliding version of Coulomb's law. The well-posedness ofthe problem is stated and may be obtained using the arguments of [21℄. In a variationalformulation, the problem 
onsists of a nonlinear evolution equation 
oupled witha time-dependent variational inequality with nonlinear di�erential operators. Theliterature is abundant on numeri
al treatment of variational inequality, see for instan
ethe monographs [6, 7, 11, 12℄. Of parti
ular relevan
e to this paper are the works onnumeri
al analysis of variational inequalities arising in plasti
ity, 
f. [8, 9, 10℄.The paper is organized as follows. In Se
tion 2 we present the me
hani
al problemtogether with its variational formulation. We then list the assumptions on the dataand state an existen
e and uniqueness result, whi
h shows that under a smallnessassumption on the given data, the me
hani
al problem has a unique weak solution.In Se
tions 3 and 4 we analyze spatially semi-dis
rete and fully dis
rete s
hemes,respe
tively. We use the �nite element method to dis
retize the spatial domain anda ba
kward Euler s
heme to obtain the fully dis
rete problems. We also derive errorestimates for both spatially semi-dis
rete and fully dis
rete s
hemes. Finally, underappropriate regularity assumptions on the exa
t solution, we obtain optimal ordererror estimates.We thank the two referees whose suggestions lead to an improvement of the paper.2. The problem of sliding fri
tional 
onta
t with wear. In this se
tion wedes
ribe a model for the 
onta
t problem with wear, present its variational formula-tion, list the assumptions imposed on the problem data and state an existen
e anduniqueness result.The physi
al setting is as follows. We 
onsider a vis
oelasti
 body whose materialparti
les o

upy a bounded domain 
 of IRd (d = 2; 3 in appli
ations). For the



A QUASISTATIC PROBLEM IN FRICTIONAL CONTACT 689domain 
, we assume that its boundary � is Lips
hitz 
ontinuous, and is partitionedinto three disjoint measurable parts �1, �2 and �3, with meas (�1) > 0. Displa
ementand surfa
e tra
tion 
onditions will be spe
i�ed on �1 and �2, respe
tively. On �3, thebody is in fri
tional bilateral 
onta
t with a moving plane foundation, whi
h resultsin the wear of the 
onta
ting surfa
e. We assume that there is only sliding 
onta
twhi
h is always maintained. Let [0; T ℄ be the time interval of interest.As usual, we will use the notation u = (ui) : 
� [0; T ℄! IRd for the displa
ement�eld and � = (�ij) : 
 � [0; T ℄ ! Sd for the stress �eld. Here and throughout thispaper, the indi
es i and j run between 1 and d, we adopt the summation 
onventionover repeated indi
es, unless stated otherwise, and the index that follows a 
ommaindi
ates a partial derivative with respe
t to the 
orresponding 
omponent of theindependent variable. We use Sd to represent the spa
e of se
ond order symmetri
tensors on IRd, or equivalently, the spa
e of symmetri
 matri
es of order d. We de�nethe inner produ
ts and the 
orresponding norms on IRd and Sd byu � v = uivi; jvj = (v � v)1=2; 8u;v 2 IRd;� � � = �ij�ij ; j� j = (� � � )1=2; 8�; � 2 Sd:Sin
e the boundary � is Lips
hitz 
ontinuous, the unit outward normal ve
tor � on theboundary is de�ned a.e. For every ve
tor �eld v, we use the notation v to denote thetra
e of v on � and we denote by v� and v� the normal and the tangential 
omponentsof v on the boundary given byv� = v � �; v� = v � v��:We also use the notation "(v) for the tensor �eld de�ned by"(v) = ("ij(v)); "ij(v) = 12 (vi;j + vj;i):For a stress �eld �, the appli
ation of its tra
e on the boundary to � is the Cau
hystress ve
tor ��. We de�ne, similarly, the normal and tangential 
omponents of thestress on the boundary by the formulae�� = (��) � �; �� = �� � ���:Finally, in the sequel div will denote the divergen
e operator for tensor �elds, i.e.div� = (�ij;j):The material is assumed to be vis
oelasti
, its 
onstitutive relation being� = A("( _u)) +G("(u));(2.1)whereA andG are given nonlinear 
onstitutive fun
tions and "(u) represents the smallstrain tensor. Here and below a dot above a variable represents its time derivative.We re
all that in linear vis
oelasti
ity, the stress tensor � = (�ij) is given by�ij = aijkl"kl( _u) + gijkl"kl(u)where A = (aijkl) is the vis
osity tensor and G = (gijkl) is the elasti
ity tensor,for i; j; k; l = 1; :::; d. Kelvin-Voigt vis
oelasti
 materials of the form (2.1) involvingnonlinear 
onstitutive fun
tions have been 
onsidered re
ently in [19, 20℄.



690 J. CHEN, W. HAN, AND M. SOFONEAWe assume that the vis
oelasti
 body is �xed on �1, and therefore the displa
e-ment �eld vanishes there. We also assume that a body for
e of density f a
ts in 
,and surfa
e tra
tion of density g is imposed on �2. The densities f and g may dependon the time variable and are assumed to vary slowly in time; the a

elerations aretherefore negle
ted in the equations of motion, leading to a quasistati
 approa
h ofthe pro
ess.We now brie
y des
ribe the boundary 
onditions on the 
onta
t surfa
e �3, usingthe model derived in [22, 23℄. We introdu
e the wear fun
tion w : �3 � [0; T ℄ ! IRwhi
h measures the wear of the surfa
e. The wear is identi�ed as an in
rease in gapin the normal dire
tion between the body and the foundation or, equivalently, as thenormal depth of the material that is lost. Sin
e the body is in bilateral 
onta
t withthe foundation it follows that u� = �w(2.2)on �3. Thus the position of the 
onta
t evolves with the wear. We remark that thee�e
t of the wear is the re
ession on �3 and therefore is expe
ted that u� < 0 on �3whi
h implies w > 0 on �3. We 
on
lude that the wear is positive whi
h justify thesign 
onvention in (2.2).The evolution of the wear of the 
onta
ting surfa
e is governed by a simpli�edversion of Ar
hard's law (
f. [22, 23℄) whi
h we now des
ribe. The rate form ofAr
hard's law is _w = �kw�� j _u� � v�jwhere kw > 0 is a wear 
oeÆ
ient, v� is the velo
ity of the foundation, and j _u� � v�jrepresents the slip between the 
onta
t surfa
e and the foundation. We see that therate of wear is assumed to be proportional to the 
onta
t stress and the slip. Forthe sake of simpli
ity we assume in the sequel that the motion of the foundation isuniform, i.e. v� is a 
onstant ve
tor in the plane of the foundation and we denotev� = jv�j > 0. We also assume that v� is large and therefore we negle
t in the sequel_u� as 
ompared with v� to obtain the following version of Ar
hard's law_w = �kw��v�:(2.3)Use of the simpli�ed law (2.3) for the evolution of the wear avoids some mathemati
aldiÆ
ulties in the study of the quasistati
 vis
oelasti
 problem.We 
an now eliminate the unknown fun
tion w from our problem. Let � = kwv�and � = 1=�. Using (2.2) and (2.3) we have�� = � _u� :(2.4)We model the fri
tional 
onta
t between the vis
oelasti
 body and the foundationwith Coulomb's law of dry fri
tion. Sin
e there is only sliding 
onta
t it follows thatj�� j = �j�� j; �� = �� ( _u� � v�); � � 0(2.5)where � > 0 is the 
oeÆ
ient of fri
tion. These equalities show that the tangentialstress is limited and it is in the opposite dire
tion to the relative velo
ity _u� � v�.Moreover, the wear in
reases in time, i.e. _w � 0 and therefore, it follows from(2.2) and (2.3) that _u� � 0 and �� � 0 on �3. Thus, the 
onditions (2.4) and (2.5)imply ��� = �j _u� j; j�� j = �� �� ; �� = �� ( _u� � v�); � � 0:(2.6)



A QUASISTATIC PROBLEM IN FRICTIONAL CONTACT 691on �3. Using now (2.1) as 
onstitutive law and (2.6) as 
onta
t 
onditions, the 
lassi
alformulation of the me
hani
al problem of sliding fri
tional 
onta
t with wear is thefollowing: Find a displa
ement u : 
�[0; T ℄! IRd and a stress tensor � : 
�[0; T ℄!Sd su
h that8>>>>>><>>>>>>: � = A("( _u)) +G("(u)) in 
� (0; T );div� + f = 0 in 
� (0; T );u = 0 on �1 � (0; T );�� = g on �2 � (0; T );��� = �j _u� j; j�� j = ���� ; �� = ��( _u� � v�); � � 0 on �3 � (0; T );u(0) = u0 in 
:(2.7)Here u0 represents the given initial displa
ement.To present the variational formulation of this problem we need to introdu
e somefun
tional notation. For the displa
ement variable, we use the spa
eV = fv = (vi) 2 (H1(
))d : v = 0 on �1gwith the 
anoni
al inner produ
t de�ned byhu;viV = Z
 uividx+ Z
 "ij(u)"ij(v) dxand the asso
iate norm kvkV =phv;viV :For stress and strain �elds, we use the spa
eQ = f� 2 (L2(
))d�d : �ij = �ji; 1 � i; j � dgwith the 
anoni
al inner produ
t de�ned byh� ; �iQ = Z
 �ij�ij dx;and the 
orresponding norm de�ned byk�k2Q = h� ; � i:We will also need the spa
eH(div ; 
) = f� 2 Q : div � 2 (L2(
))dg:Sin
e meas (�1) > 0, Korn's inequality holds ([17℄):kvkV � 
 k"(v)kQ 8v 2 V;(2.8)where 
 is a positive 
onstant depending on 
 and �1. Everywhere in this paper,the symbol 
 will represent a positive 
onstant whi
h may 
hange its value frompla
e to pla
e, and may depend on the input data, but independent of dis
retizationparameters h and k to be introdu
ed later.From (2.8) it follows that v 7! k"(v)kQ is a norm over the spa
e V , equivalent tothe norm v 7! kvkV .



692 J. CHEN, W. HAN, AND M. SOFONEAFor any normed spa
e X , C([0; T ℄;X) denotes the spa
e of 
ontinuous fun
tionsfrom [0; T ℄ to X , with the normkfkC([0;T ℄;X) = maxt2[0;T ℄ kf(t)kX :Similarly, C1([0; T ℄;X) denotes the spa
e of 
ontinuously di�erentiable fun
tions from[0; T ℄ to X , with the normkfkC1([0;T ℄;X) = maxt2[0;T ℄ kf(t)kX + maxt2[0;T ℄ k _f(t)kX :When X is a Bana
h spa
e, both C([0; T ℄;X) and C1([0; T ℄;X) are Bana
h spa
es.In the study of the me
hani
al problem (2.7) we make the following assumptions.8>>>>>>>><>>>>>>>>:
(a) A : 
� Sd ! Sd:(b) There exists LA > 0 su
h thatjA(x; "1)�A(x; "2)j � LAj"1 � "2j 8 "1; "1 2 Sd; a:e: x 2 
:(
) There exists m > 0 su
h that(A(x; "1)�A(x; "2)) � ("1�"2) � m j"1�"2j2 8 "1; "12Sd; a:e: x2
:(d) For any " 2 Sd; x 7! A(x; ") is Lebesgue measurable on 
:(e) The mapping x 7! A(x;0) 2 Q:(2.9)8>>>><>>>>: (a) G : 
� Sd ! Sd:(b) There exists an LG > 0 su
h thatjG(x; "1)�G(x; "2)j � LG j"1 � "2j 8 "1; "2 2 Sd; a:e: x 2 
; :(
) For any " 2 Sd; x 7! G(x; ") is measurable:(d) The mapping x 7! G(x;0) 2 Q:(2.10)8>>>><>>>>: f 2 C([0; T ℄; (L2(
))d);g 2 C([0; T ℄; (L2(�2))d);� 2 L1(�3); �(x) � 0 a:e: on �3;� 2 L1(�3); �(x) � �� > 0 a:e: on �3;u0 2 V:(2.11)We de�ne the fun
tionalsL(t;v) = Z
 f (t) � v dx+ Z�2 g(t) � v ds;j(u;v) = Z�3 � ju� j (� jv� � v�j+ v�) dsfor all u; v 2 V and t 2 [0; T ℄, where ds denotes the surfa
e element.The variational formulation of the me
hani
al problem (2.7) 
an be stated asfollows.Problem P. Find a displa
ement u : 
 � [0; T ℄ ! IRd and a stress �eld � :
� [0; T ℄! Sd, su
h that for t 2 [0; T ℄,�(t) = A("( _u(t))) +G("(u(t))) in 
;(2.12) h�(t); "(v � _u(t))i + j( _u(t);v)� j( _u(t); _u(t)) � L(t;v � _u(t)) 8v 2 V;(2.13)and the initial 
ondition u(0) = u0:(2.14)



A QUASISTATIC PROBLEM IN FRICTIONAL CONTACT 693Well-posedness of this problem is given by the the following result.Theorem 2.1. Let the assumptions (2:9){(2:11) hold. Then there is a 
onstant�0 > 0 whi
h depends only on 
, �1, �3 and A, su
h that ifk�kL1(�3)(k�kL1(�3) + 1) < �0;(2.15)then the problem P has a unique solution u 2 C1([0; T ℄;V ), � 2 C([0; T ℄;H(div ; 
)).The proof of Theorem 2.1 is 
arried out in several steps, using the same argumentsas in [21℄. Sin
e the modi�
ations are straightforward, we omit here the details. Wejust re
all that the proof is based on 
lassi
al results for ellipti
 variational inequalitiesfollowed by �xed point arguments. In the rest of the paper, we assume the 
onditionsstated in Theorem 2.1 are satis�ed so that the 
onta
t problem P has a uniquesolution.We end this se
tion with the remark that if v� is large enough then � = 1=(kwv�)is small enough and therefore 
ondition (2.15) whi
h guarantees the unique solvabilityof problem P is satis�ed. We 
on
lude that the me
hani
al problem (2.7) has a uniqueweak solution if the velo
ity of the foundation is large enough.3. Spatially semi-dis
rete approximation. In this se
tion we 
onsider anapproximation of the problem P by dis
retizing only the spatial domain. Let V h � Vand Qh � Q be �nite-dimensional spa
es whi
h for example, 
an be 
onstru
ted bythe �nite element method. We assume that these spa
es satisfy"(V h) � Qh:This assumption is very natural and is valid when the polynomial degree for the spa
eV h is at most one higher than that for the spa
e Qh.Let PQh : Q! Qh be the orthogonal proje
tion de�ned through the relationhPQhq; qhiQ = hq; qhiQ 8 q 2 Q; qh 2 Qh:(3.1)Obviously, we have kPQhqkQ � kqkQ 8 q 2 Q:(3.2)This property will be used on various o

asions.We now dis
uss a spatially semi-dis
rete s
heme.Problem Ph. Find the displa
ement �eld uh : [0; T ℄ ! V h and the stress �eld�h : [0; T ℄! Qh su
h that uh(0) = uh0 ;(3.3)and for t 2 [0; T ℄,�h(t) = PQhA("( _uh(t))) + PQhG("(uh(t))) in 
;(3.4) h�h(t); "(vh � _uh(t))i+ j( _uh(t);vh)� j( _uh(t); _uh(t))(3.5) � L(t;vh � _uh(t)) 8vh 2 V h:Here, uh0 2 V h is an appropriate approximation of u0.



694 J. CHEN, W. HAN, AND M. SOFONEAUsing the arguments in [21℄, it 
an be shown that under the 
onditions statedin Theorem 2.1, the problem Ph has a unique solution uh 2 C1([0; T ℄;V h), �h 2C([0; T ℄;Qh). Our main purpose here is to derive estimates for the errors u�uh and� � �h.To this end, let t 2 [0; T ℄. From (2.12) and (3.4), we have�(t)� �h(t)= (IQ �PQh)�(t) + PQh�A("( _u(t)))�A("( _uh(t))) +G("(u(t)))�G("(uh(t)))�;where IQ : Q! Q is the identity operator.Using the 
onditions (2.9), (2.10) and the property (3.2), we obtaink�(t)� �h(t)kQ(3.6) � k(IQ �PQh)�(t)kQ + 
 �k"( _u(t)� _uh(t))kQ + k"(u(t)� uh(t))kQ�:Sin
e "(u(t)� uh(t)) = "(u0 � uh0 ) + Z t0 "( _u(r)� _uh(r)) dr;we have k"(u(t)� uh(t))kQ � k"(u0 � uh0 )kQ + Z t0 k"( _u(r) � _uh(r))kQ dr:(3.7)Thus from (3.6),k�(t)� �h(t)kQ � k(IQ �PQh)�(t)kQ + 
 �k"( _u(t)� _uh(t))kQ + k"(u0 � uh0 )kQ�+ 
 Z t0 k"( _u(r) � _uh(r))kQ dr:Re
alling Korn's inequality (2.8), we 
on
ludek� � �hkC([0;T ℄;Q)(3.8) � k(IQ � PQh)�kC([0;T ℄;Q) + 
 (k _u� _uhkC([0;T ℄;V ) + ku0 � uh0kV ):It remains to estimate k _u� _uhkC([0;T ℄;V ). We take v = _uh(t) in (2.13) and use(2.12) to obtainhA("( _u(t))) +G("(u(t))); "( _uh(t)� _u(t))i + j( _u(t); _uh(t)) � j( _u(t); _u(t))� L(t; _uh(t)� _u(t)):Using (3.4) and (3.5), we gethA("( _uh(t))) +G("(uh(t))); "(vh � _uh(t))i + j( _uh(t);vh)� j( _uh(t); _uh(t))� L(t;vh � _uh(t)):Adding these two inequalities and performing some elementary manipulations, weobtain hA("( _u(t)))�A("( _uh(t))); "( _u(t)� _uh(t))i� hA("( _u(t)))�A("( _uh(t))); "( _u(t)� vh)i+ hG("(u(t))) �G("(uh(t))); "( _u(t)� vh)i� hG("(u(t))) �G("(uh(t))); "( _u(t)� _uh(t))i+R(t; _u(t);vh) +D( _u(t); _uh(t);vh);



A QUASISTATIC PROBLEM IN FRICTIONAL CONTACT 695where R(t; _u(t);vh)(3.9) = h�(t); "(vh � _u(t))i+ j( _u(t);vh)� j( _u(t); _u(t))� L(t;vh � _u(t));D( _u(t); _uh(t);vh)(3.10) = j( _u(t); _uh(t)) � j( _u(t);vh) + j( _uh(t);vh)� j( _uh(t); _uh(t)):Using the assumptions (2.9) and (2.10) on the fun
tions A and G, we then havek"( _u(t)� _uh(t))k2Q � 
 �k"( _u(t)� vh)k2Q + k"(u(t)� uh(t))k2Q�+ 
 �jR(t; _u(t);vh)j+ jD( _u(t); _uh(t);vh)j�;or equivalently,k"( _u(t)� _uh(t))kQ � 
 �k"( _u(t)� vh)kQ + k"(u(t)� uh(t))kQ�+ 
 �jR(t; _u(t);vh)j1=2 + jD( _u(t); _uh(t);vh)j1=2�:Re
alling again Korn's inequality (2.8) and the inequality (3.7), we obtaink _u(t)� _uh(t)kV � 
�k _u(t)�vhkV +ku0�uh0kV +Z t0 k _u(r)� _uh(r)kV dr�(3.11) + 
 �jR(t; _u(t);vh)j1=2 + jD( _u(t); _uh(t);vh)j1=2�:From the tra
e theorem V ,! (L2(�))d (
f. [1℄), we havekvk(L2(�3))d � kvk(L2(�))d � 
 kvkV 8v 2 V:(3.12)Now we are ready to estimate the termD( _u(t); _uh(t);vh) = Z�3 � (j _u�(t)j�j _uh� (t)j) �� (j _uh� (t)�v�j�jvh��v�j)+ _uh� (t)�vh� � ds:Sin
e jD( _u(t); _uh(t);vh)j� k�kL1(�3) k _u�(t)� _uh� (t)kL2(�3)� �k�kL1(�3) k _uh� (t)� vh�k(L2(�3))d + k _uh�(t)� vh� kL2(�3)�� k�kL1(�3)(k�kL1(�3) + 1) k _u(t)� _uh(t)k(L2(�3))dk _uh(t)� vhk(L2(�3))d� k�kL1(�3)(k�kL1(�3) + 1) k _u(t)� _uh(t)k(L2(�3))d� (k _uh(t)� _u(t)k(L2(�3))d + k _u(t)� vhk(L2(�3))d);using the tra
e theorem (3.12), we havejD( _u(t); _uh(t);vh)j� 
 k�kL1(�3)(k�kL1(�3) + 1) k _u(t)� _uh(t)kV (k _uh(t)� _u(t)kV + k _u(t)� vhkV ):Therefore, it follows thatjD( _u(t); _uh(t);vh)j(3.13) � 
 k�kL1(�3)(k�kL1(�3) + 1) k _u(t)� _uh(t)k2V + 
 k _u(t)� vhk2V :



696 J. CHEN, W. HAN, AND M. SOFONEAUsing (3.13) in (3.11), we obtaink _u(t)� _uh(t)kV � 
 k�k1=2L1(�3)(k�kL1(�3) + 1)1=2 k _u(t)� _uh(t)kV+ 
�k _u(t)�vhkV + ku0�uh0kV +Z t0 k _u(r)� _uh(r)kV dr+jR(t; _u(t);vh)j1=2�:Then, if k�kL1(�3)(k�kL1(�3) + 1) is suÆ
iently small, we havek _u(t)� _uh(t)kV(3.14)� 
�k _u(t)�vhkV +ku0�uh0kV +Z t0 k _u(r)� _uh(r)kV dr+jR(t; _u(t);vh)j1=2�:Noti
e that vh is arbitrary in the above inequality. Using the Gronwall's inequal-ity, we obtainmaxt2[0;T ℄ k _u(t)� _uh(t)kV(3.15) � 
 ku0 � uh0kV + 
 maxt2[0;T ℄ infvh2V h�k _u(t)� vhkV + jR(t; _u(t);vh)j1=2�:The following estimate for � � �h follows dire
tly from (3.8) and (3.15).maxt2[0;T ℄ k�(t)� �h(t)kQ � 
 ku0 � uh0kV + k(IQ �PQh)�kC([0;T ℄;Q)(3.16) + 
 maxt2[0;T ℄ infvh2V h�k _u(t)� vhkV + jR(t; _u(t);vh)j1=2�:Summarizing, we have shown the following result.Theorem 3.1. Let (u;�) and (uh;�h) be the solutions of the problemsP and Ph respe
tively. Assume the 
onditions stated in Theorem 2.1. Thenif k�kL1(�3)(k�kL1(�3)+1) is suÆ
iently small, the estimates (3:15) and (3:16) hold.In order to give more 
on
rete results based on (3.15) and (3.16), we now brie
yspe
ify the �nite dimensional spa
es V h and Qh via the �nite element method. Details
an be found in [4℄. For simpli
ity, we assume that 
 is polygonal. Let T h be a regular�nite element partition of the domain 
. Here we use linear elements for the spa
eV h and pie
ewise 
onstants for Qh.To perform our 
onvergen
e analysis, we need the following density result from[25℄.Lemma 3.2. Assume that X is a Bana
h spa
e, X0 � X is a dense subspa
e ofX. Then C([0; T ℄;X0) is dense in C([0; T ℄;X).Now we are ready to give 
onvergen
e and error analysis of the spatially dis
retesolution for the problem P.Theorem 3.3. Keep all the assumptions in Theorem 3.1. Assume the initialapproximation uh0 2 V h is 
hosen su
h thatku0 � uh0kV ! 0; as h! 0:(3.17)Then maxt2[0;T ℄(k _u(t)� _uh(t)kV + k�(t)� �h(t)kV )! 0 as h! 0:(3.18)



A QUASISTATIC PROBLEM IN FRICTIONAL CONTACT 697Moreover, ifu 2 C1([0; T ℄;V \ (H2(
))d \ (H2(�3))d); � 2 C([0; T ℄; (H1(
))d�d);(3.19)and ku0 � uh0kV � 
 h;(3.20)then we have the optimal order error estimatemaxt2[0;T ℄(k _u(t)� _uh(t)kV + k�(t)� �h(t)kV ) � 
 h:(3.21)Proof. Sin
e V \(H2(
))d and (H1(
))d�d\Q are dense in V and Q respe
tively,then by Lemma 3.2, C([0; T ℄;V \ (H2(
))d) and C([0; T ℄; (H1(
))d�d\Q) are densein C([0; T ℄;V ) and C([0; T ℄;Q) respe
tively. Therefore, 8 " > 0, there exist ~u 2C([0; T ℄;V \ (H2(
))d) and ~� 2 C([0; T ℄; (H1(
))d�d \Q) su
h thatk _u� ~ukC([0;T ℄;V ) � "; k� � ~�kC([0;T ℄;Q) � ":(3.22)Let �hv 2 V h be the pie
ewise linear interpolant of v 2 V \ (H2(
))d. Then (
f. [4℄)kv ��hvkV � 
 h kvk(H2(
))d :(3.23)Now we estimate the term jR(t; _u(t);vh)j in (3.15) de�ned by (3.9). Re
allingthe assumption (2.11) and the tra
e theorem (3.12), we 
an show thatjR(t; _u(t);vh)j � 
 k _u(t)� vhkV :By (3.22) and (3.23), we obtain from (3.15) thatmaxt2[0;T ℄ k _u(t)� _uh(t)kV � 
 ku0 � uh0kV + 
 maxt2[0;T ℄ infvh2V h k _u(t)� vhk1=2V� 
 ku0 � uh0kV + 
 "1=2 + 
 maxt2[0;T ℄ k~u(t)��h~u(t)k1=2V� 
 ku0 � uh0kV + 
 "1=2 + 
 h1=2k~uk1=2C([0;T ℄;(H2(
))d):Using the assumption (3.17), we 
on
lude from the above estimate the 
onvergen
eof _uh to _u.Observe that the error bound of (3.16) di�ers from that of (3.15) only in oneextra term k(IQ � PQh)�kC([0;T ℄;Q). Thus the 
onvergen
e of �h to � follows fromthe estimatek(IQ �PQh)�kC([0;T ℄;Q) � k� � ~�kC([0;T ℄;Q) + maxt2[0;T ℄ infqh2Qh k~� � qhkQ� "+ 
 h k~�kC([0;T ℄;(H1(
))d�d);by using (3.2), (3.22) and �nite element interpolation error estimates ([4℄).We now prove the error estimate (3.21) under the solution regularity 
ondition(3.19) and the assumption (3.20). We re-estimate the termR(t; _u(t);vh) = Z
 ��(t) � "(vh� _u(t))�f(t) � (vh� _u(t))� dx�Z�2 g(t) � (vh� _u(t))ds+ Z�3 � j _u�(t)j �� (jvh� � v�j � j _u� (t)� v�j) + vh� � _u�(t)� ds:



698 J. CHEN, W. HAN, AND M. SOFONEAIntegrate by parts,R(t; _u(t);vh) = Z
��div�(t)� f(t)) � (vh � _u(t))� dx+ Z� �(t)� � (vh � _u(t)) ds� Z�2 g(t) � (vh � _u(t)) ds+ Z�3 � j _u�(t)j �� (jvh� � v�j � j _u� (t)� v�j) + vh� � _u�(t)� ds:Using the equilibrium equation and the boundary 
onditions on �1 �2, we haveR(t; _u(t);vh) =Z�3��(t)� � (vh � _u(t)) + � j _u�(t)j �� (jvh� � v�j � j _u� (t)� v�j) + vh� � _u�(t)�� ds:Therefore,jR(t; _u(t);vh)j� (k�(t)�k(L2(�3))d + k�kL1(�3)(k�kL1(�3) + 1)k _u�(t)kL2(�3))k _u(t)� vhk(L2(�3))d ;whi
h with the aid of the result (3.12) yieldsjR(t; _u(t);vh)j � �k�kC([0;T ℄;(H1(
))d�d) + k�kL1(�3)(k�kL1(�3) + 1)k _ukC([0;T ℄;V )�� k _u(t)� vhk(L2(�3))d :Hen
e from the estimate (3.15), it follows thatmaxt2[0;T ℄ k _u(t)� _uh(t)kV(3.24)� 
 ku0 � uh0kV + 
 maxt2[0;T ℄ infvh2V h�k _u(t)� vhkV + k _u(t)� vhk1=2(L2(�3))d�:With the regularity 
ondition (3.19), using the interpolation results, we haveku(t)��hu(t)kV � 
 h ku(t)k(H2(
))d ;ku(t)��hu(t)k(L2(�3))d � 
 h2ku(t)k(H2(�3))d ;k(IQ �PQh)�(t)kQ � 
 h k�(t)k(H1(
))d�dfor all t 2 [0; T ℄. Then the error estimate (3.21) follows from (3.16), (3.20) and (3.24).4. Fully dis
rete approximation. Now we 
onsider a fully dis
rete approxi-mation of the problem P . In addition to the �nite dimensional spa
es V h and Qhintrodu
ed in the last subse
tion, we need a partition of the time interval [0; T ℄ : 0 =t0 < t1 < � � � < tN = T . We denote the step-size kn = tn� tn�1 for n = 1; : : : ; N . Weallow non-uniform partition of the time interval, and denote k = maxn kn the maximalstep-size. For a 
ontinuous fun
tion w(t), we use the notation wn = w(tn). For a se-quen
e fwngNn=0, we denote �wn = wn�wn�1 for the di�eren
e, and Æwn = �wn=knthe 
orresponding divided di�eren
e. In this se
tion, no summation is implied overthe repeated index n.



A QUASISTATIC PROBLEM IN FRICTIONAL CONTACT 699Then a fully dis
rete approximation method based on a ba
kward Euler s
hemeis the following.Problem Phk. Find the displa
ement �eld uhk = fuhkn gNn=0 � V h and the stress�eld �hk = f�hkn gNn=0 � Qh, su
h thatuhk0 = uh0 ;(4.1)and for n = 1; : : : ; N ,�hkn = PQhA("(Æuhkn )) + PQhG("(uhkn�1)) in 
;(4.2) h�hkn ; "(vh�Æuhkn )i+j(Æuhkn ;vh)�j(Æuhkn ; Æuhkn )�L(tn;vh�Æuhkn ) 8vh2V h:(4.3)Using the argument te
hnique of [21℄, it 
an be shown that the fully dis
reteproblem Phk has a unique solution if k�kL1(�3)(k�kL1(�3) + 1) is suÆ
iently small.We now derive some error estimates for the numeri
al solution. We will use thenotations un = u(tn), _un = _u(tn) and �n = �(tn). We use (2.12) and (2.13) att = tn and take v = Æuhkn to obtainhA("( _un)) +G("(un)); "(Æuhkn � _un)i+ j( _un; Æuhkn )� j( _un; _un)(4.4) � L(tn; Æuhkn � _un):Substituting (4.2) into (4.3), we gethA("(Æuhkn )) +G("(uhkn�1)); "(vh � Æuhkn )i+ j(Æuhkn ;vh)� j(Æuhkn ; Æuhkn )(4.5) � L(t;vh � Æuhkn ):Adding (4.4) and (4.5) with rearrangement of the terms, we obtainhA("( _un))�A("(Æuhkn )); "( _un � Æuhkn )i� �hG("(un))�G("(uhkn�1)); "( _un � Æuhkn )i+ hA("(Æuhkn ))�A("( _un)) +G("(uhkn�1))�G("(un)); "(vh � _un)i+R(tn; _un;vh) +D( _un; Æuhkn ;vh);where the quantities R(tn; _un;vh) andD( _un; Æuhkn ;vh) are de�ned in (3.9) and (3.10).Using the 
onditions (2.9) and (2.10), we obtaink"( _un � Æuhkn )k2Q� 
 k"(un � uhkn�1)kQk"( _un � Æuhkn )kQ+ 
 (k"( _un � Æuhkn )kQ + k"(un � uhkn�1)kQ) k"( _un � vh)kQ+ 
 (jR(tn; _un;vh)j+ jD( _un; Æuhkn ;vh)j):Then we havek"( _un � Æuhkn )kQ� 
�k"(un�uhkn�1)kQ+k"( _un�vh)kQ+jR(tn; _un;vh)j1=2+jD( _un; Æuhkn ;vh)j1=2�:Korn's inequality (2.8) 
an be applied here to yieldk _un � Æuhkn kV(4.6)� 
�kun � uhkn�1kV + k _un � vhkV + jR(tn; _un;vh)j1=2 + jD( _un; Æuhkn ;vh)j1=2�:



700 J. CHEN, W. HAN, AND M. SOFONEAFrom the estimate (3.13) and the result (3.12),jD( _un; Æuhkn ;vh)j1=2� 
 k�k1=2L1(�3)(k�kL1(�3) + 1)1=2 k _un � Æuhkn kV + 
 k _un � vhkV :Using this estimate in (4.6), we obtaink _un � Æuhkn kV � 
 k�k1=2L1(�3)(k�kL1(�3) + 1)1=2 k _un � Æuhkn kV+ 
 kun � uhkn�1kV + 
 infvh2V h�k _un � vhkV + jR(tn; _un;vh)j1=2�:If k�kL1(�3)(k�kL1(�3) + 1) is suÆ
iently small, we havek _un � Æuhkn kV(4.7) � 
 kun � uhkn�1kV + 
 infvh2V h�k _un � vhkV + jR(tn; _un;vh)j1=2�:Writeun � uhkn�1 = u0 � uh0 + un � un�1 + n�1Xj=1 kj(Æuj � _uj) + n�1Xj=1 kj( _uj � Æuhkj ):Then kun � uhkn�1kV � ku0 � uh0kV + kun � un�1kV(4.8) + n�1Xj=1 kjk _uj � ÆujkV + n�1Xj=1 kjk _uj � Æuhkj kV :Hen
e from (4.7), we getk _un � Æuhkn kV � 
 ku0 � uh0kV + 
 kun � un�1kV + 
 n�1Xj=1 kjk _uj � ÆujkV(4.9) + 
 infvh2V h�k _un � vhkV + jR(tn; _un;vh)j1=2�+ 
 n�1Xj=1 kjk _uj � Æuhkj kV :To pro
eed further, we need the following result.Lemma 4.1. Assume fgngNn=1 and fengNn=1 are two sequen
es of non-negativenumbers, satisfying en � 
 gn + 
 n�1Xj=1 kjej ; n = 1; : : : ; N:Then en � 
�gn + n�1Xj=1 kjgj�; n = 1; : : : ; N:(4.10)



A QUASISTATIC PROBLEM IN FRICTIONAL CONTACT 701Therefore, max1�n�N en � 
 max1�n�N gn:(4.11)Proof. Denote En = nXj=1 kjej :Then en � 
 gn + 
En�1; n = 1; : : : ; N:(4.12)Now En �En�1 = knen � 
 kngn + 
 knEn�1;whi
h implies En � (1 + 
 kn)En�1 � 
 kngn n = 1; : : : ; N:(4.13)We introdu
e a sequen
e of numbers fzngNn=0 by setting z0 = 1 andzn = nYj=1(1 + 
 kj); 1 � n � N:Using the inequalities 1 � 1 + 
 kj � e
 kj ; j = 1; : : : ; N;we have the following bounds:1 � NYi=j+1(1 + 
ki) � e
(T�tj); j = 1; : : : ; N:(4.14)Now with the above notations, the inequality (4.13) 
an be rewritten asEnzn � En�1zn�1 � 
 kngnzn :A simple indu
tion argument gives usEn � 
 zn nXj=1 kj gjzj = 
 nXj=1 kj nYi=j+1(1 + 
ki)gj ;whi
h 
an be 
ombined with (4.12) and (4.14) to yield (4.10). The inequality (4.11)follows easily from (4.10).Applying Lemma 4.1 to the inequality (4.9), we obtain the following estimate,max1�n�N k _un � Æuhkn kV(4.15) � 
�ku0 � uh0kV + N�1Xn=1 knkÆun � _unkV�+ 
 max1�n�N kun � un�1kV+
 max1�n�N infvh2V h�k _un � vhkV + jR(tn; _un;vh)j1=2�:



702 J. CHEN, W. HAN, AND M. SOFONEANow we turn to bound �n � �hkn . Subtra
ting (4.2) from (2.12) at t = tn, we have�n��hkn = (IQ�PQh)�n+PQh�A("( _un))�A("(Æuhkn ))+G("(un))�G("(uhkn�1))�;whi
h, by the assumptions (2.9), (2.10) and the property (3.2), yieldsk�n � �hkn kQ � k(IQ � PQh)�nkQ + 
k _un � Æuhkn kV + 
kun � uhkn�1kV :Re
alling (4.8), we then get the estimatemax1�n�N k�n � �hkn kV(4.16)� 
�ku0 � uh0kV + N�1Xn=1 knkÆun � _unkV�+ k(IQ �PQh)�kC([0;T ℄;Q)+
 max1�n�N kun � un�1kV + 
 max1�n�N infvh2V h�k _un � vhkV + jR(tn; _un;vh)j1=2�:Summarizing, we have shown the following result.Theorem 4.2. Let (u;�) and f(uhkn ;�hkn )gNn=1 be the solutions of the prob-lems P and Phk respe
tively. Assume the 
onditions stated in Theorem 2.1. Then ifk�kL1(�3)(k�kL1(�3) + 1) is suÆ
iently small, the estimates (4:15) and (4:16) hold.The following result (
f. [25℄) is needed for 
onvergen
e analysis.Lemma 4.3. Assume that X is a Bana
h spa
e. Then C1([0; T ℄;X) is dense inC1([0; T ℄;X).Theorem 4.4. Keep all the assumptions in Theorem 4.2. Assume the initialapproximation uh0 2 V h is 
hosen su
h thatku0 � uh0kV ! 0; as h! 0:(4.17)Then max1�n�N(k _un � Æuhkn kV + k�n � �hkn kV )! 0 as h; k ! 0:(4.18)Moreover, if� u 2 C1([0; T ℄;V \ (H2(
))d \ (H2(�3))d) \W 2;1(0; T ;V );� 2 C([0; T ℄; (H1(
))d�d);(4.19)and ku0 � uh0kV � 
 h;(4.20)then we have the optimal order error estimatemax1�n�N(k _un � Æuhkn kV + k�n � �hkn kV ) � 
 (h+ k):(4.21)Proof. First we show the 
onvergen
e result (4.18). Most terms on the right-handsides of the estimates (4.15) and (4.16) 
an be handled in mu
h the same way as those



A QUASISTATIC PROBLEM IN FRICTIONAL CONTACT 703similar terms on the right-hand side of the estimate (3.16), as was done in the proofof Theorem 3.3. Here it is enough for us to estimate the two termsN�1Xn=1 knkÆun � _unkV and max1�n�N kun � un�1kV :By Lemma 4.3, C1([0; T ℄;V ) is dense in C1([0; T ℄;V ). Hen
e 8 " > 0, there existsw 2 C1([0; T ℄;V ) su
h that ku�wkC1([0;T ℄;V ) � ":Sin
e kÆun � _unkV � kÆ(un �wn)� ( _un � _wn)kV + kÆwn � _wnkV� "+ k1k Z tntn�1( _w(t)� _wn)dtkV� "+ Z tntn�1 k �w(t)kV dt; n = 1; : : : ; N � 1;we have N�1Xn=1 knkÆun � _unkV � T"+ k k �wkL1(0;T ;V );where �w(t) denotes the se
ond-order derivative of w(t) with respe
t to the timevariable t. It is easily seen thatmax1�n�N kun � un�1kV � k k _ukC([0;T ℄;V ):Thus we have the 
onvergen
e (4.18).Under the regularity 
ondition (4.19), we haveN�1Xn=1 knkÆun � _unkV � k k�ukL1(0;T ;V ):The estimate (4.21) 
an be proved in mu
h the same way as the estimate (3.21) wasproved in the previous se
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