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ember 2000 008REFINED WAVE-TRACKING AND NONLINEARSTABILITY OF VISCOUS LAX SHOCKS�KEVIN ZUMBRUNyAbstra
t. We make use of re
ent improvements in the asso
iated linearized theory to give amore a

urate (indeed sharp) a

ounting of the nonlinear motion of a vis
ous sho
k wave under thee�e
ts of perturbation. This yields a parti
ularly simple proof of L1 \ L1 ! Lp nonlinear orbitalstability for vis
ous Lax waves satisfying the spe
tral stability 
riterion of Zumbrun and Howard: inparti
ular, for weak Lax sho
ks in the system 
ase and for arbitrary nonsoni
 sho
ks in the s
alar
ase. For s
alar sho
ks, we prove also a sharp pointwise 
onvergen
e result yielding stability for initialdata de
aying as (1 + jxj)�r, r � 1=2, with temporal de
ay at the same rate.Introdu
tion. Re
ently, Goodman and Yip, [GY℄, have announ
ed preliminary�ndings suggesting the somewhat surprising result of L1\W 1;1 ! Lp orbital stabilityat rate t� 12 (1�1=p) for Lax type vis
ous sho
k waves satisfying the spe
tral stability
riterion of [ZH℄. Previous results for systems have all required lo
alization, i.e. spatialde
ay, of initial data of at least order (1 + jxj)�3=2 [SX,L,ZH℄; for s
alar equations,the 
urrent best result requires lo
alization (1 + jxj)�1 to a
hieve the above temporalrate [HZ.1{2℄.The approa
h of [GY℄ uses the 
ux transform of [G.2℄ to essentially \proje
t out"variations in sho
k lo
ation. Together with the linearized de
ay bounds of [ZH℄, thisimmediately gives the result at the linearized level. The nonlinear analysis is quitenontrivial, however, requiring rather deli
ate (nonlinear) weighted L1 estimates to
ontrol terms arising through inversion of the 
ux transform (indeed, to the best ofour knowledge, at the time of our writing this step is not yet 
omplete). Moreover, forsystems, the derivative Green's fun
tion bounds of [ZH℄ are not suÆ
ient to 
lose theiteration proposed in [GY℄; spe
i�
ally, jGyjL1(x) = O(1) and not � t�1=2 as needed(see notation below). In fa
t, we suspe
t that the desired derivative bounds do nothold for the \integrated" equations arising through the 
ux transform, ex
ept in thes
alar 
ase, see Remark 3.3 (they do hold for s
alar equations by the bounds in [ZH℄).This is a substantial obsta
le to the appli
ation of the methods of [G.2,GY℄ to the(nonlinear) system 
ase, at least as originally des
ribed in [GY℄.On the other hand, we have re
ently shown for the original, \unintegrated" equa-tions that improved y-derivative bounds are possible pre
isely in the Lax and over
om-pressive 
ase [Z.1℄. (For a heuristi
 explanation of this somewhat subtle phenomenon,see Dis
ussion, Se
tion 3). At the same time, we gave an (unrelated) re�ned des
rip-tion of dynami
s near the sho
k layer, making possible a sharpened analysis in theuntransformed equations. This suggests the possibility of a dire
t analysis of L1 ! Lp� Re
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748 k. zumbrunstability avoiding the 
ompli
ations introdu
ed by the 
ux transform at the nonlinearlevel.Motivated by these new developments, we here make use of the improved Green'sfun
tion bounds in [Z.1℄ to re�ne the sho
k{tra
king s
heme of [ZH,HZ.1{2℄ a dire
tapproa
h essentially opposite to that of the 
ux transform method. We immediatelyre
over optimal linearized de
ay rates for sho
ks of all types, in
luding the under-
ompressive variety (the 
ux transform method yields linearized results for Lax andover
ompressive sho
ks, nonlinear results for s
alar Lax sho
ks). More important, forLax sho
k we obtain a truly simple proof of L1 \L1 ! Lp nonlinear orbital stabilityat the rate t� 12 (1�1=p) 
onje
tured in [G.2,GY℄, essentially equivalent to that used byKawashima [Ka℄ to study stability of 
onstant solutions. We give also an improved(optimal) pointwise analysis in the s
alar 
ase.2. The S
alar Case. For 
larity of exposition, we �rst 
arry out our argument
ompletely for the s
alar 
ase, whi
h for the purposes of this paper exhibits all featurespresent in the general Lax 
ase. Consider a s
alar 
onservation law(2:1) ut + f(u)x = (b(u)ux)x;u, f , b 2 R1 , and a (without loss of generality) stationary vis
ous sho
k solution(2:2) u = �u(x); limx!�1 �u(x) =: u�;satisfying(H) f; b 2 C2; b > 0; df(u�) > 0 > df(u+).These are equivalent to the standard hypotheses (H0){(H4) of [ZH℄. Note that thethird hypothesis yields hyperboli
ity of u� as rest points of the asso
iated travelingwave ODE, hen
e(2:3) j�uxj = O(e�njxj); x > 0:Linearizing about �u(�), we obtain the linearized perturbation equation(2:4) vt = Lv := �(av)x � (bvx)x;where(2:5) b(x) := b(�u(x)); a(x) := df(�u(x)) � db(�u)�ux;We will denote by a� := a(�1); b� := b(�1) the limiting values of the 
oeÆ
ients.De�ne(2:6) G(x; t; y) := eLtÆy(x)to be the Green's fun
tion asso
iated with operator (�t � L). Then, we have thefollowing bounds, proved in [Z.1℄:Proposition 2.1. Under assumptions (H), we have for y � 0 the de
omposition(2:7) G = E + S +R;



refined wave-tra
king and nonlinear stability 749where(2:8) E(x; t; y) := � �ux(x)u+ � u�� errfn x� y � a�tp4b�t !� errfn  x� y + a�tp4b�t !! ;(2:9) S(x; t; y) := e�(x�y�a�t)24b�tp4�b�t � exex + e�x�and(2:10) R = O �(1 + t)�1=2e��x+ + e��jxj� t�1=2e� (x�y�a�t)Mt 2for some �;M > 0, where x+ denotes the positive part of x. Likewise, we have thederivative bounds(2:11) jRxj = O((1 + t)�1=2t�1=2e��x+ + e��jxj)t�1=2e� (x�y�a�t)Mt 2 ;(2:12) jRyj = O((1 + t)�1=2e��x+ + e��jxj)t�1e (x�y�a�t)2Mt :A symmetri
 de
omposition holds for y � 0.Bounds (2.8){(2.12) re�ne and somewhat simplify bounds obtained in [H.1{2, ZH℄ bysimilar methods.Example. In the 
ase of a Burgers Sho
k , u(x) = �tanh(x2 ), of the s
alar Burgersequation ut + (u2=2)x = uxx, the linearized equation (2:5) 
an be solved expli
itly bylinearized Hopf{Cole transformation, [S,N,Z.5,LZ.1,GSZ℄, to give an exa
t formula forthe Green's fun
tion of:(2:13) G(x; t; y) =�� e� x2e x2 + e� x2 � (4�t)� 12 e� (x�y�t)24t +� e x2e x2 + e�x2 � (4�t)� 12 e� (x�y+t)24t �+ 12 �u�x �errfn(x � y � tp4t )� errfn(x� y + tp4t )� :Interpretation/Dis
ussion. Due to translation-invarian
e of (2.1), equation (2.4)possesses the stationary mode �ux(�), 
orresponding to instantaneous translation of�u(�). The dominant term E in G re
e
ts ex
itation of this mode. Note that itstime-asymptoti
 value is simply the \proje
tion"(2:14) �uxh 1u+ � u� ; v0iof the initial data onto the \right eigenspa
e" Spanf�uxg, by L2 inner produ
t againstthe \left eigenve
tor" 1=(u+�u�) (for rigorous dis
ussion of asso
iated, nonstandardspe
tral theory, see [ZH℄). However, the e�e
ts of an ex
iting signal are not seen



750 k. zumbruninstantaneously, but rather propagate a

ording to the joint e�e
ts of 
onve
tion anddi�usion as re
e
ted by the multiplying errfn fa
tor.A simple heuristi
 explanation is that translation of the sho
k wave under pertur-bation is 
aused by a

umulation of mass at the sho
k layer; the errfn pro�le re
ordsthe amount of mass (up to a time-exponentially de
aying tail) that has rea
hed pointx by time t, of a delta-fun
tion signal originating at point y and propagating as a 
on-ve
ted heat kernel, hen
e the sho
k shift seen at x. (This re�nes a similar dis
ussionin [HZ.3℄ to in
lude the e�e
ts of di�usion).Linearized stability analysis. Evidently, solutions of the linearized equations donot de
ay, but 
onverge to the stationary subspa
e Spanf�uxg. To quantify the rate of
onvergen
e, we de�ne, the (linear) instantaneous proje
tion:(2:15)'(x; t) := � �ux(x)u+ � u��Z +10  (errfn �y � a+tp4b+t !� errfn �y + a+tp4b+t !! v0(y)dy+� �ux(x)u+ � u��Z +10  errfn �y � a�tp4b�t !� errfn �y + a�tp4b�t !! v0(y)dy= Z +1�1 ~E(x; y; t)v0(y)dy;where(2:16) ~E(x; t; y) := �ux(x)~e(y; t) := �ux(x)e(0; t; y);(2:17) E(x; t; y) =: �ux(x)e(x; t; y):De�nition (2.15) re�nes an analogous de�nition,(2:18) '(x; t) := � �ux(x)u+ � u��Z ja+jtja�jtj v0(y)dy;given in [ZH℄. The pra
ti
al advantages of the new de�nition are twofold: improveda

ura
y as t ! +1, due to the improved des
ription of E given in Proposition2.1 (i.e. a

ounting of di�usive e�e
ts), and improved regularity as t ! 0, due tothe in
lusion of the 
an
elling exponential tail (i.e. se
ond errfn in ea
h integrand).The importan
e of the former will be seen immediately, in the improved linear de
ayrates of Proposition 2.4, below; the importan
e of the latter will be seen later, inthe nonlinear analysis (spe
i�
ally, in the proof of Lemma 2.5, below). Moreover,there is a 
on
eptual advantage in the formal derivation via (2.16){(2.17), whi
h both
lari�es the method and gives a guide for future extension. The 
hoi
e of kernel~e(y; t) := e(0; t; y) is easily motivated by the prin
iple that ~E�E should be minimized.Denoting(2:19) eG := G� eE;we have:



refined wave-tra
king and nonlinear stability 751Lemma 2.2. Under assumptions (H), there holds for y � 0, and some �, M ,C > 0:(2:20) eG = O(t� 12 e� (x�y�a�t)Mt 2 � e��xe�x + e��x�+ e��te��xerrfn�Ct� jyjpMt �)and(2:21) eGy = O(t�1e� (x�y�a�t)Mt 2 � e��xe�x + e��x�+ e��te��xerrfn�Ct� jyjpMt �);with symmetri
 bounds for y � 0. (Note: E and thus eE and eG are de�ned di�erentlyfor y � 0 and y � 0).Proof. Sin
e terms S, R (resp.Sy, Ry) of (2.7) are 
learly absorbable in bounds(2.20){(2.21), we need only 
he
k that (E � eE) (resp.(Ey � eEy)) so absorb. Usingj�uxj = O(e�e�jxj), (2.3), we �nd for (x) � pt that(2:22) jEj; j eEj; jEyj; j eEyj � j�uxj � Ce(e�=2)jxje�(e�=2)t:For x � y � a�t < jy � a�tj + pt on the other hand, we have by the Mean ValueTheorem that(2:23) �����errfn x� y � a�tp4b�t !� errfn �y � a�tp4b�t !����� � Cjxjt� 12 e� (x�y�a�t)Mt 2 ;for C;M suÆ
iently large. Combining, and noting that jxje�(e�=2)jxj � e�(e�=4)jxj, weobtain the 
laimed bound with � := e�=4.Corollary 2.3. Under assumptions (H), there holds(2:24) ����Z +1�1 ~G(�; t; y)f(y)dy����Lp � Cminfjf jLp ; t� 12 (1�1=p)jf jL1g;(2:25) ����Z +1�1 ~Gy(�; t; y)f(y)dy����Lp � C minft�1=2jf jLp ; t� 12 (1�1=p)�1=2jf jL1g;for all t � 0, f 2 L1 \ Lp, some C > 0.Proof. Bounding the �rst terms in (2.20), (2.21) by Ct�1=2e�x�y�a�t)2Mt andCt�1e� x�y�a�t)2Mt , respe
tively, we �nd by Haussdorf-Young inequality that their 
on-tributions satisfy the 
laimed bounds. The 
ontribution of the se
ond (error) terms



752 k. zumbrun
an be bounded using triangle and H�older inequalities asj Z +1�1 e��te��xerrfn�Ct� jyjpMt � f(y)dyjLp(x)�Ce��t Z +1�1 errfn�Ct� jyjpMt � jf(y)jdy�minfe��tjerrfn�Ct� jyjpMt � jL1 jf jL1 ; e��tjerrfn�Ct� jyjpMt � jLq jf jLpg;1=p+ 1=q = 1, hen
e are bounded by Ce��t=2minfjf jL1 ; jf jLpg.Proposition 2.4. Let (H) hold. Then, for initial data v0 2 L1, we have thelinear de
ay bound(2:26) jv(�; t)� '(�; t)jLp � t� 12 (1�1=p)jv0jL1 ;and, for data de
aying as (1 + jxj)�r, we have(2:27) jv(�; t) � '(�; t)jLp � t� 12 (1=~p�1=p)jv0jL~p ;for all p � ~p > 1=r.Proof. Noting that(2:28) v(x; t) � '(x; t) = Z 1�1 eG(x; t; y)v0(y)dy;we immediately obtain 
laim (2.26) from Corollary 2.3, (2.24). For data de
aying asjv0(x)j � C(1 + jxj)�r, we observe that the same argument yieldsj Z +1�1 ~G(�; t; y)f(y)dyjLp � Ct� 12 (1�1=s)jf jL~p� Ct� 12 (1=~p�1=p)jf jL~p ;where 1=s = 1 + 1=p� 1=~p, thus giving result (2.27).Proposition 2.4 (whi
h applies for systems also, see next se
tion) sharpens therates of orbital stability given in Proposition 9.2 of [ZH℄, for initial data de
ayingmore slowly than (1 + jxj)�r ; r > 1.Nonlinear Stability Analysis. We now 
arry out the nonlinear stability argumentfollowing the framework set up in [ZH, HZ.1{2℄. De�ne the nonlinear perturbation(2:29) v(x; t) := u(x+ Æ(t))� �u(x);where Æ(t) (estimating sho
k lo
ation) is to be determined later; for de�niteness, �xÆ(0) = 0. Then,(2:30) vt � Lv = Q(v; vx)x + _Æ(t)(�ux + vx);where(2:31) Q(v; vx) = O(jvj2 + jvjjvxj)



refined wave-tra
king and nonlinear stability 753so long as jvj remains bounded. By Duhamel's prin
iple, and the fa
t that(2:32) Z 1�1G(x; t; y)�ux(y)dy = eLt�ux(x) = �ux(x);we have(2:33) v(x; t) = Z 1�1G(x; t; y)v0(y)dy� Z t0 Z 1�1Gy(x; t� s; y)(Q(v; vx) + _Æv)(y; s)dyd+ Æ(t)�ux:De�ning, by analogy with the linear 
ase, the nonlinear instantaneous proje
tion:(2:34) '(x; t) := �Æ(t)�ux:= Z 1�1 ~E(x; t; y)v0(y)dy� Z t0 Z 1�1 eEy(x; t� s; y)(Q(v; vx) + _Æv)(y; s)dy;or equivalently, the instantaneous sho
k lo
ation:(2:35) Æ(t) = � Z 1�1 ee(y; t)v0(y)dy+ Z t0 Z +1�1 eey(y; t� s)(Q(v; vx) + _Æv)(y; s)dyds;where ~E, ~e are de�ned as in (2.16), and re
alling (2.19) and (2.8), we thus obtain theredu
ed equations:(2:36) v(x; t) = Z 1�1 eG(x; t; y)v0(y)� Z t0 Z 1�1 eGy(x; t� s; y)(Q(v; vx) + _Æv)(y; s)dy;and, di�erentiating (2.35) with respe
t to t,(2:37) _Æ(t) = � Z 1�1 eet(y; t)v0(y)dy+ Z t0 Z +1�1 eeyt(y; t� s)(Q(v; vx) + _Æv)(y; s)dyds:Note: In deriving (2.37), we have used the fa
t that eey(y; s) + 0 as s ! 0, asthe di�eren
e of approa
hing heat kernels, in evaluating the boundary term(2:38) Z +1�1 eey(y; 0)(Q(v; vx) + _Æv)(y; t)dy = 0:(Indeed, jey(�; s)jL1 ! 0, see Remark 2.6, below).



754 k. zumbrunThe de�ning relation Æ(t)�ux := �' in (2.34) 
an be motivated heuristi
ally by�v(x; t)� '(x; t) � v = u(x+ Æ(t); t)� �u(x)� �v(x; t) + Æ(t)�ux(x);where �v denotes the solution of the linearized perturbation equations. Alternatively, it
an be thought of as the requirement that the instantaneous proje
tion of the shifted(nonlinear) perturbation variable v be zero, [HZ.1{2℄.Remark. Comparing (2.34) to (2.15), we see that the �rst term in (2.35) 
or-responds to linear movement of the sho
k, dependent only on the initial data. These
ond term, on the other hand, 
orresponds to nonlinear movement, and evolvesdynami
ally. This represents a new level of detail in the tra
king of vis
ous sho
kwaves. Previous analyses (e.g. in [LZ.2,HZ.2{3℄) were not suÆ
iently �ne to 
apturethe nonlinear movement of Lax-type (e.g. di�usive s
alar) sho
k waves.Lemma 2.5. The kernel ~e satis�es(2:39) j~ey(�; t)jLp ; j~et(�; t)jLp � Ct� 12 (1�1=p);(2:40) j~ety(�; t)jLp � Ct� 12 (1�1=p)�1=2;for all t > 0. Moreover, for y � 0 we have the pointwise bounds(2:41) j~ey(y; t)j; j~et(y; t)j � Ct� 12 e� (y+a�t)2Mt ;(2:42) j~ety(y; t)j � Ct�1e� (y+a�t)2Mt ;for M > 0 suÆ
iently large (i.e. > 4b�), and symmetri
ally for y � 0.Proof. From (2.8), (2.16), we have for y � 0 the expli
it representation(2:43) ~e(y; t) = � 1u+ � u�� errfn �y � a�tp4b�t !� errfn �y + a�tp4b�t !! ;and symmetri
ally for y � 0. Thus,(2:44) ~ey(y; t) = � 1u+ � u�� (K(y + a�t; t)�K(y � a�t; t)) ;(2:45) ~et(y; t) = � 1u+ � u�� ((K +Ky)(y + a�t; t)� (K +Ky)(y � a�t; t)) ;(2:46) ~ety(y; t) = � 1u+ � u�� ((Ky +Kyy)(y + a�t; t)� (Ky +Kyy)(y � a�t; t)) ;where(2:47) K(y; t) := e�y2=4b�tp4�b�t



refined wave-tra
king and nonlinear stability 755denotes an appropriate heat kernel. The pointwise bounds (2.41){(2.42) follow imme-diately for t � 1 by properties of the heat kernel, in turn yielding (2.39){(2.40) in this
ase. The bounds for small time t � 1 follow from estimates(2:48) jKy(y + a�t; t)�Ky(y � a�t; t)j = j Z y�a�ty+a�t Kyy(z; t)dzj� Ct�3=2 Z y�a�ty+a�t e�z2Mt dz� Ct�1=2e� (y+a�t)2Mt ;and, similarly,(2:49) jKyy(y + a�t; t)�Kyy(y � a�; t)j = j Z a�t�a�tKyyy(z; t)dzj� Ct�2 Z y�a�ty+a�t e�z2Mt dz;� Ct�1e� (y+a�t)2Mt :The bounds for j~eyj are again immediate. Note that we have taken 
ru
ial a

ount of
an
ellation in the small time estimates of ~et, ~ety.Remark 2.6. For t � 1, a 
al
ulation analogous to that of (2.48) yields j~ey(y; t)j�Ce� (y+a�t)2Mt ; and thus je(�; s)jL1 ! 0 as s! 0.With these preparations, we easily obtain our main result:Theorem 2.7. Let (H) hold, and jv0jL1 , jv0jL1 � �0, �0 suÆ
iently small. Then,the solutions (v; Æ)(x; t) of (2.30), (2.35) with initial data v0 satisfy:(2:50) jv(�; t)jLp � C�0(1 + t)� 12 (1�1=p);(2:51) j _Æ(t)j � C�0(1 + t)�1=2;(2:52) jÆ(t)j � C�0:Proof. De�ning(2:53) �(t) := sup0�s�t;p jv(�; s)jLp(1 + s) 12 (1�1=p) + sup0�s�t jÆ(s)j(1 + s) 12we obtain from (2.24){(2.25)(2:54) jv(�; t)jLp � Ct� 12 (1�1=p)jv0jL1+ Z t=20 (t� s)� 12 (1�1=p)� 12 jQ+ _Æv)jL1(s)ds+ Z tt=2(t� s)� 12 j(Q+ _Æv)jLp(s)ds:



756 k. zumbrunBy standard short-time estimates, we have, so long as jvjL1 remains bounded,that(2:55) jvx(�; t)jL1 � � Cjv(�; t� 1)jL1 ; for t � 1Ct� 12 jv0jL1 ; for t � 1:Thus, re
alling (2.31), (2.53), we 
an bound(2:56) j(Q(v; vx) + _Æv)(�; t)jLp � (jvxjL1 + jvjL1 + j _Æj)jvjLp� C�2t� 12 (1 + t)� 12 (1�1=p):Substituting into (2.54), we obtain for t � 1:(2:57) jv(�; t)jLp � C�0t� 12 (1�1=p)+ C�(t)2(Z t=20 (t� s)� 12 (1�1=p)� 12 s� 12 ds+ Z tt=2(t� s)� 12 (1 + s)� 12 (1�1=p)s� 12 )� C(�0 + �(t)2)t� 12 (1�1=p):For t � 1, we 
an use instead the bound(2:58) jv(�; t)jLp � Cjv0jLp + Z t0 (t� s)� 12 jQ+ _ÆvjLp(s)ds� C�0 + �(t)2 Z t0 (t� s)� 12 (1 + s)� 12 (1�1=p)� 12 ds� C(�0 + �(t)2):Combining and rearranging, we have(2:59) jv(�; t)jLp(1 + t) 12 (1�1=p) � C(�0 + �(t)2):In pre
isely the same fashion, we obtain from (2.37) and (2.39){(2.40) the bound(2:60) jÆ(t)j(1 + t)1=2 � C(�0 + �(t)2);giving(2:61) �(t) � C(�0 + �(t)2):But, this yields �(t) � 2C�0 for all t � 0, for �0 suÆ
iently small, by 
ontinuousindi
ation. Comparing with de�nition (2.53), we obtain the results (2.50){(2.51).Similarly, we obtain (2.52) from representation (2.35) together with (2.45), (2.39),the evident bound jee(�; t)j � C, jv0jL1 � �0, and the already established boundjQ+ _ÆvjL1(t) � C�20 t� 12 :Corollary 2.8. Let (H) hold. Then, for ju0� �ujL1 ; ju0� �ujL1 � �0 suÆ
ientlysmall, the solution u(x; t) of (2.1) with initial data u0 satis�es(2:62) ju(x; t)� �u(x� Æ(t))jLp � C�0(1 + t)� 12 (1�1=p)



refined wave-tra
king and nonlinear stability 757for Æ(t) satisfying(2:63) j _Æ(t)j � C�0(1 + t)�1=2;(2:64) jÆ(t)j � C�0:Remarks. 1. The bound (2.64) follows also from ju(x; t)� �u(x� Æ(t))jL1 � C�0and 
onservation of mass.2. For b(u) � 
onstant, we 
an remove the assumption jv0jL1 � �0, takingjv0jL1 merely bounded, to obtain the degraded bounds C�0t� 12 (1�1=p) in pla
e ofC�0(1 + t)� 12 (1�1=p).3. Bound (2.62) is a sharp rate for orbital stability, as 
an be seen by exam-ination of the linearized stability analysis. Likewise, (2.64) gives the sharp resultthat 
onvergen
e to the time-asymptoti
 state predi
ted by 
onservation of mass maybe arbitrarily slow. Su
h 
onvergen
e eventually o

urs for s
alar equations, by L1
ontra
tion [FS℄; however, for systems, it is an interesting question whether Æ(t) ap-proa
hes a limit, or not. (Note: the bound (2.63) yields still poorer information,allowing os
illations of up to O(t 12 )!1).Pointwise bounds. Using the pointwise bounds of Lemma 2.2 and Lemma 2.5,we 
an easily obtain a sharp nonlinear orbital stability result also for non-integrable,but weakly lo
alized data, de
aying as (1 + jxj)� 12 . This result extends and simpli�essimilar results in [H.1{3, HZ.1{2℄.A straightforward 
omputation [H.3, HZ.1{2℄ yieldsLemma 2.9. Let d(x) := (1 + jxj)�r, r > 0. Then, for y � 0,(2:65) Z 1�1� e��xe�x + e��x� t� 12 e� (x�y�a�t)Mt 2d(y)dy � Cd(jxj + t);(2:66) Z 1�1 t� 12 e� (y+a�t)Mt 2d(y)dy � Cd(t)(Note: (2.66) is a spe
ial 
ase of (2.65), with x = 0).Theorem 2.10. Assuming (H), let d(x) := (1 + jxj)�r, r � 1=2. Then, for u0H�older 
ontinuous, exponent e� > 0, with ~�-H�older norm bounded by some pres
ribed
onstant, and ju0 � �uj(x) � �0d(x), �0 suÆ
iently small, the solution u of (2.1), withinitial data u0, satis�es(2:67) ju(x; t)� �ux(x� Æ(t))j � C�0d(jxj+ t);(2:68) j _Æ(t)j � C�0d(t);for some C(�0) > 0 independent of u0.



758 k. zumbrunProof. Pro
eeding similarly as before, introdu
e the nonlinear perturbation vari-able v and sho
k lo
ation Æ, satisfying (2.36){(2.37), and de�ne(2:69) �(t) := supy;0�s�t jv(y; x)j=d(jyj+ s) + sup0�s�t jÆ(s)j=d(s):Applying (2.69), bounds (2.20){(2.21) and (2.41){(2.42) on eG and eE, and the 
on-volution bounds (2.65){(2.66), we obtain from representations (2.36) and (2.37) therespe
tive bounds(2:70) jv(x; t)j � C�0d(jxj + t) + C�(t)2 Z t0 (t� s)� 12 d(jxj + t)d(s)(1 + s�1=2)ds� eC(�0 + �(t)2)d(jxj + t);and(2:71) j _Æ(t)j � C�0d(t) + C�(t)2 Z t0 (t� s)� 12 d(t)d(s)(1 + s�1=2)ds� eC(�0 + �(t)2)d(t);where in both 
ases we have used jd(s)j = O((1+s)�1=2) to obtain R t0 (t�s)�1=2d(s)(1+s�1=2)ds � C. Here, in pla
e of (2.55), we have used the pointwise short time theoryof [ZH℄, se
tion 11, to bound(2:72) jvx(x; t)j � C� �(t� 1)d(jxj + t� 1); t � 1;�0t� 12 d(x); t � 1� C�(t)d(jxj + t)(1 + t�1=2):As in the previous argument, this yields �(t) � C(�0 + �(t)2), and �(t) � 2�0 for�0 suÆ
iently small.Remarks. 1. Theorem 2.10 shows that algebrai
 spatial de
ay translates di-re
tly into temporal (orbital) de
ay at the same rate, generalizing the 
orrespondingobservation made for exponentially de
aying data by Il'in and Olenik [IO℄.2. Sin
e mass is unbounded, there is no well-de�ned time-asymptoti
 state fordata de
aying as (1 + jxj)�1 or slower. Thus, orbital stability is the only relevantnotion here. On the other hand, the nonlinear part of Æ(t),Z t0 Z +1�1 eey(y; t� s)(Q(v; vx) + _Æv)(y; s)dyds�C�(t)2 Z t0 (t� s)�1=2d(s)(1 + s�1=2)ds� ~C�20is bounded, hen
e the main 
ontribution to the time-asymptoti
 lo
ation of the sho
kis the \mass distribution fun
tion" given by linear estimate (2.15), whi
h 
an vary asmu
h as td(t) � t1=2 as t!1.3. H�older 
ontinuity is used only in the short-time theory leading to [GS.1℄, basedon the parametrix method of Levi [Fr,Le℄, see dis
ussion [ZH℄. It 
an be dropped for



refined wave-tra
king and nonlinear stability 759b � 
onstant.3. The System Case. Now, 
onsider the general situation of a stationaryvis
ous sho
k solution(3:1) u = �u(x); limx!� �u(x) =: u�of a system of vis
ous 
onservation laws(3:2) u+ + f(u)x = (B(u)ux)x;u, f 2 Rn , B 2 Rn�n , i.e. a solution of the traveling wave ODE(3:3) �u0 = B(�u)�1(f(�u)� f(u�)):Following [ZH℄, we make assumptions (H) below, generalizing those of the s
alar 
ase:(H):(H0) f;B 2 C2.(H1) Re�(B) > 0.(H2) �(f 0(u�)) real, distin
t, and nonzero.(H3) Re�(�ikf 0(u�)� k2B(u�)) < ��k2 for all real k, some � > 0.(H4') The unstable manifold of u� in (3.3) is transverse to the stable manifoldof u+, with one-dimensional interse
tion f�u(x)g. (In parti
ular, the solution �u(�) of(3.1){(3.2) is unique up to translation).Note that (H3){(H4') are spe
i�
 to systems, being in the s
alar 
ase 
onsequen
esof (H1){(H2). Condition (H3) is the stable vis
osity matrix 
riterion of Majda andPego, 
orresponding to linearized stability of the 
onstant solutions u � u� [MP,K℄(
learly ne
essary for stability of �u(�) of the type we seek, see further dis
ussion ([ZH℄,pp. 746, 767, and 774{775). Condition (H4'), spe
ializing (H4) of [ZH℄, is the require-ment that vis
ous pro�le �u(�) be of nondegenerate Lax type (see 
lassi�
ation, Se
tion10.1 of [ZH℄); In parti
ular, it implies the Lax 
hara
teristi
 
ondition [Lax℄:(3:4) a�p > 0 > a+p ; sgn a�j = sgn a+j 6= 0; j 6= p;where p is the prin
ipal 
hara
teristi
 family of the sho
k and(3:5) a�1 < � � � < a�ndenote the (ordered) eigenvalues of df(u�).Linearizing about �u(�) gives, similarly as in the s
alar 
ase:(3:6) vt = Lv := �(Av)x � (Bvx)x;with(3:7) B(x) := B(�ux); A(x)v := df(�u(x))v � dB(�u(x))v�ux:



760 k. zumbrunDenoting A� := A(�1), B� := B(�1), de�ne the (s
alar) 
hara
teristi
 speedsa�1 < � � � < a�n (as above) to be the eigenvalues of A�, and the left and right (s
alar)
hara
teristi
 modes l�j , r�j to be 
orresponding left and right eigenve
tors, respe
-tively, normalized so that lj � rk = Æjk. Following Kawashima [K℄, de�ne asso
iatede�e
tive s
alar di�usion rates ��j : j = 1; � � � ; n by relation(3:8) 0B���1 0...0 ��n 1CA = diag L�B�R�;where L� := (l�1 ; : : : ; l�n )t, R� := (r�1 ; : : : ; r�n ) diagonalize A�.As previously, de�ne(3:9) G(x; t; y) := eLtÆy(x)to be the Green's fun
tion asso
iated with (�t � L). Then, the relevant linearizedtheory 
an be summarized in the following two propositions, proved in [ZH℄, [Z.1℄,respe
tively:Proposition 3.1. Given (H), ne
essary 
onditions for Lp-linearized orbital sta-bility, p > 0, of �u(�) with respe
t to perturbations v0 2 C10 are:(D):(D1) L has no (L2, without loss of generality) eigenvalues in fRe� � 0g n f0g.(D2) � := det(r�1 ; : : : ; r�p�1; r+p+1; : : : ; r+n ; u+�u�) 6= 0, where p is the prin
ipal
hara
teristi
 �eld de�ned in (3.4){(3.5).Proposition 3.2. Under assumptions (H), (D), we have for y � 0 the de
om-position(3:10) G = E + S +R;where
(3:11) E(x; t; y) := Xa�k >0[
0k;�℄�ux(x)l�k t0�errfn0�x� y � a�k tq4��k t 1A� errfn 0�x� y + a�k tq4��k t 1A1A ;



refined wave-tra
king and nonlinear stability 761(3:12)S(x; t; y) := Xa�k <0 r�k l�k t(4���k t)�1=2e�(x�y�a�k t)2=4��k t+ Xa�k >0 r�k l�k t(4���k t)�1=2e�(x�y�a�k t)2=4��k t� exex + e�x�+ Xa�k >0; a�j <0�ft�1g[
j;�k;�℄r�j l�k t(4� ���jkt)�1=2e�(x�z�jk)2=4���jkt� e�xex + e�x� ;+ Xa�k >0; a+j >0�ft�1g[
j;+k;�℄r+j l�k t(4� ��+jkt)�1=2e�(x�z+jk)2=4��+jkt� exex + e�x� ;with(3:13) z�jk(y; t) := a�j �t� jyjja�k j�and(3:14) ���jk(x; t; y) := jx�jja�j tj��j + jyjja�k tj  a�ja�k !2 ��k ;and(3:15)R(x; t; y) =Xk O�(t+ 1)�1=2e��x+ + e��jxj� t�1=2e�(x�y�a�k t)2=Mt+ Xa�k >0; a�j <0�fja�k tj�jyjgO((t+ 1)�1=2t�1=2e�(x�a�j (t�jy=a�k j))2=Mte��x+ ;+ Xa�k >0; a+j >0�fja�k tj�jyjgO((t+ 1)�1=2t�1=2e�(x�a+j (t�jy=a�k j))2=Mte��x� ;for some �, M > 0, where x� denotes the positive/negative part of x, indi
ator fun
-tion �fja�k tj�jyjg is one for ja�k tj � jyj and zero otherwise, indi
ator fun
tion �ft�1g isone for t � 1 and zero otherwise, and s
attering 
oeÆ
ients [
0k;�℄, [
j;�k;�℄ are 
onstant,with(3:16) Xa�j <0[
j;�k;�℄r�j + Xa+j >0[
j;+k;�℄r+j + [
0k;�℄(u+ � u�) = r�kfor ea
h k (note: uniquely determined, by 
ondition (D2)), and(3:17) Xa�k >0[
0k;�℄l�k = Xa+k <0[
0k;+℄l+k= � := (r�1 ; : : : ; r�p�1; r+p+1; : : : ; r+n ; u+ � u�)�1en;where en denotes the nth standard basis element. Likewise, we have the derivative



762 k. zumbrunbounds(3:18) jRxj =Xk O�(t+ 1)�1=2t�1=2e��x+ + e��jxj� t�1=2e�(x�y�a�k t)2=Mt+ Xa�k >0; a�j <0�fja�k tj�jyjgO((t+ 1)�1t�1=2e�(x�a�j (t�jy=a�k j))2=Mte��x+ ;+ Xa�k >0; a+j >0�fja�k tj�jyjgO((t+ 1)�1t�1=2e�(x�a+j (t�jy=a�k j))2=Mte��x� ;
(3:19) jRyj =Xk O�(t+ 1)�1=2e��x+ + e��jxj� t�1e�(x�y�a�k t)2=Mt+ Xa�k >0; a�j <0�fja�k tj�jyjgO((t+ 1)�1t�1=2e�(x�a�j (t�jy=a�k j))2=Mte��x+ :+ Xa�k >0; a+j >0�fja�k tj�jyjgO((t+ 1)�1t�1=2e�(x�a+j (t�jy=a�k j))2=Mte��x� :A symmetri
 de
omposition holds for y � 0.Remarks. The stability 
riterion (D) is equivalent to the Evans fun
tion 
on-dition of [ZH℄ (see Lemma 9.3 and Proposition 10.3, [ZH℄). The �rst 
ondition isan obvious ne
essary 
ondition for paraboli
 stability, while the se
ond 
an be re
-ognized (see, e.g. [M℄) as the 
riterion for hyperboli
 (i.e. invis
id) stability of the
orresponding ideal sho
k; for further dis
ussion, in
luding the generalization to multi-dimensions, we refer the reader to [ZS℄ or [Z.4℄. The bounds in Proposition 3.2 re�nebounds obtained in [ZH℄ by similar methods. Noti
e that (3.11){(3.15) redu
e in thelimiting 
ase �u(x) � 
onstant to the bounds obtained by Liu and Zeng [LZe℄ forstability of 
onstant solutions.We point out that 
ondition (D1) is always satis�ed in the s
alar 
ase (see e.g.dis
ussions in [S,H,HZ.3,Z.3{4℄), and, by results of Goodman, is satis�ed in the system
ase for weak sho
ks of dissipative systems, satisfying the additional 
ondition LBR >0 (see [G.1{2℄ and dis
ussions in [ZH,Z.3{4℄). Likewise, 
ondition (D2) is satis�edalways in the s
alar 
ase, for whi
h � = u+ � u�, and, for weak sho
ks of systems,for whi
h r+j � r�j , r�p � u+ � u� by Lax' (hyperboli
) sho
k stru
ture theorem [La℄.Interpretation/Dis
ussion of Green's fun
tion bounds. From relation (3.17), thetime asymptoti
 
ontribution of all ex
ited terms is, similarly as in the s
alar 
ase,�uxh�; v0i, where h�; �i denotes L2 inner produ
t, i.e. � plays the role of a \left eigen-fun
tion" at � = 0 dual to right eigenfun
tion �ux; indeed, it is the e�e
tive lefteigenfun
tion in the extended spe
tral theory of [ZH℄. Note, in the s
alar 
ase, that(3.17) redu
es to the simple formula � = (u+ � u�)�1 given in Se
tion 2.The form of ve
tor � 
an be dedu
ed from �rst prin
iples via � � (u+ � u�) = 1and the properties � � r�k = 0, k = 1; : : : ; p � 1, and � � r+k = 0, k = p + 1; : : : ; n.These follow, in turn, from the observation that in the far �elds \outgoing mass" inmodes r�j , aj ? 0, simply es
apes to in�nity, and 
annot 
ontribute to the shifting ofthe sho
k. This argument, and a heuristi
 treatment of s
attering, �rst appeared in



refined wave-tra
king and nonlinear stability 763[LZ.2℄; for related dis
ussion, see [ZPM℄.Along with ex
itation of the stationary mode �ux, already seen in the s
alar 
ase,we have the new, system e�e
t of s
attering in the outgoing modes r�j , a�j ? 0.Grouping together terms in E, S with like initial propagation speeds a�k , we see thatunit in
oming mass in mode r�k , upon rea
hing the sho
k layer, splits into a portion[
0k;�℄ a

umulating at the sho
k and n � 1 portions [
j;�k;�℄ leaving the sho
k in theoutgoing modes r�j , a�j ? 0. More pre
isely, an initial delta-fun
tion perturbation aty propagates in mode r�k as a Gaussian signal 
entered about z�k := y+ a�k t until thetime T := jyj=ja�k j when it rea
hes the sho
k lo
ation (z = 0), thereafter splitting intoa stationary wave 
entered around the sho
k and n� 1 Gaussian signals outgoing inmodes r�j , 
entered about paths z�jk := a�j (t�T ). The relation (3.16) thus represents
onservation of mass for a single s
attered signal; for further details, see [ZH,Z.1℄.The form of the time-varying di�usion ��jk in (3.14) may be easily understoodin terms of the history of the s
attered signal. For, evaluating to lowest order at the
enter x = z�jk, in the 
riti
al regime t � jy=a�k j for whi
h z�jk ? 0, we obtain the
onvex average jz�jkjja�j tj��j + jyjja�k tj  a�ja�k !2 ��k ;of the in
oming di�usion ��k and a modi�ed version(3:20)  a�ja�k !2 ��kof the outgoing di�usion ��j , weighted by the amounts of time T = jy=a�k j and t �T = jz=a�j j spent by the (
enter of the) signal in the respe
tive modes r�k and r�j .Corre
tion (3.20) likewise has a simple geometri
 interpretation: For de�niteness,
onsider a signal z+jk outgoing toward the positive side. During the time T that thesignal takes to rea
h the sho
k lo
ation z = 0, it di�uses a distan
e � (��k T )1=2. Thismeans that the trailing edge of the signal will strike the sho
k layer after the trailingedge by a di�eren
e of time �T � (��k T )1=2=ja�k j, during whi
h the two edges undergo
onve
tion di�ering by rate a+j � a�k . This results in additional, 
onve
tive spreadingof approximately(3:21) (a+j � a�k )�T � (��k T )1=2�a+j � a�k )=ja�k j;yielding a total distan
e of (a+j =a�k )(��k T )1=2, 
onsistent with the 
orre
ted di�usion(3.20).We point out two 
ru
ial di�eren
es between the bounds 
ited here and thosereported earlier in [ZH℄. The �rst is the re�ned des
ription (3.11) of the ex
ited terms,repla
ing the 
ruder estimateE(x; t; y) = Xa�k >0[
0k;�℄�ux(x)l�k t�fja�k tj�jx�yjg



764 k. zumbrunof [ZH℄; as we have seen already in the s
alar 
ase, this distin
tion is important fora

urate wave{tra
king in
orporating di�usive e�e
ts (the dominant de
ay me
hanismfor nonlo
alized data).The se
ond is the absen
e in Sy, Ry of terms of the form(3:22) O(e��jyj)t� 12 e� (x�y�a�j t)Mt 2 ;a�j ? 0, 
orresponding to outgoing di�usion waves. Su
h terms ne
essarily o

ur forunder
ompressive sho
ks, hen
e must appear in the bounds of [ZH℄, whi
h apply tosho
ks of all types.Example. In [LZ.1℄, the Green's fun
tion about an under
ompressive stationaryComplex Burger sho
k is obtained expli
itly as(3:23) G = �G1 00 G2� ;where G1 is the Green's fun
tion (2.13) for a Real Burger sho
k, and(3:24)G2(x; t; y) := � e y2e y2 + e� y2 � (4�t)� 12 e� (x�y�t)24t +�� e y2e y2 + e� y2 � (4�t)� 12 e� (x�y+t)24tWe thus see dire
tly that (G2)y 
ontains the terms(3:25) � 12(e y2 + e� y2 )2���(4�t)� 12 e� (x�y�t)24t + (4�t)� 12 e� (x�y+t)24t � :As noted in [Z.1℄, on the other hand, terms of form (3.22) do not arise for Laxor over
ompressive sho
ks. This is a vital observation, sin
e the argument of the keyCorollary 2.3 requires j ~GyjLp(x) � t� 12 (1�1=p)� 12 , whereas(3:26) jSyjLp(x) � je��jyjt� 12 e� (x�y�a�t)Mt 2 jLp(x) � t� 12 (1�1=p):We therefore take a moment to explain this essential distin
tion in behavior:A fundamental di�eren
e, pointed out with varying degree of rigor in [ZPM,LZ.2,ZH℄, between sho
ks of Lax/over
ompressive type and sho
ks of under
ompres-sive type is that s
attering data | sho
k shift plus masses of outgoing di�usion waves| is in the former 
ase entirely determined by mass of initial perturbation, but in thelatter 
ase depends also on the lo
ation (distribution) of that mass.Thus, s
attering terms (
omprising S) in the Lax/over
ompressive 
ase take gen-eral form(3:27) Mjt� 12 e� (x�y�a�j t)4��j t 2 ;where the 
oeÆ
ient matri
es Mj 2 Rn�n are 
onstant, and in the under
ompressive
ase(3:28) Mj(y)t� 12 e� (x�y�a�j t)4��j t 2 ;



refined wave-tra
king and nonlinear stability 765whereMj(y) are asymptoti
ally 
onstant as y ! �1, but not 
onstant. Di�erentiating(3.28) with respe
t to y, we see dire
tly that Sy in the under
ompressive 
ase 
ontainsadditional terms(3:29) M 0j(y)t� 12 e� (x�y�a�j t)4��j t 2 � e��(y)t� 12 e� (x�y�a�j t)Mt 2not present in the Lax/over
ompressive 
ase. The \Residual terms" Ry are in both
ases (Lax and under
ompressive) faster de
aying than Sy.The rigorous proof of the above statements follows very mu
h along the lines of ourheuristi
 dis
ussion. Pre
isely, to obtain the additional s
attering information givenin [Z.1℄, one has only to repla
e Proposition 7.1 in [ZH℄ by the more detailed Lemmas4.7, 4.21, and 4.37 of [Z.4℄, whi
h quantify these formal observations at the level of theresolvent kernel of the linearized operator about the wave. Then, approximating slow-de
aying modes in x by their 
onstant-
oeÆ
ient limits using Proposition 3.1 of [ZH℄ (aversion of the \Gap Lemma" of [GZ℄), one 
an pro
eed by exa
tly the same analysis asin [ZH℄, Theorem 8.3 to obtain the desired Green's fun
tion bounds via inverse Lapla
etransform. We point out that the form of ��jk may be dedu
ed from the saddlepointestimate 
t�1=2e���2=a�k pt given in [ZH℄ for the s
attered wave (now exa
t), where ��and p are as de�ned in equation (8.79), p. 836 (resp. (8.91), p. 840) of that referen
e:spe
i�
ally, from �� = (a�k =a�j )(x � z�jk)=2t, we obtain ��jk = p(a�j )2=a�k , yielding theresult. The re�ned des
ription of the ex
ited term may be obtained similarly, usingLemmas 4.7, 4.21, and 4.37 of [Z.4℄, together with Proposition 3.1 of [ZH℄ to obtainthe prin
ipal part as an expli
it Fourier integral. For details, see [Z.1℄.Remark 3.3. Further 
onsiderations suggest that improved y-derivative boundsdo not hold in the system 
ase for the \integrated equations"(3:30) vt = Lv := �Avx +Bvxx;arising through the 
ux transform of [G.2,GY℄, nor do se
ond-derivative bounds for the\unintegrated" equations exhibit further improvement; that is, the bounds availableby the methods of [Z.1℄ are sharp. For, 
onsider the trivial 
ase of a Lax sho
k�u(x) = (� tanh(x=2); 0) of (3.1) with f(u1; u2) := (u2=2; (u+ 2)v)t and B � I , forwhi
h equations (3.30) de
ouple into(3:31) (v1)t = �a1(v1)x + (v1)xxand(3:32) (v2)t = �a2(v2)x + (v2)xx; a2 � 1 > 0;and the Greens fun
tion G into G = �G1 00 G2� :The �rst equation, 
orresponding to the prin
ipal 
hara
teristi
 �eld, is just thatarising from a s
alar sho
k of (integrated) Burgers equation), hen
e obeys the deriva-tive bound j(G1)yjL1(x) � t�1=2 (by the bounds of [ZH℄, or dire
t 
omputation similarto (2.13)). The se
ond equation, 
orresponding to the transverse 
hara
teristi
 �eld,



766 k. zumbrunmay be studied by the observation that (G2)y = Gx, where G is the Green's fun
tionfor vt = �(a2v)x + vxx;hen
e (G2)y = RxGyy. Heuristi
ally, we expe
t(3:33) G � K(x� z(y; t); t);where K(x; t) := (4�t)�1=2e�x2=4�t denotes a standard heat kernel and z(y; t) denotesthe path of a signal originating at y and 
onve
ted at rate a2, hen
ejzyj � ja� a�j � e��jyjfor large t. Thus, Gy � �zyKx � e��jyjKx, mat
hing the predi
tions above, butGyy � �zyyKx � z2yKxx � e��jyjKxand(3:34) (G2)y � �zyyK � z2yKx � e��jyjK;when
e jGyyjL1(x) � jGyjL1(x) � t�1=2 and j(G2)yjL1(x) � jKjL1(x) � 1 >> t�1=2.To put it another way, more related to the previous dis
ussion of the under
om-pressive 
ase, (3.32) does not exhibit 
onservation of mass, hen
e we expe
t behaviorG2 � m(y; t)K(x� z(y; t))in pla
e of (3.33), withmy � e��jyj. This yields dire
tly that (G2)y � myK � e��jyjK,mat
hing 
on
lusion (3.34) above.Nonlinear stability analysis. With these observations, our nonlinear stability anal-ysis 
arries through exa
tly as in the s
alar 
ase. That is, de�ning v, Æ formally by(2.29), (2.35) and eE, eG, ee by (2.16) and (2.19), we again arrive at the redu
ed equa-tions (2.36){(2.37). Likewise by essentially the same 
al
ulations as in the s
alar 
ase,we have:Lemma 3.4. Given (H), (D), kernels eG, ee satisfy bounds (2.24){(2.25) and(2.39){(2.40) of Corollary 2.3 and Lemma 2.5, respe
tively.Proof. The 
ru
ial estimation of E � ~E (resp. Ey � ~Ey) is obtained by summingover ea
h in
oming s
alar mode k, a�k > 0, the estimates from the s
alar 
ase, whilethe terms S, R (resp. Sy, Ry) again 
learly absorb.Thus, the arguments of Proposition 2.4 and Theorem 2.7/Corollary 2.8 
arry oververbatim to yield our main theorems:Theorem 3.5. Given (H), (D) is ne
essary and suÆ
ient for Lp-linearized or-bital stability of �u(�) with respe
t to initial perturbations v0 2 L1 or jv0(x)j � C(1 +jxj)�r, r > 1=p. Moreover, if (D) holds, we have the (sharp) linear de
ay bounds:(3:35) jv(�; t)� '(�; t)jLp � t� 12 (1�1=p)jv0jL1 ;in the �rst 
ase, and in the se
ond 
ase(3:36) jv(�; t) � '(�; t)jLp � t� 12 (1=~p�1=p)jv0jL~p ;



refined wave-tra
king and nonlinear stability 767for all p � ~p > 1=r, where v is the solution of (3.6) with initial data v0, and ' is asde�ned in (2.15){ (2.19).Theorem 3.6. Let (H), (D) hold. Then, for ju0 � �ujL1 ; ju0 � �ujL1 � �0, �0suÆ
iently small, the solution u(x; t) of (3.2) with initial data u0 satis�es(3:37) ju(x; t)� �u(x� Æ(t))jLp � CÆ0(1 + t)� 12 (1�1=p):where Æ(t) (de�ned as above) satis�es(3:38) (Æ(t)j � C�0(1 + t)� 12 ;(3:39) jÆ(t)j � C�0:Remarks. 1. The 
on
lusions of Theorem 3.5 apply also for over- and under-
ompressive sho
ks (note: this result requires only bounds on jGj and not jGy j, whi
hare equivalent in the three 
ases [Z.1℄).2. For lo
alized data, jvj � (1 + jxj)�r; r > 1, pointwise bounds analogous tothose of Theorem 2.9 
an also be obtained, but here there is not parti
ular advantageof the Lax over the under
ompressive 
ase; for this analysis, we refer the reader to[Z.2℄.3. As noted above, the over
ompressive 
ase features the same improved y-derivative Green's fun
tion bounds as does the Lax 
ase; however, the stationarymanifold f�uÆg of solutions of (3.1){(3.2) lo
al to �u does not typi
ally have the simplegroup stru
ture used in our stability argument (translation, in the Lax and under-
ompressive 
ase). It is an interesting open question whether L1 \L1 ! Lp stabilityholds in this 
ase. Nonlinear stability of over
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