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THE EXISTENCE AND NON-EXISTENCE OF POSITIVE
SOLUTIONS OF ELLIPTIC SYSTEMS IN RN

YUAN-WEI QI∗

Abstract. In this paper, we study elliptic system △u + |x|σ1f(u, v) = 0, △v + |x|σ2g(u, v) = 0
and its quasilinear counterpart, where x ∈ Rn, σ1, σ2 > −2. Under the assumption that there exists
a Hamiltonian H(u, v) such that f(u, v) = Hv(u, v) and g(u, v) = Hu(u, v), we establish a number of
existence and non-existence results which was previously available mainly for the rather special case
of f = f(v) and g = g(u) and σ1 = σ2 = 0. The main tools are a priori estimates and a Pohozaev
identity.

1. Introduction. In a previous paper (see [13]) we studied the elliptic system

△u + f(u, v) = 0,

△v + g(u, v) = 0

and its quasilinear counterpart

div(A(▽u,▽v) ▽ u) + f(u, v) = 0,

div(B(▽u,▽v) ▽ v) + g(u, v) = 0

in Rn, where f and g are C1 functions with f(u, 0) = g(0, v) = 0, A(s, t) and B(s, t)
are functions which are positive and smooth for s, t ∈ Rn \ {0}. In particular, we
established a number of results on existence and non-existence of ground state, mostly
when f(u, v) = f(v) and g(u, v) = g(u). A ground state is a positive classical solution
in Rn which tends to zero at ∞.

The main purpose of present study is to extend those results to systems which
take the form

△u + rσ1f(u, v) = 0,(1.1)

△v + rσ2g(u, v) = 0

and

div(A(▽u,▽v) ▽ u) + rσ1f(u, v) = 0,(1.2)

div(B(▽u,▽v) ▽ v) + rσ2g(u, v) = 0,

where r = |x|, σ1, σ2 > −2 and f , g will take the general form of f(u, v) = Hv(u, v)
and g(u, v) = Hu(u, v). Here H(u, v) is a C2 function for (u, v) ≥ 0, Hu(u, v) and
Hv(u, v) represent the partial derivative of H with respect to u and v respectively.

There have been extensive studies of system (1) for both boundary value problems
in bounded domain as well as in Rn in recent years. See [1], [2], [3], [5], [6], [7], [9],
[12], [14], [15], [16], [17] and [18] for some results of the recent developement.

The most important ingredients of the present study are a priori estimates and
a generalized Pohozaev identity. In order to derive the desired a priori estimates we
make the following

Basic Assumption:

f(u, v) ≥ Cvp, g(u, v) ≥ Cuq for (u, v) positive but close to zero,
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where the constants C, p, q satisfy C > 0, p, q ≥ 1 and pq > 1.
The contents of this paper are as follows. In section 2, we derive the essential

a priori estimates under only the basic assumption and show that if (p, q) satisfies
max(2(p + 1) + σ1 + pσ2, 2(q + 1) + qσ1 + σ2) ≥ (n − 2)(pq − 1), then there exists no
positive solution (u, v) of (1.1) in any exterior domain r ≥ a > 0 and tends to zero
as r → ∞, where r = |x| is the radial variable in Rn (see Theorem 1). Nevertheless,
if max(2(p + 1) + σ1 + pσ2, 2(q + 1) + qσ1 + σ2) < (n − 2)(pq − 1), then (1.1) can
admit positive radial solutions in the exterior domain r ≥ a > 0 for any a > 0, as
demonstrated by the explicit singular solution

u = C1r
−[2(p+1)+σ1+pσ2]/(pq−1), v = C2r

−[2(q+1)+qσ1+σ2]/(pq−1)

of (1.1) when f(u, v) = vp, g(u, v) = uq, where C1 and C2 are some positive constants.
In addition, we establish a Pohozaev identity when f(u, v) = Hv(u, v), g(u, v) =
Hu(u, v) and σ1 = σ2.

In section 3, we explore further this special case and show that under mild as-
sumptions of H(u, v), there exists no positive radial solution of (1.1) in Rn when
(p, q) is subcritical (see Definition 1 in section 3), which are the contents of Theorem
2 and Theorem 3. On the other hand, if (p, q) is supercritical or critical, we show
existence of positive radial solutions of (1.1) by a shooting argument in Theorem 4
and Theorem 5.

In section 4, non-existence results for various cases of (1.2) are demonstrated. A
case worth to mention is that when A = B = A(|u′v′|) for a radial solution, a much
sharper result is obtained since we have a Pohozaev identity when f(u, v) = Hv(u, v),
g(u, v) = Hu(u, v) and σ1 = σ2.

A radial solution (u(r), v(r)), with r = |x| of (1.1) satisfies the following system:

(rn−1u′)′ + rn−1+σ1f(u, v) = 0, for r > 0,(1.3)

(rn−1v′)′ + rn−1+σ2g(u, v) = 0, for r > 0,

u′(0) = 0, v′(0) = 0.

The equations for radial solution of (1.2), under appropriate conditions of A and B,
are

(A(u′, v′)rn−1u′)′ + rn−1+σ1f(u, v) = 0, for r > 0,(1.4)

(B(u′, v′)rn−1v′)′ + rn−1+σ2g(u, v) = 0, for r > 0,

u′(0) = 0, v′(0) = 0.

We note by passing that in the detailed proof of many results, various constants
will not be distinguished because the minor role they play as well as our concern to
simplify the notation.

2. Asymptotic behaviour and preliminary results. The purpose of this
section is twofolds. First, we state and prove some preliminary yet important results
on asymptotic behaviour of positive radial solutions of semilinear system (1.1) on
exterior domain |x| ≥ a > 0 which can be obtained using elementary analysis. These
results culminate in giving an optimal asymptotic estimate in Lemma 2 which will be
used later on to discuss existence and non-existence. A non-existence result as a direct
consequence of Lemma 2 is proved in Theorem 1. Second, we derive a generalized
Pohozaev type identity which is more general than the one we obtained in [13] for the
case of f(u, v) = f(v), g(u, v) = g(v) and σ1 = σ2 = 0.
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Lemma 1. Suppose f(u, v) ≥ 0, g(u, v) ≥ 0 for (u, v) positive but sufficiently
small, then there exist no positive radial solutions (u, v) of (1.1) defined for r > a > 0
which tend to zero as |x| → ∞ if n ≤ 2. Furthermore, if n > 2 and (u, v) is a positive
radial solutions of (1.1) defined for r > a and tends to zero as r → ∞, then

−u′ ≥ Cr1−n, u ≥ Cr2−n, −v′ ≥ Cr1−n, v ≥ Cr2−n

for all r sufficiently large, where C > 0 is a positive constant. In addition, for all r
sufficiently large,

ru′ + (n − 2)u > 0, rv′ + (n − 2)v > 0.(2.1)

Proof. See [2] and [13].

In what follows a more accurate asymptotics will be given using the basic as-
sumption of this paper.

Lemma 2. Suppose f(u, v) ≥ Cvp, g(u, v) ≥ Cuq for (u, v) > 0 but small, (u, v)
is a positive radial solution of (1.1) defined for r > a and tends to zero as r → ∞.
Then, the following asymptotic estimates hold:

u = O(r−[2(p+1)+σ1+pσ2]/(pq−1)), v = O(r−[2(q+1)+qσ1+σ2]/(pq−1)),(2.2)

|u′| = O(r−[2(p+1)+σ1+pσ2]/(pq−1)−1), |v′| = O(r−[2(q+1)+qσ1+σ2]/(pq−1)−1),(2.3)

as r → ∞.

Proof. Suppose r0 > a is large enough so that

f(u, v) ≥ Cvp, g(u, v) ≥ Cuq, u′ < 0, v′ < 0

on [r0,∞), where C is a positive constant. Integrating the first equation of (1.3) gives

rn−1u′(r) − rn−1
0 u′(r0) = −

∫ r

r0

sn−1+σ1f(u, v)ds ≤ −C

∫ r

r0

sn−1+σ1vp(s) ds

≤ −Cvp(r)

∫ r

r0

sn−1+σ1 ds ≤ −
C

n + σ1
(rn+σ1vp(r) − rn+σ1

0 vp(r0)).

Noting that u′(r0) < 0, it follows that

−u′(r) ≥
C

n
(r1+σ1vp(r) − r1−nrn+σ1

0 vp(r0)).

But, by Lemma 1, −u′(r) > Cr1−n if r is large. Hence,

−u′(r) ≥ Cr1+σ1vp(r)(2.4)

if r is sufficiently large. Integrating (2.4) from r to ∞ one finds

u(r) >

∫ ∞

r

s1+σ1vpds > C

∫ 2r

r

s1+σ1vp(s) ds > Cvp(2r)r2+σ1 .
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Hence, combining the above inequality with the fact that rn−2v is an increasing
function for r ≫ 1 from Lemma 1, one gets u(r) > Cvp(r)r2+σ1 . Similarly, v(r) >
Cuq(r)r2+σ2 . A combination of the above two inequalities yields that (2.2) holds. In
turn, it implies (2.3) is valid when combined with Lemma 1.

Corollary 1. Suppose n ≥ 3 and

max(2(p + 1) + σ1 + pσ2, 2(q + 1) + qσ1 + σ2) ≥ (n − 2)(pq − 1).(2.5)

Then there exists no positive radial solution of

(rn−1u′)′ + rn−1+σ1f(u, v) ≤ 0, (rn−1v′)′ + rn−1+σ2g(u, v) ≤ 0,(2.6)

which tends to zero as r → ∞ on [a,∞) for any a > 0 if the conditions of Lemma 2
on f(u, v) and g(u, v) are satisfied.

Proof. It is similar to the case of σ1 = σ2 = 0, see [13].

Remark. We note that (1.1) has a singular solution when max(2(p + 1) + σ1 +
pσ2, 2(q + 1) + qσ1 + σ2) < (n − 2)(pq − 1) which has the exact decaying rate as in
Lemma 2.

Theorem 1. Suppose f(u, v) ≥ Cvp, g(u, v) ≥ Cuq for (u, v) > 0 but small,
n ≥ 3 and (2.5) holds. Then there exists nopositive solution of (1.1) which tends to
zero as |x| → ∞ in an exterior domain |x| > a for any a > 0.

Proof. Suppose by contradiction that there exists such a solution (u, v). Let
r0 > a be so taken that f(u(x), v(x)) ≥ Cvp(x), g(u(x), v(x)) ≥ Cuq(x) for all
x ∈ Rn \ Br0

, where Br0
is the ball with radius r0 which centered at origin. Let

u(r) =
1

ωn

∫

Sn−1

u(r, θ)ds, v(r) =
1

ωn

∫

Sn−1

v(r, θ)ds, r > a,

where Sn−1 is the unit sphere in Rn, ds is the (n-1)-dimensional area element of Sn−1

and ωn is the area of Sn−1. Then,

1

ωn

∫

Sn−1

f(u, v)ds ≥
C

ωn

∫

Sn−1

vpds ≥ Cvp(r),
1

ωn

∫

Sn−1

g(u, v)ds ≥ Cuq(r)

for r > r0 by Jensen’s inequality. Consequently, (u, v) is a solution of (2.6) for r > r0.
But this is impossible by Lemmas 1, 2 and Corollary 1.

In the rest of this section we shall restrict our attention to the narrow case of

f(u, v) = Hv(u, v), g(u, v) = Hu(u, v) and σ1 = σ2 = σ,(2.7)

where H = H(u, v) is a C2 function of (u, v) ∈ R2 with H(0, 0) = 0. We begin by
deriving a generalized Pohozaev identity of (1.1). It is clear that if f(u, v) = f(v) and
g(u, v) = g(u), we can simply take H(u, v) = F (v) + G(u), where F (v) =

∫ v

0
f(s) ds

and G(u) =
∫ u

0
g(s) ds.

Proposition 1. Let (u, v) be positive on [R1, R2), where 0 ≤ R1 < R2 ≤ ∞.
Suppose it is a solution of the following system

u′′ +
n − 1

r
u′ + rσHv = 0,(2.8)

v′′ +
n − 1

r
v′ + rσHu = 0
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for r ∈ [R1, R2). Then,

E = rn(u′v′ + rσH(u, v) +
avu′

r
+

buv′

r
)

satisfies

dE(r)

dr
= rn−1[(a + b + 2 − n)u′v′ + rσ((n + σ)H − avHv − buHu)](2.9)

for r ∈ [R1, R2). Here a and b are two constants.

Proof. It is a simple exercise and we omit it.

3. Existence and non-existence theorems. In this section, we assume
f(u, v), g(u, v) and (σ1, σ2) are as specified in (2.7). For this special case of
σ1 = σ2 = σ, we may define what we mean a pair (p, q) is subcritical or supercritical
for system (1.1) in parallel with the case of σ1 = σ2 = 0.

Definition 1. A pair (p, q) with p, q ≥ 1 and pq > 1 is called subcritical if

p + 1

pq − 1
+

q + 1

pq − 1
>

n − 2

2 + σ
,(3.1)

whereas the above inequality is reversed, it is called supercritical. If (p, q) is so given
that the equality holds in (3.1), it is said to be critical.

Theorem 2. Let n > 2, σ1 = σ2 = σ, where σ > −2. Suppose that f(u, v) > 0,
g(u, v) > 0 for all u, v > 0 and moreover,

f(u, v) ≥ Cvp, g(u, v) ≥ Cuq, H(u, v) ≤ C(uq∗+1 + vp∗+1)(3.2)

for all sufficiently small u and v, where p, p∗, q, q∗ are constants binding the following
inequalities

pq − 1

(2 + σ)(p + 1)
(n + σ) − 1 < q∗ ≤ q,

pq − 1

(2 + σ)(q + 1)
(n + σ) − 1 < p∗ ≤ p.(3.3)

Assume further that there exists (α, β) which is not supercritical such that

1

α + 1
vHv(u, v) +

1

β + 1
uHu(u, v) ≤ H(u, v)(3.4)

for all u > 0 and v > 0, then there does not exist any positive radial solution of
equation (1.1) in Rn.

Remark. The assumption that p, q, p∗ and q∗ satisfy the relations given in (3.3)
implies that (p, q) is subcritical. In addition, p∗ ≤ α, q∗ ≤ β.

Proof of Theorem 2. It is clear that any positive radial solution (u, v) satisfies
u′(r) < 0, v′(r) < 0 for r > 0 and (u, v) tends to zero as r → ∞. Suppose to the
contrary that there exists a radial positive solution. Thus, let a = (n + σ)/(α + 1),
b = (n + σ)/(β + 1) in the identity (2.9),

a + b + 2 − n ≥ 0, (n + σ)H − avHv − buHu ≥ 0
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by (3.1) and (3.4). Consequently, one has, after an integration,

rn(u′v′ + rσH(u, v) +
avu′

r
+

buv′

r
) ≥ C2(3.5)

for sufficiently large r, where C > 0 (see Proposition 2 in [13]). Consequently, rn(u′v′+
rσH(u, v)) ≥ C2. By (3.2) and Lemma 2, one gets that if r is sufficiently large,

H(u, v) ≤ C(vp∗+1 + uq∗+1)

≤ C(r−(2+σ)(p∗+1)(q+1)/(pq−1) + r−(2+σ)(q∗+1)(p+1)/(pq−1)).

Hence, by (3.3),

H(u, v) = o(r−n−σ) as r → ∞.(3.6)

It then follows that u′v′ ≥ C2r−n for r ≫ 1. But, from ru′ + (n− 2)u > 0, rv′ + (n−
2)v > 0, one deduces u′v′ ≤ Cr−2uv. Thus, uv ≥ Cr2−n. But, on the other hand, one
gets using the estimates in Lemma 2,

u ≤ Cr−(2+σ)(p+1)/(pq−1), v ≤ Cr−(2+σ)(q+1)/(pq−1).

Therefore, it must be true that

(2 + σ)(p + 1)

pq − 1
+

(2 + σ)(q + 1)

pq − 1
≤ n − 2.

But this is in clear contradiction with our hypothesis that (p, q) is subcritical. Hence,
no positive radial solution exists for (1) if (p, q) is subcritical.

Remark. The conclusion of Theorem 2 is true for a wide class of nonlinear
functions f(u, v) and g(u, v). In particular if f(u, v) = λu + λ1v + vp, g(u, v) =
λv + λ2u + uq, where the three constants λ, λ1 and λ2 are non-negative, and (p, q)
is subcritical, then there exists no positive radial solution (u, v) to (1.1) in Rn. In
addition, we note the condition H(u, v) ≤ C(uq∗+1 + vp∗+1) with (p∗, q∗) bound by
(3.3) can be weakened substantially to guarantee the validity of Theorem 2. For
example, if

H(u, v) = C1
vp+1

p + 1
+ C2

uq+1

q + 1
+

N
∑

i=3

Civ
piuqi

with (p, q) subcritical and (pi, qi) satisfying (2+σ)[pi(q+1)+qi(p+1)] > (n+σ)(pq−1),
i = 3, 4, ..., N, then there exists no radial ground state provided

p = max
3≤i≤N

pi, q = max
3≤i≤N

qi

is a pair not supercritical.
Another way in which this theorem can be extended is to drop the upper bound

assumption on H(u, v), and estimate the decay of H(u(r), v(r)) as a function of r
from that of f(u, v) and g(u, v) under some monotonicity assumption on f(u, v) and
g(u, v). The following is a result in this direction.

Theorem 3. Let n > 2, σ1 = σ2 = σ, where σ > −2. Suppose that f(u, v) > 0,
g(u, v) > 0 for all u, v > 0, f(u, v) and g(u, v) are monotone increasing in (u, v), and

f(u, v) ≥ Cvp, g(u, v) ≥ Cuq
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for all sufficiently small u and v, where (p, q) is subcritical. Assume further that there
exists (α, β) which is not supercritical such that (3.4) holds for all u > 0 and v > 0,
then there exists no positive radial solution of equation (1.1) in Rn.

Proof. It is clear from the proof of Theorem 2 that the only place H(u, v) ≤
C(uq∗+1 +vp∗+1) with (p∗, q∗) satisfying (3.3) is used is to show (3.6) holds if (u, v) is
a ground state solution. So, we shall show that (3.6) is valid under our assumptions
on f(u, v) and g(u, v). The rest will follow exactly as in Theorem 2.

Choose r0 > 0 sufficiently large such that f(u(r), v(r)) is a monotone decreasing
function of r for all r ≥ r0 and −u′(r) ≥ Cr1−n (Lemma 1). This is possible since
by our hypothesis f(u, v) is monotone increasing in (u, v) for (u, v) > 0 small and
(u(r), v(r)) is decreasing in r. Following the same procedure as in Lemma 2, we get

−rn−1u′(r) + rn−1
0 u′(r0) =

∫ r

r0

sn−1+σf(u, v) ds

≥ f(u(r), v(r))

∫ r

r0

sn−1+σ ds ≥
f(u(r), v(r))

n + σ
(rn+σ − rn+σ

0 ).

Using the fact that u′(r0) < 0 and −u′(r) ≥ Cr1−n, we have

−u′(r) ≥ Cr1+σf(u(r), v(r)).

Consequently, by (2.3),

f(u(r), v(r)) ≤ Cr−(2+σ)−(2+σ)(p+1)/(pq−1).

Similarly,

g(u(r), v(r)) ≤ Cr−(2+σ)−(2+σ)(p+1)/(pq−1).

Hence,

H(u(r), v(r)) =

∫ u(r)

0

g(s, 0) ds +

∫ v(r)

0

f(u(r), s) ds

≤ f(u(r), v(r))v(r) + g(u(r), v(r))u(r) ≤ Cr−(2+σ)−(2+σ)(p+q+2)/(pq−1)

by (2.2). This, when combined with our hypothesis that (p, q) is subcritical, shows
(3.6) is valid.

Then, by repeating the same argument as in Theorem 2, we establish the theorem.

We now turn our attention to prove the existence of ground state solutions when
f and g exhibit supercritical nonlinear growth when u and v are small.

Proposition 2. Suppose Hu > 0 and Hv > 0 for 0 < u < u0 and for 0 < v < v0,
and

(n + σ)H(u, v) − avHv(u, v) − buHu(u, v) ≤ 0, 0 < u < u0, 0 < v < v0,(3.7)

n − 2 − a − b ≥ 0

for some positive constants a, b, u0 and v0. Then there exists no radial solution to
the following boundary value problem

(BV P )







△u + Hv(u, v) = 0, x ∈ B,
△v + Hu(u, v) = 0, x ∈ B,
0 < u < u0, 0 < v < v0 in B and u = v = 0 on ∂B,
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where B = BR is a ball centered at origin with radius R > 0.

Remark. The above result is a special case of a more general identity proved
for all solutions of (BVP), not necessarily radial ones in [12] by Peletier and Van Der
Vorst. For related results, see [17].

Theorem 4. Suppose f and g satisfy, for 0 < u < M , 0 < v < M , f(u, v) ≥ 0,
g(u, v) ≥ 0 and there exists a C2 function H1 such that

f(u, v) = c1v
p + H1

v (u, v), with lim sup
(u,v)→0

H1
v (u, v)

vp
= 0,(3.8)

g(u, v) = c2u
q + H1

u(u, v), with lim sup
(u,v)→0

H1
u(u, v)

uq
= 0,(3.9)

where M, c1, and c2 positive constants. Then there exists an infinite number of radial
ground state solution of (1) if (p, q) is supercritical.

Proof. Apparently, u′(r) < 0, v′(r) < 0 for r > 0 before the product uv reaches
zero. Let u0 > 0 and v0 > 0 be sufficiently small such that the conditions (3.7) in
Proposition 2 are satisfied with a close to (n+σ)/(p+1) and b close to (n+σ)/(q+1).
This is possible because of the assumption that (p, q) is supercritical and f(u, v) and
g(u, v) are small perturbation of c1v

p and c2u
q respectively. Consequently, there

exists no radial solution of the boundary value problem (BVP) with initial value
0 < u(0) < u0, 0 < v(0) < v0 for any R > 0. Define

A = {(u(0), v(0)) | 0 < u(0) < u0, 0 < v(0) < v0}(3.10)

which has the property that there exists R > 0 such that the corresponding solution
(u, v) satisfies v(r) > 0, v′(r) < 0 and u′(r) < 0 in (0, R], u(r) > 0 for 0 < r < R but
u(R) = 0. Similarly, let

B = {(u(0), v(0)) | 0 < u(0) < u0, 0 < v(0) < v0}(3.11)

such that for the corresponding solution (u, v) there exists R > 0 with u(r) > 0,
u′(r) < 0 and v′(r) < 0 in (0, R], v(r) > 0 for 0 < r < R but v(R) = 0. It is clear
from Lemmas 3 and 4 in [13] that A and B are non-empty. In addition, they are both
open by the classical theory of continuous dependence of solutions on initial values.
Let L be a straight line segment starting from a point in A and ending at a point in
B. It is clear that there exists a point P = (α, β) > 0 on L which does not belong
to either A or B. Therefore, there are only two possibilities: (i) the corresponding
solution with initial values u(0) = α, v(0) = β is a solution of the boundary value
problem or (ii) it is a ground state solution. But, the first case is impossible. Hence,
the corresponding solution is a ground state solution.

By taking different lines L with different end points from A and B, we can obtain
an infinite number of ground state solutions.

Another case where there exists a a ground state solution is when

f(u, v) = A1v
p +

M
∑

i=1

civ
pi∗ +

N
∑

j=1

dj(pj + 1)vpj uqj+1,(3.12)

g(u, v) = A2u
q +

M
∑

i=1

eiu
qi∗ +

N
∑

j=1

dj(qj + 1)vpj+1uqj ,
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where (p, q) is critical, pi∗ > p, qi∗ > q, i = 1, 2, ...N, pj ≥ p and qj ≥ q, j = 1, 2, ...N .
Here A1, A2, ci, ei and dj are positive constants.

In this case,

H(u, v) =
A1

p + 1
vp+1 +

A2

q + 1
uq+1 +

M
∑

i=1

ci
vpi∗+1

pi ∗ +1
+

M
∑

i=1

ei
uqi∗+1

qi ∗ +1
+

N
∑

j=1

djv
pj+1uqj+1.

Theorem 5. Suppose f and g are as given in (3.12) with (p, q) critical. Then
there exists an infinite number of radial ground state solutions.

Proof. It is clear that the conditions (3.7) in Proposition 2 are satisfied with
a = (n + σ)/(p + 1) and b = (n + σ)/(q + 1). In particular, since (p, q) is critical,
a + b = n− 2. The rest follows the same line of argument as in Theorem 4. We invite
the reader to fill the details.

4. Non-existence theorems for quasilinear systems. In this section we
shall consider the special cases of quasilinear system (1.2) where for a radial solution
(u, v), A = A(h1) is a C1 function of a single variable h1, in the range of h1 > 0 and
it is bounded around h1 = 0, and B = B(h2) is a C1 function of a single variable h2

in the range of h2 > 0 and is bounded around h2 = 0. Here h1 and h2 maybe different
combinations of u′ and v′. The primary difficulty is to get estimates as those given in
(2.2) in Lemma 2.

Lemma 3. Suppose all conditions of Lemma 2 on f(u, v) and g(u, v) are satisfied,
and (u, v) is a positive radial solution of (1.2) defined for r > a and tends to zero
as r → ∞. Assume in addition that A(u′(r), v′(r)) + B(u′(r), v′(r)) ≤ M for all
r > a > 0. Then, for any ǫ > 0,

u = o(r−[2(p+1)+σ1+pσ2]/(pq−1)+ǫ), v = o(r−[2(q+1)+qσ1+σ2]/(pq−1)+ǫ)(4.1)

as r → ∞.

Proof. It is similar to the case of σ1 = σ2 = 0, see [13].

Given the situation as it is, the natural thing to do is to show that under various
different forms of A and B, A(u′, v′) and B(u′, v′) are bounded in [a,∞) for a positive
radial solution (u, v) of (1.2) in r ≥ a. We cite the following result which is obtained
in [13]:

Lemma 4. Let f(u, v), g(u, v) satisfy the conditions of Lemma 1. Suppose u(r)
and v(r) are positive radial solutions of (1.2) for r ≥ a > 0, which tend to zero as r →
∞, then A(u′, v′) and B(u′, v′) are bounded on [a,∞) provided A and B satisfy one
of the following conditions: [(i)] A = B = Ω(|u′| + |v′|); [(ii)] A = B = Ω(|u′v′|);
[(iii)] A = A(|u′(r)|), B = A(|u′(r)|) or B = B(|v′(r)|).

Proof. See the proof of Lemmas 5 and 6 in [13].

Theorem 6. Suppose A and B in (1.2) satisfy one of the following conditions
when (u, v) is a radial solution: [(a)] A = A(|u′|), B = A(|u′|) or B = B(|v′|);
[(b)] A = B = Ω(|u′| + |v′|); [(c)] A = B = Ω(|u′v′|).

Assume in addition that A(h) and B(h) are C1 functions for h > 0 and are
bounded around h = 0. Then for any positive radial solution (u, v) of (1.2) which is
defined for r ≥ a > 0 and tends to zero as r → ∞, the following results hold:
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(i) Suppose f(u, v) ≥ 0, g(u, v) ≥ 0 for (u, v) near 0. Then,

u ≥ Cr2−n, u′ ≤ −Cr1−n, v ≥ Cr2−n, v′ ≤ −Cr1−n

for all r sufficiently large. Consequently no such solution is possible if n ≤ 2.
(ii) Suppose f(u, v) ≥ Cvp, g(u, v) ≥ Cuq and both of them are increasing function

of (u, v) for (u, v) near 0. Then, the estimates in (4.1) hold.
(iii) Suppose n > 2 and max(2(p+1)+σ1 +pσ2, 2(q+1)+qσ1 +σ2) > (n−2)(pq−1).

Then there exists no positive radial solution of (1.2) on [a,∞) for any a > 0
if the conditions on f and g in (ii) are satisfied.

Proof. The proof of (i) is essentially same as in Lemma 1. (ii) is shown in Lemma
3. (iii) follows directly from (i) and (ii).

In the rest of this section we shall concentrate on the particular case where A = B
and A = A(|u′v′|). In addition, the hypothesis (2.7) on f(u, v), g(u, v) and σ1, σ2

is in force. The purpose is to derive a non-existence result comparable to that of
Theorem 2 which is stronger than the above theorem. First, a generalized version of
the identity in Proposition 1 is in order for the quasilinear system under consideration.

Proposition 3. Let (u, v) be positive decreasing functions on [0,∞). Suppose

(rn−1u′A(|u′v′|))′ + rn−1+σf(u, v) = 0,(4.2)

(rn−1v′A(|u′v′|))′ + rn−1+σg(u, v) = 0

for r ∈ (R1, R2), where 0 ≤ R1 < R2 ≤ ∞. Then,

E(r) = rn

(

∫ h

0

D(ρ) dρ + rσH(u, v) + A(|u′v′|)
avu′

r
+ A(|u′v′|)

buv′

r

)

satisfies

dE(r)

dr
= rn−1[(a + b + 2 − 2n)A(|u′v′|)u′v′ + n

∫ h

0

D(ρ) dρ(4.3)

rσ((n + σ)H(u, v) − avf(u, v) − bug(u, v))].

Here a and b are two constants, h = u′v′ and D(h) = A(h) + 2hA′(h).

Proof. The calculation is tedious and we omit it.

Theorem 7. Let n > 2, σ1 = σ2 = σ, where σ > −2. Suppose that
A(▽u,▽v) = B(▽u,▽v) = A(| ▽ u · ▽v|) and A(h) is positive for all h > 0 and
bounded for h close to zero. Assume also that f(u, v) > 0, g(u, v) > 0 for all u, v > 0
and they satisfy the conditions (3.2) and (3.3) of Theorem 2. At last assume that

1

α + 1
vf(u, v) +

1

β + 1
ug(u, v) ≤ H(u, v)(4.4)

for all u > 0 and v > 0, where (α, β) satisfies

n + σ

α + 1
+

n + σ

β + 1
≥ nd − 2,(4.5)
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and 2/n < d < 2 is a constant such that

∫ h

0

A(ρ) dρ ≤ dhA(h).(4.6)

Then there does not exist any positive radial solution of (1.2) in Rn.

Remark. If Ah = dA/dh ≥ 0, we can obviously take d = 1 and condition (4.5)
then reduces to the case of semilinear system in Theorem 1. As in the case of Theorem
2, there is no need to consider the case (2 + σ)max(p + 1, q + 1) > (n − 2)(pq − 1)
since it is covered in Theorem 6. On the other hand, by letting u = 0 and by an
integration of (4.4) we get that H(0, v) ≥ Cvα+1 for v > 0 small. Similarly, we get
H(u, 0) ≥ Cuβ+1 for u > 0 small. Hence, using (3.2) and (3.3) we find

α ≥ q∗ ≥
2 + σ

n − 2
, β ≥ p∗ ≥

2 + σ

n − 2

when (2 + σ)max(p + 1, q + 1) ≤ (n − 2)(pq − 1). Consequently,

n + σ

α + 1
+

n + σ

β + 1
≤ 2(n − 2).

Thus, it follows from (4.5) that it is only for values d ≤ 2(n − 1)/n that Theorem 7
provide a stronger result than that of Theorem 6.

Proof of Theorem 7. Suppose to the contrary that there exists a positive radial
solution of (1.2) in Rn. Then, as in Theorem 1, such a solution must tend to zero as
r → ∞. Since D(h) = A + 2hA′(h), it follows that

∫ h

0

D(ρ) dρ = 2hA(h) −

∫ h

0

A(ρ) dρ ≥ (2 − d)hA(h).

Combining the above inequality with the result of Proposition 3, we obtain

(2 − 2n + a + b)A(|u′v′|) + n

∫ h

0

D(ρ) dρ ≥ (2 − 2n + a + b + 2n − nd)A(|u′v′|)

= (2 + a + b − nd)A(|u′v′|) ≥ 0.

In addition, (n + σ)H(u, v) − avf(u, v) − bug(u, v) ≥ 0 by our hypothesis on f(u, v),
g(u, v) and the choice of a = (n + σ)/(α + 1), b = (n + σ)/(β + 1). Consequently,

rn[

∫ h

0

D(ρ) dρ + rσH(u, v) + A(|u′v′|)
avu′

r
+ A(|u′v′|)

buv′

r
] ≥ C2(4.7)

for all r sufficiently large, where h = u′v′, and C is a positive constant. A detailed
demonstration of the fact that C is positive is exact like that of Proposition 2 and
is omitted. From our previous discussion on the asymptotic behaviour of positive
solutions it follows that (u′, v′) → 0 as r → ∞. Consequently using the boundedness
of A(h) near h = 0, we have that for some M > 0,

∫ h

0

D(ρ) dρ = 2hA(h) −

∫ h

0

A(ρ) dρ ≤ 2hA(h) ≤ Mh,
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for h sufficiently small. Using the above inequality and (4.7) we find that for r
sufficiently large, rn[Mu′v′ + rσH(u, v)] ≥ C2. Nonetheless, argue as in Theorem 2,
but this time using (4.1) instead of (2.2), we get H(u, v) = o(r−n−σ) as r → ∞.
It then follows that u′v′ ≥ C2r−n for r ≫ 1. Hence, for any µ,

−u′(r)rµ − v′(r)r−µ ≥ Cr−n/2(4.8)

for r ≫ 1. Clearly, µ can be chosen appropriately to satisfy u(r)rµ−1+n/2 → 0,
v(r)r−µ−1+n/2 → 0 and r−1

∫ r

0
u(s)sµ−1+n/2 → 0, r−1

∫ r

0
v(s)s−µ−1+n/2 → 0 as

r → ∞, by the fact (p, q) is subcritical and by the estimates in (4.1). But, an
integration of of (4.8) would yield otherwise. Thus, we reach a contradiction.
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