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ember 2000 006A q-ANALOGUE OF CONVOLUTION ON THE LINE�G. CARNOVALEy AND T. H. KOORNWINDERzAbstra
t. In this paper we study a q-analogue of the 
onvolution produ
t on the line in detail.A 
onvolution produ
t on the braided line was de�ned algebrai
ally by Kempf and Majid. We adapttheir de�nition in order to give an analyti
 de�nition for the q-
onvolution and we study 
onvergen
eextensively. Sin
e the braided line is 
ommutative as an algebra, all results 
an be viewed both asresults in 
lassi
al q-analysis and in braided algebra. We de�ne various 
lasses of fun
tions on whi
hthe 
onvolution is well-de�ned and we show that they are algebras under the de�ned produ
t. Oneparti
ularly ni
e family of algebras, a de
reasing 
hain depending on a parameter running through(0; 1℄, turns out to have 1=2 as the 
riti
al parameter value above whi
h the algebras are 
ommu-tative. Morerover, the 
ommutative algebras in this family are pre
isely the algebras in whi
h ea
hfun
tion is determined by its q-moments.We also treat the relationship between q-
onvolution and q-Fourier transform. Finally, in the Ap-pendix, we show an equivalen
e between the existen
e of an analyti
 
ontinuation of a fun
tionde�ned on a q-latti
e, and the behaviour of its q-derivatives.1. Introdu
tion. The 
lassi
al Fourier transform F and the 
lassi
al 
onvolu-tion produ
t are 
losely tied to ea
h other by the homomorphism property F(f �g) =F(f)F(g), while both operations have a 
on
eptual interpretation on the real lineR 
onsidered as lo
ally 
ompa
t abelian group. Classi
al 
onvolution is of greatimportan
e, both in theory and in appli
ations. Whenever one has an interestinggeneralization of the 
lassi
al Fourier transform (like the q-Fourier transform in thepresent paper), it is therefore natural to 
onsider an analogue of 
lassi
al 
onvolutionwhi
h is related to the generalized Fourier transform in a similar way as 
lassi
al
onvolution is related to 
lassi
al Fourier transform. The present paper and its sequelwill 
onsider 
onvolution related to a q-Fourier transform involving the q-exponentialfun
tion Eq as a kernel. This transform was analyti
ally introdu
ed by the se
ond au-thor in [11℄, Se
tion 8, and it was earlier 
onsidered algebrai
ally by Kempf and Majid[7℄, where it o

urs as the spe
ial 
ase for the braided line of their general theory ofFourier transform on \braided 
ove
tor algebras". The braided line, a deformation asa braided group of the algebra of fun
tions on R, is the simplest non-trivial exampleof a braided 
ove
tor algebra. It was �rst introdu
ed in a rudimental way by these
ond author in Se
tion 6.8 of [10℄ and in full detail by S. Majid, see [13℄, [14℄. TheFourier transform on a braided 
ove
tor algebra of type An (a braided analogue offun
tion spa
e on Rn) was studied in more detail by the �rst author in [3℄.In [7℄ Kempf and Majid also de�ned 
onvolution for those braided 
ove
tor al-gebras whi
h have an integral whi
h is bosoni
 and invariant under translation. Aslight adaptation of their de�nition in 
ase of the braided line (where the integral isnot bosoni
) is the starting point of our analyti
 de�nition of q-
onvolution f �
 g onR given below (here 
 denotes the 
hoi
e of a q-latti
e). Two other motivations forthis de�nition 
an be given: the formal limit for q ! 1 yields 
lassi
al 
onvolution,and F
(f �
 g) = (F
f) (F
g) holds if we take for F
 the q-Fourier transform of [11℄�Re
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706 G. CARNOVALE AND T. H. KOORNWINDERinvolving Eq as a kernel.The aim of the present paper is to �nd suitable fun
tion spa
es for f and g su
hthat their q-
onvolution f �
 g is well-de�ned, and to �nd fun
tion 
lasses on whi
hasso
iativity and 
ommutativity hold. Let us introdu
e some notation for explainingthis.Throughout this paper q is �xed su
h that 0 < q < 1. The q-derivative of afun
tion f is given by (�f)(x) := f(x)�f(qx)(1�q)x , and its q-shift by (Qf)(x) := f(qx). For
 > 0 we have the q-latti
e L(
) := f�qk
 j k 2 Zg. For a fun
tion f on L(
) the(unbounded) q-integral over L(
) is denoted and de�ned byZ
 f = Z 
�1�
�1 f(t) dqt := (1� q) 1Xk=�1 X�=�1 qk
 f(�qk
);(1.1)provided the summation absolutely 
onverges.Fix 
 > 0. Let I
 denote the spa
e of absolutely q-integrable fun
tions on L(
),and let I1
 denote the subspa
e of fun
tions f 2 I
 su
h that x 7! f(x)xe is in I
 forevery e 2 Z�0. For f 2 I1
 de�ne the moments, respe
tively stri
t moments of f by:�e;
(f) := q e2+e2 Z 
�1�
�1 f(x)xe dqx; �e;
(f) := q e2+e2 Z 
�1�
�1 jf(x)xej dqx:(1.2)The fa
tor q e2+e2 is a normalization fa
tor by means of whi
h most statements andformulas 
an be expressed in a simpli�ed form (see Se
tion 4).Definition 1.1. Let f 2 I1
 and let g be a fun
tion de�ned on some subset ofC. Then the q-
onvolution produ
t f �
 g is the fun
tion given by(f �
 g)(x) := 1Xe=0 (�1)e�e;
(f)[e℄q ! (�eg)(x)(1.3)for x 2 C su
h that the q-derivatives (�eg)(x) are well-de�ned for all e 2 Z�0 andthe sum on the right 
onverges absolutely, and with notation (1.2) being used.By the asymmetri
 form of our de�nition of f �
 g, the initial 
hoi
es of fun
tion
lasses for f and g are quite di�erent: for f the moments �e;
(f) should behave asO(q �e22 be) for e ! 1 with �; b > 0 (we 
all this of left type �), while for g theq-derivatives (�kg)(x) at x should behave as O(Rk) for k !1 with R > 0. We alsoneed fun
tions on L(
) whi
h extend to analyti
 fun
tions, on a disk 
entered at 0,or on a strip around R. Some equivalent 
hara
terizations of fun
tion spa
es derivedin this paper may have independent interest (see for instan
e the Appendix).Commutativity of the 
onvolution produ
t is the hardest and most interestingissue of this paper. Both the homomorphism property and the interpretation on the(
ommutative) braided line suggest 
ommutativity, but we �nd signi�
ant 
ounterex-amples. An explanation is that the q-Fourier transform of f only depends on themoments of �e;
(f) and that �e;
(f �
 g) is symmetri
 in f and g, but that f in
ertain fun
tion 
lasses is not 
ompletely determined by its moments. For getting
ommutativity we need fun
tions f (and g) in the 
onvolution produ
t for whi
h thestri
t moments �e;
(f) behave as O(q �e22 be) for e ! 1 with � > 1=2, b > 0 (we 
allthis of stri
t left type � > 1=2), and whi
h are holomorphi
 on a strip around R. It



A q-ANALOGUE OF CONVOLUTION ON THE LINE 707turns out that the q-Gaussian x 7! eq2(�x2), whi
h has has stri
t left type 1=2, doesnot 
ommute with many entire fun
tions of stri
t left type > 1=2.Part of the results of this paper o

urred in the re
ent dissertation [4℄ by the �rstauthor. She dis
usses some further aspe
ts of q-
onvolution in the subsequent paper[5℄. A
knowledgement. We thank the referee for his 
areful reading of the manu-s
ript and his 
onstru
tive remarks.Further notations. We denote as usual:(a; q)k :=Qk�1j=0 (1� aqj); (a; q)1 := limk!1(a; q)k ;[k℄q := 1�qk1�q ; [k℄q ! := (q;q)k(1�q)k ; �kj�q := [k℄q ![j℄q ![k�j℄q ! = (q;q)k(q;q)j (q;q)k�j :(1.4)A fun
tion f :x 7! f(x) may also be denoted as f(X). This will be useful for fun
tionslike fXe:x 7! f(x)xe and eq2(�X2):x 7! eq2(�x2).For q-hypergeometri
 series the notation of Gasper & Rahman [6℄ will be followed.The (bounded) q-integral of a fun
tion f on f�
qk j k 2 Z�0g is denoted and de�nedby Z 
�
 f(t)dqt = (1� q) 1Xk=0 X�=�1 qk
f(�qk
)(1.5)provided the summation absolutely 
onverges.2. Motivation of the de�nition of q-
onvolution. We will give three di�er-ent motivations for our De�nition 1.1 of q-
onvolution in the following three remarks.Remark 2.1. The braided line (see [14℄) is a braided Hopf algebra A whi
h,as an algebra, is equal to the (
ommutative) algebra C[[x℄℄ of formal power seriesin x, and whi
h has braiding �(xk 
 xl) := qklxl 
 xk, 
omultipli
ation �(xk) :=Pkj=0 �kj�qxk�j
xj , 
ounit "(xk) :=Æk;0 and braided antipode S(xk) :=(�1)kq k2�k2 xk.Then the q-analogue of Taylor's formula is given by�(f(x)) = 1Xj=0 xj[j℄q ! 
 �j(f(x));(2.1)where � denotes the q-derivative.The original formal de�nition of a 
onvolution on any braided 
ove
tor algebra Awith a bosoni
 integral R :A! C invariant under translation, was given by Kempf &Majid [7℄ as follows:(f � g)(x) := (R 
 id)(m
 id)(id 
 S 
 id)(id
�)(f 
 g)(x):(2.2)In the 
ase of the braided line we take for R the integral de�ned by (1.1). This integralis invariant under translation (see [7℄, and [11℄ and [3℄ for an analyti
 proof), but itis not bosoni
. Asso
iativity will fail for the 
onvolution de�ned by (2.2). Therefore,we slightly modify (2.2) into(f �
 g)(x) := (R 
 id)(m
 id)(id 
Q
 id)(id
 S 
 id)(id
�)(f 
 g)(x):(2.3)



708 G. CARNOVALE AND T. H. KOORNWINDERWhen we substitute the q-Taylor formula (2.1) into (2.3) then we formally get formula(1.3) (with (1.2) substituted), i.e., our original de�nition of q-
onvolution.We may interpret f �
 g formally as the a
tion of a pseudo-q-di�erential op-erator Df(�) on g(x), where Df(�) := F 0S(
)(f)(i(1 � q)�). Here F 0S(
)(f) :=P1e=0 (�1)e�e;
 (f)[e℄q ! 
 �e is the weak braided Fourier transform 
onsidered in [3℄ (withq2 instead of q).Remark 2.2. The formal limit for q " 1 of formula (1.3) is the 
lassi
al
onvolution produ
t:1Xe=0�Z 1�1 dt f(t) (�1)etee! �g(e)(x) formally= Z 1�1 dt f(t)� 1Xe=0 (�1)etee! g(e)(x)�!formally= Z 1�1 dt f(t)g(x� t) = (f � g)(x):Remark 2.3. Re
all the two q-exponentials (see [6℄):eq(x) := 1Xk=0 xk(q; q)k = 1(x; q)1 ; Eq(x) := 1Xk=0 q k(k�1)2 xk(q; q)k = (�x; q)1;(2.4)where jxj < 1 in the in�nite sum de�ning eq(x). In [11℄ a q-Fourier transform pairwas presented as folllows: (x) = 1
q(
)bq Z 1�1 eq(�ixy)�(y) dqy; �(y) = Z 
:1�
:1Eq(iqxy) (x) dqx;(2.5)where bq and 
q(
) are given bybq := Z 1�1Eq2 (�q2x2) dqx = (1� q) (q;�q;�1; q)1;(2.6) 
q(
) := Z 
:1�
:1 eq2(�x2) dqx = 2(1� q) (q2;�q
2;�q
�2; q2)1 
(�
2;�q2=
2; q; q2)1 :(2.7)Write the se
ond transform in (2.5) as � = F
  . Then an immediate formal 
ompu-tation shows that (F
(f �
 g))(x) = (F
f)(x) (F
g)(x):(2.8)The transformF
 is essentially the weak braided Fourier transform F 0S(
) (see Remark2.1 and referen
e [3℄). Equation (2.8) will be rigorously proved for suitable f and gin Se
tion 7.For later use we re
all the formulas (9.8), (9.14) in [11℄ (for n 2 Z�0):Z 
�1�
�1 xn eq2(�x2) dqx = 
q(
) q�k2 (q; q2)k if n = 2k (= 0 otherwise)(2.9) Z 1�1�1�1 xn Eq2(�x2) dqx = bq q2k+1 (q; q2)k if n = 2k (= 0 otherwise).(2.10)



A q-ANALOGUE OF CONVOLUTION ON THE LINE 7093. Good fun
tion spa
es for q-
onvolution. In general, it is not true that(f �
g)(x) 
an be expanded as a (possibly formal) power series if g(x) has a 
onvergentpower series expansion. The reason is that the 
oeÆ
ients of an expansion in powersof x of (f �
 g)(x) will be in general in�nite series themselves. We want to �nd
onditions on f and g so that, with the given de�nition, (f �
 g)(x) makes sense onsome subset of the 
omplex plane. One should give 
onditions on the growth of themoments j�e;
(f)j of f and of the power series 
oeÆ
ients of g. For this purpose wewill now introdu
e the 
lass of fun
tions of left type �. For 
onvenien
e, we also givehere some variants of this de�nition and 
orresponding notation whi
h will be neededlater in the paper. Re
all the de�nitions of the fun
tion spa
es I
 and I1
 , given inthe Introdu
tion.Definition 3.1.(a) For � > 0 the spa
e I!
;� of fun
tions of left type � on L(
) 
onsists of all f 2 I1
su
h that, for some b > 0, j�e;
(f)j = O(q �e22 be) as e!1.The spa
e I!
 
onsists of all fun
tions of some left type � > 0 on L(
).(b) For � > 0 the spa
e I s!
;� of fun
tions of stri
t left type � on L(
) 
onsists of allf 2 I1
 su
h that, for some b > 0, �e;
(f) = O(q �e22 be) as e!1.The spa
e I s!
 
onsists of all fun
tions of some stri
t left type � > 0 on L(
).(
) For a > 0 the spa
e HDa 
onsists of all fun
tions whi
h are holomorphi
 on the diskfz 2 C j jzj < ag. By HD we denote the spa
e of all fun
tions whi
h are holomorphi
on some disk 
entered at 0.(d) For a > 0 the spa
e HSa 
onsists of all fun
tions whi
h are holomorphi
 on thestrip fz 2 C j jIm(z)j < ag. By HS we denote the spa
e of all fun
tions whi
h areholomorphi
 on some strip around R.The \interse
tion" of a H-spa
e de�ned in (
) or (d) with one of the I-spa
es (i.e.I
 , I1
 or a spa
e de�ned in (a) or (b)) will be denoted by putting the two symbolsH and I behind ea
h other. Here we mean interse
tion in a spe
ial sense. Forinstan
e, HDI1
 will denote the spa
e of the fun
tions on L(
) belonging to I1
 whi
h
oin
ide within some disk 
entered at 0 with the restri
tion of a (ne
essarily unique)holomorphi
 fun
tion on that disk. Note that, 
onversely, a fun
tion f 2 HDI1
 is ingeneral not uniquely determined by the fun
tion in HD with whi
h it has a 
ommonrestri
tion within some disk.We will always assume for the \interse
tions" just de�ned that 
 is less than theparameter a (radius of a disk or half width of a strip) o

urring in HDa or HSa. Clearly,this assumption is not restri
tive, sin
e 
 may be repla
ed by qk
 for arbitrary k 2Z�0.Observe that, if f 2 I1
 is of left type � (respe
tively stri
t left type �) on L(
)then so is Xkf for for ea
h k 2 Z�0. Indeed, �e;
(fXk) = q� k22 � k2�ek�k+e;
(f), andsimilarly for � repla
ed by �.Example 3.2.(a) By (2.9) the q-Gaussian eq2(�X2) belongs to I1
 for ea
h 
 > 0 and�2k;
(eq2(�X2)) = 
q(
) (q; q2)k qk2+k; �2k+1;
(eq2(�X2)) = 0:Hen
e eq2(�X2) is of left type 1=2 on L(
). It is also of stri
t left type 1=2 on L(
).Indeed, if f 2 I1
 is an even and nonnegative fun
tion then �2k;
(f) = �2k;
(f) and�2k+1;
(f) � �2k+2;
(f) + �2k;
(f).



710 G. CARNOVALE AND T. H. KOORNWINDER(b) By (2.10) the q-Gaussian Eq2 (�X2) belongs to I11 and�2k;1(Eq2 (�X2)) = bq (q; q2)k q2k2+k; �2k+1;1(Eq2(�X2)) = 0:Hen
e Eq2(�X2) is of left type 1 on L(1). It is also of stri
t left type 1 on L(1) by asimilar argument as in (a).Remark 3.3. Let g 2 HDR with g(x) = Pl 
lxl and put G(r) := Pl j
ljrl (wewill repeatedly use this 
onvention). Note that then also �kg 2 HDR for every k 2 Z�0.Sin
e j
lj � �Pp j
pjrp�r�l for every r < R and sin
e (ql; q�1)k � 1 for l � k we 
analso say that, for every jxj < r < R,j(�kg)(x)j � rr � jxj 1rk(1� q)k G(r):(3.1)It will be shown in the Appendix that 
ondition (3.1) together with equality of leftand right q-derivatives at 0 is equivalent to analyti
ity.Lemma 3.4. Let f 2 I!
;� and g 2 HDa . Then f �
 g 2 HDa . If g 
an be 
ontinuedanalyti
ally on a starlike domain 
 
entered at 0, then f �
 g is well-de�ned andanalyti
 on 
.Proof. We want to show that (f �
 g)(x) has a 
onvergent power series expansionfor jxj < a. Let g(x) :=Pl 
lxl. Then dire
t 
omputation gives(f �
 g)(x) = 1Xe=0 1Xl=e (�1)e�e;
(f)[e℄q! 
l [l℄q ![l � e℄q ! xl�e:(3.2)For every r < a and every x 2 C su
h that jxj < r one has1Xe=0 1Xl=e j�e;
(f)j j
lj�le�qjxjl�e � C 1Xe=0 1Xp=0 q �2 e2be(q; q)e+p(q; q)p(q; q)e G(r)r�p�e jxjp� G(r)C 1Xe=0 q �2 e2r�ebe(q; q)e 1Xp=0� jxjr �p <1for some C > 0. Hen
e, by dominated 
onvergen
e, we may invert the order ofsummation in formula (3.2) so that, for jxj < a, we have(f �
 g)(x) = 1Xp=0 1Xe=0(�1)e�e;
(f)�p+ ee �q
p+e!xp = 1Xp=0 bpxpwhere jbpj � G(r)C r�pP1e=0 q �2 e2 (qp+1;q)e(q;q)e ber�e <1, while the power series of (f �
g)(x) 
onverges absolutely for jxj < a.Let now g be 
ontinued analyti
ally on a starlike domain 
 
entered at 0. Itfollows by indu
tion that for every starlike 
ompa
t set K 
entered at 0 and 
ontainedin 
, j(�eg)(x))j � jjgjjK 2ejxje(1�q)e for every nonzero x 2 K, where k � kK denotes thesupremum norm. Let s > 0. Then, for x 2 K with jxj � s,(f �
 g)(x) = 1Xe=0 (�1)e�e;
(f)[e℄q! (�eg)(x)



A q-ANALOGUE OF CONVOLUTION ON THE LINE 711with ����(�1)e�e;
(f)[e℄q ! (�eg)(x)���� � C q �2 e2be[e℄q! j(�eg)(x)j � C q �2 e2(2b)ese(q; q)e :Hen
e, on ea
h set fx 2 K j jxj > sg with K � 
 a starlike 
ompa
t set 
entered at 0and s > 0, the series expressing (f �
 g)(x) is uniformly 
onvergent, withPEe=0 (�1)e�e;
 (f)[e℄q ! (�eg)(x) analyti
 in x for every E 2 Z�0. It follows that f �
 g isanalyti
 on ea
h set fx 2 
 j jxj > sg with s > 0. Sin
e we already showed that f �
 gis analyti
 on fx 2 C j jxj < ag, this 
ompletes the proof.Now we 
onsider g in HDa I
 or in HSaI
 with a > 
. An example of a fun
tion inHDa I
 is any fun
tion g with �nite support 
ontained in f�q�k
 j k 2 Z�1g.An example of a fun
tion in HSaI
 is the fun
tion eq2(�X2). It is 
learly anelement of HS1I
 for every 
 2 (0; 1), sin
e eq2(�x2) =P1k=0 (�1)kx2k(q2;q2)k for jxj < 1 andsin
e this fun
tion has analyti
 
ontinuation 1(�x2;q2)1 for x 6= iq�k (k 2 Z�0).Lemma 3.5. Let g 2 HDa I1
 for some a > 
. Then for every r 2 (
; a) there isa 
onstant B > 0 su
h thatZ 
�1�
�1 jxk(�eg)(x)j dqx � �Z 
�1�
�1 jxkg(x)j dqx+ rkB� 2e
e(1� q)efor every e and k in Z�0. Hen
e �eg 2 HDa I1
 .If g 2 HDa I
 but not ne
essarily in I1
 , the above 
on
lusion still holds for k = 0 ande 2 Z�0. Then �eg 2 HDa I
 .Proof. If e = 0 the statement is trivial. Let e > 0 and g 2 HDa I1
 . Then for everyr 2 (
; a) one has:Z 
�1�
�1 jxjk j(�eg)(x)j dqx = Z 
�
 jxk(�eg)(x)jdqx+(1� q) Xs��1 X�=�1 qs(k+1)
k+1 j(�e�1g)(�qs
)� (�e�1g)(�qs+1
)j(1� q)qs
� Xs��1 X�=�1 qks
k���(�e�1g)(�qs
)��+ ��(�e�1g)(�qs+1
)���+ 2rk�eG(r) r
(r � 
)(1� q)e� 2
(1� q) Z 
�1�
�1 jxk(�e�1g)(x)j dqx+ 2rk
�eG(r) r
(r � 
)(1� q)ewhere the �rst inequality follows by estimate (3.1). Hen
e, by iterating the pro
esswe get:Z 
�1�
�1 jxk(�eg)(x)j dqx � 22
2(1� q)2 Z 
�1�
�1 jxk(�e�2g)(x)j dqx+2rk
�eG(r) r
(r � 
)(1� q)e + 22rk
�e+1�1G(r) r
(r � 
)(1� q)e�1+1 � : : :� 2e
e(1� q)e Z 
�1�
�1 jxk(g(x))j dqx+ 2erk
�eG(r) r
(r � 
)(1� q)e �1 + 12 + � � ��12�e�1�:Therefore we get the statement with B = 2G(r)r
(r�
) . The 
on
lusion for k = 0 ifg 2 HDa I
 is also 
lear from the proof.



712 G. CARNOVALE AND T. H. KOORNWINDERRemark 3.6. If g 2 HSaI
 , then R �kg(x) �
 0 and the q-integral of g is alwaysinvariant under translation, in the notation of Se
tion IV in [3℄. In parti
ular, thisresult will then follow without assuming 
ondition (
) in that Se
tion, sin
e by theabove Lemma the partial q-derivatives of g(x) are automati
ally q-integrable.From now on we will often use the shorthand notation R
 f for R 
�1�
�1 f(t) dqt, seeformula (1.1). We 
an 
on
lude:Proposition 3.7. Let f 2 I!
0 and g 2 HDa I
 . Then f �
0 g is well-de�ned andabsolutely q-integrable on L(
), and f �
0 g 2 HDa I
 .Proof. Let d := 2=(
(1 � q)). By Lemma 3.5 we know that R
 j�egj � Ade forsome A > 0. Hen
e for some B > 0 we have that j(�eg)(�q�k
)j � Bdeqk for everye; k 2 Z�0 . Then the proof that f �
0 g is well-de�ned on L(
) is similar to these
ond part of the proof of Lemma 3.4.We still have to show that R
 jf �
0 gj <1. By assumption, j�e;
0(f)j � Cq �2 e2befor some 
onstants C; b and � > 0. ThenZ
 ���� 1Xe=0 (�1)e�e;
0(f)[e℄q ! �eg����� 1Xe=0 j�e;
0(f)j[e℄q! Z
 j�egj � AC(q; q)1 1Xe=0 q �2 e2debe(1� q)e <1:Corollary 3.8. Let f 2 I!
0 and let g 2 HDa I
 . Then �k(f �
0 g) and f �
0 �kgare also absolutely q-integrable on L(
) for every k 2 Z�0.Proof. By Proposition 3.7 we know that f�
0g 2 HDa I
 . Hen
e �k(f�
0g) 2 HDa I
by Lemma 3.5. By Lemma 3.5 we also know that �kg 2 HDa I
 , so that f �
0 �kg 2HDa I
 by Proposition 3.7.4. Asso
iativity of q-
onvolution. The next step will be to investigate asso-
iativity. In order to do this, we need to know under whi
h hypotheses (f �
 g) �
 hand f �
 (g �
 h) are well-de�ned. For f �
 (g �
 h) this was essentially des
ribed inLemma 3.4 and Proposition 3.7, i.e., f and g need to be of left type, and h has tobelong to HD.In order to understand when (f �
 g)�
h is well-de�ned, and to prove asso
iativity, weneed to investigate the behaviour of �e;
0(f �
 g). We will use the following lemmas.Lemma 4.1. Let f 2 I1
 su
h that �jf 2 I1
 for every j 2 Z�0. ThenZ 
�1�
�1(�af)(x)xb dqx = � (�1)aq�ba+ a2�a2 [b℄q ![b�a℄q ! R 
�1�
�1 f(x)xb�a dqx if b � a,0 otherwise.In parti
ular,�e+k;
(�kf) = (�1)k [e+ k℄q![e℄q ! �e;
(f) for every k 2 Z�0 ,(4.1)and �l;
(�kf) = 0 if l < k.



A q-ANALOGUE OF CONVOLUTION ON THE LINE 713Proof. It is easy to see that qbXb �f = �(f Xb)�f �(Xb) (this is a parti
ular 
aseof the braided Leibniz rule in [7℄ applied to Xb and f). If we apply the unboundedq-integral to both sides with f repla
ed by �a�1f , then by absolute q-integrability weobtain: Z
 Xb �af = �q�b[b℄q Z
 Xb�1 �a�1f:By repeating this pro
edure we get the statements of the Lemma.Lemma 4.2. If f 2 HDI!
;� then Xk �jf 2 HDI!
;� for every k 2 Z�0.Proof. By Lemma 3.5 Xk �jf is absolutely q-integrable on L(
) for every j andk. By Lemma 4.1 �k+e;
(�jf) = 0 unless e+ k > j. For e+ k > j we havej�e;
(Xk �jf)j = j�k+e�j(f)jq� k2+2ek+k2 (qk+e�j+1; q)j(1� q)j� �Cq�k2�k2 bk�j(1� q)j q �2 (k�j)2�q�e(k��k+�j)q �2 e2befor some b > 0. Hen
e j�e;
(Xk �jf)j = O�q �2 e2(bq�(k��k+�j))e� as e!1.It follows that �kf �
 g is well-de�ned if f 2 HDa I!
 and g 2 HD.Lemma 4.3. Let f 2 HDa I!
 and let g be de�ned, together with its q-derivatives,on a domain 
. Let 0 6= x 2 
 be su
h that, for some Rx > 0, j�eg(x)j = O(Rex)as e ! 1. Then, for every k 2 Z�0, �k(f �
 g), (�kf �
 g) and (f �
 �kg) are wellde�ned at x and �k(f �
 g)(x) = (�kf �
 g)(x) = (f �
 �kg)(x):In parti
ular, the result holds if g 2 HDI
 and x 2 L(
), or if g is analyti
 on astarlike domain 
 
entered at 0 and x 2 
.Proof. Under the hypothesis on f , g and x, the 
onvolution produ
t f �
 g iswell de�ned at x by the proof of Lemma 3.4 and Proposition 3.7. If g and x satisfythe hypothesis then also �kg and x satisfy the hypothesis for every k 2 Z�0, hen
ef �
 �kg and �k(f �
 g) are well-de�ned at x. By Lemma 4.2 (�kf) �
 g is also wellde�ned at x. The three expressions are:(�k(f �
 g))(x) = �k  1Xe=0 (�1)e�e;
(f)[e℄q ! ! �eg! (x) = (f �
 �kg)(x) and(�kf �
 g)(x) =Xe�0 (�1)e+k�e+k;
(�kf)[e+ k℄q! (�e+kg)(x)=Xe�0 (�1)e�e;
(f)[e℄q ! (�k+eg)(x) = (f �
 �kg)(x)where absolute 
onvergen
e follows by the 
onditions imposed on x and g, hen
e the�rst statements.If g 2 HDI
 and x 2 L(
) then it follows by the proof of Proposition 3.7 that gand x satisfy the 
onditions of the Lemma.
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 on a starlike domain 
 
entered at 0 then the 
ondition on g and xholds by the estimate in the proof of Lemma 3.4. Observe that in this 
ase analyti

ontinuation allows also x = 0 2 
.Proposition 4.4. Let f 2 HDI!
0 and g 2 HDa I1
 . Then Xk �l(f �
0 g) 2 HDa I1
for all k; l 2 Z�0.Proof. By Proposition 3.7 f �
0 g 2 HDa . Sin
e �l(f �
0 g) = f �
0 �lg by Lemma4.3 and �lg 2 HDa I1
 by Lemma 3.5, we might as well redu
e to the 
ase l = 0. ThenZ
 jXkj jf �
0 gj = Z
 jXkj ���� 1Xe=0 (�1)e�e;
0(f)[e℄q ! �eg����� C Z
 1Xe=0 jXkjq �2 e2be[e℄q! ���eg�� = C 1Xe=0 q �2 e2be[e℄q! Z
 jXkj j�egjfor some C; �; b > 0. Again by Lemma 3.5, there exists for any r 2 (
; a) a 
onstantB > 0 su
h thatZ
 jXkj jf �
0 gj � C 1Xe=0 q �2 e2(2b)e(q; q)e
e  Z
0 jXk f j+ rkB! <1:By the above results we know that for suitable f and g their 
onvolution produ
tf �
0 g 2 HDa I1
 . Next question is then whether f �
0 g is of left type too. The answeris positive. We need the following Lemma.Lemma 4.5. Let f 2 HDI!
 , g 2 HDI!
0 , k 2 Z�0. Then�k;
0(f �
 g) = kXe=0 �ke�q�e;
(f)�k�e;
0(g):(4.2)Thus, if 
 = 
0 then R
(f �
 g)Xk = R
(g �
 f)Xk for every k 2 Z�0 and R
(f �
 g) =(R
 f) (R
 g).Proof. By Proposition 4.4 (f �
 g)Xk is absolutely q-integrable on L(
0). Then�k;
0(f �
 g) = q k2+k2 Z
0(f �
 g)Xk = Z
0� 1Xe=0 (�1)e�e;
(f)[e℄q! Xk �eg�Again by Lemma 3.5 and by dominated 
onvergen
e we may inter
hange integrationand summation over e. Then, by Lemma 4.1:�k;
0(f �
 g) = kXe=0 �e;
(f)[e℄q ! q (k�e)2+k�e2 [k℄q ![k � e℄q! Z
0 gXk�e = kXe=0 �ke�q�e;
(f)�k�e;
0(g):If 
 = 
0 then, by symmetry, the expression on the right equals �k;
(g �
 f) =q k2+k2 R
(g �
 f)Xk, hen
e the equality of the q-integrals. The last statement isformula (4:2) for k = 0 and 
 = 
0.Proposition 4.6. Let f 2 HDI!
;� and g 2 HDI!
0;�. Then f �
 g 2 HDI!
0;�with � := ���+� .



A q-ANALOGUE OF CONVOLUTION ON THE LINE 715Proof. By Proposition 3.7, f �
 g 2 HDa I
0 for some a > 
0 and by Proposition4.4 f �
 g 2 I1
0 . It follows by equation (4.2) thatj�k;
0(f �
 g)�� � kXe=0 �ke�q���e;
(f)�� ���k�e;
0(g)��:(4.3)By using the fa
t that �e2 + �(k � e)2 � k2 ���+� we obtain thatj�k;
0(f �
 g)�� � Cqk2 ��2(�+�) kXe=0 be
k�e � Cqk2 ��2(�+�) (max(b; 
))k(k + 1)(4.4)for some b; 
; C > 0.Remark 4.7. We have just seen that if f 2 HDI!
;� and g 2 HDI!
0;� thenf �
 g 2 HDI!
0;�, where � depends only on � and � and is su
h that 1� = 1� + 1� .We are ready to show that our 
onvolution is asso
iative.Theorem 4.8. Let f 2 HDI!
 and g 2 HDI!
0 . Let h be de�ned, together withits q-derivatives, on a domain 
 and let x 2 
 be su
h that, for some Rx > 0,j(�eh)(x)j = O(Rex) as e ! 1. Then ((f �
 g) �
0 h)(x) = (f �
 (g �
0 h))(x): Inparti
ular, the equality holds for every x 2 
 if h is analyti
 on a starlike domain 

entered at 0 and it holds for every x 2 L(
00) if h 2 HDI1
00 .Proof. By the previous results all series involved 
onverge absolutely for x as inthe hypothesis. We will show that the two given expressions 
oin
ide whenever theyare well-de�ned. On the one hand((f �
 g) �
0 h)(x) = 1Xl=0 (�1)l�l;
0(f �
 g)[ l ℄q ! (�lh)(x)= 1Xl=0 lXk=0 (�1)l�k;
(f)�l�k;
0(g)[k℄q! [l � k℄q ! (�eh)(x)where we used equation (4.2) and Proposition 4.4.On the other hand(f �
 (g �
0 h))(x) = 1Xl=0 (�1)l�l;
(f)[l℄q! �g �
0 �lh�(x)= 1Xl=0 1Xm=0 (�1)l�l;
(f)[l℄q! (�1)m�m;
(g)[m℄q ! (�l+mh)(x):The two expressions will 
oin
ide if for one of them the double sum is absolutely
onvergent. This is 
ertainly the 
ase for x satisfying j�eh(x)j = O(Rex) as e ! 1.This last 
ondition is in parti
ular satis�ed if h is analyti
 on a starlike domain 

entered at 0 and x 2 
, or if h 2 HDI1
00 and x 2 L(
00) (see also Lemma 4.3).Corollary 4.9. The 
lass HDI!
 is an algebra (not ne
essary unital) with respe
tto �
. Its sub
lass HSI!
 is also an algebra (not ne
essary unital) and it is a left idealof HDI!
 .



716 G. CARNOVALE AND T. H. KOORNWINDERProof. By Theorem 4.8 the 
onvolution produ
t in HDI!
 is asso
iative. HSI!
is a sub
lass of fun
tions of HDI!
 . By Lemma 3.4 and Proposition 4.6 the produ
tof a fun
tion in HDI!
 times a fun
tion in HSI!
 is a fun
tion in HDI!
 whi
h isanalyti
 on a whole strip around R, hen
e it belongs to HSI!
 . By Theorem 4.8 andthe uniqueness of analyti
 fun
tions we have the statements.We will see in Se
tion 6, Example 6.7 that a left unit exists in HSI!
 .5. Fun
tions of stri
t left type. Re
all De�nition 3.1(b) of the 
lass I s!
 offun
tions of stri
t left type. These fun
tions 
an be 
hara
terized in the followingway.Proposition 5.1. Let f 2 I s!
;�. If � > 1 then jf(�q�j
)j = 0 for every j 2 Z;if � = 1 then jf(�q�j
)j = 0 for every j 2 Z suÆ
iently large; if 0 < � < 1 then, forsome 
 > 0, jf(�q�j
)j = O(q �2 j2
j) as j !1 with � = 11�� .Conversely, let f be a fun
tion on L(
) whi
h is bounded on f�qj
 j j � 1g and let� > 1. If, for some 
 > 0, jf(�q�j
)j = O(q �2 j2
j) as j ! 1 then f 2 I s!
;� with� = 1� ��1.Proof. Let f 2 I s!
;�. Then there are 
onstants C; b > 0 su
h thatq r2+r2 1Xk=�1 qk(1+r)
r+1� jf(qk
)j+ jf(�qk
)j � � Cq �2 r2br for every r 2 Z�0.Hen
e every term of the sum on the left-hand side is dominated by the right-handside. In parti
ular, jf(�q�j
)j � C 
�r�1q ��12 r2+ 2j�12 r+jbr:(5.1)Therefore, if � > 1, or if � = 1 and qj� 12 < 
b�1, we have jf(�q�j
)j = 0 sin
e theleft hand side does not depend on r. If 0 < � < 1, sin
e the left hand side of (5.1) isindependent of r, it will be in parti
ular smaller than the right-hand side evaluatedfor r := � 2j�12(1��)� � 0. Hen
ejf(�q�j
)j � C
�1(b
�1)rq ��12 r2+ 2j�12 r+j� C 0(b
�1) j1�� q� (2j�1)2(1��)8(1��)2 + (2j�1)24(1��) + 12� C 0q 12 (b
�1) j1�� q (2j�1)28(1��) = C 00�(b
�1q� 12 ) 11���jq j22(1��) ;sin
e 2j�12(1��) � 1 � r � 2j�12(1��) , and the �rst statement follows.Next we will prove the 
onverse statement. By boundedness of f on the set f�qj
 jj � 0g it follows that, for some M > 0, we have R 
�
 jtkf(t)jdqt � 2M
k+1 for allk 2 Z�0. Then,q k2+k2  Z 
�1�
�1� Z 
�
!jxkf(x)jdqx = (1� q)q k2+k2 1Xj=1 X�=�1 q�j(k+1)
k+1jf(�q�j
)j� 2C q k2+k2 
k+1 1Xj=1 qj2 �2�j(k+1)
j= 2Cq� 12� 
k+1q k2� k� q k22 (1���1) 1Xj=1 q �2 (j2�2j (k+1)� + (k+1)2�2 )
j �M2bkq 12�k2



A q-ANALOGUE OF CONVOLUTION ON THE LINE 717for someM2; b > 0 and with � := 1���1 < 1, sin
e the in�nite sum is dominated bys(max(
; 1))s + (max(
; 1))s+1 1Xj=0 q j22(1��) 
j ; where s := [(k + 1)��1℄ � 0:Remark 5.2. By Proposition 5.1 the pointwise produ
t of fun
tions f 2 I s!
;�and g 2 I s!
;� satis�es the estimate j(fg)(�q�j
)j � C
jq j22 ( 11��+ 11�� ). Hen
e fg 2I s!
;�, where � = 1 if � or � = 1, and (1��)�1 = (1��)�1+(1��)�1 > 2 if �; � < 1.Thus � > 12 in all 
ases. This will be useful for �nding examples in 
onne
tion with
ommutativity of q-
onvolution (see Se
tion 6).Example 5.3. As a 
onsequen
e of Proposition 5.1 all fun
tions belonging toHDI s!
;1 must be of the form f Eq2(�q2p
�2X2) for some p 2 Z and some analyti
fun
tion f .Remark 5.4. Observe that fun
tions of stri
t left type � > 1 must be identi
allyzero. From now on HDI s!
;� will automati
ally imply � � 1.Example 5.5. The family of fun
tions f
 (
>0) given by f
(z) := e�
(log(z2+1))2provides for every � 2 (0; 1) an example of a fun
tion whi
h is of stri
t left type �on L(
) for ea
h 
 > 0. Indeed, f
 2 HS1 and for every 
 > 0 there exists b > 0su
h that jf
(�q�k
)j = O(q(4
 log(q�1))k2bk) as k ! 1. Hen
e f 2 HS1I s!
;� with� := 1� (4
 log(q�1))�1 2 (0; 1) if 
 > �(4 log(q�1))�1.Example 5.6. Let Eq2(�X2) be the fun
tion de�ned byEq2(�x2) := 1Xk=0 (�1)kq k(k�1)2 x2k(q2; q2)k = 1�1(0;�q; q; x2):This fun
tion belongs with parameter value 1=2 to a family of entire fun
tions inter-polating between eq2(�X2) and Eq2(�X2), see also [1℄. By formula (2.3) and Remark2.4 in [12℄ with z = �q and n = 2k � 1 we have:(�q; q)1 ���Eq2(�q1�(2k�1))��� � q2k2�k(�q; q)21:Hen
e, for 
 = 1, ��Eq2(�(q�k
)2)�� = O(q2k2 ) as k !1, whi
h shows that Eq2(�X2)is of stri
t left type 3=4 on L(1).Lemma 5.7. Let f 2 HDI s!
;�. Then, there are C; 
;R > 0 su
h that�e;
(�kf) � Cq �2 e2
eRkfor all k; e 2 Z�0. In parti
ular, �kf 2 HDI s!
;�.Proof. Let f 2 HDa I s!
;� and r 2 (
; a). By Lemma 3.5 there exists B > 0 su
hthat q e2+e2 Z
 jXe �kf j � q e2+e2 2k
k(1� q)k "Z
 jXej jf j+ reB#



718 G. CARNOVALE AND T. H. KOORNWINDERfor all k; e 2 Z�0. Combination with De�nition 3.1(b) immediately yields the result.Proposition 5.8. Let f 2 HDI!
;� and g 2 HDI s!
0;�. Then f �
 g 2 HDI s!
0;�.Proof. For any e � 0,q e2+e2 Z
0 jf �
 gj jXej � 1Xk=0 j�k;
(f)j[k℄q ! q e2+e2 Z
0 jX je j�kgj � C 1Xk=0 q �2 k2bk[k℄q! Rkq 12�e2
eby formula (1.3), De�nition 3.1(b) and Lemma 5.7.Corollary 5.9. The 
lass HDI s!
 is a subalgebra of HDI!
 . Its sub
lass HSI s!
is a left ideal of HSI!
 , HDI!
 and HDI s!
 .Proof. The proof is similar to that of Corollary 4.9Definition 5.10. For every 
 2 [0; 1) we denote by HSI s!
;>
 the union of allspa
es HSI s!
;� with � 2 (
; 1℄.Corollary 5.11. The 
lasses HSI s!
;>
 (for 
 2 [0; 1)) and HSI s!
;
 (for 
 2 (0; 1℄)are left ideals of HSI s!
 and of HSI!
 . Similar properties hold for HDI s!
 .Corollary 5.12. Let f; g 2 HDI!
 , h 2 HD. Then (f �
 g �
 h)(x) = (g �
 f �
h)(x) for every x where the produ
t is de�ned. In parti
ular, for every pair of idealsI � J with I; J 2 fHSI s!
 ; HSI!
 ; HDI!
 ; HDI s!
 g, I is a left module over J=[J; J ℄�,where [J; J ℄� denotes the 
ommutator ideal.Proof. This is a 
onsequen
e of Lemma 4.5 together with the fa
t that f �
 gdepends only on the q-moments �e;
(f) and not on the values of f(x). The laststatement follows by the in
lusions of left ideals HSI s!
 � HSI!
 � HDI!
 andHSI s!
 � HDI s!
 � HDI!
 .In parti
ular, sin
e HSI s!
;>
 � HSI s!
;>d (respe
tively HSI s!
;
 � HSI s!
;d) for every
 � d, we have a 
hain of left ideals on HSI s!
 = HSI s!
;>0, and similarly for HDI s!
 .Hen
e Eq2(�q2X2) 2 HSI s!1;>
 for every 
 < 1 and eq2(�X2) 2 HSI s!
;> 12�� for every
 > 0 and � 2 (0; 1=2).6. Commutativity of q-
onvolution. We investigate 
ommutativity now. Webegin with a lemma.Lemma 6.1. Let f 2 HDI s!
;>1=2 be su
h that R
 f Xk = 0 for every k 2 Z�0.Then f(x) = 0 for every x in some neighbourhood of zero. In parti
ular, if f 2HSI s!
;>1=2, then f(x) = 0 in ea
h point x of the strip around R where f is analyti
.Proof. Let f have power series f(x) = Pl alxl with radius of 
onvergen
e > 
.ThenZ
 jf j2Eq2(�q2X2
�2) = Z 
�
 jf(x)j2Eq2(�q2x2
�2) dqx= Z 
�
�f(x)Eq2 (�q2x2
�2) 1Xl=0 �alxl� dqx = 1Xl=0 �al Z
 f X lEq2 (�q2
�2X2)= 1Xl=0 �al 1Xp=0 (�1)pqp2+p
�2p(q2; q2)p Z
 f X2p+l = 0:



A q-ANALOGUE OF CONVOLUTION ON THE LINE 719Here the third and the fourth equality are justi�ed by dominated 
onvergen
e. Indeed,1Xl=0 jalj Z 
�
 jf(x)j jxljEq2(�q2x2
�2) dqx � 1Xl=0 jalj
l Z 
�
 jf(x)jdqx <1and (use that f has stri
t left type > 1=2)1Xp=0 qp2+p
�2p(q2; q2)p Z
 jf X l+2pj � C 1Xp=0 qp2+p
�2p(q2; q2)p q( 12�� 12 )(l+2p)2(q� 12 b)l+2p <1:Hen
e jf(x)j2 = 0 if x = �qk
 with k 2 Z�0 and � = �1. If moreover f 2 HSI s!
;>1=2then f = 0 be
ause it is analyti
 on a strip and vanishes on a sequen
e with limitpoint in the strip.Remark 6.2. Note the 
ru
ial role of analyti
ity of f on a strip around R inorder to 
on
lude in the above Lemma that f vanishes everywhere on L(
).Remark 6.3. The proof of the above Lemma showed that for any f 2 HS thepower series of f Eq2(�q2
�2X2) is absolutely q-integrable on L(
).Theorem 6.4. HSI s!
;>
 is a 
ommutative algebra for every 
 2 [1=2; 1).Proof. If f; g 2 HSI s!
;>
 then by Lemma 4.5, Proposition 5.8 and Corollary 5.9f �
 g � g �
 f satis�es the hypothesis of Lemma 6.1.The following Theorem shows that HS1I s!
;1=2 is far from 
ommutative as a q-
onvolution algebra. Afterwards we give two other examples of non
ommutativity.Re
all that Q is the q-shift Qf(x) = f(qx).Theorem 6.5. Let g(x) := eq2(�x2) (so g 2 HS1I s!
;1=2 by Example 3.2 (a)).Let f 2 HSI s!
;>1=2 be an entire fun
tion, not identi
ally zero. Then (Q�nf) �
 g 6=g �
 (Q�nf) for n suÆ
iently large.Proof. For the dis
rete q-Hermite II polynomials~hk(x; q) := xk2�1(q�k; q�k+1; 0; q2;�q2x�2) = (q; q)k [k=2℄Xl=0 (�1)lq�2lk+2l2+lxk�2l(q2; q2)l (q; q)k�2lthe following Rodrigues type formula was given in [11℄, formula (8.28):(�keq2(�X2))(x) = (�1)kq k2�k2(1� q)k ~hk(x; q) eq2(�x2):Also note by formula (II.6) in [6℄ that~hk(i; q) = ik2�1(q�k; q�k+1; 0; q2; q2) = ikq� 12k(k�1):(6.1)For f 2 I!
 put ~f(x) := 1Xk=0 q k2�k2 �k;
(f)(q; q)k ~hk(x; q):(6.2)



720 G. CARNOVALE AND T. H. KOORNWINDERIt follows by the Rodrigues formula that(f �
 eq2(�X2))(x) = ~f(x) eq2 (�x2)for jIm(x)j < 1. In fa
t, ~f is an entire fun
tion, whi
h we will show by uniformabsolute 
onvergen
e on 
ompa
ta of the series de�ning ~f(x). Indeed, for k = 2h+ �with � = 0; 1:~hk(x; q) = (q; q)2h+� hXl=0 (�1)lq�2l��4lh+2l2+lx2h+��2l(q2; q2)l(q; q)2h+��2l= (�1)h(q; q)2h+�x�q�2h2�2h�+h hXp=0 (�1)pq2p2�p+2p�x2p(q2; q2)h�p(q; q)2p(1� q1+2p)� :Hen
eq k2�k2(q; q)k j~hk(x; q)j � (q; q2)h(q2; q2)h(1� q1+2h)�jxj�(q; q)k� hXp=0 q2p2�pjxj2p(q2; q2)h(q; q2)h(q2; q2)p(1� q1+2p)� � �(x)(q; q)k ;where �(x) := (1� q)�1max(1; jxj) 1Xp=0 q2p2�pjxj2p(q2; q2)p :In 
ombination with De�nition 3.1(a) this shows that, for any M > 0, the seriesP1k=0�(x) j�k;
(f)j(q;q)k is uniformly 
onvergent in x for jxj �M .Suppose that moreover f 2 I s!
 . Substitute the q-integral for �k;
(f) (see (1.2))in equation (6.2). Then we 
an inter
hange q-integral and sum in the resulting ex-pression, by 
ombination of the above estimates with De�nition 3.1(b). It follows that~f 
an be seen as a q-integral transform of f with kernel K(t; x):~f(x) = Z 
:1�
:1 f(t)K(t; x)dqt; where K(t; x) := 1Xk=0 qk2tk~hk(x; q)(q; q)k :(6.3)By equations (6.1) and (2.4) we have K(t; i) = Eq(iqt). Therefore~f(i) = Z 
:1�
:1 f(t)Eq(iqt) dqt:From now on assume that f 2 I s!
;>1=2 and entire, not identi
ally zero. For � 6= 0put ~f�(x) := ��1 Z 
:1�
:1 f(��1t)K(t; x) dqt = Z 
:1�
:1 f(t)K(�t; x) dqt:Then ~f�(i) = Z 
:1�
:1 f(t)Eq(iq�t) dqt = 1Xk=0 q� k(k+1)2 �k;
(f) (i�)k(6.4)



A q-ANALOGUE OF CONVOLUTION ON THE LINE 721is well-de�ned for all � 2 C and entire in �. If ~f�(i) = 0 for � = qnk , wherenk ! 1 in Z as k ! 1, then ~f�(i) = 0 for all � 2 C. Hen
e, by Lemma 6.1, f isidenti
ally zero, whi
h 
ontradi
ts our assumption. Thus for n 2 Z suÆ
iently largewe have ~fqn(i) 6= 0, hen
e (Q�nf) �
 eq2(�X2) = qn eq2(�X2) ~fqn does not extend toa fun
tion analyti
 at i. On the other hand eq2(�X2) �
 (Q�nf) is entire by Lemma3.4. Hen
e the two produ
ts are di�erent.Remark 6.6.(a) Let f 2 I s!
 . Then we 
an express the kernel K(t; x) (de�ned by (6.3)) also as aq-hypergeometri
 fun
tion:K(t; x) = (iqt; q)1 1�1(ix; iqt; q;�iqtx) = (ix;�iqt; q)1 2�1(qtx�1; 0;�iqt; q; ix):For the �rst identity use formula (3:29:12) in [9℄. For the se
ond identity use formula(III.1) in [6℄.(b) Sin
e there are fun
tions f and g in HSI s!
;1=2 for whi
h F := f �
 g� g �
 f 6� 0,there exists a fun
tion F 2 HSI s!
;1=2, not identi
ally zero, for whi
h R
 F Xk = 0 forevery k 2 Z�0. In view of Lemma 6.1 we 
an state that, for � 2 (0; 1℄, the algebraHSI s!
;� is 
ommutative i� ea
h fun
tion f in this algebra is determined by its moments�e;
(f) (e 2 Z�0).Example 6.7. For m 2 Z�0 letgm(x) := eq2(�x2) 0�1(�; q1+2m; q2;�q1+2mx2)= eq2(�x2) 1Xr=0 (�1)rq2r(r�1)q(1+2m)rx2r(q1+2m; q2)r(q2; q2)r :(6.5)Then gm 2 HS1 . It will turn out that for ea
h � > 0 the fun
tions g0 and g1 arenon-
ommuting elements of HS1I!
;�. First we 
onsider more generally gm.By the fa
t that eq2(�X2) 2 I s!
;1=2 we 
an estimate that, for some b; C > 0,Z
 jgmXkj � 1Xr=0 q2r(r�1)q(1+2m)r(q1+2m; q2)r(q2; q2)r q� 12 (2r+k)(2r+k+1)�2r+k;
(eq2(�X2))� Cq�k2�k2 bk 1Xr=0 q 14 (2r+k)2(bqm�1�k)2r(q1+2m; q2)r(q2; q2)r <1:Hen
e gm 2 I1
 for every 
 > 0. By formula (2.9), �2k+1;
(gm) = 0 for every k 2 Z�0.Furthermore, by dominated 
onvergen
e we have�2k;
(gm) = q2k2+k 1Xr=0 (�1)rq2r(r�1)q(1+2m)r(q1+2m; q2)r(q2; q2)r Z
 X2k+2req2(�X2)= 
q(
)qk2+k(q; q2)k 1Xr=0 (q1+2k ; q2)r(�1)rqr2�rq(2m�2k)r(q1+2m; q2)r(q2; q2)r= 
q(
)qk2+k(q; q2)k 1�1(q1+2k ; q1+2m; q2; q2m�2k)= 
q(
)qk2+k(q; q2)k (q2m�2k ; q2)1(q1+2m; q2)1



722 G. CARNOVALE AND T. H. KOORNWINDERfor every k 2 Z�0, where we used formula (2.9) and formula (II.5) in [6℄. Hen
e�e;
(gm) = 
q(
) (q2; q2)1(q2m+1; q2)1 qk2+k(q; q2)k(q2; q2)m�k�1 if e = 2k with k = 0; 1; : : : ;m� 1,and �e;
(gm) = 0 otherwise. Hen
e gm 2 I!
;� for ea
h � > 0 and(gm �
 f)(x) = 
q(
) (q2; q2)1(q2m+1; q2)1 m�1Xk=0 qk2+k(q2; q2)k(q2; q2)m�k�1 (�2kf)(x)for any fun
tion f and for x su
h that the q-derivatives of f at x are well-de�ned. Inparti
ular, g0 �
 f = 0; and g1 �
 f = 
q(
) (q2; q2)1(q3; q2)1 f for all f .Hen
e, g0 �
 g1 = 0 6= g1 �
 g0.It follows from formulas (6.5) and (2.4) thatg0(x) = eq2(�x2) Re(Eq(ix)) = Re� (�ix; q)1(�x2; q2)1� = Re� 1(ix; q)1� = Re(eq(ix)):for x 2 R. Hen
eg0(�
q�k) = Re� 1(�i
q�k; q)1� = Re (�i)k
�kq 12k(k+1)(�i
�1q; q)k(�i
; q)1! for k 2 Z�0.Therefore, the estimate jg0(�
q�k)j = O(q �2 k2
k) as k !1 is valid for some 
 > 0 ifand only if � � 1. This result 
ombined with Proposition 5.1 implies that g0 is notof stri
t left type on L(
).The vanishing of all q-moments of g0 
an also be seen dire
tly from the formulaZ 
�1�
�1 xneq(�ix) dqx = Z 
�1�
�1 xneq2(�x2)Eq(�ix) dqx = 0 (n 2 Z�0; 
 > 0);whi
h follows from formula (8:21) in [11℄ by substitution of t = �q�1. Hen
eZ 
�1�
�1 xng0(x) dqx = ReZ 
�1�
�1 xneq(ix) dqx = 0:Example 6.8. De�ne a fun
tion g on L(1) byg(�qk) := (�1)kqkeq2(�q2k) (k 2 Z):Then g 
annot be extended to a fun
tion in HD sin
e it is alternating on a sequen
eapproa
hing to zero. On the other hand,jg(�q�k)j = q�k(�q�2k; q2)1 = qk2(�q2; q2)k(�1; q2)1 = O(qk2 ) as k !1,



A q-ANALOGUE OF CONVOLUTION ON THE LINE 723and jg(�qk)j � 1 if k 2 Z�0. Hen
e, by Proposition 5.1 it follows that g 2 I s!1; 12 .Clearly, �2n+1;1(g) = 0 for all n 2 Z�0. Furthermore,�2n;1(g) = 2(1� q) 1Xk=�1(�1)kq(2n+2)keq2(�q2k)= 2(1� q)(�1; q2)1 1 1(�1; 0; q2;�q2n+2) = 0for n 2 Z�0, where we used Ramanujan's 1 1 summation formula, see (II.29) in[6℄. (C. Berg [2℄ used the same vanishing 
ase of the 1 1 in 
onne
tion with theindeterminate moment problem related to dis
rete q-Hermite II polynomials.) We
on
lude that g �1 f = 0 for every f .Next we 
onsider f �1 g for some f 2 I!1 . Sin
e g is not in HD, we 
annot use theresults of Se
tion 3 in order to be sure that (f �1 g)(x) is well-de�ned for suitable x.However, we 
an reason as follows. From the inequality j(�h)(x)j � jh(x)j+jh(qx)j(1�q)jxj andthe de�nition of g we see by indu
tion with respe
t to e thatj(�eg)(�qk)j � eq2(�q2k)3eq�k(e�1)(1� q)e (k; e 2 Z�0):Hen
e (f �1 g)(�qk) is well-de�ned for f 2 I!1 , k 2 Z�0. Sin
e (�1)kg(qk) > 0 for allk 2 Z, one sees that (�1)k(�eg)(qk) > 0 for all k; e 2 Z�0. Hen
e (f �1 g)(q2k) > 0 fork 2 Z�0 if f 2 I!1 is even and stri
tly positive (for instan
e f := eq2(�X2)). Againwe have obtained a 
outerexample to 
ommutativity of 
onvolution.Hen
e we have shown by means of Theorem 6.5 and Examples 6.7, 6.8 that noneof the hypotheses of Theorem 6.4 (f; g 2 I s!
;>1=2; f 2 I s!
 ; f 2 HD) 
an be relaxed.7. q-Convolution and q-Fourier transform. In Remark 2.3 we introdu
ed in(2.5) a q-Fourier transform pair with the se
ond transform being given by(F
f)(y) := Z 
:1�
:1Eq(iqxy) f(x) dqx:(7.1)The right-hand side of (7.1) 
an be formally rewritten by power series expansion (2.4)of Eq(iqxy) and by substitution of formula (1.2) for �k;
(f). This de�nes the followingtransform: ( ~F
f)(y) := 1Xk=0 �k;
(f) (iy)k(q; q)k :(7.2)The transform ~F
 is essentially the transform F 00S (id; 
) in [3℄ for n = 1, with thedi�eren
e that in [3℄ x and y do not 
ommute.Proposition 7.1.(a) If f 2 I!
 then ~F
f is well-de�ned and it is an entire analyti
 fun
tion.(b) If moreover f 2 I s!
 then F
f is also well-de�ned and F
f = ~F
f .(
) Let f 2 I!
 . Then ~F
f = 0 i� �k;
(f) = 0 for all k 2 Z�0.(d) Let f 2 HSI s!
;>1=2. Then F
f = 0 i� f = 0.(e) Let f 2 HDI!
 , g 2 HDI!
0 . Then f �
 g 2 HDI!
0 and ~F
(f �
 g) = ( ~F
f)( ~F
0g).Proof. (a) follows by formula (7.1) and De�nition 3.1(a).



724 G. CARNOVALE AND T. H. KOORNWINDERIn order to prove (b), �rst substitute formula (1.2) for �k;
(f) in formula (7.2). Thenjustify inter
hange of summation and q-integration by dominated 
onvergen
e by usingthe estimate for �k;
(f) in De�nition 3.1(b). Finally use the power series expansion(2.4) for Eq(iqxy).(
) is evident from (a) together with (7.2).(d) follows from (
) and Lemma 6.1.The �rst statement in (e) follows from Proposition 4.6. The se
ond statement followsby taking formula (7.2) for f �
 g and then substituting formula (4.2). Rearrangementof the double summation is justi�ed by dominated 
onvergen
e (use De�nition 3.1(a)).8. Appendix. In our treatment of f �
 g in this paper we usually required gto be analyti
 on a neigbourhood of 0, while proofs of lemmas and propositions onlyused that, for some R > 0, j(�kg)(x)j = O(Rk) as k ! 1, uniformly for x ! 0in L(
). In this Appendix we show that the analyti
ity requirement on g is not anessential restri
tion. In 
onne
tion with the kth q-derivative at 0 o

urring in the nextProposition, see also Koekoek and Koekoek [8℄.Proposition 8.1. Let g be a fun
tion de�ned on the half q-latti
e L�(
) = f�qk
gfor some 
 > 0 and � 2 f�1g. Suppose that there exist 
onstants C > 0 and r > 
su
h that ��(�kg)(�qt
)�� � Cr(r � qt
) 1rk(1� q)k(8.1)for every k � 0 and for every t 2 Z for whi
h qt
 < r. Then the limit lp :=limk!1(�pg)(�qk
) exists and is �nite for every p 2 Z�0, and there exists a uniqueanalyti
 fun
tion ~g on fx 2 C j jxj < rg su
h that ~g = g on f�qk
 j qk
 < rg.If g is de�ned on the whole q-latti
e L(
) and if the 
ondition above is satis�ed forevery � 2 f�1g and if lp := limk!1(�pg)(�qk
) is independent of �, then there exists aunique analyti
 fun
tion ~g on fx 2 C j jxj < rg su
h that ~g = g on f�qk
 j qk
 < rg.In parti
ular, if g is a fun
tion de�ned on R su
h that on every q-latti
e L(
) theabove 
onditions are satis�ed and lp is independent of 
 for every p 2 Z�0 then g isanalyti
.Proof. It follows from the identityg(�qk
) = g(�qk+1
) + (1� q)�qk
 (�g)(�qk
)that (�bg)(�qk+p
) = (�bg)(�qk
)� (1� q)�qk
 p�1Xm=0 qm (�b+1g)(�qk+m
)(8.2)for every b; p 2 Z�0 and k 2 Z. For k su
h that qk
 < r it follows by (8.1) thatP1m=0 qm (�b+1g)(�qk+m
) is absolutely 
onvergent. Hen
e both sides of equation(8.2) 
onverge to a �nite limit lb as p!1.It follows by indu
tion with respe
t to n thatg(x) = nXk=0 �nk�q(1� q)k xk (�kg)(qn�kx):(8.3)



A q-ANALOGUE OF CONVOLUTION ON THE LINE 725Let x 2 L(
), jxj < r. Then�nk�q(1� q)k ��xk (�kg)(qn�kx)�� � (1� q)k(q; q)k jxjk Crr � qn�kjxj 1rk(1� q)k� Crr � jxj 1(q; q)k � jxjr �k:Hen
e by dominated 
onvergen
e we 
an take the limit for n ! 1 and g(x) =P1k=0 xklk[k℄q ! for x = �qk
 with qk
 < r.The other statements follow from the de�nition of ~g(x) =P1k=0 xklk[k℄q ! .Example 8.2. Let 
q;
(x) be de�ned on L(
) as:
q;
(�qk
) := (Rqk
 eq2(�X2) if � = 1,R�qk
 eq2(�X2) if � = �1.Then, sin
e the q-integral is q-periodi
, the limit for k ! 1 of 
q;
(�qk
) = 
q(
),and (�p
q;
)(x) � 0 on L(
). The power series ~
q(x) is then trivially the 
onstant
q(
) de�ned by (2.7). However, the fun
tion 
q(z) := Rz eq2(�X2), 
oin
iding with
q;
 on every L(
) for 
 > 0, is not analyti
. Indeed the limit of 
q(x) for x ! 0
annot exist.Example 8.3. Consider the fun
tion f(�qk
) := (��qk
; q)1 on L(
). Clearlylimk!1 f(�qk
) = 1. One 
he
ks that (�nf)(�qk
) = q n(n�1)2(1�q)n (��qk+n
; q)1 so thatthe limit for k ! 1 is well-de�ned. The majorization for j(�nf)(�qk
)j is 
learlyveri�ed for every n 2 Z�0, k 2 Z and 
 > 0. Hen
e f 
an be extended to the powerseries Eq(x) = P1k=0 q k(k�1)2 xk(q;q)k . Sin
e the limits for k ! 1 of the q-derivatives donot depend on 
, we have 
he
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