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ember 2000 007ON THE ASYMPTOTICS FOR LATE COEFFICIENTSIN UNIFORM ASYMPTOTIC EXPANSIONS OFINTEGRALS WITH COALESCING SADDLES�A. B. OLDE DAALHUISyAbstra
t. We will 
onstru
t Borel transforms for uniform asymptoti
 expansions of integralswith 
oales
ing saddles. These Borel transforms are in terms of new fun
tions that have 
oales
ingbran
h points. The Riemann sheet stru
tures of these 
lusters of bran
h points plus a Cau
hy typeintegral representation enable us to obtain asymptoti
 expansions for the late 
oeÆ
ients of theuniform asymptoti
 expansions.Two examples involving a Pear
ey-type integral are in
luded.1. Introdu
tion. We will study integrals of the form(1:1) IC(A)(k;A) = ZC(A) ekf(z;A)g(z) dz;where C(A) is an in�nite path of integration 
onne
ting valleys of the exponential,and f and g are analyti
 fun
tions of z near C(A). In addition, f and C depend onparameters(1:2) A = fA1; A2; � � � g;whose variation 
auses some of the saddles zn(A) of f to 
oales
e, and smooth dis-pla
ements of the path of integration. We will assume that a 
luster of N saddlesdominates the large k asymptoti
s of the integral, and that the N saddles will 
oa-les
e at a 
riti
al value A0. Our analysis will also in
lude the 
ase N = 1.In the 
ase N > 2 and A in a neighbourhood of A0 the asymptoti
s of (1:1)
annot be expressed in simple asymptoti
 expansions. It is well known how to obtainuniform asymptoti
 expansions for this integral. These expansions are for k !1 andthey are uniformly valid for A in a neighbourhood of A0. Even in the 
ase N = 2,the 
oeÆ
ients in the uniform asymptoti
 expansions are 
ompli
ated fun
tions oftheir arguments. Hen
e, asymptoti
s for the late 
oeÆ
ients is useful to 
omputethese 
oeÆ
ients and to obtain more information on the divergen
e of the uniformasymptoti
 expansions.One of the main tools in obtaining asymptoti
s for late 
oeÆ
ients in re
entpubli
ations has been the Borel transform. In the 
ase of simple (non uniform) as-ymptoti
 expansions, the Borel transform is a well-known tool. It produ
es analyti
fun
tions with simple bran
h points. Via the Lapla
e transform of the Borel trans-form exponentially improved asymptoti
 expansions (hyperasymptoti
s) and (hyper-)asymptoti
 expansions for late 
oeÆ
ients 
an be obtained, whi
h then 
an be usedto 
ompute Stokes multipliers. For more details see [7℄.Originally, Borel transforms were used to obtain fun
tions (solutions) with a pre-s
ribed simple asymptoti
 expansion. Sin
e the Borel transform of a uniform asymp-toti
 expansion produ
es a very 
ompli
ated singularity stru
ture, the Borel transformapproa
h has not been used in uniform asymptoti
s.� Re
eived Nov. 3, 1999; revised July 28, 2000.yDepartment of Mathemati
s and Statisti
s, King's Buildings, University of Edinburgh, Edin-burgh EH9 3JZ, UK (adri�maths.ed.a
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728 a. b. olde daalhuisIn this paper we will use the Borel transform approa
h. First we introdu
e in x2the uniform asymptoti
 expansion, and obtain via the methods given in [2℄ integralrepresentations for the 
oeÆ
ients in these uniform asymptoti
 expansions. The Boreltransform will be in terms of fun
tions that have 
oales
ing bran
h points. Thesefun
tions are introdu
ed in x3, and we will give a Cau
hy-type integral theorem thatwill enable us in x5 to obtain new integral representations for the 
oeÆ
ients. TheBorel transform itself is given in x4 in terms of an integral.The results of the �rst �ve se
tions are very generally valid. To obtain asymp-toti
 expansions for the late 
oeÆ
ients we need more information on f(z;A) andg(z). With this extra information we are able to determine the lo
al Riemann sheetstru
tures, and �nally obtain asymptoti
 expansions for the late 
oeÆ
ients. Theseasymptoti
 expansions have the resurgen
e property, that is, the 
oeÆ
ients in theseexpansions are the same 
oeÆ
ients as in the uniform asymptoti
 expansions of theoriginal integral IC(k), but where the 
ontour passes through other dominating 
lus-ters of saddles.We 
on
lude this paper with two examples involving a Pear
ey-type integral withtwo 
oales
ing saddles, and one distant saddle.The main advantage of studying the Borel transform for integrals is that we obtaina simple integral representation for the Borel transform. The integral representation isvery helpful in obtaining global information on the singularities of the Borel transform.The next step is to obtain the Borel transform for uniform asymptoti
 expansions forsolutions of di�erential equations. This paper 
an be used to determine the fun
-tions that are involved in des
ribing the singularities of the Borel transform, and theRiemann sheet stru
tures.The theory of uniform asymptoti
s for solutions of di�eren
e equations is almostnonexistent. The Borel transform might be used to obtain new results for di�eren
eequations. The advantage of using Borel transforms is that the di�eren
e betweenthese transforms for the solution of di�erential and di�eren
e equations is not verygreat.2. The uniform asymptoti
 expansion. Without loss of generality, we willassume that for A = A0 our 
luster of N saddles will 
oales
e at the origin. The �rststep to obtain an asymptoti
 expansion is the mapping of f(z;A) in the neighbourhoodof the 
luster of N saddle points onto a polynomialz(2:1) f(z;A) = f0(A) + FN (u;X);where(2:2) X = fX1; � � � ; XN�1g and FN (u;X) = uN+1N + 1 + N�1Xn=1 Xnunn :In this paper we shall frequently omit the A and X dependen
es of f and FN .The 0 in f0(A) refers to the 
oales
ing point of the N saddles. We map thesaddles of f onto the saddles of FN . This guarantees that the mapping z ! u(z;A)is lo
ally one-to-one and gives N equations determing the N unknowns f0(A), X(A).zThis is a generalisation of the Chester, Friedman and Ursell ansatz. See [4℄ and [10℄. Thegeneralisation is well known in singularity theory [1℄.



late 
oeffi
ients in uniform asymptoti
 expansions 729Thus (1:1) be
omes(2:3) IC(A)(k;A) = ekf0(A) ZCN ekFN (u;X)G0(u) du;where(2:4) G0(u) = g(z(u)) dzdu;and CN 
onne
ts two valleys of the exponential. For simpli
ity we assume that thepath CN starts at 1e��i=(N+1) and ends at 1e�i=(N+1). In general we 
an alwayswrite the image of C(A) as a �nite sum of e2m�i=(N+1)CN , m an integer.Next, we use Bleistein's method [3℄, that is, we de
ompose G0(u) into(2:5) G0(u) = N�1Xn=0 a0nun + F 0N (u)H0(u):The n-sum 
ontains the 
ontribution of the saddles, and the �nal term in (2:5) vanishesat the saddle points.On substituting into (2:3) by means of (2:5), we obtain
(2:6)

IC(A)(k;A) = ekf0(A) N�1Xn=0 a0n Z 1e�i=(N+1)1e��i=(N+1) ekFN (u;X)un du+ ekf0(A) Z 1e�i=(N+1)1e��i=(N+1) ekFN (u;X)F 0N (u)H0(u) du= ekf0(A) N�1Xn=0 a0nk�(n+1)=(N+1)�Æn0 + n ���n��WN �nXpk1�p=(N+1)oN�1p=1 �+ (�k)�1ekf0(A) Z 1e�i=(N+1)1e��i=(N+1) ekFN (u;X)G1(u) du;where we use the re
ursion s
heme(2:7) H 0r�1(u) = Gr(u) = N�1Xn=0 arnun + F 0N (u)Hr(u);and the 
anoni
al integrals(2:8) WN (�1; � � � ; �N�1) = Z 1e�i=(N+1)1e��i=(N+1) exp uN+1N + 1 + N�1Xp=1 �p upp ! du:The two simplest 
ases are(2:9) W1 = ip2�; W2(�1) = 2�iAi(��1):We observe that the �nal line of (2:6) is very similar to the right hand side of (2:3).



730 a. b. olde daalhuisHen
e, we 
an iterate the pro
edure and obtain the uniform asymptoti
 expansion(2:10) IC(A)(k;A) �ekf0(A) N�1Xn=0 k�(n+1)=(N+1)�Æn0 + n ���n��WN �nXpk1�p=(N+1)oN�1p=1 � 1Xr=0 arn(�k)r ;as k !1.In this pro
edure the 
oeÆ
ients arn(X) are produ
ed in the re
ursion s
heme(2:7). To obtain an expli
it formula for them we follow the steps in [2℄, whi
h is ageneralisation of [8℄. First we write(2:11) Gr(u) = 12�i Ifu;umgG0(v)Rr(u; v) dv;where the 
ontour of integration en
ir
les u and the saddle points um of FN (u;X) inthe positive sense, and the rational fun
tion Rr(u; v) is given by(2:12) Rr(u; v) = � �1F 0N (v) ��v�r 1v � u= (�)rr!2�i Iv F 0N (w) dw(FN (w) � FN (v))r+1 (w � u) :Hen
e,(2:13) Gr(u) = (�)rr!(2�i)2 Ifu;umg dv Iv dw G0(v)F 0N (w)(FN (w)� FN (v))r+1 (w � u) :We note that(2:14) F 0N (w)w � um = N�1Xn=0 unmLn(w;X);where the polynomials Ln(w;X) are given by(2:15) Ln(w;X) = 12�i If0;wg F 0N (x) dxxn+1(x� w)= wN�n�1 + N�n�3Xs=0 Xs+n+2ws:Sin
e(2:16) Gr(um) = N�1Xn=0 arnunm;we obtain from (2:13) and (2:14) the integral representation(2:17) arn = (�)rr!(2�i)2 Ifumg dv Iv dw G0(v)Ln(w;X)(FN (w) � FN (v))r+1 ;



late 
oeffi
ients in uniform asymptoti
 expansions 731and we use (2:1) to write this representation as(2:18) arn = (�)rr!(2�i)2 Ifzmg dz Iw(z) dw g(z)Ln(w;X)(FN (w) � f(z) + f0)r+1 :In (2:18) the z-
ontour of integration en
ir
les the 
luster of N saddle points of f(z),and for ea
h point z on this 
ontour the w-
ontour of integration is a small loopen
ir
ling w(z), where w(z) is the solution of FN (w) = f(z) � f0. Re
all that thismapping is one-to-one in a neighbourhood of the 
luster of saddles.In [2℄ representation (2:18) was used to obtain asymptoti
 estimates for the 
oef-�
ients arn as r !1. To obtain similar results we introdu
e a Borel transform of theuniform asymptoti
 expansion (2:10). With this Borel transform we will be able toobtain new integral representations for the 
oeÆ
ients, whi
h will be used to obtainasymptoti
 expansions for arn as r !1.3. The singularities in the Borel plane. Before we introdu
e the Borel trans-form itself we have to introdu
e a new 
lass of fun
tions. In the 
ase of asymptoti
sfor integrals with simple saddles, the singularities in the Borel plane are simple bran
hpoints. The situation will be more 
ompli
ated in the 
ase of 
oales
ing saddles.Let(3:1) UN�r;n(t;X) = � r!2�i Z 1e�i=(N+1)1e��i=(N+1) un(FN (u;X)� t)r+1 du;r = 0; 1; 2; � � � , n = 0; � � � ; N � 1. This de�nition is for ph t 2 (��; �) and t boundedaway from the origin. The analyti
 
ontinuation 
an be obtained by taking as the 
on-tour of integration a small loop around u(t), where u(t) is the solution of FN (u;X) = tsu
h that u(t) = (N + 1)1=(N+1)t1=(N+1) in the 
ase X = 0(3:2) UN�r;n(t;X) = r!2�i Iu(t) un(FN (u;X)� t)r+1 du:Hen
e, the only t-singularities of UN�r;n(t;X) are bran
h points at FN (um;X), whereum are the saddle points of FN (u;X).The two simplest 
ases are
(3:3) U10;0(t) = 1p2t ;U20;0(t;X1) = �q� 32 t�2 +X31 + 32 t�1=3 +�q� 32 t�2 +X31 � 32 t�1=32q� 32 t�2 +X31 ;U20;1(t;X1) = �q� 32 t�2 +X31 + 32 t�2=3 ��q� 32 t�2 +X31 � 32 t�2=32q� 32 t�2 +X31 :In the 
ase N = 2 the saddle points are u = �iX1=21 . The reader 
an 
he
k thatt = F2 ��iX1=21 ; X1� = � 23 iX3=21 are the only singularities of U20;n(t;X1).



732 a. b. olde daalhuisWe note that(3:4) ��tUNr;n(t;X) = UNr�1;n(t;X);and sin
e we are mainly interested in the singular part of UNr;n(t;X) we 
an use (3:4) tode�ne UNr;n(t;X) in the 
ase r = 1; 2; � � � . But we also give the integral representation(3:5) UNr+1;n(t;X) = 1r!2�i Iu(t) F 0N (u) R u0 (FN (u)� FN (v))r vn dvFN (u)� t du;r = 0; 1; 2; � � � and n = 0; � � � ; N � 1. The reader 
an 
he
k that (3:4) holds. Theendpoint 0 in the v-integral is arbitrary; for (3:4) to hold, this should be a �xed point.We 
hoose the endpoint to be the same as the point of 
oales
en
e of the N saddlesof FN (u;X).In addition to the fun
tions UNr;n(t;X) we also introdu
e fun
tions V Nr;n(t;X),whi
h are simple linear 
ombinations of UNr;n(t;X). Let(3:6) V N�r;n(t;X) = r!2�i Iu(t) Ln(u;X)(FN (u;X)� t)r+1 du;V Nr+1;n(t;X) = 1r!2�i Iu(t) F 0N (u) R u0 (FN (u)� FN (v))r Ln(v) dvFN (u)� t du;r = 0; 1; 2; � � � and n = 0; � � � ; N � 1. Again we have(3:7) ��tV Nr;n(t;X) = V Nr�1;n(t;X):The t-singularities of the fun
tions UNr;n(t;X) and V Nr;n(t;X) are bran
h pointsat FN (um;X). Hen
e, these bran
h points depend on X and they 
oales
e at theorigin in the 
ase X = 0. In that 
ase we have(3:8) UNr;n(t;0) = V Nr;N�n�1(t;0)= �((n+ 1)=(N + 1))�(r + (n+ 1)=(N + 1))(N + 1)(n�N)=(N+1)tr+(n�N)=(N+1):The reader 
an obtain this result by taking X = 0 and r = 0 in (3:1) and using (3:4).The right-hand side of (3:8) shows us that the fun
tions UNr;n(t;X) and V Nr;n(t;X) asfun
tions of t live on N + 1 Riemann sheets, that is, if we walk N + 1 times aroundthe 
luster of singularities near the origin, then we arrive ba
k at our starting point.The main reason that we are interested in these fun
tions is that the Lapla
etransform of UNr;n(t;X) is equal to the asymptoti
 basis of the uniform asymptoti
expansion (2:10). Thus in the 
ase <k > 0 we have(3:9) 12�i ZC ektUNr;n(t;X) dt=k�(n+1)=(N+1)(�k)�r �Æn0 + n ���n�WN �nXpk1�p=(N+1)oN�1p=1 � ;n = 0; � � � ; N�1, where C is a 
ontour that starts at1e��i, en
ir
les the t-singularities



late 
oeffi
ients in uniform asymptoti
 expansions 733of UNr;n(t;X), and ends at 1e�i. This follows from
(3:10) 12�i ZC ektUN0;n(t;X) dt= 1(2�i)2 ZC Z 1e�i=(N+1)1e��i=(N+1) ektunt� FN (u;X) du dt= 12�i Z 1e�i=(N+1)1e��i=(N+1) ekFN (u;X)un du=k�(n+1)=(N+1)�Æn0 + n ���n�WN �nXpk1�p=(N+1)oN�1p=1 � ;in the 
ase r = 0. The other 
ases 
an be obtained by using (3:4).The main result that we need to obtain integral representations for the 
oeÆ
ientsin the uniform asymptoti
 expansions is the following theorem.Theorem 1. Let CN be a loop that en
ir
les the t-singularities of UNr;m(t;X)N + 1 times. Then(3:11) 12�i ZCN UNr;m(t;X)V Ns;n(t;X) dt = (�)rÆm;nÆr;�s;where r and s are integers and m;n 2 f0; � � � ; N � 1g.Proof.Case 1: r + s < 0. In this 
ase we 
an use the fa
t that(3:12) UNr;m(t;X) = O(tr+(m�N)=(N+1)); V Ns;n(t;X) = O(ts�(n+1)=(N+1));as t!1. Hen
e, the integral on the left-hand side of (3:11) is zero.Case 2: r + s > 0. We use (3:4) and (3:7) and obtain(3:13) 12�i ZCN UNr;m(t;X)V Ns;n(t;X) dt = (�)s2�i ZCN UNr+s;m(t;X)V N0;n(t;X) dt:Let j� j be large and u(�) be the solution of FN (u;X) = �N+1 su
h that u(�) =(N + 1)1=(N+1)� if X = 0. Integral representation (3:5) 
an be written as(3:14) UNr+1;m(�N+1;X) = 1r!2�i Iu(�) F 0N (u) R u0 (FN (u)� FN (v))r vm dvFN (u)� �N+1 du= 1r! Z u(�)0 (FN (u(�)) � FN (v))r vm dv;and (3:2) 
an be written as(3:15) UN0;m(�N+1;X) = 12�i Iu(�) um duFN (u)� �N+1= u(�)mF 0N (u(�)) :Similarly,(3:16) V N0;n(�N+1;X) = Ln(u(�))F 0N (u(�)) :



734 a. b. olde daalhuisThus, with ~C a large 
ir
le 
entred at the origin, we obtain(3:17)12�i ZCN UNr+s;m(t;X)V N0;n(t;X) dt = N + 12�i Z ~C UNr+s;m(�N+1;X)V N0;n(�N+1;X)�N d�= N + 1(r + s� 1)!2�i Z ~C Ln(u(�))�N R u(�)0 (FN (u(�))� FN (v))r+s�1 vm dvF 0N (u(�)) d�= 1(r + s� 1)!2�i Z ~C Ln(u) Z u0 (FN (u)� FN (v))r+s�1 vm dv du;where we used the substitution �N+1 = FN (u;X). Sin
e the integrand in the �nalline of (3:17) is entire, we see that the integral has to be zero.
u

vum
Ĉ ~CFigure 1. Contours ~C and Ĉ.Case 3: r + s = 0. We 
opy the method of 
ase 2, use (2:15) and obtain(3:18)(�)r2�i ZCN UNr;m(t;X)V Ns;n(t;X) dt = N + 12�i Z ~C UN0;m(�N+1;X)V N0;n(�N+1;X)�N d�= N + 12�i Z ~C u(�)mLn(u(�))�NF 0N (u(�))2 d�= 12�i Z ~C umLn(u)F 0N (u) du= 1(2�i)2 Z ~C du If0;ug dv umF 0N (v)vn+1(v � u)F 0N (u)= 1(2�i)2 ZĈ dv Z ~C du umF 0N (v)vn+1(v � u)F 0N (u) :See Figure 1 for the 
ontours of integration. For �xed v we 
an regard the u-
ontourof integration as a loop around u = v. Hen
e, the �nal line in (3:18) equals(3:19) 12�i I0 vm�n�1 dv = Æm;n:



late 
oeffi
ients in uniform asymptoti
 expansions 7354. The Borel transform. Usually the Borel transform is de�ned via a series.Here we use an integral representation. Let(4:1) Y (t;X) = 12�i Iu(t) G0(u) duFN (u;X)� t ;where, again, u(t) is the solution of FN (u;X)=t su
h that u(t)=(N+1)1=(N+1)t1=(N+1)in the 
ase X = 0. To obtain the lo
al behaviour near the origin we use (2:7) andintegration by parts. After P steps we arrive at(4:2) Y (t;X) = PXr=0(N�1Xn=0 arnUNr;n(t;X) + trr!Hr(0))+RP (t;X);where(4:3)RP (t;X) = 1P !2�i Iu(t) F 0N (u) R u0 (FN (u)� FN (v))P GP+1(v) dvFN (u)� t du= (�)P+1(P + 1)(2�i)2 Ifu(t);umg I~v Z u(t)0 (t� FN (v))PF 0N (w)G0(~v)(FN (w)�FN (~v))P+1 (w�v) dv dw d~v:We used (2:13) to obtain the �nal integral representation. w~v0 umu(t)
Figure 2. The three 
ontours for (4:3).By taking the 
ontours as illustrated in Figure 2, we see that for t 
lose enoughto the origin u(t) will be 
lose to the origin and(4:4) RP (t;X) = O(�P ); as P !1;where � is a �xed 
onstant su
h that 0 < � < 1. Let 
 be a neighbourhood of theorigin su
h that if u(t); u1; � � � ; uN 2 
, then (4:4) holds for a �xed �. It is obviousthat the size of 
 will depend on the radius of the w-
ontour of integration, and hen
e,on the distan
e of the singularities G0(u) to our 
luster of N saddles. In this se
tion,
 will be relatively small. To obtain larger neighbourhoods we need more information



736 a. b. olde daalhuison f(z) and g(z). In x6 we will make these extra assumptions to obtain asymptoti
expansions for arn as r !1.With the help of (2:17) and (3:5) we 
an show that if u(t); u1; � � � ; uN 2 
, then(4:5) arnUNr;n(t;X) = O(�r); as r !1:Let ~
 be a neighbourhood of the origin su
h that if t 2 ~
 and u1; � � � ; uN 2 
 thenu(t) 2 
. We 
ombine the above results and obtain(4:6) Y (t;X) = 1Xr=0N�1Xn=0 arnUNr;n(t;X) + ~Y (t;X);where ~Y (t;X) is analyti
 for t 2 ~
 and u1; � � � ; uN 2 
.5. A new integral representation for the 
oeÆ
ients. All the tools toobtain integral representations for the 
oeÆ
ients in the uniform asymptoti
 expansion(2:10) are now available. Take u1; � � � ; uN 2 
, and let CN be a loop in ~
 that en
ir
lesthe t-singularities of UNr;n(t;X) N + 1 times. With te
hniques that are similar to theones used in the proof of Theorem 1, we obtain(�)r2�i ZCN V N�r;n(t;X) ~Y (t;X) dt = 12�i ZCN V N0;n(t;X) �r�tr ~Y (t;X) dt= 12�i ZCN Ln�u(t)�F 0N�u(t)� �r�tr ~Y (t;X) dt= 12�i Z ~C Ln(u) �r�tr ~Y (FN (u);X) du = 0;where ~C = F�1N �CN� is a loop that en
ir
les the saddle points of FN (u) on
e. We
ombine this result with Theorem 1 and (4:6) and obtain the integral representation(5:1) arn = (�)r2�i ZCN Y (t;X)V N�r;n(t;X) dt:The restri
tions u1; � � � ; uN 2 
 and CN � ~
 
an now be dropped. The only restri
tionthat we need is that CN is a loop that en
ir
les the points F (u1); � � � ; F (uN ) N + 1times, and the other singularities of Y (t;X) are in the exterior of CN .6. Asymptoti
s for the 
oeÆ
ients. To obtain asymptoti
 expansions forthe 
oeÆ
ients arn, as r ! 1, we need more information on f(z;A) and g(z). Thesteepest des
ents paths from a saddle point zm of f(z;A) with phase �, will be de�nedas the 
onne
ted paths that start at zm on whi
h �f(z;A)� f(zm;A)�e�i� is stri
tlyin
reasing. Note that if a steepest des
ents path hits another saddle point, then thepath will split at that saddle point into two or more bran
hes.Let �zm(A) be the union of all (� 2 (��; �℄) of these steepest des
ents pathsstarting at zm. Again, our 
luster of N saddle points is fz1; � � � ; zNg.Let �N (A) be the 
losure of �z1(A) [ � � � [�zN (A) and for z 2 C letd(z;A) = min16m6N jf(z;A)� f(zm;A)j
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oeffi
ients in uniform asymptoti
 expansions 737be the `distan
e' to our N -
luster. In u-spa
e this distan
e is d(u;A) =min16m6N jF (u;X(A))�F (um;X(A))j and in t-spa
e it is d(t;A)= min16m6N jt�f(zm;A)+f0(A)j.Our main assumptions are:(i) The phase fun
tion f(z;A) has more than one 
luster of saddle points in �N (A),and ea
h of these 
lusters 
ollapses (redu
es to one point) for A = A0. Let R bethe distan
ex from the nearest 
lusters in �N (A) to our N -
luster.(ii) There exists � > 0, �xed, su
h that the fun
tions f(z;A) and g(z) have nosingularities and no other saddle points in �N (A) within distan
e R+� from ourN -
luster.(iii) The fun
tions f(z;A) and g(z) are analyti
 in small neighbourhoods of the nearest
lusters of saddles.Our Borel transform(6:1) Y (t;X) = 12�i Iu(t) G0(u) duFN (u;X)� t = 12�i Iz(t) g(z) dzf(z;A)� f0(A)� t ;has N + 1 Riemann sheets with respe
t to our N -
luster, that is, if we walk N + 1times around the 
luster of singularities that are due to our 
luster of N saddle points,we arrive ba
k at our starting point. Let one of the nearest 
lusters ofM saddle pointshave 
oales
ing point z(M). Mapping (2:1) maps z(M) to a unique point in u-spa
e.Hen
e, the t-image of z(M), that is t = f(z(M);A)� f0(A), is lo
ated on only one ofthe N + 1 Riemann sheets. We will assume that it is lo
ated on sheet q.As in x2 we have in the neighbourhood of this M -
luster a one-to-one mappingof the form(6:2) f(z;A) = fz(M)(A) + FM (~u; ~X):From(6:3)Y (t;X)= 12�i Iz(t) g(z) dzf(z;A)�f0(A)�t = 12�i I~u(t) ~G0(~u) d~uFM (~u; ~X) + fz(M)(A)�f0(A)�t ;we see that Y (t;X) has singularities near t = fz(M)(A)� f0(A). The lo
al behaviouris(6:4)Y (t;X) = 1Xr=0M�1Xm=0 ~armUMr;m(t� fz(M)(A) + f0(A); ~X) + ~Y (t� fz(M)(A) + f0(A); ~X);where ~Y (t�fz(M)(A)+f0(A); ~X) is analyti
 near t = fz(M)(A)�f0(A). To determinethe Riemann sheet on whi
h these singularities are lo
ated, we have to study thesteepest des
ents 
ontours with respe
t to all phases. This will be illustrated in theexamples in x7. Furthermore, theM -
luster of singularities will give usM+1 Riemannsheets in t-spa
e near this 
luster. Seen from this M -
luster, the N -
luster nearxThe distan
e between the 
lusters of saddles will vary withA. When we write that the distan
ebetween two 
lusters is R we mean that the distan
e is approximately R for A in a neighbourhoodof A0, and exa
tly R in the 
ollapsed 
ase, that is, A = A0.
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C� C�Cj

Figure 3. Contour C� and Cj .t = f0(A) will be lo
ated on a spe
i�
 Riemann sheet, say ~q. Hen
e, the t�fz(M)(A)+f0(A) in (6:4) lives on sheet ~q with respe
t to the M -
luster.We assume that there are J nearest 
lusters of saddles, and that they have dis-tan
e R to our N -
luster. Instead of taking for 
ontour CN in (5:1) a small loopen
ir
ling the 
luster of singularities near the origin N +1 times, we take the loop de-pi
ted in Figure 3. It 
onsists of small loops Cj , j = 1; � � � ; J , around the singularitiesthat originate from nearest 
lusters of Mj saddle points, plus C�, whi
h is the partthat has distan
e R + � to the 
luster of singularities near the origin. Thus for allt 2 C� we have d(t;A) = R+ �. The Mj-
luster is lo
ated on sheet qj with respe
t tothe N -
luster, and the N -
luster is lo
ated on sheet ~qj with respe
t to the Mj-
luster.With this splitting of CN we obtain(6:5) arn = JXj=1 (�)r2�i ZCj Y (t;X)V N�r;n(t;X) dt+ Srn(R + �);where(6:6) Srn(R + �) = (�)r2�i ZC� Y (t;X)V N�r;n(t;X) dt:First we estimate Srn(R + �). To obtain the large r asymptoti
s of V N�r;n(t;X) weuse the �rst integral in (3:6). Instead of a small loop around u(t) we take steepestdes
ents 
ontours through one or more saddle points of FN (u;X). The order of ea
hof these saddle points is between 1 and N . Lapla
e's method (see 
hapter 4.6 in [9℄)shows us that for t 2 C�(6:7) V N�r;n(t;X) = max16m6N r!(r + 1)�1=(N+1)jFN (um;X)� tjr+1O(1) = r!(r + 1)�1=(N+1)(R+ �)r O(1);as r ! 1. Sin
e this estimate is independent of t 2 C� we 
an use it in (6:6) andobtain(6:8) Srn(R+ �) = r!(r + 1)�1=(N+1)(R+ �)r O(1);
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 expansions 739as r !1.For the terms in the sum of (6:5) we use (6:4) and obtain(6:9) (�)r2�i ZCj Y (t;X)V N�r;n(t;X) dt = 1Xp=0Mj�1Xmj=0 ~apmjTr;n;p;mj (t; fz(Mj )(A)� f0(A));where the 
oeÆ
ients originate from the Mj 
luster of saddle points, and where(6:10) Tr;n;p;m(t; �j) = (�)r2�i ZCj UMp;m(t� �j ; ~X)V N�r;n(t;X) dt:In this integral representation, t is lo
ated on sheet qj with respe
t to the N -
lusterof singularities near the origin, and t � �j is lo
ated on sheet ~qj with respe
t to theMj-
luster of singularities near �j .Instead of the �nite loop Cj around the singularities near �j , we take loop ~Cj thatstarts at t = 1eiph�j , en
ir
les the singularities near �j on
e in the negative sense,and returns to its starting point. As in the derivation of (6:8) we 
an show that(6:11) ~Tr;n;p;m(t; �j) � (�)r2�i Z ~Cj UMp;m(t� �j ; ~X)V N�r;n(t;X) dt= Tr;n;p;m(t; �j) + r!(r + 1)�1=(N+1)(R + �)r O(1);as r !1.In the following derivation, we use integral representations (3:2) and (3:6) and werepla
e the small loops in these integrals by in�nite loops to obtain
(6:12) ~Tr;n;p;m(t; �j)=(�)r�p2�i Z ~Cj UM0;m(t� �j ; ~X)V Np�r;n(t;X) dt=(r � p)!(�)r�p(2�i)3 Z ~Cj Zl1(~qj) Zl2(qj) vmLn(u;X) du dv dt�FM (v; ~X)� t+ �j� (FN (u;X)� t)r�p+1=(r � p)!(�)r�p(2�i)2 Zl1(~qj) Zl2(qj ) vmLn(u;X) du dv�FN (u;X)� FM (v; ~X)� �j�r�p+1 ;where 
ontour l1(~q) starts at1 exp( 2~q�+ph�jM+1 i) and ends at1 exp( (2~q+2)�+ph�jM+1 i) and
ontour l2(q) starts at 1 exp( (2q�1)�+ph�jN+1 i) and ends at 1 exp( (2q+1)�+ph�jN+1 i). Inthese de�nitions, we pres
ribe that ph (�j) 2 (��; �℄. We de�ne(6:13) AM;Nm;n �r;X; ~X; �; q; ~q� = r!(�)r(2�i)2 Zl1(~q) Zl2(q) vmLn(u;X) du dv�FN (u;X)� FM (v; ~X)� ��r+1 :To show that(6:14) arn � JXj=1 1Xp=0Mj�1Xmj=0 ~apmjAMj ;Nmj ;n �r � p;X; ~Xj ; fz(Mj )(A)� f0(A); qj ; ~qj�;



740 a. b. olde daalhuisas r !1, we have to show that(6:15) AMj ;Nmj ;n �r � p;X; ~Xj ; fz(Mj )(A)� f0(A); qj ; ~qj�� r!(r + 1)�1=(N+1)(R+ �)r ;as r !1, p �xed, and that the series on the right-hand side of (6:14) has an asymp-toti
 property as r !1.For X and ~X small but not �xed, the asymptoti
 behaviour of AM;Nm;n (r;X; ~X; �; q,~q), as r ! 1, is very 
ompli
ated, and should be expressed in terms of a uni-form asymptoti
 approximation. But one 
ould argue that in general the fun
tionAM;Nm;n (r;X; ~X; �; q; ~q) is the simplest fun
tion with that kind of asymptoti
 behaviour.For X and ~X small and �xed we 
an repla
e the 
ontours of integration in (6:13)by steepest des
ents 
ontours and verify that (6:15) holds. In this way we have tosplit the analysis of ea
h possible unfolding of the two 
lusters of saddles into simplesaddles. We omit the details and give just one result. In the 
ase X = 0 and ~X = 0we 
an 
ompute the integrals (express them in terms of beta integrals) and obtain(6:16)AM;Nm;n (r;0;0; �; q; ~q)=� e((2~q+1)m+1M+1�2q n+1N+1)�i� m+1M+1� n+1N+1�r (M + 1)m+1M+1�1(N + 1) n+1N+1 ��r + n+1N+1 � m+1M+1��� n+1N+1���1� m+1M+1� :Here we have j�j = jfz(Mj )(A0)� f0(A0)j = R, and hen
e (6:15) holds.To show that (6:14) is an asymptoti
 expansion, we substitute into the left-handside by means of a trun
ated version of (6:4):(6:17)(�)r2�i ZCj Y (t;X)V N�r;n(t;X) dt= PjXp=0Mj�1Xmj=0 ~apmjAMj ;Nmj ;n �r � p;X; ~Xj ; fz(Mj )(A)� f0(A); qj ; ~qj�+RPj (r; n;X; ~Xj):As in (4:2) and (4:3) we have an integral representation for the tail of (6:4), and weuse this integral to obtain an integral representation for RPj (r; n;X; ~Xj). Again, bytaking X and ~Xj small and �xed, we repla
e the 
ontours of integration by steepestdes
ents 
ontours, and show that RPj (r; n;X; ~Xj) is of the same order as the �rstnegle
ted term. Sin
e we have to split the analysis of ea
h possible unfolding of the
lusters of saddles, we omit the details. In [6℄ all these details are given for the 
aseN =M = 2.Asymptoti
 expansion (6:14) is the main result of this se
tion. In general, it isvery unlikely that the fun
tion AM;Nm;n (r;X; ~X; �; q; ~q) 
an be simpli�ed. One way of
omputing these fun
tions is to expand the integrand in (6:13) in Taylor series aboutX = 0 and ~X = 0. In this way we obtain a Taylor series for AM;Nm;n (r;X; ~X; �; q; ~q)in whi
h the 
oeÆ
ients are double integrals that 
an be expressed in terms of betaintegrals. One of these Taylor series is given in the next se
tion.When N = 1 or M = 1, the fun
tion AM;Nm;n (r;X; ~X; �; q; ~q) 
an be simpli�ed. Wewill show some details in the examples in the next se
tion.The fun
tion AM;Nm;n (r;X; ~X; �; q; ~q) 
an also be simpli�ed in the spe
ial 
ase N =
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 expansions 741M = 2 and X = ~X. In [6℄ it is shown how to express this fun
tion in a single integralthat 
an be seen as a generalised Airy integral.7. An example: a Pear
ey-type integral with two 
oales
ing sad-dles. The two examples in this se
tion are both for the Pear
ey-type integral(7:1) IC(k; a) = ZC ekf(z;a) dz;where f(z; a) = 14z4+ 23z3� 12a2z2�2a2z. This fun
tion has saddle points z = �a;�2.Thus for a small there is a 
luster of two saddle points near the origin. In the �rstexample we take(7:2) IC1(k; a) = Z 1e�i=41e��i=4 ekf(z;a) dz:The 
luster of saddle points will dominate the large-k asymptoti
s. We use the map-ping(7:3) f(z; a) = f0(a) + 13u3 +X1u;and pres
ribe that the saddle points z = �a should 
orrespond to u = �ipX1. Weobtain f0(a) = � 14a4, X1 = e��i22=3a2, and when we use the method des
ribed in x2(7:4) IC1(k; a) � 2�ie�a4k=4 k�1=3Ai(22=3k2=3a2) 1Xr=0 ar0(�k)r�k�2=3Ai0(22=3k2=3a2) 1Xr=0 ar1(�k)r! ;as k ! 1. To 
ompute the `exa
t' values of arn we use (2:17). The w integral in(2:17) 
an be 
omputed exa
tly and it will give us a rational fun
tion with poles atv = �ipX1. By expanding f(z; a) in a Taylor series at z = �a and the right-handside of (7:3) in a Taylor series at u = �ipX1, we obtain a Taylor series for G0(u) = dzduat u = �ipX1. This Taylor series times the rational fun
tion will give us arn.
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742 a. b. olde daalhuisThe Borel transform(7:5) Y (t; a) = 12�i Iz(t) g(z) dzf(z; a)� f0(a)� thas a 
luster of bran
h points at t = f(�a; a) � f0(a) = � 43a3, and a single bran
hpoint at t = f(�2; a)� f0(a) = � 43 + 2a2 + 14a4. We still have to determine on whi
hRiemann sheets these bran
h points are lo
ated. In the following analysis we assumea > 0. In Figure 4 we give several steepest des
ents paths. These paths split the
omplex plane into four regions. The image t = f(z; a)� f0(a) of region I is given inFigure 5. It 
learly shows that with respe
t to the 
luster of bran
h points, the singlebran
h point is not lo
ated on sheet 0.
Figure 5. The image of region I .
Figure 6. The image of region II .To rea
h the image of region II in the t-plane, we have to walk on
e (
lo
kwise)around t = � 43a3. The image of region II is given in Figure 6, and it is 
lear thatthere is a bran
h point on that Riemann sheet at t = � 43 + 2a2 + 14a4. Thus q = 1.On the other hand, the image of region III shows that with respe
t to the singlebran
h point, the 
luster of bran
h points are not on sheet 0. When we walk on
earound the single bran
h point in the negative dire
tion, we rea
h the image of regionIV , and it shows that with respe
t to the single bran
h point, the 
luster of bran
hpoints is lo
ated on sheet 1. Thus ~q = 1.The 
oeÆ
ients ~ap0 
orresponding to the saddle point z = �2 follow from themapping(7:6) f(z; a) = f�2(a) + 12w2;where f�2(a) = f(�2; a) = � 43 +2a2, and 
an be 
omputed via (2:17). Thus we havethe asymptoti
 expansion(7:7) arn � 1Xp=0 ~ap0A1;20;n(r � p;X1; 0;� 43 + 2a2 + 14a4; 1; 1); n = 0; 1;
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 expansions 743where the asymptoti
 s
ale 
an be simpli�ed as(7:8)A1;20;n(r;X1; 0; �; 1; 1) = �(r + 12 )(�)r2�ip2� Z 1e4=3�i1e2=3�i u1�n � 13u3 +X1u� ���r�1=2 du:As in [6℄ this fun
tion 
an be seen as a generalised Airy integral. The asymptoti
s forr !1 
an be expressed in terms of the generalised Airy integrals of [5℄, but it is notobvious whether these generalised Airy integrals are simpler than the right-hand sideof (7:8). We 
ompute the right-hand side of (7:8) by expanding the integrand into aTaylor series in X1:(7:9)A1;20;n(r;X1; 0; �; 1; 1) =(�)r+12 12� 32 1Xm=0 � �r + 4m+2n�16 �� �m�n+23 �m! sin�(m� n+ 2)2�3 � 3(m�n�1)=3(�X1)m(��)r+ 23m+ 13n� 16 :This series 
onverges for jX1j < � 32 j�j�2=3. The reader 
an 
he
k that the �rst termin this expansion agrees with (6:16).Note that (7:7) in
orporates the resurgen
e property: the 
oeÆ
ients in the as-ymptoti
 expansion for arn, the 
oeÆ
ients originating from the 
luster of saddles, are~ap0, the 
oeÆ
ients originating from the simple saddle point.In the 
ase a = 25 the `exa
t' value of a15;0 is(7:10) a15;0 = �9:955462116� 108:We take P terms on the right-hand side of (7:7), and to 
ompute the A1;20;0(� � � ) fun
-tions, we use 30 terms in the sum of (7:9). The results are given in Figure 7. This�gure shows that even the �rst term in (7:7) gives already a good approximation, andthat the right-hand side of (7:7) is a divergent asymptoti
 series.
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Figure 7. The relative error in asymptoti
 approx-imation (7:7) with P terms.The se
ond example is the integral(7:11) IC2(k; a) = Z 1e5�i=41e3�i=4 ekf(z;a) dz:



744 a. b. olde daalhuisThis time the main 
ontribution to the large k asymptoti
s 
omes from the saddlepoint z = �2. To obtain the asymptoti
 expansion for this integral, we use mapping(7:6) and the method des
ribed in x2 (or the method of steepest des
ents) and obtain(7:12) IC2(k; a) � ip2�k e(2a2�4=3)k 1Xr=0 ~ar0(�k)r ;as k !1.In this example there will be a distant 
luster of singularities near t = f0(a) �f(�2; a) = 43 � 2a2 � 14a4. The Riemann sheet stru
ture is, of 
ourse, the same as inthe �rst example. Thus q = ~q = 1. Hen
e, now we have(7:13) ~ar0 � 1Xp=0�ap0A2;10;0(r � p; 0; X1; 43 � 2a2 � 14a4; 1; 1)+ ap1A2;11;0(r � p; 0; X1; 43 � 2a2 � 14a4; 1; 1)�;as r !1. We use(7:14) A2;1m;0(r; 0; X1; �; 1; 1) = (�)rA1;20;1�m(r;X1; 0;��; 1; 1);and (7:9) to 
ompute the asymptoti
 s
ale in (7:13) via its Taylor series in X1.Note that (7:13) also in
orporates the resurgen
e property: the 
oeÆ
ients in theasymptoti
s for ~ar0, as r !1, are apn.Again, we take a = 25 and 
ompute the `exa
t' value(7:15) ~a15;0 = 3:130922055� 109:As in the �rst expansion we take P terms in (7:13) and we use 30 terms in the Taylorseries to 
ompute A2;1m;0(� � � ). The relative error is given in Figure 8.
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Figure 8. The relative error in asymptoti
 approx-imation (7:13) with P terms.A
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