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A NOTE TO THE REGULARITY OF SOLUTIONS FOR THE
EVOLUTION P-LAPLACIAN EQUATIONS

JUNNING ZHAO*

In this note we consider the following Cauchy problem:

(1) % = div(|Vul"*Vu)  (a,t) € Qr = RN x (0,7)
u(x,0) = ug(x) z € RN,

where p > 2, ug € L}OC(RN ) satisfies that there exist constants r > 0 and py > 0 such
that

@) lolllep = sup / fup(a))d < 00, B(z0) = {| — 0| < p}.
zoERN J By (x0)

It is well known that there exists a solution v € CP.(Qr) N LS. (Qr), Vu €
B8 s
P (Qr) to (1) (see [C],[DF],[DH]). The proofs of Vu € s (Qr) are very com-

loc loc
plex and difficult. In this note we use another approach to prove the Holder continuity
3

B
of Vu. We prove u; € LS (Qr), Vu € C’Zﬁo’c”ﬂ (Qr), where the Holder index to t is
great than g

DEFINITION. A function u(z,t) defined in Q7 is called a weak solution of (1),
if weCR.(Qr)NLP0,T : WhP(RN)NL®(Qr) a € (0,1) and for any ¢(z,t) €
CH(Qr) ¢ =0 if |z| large enough,

Jrn u(@, p(@, t)dx + [ [rn [—udy + [VulP~2Vu - Voldzdt
= Jrn uo(z)o(z,0)dz.

We obtain the following result.

3)

THEOREM 1. Let ug > 0, |||uo()|||r,p, < oo for some pg > 0. Then there exist
constants C > 0 and 3 € (0,1) such that the solution of (1) satisfies

N(p—

H+p bz B
= luollly,  Vu € CF T (Qr),

(4) sup |ug(x,t)| < Ct™
RN
where k= N(p—2)+0p.
Proof. let u be the solution of (1). Acoording to [WZYL], for V6 € (0,T),
u(x,t + §) is the limit of the solutions of the following boundary value problems

% = div((|Vv|P~2) Vo) (z,t) € B, x (0,T —6)
(5) v(z,t) = u(z,d) (z,t) € OB, x (0,T — §)
v(z,0) = u(z,d) x € B,
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where B,, = {|z| < n}. Let v, be the solution of (5). Set

1
U}n(l‘yt) = )\'Y’Un(l‘,/\t), A > 1, vy = 1?2
Then w,, satisfies
O:;_qf = div(|Vw[P~2Vw) (z,t) € B, x (0, 552)
(6) w(z,t) = Nu(z,d) (z,t) € DB, x (0, T52)
w(x,0) = Nu(x,d) x € B,

Set g, = w, — v,. By Comparison principle g, > 0 and
an gn(z, t)p(2, t)dw — fg an gndedxdT + fot an(|an\p’2an—
—|Vv,|[P72Vw,) - Védzdr = an(XY — Du(z,0)é(x,0)dx
where ¢ € C*(B,, x (0,T)) ¢ =0 near dB,,. Notice that (see [DH])
(e, ) 2o (e < €5~ ol 17 po-
In (7), we take
¢=(9n —k)y k= = Dlu(@,0)lL=rn)-
Using Steklov averaging process, we get
an (9n — k)}dz
+2 fg anm{w>k}(|an|p72an — |V, |P~2Vv,) (Vw, — Vv, )dzdr = 0.
This implies g, < k a.e. on B, x (0, TT_‘S) Thus
(s) 0/< XV, M) — 0n(2,8) < (A — 1)[uli, )| o (v
Divided (8) by A — 1 and let A — 17, we get
[yon (2, t) + tvn (2, 1) < llu(z, 6l (rr).-
This inequality implies

Cll|u(zx, 0)|||roo (N
oty <« DMy

Let § — t, we get the first estimate of (4).
We now prove the second estimate of (4). Notice that for fixed ¢ € (0,T) u(x,t)
is a solution of the following elliptic equations

div(|VulP~2Vu) = u;(x,t) € RN,

By [T], there exist constants 3 € (0,1), C > 0 dependent only on |u;|p~, |u|L~ such
that

(9) |[Vu(zy,t) — Vu(ae,t)| < Clzy — a:2|5.
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We now prove that Vu is Holder cotinuous to t. For convernience, we assume that w is
a smooth solution, otherwise by uniqueness of solution we can consider the regularized
problem. Take the z;-derivative in (1) to obtain

Oy
(10) ;tf = (div(|VulP~2Vu)),,

Let 20 € RN, 0 < t1 < ty, At =ty —t1, B(At) = Bays(wo). Integrating (10) over
B(At) x (t1,t2) and by integrating by parts, we get

fB(At) (ua; (7, 12) = Uz, (2, t1))da

ttf Jonean (@v([VuP=2Vu)),, drdt

(11)
- ttf Jon(an div(|VulP~*Vu)v;dodt

t
= tf faB(At) uvjdodt.

where v = (v, 19, ..., vy) is the unit outward normal vector of dB(At). By the mean
value theorem, there exists * € B(At) such that

(12) [tg, (2%, t2) — ug, (%, 11)] < C’(At)lf‘s.

Combining (9) and (12) and taking 6 = we get

_1
1+p3°
|u37j (l’o,tg) = Ugy (Io,tl)‘ < ‘uﬂfj (Io,tg) — Uy (I*,t2>|

B
-|-|ij (m*atQ) — Ug; (x*at1)| + |u$j (x*atl) — Ug; (.’Eo,tl)‘ < C(At) .

e
Therefore u,, € e (RY) and Theorem 1 is proved.

loc

REMARK 1. If the initial value ug is bounded, Theorem 1 holds for uq of variable
sign. In fact if u is a solution of (1), by the uniqueness of solution v = u+||ug|| L (g~
is a nonnegative solution of (1) with initial value ug + [|uol| Lo (g~y. Thus Theorem 1
holds for v, so does u.

REMARK 2. For the first boundary value problem, similar theorem holds.
Consider the following problem

% = div(|Vu*Vu) (z,t) € Q2 x (0,T)
(13) w(z,t) = ¥(x,t) (z,t) € 99 x (0,T)
u(z,0) = up(z) r € RN

where 2 € R is a smooth bounded region.

THEOREM 2. Let ug € L®(RY), 9,4, € L>®(9 x (0,T)). Then the solution
u of (13) satisfies

_B_
. Vue OV (Qx (0,T)).

loc

|ur (2, 1)] <

| Q
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Proof. Without loss of generality, we assume u > 0, and u large enough, otherwise
replace u by u+ C, C > |lu|pe. Set

1
v(z,t) = ANu(z,At), A>1, v= ot
p—

Then v is the solution of (13) with
v(x,t) = Nap(z, \t) (x,t) € 9 x (0,T), v(x,0) = Nug(z) z € RV,
Notice that if A — 1 is small enough, v large enough, we have
ATip(, At) — (1) = (AT = 1)ep(w, At) + by (2, ) (A — 1)t
= (A= DG (M) + tin(2,6)) > 0.

By comparison principle A7u(z, At) > u(x,t). Hence similar to the proof in Theorem
1, we can prove Theorem 2.
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