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A SHOCK-W A VE F ORMULA TION OF THE EINSTEIN EQUA TIONS
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Abstract. W e deriv e a w eak (sho c k w a v e) form ulation of the Einstein equations for a p erfect


uid assuming spherical symmetry . Our purp ose is to pro vide a framew ork for the w eak equations

that mak es them amenable to mathematical metho ds dev elop ed for the study of sho c k w a v es in

nonlinear conserv ation la ws.

1. In tro duction. W e deriv e a w eak form ulation of the Einstein equations for

a p erfect 
uid under the assumption of spherical symmetry . The w eak form ulation

is required in order to allo w for the presence of sho c k w a v e discon tin uities in the


uid v ariables. W e assume the standard gauge, and w e sho w that in the resulting

co ordinates, the w eak form ulation of the initial v alue problem for the Einstein equa-

tions is v alid for metrics that are only Lipsc hitz con tin uous: that is, v alid for metrics

that lie in the space C

0 ; 1

; the space of con tin uous functions with b ounded di�erence

quotien ts, (and hence Holder exp onen t one, [13 ]). Moreo v er, w e sho w that in the

standard gauge, the metric can in general b e no smo other than Lipsc hitz con tin uous

when sho c k w a v es are presen t. T o clarify this, note that if T is discon tin uous across a

smo oth 3-dimensional surface � ; then the Einstein equations G = �T imply that the

curv ature tensor G will also ha v e discon tin uities across the surface. Since G in v olv es

second deriv ativ es of the metric tensor g ; one exp ects that g should b e con tin uously

di�eren tiable at sho c k w a v es, with b ounded second deriv ativ es on either side, (that is,

g 2 C

1 ; 1

), in order that the equation G = �T will hold in the classical, p oin t wise a.e.

sense at the sho c ks. Ho w ev er, it is kno wn that sho c k-w a v e solutions of the Einstein

equations mak e sense under the assumption that the metrics matc h only Lipsc hitz

con tin uously at a sho c k surface, that is, g 2 C

0 ; 1

: But in this case, the Lipsc hitz

con tin uous matc hing of the metric alone is not enough to guaran tee conserv ation at

a sho c k, and an additional condition m ust b e imp osed to rule out the p ossibilit y that

there are delta function sources in T on the sho c k surface, [8, 15 ].

Our analysis sho ws that for spherically symmetric solutions of G = �T ; it is in

general not p ossible to ha v e metrics smo other than Lipsc hitz con tin uous, (that is,

smo other than C

0 ; 1

at sho c ks), when the metric is written in the standard gauge. In

this pap er, w e sho w that the w eak form ulation is nonetheless consisten t for metrics

in the lo w er smo othness class C

0 ; 1

. This helps explain wh y the Opp enheimer-Sn yder

solution, [12 ], and its sho c k w a v e generalizations, [15 , 16 ], in v olv e metrics that are

matc hed only Lipsc hitz con tin uously at an in terface. Th us our results imply that

when sho c k-w a v es are presen t, w e cannot exp ect metrics to b e smo other than these

examples in the standard gauge.

The aim of this pap er is to form ulate the Einstein equations as a system of

conserv ation la ws with source terms. F or this reason, the discussion is written to

b e accessible to exp erts in the mathematical theory of sho c k w a v es and conserv ation

la ws, [9 , 5 , 13 ]. The w ork here is preparatory for a subsequen t pap er in whic h the

authors will giv e a rigorous lo cal existence theory for sho c k w a v e solutions of these

�
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equations based on a mo di�ed Glimm metho d, [6]. An analysis of the large time

b eha vior of solutions to these equations w ould, in particular, address the issue of

blac k-hole formation in general relativit y .

2. Preliminaries. In Einstein's theory of general relativit y , all prop erties of the

gra vitational �eld are determined b y an inde�nite L or entzian metric g ; of signature

( � 1 ; 1 ; 1 ; 1), de�ned on a four dimensional manifold M called Spacetime. In general

relativit y , gra vitational\forces" are iden ti�ed with spacetime curv ature, (as measured

b y the Riemann curv ature tensor of the metric g ), and the energy and momen tum

densities and their 
uxes are the sources of spacetime curv ature. In 1915, Alb ert Ein-

stein b egan the sub ject of general relativit y b y in tro ducing the Einstein gra vitational

�eld equations|the equations that describ e the sim ultaneous ev olution of the gra vi-

tational metric g together with the sources. The Einstein equations can b e expressed

in the compact form [20 ],

G = �T :(2.1)

Here G denotes the Einstein curv ature tensor for metric g , and T denotes the stress-

energy tensor, the source of the gra vitational �eld. Both G and T are symmetric

tensors of rank 2 : The comp onen ts of the Einstein curv ature tensor are giv en in terms

of the comp onen ts R

i

j k l

of the Riemann curv ature tensor b y

G

ij

= R

ij

�

1

2

R g

ij

;(2.2)

where R

ij

denotes the Ricci tensor

R

ij

= R

�

i� j

;(2.3)

and R denotes the Ricci scalar curv ature

R = R

� �

� �

:(2.4)

The comp onen ts of the Riemann curv ature tensor in a giv en co ordinate system x

are determined from second order deriv ativ es of the metric tensor g

ij

( x ) through the

form ulas

R

i

j k l

= �

i

j l;k

� �

i

j k ;l

+

�

�

�

j l

�

i

� k

� �

�

j k

�

i

� l

	

;(2.5)

where the Christo�el sym b ols, (connection co e�cien ts), in v olv e �rst order deriv ativ es

of the metric, giv en b y

�

i

j k

=

1

2

g

� i

f� g

j k ;�

+ g

� j;k

+ g

k � ;j

g :(2.6)

(W e assume the Einstein summation con v en tion whereb y rep eated up-do wn indices

are to b e summed from 0-3, and indices are raised and lo w ered b y the metric, c.f.

[20 ].) In the case of a p erfect 
uid, the stress tensor tak es the sp ecial form

T

ij

= ( � + p ) u

i

u

j

+ pg

ij

;(2.7)

where p denotes the pressure, � the mass-energy densit y (as measured in the Loren tzian

frame mo ving with the particle), and u is the 4-v elo cit y of the 
uid. The four v elo cit y

u; (in the tangen t space T M ), is the unit v ector tangen t to the particle path at a
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giv en p oin t{that is, the comp onen ts of u are equal to the deriv ativ e of the co ordinate

parameterization of the particle path tak en with resp ect to arclength, and hence u is

a unit v ector relativ e to the spacetime metric g at eac h p oin t:

g ( u; u ) � g

ij

u

i

u

j

= � 1 :(2.8)

The Einstein tensor G is constructed so that div G = 0 holds identic al ly as a

consequence of the Bianc hi iden tities of geometry , [20 ], and th us

div T = 0 ;(2.9)

is a consequence of the Einstein equations (2.1) alone. Here w e tak e the co v arian t

div ergence so that it agrees with the classical div ergence at the cen ter of a lo cally

inertial co ordinate system, [15 ]:

div T = T

ij

; i

(2.10)

= T

ij

;i

+ �

i

ik

T

k j

+ �

j

ik

T

ik

:

As usual, the comma denotes ordinary partial deriv ativ e, and semicolon denotes co-

v arian t deriv ativ e. It follo ws from (2.6) that �

i

j k

= 0 in 
at Mink o wski space, or to

leading order in a lo cally inertial co ordinate system, (that is, a co ordinate system

cen tered at a p oin t where g

ij

= diag ( � 1 ; 1 ; 1 ; 1) ; g

ij;k

= 0 ; for all i,j,k). In these

limits, the co v arian t div ergence reduces to the classical div ergence, and (2.9) reduces

to the classical relativistic compressible Euler equations when T is giv en b y (2.7),

[15 ]. It follo ws that the compressible Euler equations are a subsystem of the Einstein

equations (2.1), (2.7). It is w ell kno wn that the theory of the initial v alue problem for

the compressible Euler equations is incomplete unless sho c k w a v es are incorp orated

in to the solutions, [5, 13 ], and this strongly suggests that the same m ust b e true for

the Einstein equations for a p erfect 
uid. In this pap er w e deriv e a w eak (sho c k w a v e)

form ulation of (2.1), (2.7) that applies to spherically symmetric solutions written in

the standard co ordinate gauge.

A spacetime metric g is said to b e spherically symmetric if it tak es the general

form, [20 , 19 , 7 , 11 ],

ds

2

= g

ij

dx

i

dx

j

� � A ( r ; t ) dt

2

+ B ( r ; t ) dr

2

+ 2 D ( r ; t ) dtdr + C ( r ; t ) d 


2

:(2.11)

Here the comp onen ts A; B ; C and D of the metric are assumed to b e functions of

the radial and time co ordinates r and t alone, d 


2

� d�

2

+ sin

2

( � ) d�

2

denotes the

line elemen t on the 2-sphere, and x � ( x

0

; :::; x

3

) � ( t; r ; � ; � ) ; denotes the underlying

co ordinate system on spacetime. (T o k eep trac k of units, w e put factors of c in, but

to reduce the proliferation of sym b ols, w e also use the con v en tion t � x

0

instead of

the usual ct = x

0

: This can b e in terpreted as c = 1 : ) In this case w e assume that the

4-v elo cit y u is radial, b y whic h w e mean that the x -comp onen ts of u are giv en b y

u

i

= ( u

0

( r ; t ) ; u

1

( r ; t ) ; 0 ; 0) ; i = 0 ; :::; 3 ; resp ectiv ely ;(2.12)

for some functions u

0

and u

1

:

No w it is w ell kno wn that in general there exists a co ordinate transformation

( r ; t ) ! ( � r ;

�

t ) that tak es an arbitrary metric of form (2.11) o v er to one of form, c.f.,

[20 ],

ds

2

= g

ij

dx

i

dx

j

� � A ( r ; t ) dt

2

+ B ( r ; t ) dr

2

+ r

2

d 


2

:(2.13)
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A metric of form (2.13) is said to b e in the standard co ordinate gauge, and it is our

purp ose here to establish the w eak form ulation of the Einstein equations for metrics

of the form (2.13) in the case when A and B are �nite, and satisfy AB 6= 0 : It follo ws

from our form ulation that the Einstein equations together with the assumption (2.13)

imply that the metric comp onen ts A and B are only Lipsc hitz con tin uous at sho c k

w a v es, that is, A and B are one degree less smo oth than the general theory suggests

they should b e.

The general problem of making sense of gra vitational metrics that are only Lips-

c hitz con tin uous at sho c k surfaces w as tak en up in [16 ]. The analysis there iden ti�es

conditions that m ust b e placed on the metric in order to insure that conserv ation

holds at the sho c k, and that there do not exist delta-function sources at the sho c k,

[8]. When these conditions are met, the metho ds in [16] imply the existence of a C

1 ; 1

co ordinate transformation that impro v es the lev el of smo othness of the metric com-

p onen ts from C

0 ; 1

up to C

1 ; 1

at the sho c k. Ho w ev er, the results in [16 ] apply only to

smo oth in terfaces that de�ne a single sho c k surface for whic h G = �T holds iden tically

on either side. F or general sho c k w a v e solutions of the form (2.13), (that can con tain

m ultiplicities of in teracting sho c k w a v es), it is an op en question whether there exists

a co ordinate transformation, (sa y to a metric in the more general class (2.11)), that

can increase the lev el of smo othness of the metric comp onen ts b y one order. F or this

reason, w e no w sho w that the mapping ( r ; t ) ! ( � r ;

�

t ) that tak es an arbitrary metric

of form (2.11) o v er to one of form (2.13), implies a loss of one order of di�eren tiabilit y

in the metric comp onen ts when sho c k w a v es are presen t. This argues that our results

are c onsistent with the existence of suc h a smo othing co ordinate transformation, but

still lea v es op en the problem of the existenc e of suc h a transformation.

Th us w e no w review the construction of the mapping ( r ; t ) ! ( � r ;

�

t ) that tak es

an arbitrary metric of form (2.11) o v er to one of form (2.13), c.f., [20 ]. T o start, one

m ust assume that the metric comp onen t C ( t; r ) in (2.11) satis�es the condition that

for eac h �xed t , C increases from zero to in�nit y as r increases from zero to in�nit y ,

and that

@

@ r

C ( r ; t ) 6= 0 :(2.14)

(These are not unreasonable assumptions considering that C measures the areas of

the spheres of symmetry .) De�ne

�r =

p

C ( r ; t ) :(2.15)

Then the determinan t of the Jacobian of the mapping ( r ; t ) ! ( � r ; t ) satis�es

�

�

�

�

@ �r

@ r

�

�

�

�

=

@

@ r

p

C ( r ; t ) 6= 0 ;

in ligh t of (2.14). Th us the transformation to ( � r ; t ) co ordinates is a nonsingular

transformation, and in ( � r ; t ) co ordinates the metric (2.11) tak es the form

ds

2

= � A ( r ; t ) dt

2

+ B ( r ; t ) dr

2

+ 2 E ( r ; t ) dtd �r + r

2

d 


2

:(2.16)

(Here w e ha v e replaced �r b y r and A; B and E stand in for the transformed comp o-

nen ts.) It is easy to v erify that, to eliminate the mixed term, it su�ces to de�ne the

time co ordinate

�

t so that, cf. [20 ],

d

�

t = � ( r ; t ) f A ( r ; t ) dt � E ( r ; t ) dr g :(2.17)
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In order for (2.17) to b e exact, so that

�

t really do es de�ne a co ordinate function, the

in tegrating factor � m ust b e c hosen to satisfy the (linear) PDE

@

@ r

f � ( r ; t ) A ( r ; t ) g = �

@

@ t

f � ( r ; t ) E ( r ; t ) g :(2.18)

But w e can solv e (2.18) for � ( r ; t ) from initial data � ( r ; t

0

), b y the metho d of c harac-

teristics. F rom this it follo ws that, (at least lo cally), w e can transform metrics of form

(2.11) o v er to metrics of form (2.13) b y co ordinate transformation. T o globalize this

pro cedure, w e need only assume that C

r

( t; r ) 6= 0 ; and that C tak es v alues from zero

to in�nit y at eac h �xed t: No w note that in general � ( r ; t ) ; the solution to (2.18), will

ha v e the same lev el of di�eren tiabilit y as A ( r ; t ) and E ( r ; t ); and so it follo ws that the

comp onen ts of dt and dr in (2.17) will ha v e this same lev el of di�eren tiabilit y . This

implies that the

�

t transformation de�ned b y (2.17) preserv es the lev el of smo othness

of the metric comp onen t functions. On the other hand, the �r transformation in (2.15)

reduces the lev el of di�eren tiablilit y of the metric comp onen ts b y one order. Indeed,

the lev el of smo othness of the transformed metric comp onen t functions are in general

no smo other than the Jacobian that transforms them, and b y (2.15), the Jacobian of

the transformation con tains the terms C

r

and C

t

whic h will in general b e only C

0 ; 1

when C 2 C

1 ; 1

: Th us, if w e presume, (motiv ated b y [15 ]), that for general spherically

symmetric sho c k w a v e solutions of G = �T ; that there exists a co ordinate system in

whic h the metric tak es the form (2.11), and the comp onen ts of g in these co ordinates

are C

1 ; 1

functions of these co ordinates, then it follo ws that w e cannot exp ect the

transformed metrics of form (2.13) to b e b etter than C

0 ; 1

; that is, Lipsc hitz con tin-

uous. The equations w e deriv e b elo w allo w for metrics in the smo othness class C

0 ; 1

;

but in general they do not admit solutions smo other than Lipsc hitz con tin uous. It

remains an op en question whether solutions to these equations can b e smo othed b y

co ordinate transformation when sho c k w a v es are presen t.

In Section 3 w e v erify the equiv alence of sev eral w eak form ulations of the Ein-

stein equations that allo w for sho c k w a v es, and that are v alid for metrics of form

(2.13), in the smo othness class C

0 ; 1

: In Section 4, w e sho w that these equations are

w eakly equiv alen t to a system of conserv ation la ws with time dep enden t sources. In a

future pap er, the authors will giv e an existence theory for these equations with gen-

eral Cauc h y data of b ounded v ariation, thereb y demonstrating the consistency of the

Einstein equations for w eak (sho c k w a v e) solutions within the class of C

0 ; 1

metrics.

3. The Einstein Equations for a P erfect Fluid with Spherical Symme-

try . In this section w e study the system of equations obtained from the Einstein

equations under the assumption that the spacetime metric g is spherically symmet-

ric. So assume that the gra vitational metric g is of the form (2.11), and to start,

assume that T

ij

is an y arbitrary stress tensor. T o obtain the equations for the metric

comp onen ts A and B implied b y the Einstein equations (2.1), plug the ansatz (2.13)

in to the Einstein equations (2.1). The resulting system of equations is obtained using

MAPLE:

A

r

2

B

�

r

B

0

B

+ B � 1

�

= �A

2

T

00

(3.1)

�

B

t

r B

= �AB T

01

(3.2)

1

r

2

�

r

A

0

A

� ( B � 1)

�

= �B

2

T

11

(3.3)
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�

1

r AB

2

f B

tt

� A

00

+ � g =

2 �r

B

T

22

:(3.4)

Here \prime" denotes partial di�eren tiation with resp ect to r ; and the quan tit y � in

the last equation is giv en b y ,

� = �

B A

t

B

t

2 AB

�

B

2

�

B

t

B

�

2

�

A

0

r

+

AB

0

r B

+

A

2

�

A

0

A

�

2

+

A

2

A

0

A

B

0

B

:

Equations (3.1)-(3.4) represen t the (0,0), (0,1), (1,1) and (2,2) comp onen ts of G

ij

=

�T

ij

; resp ectiv ely , (as indexed b y T on the RHS of eac h equation). The (3,3) equation

is a m ultiple of the (2,2) equation, and all remaining comp onen ts are iden tically zero.

(Note that MAPLE de�nes the curv ature tensor to b e min us one times the curv ature

tensor de�ned in (2.5).) It is sometimes con v enien t to mak e the c hange of v ariable

A = e

�

, B = 1 = (1 � 2 M =r ) ; [1]. In these v ariables, the Einstein equations (3.1), (3.2),

and (3.3) are equiv alen t to

@ M

@ r

=

r

2

2

A�T

00

;(3.5)

@ M

@ t

= �

r

2

2

A�T

01

;(3.6)

@ �

@ r

= r B �T

11

+

B � 1

r

:(3.7)

Here M ( r ; t ) is in terpreted as the total mass inside radius r at time t; and if the energy

densit y T

00

� 0 ; then (3.5) implies that M is a monotone increasing function of r :

W e are in terested in solutions of (3.1)-(3.4) in the case when sho c k w a v es are

presen t. A sho c k w a v e in the compressible Euler equations leads to discon tin uities

in the 
uid densit y , pressure and v elo cit y , and th us in ligh t of (2.7), it follo ws that a

sho c k w a v e w ould pro duce a discon tin uit y in the stress tensor T at a sho c k. But when

T is discon tin uous, equations (3.1)-(3.3) ab o v e imply immediately that deriv ativ es of

the metric comp onen ts A and B are discon tin uous at sho c ks. Moreo v er, if A and B

ha v e discon tin uous deriv ativ es when sho c k w a v es are presen t, it follo ws that (3.4),

b eing second order, cannot hold classically , and th us equation (3.4) m ust b e tak en

in the w eak sense, that is, in the sense of the theory of distributions. T o get the

w eak form ulation of (3.4), m ultiply through b y r AB

2

to clear a w a y the co e�cien t of

the highest (second) order deriv ativ es, then m ultiply through b y a test function and

in tegrate the highest order deriv ativ es once b y parts. It follo ws that if the test function

is in the class C

1 ; 1

0

; (that is, one con tin uous deriv ativ e that is Lipsc hitz con tin uous,

the subscript zero denoting compact supp ort), and if the metric comp onen ts A and

B are in the class C

0 ; 1

; and T

ij

is in class L

1

; then all terms in the in tegrand of the

resulting in tegrated expression are at most discon tin uous, and so all deriv ativ es mak e

sense in the classical p oin t wise a.e. sense.

In order to accoun t for initial and b oundary conditions in the w eak form ulation,

it is standard to tak e the test function � to b e nonzero at t = 0 or at the sp eci�ed

b oundary . In this case, when w e in tegrate b y parts to obtain the w eak form ulation,

the b oundary in tegrals are non-v anishing, and their inclusion in the w eak form ulation

represen ts the condition that the b oundary v alues are tak en on in the w eak sense.

Th us, for example, if the b oundary is r = r

0

� 0 ; w e sa y � 2 C

1 ; 1

0

( r � r

0

; t � 0) to
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indicate that � can b e nonzero initially and at the b oundary r = r

0

, thereb y implicitly

indicating that b oundary in tegrals will app ear in the w eak form ulation based on suc h

test functions.

W e presen tly consider v arious equiv alen t w eak form ulations of equations (3.1)-

(3.4), and w e wish to include the equiv alence of the w eak form ulation of b oundary

conditions in the discussion. Th us, in order to k eep things as simple as p ossible,

we now r estrict to the c ase of w eak solutions of (3.1)-(3.4) de�ned on the domain

r � r

0

� 0 ; t � 0 ; and w e alw a ys assume that test functions � lie in the space

� 2 C

1 ; 1

0

( t � 0 ; r � r

0

), so that initial and b oundary v alues are accoun ted for in the

w eak form ulation. (This is the simplest case in whic h to rigorously demonstrate the

equiv alence of sev eral w eak form ulations of initial b oundary v alue problems. More

general domains can b e handled in a similar manner.)

Note that b ecause (3.1)-(3.3) in v olv e only �rst deriv ativ es of A and B ; and A; B 2

C

0 ; 1

; it follo ws that (3.1)-(3.3) can b e tak en in the strong sense, that is, deriv ativ es

can b e tak en in the p oin t wise a.e. sense. The con tin uit y of A and B imply also that

the initial and b oundary v alues are tak en on strongly in an y C

0 ; 1

w eak solution of

(3 : 1) � (3 : 3) : On the other hand, equation (3.4) in v olv es second deriv ativ es, and so this

last equation is the only one that requires a w eak form ulation. The w eak form ulation

of (3.4) is th us obtained on domain t � 0 ; r � r

0

� 0 b y m ultiplying through b y a test

function � 2 C

1 ; 1

0

( r � r

0

; t � 0) and in tegrating b y parts. This yields the follo wing

w eak form ulation of (3.4):

0 =

Z

1

r

0

Z

1

0

�

�

B

t

�

t

r AB

2

�

B

t

�

r

�

�

A

t

A

2

B

2

�

2 B

t

AB

3

�

+

A

0

�

0

r AB

2

(3.8)

+ A

0

�

�

�

1

r

2

AB

2

�

A

0

r A

2

B

2

�

2 B

0

r AB

3

�

+

�

r AB

2

� +

2 �r

B

�T

22

�

dr dt

�

Z

1

r

0

B

t

( r ; 0) � ( r ; 0)

r A ( r ; 0) B

2

( r ; 0)

dr +

Z

1

0

A

0

( r

0

; t ) � ( r

0

; t )

r

0

A ( r

0

; t ) B

2

( r

0

; t )

dt

Our �rst prop osition states that the w eak form ulation (3.8) of equation (3.4) ma y b e

replaced b y the w eak form ulation of the conserv ation la ws div T = 0, so long as A and

B are in C

0 ; 1

and T

ij

2 L

1

:

Pr oposition 3.1. Assume that A; B 2 C

0 ; 1

( r � r

0

; t � 0) ; T

ij

2 L

1

( r � r

0

; t �

0) , and assume that A; B and T solve (3.1)-(3.3) str ongly. Then A; B and T solve

T

1 i

; i

= 0 ; (the 1-c omp onent of div T = 0 ), we akly if and only if A; B and T satisfy

(3.8).

Pr o of. The pro of strategy is to mo dify (3.8) and the w eak form of conserv ation

using (3.1)-(3.3) as iden tities, and then observ e that the t w o are iden tical at an in ter-

mediate stage. T o b egin, substitute for B

t

and A

0

in sev eral places in (3.8) to obtain

the equiv alen t condition

0 =

Z

1

r

0

Z

1

0

�

�T

01

'

t

+ �T

11

'

0

+

@

@ r

�

'

( B � 1)

r

2

B

2

�

+ '

�

�

@

@ r

�

B � 1

r

2

B

2

�

(3.9)

+

B

t

r

�

A

t

A

2

B

2

+

2 B

t

AB

3

�

+ A

0

�

�

1

r

2

AB

2

�

A

0

r A

2

B

2

�

2 B

0

r AB

3

�

+

1

r AB

2

� +

2 �r

B

T

22

� �

dr dt

+ �

Z

1

r

0

T

01

( r ; 0) ' ( r ; 0) dr + �

Z

1

0

' ( r

0

; t )

�

T

11

( r

0

; t )

B ( r

0

; t ) � 1

r

2

0

B

2

( r

0

; t )

�

dt
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=

Z

1

r

0

Z

1

0

�

�T

01

'

t

+ �T

11

'

0

+ '

�

B

0

( B � 2)

r

2

B

3

+ 2

( B � 1)

r

3

B

2

+

B

t

r

�

A

t

A

2

B

2

+

2 B

t

AB

3

�

+ A

0

�

�

1

r

2

AB

2

�

A

0

r A

2

B

2

�

2 B

0

r AB

3

�

+

1

r AB

2

� +

2 �r

B

T

22

� �

dr dt

+ �

Z

1

r

0

T

01

( r ; 0) ' ( x; 0) dr + �

Z

1

0

' ( r

0

; t ) T

11

( r

0

; t ) dt:

No w, the w eak form of conserv ation of energy-momen tum is giv en b y

0 =

Z

1

r

0

Z

1

0

�

T

01

'

t

+ T

11

'

0

�

�

�

i

i 0

T

01

+ �

i

i 1

T

11

(3.10)

+�

1

00

T

00

+ 2�

1

01

T

01

+ �

1

11

T

11

+ 2�

1

22

T

22

�

'

	

dr dt

+

Z

1

r

0

T

01

( r ; 0) ' ( x; 0) dr +

Z

1

0

' ( r

0

; t ) T

11

( r

0

; t ) dt:

Here, w e ha v e used the fact that T

22

= sin

2

� T

33

, T

ij

= 0 if i 6= j = 2 or 3 ; and

�

1

33

= sin

2

� �

1

22

. Next, w e calculate the connection co e�cien ts �

i

j k

using (2.6) to

obtain,

�

i

i 0

=

1

2

�

A

t

A

+

B

t

B

�

�

i

i 1

=

1

2

�

A

0

A

+

B

0

B

+

4

r

�

�

0

00

=

A

t

2 A

�

0

01

=

A

0

2 A

�

0

11

=

B

t

2 A

�

0

22

= 0 = �

0

33

�

1

00

=

A

0

2 B

�

1

01

=

B

t

2 B

�

1

11

=

B

0

2 B

�

1

22

= �

r

B

�

1

33

= �

r sin

2

�

B

:

(3.11)

Substituting the ab o v e form ulas for �

i

j k

in to (3.10) and using (3.1)-(3.3) as iden tities

to eliminate some of the T

ij

in fa v or of expressions in v olving A; B and r ; w e see that

(3.10) is equiv alen t to:

0 =

Z

1

r

0

Z

1

0

�

T

01

'

t

+ T

11

'

0

+

'

�

�

1

2

�

A

t

A

+

3 B

t

B

�

B

t

r AB

2

�

1

2

�

A

0

A

+

2 B

0

B

+

4

r

�

1

r

2

B

2

�

r

A

0

A

� ( B � 1)

�

(3.12)

�

A

0

2 r

2

AB

�

r

B

0

B

+ ( B � 1)

�

+ 2 �

r

B

T

22

� �

dr dt

+

Z

1

r

0

T

01

( r ; 0) ' ( r ; 0) dr +

Z

1

0

' ( r

0

; t ) T

11

( r

0

; t ) dt:

After some simpli�cation, it is clear that (3.9) is equal to (3.12). This completes the

pro of of Prop osition 3.1.

W e next sho w that the Einstein equations (3.1)-(3.3) together with div T = 0 are

o v erdetermined. Indeed, w e sho w that for w eak solutions with Lipsc hitz con tin uous

metric, either (3.1) or (3.2) ma y b e dropp ed in the sense that the dropp ed equation

will reduce to an iden tit y on an y solution of the remaining equations, so long as the
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dropp ed equation is satis�ed b y either the initial or b oundary data, as appropriate.

The follo wing prop osition addresses the �rst case, namely , for w eak solutions in whic h

the metric is Lipsc hitz con tin uous, the �rst Einstein equation (3.1) reduces to an

iden tit y on solutions of (3.2)-(3.3), so long as (3.1) is satis�ed b y the in tial data.

Theorem 3.2. Assume that A; B 2 C

0 ; 1

and T 2 L

1

solve (3.2), (3.3) str ongly,

and solve div T = 0 we akly. Then if A; B ; and T satisfy (3.1) at t = 0 ; then A , B ,

and T also solve (3.1) for al l t > 0 :

Pr o of. W e �rst giv e the pro of for the case when A; B and T are assumed to b e

classical smo oth solutions of (3.2), (3.3) and div T = 0 : This is follo w ed b y sev eral

lemmas necessary for the extension of this to the w eak form ulation, whic h is giv en in

the �nal prop osition. So to start, assume that A; B ; and T are all smo oth functions,

and th us solv e div T = 0 strongly . F or the pro of in this case, de�ne

H

ij

� G

ij

� �T

ij

:(3.13)

Because (3.2) and (3.3) hold, H

01

� H

11

� 0. Since b y assumption T

ij

; i

= 0 and since

G

ij

; i

= 0 for an y metric tensor as a consequence of the Bianc hi iden tities, it follo ws

that

0 = H

ij

; i

= H

ij

;i

+ �

i

ik

H

k j

+ �

j

ik

H

ik

:(3.14)

In particular, setting j = 0,

0 = H

i 0

; i

= H

i 0

;i

+ �

i

ik

H

k 0

+ �

0

ik

H

ik

:(3.15)

By h yp othesis, H

i 0

= 0 when i 6= 0. In addition, the connection co e�cien ts �

0

ik

are

zero unless i or k equal 0 or 1 : Therefore, (3.15) reduces to the linear ODE

0 = H

00

; 0

+

�

�

i

i 0

+ �

0

00

�

H

00

;(3.16)

at eac h �xed r . By h yp othesis, H

00

is initially zero, and since w e assume that H

00

is

a smo oth solution of (3.16), it follo ws that H

00

m ust con tin ue to b e zero for all t > 0 :

Next, assume only that A; B 2 C

0 ; 1

and T 2 L

1

so that (3.2), (3.3) hold strongly ,

(that is, in a p oin t wise a.e. sense), but that div T = 0 is only kno wn to hold w eakly .

In this case, the argumen t ab o v e has a problem b ecause when g 2 C

0 ; 1

; the Einstein

tensor G; view ed as a second order op erator on the metric comp onen ts A and B ;

can only b e de�ned w eakly when A and B are only Lipsc hitz con tin uous. It follo ws

that the Bianc hi iden tities, and hence the iden tit y div G = 0 ; (whic h in v olv es �rst

order deriv ativ es of the comp onen ts of the curv ature tensor), need no longer b e v alid

ev en in a w eak sense. Indeed, G can ha v e delta function sources at an in terface at

whic h the metric is only Lipsc hitz con tin uous, c.f. [15]. Ho w ev er, the ab o v e argumen t

only in v olv es the 0'th comp onen t of div G = 0 ; and the 0'th comp onen t of div G =

0 in v olv es only deriv ativ es of the comp onen ts G

i 0

; and as observ ed in (3.1), (3.2),

these comp onen ts only in v olv e �rst deriv ativ es of A and B : Sp eci�cally , the w eak

form ulation of G

0 i

; i

= 0 is giv en b y ,

0 =

Z

1

r

0

Z

1

0

�

� �

i

G

i 0

+ �

�

�

i

ik

G

k 0

+ �

0

ik

G

ik

�	

dr dt(3.17)

�

Z

1

r

0

� ( r ; 0) G

00

( r ; 0) dr �

Z

1

0

� ( r

0

; t ) G

10

( r

0

; t ) dt;
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and since, b y (3.1), (3.2), G

i 0

in v olv es only �rst order deriv ativ es of A and B ; it

follo ws that the in tegrand in (3.17) is a classical function de�ned p oin t wise a.e. when

A; B 2 C

0 ; 1

: But (3.17) is identic al ly zero for all smo oth A and B b ecause div G = 0

is an iden tit y . Th us, when A; B 2 C

0 ; 1

; w e can tak e a sequence of smo oth functions

A

�

; B

�

that con v erge to A and B in the limit � ! 0 ; (c.f. Theorem 3.4 b elo w), suc h

that the deriv ativ es con v erge a.e. to the deriv ativ es of A and B : It follo ws that w e

can tak e the limit � ! 0 (3.17) and conclude that (3.17) con tin ues to hold under this

limit. Putting this together with the fact that div T = 0 is assumed to hold w eakly ,

w e conclude that

H

0 i

; i

= ( G

0 i

� T

0 i

)

; i

= 0 ;

in the w eak sense, whic h means that H

00

is in L

1

and satis�es the condition

0 =

Z

1

r

0

Z

1

0

�

� �

0

H

00

+ �

�

�

i

i 0

+ �

0

00

�

H

00

	

dr dt(3.18)

�

Z

1

r

0

� ( r ; 0) G

00

( r ; 0) dr �

Z

1

r

0

� ( r ; 0) H

00

( r

0

; t ) dr :

Therefore, to complete the pro of of Theorem 3.2, w e need only sho w that if A , B

and T solv e (3.2), (3.3) classically and div T = 0 w eakly , then a w eak L

1

solution

H

00

; (i.e., that satis�es (3.18)), of (3.16) m ust b e zero almost ev erywhere if it is zero

initially . Th us it su�ces to pro v e the follo wing prop osition:

Pr oposition 3.3. Assume that H ; f 2 L

1

loc

( R � R ) : Then every L

1

loc

we ak

solution to the initial value pr oblem

H

t

+ f H = 0

H ( x; 0) = H

0

( x ) :

(3.19)

with initial data H

0

� 0 is unique, and identic al ly e qual to zer o a.e., for al l t > 0 :

Pr o of. W e use the follo wing standard theorem, [4],

Theorem 3.4. L et U b e any op en subset of R

n

: Then u 2 W

1 ; 1

loc

( U ) if and only

if u is lo c al ly Lipschitz c ontinuous in U; in which c ase the we ak derivative of u agr e es

with the classic al p ointwise a.e derivative as a function in L

1

loc

( U ) :

Cor ollar y 3.5. L et u and f b e r e al value d functions, u; f : R ! R ; such that

u; f 2 L

1

[0 ; T ] ; and u is a we ak solution of the initial value pr oblem

u

t

+ f u = 0 ;

u (0) = 0 ;

(3.20)

on the interval [0 ; T ] : Then u ( t ) = 0 for al l t 2 [0 ; T ] :

Pr o of of Cor ol lary. Statemen t (3.20) sa ys that the distributional deriv ativ e u

t

agrees with the L

1

function f u on the in terv al [0 ; T ] ; and th us w e kno w that u 2

W

1 ; 1

loc

(0 ; t ) : Therefore, b y Theorem 3.4, u is lo cally Lipsc hitz con tin uous on (0 ; T ) ;

and the w eak deriv ativ e u

t

agrees with the p oin t wise a.e. deriv ativ e of u on (0 ; T ) :

Th us it follo ws from (3.20) that on an y sub-in terv al [ a; b ] of [0 ; T ] on whic h u 6= 0 ; w e

m ust ha v e

d

dt

[ln u ] =

u

t

u

= � f ; a:e:(3.21)
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Moreo v er, since u is Lipsc hitz con tin uous, b oth u and ln( u ) are absolutely con tin uous

on [ a; b ] ; so w e can in tegrate (3.21) to see that

u ( t ) = u ( a ) e

�

R

t

0

f ( � ) d�

;(3.22)

for all t 2 [ a; b ] : But u is con tin uous, so (3.22) applies in the limit that a decreases

to the �rst v alue of t = t

0

at whic h u ( t

0

) = 0 : Th us (3.22) implies that u ( t ) = 0

throughout [ a; b ] ; and hence w e m ust ha v e u ( t ) = 0 for all t 2 [0 ; T ] ; and the Corollary

is true.

The pro of of Prop osition 3.3 no w follo ws b ecause it is easy to sho w that if H

is an L

1

w eak solution of (3.19), then H ( x; � ) is a w eak solution of the scalar ODE

H

t

+ f H = 0 for almost ev ery x . (Just factor the test functions in to pro ducts of the

form �

1

( t ) �

2

( x ) : )

Using Prop osition 3.3, w e see that if equation (3.1) holds on the initial data for

a solution of (3.2), (3.3), and div T = 0, then equation (3.1) will hold for all t . By a

similar argumen t, it follo ws that if (3.2) holds for the b oundary data of a solution to

(3.1), (3.3), and div T = 0, then (3.2) will hold for all r and t . W e record this in the

follo wing theorem:

Theorem 3.6. Assume that A; B 2 C

0 ; 1

and T 2 L

1

solve (3.1), (3.3) str ongly,

and solve div T = 0 we akly, in r � r

0

; t � 0 . Then if A; B ; and T satisfy (3.2) at

r = r

0

; then A , B , and T also solve (3.1) for al l r > r

0

:

4. The Spherically Symmetric Einstein Equations F orm ulated as a Sys-

tem of Hyp erb olic Conserv ation La ws with Sources. Conserv ation of energy

and momen tum is expressed b y the equations

0 = ( div T )

j

= T

ij

; i

= T

ij

;i

+ �

i

ik

T

k j

+ �

j

ik

T

ik

;

whic h, in the case of spherical symmetry , can b e written as the system of t w o equa-

tions:

0 = T

00

; 0

+ T

01

; 1

+ �

i

ik

T

k 0

+ �

0

ik

T

ik

(4.1)

0 = T

01

; 0

+ T

11

; 1

+ �

i

ik

T

k 1

+ �

1

ik

T

ik

:(4.2)

Substituting the expressions (3.11) for the connection co e�cien ts (2.6) in to (4.1) and

(4.2), giv es the equiv alen t system

0 = T

00

; 0

+ T

01

; 1

+

1

2

�

2 A

t

A

+

B

t

B

�

T

00

+

1

2

�

3 A

0

A

+

B

0

B

+

4

r

�

T

01

(4.3)

+

B

t

2 A

T

11

0 = T

01

; 0

+ T

11

; 1

+

1

2

�

A

t

A

+

3 B

t

B

�

T

01

+

1

2

�

A

0

A

+

2 B

0

B

+

4

r

�

T

11

(4.4)

+

A

0

2 B

T

00

� 2

r

B

T

22

:

No w if one could use equations to eliminate the deriv ativ e terms A

t

; A

0

; B

t

and B

0

in

(4.3) and (4.4) in fa v or of of expressions in v olving the undi�eren tiated unkno wns A; B
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and T , then system (4.3), (4.4) w ould tak e the form of a system of conserv ation la ws

with source terms. Indeed, T

00

and T

01

serv e as the conserv ed quan tities, T

10

and T

11

are the 
uxes, and what is left, written as a function of the undi�eren tiated v ariables

( A; B ; T

00

; T

01

), w ould pla y the role of a source term. (F or example, in a fractional

step sc heme designed to sim ulate the initial v alue problem, the v ariables A and B

could b e \up dated" to time t

j

+ � t b y the supplemen tal equations (3.1) and (3.3) or

(3.2) and (3.3) after the conserv ation la w step is implemen ted using the kno wn v alues

of A and B at time t

j

: The authors will carry this out in detail in a subsequen t pap er.)

The system then closes once one writes T

11

as a function of ( A; B ; T

00

; T

01

). There

is a problem here, ho w ev er. Equations (3.1)-(3.3) can b e used to eliminate the terms

A

r

; B

t

and B

r

; but (4.3) and (4.4) also con tain terms in v olving A

t

, a quan tit y that is

not giv en in the initial data and is not directly ev olv ed b y equations (3.1)-(3.3). The

w a y to resolv e this is to incorp orate the A

t

term in to the conserv ed quan tities. F or

general equations in v olving A

t

; this is not p ossible. A natural c hange of T v ariables

that eliminates the A

t

terms from (4.3), (4.4), is to write the equations in terms of

the v alues that T tak es in 
at Mink o wski space. That is, de�ne

T

00

= AT

00

M

;

T

01

=

p

AB T

01

M

;(4.5)

T

11

= B T

11

M

;

where the subscript denotes Mink o wski. In the case of a p erfect 
uid, T

M

tak es the

form

T

00

M

=

�

( p + �c

2

)

c

2

c

2

� v

2

� p

�

;

T

01

M

= ( p + �c

2

)

cv

c

2

� v

2

;(4.6)

T

11

M

=

�

( p + �c

2

)

v

2

c

2

� v

2

+ p

�

;

where v denotes the 
uid sp eed as measured b y an inertial observ er �xed with re-

sp ect to the radial co ordinate r : (W e discuss (4.6) in more detail in the last section.)

Substituting (4.5) in to (4.3), (4.4), the A

t

terms cancel out, and w e obtain the system

0 =

�

T

00

M

	

; 0

+

(

r

A

B

T

01

M

)

; 1

+

1

2

B

t

B

�

T

00

M

+ T

11

M

�

(4.7)

+

1

2

r

A

B

�

A

0

A

+

B

0

B

+

4

r

�

T

01

M

0 =

�

T

01

M

	

; 0

+

(

r

A

B

T

11

M

)

; 1

+

1

2

r

A

B

�

2

B

t

p

AB

T

01

M

+

�

B

0

B

+

4

r

�

T

11

M

(4.8)

+

A

0

A

T

00

M

� 4 r T

22

�

:

The follo wing prop osition states that system (4.7), (4.8) is equiv alen t, (in the w eak

sense), to the original system div T = 0 :

Pr oposition 4.1. If A and B ar e given Lipschitz c ontinuous functions de�ne d

on the domain r � r

0

; t � 0 ; then T

M

is a we ak solution of (4.7) and (4.8) if and

only if T is a we ak solution of div T = 0 in this domain.



A SHOCK-W A VE F ORMULA TION OF THE EINSTEIN EQUA TIONS 805

Pr o of. F or simplicit y , and without loss of generalit y , tak e the w eak form ulation

with test functions compactly supp orted in r > r

0

; t > 0 ; so that the b oundary

in tegrals do not app ear in the w eak form ulations. (Managing the b oundary in tegrals

is straigh tforw ard.) The v ariables T

ij

M

solv e (4.7) w eakly if

0 =

Z

1

r

0

Z

1

0

(

� T

00

'

t

�

r

A

B

T

01

'

r

+

"

1

2

B

t

B

�

T

00

+ T

11

�

+

1

2

r

A

B

�

A

0

A

+

B

0

B

+

4

r

�

T

01

#

'

)

dr dt

=

Z

1

r

0

Z

1

0

�

� T

00

M

A'

t

� T

01

M

A'

r

(4.9)

+

�

1

2

B

t

B

�

AT

00

M

+ B T

11

M

�

+

1

2

A

�

A

0

A

+

B

0

B

+

4

r

�

T

01

M

�

'

�

dr dt:

Set  = A' , whereb y A'

t

=  

t

�

A

t

A

 . Using this c hange of test function, (4.9)

b ecomes

0 =

Z

1

r

0

Z

1

0

�

� T

00

 

t

+ T

00

A

t

A

 � T

01

 

0

+ T

01

A

0

A

 (4.10)

+

�

1

2

B

t

B

�

T

00

+

B

A

T

11

�

+

1

2

�

A

0

A

+

B

0

B

+

4

r

�

T

01

�

 

�

dr dt:

=

Z

1

r

0

Z

1

0

�

� T

00

 

t

� T

01

 

0

+

�

1

2

�

2 A

t

A

+

B

t

B

�

T

00

+

1

2

�

3 A

0

A

+

B

0

B

+

4

r

�

T

01

+

B

t

2 A

T

11

�

 

�

dr dt;

whic h is the w eak form ulation of (4.3). W e deduce that T

M

solv es (4.7) for ev ery

Lipsc hitz con tin uous test function ' if and only if T solv es (4.10), (the w eak form of

T

0 i

; i

= 0), for all Lipsc hitz con tin uous test functions  : That w eak solutions of (4.8)

are w eak solutions of T

1 i

; i

= 0 follo ws b y a similar argumen t.

It is no w p ossible to use equations (3.1)-(3.3) as iden tities to substitute for deriv a-

tiv es of metric comp onen ts A and B ; thereb y eliminating the corresp onding deriv ativ es

of A and B from the source terms of equations (4.7), (4.8). Doing this, w e obtain the

follo wing system of equations:

�

T

00

M

	

; 0

+

(

r

A

B

T

01

M

)

; 1

= �

2

r

r

A

B

T

01

M

;(4.11)

�

T

01

M

	

; 0

+

(

r

A

B

T

11

M

)

; 1

= �

1

2

r

A

B

�

4

r

T

11

M

+

B � 1

r

( T

00

M

� T

11

M

)(4.12)

+2 �r B

�

T

00

M

T

11

M

� ( T

01

M

)

2

�

� 4 r T

22

	

:

Ho w ev er, dep ending on the c hoice of equation to drop, either (3.1) or (3.2), it is not

clear that if w e use the dropp ed equation to substitute for deriv ativ es in (4.7), (4.8),

that the resulting system of equations will imply that div T = 0 con tin ues to hold, the

assumption w e based the substitution on in the �rst place. The follo wing theorem

states that (4.11), (4.12) is equiv alen t to div T = 0 in the w eak sense:
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Theorem 4.2. Assume that A; B ar e Lipschitz c ontinuous functions, and that

T 2 L

1

; on the domain r � r

0

; t � 0 : Assume also that (3.1) holds at t = 0 ; and

that (3.2) holds at r = r

0

: Then A; B ; T ar e we ak solutions of (3.1), (3.2), (3.3) and

div T = 0 if and only if A; B ; T

M

ar e we ak solutions of either system (3.1), (3.3),

(4.11), (4.12), or system (3.2), (3.3), (4.11), (4.12).

Pr o of. Without loss of generalit y , w e consider the case when w e drop equation

(3.2), and use (3.1), (3.3) and div T = 0 to ev olv e the metric, and w e ask whether w e

can tak e the mo di�ed system (4.11) and (4.12) in place of div T = 0 : In this case, w e

m ust justify the use of (3.2) in eliminating the B

t

terms in going from div T = 0 to

system (4.11) and (4.12). That is, it remains only to sho w that equations (3.1) and

(3.3) together with system (4.11) and (4.12) imply that (3.2) holds, assuming (3.2)

holds at r = r

0

. (If so, then b y substitution, it then follo ws that div T = 0 also holds.)

Note that w e can almost reconstruct (4.3), the �rst comp onen t of div T = 0 ; b y

rev erse substituting (3.1), (3.3) in to (4.11). T o see this, �rst note that w e can add

(3.1) and (3.3) to obtain

A

0

A

+

B

0

B

� r B � ( T

00

M

+ T

11

M

) = 0 :(4.13)

Equation (4.13) is an iden tit y that w e ma y add to (4.11) to obtain

0 =

�

T

00

M

	

; 0

+

(

r

A

B

T

01

M

)

; 1

�

1

2

r

p

AB �

�

T

00

M

+ T

11

M

�

T

01

M

+

1

2

r

A

B

�

A

0

A

+

B

0

B

+

4

r

�

T

01

M

:(4.14)

Adding and subtracting

1

2

B

t

B

�

T

00

M

+ T

11

M

�

(4.15)

to the RHS of (4.14) and using

H

01

= �

B

t

r B

�

p

AB �T

01

M

;(4.16)

(c.f. (3.2) and (3.13)), w e ha v e

0 =

�

T

00

M

	

; 0

+

(

r

A

B

T

01

M

)

; 1

+

1

2

r

A

B

�

A

0

A

+

B

0

B

+

4

r

�

T

01

M

+

1

2

B

t

B

�

T

00

M

+ T

11

M

�

+

1

2

r

�

T

00

M

+ T

11

M

�

H

01

:(4.17)

Note that all but the last term on the RHS of (4.17) is equal to the �rst comp onen t

of div T ; and so

T

0 i

; i

= �

1

2

r

�

T

00

M

+ T

11

M

�

H

01

:

Therefore, if A , B , and T

M

are solutions to (3.1), (3.3), (4.17), and (4.4), it follo ws

that

H

i 0

; i

= G

i 0

; i

� �T

i 0

; i

(4.18)

= �

r B

2

T

11

2

H

01

;
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b ecause G

i 0

; i

= 0 is an iden tit y . But H

00

� 0 holds b ecause w e assume (3.1), and

hence (4.18) implies that

H

01

; 1

+ f H

01

= 0 ;

where f � �

i

i 1

+ 2�

1

01

� �

r B

2

T

11

2

2 L

1

. Since w e assume that H

01

= 0 on the

b oundary r = r

0

; it follo ws from Corollary 3.5 that H

01

� 0.

It remains to iden tify conditions under whic h T

11

M

is a function of ( T

00

M

; T

01

M

)

assuming that T has the form of a stress tensor for a p erfect 
uid, (4.6). A calculation

sho ws that, in this case, the follo wing simpli�cations o ccur:

T

00

M

� T

11

M

= �c

2

� p;(4.19)

T

00

M

T

11

M

� ( T

01

M

)

2

= p�c

2

:(4.20)

Using (4.19) and (4.20) w e see that only the �rst terms on the RHS of (4.11), (4.12)

dep end on v ; and the only term that is not linear in � and p is the third term on the

RHS of (4.12). W e state and pro v e the follo wing theorem:

Theorem 4.3. Assume that 0 < p < �c

2

; 0 <

dp

d�

< c

2

: Then T

11

M

is a function

of T

00

M

and T

01

M

so long as ( �; v ) lie in the domain D = f ( �; v ) : 0 < �; j v j < c g :

Pr o of. W e ma y write (4.19) and (4.20) in the form

T

00

M

� T

11

M

= f

1

( � ) ;(4.21)

T

00

M

T

11

M

� ( T

01

M

)

2

= f

2

( � ) :(4.22)

Since

d f

1

d�

= c

2

� p

0

� c

2

� �

2

> 0, it follo ws that the function f

1

is one-to-one with

resp ect to �: Also,

d f

2

d�

= p

0

�c

2

+ pc

2

� pc

2

> 0, so the function f

2

is also one-to-one

in �: Consequen tly , the function h = f

2

� f

� 1

1

is one-to-one, and th us

T

00

M

T

11

M

� ( T

01

M

)

2

= h ( T

00

M

� T

11

M

) :(4.23)

No w in tro duce the linear and in v ertible c hange of v ariables

x = T

00

M

� T

11

M

; y = T

01

M

, z = T

11

M

, whereb y (4.23) b ecomes

( x + z ) z � y

2

= h ( x ) :(4.24)

Equation (4.24) is quadratic in z , and so w e ma y solv e it directly , obtaining

z =

� x �

p

x

2

+ 4( y

2

+ h ( x ))

2

:(4.25)

F rom (4.25), w e conclude that for an y ( x; y ), there are two v alues of z , though only

one of these will corresp ond to v alues of � and v in the domain D . That is, since

x = T

00

M

� T

11

M

= �c

2

� p > 0 ;(4.26)

and z = T

11

M

> 0, it follo ws that there is at most one solution of (4.25) in the domain

D , namely

z =

� x +

p

x

2

+ 4( y

2

+ h ( x ))

2

:(4.27)
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W e conclude that if ( �; v ) lies in the domain D , then for eac h v alue of T

00

M

and T

01

M

;

there exists precisely one v alue of T

11

M

.

A calculation sho ws that in the case p = �

2

�; � = constant; the form ula for T

11

M

in terms of ( T

00

M

; T

01

M

) is giv en b y

T

11

M

=

1 + 2 K

2 K

(

T

00

M

�

s

( T

00

M

)

2

�

4 K

(1 + 2 K )

2

�

K ( T

00

M

)

2

+ ( T

01

M

)

2

�

)

(4.28)

where

K =

�

2

c

2

( c

2

� �

2

)

2

:(4.29)

5. Statemen t of the General Problem. Our results concerning the w eak for-

m ulation of the Einstein equations (3.1)-(3.4) assuming spherical symmetry giv en in

Theorem 4.2 can b e summarized as follo ws. Assume that A; B are Lipsc hitz con tin-

uous functions, and that T 2 L

1

; on the domain r � r

0

; t � 0 : Then (3.1)-(3.4) are

equiv alen t to t w o di�eren t systems whic h tak e the form of a system of conserv ation

la ws with source terms. In the �rst case, w e ha v e sho wn that w eak solutions of the

system (3.1), (3.3) together with equations (4.7), (4.8) (for div T = 0), will solv e (3.1)-

(3.4) w eakly , so long as (3.2) holds at r = r

0

: This reduces the Einstein equations

with spherical symmetry to a system of equations of the general form

u

t

+ f ( u; A; B )

x

= h

1

( u; A; B ; A

0

; B

t

; B

0

; x ) ;(5.1)

A

x

= h

2

( u; A; B ; x ) ;(5.2)

B

x

= h

3

( u; A; B ; x ) ;(5.3)

where u = ( T

00

M

; T

01

M

) agree with the conserv ed quan tities that app ear in the conser-

v ation la w div T

M

= 0 in 
at Mink o wski space. (Here \prime" denotes

@

@ x

since w e

are using x in place of r : ) It is then v alid to use equations (3.1)-(3.3) to eliminate

all deriv ativ es of A and B from the RHS of system (5.1), b y whic h w e obtain the

system (3.1), (3.3), (4.11), (4.12), a system that closes to mak e a nonlinear system of

conserv ation la ws with source terms, taking the general form

u

t

+ f ( u; A; B )

x

= h

1

( u; A; B ; x ) ;(5.4)

A

x

= h

2

( u; A; B ; x ) ;(5.5)

B

x

= h

3

( u; A; B ; x ) :(5.6)

W eak solutions of (5.4) will satisfy (3.2) so long as (3.2) is satis�ed on the b oundary

r = r

0

:

In the second case, w e ha v e sho wn that w eak solutions of the system (3.2), (3.3)

together with equations (4.7), (4.8) (for div T = 0), will solv e (3.1)-(3.4) w eakly ,

so long as (3.1) holds at t = 0 : This reduces the Einstein equations with spherical

symmetry to an alternativ e system of equations of the general form

u

t

+ f ( u; A; B )

x

= h

1

( u; A; B ; A

0

; B

t

; B

0

; x ) ;(5.7)

A

x

= h

2

( u; A; B ; x ) ;(5.8)

B

t

= h

3

( u; A; B ; x ) :(5.9)

It is then v alid to use equations (3.1)-(3.3) to eliminate all deriv ativ es of A and B

from the RHS of system (5.7), b y whic h w e obtain the system (3.2), (3.3), (4.11),
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(4.12), a system that closes to mak e a nonlinear system of conserv ation la ws with

source terms, taking the general form

u

t

+ f ( u; A; B )

x

= h

1

( u; A; B ; x ) ;(5.10)

A

x

= h

2

( u; A; B ; x ) ;(5.11)

B

t

= h

3

( u; A; B ; x ) :(5.12)

W eak solutions of (5.10) will satisfy (3.1) so long as (3.1) is satis�ed at t = 0 :

6. W a v e Sp eeds. In this section w e conclude b y calculating the w a v e sp eeds as-

so ciated with system (4.11)-(4.12). Because A and B en ter as undi�eren tiated source

terms, it follo ws from (4.11)-(4.12) that for spherically symmetric 
o w, the only w a v e

sp eeds in the problem will b e the c haracteristic sp eeds for the 
uid. Lo osely sp eak-

ing, the gra vitational �eld is \dragged along" passiv ely b y the 
uid when spherical

symmetry is imp osed. F rom this w e conclude that there is no ligh tlik e propagation,

(that is, no gra vit y w a v es), in spherical symmetry , ev en when there is matter presen t.

(This is the conclusion of Birk o� 's theorem for the empt y space equations, [20 ].)

The easiest w a y to calculate the w a v e sp eeds for the 
uid is from the Rankine-

Hugoniot jump conditions in the limit as the sho c k strength tends to zero. T o start,

note that the comp onen ts of the 4-v elo cit y for a spherically symmetric 
uid (2.7) are

u

0

=

dt

ds

, u

1

=

dr

ds

, u

2

= u

3

= 0. Since � 1 = g ( u; u ), the comp onen ts u

0

and u

1

are

not indep enden t, and in particular, � 1 = � ( u

0

)

2

A + ( u

1

)

2

B . W e de�ne 
uid sp eed v

as the sp eed measured b y an observ er �xed in ( t; r ) co ordinates. That is, the sp eed is

the c hange in distance p er c hange in time as measured in an orthonormal frame with

timelik e v ector parallel to @

t

and spacelik e v ector parallel to @

r

: It follo ws that the

sp eed is giv en b y v = x=a; where

u = a

@

t

p

� g

00

+ x

@

r

p

g

11

:(6.1)

T aking the inner pro duct of u with @

t

and then with @

r

, w e �nd that a = u

0

p

� g

00

and x = u

1

p

g

11

, and hence

v =

u

1

u

0

r

B

A

;(6.2)

whereb y ,

( u

0

)

2

=

1

A ( c

2

� v

2

)

:(6.3)

Using (6.2) and (6.3) in (2.7), it follo ws that the comp onen ts of the energy-momen tum

tensor tak e the follo wing simpli�ed form, whic h is v alid globally in the ( t; r ) co ordinate

system:

T

00

=

1

A

�

( p + �c

2

)

c

2

c

2

� v

2

� p

�

T

01

=

1

p

AB

( p + �c

2

)

cv

c

2

� v

2

T

11

=

1

B

�

( p + �c

2

)

v

2

c

2

� v

2

+ p

�

:
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Note that these comp onen ts are equal to the comp onen ts of the stress tensor in 
at

Mink o wski space, times factors in v olving A and B that accoun t for the fact that the

spacetime is not 
at. Setting

T

00

M

=

�

( p + �c

2

)

c

2

c

2

� v

2

� p

�

;

T

01

M

= ( p + �c

2

)

cv

c

2

� v

2

;

T

11

M

=

�

( p + �c

2

)

v

2

c

2

� v

2

+ p

�

;

it follo ws that

T

00

= T

00

M

= A;

T

01

= T

01

M

=

p

AB ;(6.4)

T

11

= T

11

M

=B :

The Rankine-Hugoniot jump conditions are

s [ T

00

M

] =

r

A

B

[ T

01

M

] ;(6.5)

s [ T

01

M

] =

r

A

B

[ T

11

M

] :(6.6)

F rom (6.5)-(6.6), w e deduce that w a v e sp eeds for the system (4.11)-(4.12) are

p

A=B

times the w a v e sp eeds in the Mink o wski metric case, and this holds globally through-

out the ( t; r ) co ordinate system. (See [14 ].) Eliminating s from (6.5) and (6.6), yields

[ T

01

M

]

2

= [ T

00

M

][ T

11

M

] :(6.7)

No w tak e the left 
uid state on a sho c k curv e to b e ( �

l

; v

l

), and the righ t 
uid state

to b e ( �; v ). F or a spherically symmetric p erfect 
uid, (6.7) de�nes the righ t v elo cit y

v as a function of the righ t densit y � . Then to obtain the 
uid w a v e sp eeds, just

substitute this function in to (6.5), solv e for s , and tak e the limit as � ! �

l

: F ollo wing

this pro cedure, (6.7) simpli�es to

( v � v

0

)

2

( c

2

� v

2

)( c

2

� v

2

0

)

=

[ p ][ � ]

( p + �c

2

)( p

0

+ �

0

c

2

)

:(6.8)

Note that equation (6.8) can b e written as a quadratic in v , and hence there are t w o

solutions. The `+'solutions will yield the 2-sho c ks, and the `-' the 1-sho c ks. Dividing

b oth sides of (6.8) b y ( � � �

0

)

2

and taking the limit as � ! �

0

, w e see that

dp

d�

=

( p + c

2

� )

2

( c

2

� v

2

)

2

�

dv

d�

�

2

:(6.9)

Solving (6.6) for s w e obtain,

s =

r

A

B

h

( p + �c

2

)

v

2

c

2

� v

2

+ p

i

h

( p + �c

2

)

cv

c

2

� v

2

i

;(6.10)
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and taking the limit as � ! �

0

, w e obtain

�

�

=

r

A

B

h

( p

0

+ c

2

)

v

2

c

2

� v

2

+ ( p + �c

2

)

2 v v

0

( c

2

� v

2

)+2 v

3

v

0

( c

2

� v

2

)

2

+ p

0

i

h

( p

0

+ c

2

)

cv

c

2

� v

2

+ ( p + �c

2

)

cv

0

( c

2

� v

2

)+2 cv

2

v

0

( c

2

� v

2

)

2

i

;

=

r

A

B

h

( p

0

+ c

2

)

v

2

c

2

� v

2

+ ( p + �c

2

)

2 c

2

v v

0

( c

2

� v

2

)

2

+ p

0

i

h

( p

0

+ c

2

)

cv

c

2

� v

2

+ ( p + �c

2

)

cv

0

( c

2

+ v

2

)

( c

2

� v

2

)

2

i

:

(Here the plus/min us on RHS is determined b y the t w o p ossible signs of v

0

= dv =d�

as allo w ed b y (6.9).) After substituting for dv =d� using (6.9), and simplifying, w e

obtain

�

�

=

r

A

B

�

( p

0

+ c

2

)

v

2

c

2

� v

2

�

2 c

2

v

p

p

0

( c

2

� v

2

)

+ p

0

�

�

( p

0

+ c

2

)

cv

c

2

� v

2

�

c ( c

2

+ v

2

)

p

p

0

( c

2

� v

2

)

�

;

=

r

A

B

�

( p

0

+ c

2

) v

2

� 2 c

2

v

p

p

0

+ p

0

( c

2

� v

2

)

�

�

( p

0

+ c

2

) cv � c ( c

2

+ v

2

)

p

p

0

�

;

= c

r

A

B

�

v

2

� 2 v

p

p

0

+ p

0

�

�

v p

0

� ( c

2

+ v

2

)

p

p

0

+ c

2

v

�

;

= c

r

A

B

�

v �

p

p

0

�

2

�

v �

p

p

0

� �

c

2

� v

p

p

0

�

:

This giv es the w a v e sp eeds as:

�

�

= c

r

A

B

p

p

0

� v

v

p

p

0

� c

2

:(6.11)

(F or example, the form ula for �

�

results from c ho osing `-' in (6.8).) The follo wing

theorem demonstrates that the system (4.11)-(4.12) is strictly h yp erb olic whenev er

the particles are mo ving at less than the sp eed of ligh t:

Pr oposition 6.1. Assume that

j v j < c;

so that the p article tr aje ctory has a timelike tangent ve ctor. Then wave sp e e ds for the

gener al r elativistic Euler e quations (4.11)-(4.12) satisfy �

�

< �

+

:

Pr o of. T o determine where the w a v e sp eeds are equal, set �

�

equal to �

+

and

solv e for v to obtain v

2

= c

2

. Next, substitute v = 0 in to �

�

and �

+

to v erify that

�

�

< �

+

when v

2

< c

2

A=B . Prop osition 6.1 follo ws directly .

As a �nal commen t, w e note that Prop osition 6.1 is true b ecause it is true in a lo cally

inertial co ordinate system cen tered at an y p oin t P in spacetime. Indeed, in suc h a

co ordinate system, the connection co e�cien ts v anish at P ; and the metric comp onen ts

matc h those of the Mink o wski metric to �rst order in a neigh b orho o d of P : As a

result, the general relativistic Euler equations reduce to the classical relativistic Euler

equations at P : Since it is kno wn in sp ecial relativit y that the Euler equations are
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strictly h yp erb olic for timelik e particles, [14], it follo ws that the same m ust b e true

in general relativit y . Other p oin t wise prop erties, suc h as gen uine nonlinearit y and

the Lax en trop y inequalities, [13 , 10 ], can b e v eri�ed for the spherically symmetric

general relativistic equations in a similar manner.
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