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A ¢-ANALOGUE OF CONVOLUTION ON THE LINE*

G. CARNOVALE! AND T. H. KOORNWINDER?

Abstract. In this paper we study a g-analogue of the convolution product on the line in detail.
A convolution product on the braided line was defined algebraically by Kempf and Majid. We adapt
their definition in order to give an analytic definition for the g-convolution and we study convergence
extensively. Since the braided line is commutative as an algebra, all results can be viewed both as
results in classical g-analysis and in braided algebra. We define various classes of functions on which
the convolution is well-defined and we show that they are algebras under the defined product. One
particularly nice family of algebras, a decreasing chain depending on a parameter running through
(0,1], turns out to have 1/2 as the critical parameter value above which the algebras are commu-
tative. Morerover, the commutative algebras in this family are precisely the algebras in which each
function is determined by its ¢-moments.
We also treat the relationship between g-convolution and g¢-Fourier transform. Finally, in the Ap-
pendix, we show an equivalence between the existence of an analytic continuation of a function
defined on a g-lattice, and the behaviour of its g-derivatives.

1. Introduction. The classical Fourier transform F and the classical convolu-
tion product are closely tied to each other by the homomorphism property F(f *g) =
F(f)F(g), while both operations have a conceptual interpretation on the real line
R considered as locally compact abelian group. Classical convolution is of great
importance, both in theory and in applications. Whenever one has an interesting
generalization of the classical Fourier transform (like the g-Fourier transform in the
present paper), it is therefore natural to consider an analogue of classical convolution
which is related to the generalized Fourier transform in a similar way as classical
convolution is related to classical Fourier transform. The present paper and its sequel
will consider convolution related to a g-Fourier transform involving the g-exponential
function E, as a kernel. This transform was analytically introduced by the second au-
thor in [11], Section 8, and it was earlier considered algebraically by Kempf and Majid
[7], where it occurs as the special case for the braided line of their general theory of
Fourier transform on “braided covector algebras”. The braided line, a deformation as
a braided group of the algebra of functions on R, is the simplest non-trivial example
of a braided covector algebra. It was first introduced in a rudimental way by the
second author in Section 6.8 of [10] and in full detail by S. Majid, see [13], [14]. The
Fourier transform on a braided covector algebra of type A, (a braided analogue of
function space on R"™) was studied in more detail by the first author in [3].

In [7] Kempf and Majid also defined convolution for those braided covector al-
gebras which have an integral which is bosonic and invariant under translation. A
slight adaptation of their definition in case of the braided line (where the integral is
not bosonic) is the starting point of our analytic definition of g-convolution f %, g on
R given below (here v denotes the choice of a g-lattice). Two other motivations for
this definition can be given: the formal limit for ¢ — 1 yields classical convolution,
and F,(f %, g) = (Fyf) (Fyg) holds if we take for F., the ¢-Fourier transform of [11]
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706 G. CARNOVALE AND T. H. KOORNWINDER

involving F, as a kernel.

The aim of the present paper is to find suitable function spaces for f and g such
that their g-convolution f x, g is well-defined, and to find function classes on which
associativity and commutativity hold. Let us introduce some notation for explaining
this.

Throughout this paper ¢ is fixed such that 0 < ¢ < 1. The g-derivative of a
function f is given by (0f)(z) := %, and its g-shift by (Qf)(z) := f(qz). For
7 > 0 we have the g-lattice L(7) := {£q¢*y |k € Z}. For a function f on L(y) the
(unbounded) g-integral over L(vy) is denoted and defined by

(1.1) [1=[ swar=a-0 % T v,

e k=—o00 e==%£1

provided the summation absolutely converges.

Fix v > 0. Let Z, denote the space of absolutely g-integrable functions on L(7),
and let Z7° denote the subspace of functions f € 7, such that x — f(z)z¢ is in Z, for
every e € Z>g. For f € 75° define the moments, respectively strict moments of f by:

e2te R 24 y-00
(12) por(f) = q°3 / f@)af dyz, ver(f) = g~ / ()| dy

R R
62 [

The factor ¢ 5 is a normalization factor by means of which most statements and

formulas can be expressed in a simplified form (see Section 4).

DEFINITION 1.1. Let f € 1% and let g be a function defined on some subset of
C. Then the g-convolution product f x, g is the function given by

(1.3) (F o)) = 3 E Bl ey

2.,

for © € C such that the g-derivatives (0°g)(x) are well-defined for all e € Z>q and
the sum on the right converges absolutely, and with notation (1.2) being used. a

By the asymmetric form of our definition of f x, g, the initial choices of function
classes for f and g are quite different: for f the moments . ,(f) should behave as

O(q%be) for e - oo with a,b > 0 (we call this of left type a), while for g the
g-derivatives (0%g)(z) at = should behave as O(RF) for k — oc with R > 0. We also
need functions on L(vy) which extend to analytic functions, on a disk centered at 0,
or on a strip around R. Some equivalent characterizations of function spaces derived
in this paper may have independent interest (see for instance the Appendix).
Commutativity of the convolution product is the hardest and most interesting
issue of this paper. Both the homomorphism property and the interpretation on the
(commutative) braided line suggest commutativity, but we find significant counterex-
amples. An explanation is that the g-Fourier transform of f only depends on the
moments of .~ (f) and that pe(f *, g) is symmetric in f and g, but that f in
certain function classes is not completely determined by its moments. For getting
commutativity we need functions f (and g) in the convolution product for which the

strict moments v. ,(f) behave as O(q# b®) for e — oo with @ > 1/2, b > 0 (we call
this of strict left type @ > 1/2), and which are holomorphic on a strip around R.. It



A ¢-ANALOGUE OF CONVOLUTION ON THE LINE 707

turns out that the g-Gaussian z — e;2(—2?), which has has strict left type 1/2, does
not commute with many entire functions of strict left type > 1/2.

Part of the results of this paper occurred in the recent dissertation [4] by the first
author. She discusses some further aspects of g-convolution in the subsequent paper
[5]-

ACKNOWLEDGEMENT. We thank the referee for his careful reading of the manu-
script and his constructive remarks.

FURTHER NOTATIONS. We denote as usual:

(@ @)k =10 (1 = ag?),  (a50)00 = limpo(a; @),
k], == 1—g* [k],! := (4:9) % [k] ._ [k]q! _ (4:9) %

T S L ¥ 1 P 1T P B P P ) PO

A function f:z — f(z) may also be denoted as f(X). This will be useful for functions
like fX x> f(z)z® and e2(—X?):z — ep2(—2?).

For g-hypergeometric series the notation of Gasper & Rahman [6] will be followed.
The (bounded) g-integral of a function f on {£v¢* | k € Z>o} is denoted and defined
by

(15) / Tt =10 Y dFrf(edt)

k=0 e=%1
provided the summation absolutely converges.

2. Motivation of the definition of g-convolution. We will give three differ-
ent motivations for our Definition 1.1 of g-convolution in the following three remarks.

REMARK 2.1. The braided line (see [14]) is a braided Hopf algebra A which,
as an algebra, is equal to the (commutative) algebra Cl[z]] of formal power series
in z, and which has braiding ®(z* ® z!) := ¢*2! ® 2*, comultiplication A(z*) :=

S 2
Zf:o [’;] z* I ®2d | counit e(x*):=4 ¢ and braided antipode S(z*):= (fl)qu = gk
q
Then the g-analogue of Taylor’s formula is given by

(2.1) NVOEDY W © 09 (f()),

j=0
where 0 denotes the g-derivative.
The original formal definition of a convolution on any braided covector algebra A
with a bosonic integral [: A — C invariant under translation, was given by Kempf &
Majid [7] as follows:

(2.2) (fx9)(z) = ([ ®id)(m®id)(id ® S ®id)(id ® A)(f ® g)(z).

In the case of the braided line we take for [ the integral defined by (1.1). This integral
is invariant under translation (see [7], and [11] and [3] for an analytic proof), but it

is not bosonic. Associativity will fail for the convolution defined by (2.2). Therefore,
we slightly modify (2.2) into

(2.3) (f*y9)(z) = ([ @id)(m®id)(id® Q ®id)(id ® S ®id)(id ® A)(f @ g)(z).
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When we substitute the g-Taylor formula (2.1) into (2.3) then we formally get formula
(1.3) (with (1.2) substituted), i.e., our original definition of g-convolution.

We may interpret f x, g formally as the action of a pseudo-g-differential op-
erator Df(0) on g(z), where Df(9) := Fg(v)(f)(i(1 — ¢)9). Here Fg(v)(f) :=

oo % ® 0°¢ is the weak braided Fourier transform considered in [3] (with

e=0
q? instead of q). 0
REMARK 2.2. The formal limit for ¢ 1 1 of formula (1.3) is the classical

convolution product:

i (/Z dt f(ﬂ%) g9 (@) Y /O:O di (f(t) (i_o: (—i)!eteg@) @:)))
formally /O; dt f(t)g(x —t) = (f * g) (). 0

REMARK 2.3. Recall the two g-exponentials (see [6]):

k(k—1)
1 ——— .k

._oo xk_ :E._ooqzx_ir-
(24)  eg(x) =) o Eq(z) := ];7((]; R = (25 ¢)o,

k=0 (m7 q)OO ’

where |z| < 1 in the infinite sum defining e,(x). In [11] a g-Fourier transform pair
was presented as folllows:

- .
25) () = o [ ecimewd. o - [ Bl v e,
where b, and ¢, (7) are given by

(2.6) by = /11 Egp(—¢*2*) dgz = (1-q) (¢, ¢, —1; @)oo

R R

Write the second transform in (2.5) as ¢ = F, ¢. Then an immediate formal compu-
tation shows that

(2.8) (F5(F 5 9)) (@) = (F f) () (Fr9)().

The transform F, is essentially the weak braided Fourier transform Fg() (see Remark
2.1 and reference [3]). Equation (2.8) will be rigorously proved for suitable f and g
in Section 7. a

For later use we recall the formulas (9.8), (9.14) in [11] (for n € Z>):

v-00
(2.9) / 2" eg2(—27) dyz = cy(7) (f’62 (¢;¢*)r if n =2k (=0 otherwise)
oo

1-c0
(2.10)/ 2" Ep(—2%)dyw = b, ¢*' (¢;¢%)x  if n =2k (=0 otherwise).

—1-00
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3. Good function spaces for g-convolution. In general, it is not true that
(f*g)(x) can be expanded as a (possibly formal) power series if g(z) has a convergent
power series expansion. The reason is that the coefficients of an expansion in powers
of  of (f *y g)(z) will be in general infinite series themselves. We want to find
conditions on f and g so that, with the given definition, (f %, g)(z) makes sense on
some subset of the complex plane. One should give conditions on the growth of the
moments |fe (f)| of f and of the power series coefficients of g. For this purpose we
will now introduce the class of functions of left type «. For convenience, we also give
here some variants of this definition and corresponding notation which will be needed
later in the paper. Recall the definitions of the function spaces Z, and Z3°, given in
the Introduction.

DEFINITION 3.1.
(a) For a > 0 the space 12 , of functions of left type a on L(v) consists of all f € I5°

(162

such that, for some b >0, |pe (f)] = O(g 2 b°) as e = <.
The space 1% consists of all functions of some left type o > 0 on L(v).

(b) For a >0 the space 3%, of functions of strict left type a on L(v) consists of all

f € I such that, for some b >0, ve ,(f) = O(q%be) as e = 0o.
The space 17 consists of all functions of some strict left type o > 0 on L(v).

(c) Fora > 0 the space HY consists of all functions which are holomorphic on the disk
{z € C||z| < a}. By HP we denote the space of all functions which are holomorphic
on some disk centered at 0.

(d) For a > 0 the space H> consists of all functions which are holomorphic on the
strip {z € C | |Im(2)| < a}. By H® we denote the space of all functions which are
holomorphic on some strip around R. a

The “intersection” of a H-space defined in (c) or (d) with one of the Z-spaces (i.e.
Z,, I3° or a space defined in (a) or (b)) will be denoted by putting the two symbols
H and Z behind each other. Here we mean intersection in a special sense. For
instance, ”HDIEY’O will denote the space of the functions on L(7) belonging to Z3° which
coincide within some disk centered at 0 with the restriction of a (necessarily unique)
holomorphic function on that disk. Note that, conversely, a function f € ’HDI,‘YX’ is in
general not uniquely determined by the function in %P with which it has a common
restriction within some disk.
We will always assume for the “intersections” just defined that ~ is less than the
parameter a (radius of a disk or half width of a strip) occurring in H? or H>. Clearly,
this assumption is not restrictive, since vy may be replaced by ¢*~ for arbitrary k €
ZZO'

Observe that, if f € 73° is of left type a (respectively strict left type a) on L(vy)

similarly for u replaced by v.

EXAMPLE 3.2.
(a) By (2.9) the g-Gaussian e,2(—X?) belongs to Z3° for each v > 0 and

. « 2 .
fzk (g2 (= X7)) = ¢g(0) (@:0°) d" H*, ponsr (62 (= X7)) = 0.

Hence e,2(—X?) is of left type 1/2 on L(vy). It is also of strict left type 1/2 on L(y).

Indeed, if f € Z5° is an even and nonnegative function then vay, o (f) = par o (f) and

Va1, () < pars2~(f) + par~(f)-
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(b) By (2.10) the ¢g-Gaussian E2 (—X?) belongs to Z{° and

M2k,1(Eq2(—X2)) = b, (@ q2)k q2k +k= M2k+1,1(Eq2(—X2)) =0.

Hence E 2 (—X?) is of left type 1 on L(1). It is also of strict left type 1 on L(1) by a
similar argument as in (a). O

REMARK 3.3. Let g € HP with g(z) = Y, ¢! and put G(r) := Y, |a|r! (we
will repeatedly use this convention). Note that then also 9%g € HJ for every k € Zx.
Since |¢| < (Zp \cp|r”)r’l for every r < R and since (¢';¢7 ') < 1 for I > k we can
also say that, for every |z| < r < R,

T 1
r— |z r(1 —q)*

(3.1) (0% 9) ()] < G(r).

It will be shown in the Appendix that condition (3.1) together with equality of left
and right ¢-derivatives at 0 is equivalent to analyticity. a

LEMMA 3.4. Let f € I¥ , and g € HY. Then fx, g€ HY. If g can be continued
analytically on a starlike domain Q centered at 0, then f %, g is well-defined and
analytic on (.

Proof. We want to show that (f %, g)(z) has a convergent power series expansion
for |z| < a. Let g(z) :== >, ¢;z!. Then direct computation gives

(3.2) (f %, g)(z) = Z Z )Epte ~(f) ¢ [1]4! e

e=0 I=e [l B E]q!

For every r < a and every € C such that |z| < r one has

er 1Q)e e
S e () H \m\”<022q q ;’”G() P o

e=0 [=e e=0 p=0 ¢ q’q
00 22 _epe X
q2¢r b (m)
<dG(r)C E e r— E — ] <
=60 = (9. S\

for some C > 0. Hence, by dominated convergence, we may invert the order of
summation in formula (3.2) so that, for |z| < a, we have

(f %y 9)( Z (Z e ( [p : ‘ Cp+e> P = Z byx”
q p=0

a 2
where |by| < G(r)Cr P> 2, % b°r~¢ < oo, while the power series of (f %,
g)(z) converges absolutely for |z| < a.
Let now g be continued analytically on a starlike domain 2 centered at 0. It
follows by induction that for every starlike compact set K centered at 0 and contained
in Q, [(0°9)(x))| < |lgllx m for every nonzero z € K, where || - ||k denotes the

supremum norm. Let s > 0. Then, for z € K with |z| > s,

(f 20 )y = 3 L ”(aex)
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with

(1) tey(f) , ae g?ehe g (2b)°
[e]! (0%g)lo)| < O [e]! (@9) =) < C s5¢(q; q)e

Hence, on each set {z € K ||z| > s} with K C Q a starlike compact set centered at 0

and s > 0, the series expressing (f % g)(z) is uniformly convergent, with
ZeE:o %(869)@) analytic in « for every £ € Z>q. It follows that f %, g is
analytic on each set {z € Q | |z| > s} with s > 0. Since we already showed that fx, g

is analytic on {z € C | |z| < a}, this completes the proof. O

Now we consider g in HPZ, or in H5Z, with a > 7. An example of a function in
HYT, is any function g with finite support contained in {£q *v |k € Z>1}.
An example of a function in H3Z, is the function e 2( X2). It is clearly an

element of HZ, for every v € (0, 1), since e 2 (—2?) = > 77, q q * for |z| < 1 and

since this function has analytic continuation W for x # iq ’“ (k € Z>).
LEMMA 3.5. Let g € ’HEI?O for some a > ~y. Then for every r € (v, a) there is

a constant B > 0 such that

[ o) gt dyr+ 1 B)

T 6g.”l:d:rg(/ " g(x dz+7‘B)7

J—~.00 ! —y-00 ! ,ye(l - q)e

for every e and k in Z>o. Hence 0°g € ’HEI?O.
If g € 'HaDL, but not necessarily in I7°, the above conclusion still holds for k =0 and
e € Z>o. Then 0°g € HPT,.

Proof. If e = 0 the statement is trivial. Let e > 0 and g € ’HEI?O. Then for every
€ (v, a) one has:

/j'."" |2[*](0°9) (2)] dyw = /j 2" (9°9) (x)|dy
Hl—q) Do Y I (0" "g)(eq”y) — (8° 'g)(eq®F!)]

ol (1 - q)g*y
ork—eq@
Z Z qks k[ 56 Iy )(eq®y |+‘ G 1 )(Eqs+17)‘ n : T_ )(fr_)r;e
s<—1e=%1 =7 q
2 T el 2rky=eG(r) ry
< — zh (8! dyx + ———
“ (1 -9) /’y-oor (07 )@l dyz (r—=y)(1-q)°

where the first inequality follows by estimate (3.1). Hence, by iterating the process
we get:

e k(qe 22 e mk e—2 T T
| e < g [ e @),

oo oo
2rky=eG(r)yry  22rky =t H11G(r) 1y
(r=y1-q9¢ (r—v)1-qg 't ~

< st [ oo TR e (3) ]

Therefore we get the statement with B = % The conclusion for & = 0 if

g € HPZ, is also clear from the proof. O
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REMARK 3.6. If g € H3Z,, then [0*g(z) ~, 0 and the g-integral of g is always
invariant under translation, in the notation of Section IV in [3]. In particular, this
result will then follow without assuming condition (c) in that Section, since by the
above Lemma the partial ¢-derivatives of g(x) are automatically g-integrable. d

From now on we will often use the shorthand notation [ f for T f(t) dyt, see
v 700

formula (1.1). We can conclude:
PROPOSITION 3.7. Let f € 1%, and g € ’HEI,Y. Then f x. g is well-defined and
absolutely q-integrable on L(7y), and f x, g € ’HEI,Y.

Proof. Let d := 2/(y(1 — ¢q)). By Lemma 3.5 we know that fv |0°g] < Ad°® for

some A > 0. Hence for some B > 0 we have that [(0°g)(£q *v)| < Bd®q* for every
e, k € Z>o . Then the proof that f %, g is well-defined on L(y) is similar to the
second part of the proof of Lemma 3.4.

We still have to show that fv |f *4 g| < oo. By assumption, |pe 4 (f)] < Cq3be
for some constants C, b and a > 0. Then

/

S CU e (D)

el!
MHWW/ AC &
< — ¢ < ———— 2¢ d°b°(1 — q)° < oo. 0
D B A D SURNLA

COROLLARY 3.8. Let f € I¥ and let g € HOT,. Then OF(f %+ g) and f *, O%g
are also absolutely q-integrable on L(v) for every k € Z>q.

Proof. By Proposition 3.7 we know that fx..g € HPZ,. Hence 8*(fx, g) € HPZ,
by Lemma 3.5. By Lemma 3.5 we also know that 9%¢ € ”HEL,, so that f x., kg €
HD T, by Proposition 3.7. d

4. Associativity of g-convolution. The next step will be to investigate asso-
ciativity. In order to do this, we need to know under which hypotheses (f %4 g) %, h
and f % (g *, h) are well-defined. For f x, (g *, h) this was essentially described in
Lemma 3.4 and Proposition 3.7, i.e., f and g need to be of left type, and h has to
belong to HP.

In order to understand when (f %, g) %, h is well-defined, and to prove associativity, we
need to investigate the behaviour of . -/ (f * g). We will use the following lemmas.

LEMMA 4.1. Let f € I5° such that dfe I° for every j € Z>o. Then

v-00 a?_a 00 —a .
/ (0°f)(z) 2 dyz = { (—1)2gtet = ey [0 f(@)at o dym if b2 a,

—7-00 0 otherwise.

In particular,

(4.1) e 041) = (COHEERE (1) for cvery k€ o,

and . (0F f) =0 if 1 < k.
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Proof. Tt is easy to see that ¢? X* 0f = 9(f X®)— f 0(X?) (this is a particular case
of the braided Leibniz rule in [7] applied to X°® and f). If we apply the unbounded
g-integral to both sides with f replaced by 8! f, then by absolute g-integrability we
obtain:

/Xb aaf — *qu[b]q /bel 6(171](.
¥ Iy
By repeating this procedure we get the statements of the Lemma. ad

Lemmva 4.2, If f € HPTY | then X¥ 07 f € HPTY | for every k € Z>.

Proof. By Lemma 3.5 X* 37 f is absolutely g-integrable on L(y) for every j and
k. By Lemma 4.1 pig4c-(07f) =0 unless e + k > j. For e + k > j we have

, 20, bt g).
C(XR ) = » _K2azensn (g 19);
e ( DI= lunkye—i(Fla g
_k2_k ki
Cq( 2 ;) jq%(lcfj)2 qfe(kfak+aj)q%e2be
1—gq)’
for some b > 0. Hence |p (X 07 f)| = O(q% (bg~*Fk+e0))e) as e — oc. 0

It follows that 0% f . g is well-defined if f € ’HEI,“YJ and g € HP.

LemMA 4.3. Let f € ’HEIEY” and let g be defined, together with its q-derivatives,
on a domain Q. Let 0 # x € Q be such that, for some R, > 0, |0°g(x)] = O(RS)
as e = oo. Then, for every k € Zsg, O%(f %, g), (0K f %, g) and (f =, O%g) are well
defined at x and

0" (f %4 9)(x) = (3" f %, g) () = (f *, 0"g)(x).

In particular, the result holds if g € 'HDL, and x € L(v), or if g is analytic on a
starlike domain 0 centered at 0 and x € ().

Proof. Under the hypothesis on f, g and z, the convolution product f %, g is
well defined at x by the proof of Lemma 3.4 and Proposition 3.7. If g and z satisfy
the hypothesis then also 9¥g and z satisfy the hypothesis for every k € Z>g, hence
f *, 0%g and 8% (f . g) are well-defined at #. By Lemma 4.2 (0% f) x, g is also well
defined at z. The three expressions are:

(0 (f %, 9))(x) = 0" ((Z M) aﬂg) (r) = (f #, 0*)(x) and

2
_1\e+k k
(0 f », g)(az):go( el ot )

= M(aﬂeg)(:p) = (f %, 8" g)(x)

S e

where absolute convergence follows by the conditions imposed on z and g, hence the
first statements.

If g € HPZ, and = € L(y) then it follows by the proof of Proposition 3.7 that g
and z satisfy the conditions of the Lemma.
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If g is analytic on a starlike domain Q centered at 0 then the condition on g and z
holds by the estimate in the proof of Lemma 3.4. Observe that in this case analytic
continuation allows also z = 0 € (. O

PROPOSITION 4.4. Let f € HPT and g € HPL®. Then X* 8'(f .y g) € HPL®
for all k)1 € Z>g.

Proof. By Proposition 3.7 f x,, g € HD. Since 8'(f % g) = f x,» d'g by Lemma
4.3 and d'g € HEIE;O by Lemma 3.5, we might as well reduce to the case [ = 0. Then

/IX’“\If oy gl =/\X’°|
Iy

a

oo 5 28 be
<o [yl T - czq T [ Xt
Y e=0

for some C, a,b > 0. Again by Lemma 3.5, there exists for any r € (v, a) a constant
B > 0 such that

/|Xk\|f*/g\<02 - (/ X’“f—l—r’“B><oo O

By the above results we know that for suitable f and g their convolution product
f*xyg€ ”HEI}YX’ Next question is then whether f x,: g is of left type too. The answer
is positive. We need the following Lemma.

LEMMA 4.5. Let f € HPTY, g € HPTY, k € Z>o. Then

Z (1)511]12?/(]() aeg

[e

e=0

k

(4.2 iy (529 =3 |F] o0

e=0 q

Thus, if v = +' then fv(f x, g) XK = fv(g %, f)X* for every k € Z>o and f,y(f %y g) =

([, H ([, 9)

Proof. By Proposition 4.4 (f ., g) X* is absolutely g-integrable on L(y'). Then

e (f %, 9) = 4" /M(f*wg)X’“ :/M (i%xk%)

e=0

Again by Lemma 3.5 and by dominated convergence we may interchange integration
and summation over e. Then, by Lemma 4.1:

(k—e)24k—e

k k
R I e e Kl AR Dl i P (C; T )

[e],! e
a: e=0 q

If v = ~' then, by symmetry, the expression on the right equals pg~(g *y f) =
k24

g =2 . f»y(g *ny f) X*, hence the equality of the g-integrals. The last statement is
formula (4.2) for k = 0 and v = v'. O

and g € HDI;J,”B. Then f %, g € ’HDI;J .

PROPOSITION 4.6. Let f € H T

af
a+3"

,

with n =
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Proof. By Proposition 3.7, f x, g € HPZ, for some a > ' and by Proposition
4.4 f =, g € I7. Tt follows by equation (4.2) that

k

(43 s (£, 0] <3 2] e (O] i ()],

e=0 q

By using the fact that ae? + B(k — e)? > k2% we obtain that

k
(4.4)  |prqy (f % 9)| < quz—z(:_fm Zbeck*E < C'q’62 o (max(b, ¢))*(k + 1)

e=0

for some b, ¢, C > 0. d

REMARK 4.7. We have just seen that if f € HD o and g € ”HDI,“Y“,ﬂ then
fxyg€ ’HDI;“,W, where 77 depends only on o and g and is such that % = % + % a

We are ready to show that our convolution is associative.

THEOREM 4.8. Let f € ’HDI;J and g € ’HDI,‘;’,. Let h be defined, together with
its q-derivatives, on a domain Q and let x € Q be such that, for some R, > 0,
(@ R))| = O(RS) as e — oc. Then ((f +y g)  h)(z) = (f % (g 4 ))(w). In
particular, the equality holds for every x € Q if h is analytic on a starlike domain
centered at O and it holds for every x € L(y") if h € ’HDIf;,O,.

Proof. By the previous results all series involved converge absolutely for = as in
the hypothesis. We will show that the two given expressions coincide whenever they
are well-defined. On the one hand

o0

((f %y g) %y =
=0

oo 1\ ,
_ Z Z ( 1) [/;c/]ct;"YElf)u]lﬁ]qk'ﬂ (g) (aeh)(m)

,ul,v f*’Yg)(al )( )

where we used equation (4.2) and Proposition 4 4.
On the other hand

(5 (g 2 W) @) = 3 D) ‘”” (g4 0'h) (@)
1=0
_ Z Z l)ll l"y ( )[ :L]LT'";’Y( )(al+mh)( )
1=0 m=0 ‘1 Mig:

The two expressions will coincide if for one of them the double sum is absolutely
convergent. This is certainly the case for z satisfying |0°h(z)] = O(RS) as e — oc.
This last condition is in particular satisfied if h is analytic on a starlike domain
centered at 0 and z € Q, or if h € ’HDI v and x € L(y") (see also Lemma 4.3). O

COROLLARY 4.9. The class ’HDIW“’ is an algebra (not necessary unital) with respect
to *.. Its subclass 'HSI;“ is also an algebra (not necessary unital) and it is a left ideal

of HPTY.
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Proof. By Theorem 4.8 the convolution product in ’HDI:; is associative. HSI;’
is a subclass of functions of HDIE;’. By Lemma 3.4 and Proposition 4.6 the product
of a function in HPZ¥ times a function in H5Z¥ is a function in HPZ¥ which is
analytic on a whole strip around R, hence it belongs to ’HSI;’. By Theorem 4.8 and
the uniqueness of analytic functions we have the statements. ad

We will see in Section 6, Example 6.7 that a left unit exists in ”HSI;“.

5. Functions of strict left type. Recall Definition 3.1(b) of the class Z;* of
functions of strict left type. These functions can be characterized in the following
way.

PROPOSITION 5.1. Let f € 77%. If a > 1 then \f(£q777)| = 0 for every j € Z;
if « =1 then |f(£q77)| = 0 for every j € Z sufficiently large; if 0 < a < 1 then, for
some ¢ >0, |f(£q7v)| = O(qgfcj) as j — oo with § = ﬁ

Conwversely, let f be a function on L(vy) which is bounded on {£q’y | j > 1} and let
B > 1. If, for some ¢ > 0, |f(£qg I7y)| = O(q%fcj) as j — oo then f € T3¥ with

v, 0
a=1-p"1
Proof. Let f € I3%,. Then there are constants C,b > 0 such that
r24r - r).r 2p2,p
g Y I ) + [ f(=d" )] < CqET b for every r € Zixo.
k=—o0

Hence every term of the sum on the left-hand side is dominated by the right-hand
side. In particular,

2]1

(5.1) f(£g )| < Oy "l T T

Therefore, if @ > 1, orif a = 1 and ¢/~ 2 < b~ ', we have |f(£q77)| = 0 since the
left hand side does not depend on r. If 0 < a < 1, since the left hand side of (5.1) is
independent of r, it will be in particular smaller than the right-hand side evaluated

for r := [sz:i)] > 0. Hence

2]1

S

f(Eg NI < Cy by ™) g
S Cl(bryfl) 1101 q (2]3(1) :32 Q)+(42(]1 1)) +2

;1 271)2_ " -1 -1\ 2= j—jf
<Oty TR = " ((by g ) TR ) g,

since 2?{ 1) 1<r< ?J 1) and the first statement follows.
Next we will prove the converse statement. By boundedness of f on the set {+¢/7 |
j > 0} it follows that, for some M > 0, we have qu [tk f(t)|d,t < 2M~kF! for all

k € Z>y. Then,

2 A k2 4k .
(/ - >|:r dyr = (1— Qg2 33 q I+ k41 (e
J —~-00

j=1e==%1

<20q 2 k+12q 2 k+1

(1c+1)2

oo

1 k k k2 E 2 (k+1)

= 20q ARz Hg T (18T E q2 B B
]:1

) < MQbkq%akQ
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for some Ms,b > 0 and with o := 1 — 87! < 1, since the infinite sum is dominated by

s(max(e,1)* + (max(e, 1) 3" 779, where s := [(k + 1)3""] > 0. O
j=0

REMARK 5.2. By Proposition 5.1 the pointwise product of functions f € Z7%,

and g € T34 satisfies the estimate |(fg)(+q /v)| < chqé(ﬁJ“ﬁ). Hence fg €
734, wheren=1lifaorf=1,and (1-n)"' =(1-a) ' +(1-6)"" >2ifa,f < 1.
Thus n > % in all cases. This will be useful for finding examples in connection with
commutativity of g-convolution (see Section 6). O

EXAMPLE 5.3. As a consequence of Proposition 5.1 all functions belonging to
HPZ:4 must be of the form f E;»(—¢**y 2X?) for some p € Z and some analytic
function f. a

REMARK 5.4. Observe that functions of strict left type @ > 1 must be identically
zero. From now on HDij‘& will automatically imply a < 1. a

ExXAMPLE 5.5. The family of functions f. (¢>0) given by f.(z) := e—cllog(="+1))*
provides for every a € (0, 1) an example of a function which is of strict left type a
on L(v) for each v > 0. Indeed, f. € HJ and for every v > 0 there exists b > 0
such that |f.(+q *y)| = O(q*°'°80 V¥ pk) as k — co. Hence f € HJZ%, with

ai=1-(4clog(g™")) " € (0,1) if ¢ > ((4log(g~")) . H

EXAMPLE 5.6. Let £,2(—X?) be the function defined by

k(k—1)
—z g2k

=101(0; —q; g, 2°).

This function belongs with parameter value 1/2 to a family of entire functions inter-
polating between e,2(—X?) and E,2(—X?), see also [1]. By formula (2.3) and Remark
2.4 in [12] with z = —g and n = 2k — 1 we have:

(¢ 0)0

5q2(*q1’(2k’1))‘ <@ M —q9)%.

Hence, for v =1, |£,2(— (g7 ¥7)?)| = O(¢**") as k — oo, which shows that &, (—X2)
is of strict left type 3/4 on L(1). O

LeEmMMA 5.7. Let f € 'HDIWS%(. Then, there are C,c, R > 0 such that
Ve, (08 f) < Cq%¢ ¢* R

for all k, e € Z>o. In particular, O*f € HPT,.

Proof. Let f € ’HEI@‘; and r € (v, a). By Lemma 3.5 there exists B > 0 such
that

2

2te 2k
Xeoh ) < | eI e
[ xeotsi <o | [ 1xes

e2qe
p)

q
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for all k, e € Z>(. Combination with Definition 3.1(b) immediately yields the result.

a
PROPOSITION 5.8. Let f € HPTY , and g € HPT5?y. Then fx, g € HPTS;.

Proof. For any e > 0,

e’

QL
2

e N ‘uk) (f) e?te e N 1362 e
L gl |1X ISZi[k”], g | |X|*|okgl < C Z c
k=0 a 7 k=0

by formula (1.3), Definition 3.1(b) and Lemma 5.7. O
COROLLARY 5.9. The class HDI$W is a subalgebra of ’HDIE;’. Its subclass HSIj“’
is a left ideal of ’HSIE;’, ’HDIE;’ and HDIVS“.
Proof. The proof is similar to that of Corollary 4.9 |

DEFINITION 5.10. For every ¢ € [0,1) we denote by HSIj“;C the union of all

spaces HIT, with o € (¢, 1]. O

,

COROLLARY 5.11. The classes HSL3, . (for c € [0,1)) and HSL3% (for ¢ € (0,1])

v,>c
are left ideals of HSI$“ and of ’HSI;’ Similar properties hold for HDI$“. a

COROLLARY 5.12. Let f,g € HDI,“YJ, h € HP. Then (f %, g%, h)(z) = (g%, f %,
h)(x) for every x where the product is defined. In particular, for every pair of ideals
ICJwithl, Je {Hsliw, ”HSI;“, 'HDIW“’, ’7’-[DI$Ld }, I is a left module over J/[J, J].,
where [J, J]. denotes the commutator ideal.

Proof. This is a consequence of Lemma 4.5 together with the fact that f %, g
depends only on the g-moments . ,(f) and not on the values of f(z). The last
statement follows by the inclusions of left ideals HSI$“ C ’HSI;’ C ’HDI;J and
7—[515“ C ’HDLf“’ C HDI“J. O

In particular, since HSI$“>C HSIi“;d (respectively HSIifé C ”HSIWS’“;) for every
¢ > d, we have a chain of left ideals on HSI$” = ’Hslj‘gm and similarly for HDliw.
Hence Ep2(—q?X?) € HSL$, for every ¢ < 1 and ep2(—X?) € HSIWS“;liE for every
v>0andee€ (0,1/2).

6. Commutativity of g-convolution. We investigate commutativity now. We
begin with a lemma.

LeEMMA 6.1. Let f € ’HDI;“;lp be such that foX’“ = 0 for every k € Z>g.
Then f(x) = 0 for every x in some neighbourhood of zero. In particular, if f €

HST s« 120 then f(xz) =0 in each point x of the strip around R where f is analytic.

Proof. Let f have power series f(z) = Y, qyz' with radius of convergence > 7.
Then

.
/ P B (X7 2) = / @) PE g (@) dyo
:

-

:/V<f( VB2 (—q?a’y Zam)dm— al/fXEz 2y X?)
:Zdlz( qp szp/sz”H—O
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Here the third and the fourth equality are justified by dominated convergence. Indeed,

Z|al|/ Hazl\Ez( e dm<2|al|7/ (x)|dgx < 00

and (use that f has strict left type > 1/2)
>+ >4y —2
qp p” / f X12| < CZ qp ,,7 LB b0 (b ¢ o
0 p=0

p=

Hence |f(z)|? = 0 if 2 = eqky with k € Z> and e = £1. If moreover f € H5T¥

v,>1/2
then f = 0 because it is analytic on a strip and vanishes on a sequence with limit
point in the strip. O

REMARK 6.2. Note the crucial role of analyticity of f on a strip around R in
order to conclude in the above Lemma that f vanishes everywhere on L(v). O

REMARK 6.3. The proof of the above Lemma showed that for any f € 5 the
power series of f E,2(—g*y 2X?) is absolutely g-integrable on L(v). 0

THEOREM 6.4. HSL3  is a commutative algebra for every c € [1/2,1).

Proof. If f,g € HSLYS“;C then by Lemma 4.5, Proposition 5.8 and Corollary 5.9

f *y g — g % f satisfies the hypothesis of Lemma 6.1. |

The following Theorem shows that ’HSIsl/2 is far from commutative as a g¢-

convolution algebra. Afterwards we give two other examples of noncommutativity.
Recall that @ is the g-shift Qf(z) = f(qx).

THEOREM 6.5. Let g(z) := ep2(—2%) (so g € HiL 135, by Ezample 3.2 (a)).

Let f € HSI$“>1/2 be an entire function, not identically zero. Then (Q "f) %y g #

g%y (Q7"f) for n sufficiently large.
Proof. For the discrete q-Hermite II polynomials

[k/2] (_1)lq72lk+2l2+lmk72l

hi(z;q) = 2%2¢1 (a7 F, a7 0,6%, —a*272) = (¢; )

— (%) (G Dr

the following Rodrigues type formula was given in [11], formula (8.28):

k 2 (_1)qu2’;k 7 9
(0%ep2(=X7))(@) = ————7— hu(z;0) €42 (—27).
(1-4q)
Also note by formula (I1.6) in [6] that
(6.1) hiisg) = i*261 (7", 7150007, %) = ifqTFETY,
For f € 77 put
(62) fla) = 3 L2kl g (g,
P U
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It follows by the Rodrigues formula that
(f #y e (— X)) = F(&) er(—a?)

for [Im(z)] < 1. In fact, f is an entire function, which we will show by uniform
absolute convergence on compacta of the series defining f(x). Indeed, for k = 2h + ¢
with e =0, 1:

2
71)lq72lef4lh+2l +l$2h+572l

= (@G D2nte

hi(23q) = (43 Q)2n+

(—1)Pg2” —pt2pey2p

= (- 1)"(g; @)anreaq 72h6+h2 (%50 (0 @)op (1 — ¢ +2P)

Hence

12—k 2 2. 2 142R\ €| €

7T 5, (@:0*)n(q*a*)n(1 — ¢"T2)° ]

—— [he(z;9)| < ,

(qaq)k (qaq)k
h 2p%—p|p[2p ®
Y e < 2
= (0% 0)n(6:6*)n(% ¢%)p (1 — ¢'+22)° = (g q)

207 D[4 |2P
where  ®(z) := (1 — ¢) ' max(1,|z|) Z g |a:| .
p=0

In combination with Definition 3.1(a) this shows that, for any M > 0, the series
Yoo ®(x) % is uniformly convergent in z for |z| < M.

Suppose that moreover f € Z“. Substitute the g-integral for ug ~(f) (see (1.2))
in equation (6.2). Then we can interchange ¢-integral and sum in the resulting ex-
pression, by combination of the above estimates with Definition 3.1(b). It follows that
f can be seen as a g-integral transform of f with kernel K(t,x):

z 7o 00 K4k (o
63 J@ = [ JOK@DL where K1) Y LD,
B k=0 '

By equations (6.1) and (2.4) we have K (t,i) = E,(iqt). Therefore

fir= [ 50 B

—7.00

From now on assume that f € Z5%

V1 and entire, not identically zero. For A # 0
put

Alz) = xl/m FO) K (t, @) dqt:/m £(t) K(\t, z) dyt

—.00 —7.Q

Then

(6.4) i) = /W 1() By (ight) d Z S L ()
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is well-defined for all A € C and entire in X\. If fy(i) = 0 for A = ¢, where
ng — oo in Z as k — oo, then f5(i) = 0 for all A € C. Hence, by Lemma 6.1, f is
identically zero, which contradicts our assumption. Thus for n € Z sufficiently large
we have fyn (i) # 0, hence (Q " f) %, e,2(—X?) = ¢" e 2 (—X?) fyn does not extend to
a function analytic at i. On the other hand e,2(—X?) %, (Q"f) is entire by Lemma
3.4. Hence the two products are different. a

REMARK 6.6.

(a) Let f € Z3¥. Then we can express the kernel K (t,z) (defined by (6.3)) also as a
g-hypergeometric function:

K (t,x) = (iqt; q)oo 11 (im, iqt; q, —iqtz) = (iz, —iqt; q)oc 261 (qtz ", 0; —igt; g, iz).

For the first identity use formula (3.29.12) in [9]. For the second identity use formula
(TT1.1) in [6].

(b) Since there are functions f and g in ’HSIS“{/Z for which F := fx,g—gx, f Z0,
there exists a function F' € ’HSIS“j/2 not identically zero, for which f,y F X% =0 for
every k € Z>o. In view of Lemma 6.1 we can state that, for a € (0, 1], the algebra
HSIS“’ is commutative iff each function f in this algebra is determined by its moments

ruerv(f) (e € Z>p). 0
EXAMPLE 6.7. For m € Zx> let
gm(fﬂ) = 6q2(7$2)0¢1(7aq1+2m:q ) q1+2mfﬂ2)

0 (_1)7“(]27’(7“7 )q(1+2m)rm2r
6.5 = e, (—2?
(02) °l ); (@™ ¢%)r (% ¢%)r

T

Then g,, € H}. It will turn out that for each « > 0 the functions gy and g; are
non-commuting elements of ’HSIW First we consider more generally g, .
By the fact that e, (—X?) € IS“{/Z we can estimate that, for some b, C > 0,

2r( (1+2m)r .
/'ng |<Z a2 %), (g% 4%) q7§(2r+k)(2r+k+1)V2r+kw(eq2(*X2))
2r+k m—1—k\2r
g7 q )
< C’q = pk < Q.
Z q' 2" q?)r (0% 6%)r

Hence g, € Z3° for every v > 0. By formula (2.9), pag+1,4(gm) = 0 for every k € Z>o.
Furthermore, by dominated convergence we have

r 27’ (r— 1)q(1+2m)r

H2kn(gm - Zk +1€Z 1+2'm (q q) /X2k+2’f’eq2(_X2)
v

. .
= ¢y (1)d" (a5 4 S (ql“’“;qz) (=1)rgr—rqzm=2k)r
’ s

r=0 (q m. q ) (q q )

= Cq(’Y)qk2+k( 2), 11 (gHF2E; g1 H2m. g2 2me2ky
2 (‘12m Qk,q )
= cq(Md" a6 P
s 00
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for every k € Z>, where we used formula (2.9) and formula (IL.5) in [6]. Hence

(1) (@500 ¢ (g5 4Pk

A (gm) = - ‘
He. (9m) (@™ 6%) 0 (6202 m—k—1

ife=2kwith k=0,1,...,m —1,

and f¢ (gm) = 0 otherwise. Hence g,, € Z% , for each a > 0 and

k2+k
q+

(g % F)(a) = % 2 (0% f) ()

(¢ )oo = k(%5 0% ) m—r—1

for any function f and for z such that the g-derivatives of f at z are well-defined. In
particular,

go*, f=0, and gl*wf_%f for all f.

Hence, go *y g1 = 0 # g1 * go-
It follows from formulas (6.5) and (2.4) that

go(x) = e (—a%) Re(E, (iz)) = Re <((miq)°°> = Re ((' 1

—22;¢%) i3 q) o0

> = Re(eq(ix)).
for x € R. Hence

] i (i)ty HqtbkD)
+ k:Re<,7>:Re : for k € Zsg.
(10 (£i7q*; ¢) oo (£iv 430k (£i7;¢) 0 =0

Therefore, the estimate |go(£vq~*)| = O(qg’62 ck) as k — oo is valid for some ¢ > 0 if
and only if § < 1. This result combined with Proposition 5.1 implies that gy is not
of strict left type on L(7y).

The vanishing of all g-moments of gy can also be seen directly from the formula

-0 700
/ z"e,(tiz) dyz = / 2"ep2(—2?)Ey(Liz)dgr =0 (n € Zsq, v > 0),

oo o0
which follows from formula (8.21) in [11] by substitution of t = +¢~!. Hence

RAES 7-00
/ 2" go(x) dgx = Re/ x"eq(iz) dgz = 0. O

J—-00 —y-00

EXAMPLE 6.8. Define a function g on L(1) by
9(xd") = (~1*d e (—¢**) (k€ Z).

Then g cannot be extended to a function in HP since it is alternating on a sequence
approaching to zero. On the other hand,

Lok = qg* . qk2 — 0(* k
: T (_p—2k. 2 T (2.2 142 - >
S (—07%:¢%) e (=% ¢*)k(=15¢%) (@) ask = oo
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and |g(£¢*)| < 1if k € Z>y. Hence, by Proposition 5.1 it follows that g € 774 .
Clearly, pon+1,1(g9) = 0 for all n € Z>(. Furthermore,

H2n,1(9) = 2(1 - q) Z (_1)kq(2n+2)keq2(_q2k)
k=—o0
2(1-q) 2 2042
e S ~1.0: _2n —
(71,q2)00 1¢1( 705q , —q ) 0

for n € Zsq, where we used Ramanujan’s 14y summation formula, see (I.29) in
[6]. (C. Berg [2] used the same vanishing case of the 14; in connection with the
indeterminate moment problem related to discrete g-Hermite II polynomials.) We
conclude that g x; f = 0 for every f.

Next we consider f*; g for some f € 7¢. Since g is not in HP, we cannot use the
results of Section 3 in order to be sure that (f *; g)(z) is well-defined for suitable x.
However, we can reason as follows. From the inequality |(Oh)(z)| < W

the definition of g we see by induction with respect to e that

and

36q7k(671)
(1-gq)

Hence (f *1 g)(£q") is well-defined for f € Z¥, k € Z>q. Since (—1)*g(¢*) > 0 for all
k € Z, one sees that (—1)¥(0°g)(¢*) > 0 for all k,e € Z>o. Hence (f*1 g)(¢**) > 0 for
k € Zso if f € Iy is even and strictly positive (for instance f := e2(—X?)). Again
we have obtained a couterexample to commutativity of convolution. d

1(0°9)(£4")| < eg2(—a**) (k,e € Z>o).

Hence we have shown by means of Theorem 6.5 and Examples 6.7, 6.8 that none

of the hypotheses of Theorem 6.4 (f,g € Ivsf;l/?; feT¥; fe HP) can be relaxed.

7. ¢-Convolution and g-Fourier transform. In Remark 2.3 we introduced in
(2.5) a g-Fourier transform pair with the second transform being given by

v.00

(7.1) FE D)= [ Biay) £(s) dya.

J—~.00

The right-hand side of (7.1) can be formally rewritten by power series expansion (2.4)
of E,(iqry) and by substitution of formula (1.2) for uy (f). This defines the following
transform:

k

(7.2) EDW) =3 () (;y)
k=0

(Ga)r

The transform F., is essentially the transform FZ%(id, 7) in [3] for n = 1, with the
difference that in [3] 2 and y do not commute.

PRrROPOSITION 7.1.
(a) If f € % then F, f is well-defined and it is an entire analytic function.
(b) If moreover f € T3 then F. f is also well-defined and F. f = F., f.
(c) Let f € I¢. Then Fyf =0 iff pr~(f) =0 for all k € Z>o.
(d) Let f € HSI;gl/Q. Then F.f =0 iff f =0.
(

e) Let f € HPT¥, g € HPIY,. Then fx, g € HPIY and F\(f % g) = (Fy )(Frg).
Proof. (a) follows by formula (7.1) and Definition 3.1(a).
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In order to prove (b), first substitute formula (1.2) for py ,(f) in formula (7.2). Then
justify interchange of summation and g-integration by dominated convergence by using
the estimate for vy ,(f) in Definition 3.1(b). Finally use the power series expansion
(2.4) for E,(igzy).

(c) is evident from (a) together with (7.2).

(d) follows from (c) and Lemma 6.1.

The first statement in (e) follows from Proposition 4.6. The second statement follows
by taking formula (7.2) for fx, g and then substituting formula (4.2). Rearrangement
of the double summation is justified by dominated convergence (use Definition 3.1(a)).

d

8. Appendix. In our treatment of f %, g in this paper we usually required g
to be analytic on a neigbourhood of 0, while proofs of lemmas and propositions only
used that, for some R > 0, [(0%g)(x)] = O(R*) as k — oo, uniformly for z — 0
in L(y). In this Appendix we show that the analyticity requirement on g is not an
essential restriction. In connection with the &*® g-derivative at 0 occurring in the next
Proposition, see also Koekoek and Koekoek [8].

PROPOSITION 8.1. Let g be a function defined on the half q-lattice L(y) = {eq"~}
for some v > 0 and € € {£1}. Suppose that there exist constants C > 0 and r > v
such that

Cr 1
(r—q'y) r*(1 —g)*

for every k > 0 and for every t € Z for which ¢y < r. Then the limit I, :=
limy,_, o (0Pg) (eq"y) exists and is finite for every p € Zso, and there ezists a unique
analytic function § on {x € C | |z| < r} such that § = g on {eq®v|q*y < r}.

If g is defined on the whole q-lattice L(7y) and if the condition above is satisfied for
every € € {1} and if I, := limy_, (7 g) (€q*) is independent of €, then there exists a
unique analytic function j on {z € C||z| < r} such that j = g on {£q*y | ¢"y < r}.
In particular, if g is a function defined on R such that on every q-lattice L(vy) the
above conditions are satisfied and I, is independent of vy for every p € Z>q then g is
analytic.

(8.1) (8% g)(eq™)| <

Proof. It follows from the identity

g9(eqd®y) = g(ed"™ ) + (1 — @)eq®y (9g)(eq*)

that
(8:2)  (8"9)(eq"*Py) = (8°g)(eq™y) — (1 — @)eq"y i g™ (8" g)(eg" ™)

for every b,p € Z>¢ and k € Z. For k such that ¢¥y < r it follows by (8.1) that
> o q™ (0" g)(eg"T ™) is absolutely convergent. Hence both sides of equation
(8.2) converge to a finite limit 1, as p — oo.

It follows by induction with respect to n that

(8.3 o) =3 )] 1 -0t @ o),
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Let € L(7), |z| < r. Then

(1—qg)* B Cr 1
(a; )& r—qn kx| rk(1 - q)k

Cr 1 <|I|>k
< =
r—lz) (@) \ 7

Hence by dominated convergence we can take the limit for n — oc and g(z) =

] a0t @) <

>reo % for z = eq®y with ¢*y < r.

The other statements follow from the definition of g(z) = Y, % O

EXAMPLE 8.2. Let ¢q4(z) be defined on L(v) as:

2 . N
Coy(€q"y) = Sy e (X )2 ife=1,
; f,queqz(—X ) ife= 1.

Then, since the g-integral is g-periodic, the limit for k — oo of ¢, (£qg*y) = ¢,(7),
and (0P¢y~)(z) = 0 on L(y). The power series ¢,(z) is then trivially the constant
¢q(7) defined by (2.7). However, the function ¢,(z) := [, e,2(—X?), coinciding with
cq~ on every L(y) for v > 0, is not analytic. Indeed the limit of ¢,(z) for  — 0

cannot exist. O

ExAMPLE 8.3. Consider the function f(eq*y) := (—eq*7;q)s on L(7). Clearly

n(n—_1)

limg_, o f(eg¥y) = 1. One checks that (0" f)(eqky) = ﬁ(feq’“'”v;q)DO so that
the limit for & — oo is well-defined. The majorization for [(0" f)(eq*v)| is clearly
verified for every n € Z>g, k € Z and v > 0. Hence f can be extended to the power

k(k—1)
series Ey(z) = Y 10, %. Since the limits for k — oo of the g-derivatives do
not depend on 7y, we have checked that F,(z) = (—2;¢) - O
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