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Abstract. In this pap er w e study a q -analogue of the con v olution pro duct on the line in detail.

A con v olution pro duct on the braided line w as de�ned algebraically b y Kempf and Ma jid. W e adapt

their de�nition in order to giv e an analytic de�nition for the q -con v olution and w e study con v ergence

extensiv ely . Since the braided line is comm utativ e as an algebra, all results can b e view ed b oth as

results in classical q -analysis and in braided algebra. W e de�ne v arious classes of functions on whic h

the con v olution is w ell-de�ned and w e sho w that they are algebras under the de�ned pro duct. One

particularly nice family of algebras, a decreasing c hain dep ending on a parameter running through

(0 ; 1], turns out to ha v e 1 = 2 as the critical parameter v alue ab o v e whic h the algebras are comm u-

tativ e. Morero v er, the comm utativ e algebras in this family are precisely the algebras in whic h eac h

function is determined b y its q -momen ts.

W e also treat the relationship b et w een q -con v olution and q -F ourier transform. Finally , in the Ap-

p endix, w e sho w an equiv alence b et w een the existence of an analytic con tin uation of a function

de�ned on a q -lattice, and the b eha viour of its q -deriv ativ es.

1. In tro duction. The classical F ourier transform F and the classical con v olu-

tion pro duct are closely tied to eac h other b y the homomorphism prop ert y F ( f � g ) =

F ( f ) F ( g ), while b oth op erations ha v e a conceptual in terpretation on the real line

R considered as lo cally compact ab elian group. Classical con v olution is of great

imp ortance, b oth in theory and in applications. Whenev er one has an in teresting

generalization of the classical F ourier transform (lik e the q -F ourier transform in the

presen t pap er), it is therefore natural to consider an analogue of classical con v olution

whic h is related to the generalized F ourier transform in a similar w a y as classical

con v olution is related to classical F ourier transform. The presen t pap er and its sequel

will consider con v olution related to a q -F ourier transform in v olving the q -exp onen tial

function E

q

as a k ernel. This transform w as analytically in tro duced b y the second au-

thor in [11 ], Section 8, and it w as earlier considered algebraically b y Kempf and Ma jid

[7], where it o ccurs as the sp ecial case for the braided line of their general theory of

F ourier transform on \braided co v ector algebras". The braided line, a deformation as

a braided group of the algebra of functions on R , is the simplest non-trivial example

of a braided co v ector algebra. It w as �rst in tro duced in a rudimen tal w a y b y the

second author in Section 6.8 of [10 ] and in full detail b y S. Ma jid, see [13 ], [14 ]. The

F ourier transform on a braided co v ector algebra of t yp e A

n

(a braided analogue of

function space on R

n

) w as studied in more detail b y the �rst author in [3].

In [7] Kempf and Ma jid also de�ned con v olution for those braided cov ector al-

gebras whic h ha v e an in tegral whic h is b osonic and in v arian t under translation. A

sligh t adaptation of their de�nition in case of the braided line (where the in tegral is

not b osonic) is the starting p oin t of our analytic de�nition of q -con v olution f �




g on

R giv en b elo w (here 
 denotes the c hoice of a q -lattice). Tw o other motiv ations for

this de�nition can b e giv en: the formal limit for q ! 1 yields classical con v olution,

and F




( f �




g ) = ( F




f ) ( F




g ) holds if w e tak e for F




the q -F ourier transform of [11 ]
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in v olving E

q

as a k ernel.

The aim of the presen t pap er is to �nd suitable function spaces for f and g suc h

that their q -con v olution f �




g is w ell-de�ned, and to �nd function classes on whic h

asso ciativit y and comm utativit y hold. Let us in tro duce some notation for explaining

this.

Throughout this pap er q is �xed suc h that 0 < q < 1. The q -deriv ativ e of a

function f is giv en b y ( @ f )( x ) :=

f ( x ) � f ( q x )

(1 � q ) x

, and its q -shift b y ( Qf )( x ) := f ( q x ). F or


 > 0 w e ha v e the q -lattice L ( 
 ) := f� q

k


 j k 2 Z g . F or a function f on L ( 
 ) the

(un b ounded) q -in tegral o v er L ( 
 ) is denoted and de�ned b y

Z




f =

Z


 �1

� 
 �1

f ( t ) d

q

t := (1 � q )

1

X

k = �1

X

� = � 1

q

k


 f ( �q

k


 ) ;(1.1)

pro vided the summation absolutely con v erges.

Fix 
 > 0. Let I




denote the space of absolutely q -in tegrable functions on L ( 
 ),

and let I

1




denote the subspace of functions f 2 I




suc h that x 7! f ( x ) x

e

is in I




for

ev ery e 2 Z

� 0

. F or f 2 I

1




de�ne the moments , resp ectiv ely strict moments of f b y:

�

e;


( f ) := q

e

2

+ e

2

Z


 �1

� 
 �1

f ( x ) x

e

d

q

x; �

e;


( f ) := q

e

2

+ e

2

Z


 �1

� 
 �1

j f ( x ) x

e

j d

q

x:(1.2)

The factor q

e

2

+ e

2

is a normalization factor b y means of whic h most statemen ts and

form ulas can b e expressed in a simpli�ed form (see Section 4).

Definition 1.1. L et f 2 I

1




and let g b e a function de�ne d on some subset of

C . Then the q -con v olution pro duct f �




g is the function given by

( f �




g )( x ) :=

1

X

e =0

( � 1)

e

�

e;


( f )

[ e ]

q

!

( @

e

g )( x )(1.3)

for x 2 C such that the q -derivatives ( @

e

g )( x ) ar e wel l-de�ne d for al l e 2 Z

� 0

and

the sum on the right c onver ges absolutely, and with notation (1.2) b eing use d.

By the asymmetric form of our de�nition of f �




g , the initial c hoices of function

classes for f and g are quite di�eren t: for f the momen ts �

e;


( f ) should b eha v e as

O ( q

�e

2

2

b

e

) for e ! 1 with �; b > 0 (w e call this of left t yp e � ), while for g the

q -deriv ativ es ( @

k

g )( x ) at x should b eha v e as O ( R

k

) for k ! 1 with R > 0. W e also

need functions on L ( 
 ) whic h extend to analytic functions, on a disk cen tered at 0,

or on a strip around R . Some equiv alen t c haracterizations of function spaces deriv ed

in this pap er ma y ha v e indep enden t in terest (see for instance the App endix).

Comm utativit y of the con v olution pro duct is the hardest and most in teresting

issue of this pap er. Both the homomorphism prop ert y and the in terpretation on the

(comm utativ e) braided line suggest comm utativit y , but w e �nd signi�can t coun terex-

amples. An explanation is that the q -F ourier transform of f only dep ends on the

momen ts of �

e;


( f ) and that �

e;


( f �




g ) is symmetric in f and g , but that f in

certain function classes is not completely determined b y its momen ts. F or getting

comm utativit y w e need functions f (and g ) in the con v olution pro duct for whic h the

strict momen ts �

e;


( f ) b eha v e as O ( q

�e

2

2

b

e

) for e ! 1 with � > 1 = 2, b > 0 (w e call

this of strict left t yp e � > 1 = 2), and whic h are holomorphic on a strip around R . It
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turns out that the q -Gaussian x 7! e

q

2

( � x

2

), whic h has has strict left t yp e 1 = 2, do es

not comm ute with man y en tire functions of strict left t yp e > 1 = 2.

P art of the results of this pap er o ccurred in the recen t dissertation [4] b y the �rst

author. She discusses some further asp ects of q -con v olution in the subsequen t pap er

[5].

A ckno wledgement. W e thank the referee for his careful reading of the man u-

script and his constructiv e remarks.

Fur ther not a tions. W e denote as usual:

( a ; q )

k

:=

Q

k � 1

j =0

(1 � aq

j

) ; ( a ; q )

1

:= lim

k !1

( a ; q )

k

;

[ k ]

q

:=

1 � q

k

1 � q

; [ k ]

q

! :=

( q ; q )

k

(1 � q )

k

;

�

k

j

�

q

:=

[ k ]

q

!

[ j ]

q

![ k � j ]

q

!

=

( q ; q )

k

( q ; q )

j

( q ; q )

k � j

:

(1.4)

A function f : x 7! f ( x ) ma y also b e denoted as f ( X ). This will b e useful for functions

lik e f X

e

: x 7! f ( x ) x

e

and e

q

2

( � X

2

): x 7! e

q

2

( � x

2

).

F or q -h yp ergeometric series the notation of Gasp er & Rahman [6] will b e follo w ed.

The (b ounded) q -in tegral of a function f on f� 
 q

k

j k 2 Z

� 0

g is denoted and de�ned

b y

Z




� 


f ( t ) d

q

t = (1 � q )

1

X

k =0

X

� = � 1

q

k


 f ( �q

k


 )(1.5)

pro vided the summation absolutely con v erges.

2. Motiv ation of the de�nition of q -con v olution. W e will giv e three di�er-

en t motiv ations for our De�nition 1.1 of q -con v olution in the follo wing three remarks.

Remark 2.1. The br aide d line (see [14 ]) is a braided Hopf algebra A whic h,

as an algebra, is equal to the (comm utativ e) algebra C [[ x ]] of formal p o w er series

in x , and whic h has braiding �( x

k


 x

l

) := q

k l

x

l


 x

k

, com ultiplication �( x

k

) :=

P

k

j =0

�

k

j

�

q

x

k � j


 x

j

, counit " ( x

k

) := �

k ; 0

and braided an tip o de S ( x

k

) := ( � 1)

k

q

k

2

� k

2

x

k

.

Then the q -analogue of T a ylor's form ula is giv en b y

�( f ( x )) =

1

X

j =0

x

j

[ j ]

q

!


 @

j

( f ( x )) ;(2.1)

where @ denotes the q -deriv ativ e.

The original formal de�nition of a con v olution on an y braided co v ector algebra A

with a b osonic in tegral

R

: A ! C in v arian t under translation, w as giv en b y Kempf &

Ma jid [7] as follo ws:

( f � g )( x ) := (

R


 id)( m 
 id)(id 
 S 
 id)(id 
 �)( f 
 g )( x ) :(2.2)

In the case of the braided line w e tak e for

R

the in tegral de�ned b y (1.1). This in tegral

is in v arian t under translation (see [7], and [11 ] and [3 ] for an analytic pro of ), but it

is not b osonic. Asso ciativit y will fail for the con v olution de�ned b y (2.2). Therefore,

w e sligh tly mo dify (2.2) in to

( f �




g )( x ) := (

R


 id)( m 
 id)(id 
 Q 
 id)(id 
 S 
 id )(id 
 �)( f 
 g )( x ) :(2.3)
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When w e substitute the q -T a ylor form ula (2.1) in to (2.3) then w e formally get form ula

(1.3) (with (1.2) substituted), i.e., our original de�nition of q -con v olution.

W e ma y in terpret f �




g formally as the action of a pseudo- q -di�eren tial op-

erator D f ( @ ) on g ( x ), where D f ( @ ) := F

0

S

( 
 )( f )( i (1 � q ) @ ). Here F

0

S

( 
 )( f ) :=

P

1

e =0

( � 1)

e

�

e;


( f )

[ e ]

q

!


 @

e

is the we ak br aide d F ourier tr ansform considered in [3] (with

q

2

instead of q ).

Remark 2.2. The formal limit for q " 1 of form ula (1.3) is the classical

con v olution pro duct:

1

X

e =0

�

Z

1

�1

dt f ( t )

( � 1)

e

t

e

e !

�

g

( e )

( x )

formally

=

Z

1

�1

dt

 

f ( t )

�

1

X

e =0

( � 1)

e

t

e

e !

g

( e )

( x )

�

!

formally

=

Z

1

�1

dt f ( t ) g ( x � t ) = ( f � g )( x ) :

Remark 2.3. Recall the t w o q -exp onen tials (see [6 ]):

e

q

( x ) :=

1

X

k =0

x

k

( q ; q )

k

=

1

( x ; q )

1

; E

q

( x ) :=

1

X

k =0

q

k ( k � 1)

2

x

k

( q ; q )

k

= ( � x ; q )

1

;(2.4)

where j x j < 1 in the in�nite sum de�ning e

q

( x ). In [11 ] a q -F ourier transform pair

w as presen ted as folllo ws:

 ( x ) =

1

c

q

( 
 ) b

q

Z

1

� 1

e

q

( � ixy ) � ( y ) d

q

y ; � ( y ) =

Z


 : 1

� 
 : 1

E

q

( iq xy )  ( x ) d

q

x;(2.5)

where b

q

and c

q

( 
 ) are giv en b y

b

q

:=

Z

1

� 1

E

q

2
( � q

2

x

2

) d

q

x = (1 � q ) ( q ; � q ; � 1; q )

1

;(2.6)

c

q

( 
 ) :=

Z


 : 1

� 
 : 1

e

q

2

( � x

2

) d

q

x =

2(1 � q ) ( q

2

; � q 


2

; � q 


� 2

; q

2

)

1




( � 


2

; � q

2

=


2

; q ; q

2

)

1

:(2.7)

W rite the second transform in (2.5) as � = F




 . Then an immediate formal compu-

tation sho ws that

( F




( f �




g ))( x ) = ( F




f )( x ) ( F




g )( x ) :(2.8)

The transform F




is essen tially the w eak braided F ourier transform F

0

S

( 
 ) (see Remark

2.1 and reference [3]). Equation (2.8) will b e rigorously pro v ed for suitable f and g

in Section 7.

F or later use w e recall the form ulas (9.8), (9.14) in [11 ] (for n 2 Z

� 0

):

Z


 �1

� 
 �1

x

n

e

q

2
( � x

2

) d

q

x = c

q

( 
 ) q

� k

2

( q ; q

2

)

k

if n = 2 k (= 0 otherwise)(2.9)

Z

1 �1

� 1 �1

x

n

E

q

2
( � x

2

) d

q

x = b

q

q

2 k +1

( q ; q

2

)

k

if n = 2 k (= 0 otherwise).(2.10)
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3. Go o d function spaces for q -con v olution. In general, it is not true that

( f �




g )( x ) can b e expanded as a (p ossibly formal) p o w er series if g ( x ) has a con v ergen t

p o w er series expansion. The reason is that the co e�cien ts of an expansion in p o w ers

of x of ( f �




g )( x ) will b e in general in�nite series themselv es. W e w an t to �nd

conditions on f and g so that, with the giv en de�nition, ( f �




g )( x ) mak es sense on

some subset of the complex plane. One should giv e conditions on the gro wth of the

momen ts j �

e;


( f ) j of f and of the p o w er series co e�cien ts of g . F or this purp ose w e

will no w in tro duce the class of functions of left t yp e � . F or con v enience, w e also giv e

here some v arian ts of this de�nition and corresp onding notation whic h will b e needed

later in the pap er. Recall the de�nitions of the function spaces I




and I

1




, giv en in

the In tro duction.

Definition 3.1.

(a) F or � > 0 the sp ac e I

!


 ;�

of functions of left t yp e � on L ( 
 ) c onsists of al l f 2 I

1




such that, for some b > 0 , j �

e;


( f ) j = O ( q

�e

2

2

b

e

) as e ! 1 .

The sp ac e I

!




c onsists of al l functions of some left typ e � > 0 on L ( 
 ) .

(b) F or � > 0 the sp ac e I

s !


 ;�

of functions of strict left t yp e � on L ( 
 ) c onsists of al l

f 2 I

1




such that, for some b > 0 , �

e;


( f ) = O ( q

�e

2

2

b

e

) as e ! 1 .

The sp ac e I

s !




c onsists of al l functions of some strict left typ e � > 0 on L ( 
 ) .

(c) F or a > 0 the sp ac e H

D

a

c onsists of al l functions which ar e holomorphic on the disk

f z 2 C j j z j < a g . By H

D

we denote the sp ac e of al l functions which ar e holomorphic

on some disk c enter e d at 0.

(d) F or a > 0 the sp ac e H

S

a

c onsists of al l functions which ar e holomorphic on the

strip f z 2 C j j Im ( z ) j < a g . By H

S

we denote the sp ac e of al l functions which ar e

holomorphic on some strip ar ound R .

The \in tersection" of a H -space de�ned in (c) or (d) with one of the I -spaces (i.e.

I




, I

1




or a space de�ned in (a) or (b)) will b e denoted b y putting the t w o sym b ols

H and I b ehind eac h other. Here w e mean in tersection in a sp ecial sense. F or

instance, H

D

I

1




will denote the space of the functions on L ( 
 ) b elonging to I

1




whic h

coincide within some disk cen tered at 0 with the restriction of a (necessarily unique)

holomorphic function on that disk. Note that, con v ersely , a function f 2 H

D

I

1




is in

general not uniquely determined b y the function in H

D

with whic h it has a common

restriction within some disk.

W e will alw a ys assume for the \in tersections" just de�ned that 
 is less than the

parameter a (radius of a disk or half width of a strip) o ccurring in H

D

a

or H

S

a

. Clearly ,

this assumption is not restrictiv e, since 
 ma y b e replaced b y q

k


 for arbitrary k 2

Z

� 0

.

Observ e that, if f 2 I

1




is of left t yp e � (resp ectiv ely strict left t yp e � ) on L ( 
 )

then so is X

k

f for for eac h k 2 Z

� 0

. Indeed, �

e;


( f X

k

) = q

�

k

2

2

�

k

2

� ek

�

k + e;


( f ), and

similarly for � replaced b y � .

Example 3.2.

(a) By (2.9) the q -Gaussian e

q

2

( � X

2

) b elongs to I

1




for eac h 
 > 0 and

�

2 k ;


( e

q

2
( � X

2

)) = c

q

( 
 ) ( q ; q

2

)

k

q

k

2

+ k

; �

2 k +1 ;


( e

q

2
( � X

2

)) = 0 :

Hence e

q

2

( � X

2

) is of left t yp e 1 = 2 on L ( 
 ). It is also of strict left t yp e 1 = 2 on L ( 
 ).

Indeed, if f 2 I

1




is an ev en and nonnegativ e function then �

2 k ;


( f ) = �

2 k ;


( f ) and

�

2 k +1 ;


( f ) � �

2 k +2 ;


( f ) + �

2 k ;


( f ).
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(b) By (2.10) the q -Gaussian E

q

2

( � X

2

) b elongs to I

1

1

and

�

2 k ; 1

( E

q

2

( � X

2

)) = b

q

( q ; q

2

)

k

q

2 k

2

+ k

; �

2 k +1 ; 1

( E

q

2

( � X

2

)) = 0 :

Hence E

q

2

( � X

2

) is of left t yp e 1 on L (1). It is also of strict left t yp e 1 on L (1) b y a

similar argumen t as in (a).

Remark 3.3. Let g 2 H

D

R

with g ( x ) =

P

l

c

l

x

l

and put G ( r ) :=

P

l

j c

l

j r

l

(w e

will rep eatedly use this con v en tion). Note that then also @

k

g 2 H

D

R

for ev ery k 2 Z

� 0

.

Since j c

l

j �

�

P

p

j c

p

j r

p

�

r

� l

for ev ery r < R and since ( q

l

; q

� 1

)

k

� 1 for l � k w e can

also sa y that, for ev ery j x j < r < R ,

j ( @

k

g )( x ) j �

r

r � j x j

1

r

k

(1 � q )

k

G ( r ) :(3.1)

It will b e sho wn in the App endix that condition (3.1) together with equalit y of left

and righ t q -deriv ativ es at 0 is equiv alen t to analyticit y .

Lemma 3.4. L et f 2 I

!


 ;�

and g 2 H

D

a

. Then f �




g 2 H

D

a

. If g c an b e c ontinue d

analytic al ly on a starlike domain 
 c enter e d at 0 , then f �




g is wel l-de�ne d and

analytic on 
 .

Pr o of. W e w an t to sho w that ( f �




g )( x ) has a con v ergen t p o w er series expansion

for j x j < a . Let g ( x ) :=

P

l

c

l

x

l

. Then direct computation giv es

( f �




g )( x ) =

1

X

e =0

1

X

l = e

( � 1)

e

�

e;


( f )

[ e ]

q

!

c

l

[ l ]

q

!

[ l � e ]

q

!

x

l � e

:(3.2)

F or ev ery r < a and ev ery x 2 C suc h that j x j < r one has

1

X

e =0

1

X

l = e

j �

e;


( f ) j j c

l

j

�

l

e

�

q

j x j

l � e

� C

1

X

e =0

1

X

p =0

q

�

2

e

2

b

e

( q ; q )

e + p

( q ; q )

p

( q ; q )

e

G ( r ) r

� p � e

j x j

p

� G ( r ) C

1

X

e =0

q

�

2

e

2

r

� e

b

e

( q ; q )

e

1

X

p =0

�

j x j

r

�

p

< 1

for some C > 0. Hence, b y dominated con v ergence, w e ma y in v ert the order of

summation in form ula (3.2) so that, for j x j < a , w e ha v e

( f �




g )( x ) =

1

X

p =0

 

1

X

e =0

( � 1)

e

�

e;


( f )

�

p + e

e

�

q

c

p + e

!

x

p

=

1

X

p =0

b

p

x

p

where j b

p

j � G ( r ) C r

� p

P

1

e =0

q

�

2

e

2

( q

p +1

; q )

e

( q ; q )

e

b

e

r

� e

< 1 , while the p o w er series of ( f �




g )( x ) con v erges absolutely for j x j < a .

Let no w g b e con tin ued analytically on a starlik e domain 
 cen tered at 0. It

follo ws b y induction that for ev ery starlik e compact set K cen tered at 0 and con tained

in 
, j ( @

e

g )( x )) j � jj g jj

K

2

e

j x j

e

(1 � q )

e

for ev ery nonzero x 2 K , where k � k

K

denotes the

suprem um norm. Let s > 0. Then, for x 2 K with j x j � s ,

( f �




g )( x ) =

1

X

e =0

( � 1)

e

�

e;


( f )

[ e ]

q

!

( @

e

g )( x )
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with

�

�

�

�

( � 1)

e

�

e;


( f )

[ e ]

q

!

( @

e

g )( x )

�

�

�

�

� C

q

�

2

e

2

b

e

[ e ]

q

!

j ( @

e

g )( x ) j � C

q

�

2

e

2

(2 b )

e

s

e

( q ; q )

e

:

Hence, on eac h set f x 2 K j j x j > s g with K � 
 a starlik e compact set cen tered at 0

and s > 0, the series expressing ( f �




g )( x ) is uniformly con v ergen t, with

P

E

e =0

( � 1)

e

�

e;


( f )

[ e ]

q

!

( @

e

g )( x ) analytic in x for ev ery E 2 Z

� 0

. It follo ws that f �




g is

analytic on eac h set f x 2 
 j j x j > s g with s > 0. Since w e already sho w ed that f �




g

is analytic on f x 2 C j j x j < a g , this completes the pro of.

No w w e consider g in H

D

a

I




or in H

S

a

I




with a > 
 . An example of a function in

H

D

a

I




is an y function g with �nite supp ort con tained in f� q

� k


 j k 2 Z

� 1

g .

An example of a function in H

S

a

I




is the function e

q

2

( � X

2

). It is clearly an

elemen t of H

S

1

I




for ev ery 
 2 (0 ; 1), since e

q

2

( � x

2

) =

P

1

k =0

( � 1)

k

x

2 k

( q

2

; q

2

)

k

for j x j < 1 and

since this function has analytic con tin uation

1

( � x

2

; q

2

)

1

for x 6= iq

� k

( k 2 Z

� 0

).

Lemma 3.5. L et g 2 H

D

a

I

1




for some a > 
 . Then for every r 2 ( 
 ; a ) ther e is

a c onstant B > 0 such that

Z


 �1

� 
 �1

j x

k

( @

e

g )( x ) j d

q

x �

�

Z


 �1

� 
 �1

j x

k

g ( x ) j d

q

x + r

k

B

�

2

e




e

(1 � q )

e

for every e and k in Z

� 0

. Henc e @

e

g 2 H

D

a

I

1




.

If g 2 H

D

a

I




but not ne c essarily in I

1




, the ab ove c onclusion stil l holds for k = 0 and

e 2 Z

� 0

. Then @

e

g 2 H

D

a

I




.

Pr o of. If e = 0 the statemen t is trivial. Let e > 0 and g 2 H

D

a

I

1




. Then for ev ery

r 2 ( 
 ; a ) one has:

Z


 �1

� 
 �1

j x j

k

j ( @

e

g )( x ) j d

q

x =

Z




� 


j x

k

( @

e

g )( x ) j d

q

x

+(1 � q )

X

s �� 1

X

� = � 1

q

s ( k +1)




k +1

j ( @

e � 1

g )( �q

s


 ) � ( @

e � 1

g )( �q

s +1


 ) j

(1 � q ) q

s




�

X

s �� 1

X

� = � 1

q

k s




k

�

�

�

( @

e � 1

g )( �q

s


 )

�

�

+

�

�

( @

e � 1

g )( �q

s +1


 )

�

�

�

+

2 r

k � e

G ( r ) r 


( r � 
 )(1 � q )

e

�

2


 (1 � q )

Z


 �1

� 
 �1

j x

k

( @

e � 1

g )( x ) j d

q

x +

2 r

k




� e

G ( r ) r 


( r � 
 )(1 � q )

e

where the �rst inequalit y follo ws b y estimate (3.1). Hence, b y iterating the pro cess

w e get:

Z


 �1

� 
 �1

j x

k

( @

e

g )( x ) j d

q

x �

2

2




2

(1 � q )

2

Z


 �1

� 
 �1

j x

k

( @

e � 2

g )( x ) j d

q

x

+

2 r

k




� e

G ( r ) r 


( r � 
 )(1 � q )

e

+

2

2

r

k




� e +1 � 1

G ( r ) r 


( r � 
 )(1 � q )

e � 1+1

� : : :

�

2

e




e

(1 � q )

e

Z


 �1

� 
 �1

j x

k

( g ( x )) j d

q

x +

2

e

r

k




� e

G ( r ) r 


( r � 
 )(1 � q )

e

�

1 +

1

2

+ � � �

�

1

2

�

e � 1

�

:

Therefore w e get the statemen t with B =

2 G ( r ) r 


( r � 
 )

. The conclusion for k = 0 if

g 2 H

D

a

I




is also clear from the pro of.
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Remark 3.6. If g 2 H

S

a

I




, then

R

@

k

g ( x ) �




0 and the q -in tegral of g is always

in v arian t under translation, in the notation of Section IV in [3]. In particular, this

result will then follo w without assuming condition (c) in that Section, since b y the

ab o v e Lemma the partial q -deriv ativ es of g ( x ) are automatically q -in tegrable.

F rom no w on w e will often use the shorthand notation

R




f for

R


 �1

� 
 �1

f ( t ) d

q

t , see

form ula (1.1). W e can conclude:

Pr oposition 3.7. L et f 2 I

!




0

and g 2 H

D

a

I




. Then f �




0

g is wel l-de�ne d and

absolutely q -inte gr able on L ( 
 ) , and f �




0

g 2 H

D

a

I




.

Pr o of. Let d := 2 = ( 
 (1 � q )). By Lemma 3.5 w e kno w that

R




j @

e

g j � Ad

e

for

some A > 0. Hence for some B > 0 w e ha v e that j ( @

e

g )( � q

� k


 ) j � B d

e

q

k

for ev ery

e; k 2 Z

� 0

. Then the pro of that f �




0

g is w ell-de�ned on L ( 
 ) is similar to the

second part of the pro of of Lemma 3.4.

W e still ha v e to sho w that

R




j f �




0

g j < 1 . By assumption, j �

e;


0

( f ) j � C q

�

2

e

2

b

e

for some constan ts C ; b and � > 0. Then

Z




�

�

�

�

1

X

e =0

( � 1)

e

�

e;


0

( f )

[ e ]

q

!

@

e

g

�

�

�

�

�

1

X

e =0

j �

e;


0

( f ) j

[ e ]

q

!

Z




j @

e

g j �

AC

( q ; q )

1

1

X

e =0

q

�

2

e

2

d

e

b

e

(1 � q )

e

< 1 :

Cor ollar y 3.8. L et f 2 I

!




0

and let g 2 H

D

a

I




. Then @

k

( f �




0

g ) and f �




0

@

k

g

ar e also absolutely q -inte gr able on L ( 
 ) for every k 2 Z

� 0

.

Pr o of. By Prop osition 3.7 w e kno w that f �




0

g 2 H

D

a

I




. Hence @

k

( f �




0

g ) 2 H

D

a

I




b y Lemma 3.5. By Lemma 3.5 w e also kno w that @

k

g 2 H

D

a

I




, so that f �




0

@

k

g 2

H

D

a

I




b y Prop osition 3.7.

4. Asso ciativit y of q -con v olution. The next step will b e to in v estigate asso-

ciativit y . In order to do this, w e need to kno w under whic h h yp otheses ( f �




g ) �




h

and f �




( g �




h ) are w ell-de�ned. F or f �




( g �




h ) this w as essen tially describ ed in

Lemma 3.4 and Prop osition 3.7, i.e., f and g need to b e of left t yp e, and h has to

b elong to H

D

.

In order to understand when ( f �




g ) �




h is w ell-de�ned, and to pro v e asso ciativit y , w e

need to in v estigate the b eha viour of �

e;


0

( f �




g ). W e will use the follo wing lemmas.

Lemma 4.1. L et f 2 I

1




such that @

j

f 2 I

1




for every j 2 Z

� 0

. Then

Z


 �1

� 
 �1

( @

a

f )( x ) x

b

d

q

x =

�

( � 1)

a

q

� ba +

a

2

� a

2

[ b ]

q

!

[ b � a ]

q

!

R


 �1

� 
 �1

f ( x ) x

b � a

d

q

x if b � a ,

0 otherwise.

In p articular,

�

e + k ;


( @

k

f ) = ( � 1)

k

[ e + k ]

q

!

[ e ]

q

!

�

e;


( f ) for every k 2 Z

� 0

,(4.1)

and �

l;


( @

k

f ) = 0 if l < k .
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Pr o of. It is easy to see that q

b

X

b

@ f = @ ( f X

b

) � f @ ( X

b

) (this is a particular case

of the braided Leibniz rule in [7 ] applied to X

b

and f ). If w e apply the un b ounded

q -in tegral to b oth sides with f replaced b y @

a � 1

f , then b y absolute q -in tegrabilit y w e

obtain:

Z




X

b

@

a

f = � q

� b

[ b ]

q

Z




X

b � 1

@

a � 1

f :

By rep eating this pro cedure w e get the statemen ts of the Lemma.

Lemma 4.2. If f 2 H

D

I

!


 ;�

then X

k

@

j

f 2 H

D

I

!


 ;�

for every k 2 Z

� 0

.

Pr o of. By Lemma 3.5 X

k

@

j

f is absolutely q -in tegrable on L ( 
 ) for ev ery j and

k . By Lemma 4.1 �

k + e;


( @

j

f ) = 0 unless e + k > j . F or e + k > j w e ha v e

j �

e;


( X

k

@

j

f ) j = j �

k + e � j

( f ) j q

�

k

2

+2 ek + k

2

( q

k + e � j +1

; q )

j

(1 � q )

j

�

�

C q

� k

2

� k

2

b

k � j

(1 � q )

j

q

�

2

( k � j )

2

�

q

� e ( k � �k + �j )

q

�

2

e

2

b

e

for some b > 0. Hence j �

e;


( X

k

@

j

f ) j = O

�

q

�

2

e

2

( bq

� ( k � �k + �j )

)

e

�

as e ! 1 .

It follo ws that @

k

f �




g is w ell-de�ned if f 2 H

D

a

I

!




and g 2 H

D

.

Lemma 4.3. L et f 2 H

D

a

I

!




and let g b e de�ne d, to gether with its q -derivatives,

on a domain 
 . L et 0 6= x 2 
 b e such that, for some R

x

> 0 , j @

e

g ( x ) j = O ( R

e

x

)

as e ! 1 . Then, for every k 2 Z

� 0

, @

k

( f �




g ) , ( @

k

f �




g ) and ( f �




@

k

g ) ar e wel l

de�ne d at x and

@

k

( f �




g )( x ) = ( @

k

f �




g )( x ) = ( f �




@

k

g )( x ) :

In p articular, the r esult holds if g 2 H

D

I




and x 2 L ( 
 ) , or if g is analytic on a

starlike domain 
 c enter e d at 0 and x 2 
 .

Pr o of. Under the h yp othesis on f , g and x , the con v olution pro duct f �




g is

w ell de�ned at x b y the pro of of Lemma 3.4 and Prop osition 3.7. If g and x satisfy

the h yp othesis then also @

k

g and x satisfy the h yp othesis for ev ery k 2 Z

� 0

, hence

f �




@

k

g and @

k

( f �




g ) are w ell-de�ned at x . By Lemma 4.2 ( @

k

f ) �




g is also w ell

de�ned at x . The three expressions are:

( @

k

( f �




g ))( x ) = @

k

  

1

X

e =0

( � 1)

e

�

e;


( f )

[ e ]

q

!

!

@

e

g

!

( x ) = ( f �




@

k

g )( x ) and

( @

k

f �




g )( x ) =

X

e � 0

( � 1)

e + k

�

e + k ;


( @

k

f )

[ e + k ]

q

!

( @

e + k

g )( x )

=

X

e � 0

( � 1)

e

�

e;


( f )

[ e ]

q

!

( @

k + e

g )( x ) = ( f �




@

k

g )( x )

where absolute con v ergence follo ws b y the conditions imp osed on x and g , hence the

�rst statemen ts.

If g 2 H

D

I




and x 2 L ( 
 ) then it follo ws b y the pro of of Prop osition 3.7 that g

and x satisfy the conditions of the Lemma.
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If g is analytic on a starlik e domain 
 cen tered at 0 then the condition on g and x

holds b y the estimate in the pro of of Lemma 3.4. Observ e that in this case analytic

con tin uation allo ws also x = 0 2 
.

Pr oposition 4.4. L et f 2 H

D

I

!




0

and g 2 H

D

a

I

1




. Then X

k

@

l

( f �




0

g ) 2 H

D

a

I

1




for al l k ; l 2 Z

� 0

.

Pr o of. By Prop osition 3.7 f �




0

g 2 H

D

a

. Since @

l

( f �




0

g ) = f �




0

@

l

g b y Lemma

4.3 and @

l

g 2 H

D

a

I

1




b y Lemma 3.5, w e migh t as w ell reduce to the case l = 0. Then

Z




j X

k

j j f �




0

g j =

Z




j X

k

j

�

�

�

�

1

X

e =0

( � 1)

e

�

e;


0

( f )

[ e ]

q

!

@

e

g

�

�

�

�

� C

Z




1

X

e =0

j X

k

j

q

�

2

e

2

b

e

[ e ]

q

!

�

�

@

e

g

�

�

= C

1

X

e =0

q

�

2

e

2

b

e

[ e ]

q

!

Z




j X

k

j j @

e

g j

for some C ; �; b > 0. Again b y Lemma 3.5, there exists for an y r 2 ( 
 ; a ) a constan t

B > 0 suc h that

Z




j X

k

j j f �




0

g j � C

1

X

e =0

q

�

2

e

2

(2 b )

e

( q ; q )

e




e

 

Z




0

j X

k

f j + r

k

B

!

< 1 :

By the ab o v e results w e kno w that for suitable f and g their con v olution pro duct

f �




0

g 2 H

D

a

I

1




. Next question is then whether f �




0

g is of left t yp e to o. The answ er

is p ositiv e. W e need the follo wing Lemma.

Lemma 4.5. L et f 2 H

D

I

!




, g 2 H

D

I

!




0

, k 2 Z

� 0

. Then

�

k ;


0

( f �




g ) =

k

X

e =0

�

k

e

�

q

�

e;


( f ) �

k � e;


0

( g ) :(4.2)

Thus, if 
 = 


0

then

R




( f �




g ) X

k

=

R




( g �




f ) X

k

for every k 2 Z

� 0

and

R




( f �




g ) =

(

R




f ) (

R




g ) .

Pr o of. By Prop osition 4.4 ( f �




g ) X

k

is absolutely q -in tegrable on L ( 


0

). Then

�

k ;


0

( f �




g ) = q

k

2

+ k

2

Z




0

( f �




g ) X

k

=

Z




0

�

1

X

e =0

( � 1)

e

�

e;


( f )

[ e ]

q

!

X

k

@

e

g

�

Again b y Lemma 3.5 and b y dominated con v ergence w e ma y in terc hange in tegration

and summation o v er e . Then, b y Lemma 4.1:

�

k ;


0

( f �




g ) =

k

X

e =0

�

e;


( f )

[ e ]

q

!

q

( k � e )

2

+ k � e

2

[ k ]

q

!

[ k � e ]

q

!

Z




0

g X

k � e

=

k

X

e =0

�

k

e

�

q

�

e;


( f ) �

k � e;


0

( g ) :

If 
 = 


0

then, b y symmetry , the expression on the righ t equals �

k ;


( g �




f ) =

q

k

2

+ k

2

R




( g �




f ) X

k

, hence the equalit y of the q -in tegrals. The last statemen t is

form ula (4 : 2) for k = 0 and 
 = 


0

.

Pr oposition 4.6. L et f 2 H

D

I

!


 ;�

and g 2 H

D

I

!




0

;�

. Then f �




g 2 H

D

I

!




0

;�

with � :=

��

� + �

.
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Pr o of. By Prop osition 3.7, f �




g 2 H

D

a

I




0

for some a > 


0

and b y Prop osition

4.4 f �




g 2 I

1




0

. It follo ws b y equation (4.2) that

j �

k ;


0

( f �




g )

�

�

�

k

X

e =0

�

k

e

�

q

�

�

�

e;


( f )

�

�

�

�

�

k � e;


0

( g )

�

�

:(4.3)

By using the fact that �e

2

+ � ( k � e )

2

� k

2

��

� + �

w e obtain that

j �

k ;


0

( f �




g )

�

�

� C q

k

2

��

2( � + � )

k

X

e =0

b

e

c

k � e

� C q

k

2

��

2( � + � )

(max( b; c ))

k

( k + 1)(4.4)

for some b; c; C > 0.

Remark 4.7. W e ha v e just seen that if f 2 H

D

I

!


 ;�

and g 2 H

D

I

!




0

;�

then

f �




g 2 H

D

I

!




0

;�

, where � dep ends only on � and � and is suc h that

1

�

=

1

�

+

1

�

.

W e are ready to sho w that our con v olution is asso ciativ e.

Theorem 4.8. L et f 2 H

D

I

!




and g 2 H

D

I

!




0

. L et h b e de�ne d, to gether with

its q -derivatives, on a domain 
 and let x 2 
 b e such that, for some R

x

> 0 ,

j ( @

e

h )( x ) j = O ( R

e

x

) as e ! 1 . Then (( f �




g ) �




0

h )( x ) = ( f �




( g �




0

h ))( x ) : In

p articular, the e quality holds for every x 2 
 if h is analytic on a starlike domain 


c enter e d at 0 and it holds for every x 2 L ( 


00

) if h 2 H

D

I

1




00

.

Pr o of. By the previous results all series in v olv ed con v erge absolutely for x as in

the h yp othesis. W e will sho w that the t w o giv en expressions coincide whenev er they

are w ell-de�ned. On the one hand

(( f �




g ) �




0

h )( x ) =

1

X

l =0

( � 1)

l

�

l;


0

( f �




g )

[ l ]

q

!

( @

l

h )( x )

=

1

X

l =0

l

X

k =0

( � 1)

l

�

k ;


( f ) �

l � k ;


0

( g )

[ k ]

q

! [ l � k ]

q

!

( @

e

h )( x )

where w e used equation (4.2) and Prop osition 4.4.

On the other hand

( f �




( g �




0

h ))( x ) =

1

X

l =0

( � 1)

l

�

l;


( f )

[ l ]

q

!

�

g �




0

@

l

h

�

( x )

=

1

X

l =0

1

X

m =0

( � 1)

l

�

l;


( f )

[ l ]

q

!

( � 1)

m

�

m;


( g )

[ m ]

q

!

( @

l + m

h )( x ) :

The t w o expressions will coincide if for one of them the double sum is absolutely

con v ergen t. This is certainly the case for x satisfying j @

e

h ( x ) j = O ( R

e

x

) as e ! 1 .

This last condition is in particular satis�ed if h is analytic on a starlik e domain 


cen tered at 0 and x 2 
, or if h 2 H

D

I

1




00

and x 2 L ( 


00

) (see also Lemma 4.3).

Cor ollar y 4.9. The class H

D

I

!




is an algebr a (not ne c essary unital) with r esp e ct

to �




. Its sub class H

S

I

!




is also an algebr a (not ne c essary unital) and it is a left ide al

of H

D

I

!




.
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Pr o of. By Theorem 4.8 the con v olution pro duct in H

D

I

!




is asso ciativ e. H

S

I

!




is a sub class of functions of H

D

I

!




. By Lemma 3.4 and Prop osition 4.6 the pro duct

of a function in H

D

I

!




times a function in H

S

I

!




is a function in H

D

I

!




whic h is

analytic on a whole strip around R , hence it b elongs to H

S

I

!




. By Theorem 4.8 and

the uniqueness of analytic functions w e ha v e the statemen ts.

W e will see in Section 6, Example 6.7 that a left unit exists in H

S

I

!




.

5. F unctions of strict left t yp e. Recall De�nition 3.1(b) of the class I

s !




of

functions of strict left t yp e. These functions can b e c haracterized in the follo wing

w a y .

Pr oposition 5.1. L et f 2 I

s !


 ;�

. If � > 1 then j f ( � q

� j


 ) j = 0 for every j 2 Z ;

if � = 1 then j f ( � q

� j


 ) j = 0 for every j 2 Z su�ciently lar ge; if 0 < � < 1 then, for

some c > 0 , j f ( � q

� j


 ) j = O ( q

�

2

j

2

c

j

) as j ! 1 with � =

1

1 � �

.

Conversely, let f b e a function on L ( 
 ) which is b ounde d on f� q

j


 j j � 1 g and let

� > 1 . If, for some c > 0 , j f ( � q

� j


 ) j = O ( q

�

2

j

2

c

j

) as j ! 1 then f 2 I

s !


 ;�

with

� = 1 � �

� 1

.

Pr o of. Let f 2 I

s !


 ;�

. Then there are constan ts C ; b > 0 suc h that

q

r

2

+ r

2

1

X

k = �1

q

k (1+ r )




r +1

�

j f ( q

k


 ) j + j f ( � q

k


 ) j

�

� C q

�

2

r

2

b

r

for ev ery r 2 Z

� 0

.

Hence ev ery term of the sum on the left-hand side is dominated b y the righ t-hand

side. In particular,

j f ( � q

� j


 ) j � C 


� r � 1

q

� � 1

2

r

2

+

2 j � 1

2

r + j

b

r

:(5.1)

Therefore, if � > 1, or if � = 1 and q

j �

1

2

< 
 b

� 1

, w e ha v e j f ( � q

� j


 ) j = 0 since the

left hand side do es not dep end on r . If 0 < � < 1, since the left hand side of (5.1) is

indep enden t of r , it will b e in particular smaller than the righ t-hand side ev aluated

for r :=

�

2 j � 1

2(1 � � )

�

� 0. Hence

j f ( � q

� j


 ) j � C 


� 1

( b


� 1

)

r

q

� � 1

2

r

2

+

2 j � 1

2

r + j

� C

0

( b


� 1

)

j

1 � �

q

�

(2 j � 1)

2

(1 � � )

8(1 � � )

2

+

(2 j � 1)

2

4(1 � � )

+

1

2

� C

0

q

1

2

( b


� 1

)

j

1 � �

q

(2 j � 1)

2

8(1 � � )

= C

00

�

( b


� 1

q

�

1

2

)

1

1 � �

�

j

q

j

2

2(1 � � )

;

since

2 j � 1

2(1 � � )

� 1 � r �

2 j � 1

2(1 � � )

, and the �rst statemen t follo ws.

Next w e will pro v e the con v erse statemen t. By b oundedness of f on the set f� q

j


 j

j � 0 g it follo ws that, for some M > 0, w e ha v e

R




� 


j t

k

f ( t ) j d

q

t � 2 M 


k +1

for all

k 2 Z

� 0

. Then,

q

k

2

+ k

2

 

Z


 �1

� 
 �1

�

Z




� 


!

j x

k

f ( x ) j d

q

x = (1 � q ) q

k

2

+ k

2

1

X

j =1

X

� = � 1

q

� j ( k +1)




k +1

j f ( �q

� j


 ) j

� 2 C q

k

2

+ k

2




k +1

1

X

j =1

q

j

2

�

2

� j ( k +1)

c

j

= 2 C q

�

1

2 �




k +1

q

k

2

�

k

�

q

k

2

2

(1 � �

� 1

)

1

X

j =1

q

�

2

( j

2

� 2 j

( k +1)

�

+

( k +1)

2

�

2

)

c

j

� M

2

b

k

q

1

2

�k

2
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for some M

2

; b > 0 and with � := 1 � �

� 1

< 1, since the in�nite sum is dominated b y

s (max( c; 1))

s

+ (max( c; 1))

s +1

1

X

j =0

q

j

2

2(1 � � )

c

j

; where s := [( k + 1) �

� 1

] � 0 :

Remark 5.2. By Prop osition 5.1 the p oin t wise pro duct of functions f 2 I

s !


 ;�

and g 2 I

s !


 ;�

satis�es the estimate j ( f g )( � q

� j


 ) j � C c

j

q

j

2

2

(

1

1 � �

+

1

1 � �

)

. Hence f g 2

I

s !


 ;�

, where � = 1 if � or � = 1, and (1 � � )

� 1

= (1 � � )

� 1

+ (1 � � )

� 1

> 2 if �; � < 1.

Th us � >

1

2

in all cases. This will b e useful for �nding examples in connection with

comm utativit y of q -con v olution (see Section 6).

Example 5.3. As a consequence of Prop osition 5.1 all functions b elonging to

H

D

I

s !


 ; 1

m ust b e of the form f E

q

2

( � q

2 p




� 2

X

2

) for some p 2 Z and some analytic

function f .

Remark 5.4. Observ e that functions of strict left t yp e � > 1 m ust b e iden tically

zero. F rom no w on H

D

I

s !


 ;�

will automatically imply � � 1.

Example 5.5. The family of functions f

c

( c > 0) giv en b y f

c

( z ) := e

� c (log( z

2

+1))

2

pro vides for ev ery � 2 (0 ; 1) an example of a function whic h is of strict left t yp e �

on L ( 
 ) for eac h 
 > 0. Indeed, f

c

2 H

S

1

and for ev ery 
 > 0 there exists b > 0

suc h that j f

c

( � q

� k


 ) j = O ( q

(4 c log( q

� 1

)) k

2

b

k

) as k ! 1 . Hence f 2 H

S

1

I

s !


 ;�

with

� := 1 � (4 c log( q

� 1

))

� 1

2 (0 ; 1) if c >

�

(4 log ( q

� 1

))

� 1

.

Example 5.6. Let E

q

2

( � X

2

) b e the function de�ned b y

E

q

2

( � x

2

) :=

1

X

k =0

( � 1)

k

q

k ( k � 1)

2

x

2 k

( q

2

; q

2

)

k

=

1

�

1

(0; � q ; q ; x

2

) :

This function b elongs with parameter v alue 1 = 2 to a family of en tire functions in ter-

p olating b et w een e

q

2

( � X

2

) and E

q

2

( � X

2

), see also [1]. By form ula (2.3) and Remark

2.4 in [12 ] with z = � q and n = 2 k � 1 w e ha v e:

( � q ; q )

1

�

�

�

E

q

2

( � q

1 � (2 k � 1)

)

�

�

�

� q

2 k

2

� k

( � q ; q )

2

1

:

Hence, for 
 = 1,

�

�

E

q

2
( � ( q

� k


 )

2

)

�

�

= O ( q

2 k

2

) as k ! 1 , whic h sho ws that E

q

2
( � X

2

)

is of strict left t yp e 3 = 4 on L (1).

Lemma 5.7. L et f 2 H

D

I

s !


 ;�

. Then, ther e ar e C ; c; R > 0 such that

�

e;


( @

k

f ) � C q

�

2

e

2

c

e

R

k

for al l k ; e 2 Z

� 0

. In p articular, @

k

f 2 H

D

I

s !


 ;�

.

Pr o of. Let f 2 H

D

a

I

s !


 ;�

and r 2 ( 
 ; a ). By Lemma 3.5 there exists B > 0 suc h

that

q

e

2

+ e

2

Z




j X

e

@

k

f j � q

e

2

+ e

2

2

k




k

(1 � q )

k

"

Z




j X

e

j j f j + r

e

B

#
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for all k ; e 2 Z

� 0

. Com bination with De�nition 3.1(b) immediately yields the result.

Pr oposition 5.8. L et f 2 H

D

I

!


 ;�

and g 2 H

D

I

s !




0

;�

. Then f �




g 2 H

D

I

s !




0

;�

.

Pr o of. F or an y e � 0,

q

e

2

+ e

2

Z




0

j f �




g j j X

e

j �

1

X

k =0

j �

k ;


( f ) j

[ k ]

q

!

q

e

2

+ e

2

Z




0

j X j

e

j @

k

g j � C

1

X

k =0

q

�

2

k

2

b

k

[ k ]

q

!

R

k

q

1

2

� e

2

c

e

b y form ula (1.3), De�nition 3.1(b) and Lemma 5.7.

Cor ollar y 5.9. The class H

D

I

s !




is a sub algebr a of H

D

I

!




. Its sub class H

S

I

s !




is a left ide al of H

S

I

!




, H

D

I

!




and H

D

I

s !




.

Pr o of. The pro of is similar to that of Corollary 4.9

Definition 5.10. F or every c 2 [0 ; 1) we denote by H

S

I

s !


 ;>c

the union of al l

sp ac es H

S

I

s !


 ;�

with � 2 ( c; 1] .

Cor ollar y 5.11. The classes H

S

I

s !


 ;>c

(for c 2 [0 ; 1) ) and H

S

I

s !


 ;c

(for c 2 (0 ; 1] )

ar e left ide als of H

S

I

s !




and of H

S

I

!




. Similar pr op erties hold for H

D

I

s !




.

Cor ollar y 5.12. L et f ; g 2 H

D

I

!




, h 2 H

D

. Then ( f �




g �




h )( x ) = ( g �




f �




h )( x ) for every x wher e the pr o duct is de�ne d. In p articular, for every p air of ide als

I � J with I ; J 2 fH

S

I

s !




; H

S

I

!




; H

D

I

!




; H

D

I

s !




g , I is a left mo dule over J = [ J ; J ]

�

,

wher e [ J ; J ]

�

denotes the c ommutator ide al.

Pr o of. This is a consequence of Lemma 4.5 together with the fact that f �




g

dep ends only on the q -momen ts �

e;


( f ) and not on the v alues of f ( x ). The last

statemen t follo ws b y the inclusions of left ideals H

S

I

s !




� H

S

I

!




� H

D

I

!




and

H

S

I

s !




� H

D

I

s !




� H

D

I

!




.

In particular, since H

S

I

s !


 ;>c

� H

S

I

s !


 ;>d

(resp ectiv ely H

S

I

s !


 ;c

� H

S

I

s !


 ;d

) for ev ery

c � d , w e ha v e a c hain of left ideals on H

S

I

s !




= H

S

I

s !


 ;> 0

, and similarly for H

D

I

s !




.

Hence E

q

2

( � q

2

X

2

) 2 H

S

I

s !

1 ;>c

for ev ery c < 1 and e

q

2

( � X

2

) 2 H

S

I

s !


 ;>

1

2

� �

for ev ery


 > 0 and � 2 (0 ; 1 = 2).

6. Comm utativit y of q -con v olution. W e in v estigate comm utativit y no w. W e

b egin with a lemma.

Lemma 6.1. L et f 2 H

D

I

s !


 ;> 1 = 2

b e such that

R




f X

k

= 0 for every k 2 Z

� 0

.

Then f ( x ) = 0 for every x in some neighb ourho o d of zer o. In p articular, if f 2

H

S

I

s !


 ;> 1 = 2

, then f ( x ) = 0 in e ach p oint x of the strip ar ound R wher e f is analytic.

Pr o of. Let f ha v e p o w er series f ( x ) =

P

l

a

l

x

l

with radius of con v ergence > 
 .

Then

Z




j f j

2

E

q

2

( � q

2

X

2




� 2

) =

Z




� 


j f ( x ) j

2

E

q

2

( � q

2

x

2




� 2

) d

q

x

=

Z




� 


�

f ( x ) E

q

2
( � q

2

x

2




� 2

)

1

X

l =0

�a

l

x

l

�

d

q

x =

1

X

l =0

�a

l

Z




f X

l

E

q

2
( � q

2




� 2

X

2

)

=

1

X

l =0

�a

l

1

X

p =0

( � 1)

p

q

p

2

+ p




� 2 p

( q

2

; q

2

)

p

Z




f X

2 p + l

= 0 :
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Here the third and the fourth equalit y are justi�ed b y dominated con v ergence. Indeed,

1

X

l =0

j a

l

j

Z




� 


j f ( x ) j j x

l

j E

q

2
( � q

2

x

2




� 2

) d

q

x �

1

X

l =0

j a

l

j 


l

Z




� 


j f ( x ) j d

q

x < 1

and (use that f has strict left t yp e > 1 = 2)

1

X

p =0

q

p

2

+ p




� 2 p

( q

2

; q

2

)

p

Z




j f X

l +2 p

j � C

1

X

p =0

q

p

2

+ p




� 2 p

( q

2

; q

2

)

p

q

(

1

2

� �

1

2

)( l +2 p )

2

( q

�

1

2

b )

l +2 p

< 1 :

Hence j f ( x ) j

2

= 0 if x = �q

k


 with k 2 Z

� 0

and � = � 1. If moreo v er f 2 H

S

I

s !


 ;> 1 = 2

then f = 0 b ecause it is analytic on a strip and v anishes on a sequence with limit

p oin t in the strip.

Remark 6.2. Note the crucial role of analyticit y of f on a strip around R in

order to conclude in the ab o v e Lemma that f v anishes ev erywhere on L ( 
 ).

Remark 6.3. The pro of of the ab o v e Lemma sho w ed that for an y f 2 H

S

the

p o w er series of f E

q

2

( � q

2




� 2

X

2

) is absolutely q -in tegrable on L ( 
 ).

Theorem 6.4. H

S

I

s !


 ;>c

is a c ommutative algebr a for every c 2 [1 = 2 ; 1) .

Pr o of. If f ; g 2 H

S

I

s !


 ;>c

then b y Lemma 4.5, Prop osition 5.8 and Corollary 5.9

f �




g � g �




f satis�es the h yp othesis of Lemma 6.1.

The follo wing Theorem sho ws that H

S

1

I

s !


 ; 1 = 2

is far from comm utativ e as a q -

con v olution algebra. Afterw ards w e giv e t w o other examples of noncomm utativit y .

Recall that Q is the q -shift Qf ( x ) = f ( q x ).

Theorem 6.5. L et g ( x ) := e

q

2

( � x

2

) (so g 2 H

S

1

I

s !


 ; 1 = 2

by Example 3.2 ( a ) ).

L et f 2 H

S

I

s !


 ;> 1 = 2

b e an entir e function, not identic al ly zer o. Then ( Q

� n

f ) �




g 6=

g �




( Q

� n

f ) for n su�ciently lar ge.

Pr o of. F or the discr ete q -Hermite II p olynomials

~

h

k

( x ; q ) := x

k

2

�

1

( q

� k

; q

� k +1

; 0; q

2

; � q

2

x

� 2

) = ( q ; q )

k

[ k = 2]

X

l =0

( � 1)

l

q

� 2 lk +2 l

2

+ l

x

k � 2 l

( q

2

; q

2

)

l

( q ; q )

k � 2 l

the follo wing Ro drigues t yp e form ula w as giv en in [11 ], form ula (8.28):

( @

k

e

q

2

( � X

2

))( x ) =

( � 1)

k

q

k

2

� k

2

(1 � q )

k

~

h

k

( x ; q ) e

q

2

( � x

2

) :

Also note b y form ula (I I.6) in [6 ] that

~

h

k

( i ; q ) = i

k

2

�

1

( q

� k

; q

� k +1

; 0; q

2

; q

2

) = i

k

q

�

1

2

k ( k � 1)

:(6.1)

F or f 2 I

!




put

~

f ( x ) :=

1

X

k =0

q

k

2

� k

2

�

k ;


( f )

( q ; q )

k

~

h

k

( x ; q ) :(6.2)
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It follo ws b y the Ro drigues form ula that

( f �




e

q

2
( � X

2

))( x ) =

~

f ( x ) e

q

2
( � x

2

)

for j Im( x ) j < 1. In fact,

~

f is an en tire function, whic h w e will sho w b y uniform

absolute con v ergence on compacta of the series de�ning

~

f ( x ). Indeed, for k = 2 h + �

with � = 0 ; 1:

~

h

k

( x ; q ) = ( q ; q )

2 h + �

h

X

l =0

( � 1)

l

q

� 2 l� � 4 lh +2 l

2

+ l

x

2 h + � � 2 l

( q

2

; q

2

)

l

( q ; q )

2 h + � � 2 l

= ( � 1)

h

( q ; q )

2 h + �

x

�

q

� 2 h

2

� 2 h� + h

h

X

p =0

( � 1)

p

q

2 p

2

� p +2 p�

x

2 p

( q

2

; q

2

)

h � p

( q ; q )

2 p

(1 � q

1+2 p

)

�

:

Hence

q

k

2

� k

2

( q ; q )

k

j

~

h

k

( x ; q ) j �

( q ; q

2

)

h

( q

2

; q

2

)

h

(1 � q

1+2 h

)

�

j x j

�

( q ; q )

k

�

h

X

p =0

q

2 p

2

� p

j x j

2 p

( q

2

; q

2

)

h

( q ; q

2

)

h

( q

2

; q

2

)

p

(1 � q

1+2 p

)

�

�

�( x )

( q ; q )

k

;

where �( x ) := (1 � q )

� 1

max(1 ; j x j )

1

X

p =0

q

2 p

2

� p

j x j

2 p

( q

2

; q

2

)

p

:

In com bination with De�nition 3.1(a) this sho ws that, for an y M > 0, the series

P

1

k =0

�( x )

j �

k ;


( f ) j

( q ; q )

k

is uniformly con v ergen t in x for j x j � M .

Supp ose that moreo v er f 2 I

s !




. Substitute the q -in tegral for �

k ;


( f ) (see (1.2))

in equation (6.2). Then w e can in terc hange q -in tegral and sum in the resulting ex-

pression, b y com bination of the ab o v e estimates with De�nition 3.1(b). It follo ws that

~

f can b e seen as a q -in tegral transform of f with k ernel K ( t; x ):

~

f ( x ) =

Z


 : 1

� 
 : 1

f ( t ) K ( t; x ) d

q

t; where K ( t; x ) :=

1

X

k =0

q

k

2

t

k

~

h

k

( x ; q )

( q ; q )

k

:(6.3)

By equations (6.1) and (2.4) w e ha v e K ( t; i ) = E

q

( iq t ). Therefore

~

f ( i ) =

Z


 : 1

� 
 : 1

f ( t ) E

q

( iq t ) d

q

t:

F rom no w on assume that f 2 I

s !


 ;> 1 = 2

and en tire, not iden tically zero. F or � 6= 0

put

~

f

�

( x ) := �

� 1

Z


 : 1

� 
 : 1

f ( �

� 1

t ) K ( t; x ) d

q

t =

Z


 : 1

� 
 : 1

f ( t ) K ( �t; x ) d

q

t:

Then

~

f

�

( i ) =

Z


 : 1

� 
 : 1

f ( t ) E

q

( iq �t ) d

q

t =

1

X

k =0

q

�

k ( k +1)

2

�

k ;


( f ) ( i� )

k

(6.4)
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is w ell-de�ned for all � 2 C and en tire in � . If

~

f

�

( i ) = 0 for � = q

n

k

, where

n

k

! 1 in Z as k ! 1 , then

~

f

�

( i ) = 0 for all � 2 C . Hence, b y Lemma 6.1, f is

iden tically zero, whic h con tradicts our assumption. Th us for n 2 Z su�cien tly large

w e ha v e

~

f

q

n

( i ) 6= 0, hence ( Q

� n

f ) �




e

q

2

( � X

2

) = q

n

e

q

2

( � X

2

)

~

f

q

n

do es not extend to

a function analytic at i . On the other hand e

q

2

( � X

2

) �




( Q

� n

f ) is en tire b y Lemma

3.4. Hence the t w o pro ducts are di�eren t.

Remark 6.6.

(a) Let f 2 I

s !




. Then w e can express the k ernel K ( t; x ) (de�ned b y (6.3)) also as a

q -h yp ergeometric function:

K ( t; x ) = ( iq t ; q )

1 1

�

1

( ix; iq t ; q ; � iq tx ) = ( ix; � iq t ; q )

1 2

�

1

( q tx

� 1

; 0; � iq t ; q ; ix ) :

F or the �rst iden tit y use form ula (3 : 29 : 12) in [9 ]. F or the second iden tit y use form ula

(I I I.1) in [6].

(b) Since there are functions f and g in H

S

I

s !


 ; 1 = 2

for whic h F := f �




g � g �




f 6� 0,

there exists a function F 2 H

S

I

s !


 ; 1 = 2

, not iden tically zero, for whic h

R




F X

k

= 0 for

ev ery k 2 Z

� 0

. In view of Lemma 6.1 w e can state that, for � 2 (0 ; 1], the algebra

H

S

I

s !


 ;�

is comm utativ e i� eac h function f in this algebra is determined b y its momen ts

�

e;


( f ) ( e 2 Z

� 0

).

Example 6.7. F or m 2 Z

� 0

let

g

m

( x ) := e

q

2

( � x

2

)

0

�

1

( � ; q

1+2 m

; q

2

; � q

1+2 m

x

2

)

= e

q

2

( � x

2

)

1

X

r =0

( � 1)

r

q

2 r ( r � 1)

q

(1+2 m ) r

x

2 r

( q

1+2 m

; q

2

)

r

( q

2

; q

2

)

r

:(6.5)

Then g

m

2 H

S

1

. It will turn out that for eac h � > 0 the functions g

0

and g

1

are

non-comm uting elemen ts of H

S

1

I

!


 ;�

. First w e consider more generally g

m

.

By the fact that e

q

2

( � X

2

) 2 I

s !


 ; 1 = 2

w e can estimate that, for some b; C > 0,

Z




j g

m

X

k

j �

1

X

r =0

q

2 r ( r � 1)

q

(1+2 m ) r

( q

1+2 m

; q

2

)

r

( q

2

; q

2

)

r

q

�

1

2

(2 r + k )(2 r + k +1)

�

2 r + k ;


( e

q

2
( � X

2

))

� C q

� k

2

� k

2

b

k

1

X

r =0

q

1

4

(2 r + k )

2

( bq

m � 1 � k

)

2 r

( q

1+2 m

; q

2

)

r

( q

2

; q

2

)

r

< 1 :

Hence g

m

2 I

1




for ev ery 
 > 0. By form ula (2.9), �

2 k +1 ;


( g

m

) = 0 for ev ery k 2 Z

� 0

.

F urthermore, b y dominated con v ergence w e ha v e

�

2 k ;


( g

m

) = q

2 k

2

+ k

1

X

r =0

( � 1)

r

q

2 r ( r � 1)

q

(1+2 m ) r

( q

1+2 m

; q

2

)

r

( q

2

; q

2

)

r

Z




X

2 k +2 r

e

q

2

( � X

2

)

= c

q

( 
 ) q

k

2

+ k

( q ; q

2

)

k

1

X

r =0

( q

1+2 k

; q

2

)

r

( � 1)

r

q

r

2

� r

q

(2 m � 2 k ) r

( q

1+2 m

; q

2

)

r

( q

2

; q

2

)

r

= c

q

( 
 ) q

k

2

+ k

( q ; q

2

)

k 1

�

1

( q

1+2 k

; q

1+2 m

; q

2

; q

2 m � 2 k

)

= c

q

( 
 ) q

k

2

+ k

( q ; q

2

)

k

( q

2 m � 2 k

; q

2

)

1

( q

1+2 m

; q

2

)

1
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for ev ery k 2 Z

� 0

, where w e used form ula (2.9) and form ula (I I.5) in [6 ]. Hence

�

e;


( g

m

) =

c

q

( 
 ) ( q

2

; q

2

)

1

( q

2 m +1

; q

2

)

1

q

k

2

+ k

( q ; q

2

)

k

( q

2

; q

2

)

m � k � 1

if e = 2 k with k = 0 ; 1 ; : : : ; m � 1,

and �

e;


( g

m

) = 0 otherwise. Hence g

m

2 I

!


 ;�

for eac h � > 0 and

( g

m

�




f )( x ) =

c

q

( 
 ) ( q

2

; q

2

)

1

( q

2 m +1

; q

2

)

1

m � 1

X

k =0

q

k

2

+ k

( q

2

; q

2

)

k

( q

2

; q

2

)

m � k � 1

( @

2 k

f )( x )

for an y function f and for x suc h that the q -deriv ativ es of f at x are w ell-de�ned. In

particular,

g

0

�




f = 0 ; and g

1

�




f =

c

q

( 
 ) ( q

2

; q

2

)

1

( q

3

; q

2

)

1

f for all f .

Hence, g

0

�




g

1

= 0 6= g

1

�




g

0

.

It follo ws from form ulas (6.5) and (2.4) that

g

0

( x ) = e

q

2

( � x

2

) Re( E

q

( ix )) = Re

�

( � ix ; q )

1

( � x

2

; q

2

)

1

�

= Re

�

1

( ix ; q )

1

�

= Re( e

q

( ix )) :

for x 2 R . Hence

g

0

( � 
 q

� k

) = Re

�

1

( � i
 q

� k

; q )

1

�

= Re

 

( � i )

k




� k

q

1

2

k ( k +1)

( � i


� 1

q ; q )

k

( � i
 ; q )

1

!

for k 2 Z

� 0

.

Therefore, the estimate j g

0

( � 
 q

� k

) j = O ( q

�

2

k

2

c

k

) as k ! 1 is v alid for some c > 0 if

and only if � � 1. This result com bined with Prop osition 5.1 implies that g

0

is not

of strict left t yp e on L ( 
 ).

The v anishing of all q -momen ts of g

0

can also b e seen directly from the form ula

Z


 �1

� 
 �1

x

n

e

q

( � ix ) d

q

x =

Z


 �1

� 
 �1

x

n

e

q

2

( � x

2

) E

q

( � ix ) d

q

x = 0 ( n 2 Z

� 0

; 
 > 0) ;

whic h follo ws from form ula (8 : 21) in [11 ] b y substitution of t = � q

� 1

. Hence

Z


 �1

� 
 �1

x

n

g

0

( x ) d

q

x = Re

Z


 �1

� 
 �1

x

n

e

q

( ix ) d

q

x = 0 :

Example 6.8. De�ne a function g on L (1) b y

g ( � q

k

) := ( � 1)

k

q

k

e

q

2

( � q

2 k

) ( k 2 Z ) :

Then g cannot b e extended to a function in H

D

since it is alternating on a sequence

approac hing to zero. On the other hand,

j g ( � q

� k

) j =

q

� k

( � q

� 2 k

; q

2

)

1

=

q

k

2

( � q

2

; q

2

)

k

( � 1; q

2

)

1

= O ( q

k

2

) as k ! 1 ,



A q -ANALOGUE OF CONV OLUTION ON THE LINE 723

and j g ( � q

k

) j � 1 if k 2 Z

� 0

. Hence, b y Prop osition 5.1 it follo ws that g 2 I

s !

1 ;

1

2

.

Clearly , �

2 n +1 ; 1

( g ) = 0 for all n 2 Z

� 0

. F urthermore,

�

2 n; 1

( g ) = 2(1 � q )

1

X

k = �1

( � 1)

k

q

(2 n +2) k

e

q

2

( � q

2 k

)

=

2(1 � q )

( � 1; q

2

)

1

1

 

1

( � 1 ; 0; q

2

; � q

2 n +2

) = 0

for n 2 Z

� 0

, where w e used Raman ujan's

1

 

1

summation form ula, see (I I.29) in

[6]. (C. Berg [2] used the same v anishing case of the

1

 

1

in connection with the

indeterminate momen t problem related to discrete q -Hermite I I p olynomials.) W e

conclude that g �

1

f = 0 for ev ery f .

Next w e consider f �

1

g for some f 2 I

!

1

. Since g is not in H

D

, w e cannot use the

results of Section 3 in order to b e sure that ( f �

1

g )( x ) is w ell-de�ned for suitable x .

Ho w ev er, w e can reason as follo ws. F rom the inequalit y j ( @ h )( x ) j �

j h ( x ) j + j h ( q x ) j

(1 � q ) j x j

and

the de�nition of g w e see b y induction with resp ect to e that

j ( @

e

g )( � q

k

) j � e

q

2

( � q

2 k

)

3

e

q

� k ( e � 1)

(1 � q )

e

( k ; e 2 Z

� 0

) :

Hence ( f �

1

g )( � q

k

) is w ell-de�ned for f 2 I

!

1

, k 2 Z

� 0

. Since ( � 1)

k

g ( q

k

) > 0 for all

k 2 Z , one sees that ( � 1)

k

( @

e

g )( q

k

) > 0 for all k ; e 2 Z

� 0

. Hence ( f �

1

g )( q

2 k

) > 0 for

k 2 Z

� 0

if f 2 I

!

1

is ev en and strictly p ositiv e (for instance f := e

q

2

( � X

2

)). Again

w e ha v e obtained a couterexample to comm utativit y of con v olution.

Hence w e ha v e sho wn b y means of Theorem 6.5 and Examples 6.7, 6.8 that none

of the h yp otheses of Theorem 6.4 ( f ; g 2 I

s !


 ;> 1 = 2

; f 2 I

s !




; f 2 H

D

) can b e relaxed.

7. q -Con v olution and q -F ourier transform. In Remark 2.3 w e in tro duced in

(2.5) a q -F ourier transform pair with the second transform b eing giv en b y

( F




f )( y ) :=

Z


 : 1

� 
 : 1

E

q

( iq xy ) f ( x ) d

q

x:(7.1)

The righ t-hand side of (7.1) can b e formally rewritten b y p o w er series expansion (2.4)

of E

q

( iq xy ) and b y substitution of form ula (1.2) for �

k ;


( f ). This de�nes the follo wing

transform:

(

~

F




f )( y ) :=

1

X

k =0

�

k ;


( f )

( iy )

k

( q ; q )

k

:(7.2)

The transform

~

F




is essen tially the transform F

00

S

(id ; 
 ) in [3 ] for n = 1, with the

di�erence that in [3] x and y do not comm ute.

Pr oposition 7.1.

(a) If f 2 I

!




then

~

F




f is wel l-de�ne d and it is an entir e analytic function.

(b) If mor e over f 2 I

s !




then F




f is also wel l-de�ne d and F




f =

~

F




f .

(c) L et f 2 I

!




. Then

~

F




f = 0 i� �

k ;


( f ) = 0 for al l k 2 Z

� 0

.

(d) L et f 2 H

S

I

s !


 ;> 1 = 2

. Then F




f = 0 i� f = 0 .

(e) L et f 2 H

D

I

!




, g 2 H

D

I

!




0

. Then f �




g 2 H

D

I

!




0

and

~

F




( f �




g ) = (

~

F




f )(

~

F




0

g ) .

Pr o of. (a) follo ws b y form ula (7.1) and De�nition 3.1(a).
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In order to pro v e (b), �rst substitute form ula (1.2) for �

k ;


( f ) in form ula (7.2). Then

justify in terc hange of summation and q -in tegration b y dominated con v ergence b y using

the estimate for �

k ;


( f ) in De�nition 3.1(b). Finally use the p o w er series expansion

(2.4) for E

q

( iq xy ).

(c) is eviden t from (a) together with (7.2).

(d) follo ws from (c) and Lemma 6.1.

The �rst statemen t in (e) follo ws from Prop osition 4.6. The second statemen t follo ws

b y taking form ula (7.2) for f �




g and then substituting form ula (4.2). Rearrangemen t

of the double summation is justi�ed b y dominated con v ergence (use De�nition 3.1(a)).

8. App endix. In our treatmen t of f �




g in this pap er w e usually required g

to b e analytic on a neigb ourho o d of 0, while pro ofs of lemmas and prop ositions only

used that, for some R > 0, j ( @

k

g )( x ) j = O ( R

k

) as k ! 1 , uniformly for x ! 0

in L ( 
 ). In this App endix w e sho w that the analyticit y requiremen t on g is not an

essen tial restriction. In connection with the k

th

q -deriv ativ e at 0 o ccurring in the next

Prop osition, see also Ko ek o ek and Ko ek o ek [8].

Pr oposition 8.1. L et g b e a function de�ne d on the half q -lattic e L

�

( 
 ) = f �q

k


 g

for some 
 > 0 and � 2 f� 1 g . Supp ose that ther e exist c onstants C > 0 and r > 


such that

�

�

( @

k

g )( �q

t


 )

�

�

�

C r

( r � q

t


 )

1

r

k

(1 � q )

k

(8.1)

for every k � 0 and for every t 2 Z for which q

t


 < r . Then the limit l

p

:=

lim

k !1

( @

p

g )( �q

k


 ) exists and is �nite for every p 2 Z

� 0

, and ther e exists a unique

analytic function ~g on f x 2 C j j x j < r g such that ~g = g on f �q

k


 j q

k


 < r g .

If g is de�ne d on the whole q -lattic e L ( 
 ) and if the c ondition ab ove is satis�e d for

every � 2 f� 1 g and if l

p

:= lim

k !1

( @

p

g )( �q

k


 ) is indep endent of � , then ther e exists a

unique analytic function ~g on f x 2 C j j x j < r g such that ~g = g on f� q

k


 j q

k


 < r g .

In p articular, if g is a function de�ne d on R such that on every q -lattic e L ( 
 ) the

ab ove c onditions ar e satis�e d and l

p

is indep endent of 
 for every p 2 Z

� 0

then g is

analytic.

Pr o of. It follo ws from the iden tit y

g ( �q

k


 ) = g ( �q

k +1


 ) + (1 � q ) �q

k


 ( @ g )( �q

k


 )

that

( @

b

g )( �q

k + p


 ) = ( @

b

g )( �q

k


 ) � (1 � q ) �q

k




p � 1

X

m =0

q

m

( @

b +1

g )( �q

k + m


 )(8.2)

for ev ery b; p 2 Z

� 0

and k 2 Z . F or k suc h that q

k


 < r it follo ws b y (8.1) that

P

1

m =0

q

m

( @

b +1

g )( �q

k + m


 ) is absolutely con v ergen t. Hence b oth sides of equation

(8.2) con v erge to a �nite limit l

b

as p ! 1 .

It follo ws b y induction with resp ect to n that

g ( x ) =

n

X

k =0

�

n

k

�

q

(1 � q )

k

x

k

( @

k

g )( q

n � k

x ) :(8.3)
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Let x 2 L ( 
 ), j x j < r . Then

�

n

k

�

q

(1 � q )

k

�

�

x

k

( @

k

g )( q

n � k

x )

�

�

�

(1 � q )

k

( q ; q )

k

j x j

k

C r

r � q

n � k

j x j

1

r

k

(1 � q )

k

�

C r

r � j x j

1

( q ; q )

k

�

j x j

r

�

k

:

Hence b y dominated con v ergence w e can tak e the limit for n ! 1 and g ( x ) =

P

1

k =0

x

k

l

k

[ k ]

q

!

for x = �q

k


 with q

k


 < r .

The other statemen ts follo w from the de�nition of ~g ( x ) =

P

1

k =0

x

k

l

k

[ k ]

q

!

.

Example 8.2. Let c

q ;


( x ) b e de�ned on L ( 
 ) as:

c

q ;


( �q

k


 ) :=

(

R

q

k




e

q

2

( � X

2

) if � = 1,

R

� q

k




e

q

2

( � X

2

) if � = � 1.

Then, since the q -in tegral is q -p erio dic, the limit for k ! 1 of c

q ;


( � q

k


 ) = c

q

( 
 ),

and ( @

p

c

q ;


)( x ) � 0 on L ( 
 ). The p o w er series ~c

q

( x ) is then trivially the constan t

c

q

( 
 ) de�ned b y (2.7). Ho w ev er, the function c

q

( z ) :=

R

z

e

q

2
( � X

2

), coinciding with

c

q ;


on ev ery L ( 
 ) for 
 > 0, is not analytic. Indeed the limit of c

q

( x ) for x ! 0

cannot exist.

Example 8.3. Consider the function f ( �q

k


 ) := ( � �q

k


 ; q )

1

on L ( 
 ). Clearly

lim

k !1

f ( �q

k


 ) = 1. One c hec ks that ( @

n

f )( �q

k


 ) =

q

n ( n � 1)

2

(1 � q )

n

( � �q

k + n


 ; q )

1

so that

the limit for k ! 1 is w ell-de�ned. The ma jorization for j ( @

n

f )( �q

k


 ) j is clearly

v eri�ed for ev ery n 2 Z

� 0

, k 2 Z and 
 > 0. Hence f can b e extended to the p o w er

series E

q

( x ) =

P

1

k =0

q

k ( k � 1)

2

x

k

( q ; q )

k

. Since the limits for k ! 1 of the q -deriv ativ es do

not dep end on 
 , w e ha v e c hec k ed that E

q

( x ) = ( � x ; q )

1

.
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