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DIAGONAL ORTHOGONAL POLYNOMIAL SEQUENCES*

P. MARONIT AND R. SFAXTI?!

Abstract. We deal with a problem linked to the generalized coherent pairs problem [3,12], when
the two orthogonal sequences are identical, then called diagonal sequences. We exhaustively describe
all the diagonal sequences (see Definition 1.5, below) associated with ¢(z) = x—c, withindex s, 1 <
s < 3 . In particular, we prove that the diagonal forms arising are classical forms, sum of a Dirac
measure and a Laguerre (resp. Jacobi) form. Other solutions arise , (z — ¢)w where w , depending
on c, is a shifting of a classical form. But ¢ must be chosen to make (z —c)w regular. It is an
open problem, except for some particular cases.

Introduction. In [3] Iserles et al. introduced the concept of the coherent pair,
for solving problems in the theory of Sobolev inner products. This concept and the
more general notion of generalized coherent pair, see [1], are special cases of a global
definition given in [10]. It reads as follows.

Let {B,}n>0 and {P,},>0 be monic orthogonal polynomial sequences and ¢ a
monic polynomial with ¢ = deg ¢. When there exists an integer s > 0 such that

n—+t
(%) ¢(x)Pn(z) = Z )‘n,VB:[/l] (), Ann-s #0, n>s,
with BE](az) = (n+1)"'B, (), n >0, then we shall say that the pair

({Pn}nZO; {Bn}nzg) is a coherent pair associated with ¢ with index s. Relation (x)

is itself a particular case of a finite type relation between two polynomial sequences
[10].
Here we deal with diagonal sequences, that is to say, when in (x) we have P, =
B,,, n > 0. The case ¢(x) = 1 is well-known. In this occurrence the relation (x)
characterizes classical orthogonal sequences (Hermite, Laguerre, Bessel and Jacobi)
where necessarily 0 < s < 2, see corollary 2.3. It is the aim of the present papier to
describe the case ¢ = 1 completely and to determine all diagonal sequences arising.
The first section contains material of a preliminary and introductory character.
The second section gives some general results about diagonal polynomial sequences.
In particular, we prove that the second sequence of a coherent pair is always a diagonal
sequence. Section 3 deals with the case t = 1. We exhaustively describe the cases
which arise. We prove that a diagonal sequence either is classical or is semi-classical
with the class ¢ = 1. Finally, section 4 gives an example of computing the coefficients
Anp-

1. Preliminaries and notations. Let P be the vector space of polynomials
with coefficients in C and let P’ be its dual. We denote by < w, f > the action of
u € P' on f € P. In particular we denote by (u), :=< u, 2™ >, n > 0 the moments of
u .
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Let us introduce some useful operations in P’. For any form u, any polynomial h
and any ¢ € C, we let Du = o/, hu and (z — ¢)~'u, be the forms defined by duality

<u',f>=—<u,f' > <hu, f>=<uhf> feP,
<(z—c) tu, f >:=<u,0.(f) >, fEP,

where 6, (f)(z) = fla) = 1e)

Let {By}n>0 be a sequence of monic polynomials, deg(B,) = n, n > 0 (polynomial
sequence : PS) and let {u,}n>0 be its dual sequence u, € P’ defined by < up, By >:=
On,m, 1, m > 0. Let us recall the following result [5,6].

LEMMA 1.1. For any u € P’ and any integer m > 1, the following statements are
equivalent:
i) <u,Bp_1>#0, <u,B,>=0,n>m.

m—1
i) There exist A, € C, 0 < p<m—1, \jy_1 # 0 such that u = Z Authy -
n=0
As a consequence, the dual sequence {ug]}nzo of {B[nl]}nzo where BE](,’E) =
(n+1)"'B! (), n >0is given by

(1.1) (uh))" = —(n+ Dupgr, >0,

Similarly, the dual sequence {@y, },>0 of {En}nzo with B, (z) = a "B, (az+b), n > 0,
a # 0, is given by @, = a"(hg—1 0 7_p)up,, n >0 where
<T U, f > =<u,npf>=<u,f(z—b)> , ueP, feP, beC,
< hgu, f > =< u,hof >=<u, flax)> , uweP, feP, acC—{0}.
The form w is called regular if we can associate with it a polynomial sequence

{Bn}n>0 such that < u, By, By, >= r0n,m, n,m > 0; 1, #0, n > 0. The sequence
{By}n>0 is orthogonal with respect to u. Necessarily, © = Aug. In this case, we have

(1.2) u, = (< ug, B2 >)"'Byug, n > 0.

When u is regular, if A is a polynomial such that Au = 0, then A = 0.

A form wu is called semi-classical when it is regular and there exist two polynomials
E and F, E monic, deg(F') > 1, such that (Eu)’ + Fu = 0. The pair (E, F) is not
unique. The previous equation is simplified (see [8]), if and only if there exists a root
& of E such that

(1.3)

E'(&) + F(§) =0,
<u,03(E) +0:(F) >=0.

Then wu fulfils the equation (HE(E)u)’ +{63(E) + 0 (F) Ju = 0.

We call the class of u, the minimum value of the integer max ( deg(E) — 2, deg(F) — 1)
for all possible pairs (E, F'). The pair(lAC, ﬁ) giving the class ¢ > 0 is unique. When
o = 0, the form u is classical, (Hermite, Laguerre, Bessel, Jacobi) and degE <
2, degﬁ‘ = 1. Any shift leaves invariant the semi-classical character. Indeed, the
shifted form 4 = (h,-1 o 7_p)u fulfils the equation (Eﬂ)’ + Fia = 0 where E(x) =
a Y8 EE(ax +b), F(z) = a* %8 EF(az + b) [8,9).
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Let ¢ be a monic polynomial with deg(¢) = ¢t > 0 and let {B,},>0 be a (PS)
with its dual sequence {u,, }n>0; for n >t we have < ¢up, By—y >=< Uy, 9B, >=1
then ¢u,, # 0, n > t, but generally, there can exist values of n, 0 < n < ¢ such that
ou, = 0.

DEFINITION 1.2. We say that the polynomial sequence {By}n>0 is compatible
with ¢, if we have ¢u,, # 0, n > 0 [10].

REMARK. Any orthogonal sequence is compatible with any monic polynomial.

LEMME 1.3. If the (PS) {Bn}n>0 is orthogonal, then the sequence {B,[zl]}nzo is
compatible with any monic polynomial.

Proof. Suppose that there exists an integer n, 0 < n < t such that (j)ug] = 0.
After differentiating and on account of (1.1) and (1.2), we obtain

<u(],B,%+1>qs nAt o =

(n+1)

2
T B Ug = 0 and the
< UO7B2+1 >¢ n+14%0

Multiplying the previous relation by ¢, we get

(n+1)
<o, B, >
Let{P, },>0 be a (PS) with its dual sequence {v,},>0. Since {B[nll}nzg is a basis,
we get

regularity of ug implies #*By,41 = 0, which is impossible. O

n—+t
(1.4) ¢()P(z) =Y AnwBl(z), n >0,
v=0

with A, , =< ¢uL1],Pn > 0<v<n+t,n>0.

DEFINITION 1.4. [10] Let { B, }n>0 and {P,}n>0 be monic orthogonal polynomial
sequences (MOPS) and ¢ a monic polynomial. When there is an integer s > 0 such
that

n—+t
(1.5) ¢(@)Pa(z) = > AnwBM(&), A s #0, n>s,
we shall say that the pair ({Pn}nZO; {Bn}nZO) is a coherent pair associated with ¢

with index s. Equivalently, the pair (vo,up) is a coherent pair associated with ¢ with
index s.

The case ¢ = 1, s = 1 is treated in [13]. See also [4,11,12,14]. For the case
p=1, s=2 see[l].

DEFINITION 1.5. Let {By}n>0 be a (MOPS) and ¢ a monic polynomial. When
there exists an integer s > 0 such that the sequence {By}n>o fulfils

n—+t
(1.6) ¢(z) By (z) = Z /\n,VBx[zl](x)= Ann-s #0, n>s,

v=mn-—s

we shall say that the sequences ({Bn}nZO; {Bn}nzg) is a self coherent pair associated

with ¢ with index s. In this case, the form ug is called a self coherent form associated
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with ¢ with index s. For the sake of convenience, we shall say also that {By}n>0 is a
diagonal sequence (associated with ¢ with index s).

Recall the following fundamental result
PROPOSITION 1.6. [10] Let ¢ be as a above. For any (MOPS) {P,},>0 and
{By}n>0, the following statements are equivalent

i) The pair of polynomial sequences ({Pn}nzg, {Bn}nZO) is a coherent pair associated

with ¢ with index s.
i) There exist a monic polynomial sequence {Qy4s}n>0, degQpis =n+s, n >0 and
non-zero constants k,, n > 0 such that

(1.7) gi)ugll] = knQnasvg, n>0.

In this case, we have

(1 8) k _ )\n+s,n Q (ZE) _ g A1/,n < ’U07Pr2+s >
' " <, P> Z Nnpsn <o, P2 >

P,(x), n>0.

When P, = By, n >0, the relation (1.7) characterizes diagonal sequences.

Now, we can prove that the second sequence of a coherent pair is always a diagonal
sequence.

PROPOSITION 1.7. Suppose that ({Pn}nZO:{Bn}nZO) is a coherent pair as-

sociated with ¢ and with index s, then there exist two polynomials £ and F such
that {By}n>0 is a diagonal sequence associated with ® = ¢*F with index s', where
deg® = 2(deg ¢ + s), s' = s+ deg o + deg(E) and

(1.9) &€ = ¢(doB1Qss1 — dy BoQy) (for do, dy, see below), F = Q0. — Q1 Q.

Moreover, the forms vy and ug are semi-classical.
Proof. Differentiating both sides of (1.7), then according to (1.1) and (1.2), we
obtain

(n+1)

1.10 7150 R L N A
( ) ¢ un < UO,BT21+1 >

¢Bn+1u(] = kn(Qn+sU0)I: n > 0.

Multiplying both sides of Eq. (1.10) by the polynomial ¢ and on account of (1.7), we
get

(1.11) (¢>’Qn+s . Q;qus) o — dnd?Bui1tio = ¢Quysvh, 1> 0,

where

1
dn, = n;l— , n>0.
<UO,Bn+1 >k,

Taking n = 0 and n = 1 successively into (1.11), we obtain

(1.12) (#'9 = Q0 vo — dod? Bruo = 600},

(113) (¢’Qs+1 — Q’s+1(]5)’1)0 - d1¢2B2uO = ¢QS+1’U6.
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Eliminating v} from (1.12) and (1.13), we obtain
(1.14) pEug = ¢Fvo,

with £ = ¢(d0Blﬂs+1 — dleﬂs) and F = Q Qs+1 — Qs+1Q 1\IOW7 from (17),

we have ¢Fdul! = kndFQnisvo and according to (1.14) ®uly = kyQuysdSug =
kneWptsug, n > 0 where W, 1 is monic and e is a normalisation factor of £.
By cancelling ug between (1.12) and (1.13), we obtain

(1.15)  (Ewo) — {(doﬂs+1 — dy By, ¢+ 2(do By R,y — dlBQQs)¢'}U0 —0,

which implies that vy is semi-classical and ug as well.

REMARK. The formula (1.15) is not optimal from the point of view of the reduc-
tion of the degrees of polynomials involved on it.

2. General results about diagonal polynomial sequences. Let ¢ be a

5

mounic polynomial ¢(z) = H (x—eu)™, Z m, =t where m* denotes the number
n=1 n=1

of distinct roots of ¢. Let us put

(2.1)
1, t=0 0, t=0

Alz) =4 ™ . Blz)={ ™ m .

(=) H(:E*CH), t>1 (@) Zmﬂ+1 H (z—¢,), t>1

n=1 p=1 v=1,v#pu

LEMMA 2.1. For all t > 0, we have the following relation:

(2.2) Ag' = ¢(B—-A").

For t = 0, it is evident. For t > 1, we have

*

¢'(z) = Zmu(z — )™ H (. —c)™.
n=1 v=1,v#p
Therefore
A(z)é Zmu H (z—c) = ¢(z){B(z) — A'(z)}.
v=1,v#pu

As a particular case of the statement of Proposition 1.7, we have

PROPOSITION 2.2. Any diagonal sequence {Bp}n>0 is necessarily semi-classical
and its canonical form ug fulfils the following equations

(2.3) (AQ 1 5u0) + (dnAdBpi1 — BQys)ug =0, n >0,
where

<wug,B%_ . >
(2.4) d, = (n+1) 0; Tnts n>0.

92 s -
< up, Bn+1 > )\n+s,n
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Moreover, the sequence {Qy4s}n>0 satisfies

(2.5) O Qs — Qo = 6(doQni s Bi — duQBpy1), n > 0.

3

Proof. From (1.10) where vy = ug, we obtain

1 (n+1)
d'uy! - <wug,BZ,, S ¢Bntiuo = kn(Qntsu0)’, m > 0.
Hence
Ad'ull] n+1 B , ,
¢ Uy — WAQSBTHJ“U = kn (Aﬂn+sU(]) — kn.A Qn+sU0.
’ n+1

With (2.2) and (1.7), we get (2.3) — (2.4). Taking n = 0 in (2.3), we have
(26) (AQSU(])I + (d0A¢Bl — BQS)UO =0.

Cancelling out u{, between (2.3) and (2.6), we obtain (2.5), by virtue of regularity of
ug. O

COROLLARY 2.3. When {B,},>0 is a diagonal sequence given by (1.6), then
necessarily we have

1
(2.7) St<s<t+2

Moreover

(2.8)

< g, Bi,, ><wug, B} >

<wug,Bi., ><ug, B>

<wug, B2, ><ug,B} >
< UO:B721+1 > 1n

(n+1)

)\570: (dO_dn:0)7n20;5St+17

)\n+s,n =

(n+1) As0; (do—dp=mn), n>0; s=t+2.

3

where 1, =< uO,Bg > —ndgo < uo,Bf > .

Proof. We have deg(dOQnHBl - anan+1) =n+s+1—pu, where 0 < p,, <
n + s + 1. Therefore, from (2.5), we obtain n +2s — 1 =¢t+n+ s+ 1 — u,, hence
pnp =t+2—s, n>1. With 0 < p; < s+2, we get (2.7). Accordingly deg(dOQn+sB1 —
anan+1) =n+2s—t—1,n>1. Whens<t+1, wehaven+2s—t—1<n+s,
therefore d,, = dy, n > 0 and when s = t + 2, we have d, # dy, n > 0. Then,
examination of the highest degree coefficients in the members of (2.5) gives n =
do — dy, n > 0. Hence (2.8), according to (2.4). O

REMARK. When ¢ = 0, we recover a characterization of classical forms [9].
From definitions and (2.3), we see that the class of ug is less than or equal to
m* + t, since

(29 m*"+t+n= max{deg(AQnH) -2, deg(dnAqﬁBnH — BQnH) — 1}, n > 0.
It is possible to obtain a more accurate estimation. For this, we may read (2.5) as

(2.10) Qn+s{d0¢B1 + Q;} - Qs{ﬂ’n+s + dn¢Bn+1}, n > 0.
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First a lemma.

LEMMA 2.4. Let {B,},>0 be a diagonal sequence associated with ¢ and with index
s and let (E, F) be a pair of polynomials, E monic and deg(F') > 1 such that (Fug)' +
Fug = 0. Then if we associate with the pair (E, F) the integer p = max (deg(E) —
2,deg(F) — 1), we have

(2.11) p=deg(F)—1=deg(E)+1t—s.

Proof. Let F = Z < uy,F > B, where r = deg F' > 1. But (Eug)' + Fug =0
v=0

r—1 f
implies < wp, F' >= 0 and with (1.1) — (1.2), (Euo — Zg,,ugl) = 0, where g, =
v=0

r—1
(1/-l-1)’1 <uyy1, F >< uO,BEJrl > 0<v<r—1, g.—1 # 0. Hence Euy = Zg,,ug].

v=0
Multiplying both sides by ¢, according to (1.7) where vg = wo and by virtue of
regularity of ug, we get

r—1
OB = guky Qs
v=0

We infer deg¢p + deg E =r — 1+ s = degF — 1 + s. Hence (2.11), taking (2.7) into
account. O

PROPOSITION 2.5. The diagonal form ug associated with ¢ with index s, t > 1 is
of class less than or equal to m* +t — 1.

Proof. Consider euclidian division of €, by
(2.12) Qpis(z) = Qs(2)Qn(z) + Rs_1(n)(z), n >0,

with deg Rs_1(n) < s —1when Rs_;(n) # 0, Rs_1(0) = 0. Equation (2.3) becomes
(2.13)

(ARy_1 (n)ug)’ + {AQSQ’n — A¢(doB1Qy — dy Bpsn ) — BRs,l(n)}uo —0, n>0.

Two cases arise.
1) There exists ng > 1 such that Rs_1(ng) # 0. From (2.13), we have

E = ARs,l(ng) and F = AQSQInO - A(ls(dOBlQng — anBn0+1) — BRs,l(ng).

Sincedeg E <m*+s—1, wehavedeg FF =1 <m*+s—14+t—s=m*+t— 1. Hence
the desired result by taking (2.11) into account.

REMARK. Since 1 < deg F' < m* + t, we must have t > 1.
2) For any n > 1, we have Rs_1(n) = 0. Equation (2.10) becomes

(214) QSQ; = ¢{dOBlQn - dnBrH-l}: n Z 0.

Forn =1 in (214)/ Qs = ¢{d0B1Q1 — dlBQ} = QSZ, whence ZQ;l — dOBlQn =
7dan+1, n Z 0.
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It follows < ugp, ZQ;—L*dOBlQn >=—d, < U(),Bn+1 >=0or < (ZU(])/-FdQBlU(), Qn >
=0, n > 0, which implies

(ZU(])’ + d0B1U0 =0 with deg A S 2.
In this case, the class of ug is zero, i.e. ug is a classical form. 0

COROLLARY 2.6. Let {B,}n>0 be a diagonal sequence associated with ¢ with
index s. When the polynomials Qg and Q) + do¢B1 are coprime, then {Bp}n>0 is a
classical sequence.

Proof. Following (2.10), the assumption implies existence of a polynomial se-
quence {¢n}n>0 such that Q45 = Qsqgn, n > 0. Therefore g, = @, and Rs_1(n) =
0, n > 0. Hence the desired result from above. O

Under certain conditions, it is possible to build a diagonal sequence from a given

one.

PROPOSITION 2.7. Let {B,},>0 be a diagonal sequence associated with ¢ with
index s. Let ¢1 be a polynomial, deg ¢ = t, and consider ¢rug. Suppose that ¢iug
is reqular with {P,}n>0 the (MOPS) associated with it. Then {P,},>0 is a diagonal
sequence associated with ¢1¢ with index t; + s.

Proof. Let us put vg = Aprug with (vg)o = 1. Following the Proposition 2.4 of
[10], we have

Bu(x) = Y YnwPo(z), Ynni, #0, n>t.

v=n—t;

Hence
n

Bll(z)= > 0.,PN @), Dpntn #0, n>t,

V:n7t1

where ¥, = (n + 1)"'(v + 1)¥,51,11. On account of Lemma 2.1 of [10], this is
equivalent to

Because the sequence {B,, },>0 is diagonal relatively to ¢ with index s, consequently,
from the last equality and using (1.7) where vg = ug, we obtain

n4+t1 n+t
(215) ¢U£zl] = Z ﬁu,nqsuLl] = Z 1§V,nkuﬂu+su0 = TnAn+t1+sU07

Wlth An+t1+s = Z:i;l kl,'l’g,,ynTglgy_Fs, Tn = kn+t1'l9n+t1,n7 n Z 0
From (2.15), we infer
provlll = v Ay s, pabruo = A Ay, 1500, > 0.
Hence the result. O
REMARK. The relation (2.15) means that ({Bn}nzg, {Pn}nZO) is a coherent pair

associated with ¢ with index t; + s.
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In the sequel, we shall use the following second order recurrence relation fulfilled
by the diagonal sequence {B),},>0

(2 16) BO(I):la Bl(‘r):xiﬂ(h
. Bpya(z) = ( = Bug1) Bry1 () — Yug1 Bu(z), n>0.

It follows

(2.17)

B (2) = 1 Bl 2 Bl ' B >0
n+1(93) = n+2(93 = Bns1) By (z) — n—_|_2'7n+1 mo1(T) + n+2 nt1(z), n>0.

3. Diagonal sequences with index s, 1 < s < 3. In this section, we only
study diagonal sequences associated with ¢(z) = z — ¢ with index s where s = 1,2,3,
by virtue of (2.7). From (2.3) where n = 0, the form w satisfies the following equation:

(31) (EUO)’ + F’LLO = 07

with E(z) = (z — ¢)Q,(z) and F(z) = dy(z — ¢)?B; (z) — 2Q,(x).

Following Proposition 2.5, this equation can be simplified, since the class of ug is less
than or equal to 1. According to the expression of E(z), the equation (3.1) can be
simplified either by z — ¢ or by a factor of Q. Thus by virtue of (1.3), the equation
(3.1) is simplified by z — ¢ if and only if

(3.2) E'(c) + F(c) = —Q4(c) =0,

(3.3) < up,02(E) + 0.(F) >= — < ug,0.(Q) > +doyn = 0.
Then ug satisfies

(3.4) (Eyug) + Fiug =0,

where

(3.5) Ey(z) = Q4(z), Fi(x)=do(x — c)Bi(z) — (6:(2))(x).

Denoting by &;, 1 = 1,2, ...s, the roots of (), for simplifying by = — &;, it is necessary
and sufficient that

(3.6) B'(&) + F(&) = (& — ){ (66,(2)) (&) + do (& — OB (&) | = 0,
(3.7) < uo, 62 (E) + b¢,(F) >
= do{on + (& = €} = < 0,0, () > +(& — €) < o, 02,(92,) >=0.
Then wug fulfils
(3.8) (Byug)' + Fhuo = 0,

where
(3.9)
By (z) = (z — ¢) (0, (25)) (2),
By(z) = do{(x — 2+ &)Bi(x) + (& — ©)*} — (0,()) (=) + (& — ) (67,(25)) ().
Two cases arise:
Leg{&) 1L ce{&}

First, we deal with the case
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I Qs(c) #0
Necessarily, there exists 4, for instance i = 1, such that (3.6) — (3.7) are fulfilled.
With the following shape

(3.10) (0, (25)) () = 83-5.0(x — ¢)* + a1 (z — ¢) + ao,

where ag 1= (6¢, () (¢), a1 := (0:0¢, () (c) = (951(05))’(0); the relations (3.6) —
(3.7) become
(3.11) ao + (& — C){doBl(&) +a; +d3-50(& — C)} =0,

(3.12) (do — 03-5,0)71 + (do + 63-5,0) (&1 — ¢)?
+ 03-5,0(80 — ) (&1 — Bo) + a1 (& — Bo) —ao = 0.

Consequently, on account of (3.10), for (3.9) we have
(3.13)
Es(z) = (z — o){d3_s0(z — ) +ai(x—c)+ ao},

Fy(w) = (do = 05-5.0)(z = )% + {dss.0(61 = ©) + do(&1 = o) — a1 | (2 = ©)
+ (do + 03-5,0) (& — )* + (a1 — (Bo — ¢)do) (&1 — ¢) — ag.
We distinguish the three cases s = 1,2, 3.

11.8217 Ql(m):m_fl
Here (f¢, (1)) (z) = 1, therefore a; = 0, ap = 1. Hence, on the basis of (3.11)-
(3.13)

(3.14) Ey(z)=z—¢, Fy(z)= do{x2 + (& —2¢— Bo)x + Bo(2¢ — &) — 71}.
It follows Ej(c) + F»(c) = —1, which means that the form wug is of class o = 1.

L.os=2 M) =(2-64)-&)
Here (8¢, (22))(z) = @ — &, therefore a1 = 1, ag = ¢ — &. Taking (3.11) (3.13)

into account, we have
(3.15) BEx(z) = (z—c)(z—&), Fo(z) = do(z—c)*+{do(€1—Fo)~1}(z—c)+2(E2—c).
It follows Eb(c) + Fy(c) = & — ¢ # 0. But, we also have

Fy() = do(w — £)° + {do[2(62 — ) + & — ] — 1}(w — &) + (& — ) (doX + 1),
where X = & — By + & — ¢. We deduce

Ey(&) + Fa(&) = (&2 — ) (2+ doX), < ug,b6%,Bs +0e,F >=doS,

with S = & + & — 2c. On the other hand, the relation (3.11) becomes
(3.16) S — (&1 — ¢)(doX +2) = —do(é1 — €)(&2 — ©).

In any case, the class of ug is 0 = 1, since S = 0, 2 + dgX = 0 is not possible from
(3.16).

I;. s =3, Q) =(z—&)(xz—&)(z — &)
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Here (6, (23)) () = (z—&)(z—E&), therefore a; = 2c—&—&3, ag = (&—¢)(&3—¢).
With (3.11)—(3.13), we obtain
Ey(z) = (x = o)(x = &) (= — &),
Fy(x)=(do— D@ —c)+{& —c+&—c+& —c+do(& — Bo)}(z —¢)
—2(& —)(& — o).
It follows Ey(c) + Fa(c) = — (& — ¢)(& — ¢) # 0. Moreover

Fy(z) =(do — 1) (2 — &)?
+ {(do +1)S + (do — 2)(&2 — ©) + & — ¢ — do(Bo — ¢) } (z — &)
+ (&= ){(do+1)S = (&2 —¢) = (& —¢) —do(Bo — ©) },
on the basis of (3.11) which becomes
(3.17) (& —0)S+ (& — c){doX —2(3—c)+ & —c—(dop+ 1) (& — c)} = 0.
Consequently, we have
Ey (&) + Fa(6) = (& — ) {(do + 1)S — 2(& —¢) —do(Bo — ¢)} = (&2 — )T,
(0§2E2)(’E) + (9£2F2)(’E) = do(ZE — ﬂg) + (dg + ]-)S,
where
(3.18) T =(do+1)S—2(& —c¢) —do(Bo—¢) = (do +1)X —2(§3 —¢) + Bo —c.

Therefore < ug, 67, Es + ¢, F» >= (do +1)S. Further, from the definitions and (3.18),
we have

(3.19) (&3 —c)S+ (& — )T = (& — ¢)(do +2) (&2 — ¢).

Let us prove either (dgp+1)S # 0 or T' # 0. First, suppose S = 0 and T' = 0. Then, from
(3.19) and (3.18), we obtain dy + 2 = 0 and 8y = &. Consequently, (3.12) becomes
—37; = 0 which is a contradiction. Now, suppose dy + 1 = 0 and 7' = 0. Then uy
fulfils ((z —¢)(x 753)’[140)/ — (x — Bo)uo = 0 where ¢ # & and Sy — ¢ = 2(&5 — ¢), taking
(3.18) into account. With a suitable shift, we can choose ¢ = 1, & = —1, therefore
Bo = —3 and ug satisfies ((a:2 — 1)U0)’ — (x4 3)ug = 0. It follows that ug is the Jacobi
form with parameters (—2, 1), which is not regular [2,8,9]. Hence the desired result.
Similarly for the root £3. In this case, the class of ug is also o = 1.
Thus, when Q4(c) # 0, the class of ug is 0 = 1. We shall see a shorter proof below.
Does a form w exist such that ug = 7(x — d)w where 7 # 0 and d are chosen for
making w a shift of a classical form? It is easy to see the following results.
For I, we have 7 = dy(& — ¢), d = ¢ and w fulfils

w' 4+ {do(z —c) = (& —¢) " Jw =0.

By a shift, we obtain the Hermite form.
For Iy, we have 7 = —do(& — ¢)(é2 — ¢)7 !, d = ¢ and w fulfils the following
equation

(z = &)w) + {doz = ) + (& — (& — ) " Jw = 0.

By a suitable shift, we obtain a Laguerre form.
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Finally for I3, when dg+1 # 0, we have 7 = (do+1)(&1—¢)(&2—¢) 1 (& —¢) 7L, d =
¢ and w fulfils

((z = &)(z = &)w) + (do + 1) (z —c — 7 Hw = 0.

By a suitable shift, we obtain a Bessel form, when & = &5 and a Jacobi form, when

& # &
When dy + 1 = 0, it is not possible to determine 7 # 0, d € C for making w

essentially classical.

In any case, it remains to determine the values of ¢ for which 7(z — ¢)w is regular.
A little about this problem is the fact that if {Z,},>0 denotes the (MOPS) with
respect to w, then (x — ¢)w is regular if and only if Z,(c) #0, n > 1 [2].
For instance, in the case I, following Chihara’s notation, if {ITIn}nZO denotes the
(MOPS) associated with the Hermite form # fulfilling H' 4+ 2zH = 0, we have w =
(ha—r o T_p)H, Zp(z) = a~"H,(az + b), where 2a> = dy, 2ab = —dgc — (& — ).
Thus ac+b = — (2a(§1 - c)) ~! 1must not be a zero of any monic Hermite polynomial.
When dy < 0, & € IR, then any real ¢ # &; is suitable. But when dy > 0, & € R, the
problem is open for obtaining non singular real ¢ through a constructive way. For the
other cases, there are similar results.

I1. Q,(c) =0

LEMMA 3.1. When the equation (3.1) is simplified by the factor x — c, then it can
be simplified a second time by x — ¢ and the form ug satisfies

(3.20) (B*ug) + F*ug = 0,
where
(3.21) E*(z) = (0.95)(z), F*(z) =dyBi(z).

Consequently, the form g is classical (o = 0).

Proof. Since the equation (3.1) is simplified by the factor z — ¢, the form ug
satisfies (3.4) with (3.5). Moreover

E{(c) +F1(C) =0 , < Uo,ggEl +0.F >=< UU,dQBl >=0.
Therefore, we have (3.20) and (3.21). Necessarily, the form wg is classical. O
This leads to

THEOREM 3.2. The diagonal form ug associated with x — c is classical, if and
only if the conditions (3.2) — (3.3) are satisfied.

Proof. Sufficiency follows from the previous Lemma. When the diagonal form ug

is classical, from (1.7), we have (z — c)u([]l] = koQsup and there is a monic polynomial

®,deg® < 2 and k| # 0 such that ugl] = k{®ug [9]. The regularity implies kj(z —
c)®(z) = koQs(z), hence Q4(c) = 0 and consequently ® = 0.(Qs), ky = ko = (doy) "
Moreover

< UO,HC(QS) >=< Uq, P >=< (I)Uo, 1>= kal < U([]l], 1>= dO’Yl- a

II,. s=1, Qz)=z—-c¢
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Inevitably, the form uq satisfies (3.4) with dpy; = 1. From the previous Lemma,
we get
E*(z) =1, F*(z) =~ 'Bi(2).

Through a suitable shift, we obtain the Hermite form.

IL.s=2 Q)=(@-&)@—0), (=0
Here(6.(2))(z) =z — &.

Iy, <wg,z— & >=dom

From the previous Lemma, the form ug satisfies (3.20) with E*(z) = x—&, F*(z)
= dgBi(z). It is the Laguerre case when & = 0, dg = 1 and putting Gy = a + 1.
Iy, <wg,z— & >#dom

Then wq fulfils (3.8) and (6, (Q2))(z) = z — ¢, hence a; = 1, ag = 0 in (3.10).
The conditions (3.11) — (3.12) and (3.13) respectively become

(3.22) do(&1—Bo) +1=0, 0#dom +& — o= —do(&s — )’
(3.23) By(z)=(x—c)? , Fy(z)=do(zx—c)?® -2z —c).
It follows

ES(C) + FQ(C) =0, < Uo,egEz +0.F, >=< Ug,do(:ﬂ — C) —1>= do(fl — C) ;é 0,

taking (3.22) into account.

Putting (z — ¢)ug = Ywy with (wg)g = 1, we have ¥ = By — ¢ # 0. For, if Gy = ¢, we
should have dy(& — ¢) + 1 = 0, therefore 0 # dpy: = 0 from (3.22). Thus the form wy
satisfies

(3.24) (= — c)wo)/ + {do(z — ¢) — 2}wo = 0.

Through a suitable shift, we can take ¢ = 0 and dy = 1. Then wy = £(1), the Laguerre
form with parameter ¢ = 1. On account of the definition of wgy, we have

(3.25) ug = 6 + 9z twy,

where § = g defined by < &g, f >= f(0).
We denote by {R,}.>0 the (MOPS) associated with wy. We know that wg is regular
if and only if

(3.26) o 49, m> 1,

where {RS)}HZO is the associated sequence of {R,},>0 defined by
Ryqi1(z) = Rpa(§)

Rfll)(a:) =< wp, > n>0,
=&
and in this case, we have [7]
(3.27) Byi1(z) = Rpga(z) + wnRu(z), n >0,

where

(1)
(3.29) o = ~ Rny1(0) +9Rs 7 (0) n>0.

Rn(0) +9R,(0)
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It can be seen that [2]

Therefore
1 _ RTL+1(£) - Rn+1 (0) _ - n—v (Tl + ]‘)' n+ 2
RV(0) =< wo, ¢ >= ’;(71) W) <nv> (wo)y-
But (wg), = (n + 1)!. Thus
1 S D |
(3.29) R;>(0):(n+1)!(n+2)!; RS

We have

e S o) L B Vo
(3-30) Z ) .::nﬂ_{(n+1)!+(n+2)!}7 nz0,

where

n _1\n—v n n — 1" 07 n_l,
(331) =z,=% LD .:l_ (1)””():(1 D) :{ln:

(3.32) RYO) = (-1)"(n+1)!(n+1), n>0.
Then, for (3.28)

n+1,l9

3.33 W= 2)—nt2
(3.33) @, = (n+ )17#119,

L+ 1
where ¢ # %, n > 1 (cf. (3.26)).

REMARK. About (3.31), more generally, it is possible to show that Z,(p) =
Y D) an(p)an(p)with an(p) = s, n > 0, fulfils So,11(p) =0, Eania(p)=
v=0
p—1 L'(p) n>0.
n+pT(2n+2+p)

Now, since the sequence {R,},>¢ fulfils

Ro(z) =1, Ri(x)=z— (o
Rpi2(2) = (2 — Cut1) Rt (%) = py1 Ba(z), n 20,

with (, = 2n+ 2, ppp1 = (n +2)(n + 1), n > 0 and taking the following formulas
from [7] into account

(3.34)

pn+1
Wn ’

(335) Bo = Co—wg = ; ﬂn-H =ctwp+ Tn+1 = *wn(c"'wn*(:n): n >0,
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(at present ¢ = 0), we obtain with (3.33)

m+1)n+2—m+19)"+n+2)(n+1-nv)’
(m+1-nd)(n+2 - (n+1)9)
1 =)A= ) 1+ (1 —d) + 1}
Tnt1 = (n+1-nd)?
Necessarily ¢ # 1 since & # 0 by virtue of (3.22) where dy = 1 and ¢ = 0. Then,
putting (1 —9)~! := a + 1, we have

ﬂn+1 —

n > 0.

_ a
fn =241 - (n+a)in+a+1l)
(3.36) _(n+1)’n+a)n+a+2)’ n20,
ot = (n+a+1)
with @ # —n, n > 0. From (3.25), we have
+00
< ug, f >= cf(—f)l + aj- 1/0 e *f(x)dx.

II;. s =3, Qz)=(z-&)(z-&)(z—¢), (&E=¢
Here (96(93))(1) =(z—&)(z — &).
1131. < Uq, (’E — fl)(:ﬂ — 52) >= dg’yl

Following Lemma 3.1, wug is classical; it is the Bessel form when & = & = 0 and
the Jacobi form when & = —1, & = +1.

1132. < Uuq, (’E — fl)(:ﬂ — 52) >;’é dg’yl

The form wug is not classical by virtue of Theorem 3.2, since the relation (3.3) is
not fulfilled. Here (0¢, (€23)) = (z — ¢)(z — &), hence a1 = ¢ — & , ap = 0 in (3.10).
The conditions (3.11) — (3.12) become
(3.37) (& —){do(&1 —Bo) +& — &} =0
(3.38) 0# (do — )y — (& — Bo)(& — fo) = —(fo — ¢)* — (do + 1)(& — ¢)*.
Following (3.13) and taking (3.37) into account, we get
By(2) = (z — )*(z — &)
Fy(x) = (do —1)(z — )’ +{& —c+ & —c+do(& — fo) }(z — ¢).

We infer El(c)+ Fy(c) = 0, (HEEQ) (z)+ (HCFQ) (z) =do(z — )+ & —c+do(&1 — Po),
therefore

(3.39)

< U0703E2 + GCFQ >= (d(] + 1)(61 — C).

Necessarily, we must have (do + 1)(&1 — ¢) # 0, otherwise up would be classical. Then
(3.37) reads

(3.40) (do +1)(& = Bo) = & — Bo-
Likewise, we have

By(&) + Fa (&) = (do +2)(&2 —©)*, < uo, 07, +0g, Fr >= (do +1)(& —c+& —c).
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Necessarily, either (dp +2)(& —¢)? # 0 or (do + 1)(&1 — ¢+ & — ¢) # 0, otherwise ug
would be classical.
Putting (z — ¢)ug = W, we get

((z —¢)(z — &)d) + {(do — 1)(x — ) +2(& — )} = 0.

The Bessel case is not possible; for, if ¢ = & = 0, we should have (dg — 1)z =
—2(ax + 1). Consequently ¢ # & and we choose ¢ = —1 and & = +1. Then dy — 1 =
—(a+8+2), dy+3=a— [, therefore « = 1 and § = —(dy +2). We have the Jacobi
case with parameters (1, 3) and the form & is regular if and ounly if 8 # —n, n > 1;
we can put @ = Jwg with (wg)g = 1, since By + 1 = 4(3 + 3)~! # 0. Thus, we obtain

(3.41) ug =61 +9(x + 1) wy.

We denote by {R,},>0 the (MOPS) associated with wy = J(1, 8). We have [8,9]

Ro(e) =1, Ri(e)=ux - %
Rpi2(2) = (2 = Cut1) Rt (%) — py1 Bu(2), n 20,
with
Cng1 = - & :
(3.42) (2n+pB+3)(2n+ B +5)

n>0
m+1(n+2)(n+p+1)(n+5+2) -
2n+B8+2)2n+3+3)22n+ L +4)’

Pnt1 =

The form wg is regular if and only if —Rn(—l)(R(nlf)l(—l))f1 # v, n > 1 and
B,t1(z) = Ryy1(z) + wu Ry (z), n >0 where [7]

Roir(—1) + 9BV (—1)
Ra(-1) +9R), (-1)

3
v
o

(3.43) Wy = —

It can be seen that [2]

T+ 8+2) <(n+1) (n+8 e 1V (1)
(3.44)Rn(m)_n!imwrﬂm);]( y )(n_y)( DY(z+1)""", n>0.

Next
R, —R,i1(—1
R(l)(—l) =< wo, +1(f)£+ 1 +1(=1) > n>0.

Since

D bari(E - DEF D

v=0

Rn1(§) = Rnpa (1) _ %H{

+(n+2)) (-2)" (€ - 1)”},

v=0
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we have
R(-1) = an+1{2bn+1,y <wo, (6 - D(E+1)" >
(3.45) =0 .
4%n+%§]—%"”<wm@—1y>},n20
v=0
where

_ 'n+6+2) _(n+1 n+p
a"_n!l“(2n+,3+2)’ b"’”_< v )(nv)

We need the following lemma

LeEMMA 3.3. Denoting
(3.46) Ml (a,B) =< w,(z+0)"> oc==%1, n>0,
where w := J(a, B) is the Jacobi form, we have

JLB+1+n) T(a+0+2) 0>
rB+1) T(a+B+2+n)  ~
ZTla+l+n) Dla+B+2)

(3.47) Mo, B) = (-2)

(3:48) M (. 0) =2 F(a+1) T(a+pB+2+n) n20.
Moreover
519 <w, (@ =)@+ 1) > =M, (0, HM; (@8 +q)

' =M, (a+p, HM (@, 8), p,q>0.

Proof. The form w fulfils the following equation [9]
((2* — l)uJ)I +{-(a+B+2)z+a-B}w=0.
It easily follows

m+2+a+p+o(a—p)

Mn+1(047/3):U nta+B+2

M (a,B), n=0,

with M{(a, 8) = 1. Whence (3.47) and (3.48). Next, the form u = (z — 1)%w fulfils
(22 =1u) + {-(a+B+2+qz+a—-B—q}u=0.

Thus u = AJ(a,3 + q) with A = M_"(a, ). Likewise M (a,3)T(a + p,B) =
(z+ 12T (e, B). We deduce

<w,(z—-1DN x4+ 1P >=<(z—1)w,(x+1)? >=
>
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COROLLARY. For 0 <v <mn, n>0,

nor pq-l _ o (BHD1(B+2)
(3.50) < wg, (z—1)">=M, " (1,8) =(-2) CEV ST n>0
v n—v __ von F(ﬂ-}-l—klj)

0<v<n, n>0.

Consequently from (3.50)—(3.51), for (3.45) we obtain
RV (=1) = a1 {Z), + (n+ 20}, n>0,

n

where
mfZW+1xﬁ+%fGi§?ﬁ5§;<1VmﬂyﬂnV+”FW+5+R
=(B+1)(3+2) (_f):(g:;)! 2: y!(ntla)y )]
_ (ﬂ+1)(ﬂ+2)% n>0, on account of (3.30), (3.31).
zi=§;<m"”<®ﬂyfgiﬂgizl2>
:(ﬂ+1)(ﬂ+2)(2)”§<y+;+1 u+;+2>
:([3+2)%7 n20.

Whence

Fn+p+4)

, n>0.
(n+B+2)T(2n+ 3 +4)
Consequently, taking into account of (3.44) and (3.52), for (3.43) we have
(3.53)

(3.52) R (=1) = (B+2)(=2)"(n+1)(n+1)!

(n+2)(n+5+2)  1-Yxns1
(2n+6+3)(2n+5+2) 1-9x,

V#(xn) ', n>1

This last condition is equivalent to the regularity condition ¥ # — R, (—1) (R(lz1 1))
n > 1. With e := $(8 + 2)9, we easily obtain
(3.54)
1-Oxns1  (n+1)(n+8+1) (1—e)n?+(1—¢)(B+4)n+(1—¢)(B+3)+8+1
1-9xn  (n+2)(n+58+2) (1—g)n?+(1—¢e)(B+2)n+B+1 ’
n > 0.

n(n+5+2)
(n+1)(n+B+1)’ "=

1
with x, = §(ﬂ+2)

n=

The case e = 1 does not arise, since (3.40) implies & + 1 = 0 which is in contradiction
with the assumptions. Indeed, since ¥ = fy + 1 from (3.41), the assumption ¢ = 1
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implies 2 = —do(Bo + 1)( B = —(do + 2)) and writing (3.40) as (do + 1)(& — ¢) =
& —c+do(Bo — ¢), we obtain with ¢ = -1, & =4+1: (dg+1)(& +1) =2-2=0.
Putting

X+ (B+2)X+(1-e) " (B+1) = (X +01)(X +02),

we have
0'1(72+1*0’1*0’2

ﬂ:(71+0'2*2, g =
0102

Consequently
X2+ (B+4)X+B8+3+(1—e)*B+1)=(X+01 +1)(X +02+1).
It follows

(n+1)(n+o01+02—1(n+o1+1)(n+0os+1)
2n+o1+09)2n+o1 +02+1)(n+o01)(n+o02)’

(3.55) oy = n > 0.

A tedious but straightforward calculus based on (3.42), (3.35) where ¢ = —1 and w,
is given by (3.55), leads to

2(1+ 0109) — (01 + 02)(2 + 0102)

3.56 = 7
( ) ﬂO (710'2(0'1 +0’2)
(3.57)

ﬂ _ (47ﬂ2)M4(n) 7250102]\]2(17,)

" 2ntor402)(2nt o1 +0242)(nto1+1)(ntoa+1)(ntor)(ntos)’
~ (n+1)2(n+o1+02—1)*(n+01—1)(n+o1+1)(n+0s—1)(n+o,+1)

Tt (2n+o1+02—1)(2n+0o14+02)2(2n+o1+02+1)(n+01)2(n+03)? '

where

{M4(n) =(n+01)(n+02)(n+0o1+1)(n+0s+1), 50

No(n) =6n> +6(8+3)n+ (B +3)(B+4),
We must have 61,02,01 + 09 # —n + 1, n > 0. Finally, from (3.41) we obtain
(3.58) up = (1—¢)o_1 +eJ(0,0),

because (z + 1)7(0,8) = 2(8 + 2) L7 (1, 3), which is a special case of the general
easily proved formula

(z+1)P(z — 1)1 (a, 8) = M (o, B+ QM (., /)T (a +p, 8 + ),
where p, ¢ are non negative integers.

REMARK. The choice ¢ = +1, & = —1 leads to the similar case ug = &1+
Iz — 1) wy with wy = T (a, 1).

4. Calculating the coefficients ), ,. An example. We are looking for the
case IIyy where ¢ = 0 and s = 2. From (1.6), we must have
(4.1)

2B(2) = BRL (@) + Aun B @) + A1 BULy (2) + A2 B (2), n>2,
An,nf2 7& 07 n Z 2.
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ZL“BO(l‘) = Bgl](ilﬁ) + A0’07

(42) — gl (1]
:EBl (ZE) = 32 (’E) + Al,lBl (’E) + AI,O-

PROPOSITION 4.1. We have

1
4. Ao =2—
( 3) 0,0 Oé+2’
a—1 a
4.4 Mi=5-—2" 2 =4 &
(44 S i e M T i D@t
a+1 a
. P 1 - . n>0,
(45) Amtzatr =308+ Smmm g o gy 120
a? ala+1)
4 Amromis = (n+2)Bn+7 . . >0,
(46) w2t = (Y@ )+ T —om s
) 1(n
(4.7) /\n+2’n:(n+1)(n+2)2(n+a+ )(77+oz+3)7 n> 0.

(n+a+2)?

Proof. First (4.3) and (4.4). From (2.17) and (2.16), we obtain Bl'(z) = z —
2
1(Bo+ 1), therefore, from (4.2), we get Ag,o = l(,30+ﬂ1 a:—2

)
(3.36). For (4.4), by virtue of (2.17), we have BY' () = 2(z— 8,) B\ () — L7+ L By ()
and on using the second expression of (4.2), we get

in accordance with

1 1
iL“Bl(l‘) = {(l‘ — ﬁz) + )\171}B£1](1E) + ng(iL“) + )\170 — 572,

7+ {/\1,1 - ;(ﬁo + 61 + ﬁQ)}ﬂJ - %(ﬁo + ﬁ1)()\171 - §ﬁ2)

1 1
+ 5/30/31 + Ao — 5(71 + 72),

taking (2.16) into account. It follows

(71 +72) — %(53 — 26 + o).

W =

2 1
A1 = g(ﬂ1 + B2) — gﬂo, Ao =

But, from (3.36), we have

1 o «
=101 P e e y P T G ey
_ala+2) (a4 1)(a+3)

N= ey TV G2
Hence (4.4).

Now, let us transform zB,12(z) to obtain (4.1) where n will be replaced by n + 2.
Here, we have By, 11 (2) = Rpq1(2)+w, Ry, (2) where {R,, },,>0 is the Laguerre sequence
orthogonal with respect to £(1) and from (3.33), we have

n+a+2

4. = D———2  n>o0.
(43) @+ ) 2
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We get
2Bpi2(2) = 2{ Ruyo(®) + @wnt1 Ry (2) }
= Rpi3(2) + Coo Rt () + prialnir (2)
+ @ni1 { Bnt2() + (1 Ros1 (@) + pny1 R (z) }
= Ryy3(x) + {Curo + @ngr JRuga()
+ {pns2 + Cot1@nt1 } Rog1 (2) + @ny1png1 Ru(z), n >0,
taking (3.34) into account, with
(4.9) Co=2+1), pug1=(m+1D(n+2), n>0.
But the sequence {R,,},>0 fulfils [2]
Rn(z) = R(z) + nBRY  (2), n>o0.
It follows
B ya(r) = Ry y(x) + {n + 3+ Cuga + g1 J Ry o (2)
+ {(n + 2)(Cnt2 + @nt1) + prt2 + Cut1 @t }RLLI—]Fl(:E)
+ {(” + D (pnt2 + Grp1@nt1) + Wn+lpn+1}R[n”(~f)
+ nwn+1pn+1R£11],1(fE)a n > 0.
Since

41 B () = R, i
(4.10) (1) = R) +

from this with n replaced by n + 3, we obtain

wnREll(x), n >0,

zBpi2(2) :B[nlj]LS (z) + )‘n+27n+2R[n1~]+2 (z)
+ {(n +2)(Cnt2 + @nt1) + Pot2 + Cup1 @nt }R[nl]+1(93)
+ {(n +1)(pnr2 + Cnr1@nt1) + wn+1pn+1}R£%] (x)

+ nwn+lpn+1R£zl]71(I): n >0,

with 5
n+
Ang2nt2 =N+ 3+ (oo + Wpp1 — ——— Wny3.
n+4
On account of (4.8), (4.9), we get (4.5).
Next, from (4.10) where n is replaced by n + 2, we have

B ia(z) :B[nlj]LS (z) + /\n+2,n+2B[n1j]L2 (z) + /\n+2,n+1R[n1~]H (z)

+ {(n + 1)(pnt2 + Cuy1@ng1) + wn+lpn+1}R£zl] (z)

+ nwn+lpn+1R£zl]71('r): n >0,
with
n+2

At2,nt1 = (04 2)(Cuge + @ng1) + Prg2 + Cap1@ngr — T3

789
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Taking (4.8), (4.9) and (4.5) into account, we have (4.6).
Further, we get

with

Ant2n = (0 +1)(Pnra + (i1 @n1) + @1 Pry1 —

B ia(z) :B[nlj]LS (z) + /\n+2,n+2B£zl]+2(m) + /\n+2,n+1B£zl]+1(m)

+ /\n+2,nR[n1] (z) + nwn+1pn+1R£}ll (),

n+1
n+ 2

Wnt1Ant2,n4+1, 1> 0.

By virtue of (4.8), (4.9) and (4.6), we obtain (4.7). Finally (4.10) leads to

But

B ia(z) :B[nlj]LS (z) + /\n+2,n+2B[n1j]L2 (z) + /\n+2,n+1B£zl]+1(m)

+ /\n+2,nB[n1] (I) + {nwn+lpn+1 - n—HwnAn+2,n}R£zlll(I)-

NWnp+1Pn+1 — n)\n+27n =0, n>0.

n+1w

This yields (4.1) where n is replaced by n + 2.0

REMARK. The case II32 goes analogously but the calculations are more compli-

cated.
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