
METHODS AND APPLICATIONS OF ANALYSIS. 

 2000 International PressVol. 7, No. 4, pp. 769{792, De
ember 2000 009DIAGONAL ORTHOGONAL POLYNOMIAL SEQUENCES�P. MARONIy AND R. SFAXIzAbstra
t. We deal with a problem linked to the generalized 
oherent pairs problem [3,12℄, whenthe two orthogonal sequen
es are identi
al, then 
alled diagonal sequen
es. We exhaustively des
ribeall the diagonal sequen
es (see De�nition 1.5, below) asso
iated with �(x) = x�
 ; with index s ; 1 �s � 3 : In parti
ular, we prove that the diagonal forms arising are 
lassi
al forms, sum of a Dira
measure and a Laguerre (resp. Ja
obi) form. Other solutions arise ; (x� 
)w where w ; dependingon 
 ; is a shifting of a 
lassi
al form. But 
 must be 
hosen to make (x � 
)w regular. It is anopen problem, ex
ept for some parti
ular 
ases.Introdu
tion. In [3℄ Iserles et al. introdu
ed the 
on
ept of the 
oherent pair,for solving problems in the theory of Sobolev inner produ
ts. This 
on
ept and themore general notion of generalized 
oherent pair, see [1℄, are spe
ial 
ases of a globalde�nition given in [10℄. It reads as follows.Let fBngn�0 and fPngn�0 be moni
 orthogonal polynomial sequen
es and � amoni
 polynomial with t = deg �. When there exists an integer s � 0 su
h that(�) �(x)Pn(x) = n+tX�=n�s�n;�B[1℄� (x); �n;n�s 6= 0; n � s;with B[1℄n (x) = (n + 1)�1B0n+1(x); n � 0, then we shall say that the pair�fPngn�0; fBngn�0� is a 
oherent pair asso
iated with � with index s. Relation (�)is itself a parti
ular 
ase of a �nite{type relation between two polynomial sequen
es[10℄.Here we deal with diagonal sequen
es, that is to say, when in (�) we have Pn =Bn; n � 0: The 
ase �(x) = 1 is well-known. In this o

urren
e the relation (�)
hara
terizes 
lassi
al orthogonal sequen
es (Hermite, Laguerre, Bessel and Ja
obi)where ne
essarily 0 � s � 2, see 
orollary 2.3. It is the aim of the present papier todes
ribe the 
ase t = 1 
ompletely and to determine all diagonal sequen
es arising.The �rst se
tion 
ontains material of a preliminary and introdu
tory 
hara
ter.The se
ond se
tion gives some general results about diagonal polynomial sequen
es.In parti
ular, we prove that the se
ond sequen
e of a 
oherent pair is always a diagonalsequen
e. Se
tion 3 deals with the 
ase t = 1. We exhaustively des
ribe the 
aseswhi
h arise. We prove that a diagonal sequen
e either is 
lassi
al or is semi-
lassi
alwith the 
lass � = 1: Finally, se
tion 4 gives an example of 
omputing the 
oeÆ
ients�n;� :1. Preliminaries and notations. Let P be the ve
tor spa
e of polynomialswith 
oeÆ
ients in C and let P 0 be its dual. We denote by < u; f > the a
tion ofu 2 P 0 on f 2 P : In parti
ular we denote by (u)n :=< u; xn >; n � 0 the moments ofu . � Re
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770 p. maroni and r. sfaxiLet us introdu
e some useful operations in P 0: For any form u; any polynomial hand any 
 2 C; we let Du = u0; hu and (x� 
)�1u; be the forms de�ned by duality< u0; f >:= � < u; f 0 >; < hu; f >:=< u; hf >; f 2 P ;< (x � 
)�1u; f >:=< u; �
(f) >; f 2 P ;where �
(f)(x) = f(x)� f(
)x� 
 :Let fBngn�0 be a sequen
e of moni
 polynomials, deg(Bn) = n; n � 0 (polynomialsequen
e : PS) and let fungn�0 be its dual sequen
e un 2 P 0 de�ned by < un; Bm >:=Æn;m; n;m � 0: Let us re
all the following result [5,6℄.Lemma 1.1. For any u 2 P 0 and any integer m � 1; the following statements areequivalent:i) < u;Bm�1 >6= 0; < u;Bn >= 0; n � m:ii) There exist �� 2 C; 0 � � � m� 1; �m�1 6= 0 su
h that u = m�1X�=0 ��u�:As a 
onsequen
e, the dual sequen
e fu[1℄n gn�0 of fB[1℄n gn�0 where B[1℄n (x) =(n+ 1)�1B0n+1(x); n � 0 is given by(1:1) (u[1℄n )0 = �(n+ 1)un+1; n � 0:Similarly, the dual sequen
e f~ungn�0 of f eBngn�0 with eBn(x) = a�nBn(ax+b), n � 0,a 6= 0; is given by ~un = an(ha�1 Æ ��b)un; n � 0 where< ��bu; f > :=< u; �bf >=< u; f(x� b) > ; u 2 P 0; f 2 P ; b 2 C;< hau; f > :=< u; haf >=< u; f(ax) > ; u 2 P 0; f 2 P ; a 2 C� f0g:The form u is 
alled regular if we 
an asso
iate with it a polynomial sequen
efBngn�0 su
h that < u;BmBn >= rnÆn;m; n;m � 0; rn 6= 0; n � 0: The sequen
efBngn�0 is orthogonal with respe
t to u: Ne
essarily, u = �u0: In this 
ase, we have(1:2) un = (< u0; B2n >)�1Bnu0; n � 0:When u is regular, if A is a polynomial su
h that Au = 0; then A = 0:A form u is 
alled semi-
lassi
al when it is regular and there exist two polynomialsE and F; E moni
, deg(F ) � 1; su
h that (Eu)0 + Fu = 0: The pair (E;F ) is notunique. The previous equation is simpli�ed (see [8℄), if and only if there exists a root� of E su
h that(1:3) (E0(�) + F (�) = 0;< u; �2�(E) + ��(F ) >= 0 :Then u ful�ls the equation ���(E)u�0 + ��2�(E) + ��(F )	u = 0:We 
all the 
lass of u; the minimum value of the integer max � deg(E)�2; deg(F )�1�for all possible pairs (E;F ): The pair( bE; bF ) giving the 
lass � � 0 is unique. When� = 0; the form u is 
lassi
al, (Hermite, Laguerre, Bessel, Ja
obi) and deg bE �2; deg bF = 1: Any shift leaves invariant the semi-
lassi
al 
hara
ter. Indeed, theshifted form ~u = (ha�1 Æ ��b)u ful�ls the equation � eE~u�0 + eF ~u = 0 where eE(x) =a�degEE(ax+ b); eF (x) = a1�degEF (ax+ b) [8,9℄.



diagonal orthogonal polynomial sequen
es 771Let � be a moni
 polynomial with deg(�) = t � 0 and let fBngn�0 be a (PS)with its dual sequen
e fungn�0; for n � t we have < �un; Bn�t >=< un; �Bn�t >= 1then �un 6= 0; n � t, but generally, there 
an exist values of n; 0 � n < t su
h that�un = 0:Definition 1.2. We say that the polynomial sequen
e fBngn�0 is 
ompatiblewith �; if we have �un 6= 0; n � 0 [10℄.Remark. Any orthogonal sequen
e is 
ompatible with any moni
 polynomial.Lemme 1.3. If the (PS) fBngn�0 is orthogonal, then the sequen
e fB[1℄n gn�0 is
ompatible with any moni
 polynomial.Proof. Suppose that there exists an integer n; 0 � n < t su
h that �u[1℄n = 0:After di�erentiating and on a

ount of (1:1) and (1:2); we obtain�0u[1℄n = (n+ 1)< u0; B2n+1 >�Bn+1u0; n � 0:Multiplying the previous relation by �; we get (n+ 1)< u0; B2n+1 >�2Bn+1u0 = 0 and theregularity of u0 implies (n+ 1)< u0; B2n+1 >�2Bn+1 = 0; whi
h is impossible.LetfPngn�0 be a (PS) with its dual sequen
e fvngn�0: Sin
e fB[1℄n gn�0 is a basis,we get(1:4) �(x)Pn(x) = n+tX�=0�n;�B[1℄� (x); n � 0;with �n;� =< �u[1℄� ; Pn >; 0 � � � n+ t; n � 0:Definition 1.4. [10℄ Let fBngn�0 and fPngn�0 be moni
 orthogonal polynomialsequen
es (MOPS) and � a moni
 polynomial. When there is an integer s � 0 su
hthat(1:5) �(x)Pn(x) = n+tX�=n�s�n;�B[1℄� (x); �n;n�s 6= 0; n � s;we shall say that the pair �fPngn�0; fBngn�0� is a 
oherent pair asso
iated with �with index s: Equivalently, the pair (v0; u0) is a 
oherent pair asso
iated with � withindex s.The 
ase � = 1; s = 1 is treated in [13℄. See also [4,11,12,14℄. For the 
ase� = 1; s = 2; see [1℄.Definition 1.5. Let fBngn�0 be a (MOPS) and � a moni
 polynomial. Whenthere exists an integer s � 0 su
h that the sequen
e fBngn�0 ful�ls(1:6) �(x)Bn(x) = n+tX�=n�s�n;�B[1℄� (x); �n;n�s 6= 0; n � s;we shall say that the sequen
es �fBngn�0; fBngn�0� is a self 
oherent pair asso
iatedwith � with index s: In this 
ase, the form u0 is 
alled a self 
oherent form asso
iated



772 p. maroni and r. sfaxiwith � with index s: For the sake of 
onvenien
e, we shall say also that fBngn�0 is adiagonal sequen
e (asso
iated with � with index s).Re
all the following fundamental resultProposition 1.6. [10℄ Let � be as a above. For any (MOPS) fPngn�0 andfBngn�0; the following statements are equivalenti) The pair of polynomial sequen
es �fPngn�0; fBngn�0� is a 
oherent pair asso
iatedwith � with index s:ii) There exist a moni
 polynomial sequen
e f
n+sgn�0; deg
n+s = n+s; n � 0 andnon-zero 
onstants kn; n � 0 su
h that(1:7) �u[1℄n = kn
n+sv0; n � 0:In this 
ase, we have(1:8) kn = �n+s;n< v0; P 2n+s >; 
n+s(x) = n+sX�=0 ��;n�n+s;n < v0; P 2n+s >< v0; P 2� > P�(x); n � 0:When Pn = Bn; n � 0; the relation (1:7) 
hara
terizes diagonal sequen
es.Now, we 
an prove that the se
ond sequen
e of a 
oherent pair is always a diagonalsequen
e.Proposition 1.7. Suppose that �fPngn�0; fBngn�0� is a 
oherent pair as-so
iated with � and with index s; then there exist two polynomials E and F su
hthat fBngn�0 is a diagonal sequen
e asso
iated with � = �2F with index s0; wheredeg� = 2(deg�+ s); s0 = s+ deg�+ deg(E) and(1:9) E = ��d0B1
s+1 � d1B2
s�(for d0; d1; see below); F = 
s
0s+1 �
s+1
0s:Moreover, the forms v0 and u0 are semi-
lassi
al.Proof. Di�erentiating both sides of (1:7); then a

ording to (1:1) and (1:2); weobtain(1:10) �0u[1℄n � (n+ 1)< u0; B2n+1 >�Bn+1u0 = kn(
n+sv0)0; n � 0:Multiplying both sides of Eq. (1:10) by the polynomial � and on a

ount of (1:7); weget(1:11) ��0
n+s �
0n+s��v0 � dn�2Bn+1u0 = �
n+sv00; n � 0;where dn = n+ 1< u0; B2n+1 > kn ; n � 0:Taking n = 0 and n = 1 su

essively into (1:11); we obtain(1:12) ��0
s �
0s��v0 � d0�2B1u0 = �
sv00;(1:13) ��0
s+1 �
0s+1��v0 � d1�2B2u0 = �
s+1v00:



diagonal orthogonal polynomial sequen
es 773Eliminating v00 from (1:12) and (1:13); we obtain(1:14) �Eu0 = �Fv0;with E = �(d0B1
s+1 � d1B2
s) and F = 
s
0s+1 � 
s+1
0s: Now, from (1:7);we have �F�u[1℄n = kn�F
n+sv0 and a

ording to (1:14) �u[1℄n = kn
n+s�Eu0 =kneWn+s0u0; n � 0 where Wn+s0 is moni
 and e is a normalisation fa
tor of E :By 
an
elling u0 between (1:12) and (1:13); we obtain(1:15) (Ev0)0 � n�d0
s+1 � d1B02
s��+ 2�d0B1
s+1 � d1B2
s��0ov0 = 0;whi
h implies that v0 is semi-
lassi
al and u0 as well.Remark. The formula (1:15) is not optimal from the point of view of the redu
-tion of the degrees of polynomials involved on it.2. General results about diagonal polynomial sequen
es. Let � be amoni
 polynomial �(x) = m�Y�=1(x � 
�)m� ; m�X�=1m� = t where m� denotes the numberof distin
t roots of �: Let us put(2:1)A(x) = 8>><>>: 1; t = 0m�Y�=1(x� 
�); t � 1 ; B(x) =8>><>>: 0; t = 0m�X�=1(m� + 1) m�Y�=1;� 6=�(x� 
�); t � 1 :Lemma 2.1. For all t � 0; we have the following relation:(2:2) A�0 = ��B �A0�:For t = 0; it is evident. For t � 1; we have�0(x) = m�X�=1m�(x� 
�)m��1 m�Y�=1;� 6=�(x� 
�)m� :Therefore A(x)�0(x) = �(x) m�X�=1m� m�Y�=1;� 6=�(x� 
�) = �(x)�B(x)�A0(x)	:As a parti
ular 
ase of the statement of Proposition 1.7, we haveProposition 2.2. Any diagonal sequen
e fBngn�0 is ne
essarily semi-
lassi
aland its 
anoni
al form u0 ful�ls the following equations(2:3) �A
n+su0�0 + �dnA�Bn+1 �B
n+s�u0 = 0; n � 0;where(2:4) dn = (n+ 1) < u0; B2n+s >< u0; B2n+1 > �n+s;n ; n � 0:



774 p. maroni and r. sfaxiMoreover, the sequen
e f
n+sgn�0 satis�es(2:5) 
0n+s
s �
n+s
0s = ��d0
n+sB1 � dn
sBn+1�; n � 0:Proof. From (1:10) where v0 = u0; we obtain�0u[1℄n � (n+ 1)< u0; B2n+1 >�Bn+1u0 = kn(
n+su0)0; n � 0:Hen
e A�0u[1℄n � n+ 1< u0; B2n+1 >A�Bn+1u0 = kn�A
n+su0�0 � knA0
n+su0:With (2:2) and (1:7); we get (2:3)� (2:4): Taking n = 0 in (2:3); we have(2:6) �A
su0�0 + �d0A�B1 �B
s�u0 = 0:Can
elling out u00 between (2:3) and (2:6); we obtain (2:5); by virtue of regularity ofu0: Corollary 2.3. When fBngn�0 is a diagonal sequen
e given by (1:6); thenne
essarily we have(2:7) 12 t � s � t+ 2:Moreover(2:8)�n+s;n = 8>>><>>>: (n+ 1)< u0; B2n+s >< u0; B21 >< u0; B2n+1 >< u0; B2s >�s;0; (d0 � dn = 0); n � 0; s � t+ 1;(n+ 1)< u0; B2n+s >< u0; B21 >< u0; B2n+1 > �n �s;0; (d0 � dn = n); n � 0; s = t+ 2:where �n =< u0; B2s > �n�s;0 < u0; B21 > :Proof. We have deg�d0
n+sB1 � dn
sBn+1� = n + s + 1� �n where 0 � �n �n + s + 1: Therefore, from (2:5); we obtain n + 2s � 1 = t + n + s + 1 � �n; hen
e�n = t+2�s; n � 1:With 0 � �1 � s+2; we get (2:7): A

ordingly deg�d0
n+sB1�dn
sBn+1� = n+ 2s� t� 1; n � 1: When s � t+ 1; we have n+ 2s� t� 1 � n+ s;therefore dn = d0; n � 0 and when s = t + 2; we have dn 6= d0; n � 0: Then,examination of the highest degree 
oeÆ
ients in the members of (2:5) gives n =d0 � dn; n � 0: Hen
e (2:8); a

ording to (2:4):Remark. When t = 0; we re
over a 
hara
terization of 
lassi
al forms [9℄.From de�nitions and (2:3); we see that the 
lass of u0 is less than or equal tom� + t; sin
e(2:9) m� + t+ n = maxndeg�A
n+s�� 2; deg�dnA�Bn+1 �B
n+s�� 1o; n � 0:It is possible to obtain a more a

urate estimation. For this, we may read (2:5) as(2:10) 
n+snd0�B1 +
0so = 
sn
0n+s + dn�Bn+1o; n � 0:



diagonal orthogonal polynomial sequen
es 775First a lemma.Lemma 2.4. Let fBngn�0 be a diagonal sequen
e asso
iated with � and with indexs and let (E;F ) be a pair of polynomials, E moni
 and deg(F ) � 1 su
h that (Eu0)0+Fu0 = 0: Then if we asso
iate with the pair (E;F ) the integer p = max � deg(E) �2; deg(F )� 1�; we have(2:11) p = deg(F )� 1 = deg(E) + t� s:Proof. Let F = rX�=0 < u� ; F > B� where r = degF � 1: But (Eu0)0 + Fu0 = 0implies < u0; F >= 0 and with (1:1) � (1:2); �Eu0 � r�1X�=0 g�u[1℄� �0 = 0; where g� =(�+1)�1 < u�+1; F >< u0; B2�+1 >; 0 � � � r�1; gr�1 6= 0: Hen
e Eu0 = r�1X�=0 g�u[1℄� :Multiplying both sides by �; a

ording to (1:7) where v0 = u0 and by virtue ofregularity of u0; we get �E = r�1X�=0 g�k�
�+s:We infer deg � + degE = r � 1 + s = degF � 1 + s: Hen
e (2:11); taking (2:7) intoa

ount.Proposition 2.5. The diagonal form u0 asso
iated with � with index s; t � 1 isof 
lass less than or equal to m� + t� 1:Proof. Consider eu
lidian division of 
n+s by 
s(2:12) 
n+s(x) = 
s(x)Qn(x) +Rs�1(n)(x); n � 0;with degRs�1(n) � s� 1 when Rs�1(n) 6= 0; Rs�1(0) = 0: Equation (2:3) be
omes(2:13)�ARs�1(n)u0�0 + nA
sQ0n �A��d0B1Qn � dnBn+1��BRs�1(n)ou0 = 0; n � 0:Two 
ases arise.1) There exists n0 � 1 su
h that Rs�1(n0) 6= 0: From (2:13); we haveE = ARs�1(n0) and F = A
sQ0n0 �A��d0B1Qn0 � dn0Bn0+1��BRs�1(n0):Sin
e degE � m�+ s� 1; we have degF � 1 � m�+ s� 1+ t� s = m�+ t� 1: Hen
ethe desired result by taking (2:11) into a

ount.Remark. Sin
e 1 � degF � m� + t; we must have t � 1:2) For any n � 1; we have Rs�1(n) = 0: Equation (2:10) be
omes(2:14) 
sQ0n = ��d0B1Qn � dnBn+1	; n � 0:For n = 1 in (2:14); 
s = ��d0B1Q1 � d1B2	 := �Z; when
e ZQ0n � d0B1Qn =�dnBn+1; n � 0:



776 p. maroni and r. sfaxiIt follows< u0; ZQ0n�d0B1Qn >= �dn < u0; Bn+1 >= 0 or < (Zu0)0+d0B1u0; Qn >= 0, n � 0; whi
h implies(Zu0)0 + d0B1u0 = 0 with degZ � 2:In this 
ase, the 
lass of u0 is zero, i.e. u0 is a 
lassi
al form.Corollary 2.6. Let fBngn�0 be a diagonal sequen
e asso
iated with � withindex s: When the polynomials 
s and 
0s + d0�B1 are 
oprime, then fBngn�0 is a
lassi
al sequen
e.Proof. Following (2:10); the assumption implies existen
e of a polynomial se-quen
e fqngn�0 su
h that 
n+s = 
sqn; n � 0: Therefore qn = Qn and Rs�1(n) =0; n � 0: Hen
e the desired result from above.Under 
ertain 
onditions, it is possible to build a diagonal sequen
e from a givenone.Proposition 2.7. Let fBngn�0 be a diagonal sequen
e asso
iated with � withindex s: Let �1 be a polynomial, deg �1 = t1 and 
onsider �1u0: Suppose that �1u0is regular with fPngn�0 the (MOPS) asso
iated with it. Then fPngn�0 is a diagonalsequen
e asso
iated with �1� with index t1 + s:Proof. Let us put v0 = ��1u0 with (v0)0 = 1: Following the Proposition 2.4 of[10℄, we have Bn(x) = nX�=n�t1 #n;�P�(x); #n;n�t1 6= 0; n � t1:Hen
e B[1℄n (x) = nX�=n�t1 ~#n;�P [1℄� (x); ~#n;n�t1 6= 0; n � t1;where ~#n;� = (n + 1)�1(� + 1)#n+1;�+1: On a

ount of Lemma 2.1 of [10℄, this isequivalent to v[1℄n = n+t1X�=n ~#�;nu[1℄� ; n � 0:Be
ause the sequen
e fBngn�0 is diagonal relatively to � with index s; 
onsequently,from the last equality and using (1:7) where v0 = u0; we obtain(2:15) �v[1℄n = n+t1X�=n ~#�;n�u[1℄� = n+t1X�=n ~#�;nk�
�+su0 = rn�n+t1+su0;with �n+t1+s =Pn+t1�=n k� ~#�;nr�1n 
�+s; rn = kn+t1 ~#n+t1;n; n � 0:From (2:15); we infer�1�v[1℄n = rn�n+t1+s�1u0 = ��1rn�n+t1+sv0; n � 0:Hen
e the result.Remark. The relation (2:15) means that �fBngn�0; fPngn�0� is a 
oherent pairasso
iated with � with index t1 + s:



diagonal orthogonal polynomial sequen
es 777In the sequel, we shall use the following se
ond order re
urren
e relation ful�lledby the diagonal sequen
e fBngn�0(2:16) (B0(x) = 1; B1(x) = x� �0;Bn+2(x) = (x� �n+1)Bn+1(x)� 
n+1Bn(x); n � 0:It follows(2:17)B[1℄n+1(x) = n+ 1n+ 2(x� �n+1)B[1℄n (x) � nn+ 2
n+1B[1℄n�1(x) + 1n+ 2Bn+1(x); n � 0:3. Diagonal sequen
es with index s, 1 � s � 3. In this se
tion, we onlystudy diagonal sequen
es asso
iated with �(x) = x� 
 with index s where s = 1; 2; 3;by virtue of (2:7): From (2:3) where n = 0; the form u0 satis�es the following equation:(3:1) (Eu0)0 + Fu0 = 0;with E(x) = (x� 
)
s(x) and F (x) = d0(x� 
)2B1(x)� 2
s(x):Following Proposition 2:5; this equation 
an be simpli�ed, sin
e the 
lass of u0 is lessthan or equal to 1: A

ording to the expression of E(x); the equation (3:1) 
an besimpli�ed either by x � 
 or by a fa
tor of 
s: Thus by virtue of (1:3); the equation(3:1) is simpli�ed by x� 
 if and only ifE0(
) + F (
) = �
s(
) = 0 ;(3:2) < u0; �2
(E) + �
(F ) >= � < u0; �
(
s) > +d0
1 = 0:(3:3)Then u0 satis�es(3:4) (E1u0)0 + F1u0 = 0;where(3:5) E1(x) = 
s(x); F1(x) = d0(x� 
)B1(x) � ��
(
s)�(x):Denoting by �i; i = 1; 2; :::s; the roots of 
s; for simplifying by x� �i; it is ne
essaryand suÆ
ient thatE0(�i) + F (�i) = (�i � 
)n���i(
s)�(�i) + d0(�i � 
)B1(�i)o = 0;(3:6) < u0; �2�i(E) + ��i(F ) >(3:7) = d0�
1 + (�i � 
)2	� < u0; ��i(
s) > +(�i � 
) < u0; �2�i(
s) >= 0:Then u0 ful�ls(3:8) (E2u0)0 + F2u0 = 0;where(3:9)E2(x) = (x� 
)���i(
s)�(x);F2(x) = d0�(x� 2
+ �i)B1(x) + (�i � 
)2	� ���i(
s)�(x) + (�i � 
)��2�i(
s)�(x):Two 
ases arise:I: 
 62 f�ig; II: 
 2 f�ig:First, we deal with the 
ase



778 p. maroni and r. sfaxiI: 
s(
) 6= 0Ne
essarily, there exists i; for instan
e i = 1; su
h that (3:6)� (3:7) are ful�lled.With the following shape(3:10) ���1(
s)�(x) = Æ3�s;0(x� 
)2 + a1(x� 
) + a0;where a0 := ���1(
s)�(
); a1 := ��
��1(
s)�(
) = ���1(
s)�0(
); the relations (3:6)�(3:7) be
ome a0 + (�1 � 
)nd0B1(�1) + a1 + Æ3�s;0(�1 � 
)o = 0;(3:11) (d0 � Æ3�s;0)
1 + (d0 + Æ3�s;0)(�1 � 
)2(3:12) + Æ3�s;0(�0 � 
)(�1 � �0) + a1(�1 � �0)� a0 = 0:Consequently, on a

ount of (3:10); for (3:9) we have(3:13)8>><>>:E2(x) = (x� 
)�Æ3�s;0(x� 
)2 + a1(x � 
) + a0	;F2(x) = (d0 � Æ3�s;0)(x� 
)2 + nÆ3�s;0(�1 � 
) + d0(�1 � �0)� a1o(x� 
)+ (d0 + Æ3�s;0)(�1 � 
)2 + �a1 � (�0 � 
)d0�(�1 � 
)� a0:We distinguish the three 
ases s = 1; 2; 3:I1: s = 1; 
1(x) = x� �1Here ���1(
1)�(x) = 1; therefore a1 = 0; a0 = 1: Hen
e, on the basis of (3:11){(3:13)(3:14) E2(x) = x� 
; F2(x) = d0�x2 + (�1 � 2
� �0)x+ �0(2
� �1)� 
1	:It follows E02(
) + F2(
) = �1; whi
h means that the form u0 is of 
lass � = 1:I2: s = 2; 
2(x) = (x� �1)(x� �2)Here ���1(
2)�(x) = x � �2; therefore a1 = 1; a0 = 
 � �2: Taking (3:11){(3:13)into a

ount, we have(3:15) E2(x) = (x�
)(x��2); F2(x) = d0(x�
)2+�d0(�1��0)�1	(x�
)+2(�2�
):It follows E02(
) + F2(
) = �2 � 
 6= 0: But, we also haveF2(x) = d0(x� �2)2 + nd0�2(�2 � 
) + �1 � �0�� 1o(x � �2) + (�2 � 
)�d0X + 1�;where X = �1 � �0 + �2 � 
: We dedu
eE02(�2) + F2(�2) = (�2 � 
)�2 + d0X�; < u0; �2�2E2 + ��2F2 >= d0S;with S = �1 + �2 � 2
: On the other hand, the relation (3:11) be
omes(3:16) S � (�1 � 
)�d0X + 2� = �d0(�1 � 
)(�2 � 
):In any 
ase, the 
lass of u0 is � = 1; sin
e S = 0; 2 + d0X = 0 is not possible from(3:16):I3: s = 3; 
3(x) = (x� �1)(x� �2)(x� �3)



diagonal orthogonal polynomial sequen
es 779Here ���1(
3)�(x) = (x��2)(x��3); therefore a1 = 2
��2��3, a0 = (�2�
)(�3�
):With (3:11){(3:13); we obtainE2(x) = (x� 
)(x� �2)(x� �3);F2(x) = (d0 � 1)(x� 
)2 + ��1 � 
+ �2 � 
+ �3 � 
+ d0(�1 � �0)	(x � 
)� 2(�2 � 
)(�3 � 
):It follows E02(
) + F2(
) = �(�2 � 
)(�3 � 
) 6= 0: MoreoverF2(x) =(d0 � 1)(x� �2)2+ �(d0 + 1)S + (d0 � 2)(�2 � 
) + �3 � 
� d0(�0 � 
)	(x� �2)+ (�2 � 
)�(d0 + 1)S � (�2 � 
)� (�3 � 
)� d0(�0 � 
)	;on the basis of (3:11) whi
h be
omes(3:17) (�3 � 
)S + (�1 � 
)�d0X � 2(�3 � 
) + �1 � 
� (d0 + 1)(�2 � 
)	 = 0:Consequently, we haveE02(�2) + F2(�2) = (�2 � 
)�(d0 + 1)S � 2(�3 � 
)� d0(�0 � 
)	 = (�2 � 
)T;��2�2E2�(x) + ���2F2�(x) = d0(x� �0) + (d0 + 1)S;where(3:18) T = (d0 + 1)S � 2(�3 � 
)� d0(�0 � 
) = (d0 + 1)X � 2(�3 � 
) + �0 � 
:Therefore < u0; �2�2E2 + ��2F2 >= (d0 +1)S: Further, from the de�nitions and (3:18);we have(3:19) (�3 � 
)S + (�1 � 
)T = (�1 � 
)(d0 + 2)(�2 � 
):Let us prove either (d0+1)S 6= 0 or T 6= 0: First, suppose S = 0 and T = 0: Then, from(3:19) and (3:18); we obtain d0 + 2 = 0 and �0 = �3: Consequently, (3:12) be
omes�3
1 = 0 whi
h is a 
ontradi
tion. Now, suppose d0 + 1 = 0 and T = 0: Then u0ful�ls �(x� 
)(x� �3)u0�0� (x��0)u0 = 0 where 
 6= �3 and �0� 
 = 2(�3� 
); taking(3:18) into a

ount. With a suitable shift, we 
an 
hoose 
 = 1; �3 = �1; therefore�0 = �3 and u0 satis�es �(x2� 1)u0�0� (x+3)u0 = 0: It follows that u0 is the Ja
obiform with parameters (�2; 1); whi
h is not regular [2,8,9℄. Hen
e the desired result.Similarly for the root �3: In this 
ase, the 
lass of u0 is also � = 1:Thus, when 
s(
) 6= 0; the 
lass of u0 is � = 1: We shall see a shorter proof below.Does a form w exist su
h that u0 = �(x � d)w where � 6= 0 and d are 
hosen formaking w a shift of a 
lassi
al form? It is easy to see the following results.For I1, we have � = d0(�1 � 
); d = 
 and w ful�lsw0 + �d0(x� 
)� (�1 � 
)�1	w = 0:By a shift, we obtain the Hermite form.For I2; we have � = �d0(�1 � 
)(�2 � 
)�1; d = 
 and w ful�ls the followingequation �(x� �2)w�0 + �d0(x� 
) + (�2 � 
)(�1 � 
)�1	w = 0:By a suitable shift, we obtain a Laguerre form.



780 p. maroni and r. sfaxiFinally for I3; when d0+1 6= 0; we have � = (d0+1)(�1�
)(�2�
)�1(�3�
)�1; d =
 and w ful�ls �(x� �2)(x � �3)w�0 + (d0 + 1)�x� 
� ��1�w = 0:By a suitable shift, we obtain a Bessel form, when �2 = �3 and a Ja
obi form, when�2 6= �3:When d0 + 1 = 0; it is not possible to determine � 6= 0; d 2 C for making wessentially 
lassi
al.In any 
ase, it remains to determine the values of 
 for whi
h �(x�
)w is regular.A little about this problem is the fa
t that if fZngn�0 denotes the (MOPS) withrespe
t to w; then (x� 
)w is regular if and only if Zn(
) 6= 0; n � 1 [2℄.For instan
e, in the 
ase I1; following Chihara's notation, if f bHngn�0 denotes the(MOPS) asso
iated with the Hermite form H ful�lling H0 + 2xH = 0; we have w =�ha�1 Æ ��b�H; Zn(x) = a�n bHn(ax + b); where 2a2 = d0; 2ab = �d0
 � (�1 � 
)�1:Thus a
+ b = ��2a(�1 � 
)��1 must not be a zero of any moni
 Hermite polynomial.When d0 < 0; �1 2 R; then any real 
 6= �1 is suitable. But when d0 > 0; �1 2 R; theproblem is open for obtaining non singular real 
 through a 
onstru
tive way. For theother 
ases, there are similar results.II: 
s(
) = 0Lemma 3.1. When the equation (3:1) is simpli�ed by the fa
tor x� 
; then it 
anbe simpli�ed a se
ond time by x� 
 and the form u0 satis�es(3:20) �E�u0�0 + F �u0 = 0;where(3:21) E�(x) = ��

s�(x); F �(x) = d0B1(x):Consequently, the form u0 is 
lassi
al (� = 0):Proof. Sin
e the equation (3:1) is simpli�ed by the fa
tor x � 
; the form u0satis�es (3:4) with (3:5): MoreoverE01(
) + F1(
) = 0 ; < u0; �2
E1 + �
F1 >=< u0; d0B1 >= 0:Therefore, we have (3:20) and (3:21): Ne
essarily, the form u0 is 
lassi
al.This leads toTheorem 3.2. The diagonal form u0 asso
iated with x � 
 is 
lassi
al, if andonly if the 
onditions (3:2)� (3:3) are satis�ed.Proof. SuÆ
ien
y follows from the previous Lemma. When the diagonal form u0is 
lassi
al, from (1:7); we have (x� 
)u[1℄0 = k0
su0 and there is a moni
 polynomial�; deg� � 2 and k00 6= 0 su
h that u[1℄0 = k00�u0 [9℄: The regularity implies k00(x �
)�(x) = k0
s(x); hen
e 
s(
) = 0 and 
onsequently � = �
(
s); k00 = k0 = (d0
1)�1:Moreover< u0; �
(
s) >=< u0;� >=< �u0; 1 >= k�10 < u[1℄0 ; 1 >= d0
1:II1: s = 1; 
1(x) = x� 




diagonal orthogonal polynomial sequen
es 781Inevitably, the form u0 satis�es (3:4) with d0
1 = 1: From the previous Lemma,we get E�(x) = 1; F �(x) = 
�11 B1(x):Through a suitable shift, we obtain the Hermite form.II2: s = 2; 
2(x) = (x� �1)(x� 
); (�2 = 
)Here��
(
2)�(x) = x� �1:II21: < u0; x� �1 >= d0
1From the previous Lemma, the form u0 satis�es (3:20) with E�(x) = x��1; F �(x)= d0B1(x): It is the Laguerre 
ase when �1 = 0; d0 = 1 and putting �0 = �+ 1:II22: < u0; x� �1 >6= d0
1Then u0 ful�ls (3:8) and ���1(
2)�(x) = x � 
; hen
e a1 = 1; a0 = 0 in (3:10):The 
onditions (3:11)� (3:12) and (3:13) respe
tively be
omed0(�1 � �0) + 1 = 0; 0 6= d0
1 + �1 � �0 = �d0(�1 � 
)2(3:22) E2(x) = (x� 
)2 ; F2(x) = d0(x� 
)2 � 2(x� 
):(3:23)It followsE02(
) + F2(
) = 0; < u0; �2
E2 + �
F2 >=< u0; d0(x� 
)� 1 >= d0(�1 � 
) 6= 0;taking (3:22) into a

ount.Putting (x � 
)u0 = #w0 with (w0)0 = 1; we have # = �0 � 
 6= 0: For, if �0 = 
; weshould have d0(�1 � 
) + 1 = 0; therefore 0 6= d0
1 = 0 from (3:22): Thus the form w0satis�es(3:24) �(x� 
)w0�0 + �d0(x� 
)� 2	w0 = 0:Through a suitable shift, we 
an take 
 = 0 and d0 = 1: Then w0 = L(1); the Laguerreform with parameter � = 1: On a

ount of the de�nition of w0; we have(3:25) u0 = Æ + #x�1w0;where Æ = Æ0 de�ned by < Æ0; f >= f(0):We denote by fRngn�0 the (MOPS) asso
iated with w0: We know that u0 is regularif and only if(3:26) � Rn(0)R(1)n�1(0) 6= #; n � 1;where fR(1)n gn�0 is the asso
iated sequen
e of fRngn�0 de�ned byR(1)n (x) :=< w0; Rn+1(x)� Rn+1(�)x� � >; n � 0;and in this 
ase, we have [7℄(3:27) Bn+1(x) = Rn+1(x) +$nRn(x); n � 0;where(3:28) $n = �Rn+1(0) + #R(1)n (0)Rn(0) + #R(1)n�1(0) ; n � 0:



782 p. maroni and r. sfaxiIt 
an be seen that [2℄Rn(x) = nX�=0(�1)n�� n!�! � n+ 1n� � �x� ; n � 0:ThereforeR(1)n (0) =< w0; Rn+1(�)�Rn+1(0)� >= nX�=0(�1)n�� (n+ 1)!(� + 1)! � n+ 2n� � � (w0)� :But (w0)n = (n+ 1)!: Thus(3:29) R(1)n (0) = (n+ 1)!(n+ 2)! nX�=0 (�1)n��(n� �)! 1(� + 2)! :We have(3:30) nX�=0 (�1)n��(n� �)! 1(� + 2)! = �n+2 �� (�1)n+1(n+ 1)! + (�1)n+2(n+ 2)! � ; n � 0;where(3:31) �n = nX�=0 (�1)n��(n� �)!�! = 1n! nX�=0(�1)n���n�� = (1� 1)nn! = ( 0; n � 1;1; n = 0:Consequently, for (3:29) we obtain(3:32) R(1)n (0) = (�1)n(n+ 1)!(n+ 1); n � 0:Then, for (3:28)(3:33) $n = (n+ 2)1� n+1n+2#1� nn+1#; n � 0;where # 6= n+ 1n ; n � 1 �
f. (3:26)�:Remark. About (3:31); more generally, it is possible to show that �n(�) =nX�=0(�1)n��an��(�)a�(�)with an(�) = �(�)�(n+�) ; n � 0; ful�ls �2n+1(�)=0; �2n+2(�)=�� 1n+ � �(�)�(2n+ 2 + �) ; n � 0:Now, sin
e the sequen
e fRngn�0 ful�ls(3:34) R0(x) = 1; R1(x) = x� �0Rn+2(x) = (x � �n+1)Rn+1(x)� �n+1Rn(x); n � 0;with �n = 2n + 2; �n+1 = (n + 2)(n + 1); n � 0 and taking the following formulasfrom [7℄ into a

ount(3:35) �0 = �0�$0 = #; �n+1 = 
+$n+ �n+1$n ; 
n+1 = �$n(
+$n��n); n � 0;



diagonal orthogonal polynomial sequen
es 783(at present 
 = 0); we obtain with (3:33)�n+1 = (n+ 1)�n+ 2� (n+ 1)#�2 + (n+ 2)�n+ 1� n#�2(n+ 1� n#)�n+ 2� (n+ 1)#�
n+1 = (n+ 1)2�(n� 1)(1� #) + 1	�(n+ 1)(1� #) + 1	(n+ 1� n#)2 ; n � 0:Ne
essarily # 6= 1 sin
e �1 6= 0 by virtue of (3:22) where d0 = 1 and 
 = 0: Then,putting (1� #)�1 := �+ 1; we have(3:36) �n = 2n+ 1� �(n+ �)(n + �+ 1)
n+1 = (n+ 1)2(n+ �)(n+ �+ 2)(n+ �+ 1)2 ; n � 0;with � 6= �n; n � 0: From (3:25); we have< u0; f >= f(0)�+ 1 + ��+ 1 Z +10 e�xf(x)dx:II3: s = 3; 
3(x) = (x� �1)(x� �2)(x� 
); (�3 = 
)Here ��
(
3)�(x) = (x� �1)(x � �2):II31: < u0; (x � �1)(x � �2) >= d0
1Following Lemma 3:1; u0 is 
lassi
al; it is the Bessel form when �1 = �2 = 0 andthe Ja
obi form when �1 = �1; �2 = +1:II32: < u0; (x � �1)(x � �2) >6= d0
1The form u0 is not 
lassi
al by virtue of Theorem 3.2, sin
e the relation (3:3) isnot ful�lled. Here ���1(
3)� = (x � 
)(x � �2); hen
e a1 = 
 � �2 ; a0 = 0 in (3:10):The 
onditions (3:11)� (3:12) be
ome(�1 � 
)�d0(�1 � �0) + �1 � �2	 = 0(3:37) 0 6= (d0 � 1)
1 � (�1 � �0)(�2 � �0) = �(�0 � 
)2 � (d0 + 1)(�1 � 
)2:(3:38)Following (3:13) and taking (3:37) into a

ount, we get(3:39) E2(x) = (x � 
)2(x� �2)F2(x) = (d0 � 1)(x� 
)2 + ��1 � 
+ �2 � 
+ d0(�1 � �0)	(x� 
):We infer E02(
)+F2(
) = 0; ��2
E2�(x)+��
F2�(x) = d0(x� 
)+ �1� 
+d0(�1��0);therefore < u0; �2
E2 + �
F2 >= (d0 + 1)(�1 � 
):Ne
essarily, we must have (d0 +1)(�1 � 
) 6= 0; otherwise u0 would be 
lassi
al. Then(3:37) reads(3:40) (d0 + 1)(�1 � �0) = �2 � �0:Likewise, we haveE02(�2)+F2(�2) = (d0+2)(�2� 
)2; < u0; �2�2E2+ ��2F2 >= (d0+1)(�1� 
+ �2� 
):



784 p. maroni and r. sfaxiNe
essarily, either (d0 + 2)(�2 � 
)2 6= 0 or (d0 + 1)(�1 � 
+ �2 � 
) 6= 0; otherwise u0would be 
lassi
al.Putting (x � 
)u0 = ~w; we get�(x� 
)(x� �2) ~w�0 + �(d0 � 1)(x� 
) + 2(�2 � 
)	 ~w = 0:The Bessel 
ase is not possible; for, if 
 = �2 = 0; we should have (d0 � 1)x =�2(�x+ 1): Consequently 
 6= �2 and we 
hoose 
 = �1 and �2 = +1: Then d0 � 1 =�(�+�+2); d0+3 = ���; therefore � = 1 and � = �(d0+2): We have the Ja
obi
ase with parameters (1; �) and the form ~w is regular if and only if � 6= �n; n � 1;we 
an put ~w = #w0 with (w0)0 = 1; sin
e �0 + 1 = 4(3 + �)�1 6= 0: Thus, we obtain(3:41) u0 = Æ�1 + #(x+ 1)�1w0:We denote by fRngn�0 the (MOPS) asso
iated with w0 = J (1; �): We have [8,9℄R0(x) = 1; R1(x) = x� 1� �3 + �Rn+2(x) = (x � �n+1)Rn+1(x)� �n+1Rn(x); n � 0;with(3:42) �n+1 = 1� �2(2n+ � + 3)(2n+ � + 5) ;�n+1 = 4 (n+ 1)(n+ 2)(n+ � + 1)(n+ � + 2)(2n+ � + 2)(2n+ � + 3)2(2n+ � + 4) ; n � 0:The form u0 is regular if and only if �Rn(�1)�R(1)n�1(�1)��1 6= #; n � 1 andBn+1(x) = Rn+1(x) +$nRn(x); n � 0 where [7℄(3:43) $n = �Rn+1(�1) + #R(1)n (�1)Rn(�1) + #R(1)n�1(�1) ; n � 0:It 
an be seen that [2℄(3:44) Rn(x) = n! �(n+ � + 2)�(2n+ � + 2) nX�=0�n+ 1� ��n+ �n� � � (x�1)�(x+1)n�� ; n � 0:Next R(1)n (�1) =< w0; Rn+1(�) �Rn+1(�1)� + 1 >; n � 0:Sin
e Rn+1(�)�Rn+1(�1)� + 1 = �n+1( nX�=0 bn+1;�(� � 1)�(� + 1)n��+ (n+ 2) nX�=0(�2)n��(� � 1)�);



diagonal orthogonal polynomial sequen
es 785we have(3:45) R(1)n (�1) = �n+1( nX�=0 bn+1;� < w0; (� � 1)�(� + 1)n�� >+ (n+ 2) nX�=0(�2)n�� < w0; (� � 1)� >); n � 0:where �n = n! �(n+ � + 2)�(2n+ � + 2) ; bn;� = �n+ 1� ��n+ �n� � � :We need the following lemmaLemma 3.3. Denoting(3:46) M�n(�; �) :=< !; (x+ �)n >; � = �1; n � 0;where ! := J (�; �) is the Ja
obi form, we haveM�1n (�; �) = (�2)n�(� + 1 + n)�(� + 1) �(�+ � + 2)�(�+ � + 2 + n) ; n � 0(3:47) M+1n (�; �) = 2n�(�+ 1 + n)�(�+ 1) �(�+ � + 2)�(�+ � + 2 + n) ; n � 0:(3:48)Moreover(3:49) < !; (x� 1)q(x+ 1)p > =M�1q (�; �)M+1p (�; � + q)=M�1q (�+ p; �)M+1p (�; �); p; q � 0:Proof. The form ! ful�ls the following equation [9℄�(x2 � 1)!�0 + ��(�+ � + 2)x+ �� �	! = 0:It easily followsM�n+1(�; �) = � 2n+ 2 + �+ � + �(� � �)n+ �+ � + 2 M�n(�; �); n � 0;with M�0 (�; �) = 1: When
e (3:47) and (3:48): Next, the form u = (x� 1)q! ful�ls�(x2 � 1)u�0 + ��(�+ � + 2 + q)x + �� � � q	u = 0:Thus u = �J (�; � + q) with � = M�1q (�; �): Likewise M+1p (�; �)J (� + p; �) =(x+ 1)pJ (�; �): We dedu
e< !; (x� 1)q(x+ 1)p > =< (x� 1)q!; (x+ 1)p >=M�1q (�; �)M+1p (�; � + q)=< (x+ 1)p!; (x� 1)q >=M+1p (�; �)M�1q (�+ p; �):



786 p. maroni and r. sfaxiCorollary. For 0 � � � n; n � 0;< w0; (x� 1)n >=M�1n (1; �) = (�2)n (� + 1)(� + 2)(n+ � + 1)(n+ � + 2) ; n � 0(3:50) < w0; (x�1)�(x+1)n�� >=(�+1)(�+2)(�1)�2n�(n��+2)�(�+1+�)�(�+3+n);(3:51) 0 � � � n; n � 0:Consequently from (3:50){(3:51); for (3:45) we obtainR(1)n (�1) = �n+1��1n + (n+ 2)�2n	; n � 0;where�1n = (� + 1)(� + 2) 2n�(n+ � + 3) nX�=0(�1)�bn+1;��(n� � + 2)�(� + � + 1)= (� + 1)(� + 2)(�2)n(n+ 2)!n+ � + 2 nX�=0 (�1)��!(n+ 2� �)!= (� + 1)(� + 2)(�2)n(n+ 1)n+ � + 2 ; n � 0; on a

ount of (3:30); (3:31):�2n = nX�=0(�2)n��(�2)� (� + 1)(� + 2)(� + � + 1)(� + � + 2)= (� + 1)(� + 2)(�2)n nX�=0� 1� + � + 1 � 1� + � + 2�= (� + 2)(�2)n(n+ 1)n+ � + 2 ; n � 0:When
e(3:52) R(1)n (�1) = (� + 2)(�2)n(n+ 1)(n+ 1)! �(n+ � + 4)(n+ � + 2)�(2n+ � + 4) ; n � 0:Consequently, taking into a

ount of (3:44) and (3:52); for (3:43) we have(3:53)$n=2 (n+2)(n+�+2)(2n+�+3)(2n+�+2) 1�#�n+11�#�n with �n= 12(�+2) n(n+�+2)(n+1)(n+�+1); n � 0# 6= (�n)�1; n � 1:This last 
ondition is equivalent to the regularity 
ondition # 6=�Rn(�1)�R(1)n�1(�1)��1,n � 1: With " := 12 (� + 2)#; we easily obtain(3:54)1�#�n+11�#�n = (n+1)(n+�+1)(n+2)(n+�+2) (1�")n2+(1�")(�+4)n+(1�")(�+3)+�+1(1�")n2+(1�")(�+2)n+�+1 ;n � 0:The 
ase " = 1 does not arise, sin
e (3:40) implies �1+1 = 0 whi
h is in 
ontradi
tionwith the assumptions. Indeed, sin
e # = �0 + 1 from (3:41); the assumption " = 1



diagonal orthogonal polynomial sequen
es 787implies 2 = �d0(�0 + 1)� � = �(d0 + 2)� and writing (3:40) as (d0 + 1)(�1 � 
) =�2 � 
 + d0(�0 � 
); we obtain with 
 = �1; �2 = +1 : (d0 + 1)(�1 + 1) = 2� 2 = 0:Putting X2 + (� + 2)X + (1� ")�1(� + 1) = (X + �1)(X + �2);we have � = �1 + �2 � 2; " = �1�2 + 1� �1 � �2�1�2 :ConsequentlyX2 + (� + 4)X + � + 3 + (1� ")�1(� + 1) = (X + �1 + 1)(X + �2 + 1):It follows(3:55) $n = 2 (n+ 1)(n+ �1 + �2 � 1)(n+ �1 + 1)(n+ �2 + 1)(2n+ �1 + �2)(2n+ �1 + �2 + 1)(n+ �1)(n+ �2) ; n � 0:A tedious but straightforward 
al
ulus based on (3:42); (3:35) where 
 = �1 and $nis given by (3:55); leads to(3:56) �0 = 2(1 + �1�2)� (�1 + �2)(2 + �1�2)�1�2(�1 + �2) ;(3:57)8>><>>:�n+1= (4� �2)M4(n)� 2"�1�2N2(n)(2n+�1+�2)(2n+�1+�2+2)(n+�1+1)(n+�2+1)(n+�1)(n+�2) ;
n+1=4(n+1)2(n+�1+�2�1)2(n+�1�1)(n+�1+1)(n+�2�1)(n+�2+1)(2n+�1+�2�1)(2n+�1+�2)2(2n+�1+�2+1)(n+�1)2(n+�2)2 ; n�0;where (M4(n) = (n+ �1)(n+ �2)(n+ �1 + 1)(n+ �2 + 1);N2(n) = 6n2 + 6(� + 3)n+ (� + 3)(� + 4); n � 0:We must have �1; �2; �1 + �2 6= �n+ 1; n � 0: Finally, from (3:41) we obtain(3:58) u0 = (1� ")Æ�1 + "J (0; �);be
ause (x + 1)J (0; �) = 2(� + 2)�1J (1; �); whi
h is a spe
ial 
ase of the generaleasily proved formula(x+ 1)p(x � 1)qJ (�; �) =M+1p (�; � + q)M�1q (�; �)J (�+ p; � + q);where p; q are non negative integers.Remark. The 
hoi
e 
 = +1; �2 = �1 leads to the similar 
ase u0 = Æ1+#(x� 1)�1w0 with w0 = J (�; 1):4. Cal
ulating the 
oeÆ
ients �n;� : An example. We are looking for the
ase II22 where 
 = 0 and s = 2: From (1:6); we must have(4:1)xBn(x) = B[1℄n+1(x) + �n;nB[1℄n (x) + �n;n�1B[1℄n�1(x) + �n;n�2B[1℄n�2(x); n � 2;�n;n�2 6= 0; n � 2:



788 p. maroni and r. sfaxi(4:2) xB0(x) = B[1℄1 (x) + �0;0;xB1(x) = B[1℄2 (x) + �1;1B[1℄1 (x) + �1;0:Proposition 4.1. We have�0;0 = 2� 1�+ 2 ;(4:3) �1;1 = 5� �� 1(�+ 1)(�+ 3) ; �1;0 = 4� �(�+ 1)(�+ 2) :(4:4) �n+2;n+2 = 3n+ 8 + �+ 1n+ �+ 4 � �n+ �+ 2 ; n � 0;(4:5) �n+2;n+1 = (n+ 2)(3n+ 7) + �2n+ �+ 2 � �(� + 1)n+ �+ 3 ; n � 0;(4:6) �n+2;n = (n+ 1)(n+ 2)2 (n+ �+ 1)(n+ �+ 3)(n+ �+ 2)2 ; n � 0:(4:7)Proof. First (4:3) and (4:4): From (2:17) and (2:16); we obtain B[1℄1 (x) = x �12 (�0+�1); therefore, from (4:2); we get �0;0 = 12 (�0+�1) = 2�+ 3�+ 2 ; in a

ordan
e with(3:36): For (4:4); by virtue of (2:17); we have B[1℄2 (x) = 23 (x��2)B[1℄1 (x)� 13
2+ 13B2(x)and on using the se
ond expression of (4:2); we getxB1(x) = n(x� �2) + �1;1oB[1℄1 (x) + 13B2(x) + �1;0 � 13
2;= x2 + n�1;1 � 23(�0 + �1 + �2)ox� 12(�0 + �1)��1;1 � 23�2�+ 13�0�1 + �1;0 � 13(
1 + 
2);taking (2:16) into a

ount. It follows�1;1 = 23(�1 + �2)� 13�0; �1;0 = 13(
1 + 
2)� 16(�20 � 2�21 + �0�1):But, from (3:36); we have�0 = 1� 1�+ 1 ; �1 = 3� �(�+ 1)(�+ 2) ; �2 = 5� �(�+ 2)(�+ 3) ;
1 = �(� + 2)(�+ 1)2 ; 
2 = 4(�+ 1)(�+ 3)(�+ 2)2 :Hen
e (4:4):Now, let us transform xBn+2(x) to obtain (4:1) where n will be repla
ed by n + 2:Here, we haveBn+1(x) = Rn+1(x)+$nRn(x) where fRngn�0 is the Laguerre sequen
eorthogonal with respe
t to L(1) and from (3:33); we have(4:8) $n = (n+ 1)n+ �+ 2n+ �+ 1 ; n � 0:



diagonal orthogonal polynomial sequen
es 789We getxBn+2(x) = x�Rn+2(x) +$n+1Rn+1(x)	= Rn+3(x) + �n+2Rn+2(x) + �n+2Rn+1(x)+$n+1�Rn+2(x) + �n+1Rn+1(x) + �n+1Rn(x)	= Rn+3(x) + ��n+2 +$n+1	Rn+2(x)+ ��n+2 + �n+1$n+1	Rn+1(x) +$n+1�n+1Rn(x); n � 0;taking (3:34) into a

ount, with(4:9) �n = 2(n+ 1); �n+1 = (n+ 1)(n+ 2); n � 0:But the sequen
e fRngn�0 ful�ls [2℄Rn(x) = R[1℄n (x) + nR[1℄n�1(x); n � 0:It followsxBn+2(x) = R[1℄n+3(x) + �n+ 3 + �n+2 +$n+1	R[1℄n+2(x)+ n(n+ 2)(�n+2 +$n+1) + �n+2 + �n+1$n+1oR[1℄n+1(x)+ n(n+ 1)(�n+2 + �n+1$n+1) +$n+1�n+1oR[1℄n (x)+ n$n+1�n+1R[1℄n�1(x); n � 0:Sin
e(4:10) B[1℄n (x) = R[1℄n (x) + nn+ 1$nR[1℄n�1(x); n � 0;from this with n repla
ed by n+ 3; we obtainxBn+2(x) =B[1℄n+3(x) + �n+2;n+2R[1℄n+2(x)+ n(n+ 2)(�n+2 +$n+1) + �n+2 + �n+1$n+1oR[1℄n+1(x)+ n(n+ 1)(�n+2 + �n+1$n+1) +$n+1�n+1oR[1℄n (x)+ n$n+1�n+1R[1℄n�1(x); n � 0;with �n+2;n+2 = n+ 3 + �n+2 +$n+1 � n+ 3n+ 4$n+3:On a

ount of (4:8); (4:9); we get (4:5):Next, from (4:10) where n is repla
ed by n+ 2; we havexBn+2(x) =B[1℄n+3(x) + �n+2;n+2B[1℄n+2(x) + �n+2;n+1R[1℄n+1(x)+ n(n+ 1)(�n+2 + �n+1$n+1) +$n+1�n+1oR[1℄n (x)+ n$n+1�n+1R[1℄n�1(x); n � 0;with�n+2;n+1 = (n+2)(�n+2+$n+1)+ �n+2+ �n+1$n+1� n+ 2n+ 3$n+2�n+2;n+2; n � 0:



790 p. maroni and r. sfaxiTaking (4:8); (4:9) and (4:5) into a

ount, we have (4:6):Further, we getxBn+2(x) =B[1℄n+3(x) + �n+2;n+2B[1℄n+2(x) + �n+2;n+1B[1℄n+1(x)+ �n+2;nR[1℄n (x) + n$n+1�n+1R[1℄n�1(x);with�n+2;n = (n+ 1)(�n+2 + �n+1$n+1) +$n+1�n+1 � n+ 1n+ 2$n+1�n+2;n+1; n � 0:By virtue of (4:8); (4:9) and (4:6); we obtain (4:7): Finally (4:10) leads toxBn+2(x) =B[1℄n+3(x) + �n+2;n+2B[1℄n+2(x) + �n+2;n+1B[1℄n+1(x)+ �n+2;nB[1℄n (x) + nn$n+1�n+1 � nn+ 1$n�n+2;noR[1℄n�1(x):But n$n+1�n+1 � nn+ 1$n�n+2;n = 0; n � 0:This yields (4:1) where n is repla
ed by n+ 2:Remark. The 
ase II32 goes analogously but the 
al
ulations are more 
ompli-
ated.A
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