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SOME NONLINEAR FUNCTIONALS FOR SCALAR
CONSERVATION LAWS

TAI-PING LIU*, TONG YANGT, AND YONGSHU ZHENG?*

Abstract. In this paper, we will first summarize our recent study on nonlinear functionals
which capture the nonlinear behaviour and entropy production of solutions for scalar conservation
laws. These functionals are instrumental in the sudy of the behavior of the characteristic fields in
systems of conservation laws. The application of these functionals to the problem of the uniform
boundedness and stability in Lj-norm of the weak solutions to systems of hyperbolic conservation
laws is briefly presented. Then we will generalize one of the functionals to viscous scalar conservation
laws and study the relation between the invisid and viscous cases for nonlinear waves.

1. Introduction. In this paper, we will study some nonlinear functionals for
scalar conservation laws and discuss their relation with some nonlinear properties of
the weak solutions to systems. The scalar conservation law has been well investigated
and there is a satisfactory well-posedness theory. Nevertheless, the introduction of
some of these functionals is new and their application to the study of systems of
hyperbolic conservation has been essential, [11, 13, 14].

Consider the initial value problem for the scalar hyperbolic conservation law

Ut + f(u)w =0,
(1.1) u(x,0) = ug(x),

Without loss of generality, we assume f/(0) = 0. It is well-known that, even for
smooth initial data, solution usually can not be smooth and we need to consider weak
solution satisfying

(1.2) / / (u(a, )a (2, 1) + F(u(, ) bo(z, 1)) dadt + / o (@), 0)d = 0,

for every test function ¢(z,t) € C3(R x RT). It is also well-known that solutions for
the initial value problem of (1.1) satisfying (1.2) is not unique and certain entropy
condition is needed to choose a unique physical solution. For example, when the flux
function is convex, a sufficient condition requires that

(1.3) n(w)e + q(u)e <0,

in the weak sense. Here the entropy pair (n(u),q(u)) satisfies ¢'(u) = n'(u)f'(u) so
that the inequality becomes an equality when the solution is smooth. For the complete
study of the well-posedness theory for scalar conservation laws see [6]. It is known
that, for convex flux, the time derivative of the integral of the entropy n(u) with
respect to « on R is equivalent to the negation of the third power of the strength of
the shock waves in the solutions at the time, [7, 8]. This property is crucially used
in the study of the compactness property of the solution operator by the theory of
compensated compactness, [20]. Notice that the entropy inequality is effective only
when there are shock waves in the solution. Since u? is one of the convex entropies
of (1.1), the La-norm of a solution has the property mentioned above. Further study
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on the Ly-norm of a solution when the flux function is nonconvex shows the similar
property, cf. [14]. In fact, in terms of the bifurcation of the Hugoniot curve from
the rarefaction curve of the same family in a system, the properties for convex and
noncovex have the same expressions.

A major shortcoming of this basic functional is that it can not be generalized
to the study of two solutions because the Ls-norm of the difference of two solutions
of (1.1) may increase at an arbitrary rate. This is because the Lp-norm decreases
due to dissipation and there are anti-dissipations when compression waves are present
in the solutions. On the other hand, it is known that the solution operator is a L
contraction semigroup. However, the L1 topology is insensitive to the nonlinearity of
the partial differential equation and stays constant unless one of the solutions crosses
the other at a shock, [15].

An effective nonlinear functional is defined in [12] which is in terms of the L;
difference of two solutions and the variation of each of the solutions when the flux
function is convex. It decreases in time even when the solutions are smooth and reveals
the nonlinear evolution of the coupling of the wave patterns of the two solutions. In
fact, it captures the basic nonlinearity of the flux function f(w). In this paper, we
study the effect of viscosity to this functional. We consider the generalization of the
functional to the viscous scalar conservation law and obtain its time derivative. Since
this functional captures the essential nonlinearity of the conseravtion law, it decreases
more rapidly for the compression waves than for the shock of the same strength. The
understanding of this in the viscous case allows us to study the relation between the
decreasing rates for the viscous case and for the invisid case in a simple situation with
shocks. Rigorous analysis on this relation for general solutions is beyond the scope of
this paper and will be pursued by the authors in the future.

The above nonlinear functionals on weak solutions to scalar conservation laws
are closely related to the study of weak solutions to systems. When we consider the
coupling of waves to a system of hyperbolic conservation laws, it is natural to study
the bifurcation of the Hugoniot curve from the rarefaction curve of the same family.
In fact, if the Hugoniot curve coincides with the rarefaction curve, cf. [19], the system
behaves like a set of scalar conservation laws. This bifurcation is controlled by the
derivative of the square of the Ly-norm of the solution. Thus, the Ls-norm of the
weak solution to a system, when combined with other nonlinear functionals on the
coupling of waves in different families and wave interaction potential, can be used to
yield the uniform boundedness of weak solutions in Li-norm, cf. [11, 14]. When we
consider the relation between two weak solutions to a system, it is crucial to estimate
the distance between the end states of a wave in one solution and the state given by
the other solution. If the distance is measured by the Hugoniot curves of the same
family, then it is shown in [12] that the time rate of increase of L; distance can be
controlled by the time derivative of this generalized entropy functional and one of its
applications is given to the study of L; stability of weak solutions to systems in [13].

The rest of the paper is organized as follows. In Section 2, we will summarize the
property of the Ly-norm of the weak solutions to scalar conservation laws and define
the functional for proving uniform boundedness of the weak solutions in Li-norm for
systems. In Section 3, we will discuss the generalized entropy functional both for
invisid and viscous scalar conservation laws. The application of this functional in the
invisid case to the stability of weak solutions to systems in Li-norm will be briefly
presented. And the relation of the generalized entropy functional between the invisid
and viscous cases will be given for scalar conservation laws in the setting of shock and
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COHlpI'eSSiOIl waves.

2. Ly-norm of the weak solution. For the general scalar conservation law
u

(1.1), by choosing the particular convex entropy n(u) = 72 with entropy flux g(u) =
J*“ sf!(s)ds, we have the following entropy estimate, cf. [14].

LEMMA 2.1. Let u(z,t) be a weak solution to the scalar conservation law (1.1)
consisting of countable many admissible shocks {;}, then

2 _
il I (z,t)dx = —2;14(0@),

where the integral is over R. Here, for an admissible shock o = (u™,u™), A(a) de-
notes the area bounded by the curve y = f(u) and the straight line segment connecting
the end points (u™, f(u™)) and (ut, f(u™)) in the u —y plane.

When the flux function is convex, the area A(«) of a shock wave « is of the order
of |a|® and the above estimate is the same as in [8, 9]. The convexity of the flux
function for a scalar conservation law corresponds to the genuine nonlinearity of the
charactertistic field in a system, i.e. r; - VA; # 0. Here \; and r; are the eigenvalue
and right eigenvector of the i-th family to a system of strictly hyperbolic conservation
laws. The Hugoniot curves and rarefaction curves for systems are defined as follows.

For any state ug, the Hugoniot curve H(ug) passing through wug is:

(2.1) H{(uo) = {u: o(uo, u)(uo —u) = f(uo) = f(w)},

for some scalar o(ug,u). It follows easily from the strict hyperbolicity of the system
that in a small neighborhood € of a state ug, the set H(ug) consists of n smooth
curves H;(ug), i =1,2,--- ,n, through wg, satisfying that o(ug, u) tends to A;(ug) as
u moves along H;(ug) toward ug. A discontinuity (u_,u4 ) is called an i-discontinuity
if up € H;(u_). (2.1) is called the Rankine-Hugoniot condition for discontinuties.
For general system, not necessarily genuinely nonlinear, the entropy condition to
select the physically admissible weak solutions can be stated as follows, cf. [10].

DEFINITION 1. A discontinuity (u—_,u+) is admissible if
(2.2) oi(u—,uy) < oi(u_,u),
for any state u on the Hugoniot curve H(u_) between u_ and u.

The rarefaction curve of the i-th family passing through wug is the integral curve
of 7;(u) from this point, denoted by R;(ug), ¢ = 1,2,--- ,n. The strict hyperbolicity
also implies that R;(ug), i =1,2,---,n, are n smooth curves in a small neighborhood
of Uugp-

It is well-known that for the genuinely nonlinear characteristic field, the bifurca-
tion of the Hugoniot curve from the rarefaction curve is of the third order of the shock
wave strength. Thus, the decay estimate of the convex entropy gives the control of
this kind of bifurcation.

When the flux function in (1.1) is noncovex, the authors in [14] show that the
entropy estimate given in Lemma 2.1 is also closely related to the bifurcation of
the Hugoniot curve from the rarefaction curve in the general system of hyperbolic
conservation laws. In the following, we will explain this relation in details.

Consider the general system of strictly hyperbolic conservation laws in the form
of (1.1) where both u = (u!,u?,--- ,u™) and f(u) are now n-vector functions. For
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illustration, we consider the wave of the first family and waves of the other families
can be dealt with similarly. Up to a linear transformation, we assume that u' is a
non-singular parameter along the 1-wave curve. For simplicity, we choose the right
eigenvector corresponding to Ay as r1(u) = (1,&2,&3, -+ ,&n)-

For any state u = (u',u?,--- ,u™) along the rarefaction wave curve Ry(u~), we
write

1

(2.3) v=u" + /uu,l ri(s)ds = (g(uull))’

for a smooth (n — 1)-vector function g(u'). Similarly, for any state u =

(ul,u?, - Ju™)e Hy(u™), we write u = (h&ll)), for a smooth function h(ul).

Let @ = (u~,u™) be an admissible 1-shock to the system, and, without loss of
generality, we assume that u=! < u*!. Then we have s(ut —u™) = f(ut) — f(u™)
for some scalar s = o(u~,u"). For any u = (u!,u?,--- ,u") € Hy(u™), we denote
s'(u') = o(u~,u). Then by entropy condition for system, we have

(2.4) slut) > s for w™! <l <utl
If we consider the the scalar conservation law
(2.5) uj + fa(u', h(u")) =0,

then both the Rankine-Hugoniot condition and the Oleinik entropy condition [16] hold
for the discontinuity (u=!,u™1). That is, o' = (™!, u™1) is an admissible shock
of (2.5). The following lemma shows that max,—.1<,1<,+1 [g(u') — h(u')] and A(a)
defined for a! as an admissible shock to the scalar conservation law (2.5) are of the
same order.

LEMMA 2.2. Based on the above notations, we have

(2.6) max lg(u') — h(u")| = 0(1)A(at).

u—l<ul<ytsl

One application of the estimate in Lemma 2.2 is to study the uniform boundedness
of weak solutions in L;-norm for general systems of hyperbolic conservation laws, [14].
To do this, we define a time-decreasing nonlinear functional H[u(x,t)] as follows.

Given a solution u(x, t) of the system (1.1), we define the pointwise distance along
the rarefaction wave curves: solve the Riemann problem (u(x,t),0) by waves:

ug = u(x,t), u; € Ri(ui—1), 1 =0,1,--- ,n, u, =0.
We set
(2.7) G2, 1) = (s — i)

This way of assigning the distance is convenient in that u’ is a conservative quantity
and so it satisfies simple wave interaction estimates. For an i-wave o in the solution
u(x,t), we denote by z(a’) = z(a’(t)) its location at time ¢. The linear part L[u] of
the nonlinear functional H[u] is equivalent to the L;(x)-norm of the solution:

S Lifu, 1)
T i, O)ld.

L[u(vt)]

(2:8) Lifu(-,t)]
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We will use the notations J(t) to denote the waves in the solution u at a given time
t. Moreover, o denotes a i-wave in J(¢). The other two components of the nonlinear
functional H[u], the quadratic Q4(t) and the convex entropy FE(t), are defined as
follows:

Qa(t) = Qalu(- )] = Y gic () Qale’)

B Qutad) = 1l (Syo 7 g Ol + 55, [0 s 1))

(2.10) E(t) = Elu(-,t)] = ZEl(t) = /_00 g (x, t)|*da.

Notice that Q4(¢) defined above measures the coupling of waves propogating in dif-
ferent families. Combining the above nonlinear functionals, the nonlinear functional
H(t) for proving the uniform boundedness of weak solutions in L;-norm can be defined
as follows:

H(t) = Hlu(-, t)] = (1+ K1 F(2))L(t) + K2(Qa(t) + E(t)),

where F'(t) is the Glimm’s functional measuring the wave interaction potential, cf.
[5]. By appropriately choosing the constants K; and Ko, it is shown in [14] that the
nonlinear functional H (¢) is non-increasing in time.

3. The generalized entropy. When we study the relation between two weak
solutions, the Lo-norm of the difference of these two solutions does not give us any
good estimates. In fact, any L,-norm when p > 1 is not approrpiate in this case. It can
be seen by some very simple examples where compression waves become a shock wave
that these norms increase in time even for scalar equations. In the study of existence
and stability of weak solutions to general systems of hyperbolic conservation laws, the
quantity

(3.1) |8l (@) = a(B)],

plays an important role. Here o and 3 are two waves, and o(a) and o(8) are their
corresponding wave speeds. Notice that here o or § may or may not be the wave in
the two solutions under consideration. In the study of the global existence of weak
solutions to a general system, the interaction potential of waves in the same family is
defined [14] in the form of (3.1). And in the study of L stability of weak solutions of
systems whose characteristic fields are either genuinely nonlinear or linearly degener-
ate, a generalized entropy functional is introduced in [12] so that its time derivative
gives an estimate of the quantities in the form of (3.1). In the following, we will give
a description of this generalized entropy functional and study its property for viscous
scalar conservation laws with convex flux.

We are interested in studying the nonlinear behavior of a genuinely nonlinear
characteristic field in a system. For this, we consider a scalar conservation law (1.1)
with f”(u) > 0. In the following presentation, we assume for simplicity that the
solutions are piecewise smooth. Thus we assume that two solutions wq(z,t) and
ug(x,t) satisfy wi(x,t) > wug(x,t) for xe,—1 < x < x2(t), and uy(x,t) < ug(z,t) for
Zo; < x < x9i41(t), ¢ = 0,£1,---. For the Li-norm of weak solutions to scalar
conservation laws, the following theorem is well-known.
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THEOREM 3.1. Suppose that the difference of solutions ui(xz,t) and us(z,t) of
the convex conservation law is a L1(x) function. Then there exists a positive constant
C' depending only on f(u) such that

d o0

(3.2) p - lug (z,t) — us(x, t)|de < —C’zi:qfqé,

where q*ql is zero if both solutions are continuous at x;(t) and is a second-order term
if one of the solutions is discontinuous there;

_ J (ui(zi(t) = 0,t) —ua(zi(t),t)) if uy is discontinuous at x = z;(t),
% = (ug(x;(t) — 0,t) — ug(xs(t),t)) if ue is discontinuous at = = x;(t);

1| (ua(zi(t),t) —ui(xi(t) +0,¢)) if wy is discontinuous at & = x;(t),
(uy(x(t),t) — ua(zi(t) + 0,t)) if ug is discontinuous at x = x;(t).

For a proof of this, see [13]. Note that the theorem implies the well-known L (z)
contraction semigroup property, which holds for scalar, not necessarily convex, con-
servation law.

On the other hand, it is easy to see that the solution operator is not a Lo(z)
contraction semigroup. To obtain the estimate for the terms in the form of (3.1)
which is needed for the L; study, the authors in [12] introduce the following generalized
entropy functional:

For any two functions v and v, we set

o+ ) u—w, u >0, o= _ 0 u > v,
(u=v) {O, u < v, (u=v) {v—u, u <.

The generalized entropy functional E(t) = Efuq(+,t),ua(-,t)] is defined as follows:
y

B0 = [l 0 =) e+ [ =)@ 0dody

— 00 —00

63+ [ el e e et [ e —u) @ oy

—o0 Yy —00

The time derivative of the functional E(t) can be stated as follows. The estimation
of the above nonlinear functional in the BV framework is given in [4].

LEMMA 3.1. Let ui(x,t) and us(x,t) be two solutions of (1.1) with f"(u) > 0
mentioned above. We have

SBO =~ [l .01 (ua(o:0) — Far(5.)
+f (u1(y, 1)) (ur (y, t) — uz(y,t)))dy
[ 010 - Flaal0)
(3.4 7 s 0) a9, £) — w1 (3, 2)))

where w;y 45 a O-function at the location of a shock location.  Let wu;(x,t)
have a shock at xo, then |uix(zo,t)] = (ui(zo—,t) — wi(zo+,t))d(x — xp),



SOME NONLINEAR FUNCTIONALS FOR SCALAR CONSERVATION LAWS 615

fui)(o,t) = Ll N SCulont ) - p)(gy 1) = L)t Camt) gng
i, ) = elrodulaust)

A further analysis of the above estimate yields the following theorem for the decay
of the generalized entropy functional.

THEOREM 3.2. Let u;(z,t), i = 1,2, be two solutions of (1.1) with f"(u) > 0 as
stated in the beginning of this section. Then for any time t when u;(x,t), i = 1,2, has
no center rarefaction waves, we have

2
%E(t) < C{;/(ul(x,t) — ug(2,1))?|uin(x, t)|da

3 o) e o s (8)] + mim))},

where

min{[uy (z(8(8))+, 1) — ua(z(8(8))+, )]},
z(B(t)) # xi(t)  for any i,

z(B(t)) = zi(t) for some i.

Ya(B(t) = 0

Here the integral runs from the shock to shock in the two solutions, the summation is
over all shock waves in both solutions, and C' is a positive constant.

Notice that the generalized entropy functional decreases except in the case when
the two solutions behaves linearly to each other, i.e., when one solution contains only
a shock and the other is the solution obtained by a shift in z-axis of the first solution.
In this case, both solutions satisfy the following linear equation

us + su, =0,

where s is the shock speed. The estimation of the above functional uses mainly
the convexity of the flux function. How to define a similar functional for a scalar
conservation law with general flux function is not known and will be pursued by the
authors.

When we study the L; distance between two weak solutions, it is more convenient
to measure the pointwise distance by the Hugoniot curves. For this measurement, the
following two lemmas are crucial and tell us that the terms in the form of (3.1) is the
main error terms besides those corresponding to coupling of different families. Notice
that the genuine nonlinearity of the characteristic field implies that

lo(e) = a(B)] = 0(1)(Jer + B1),

where @ and (§ are two waves in this family.

LEMMA 3.2. Letu € Q,£,¢ € R, k€ {1,--- ,n}. Define the states and the wave
speeds

(@), v =Hp()(u), v’ =H(§+E)()
u), o =og(u,v), o =opu,u’).
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Then we have

€+ (0" —0') = &(o—0") =0(1) - [£']1€ + &

LEmMMA 3.3. If the values €,§;,&5, j =1,2,--+ ,n, satisfy

Hn(fn O~~'OH1(£1)(U)
{ Hy (&) 0 -+ 0 Hy(&1) 0 Hi(§)(u), or
H;(§) o Hn(&) 0 - - 0 Hi(&1)(w),

then

&= & =€+ )16 = &l=0WEl 14116 + &+ 1]
J#i j#i

Based on the above observation, we can define the main nonlinear functional H (t)
for proving the L stability of weak solutions to systems as follows:

H(t) = Hlu(-, t),v(, )] = (1 + K1 F () L(t) + K2(Qa(t) + E(1)),

where L(t), F(t) and Q4(t) have the same meaning as those stated in Section 2. By
appropriately choosing the constants K; and K, the nonlinear functional H(t) is
shown to be non-increasing in time in [13].

Now we turn to study the viscous scalar conservation law.

(3.5) up + f(u)y = €Ugy, 1 (u) >0,

where € is the constant viscosity coefficient.

Let u;(x,t) be two smooth solutions of (3.5) with wq(z,t) — us(z,t) € L; and
TVu;(x,t) < 0o, i=1,2. We can also define the generalized entropy functional E(t)
in the form of (3.3) for these two solutions. For the time derivative of E(t), we have
the following theorem.

THEOREM 3.3. Let uq(x,t) and us(x,t) be two solutions of (3.5) mentioned above.
We have

4 pery < - / Z fary (. 6)](F Cuzy, £)) — faua (5, ))

2 [ ()" = () Py 26 [ () = () Py
26 [ Al = ) Py
(36) 26 [ {1l = (),
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where

IF={x | w.>()0}, i=12
Proof. For illustration, we give the estimation of %Ee(t) for one component of
E<(t) in the interval (x1(t), z2(t)). That is, we will estimate

d o z2(t) z N 0 N
G 0= [ oo ) ods [ o) 60
where we have used wui(x,t) > wua(x,t) for z1(t) < < z2(t). For simplicity, we
assume that uq (z,t) has a single local maximum at « = ¢ (¢) and us(z,t) has a single
local minimum at & = §a(t) in (21(t),22(t)). And let z = y;(¢) be the first point
on the left of x1(t) where uj(z,t) has a local minimum, and z = y2(¢) be the first
point on the right of z5(t) where us(x,t) has a local maximum. Thus, E{f (t) can be
rewritten as follows,

z2(t) z y2(t)
F(t) = uy — ug)(z u1y) (y, uzy)t (y, z
B (t)‘/m( ) 7t)(/yl(t)( ) t)dy+/z (uzy)" (4, t)dy)d

z2(t) y1(t) 00
(3.7) + / (w0 / (ury)* (9, )y + / )" 1))

By noticing the signs of u1,, and us,, at the points of local maximums and minimums,
we know that

d y1(t) d 0 N
(3.8) a / () )y <0, 4 / (uzy)* (3, )dy < 0.
dt J_ o dt ya ()

Furthermore, since

(12 — u2z)(z1(t),t) >0, (u12 — u2z)(z2(t),t) <0,

we have
L )
— uy —ug)(2,t)dz
dZ PR wz(t)
= (ug — uz)(z,t)ﬁ Z:mg; +/ (u1¢(z,t) — uge(z,t))dz
xl(t)
xz(t)
= / {=flui(z,1)): + euro.(2,t) + fuz(z,t)), — eug,.(2,t) }dz
x1(t)
(3.9) = e(u1, — u)(z2(t),t) — €(ur, — ug)(z1(t),t) < 0.

Combining (3.8) and (3.9) yields

y1(t) o0 z2(t)
G ) ety + [ ) ) [ - )i <o

—o0 y2(t) z1(t)

Therefore, we have

2 (t) z
Cpei < L / (ur (2. ) — a2, 1)) / (ury)* (9, 1)y

y1(t)

(3.10)

_|_

y2(t)
/ (uzy)" (4, £)dy)d.
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Now we will estimate (3.10) as follows. For convenience, we introduce the following
notations.

_ [ (e t) —ur(ya (1), 1), z1(t) < 2z < 41(t),
1 (2,1) = /yl(t) (u1y) ™ (y: t)dy = { wi (), 8) — w1 (1)), Gi(t) < 2 < xa(t),

and

Then we have

d 2(t)
GEH S g [ )t o) e

x2(t)
/ {(usr — wse)(F + 63) + (ur — un) (6 + 65)} (2. £)d=

z1(t)

Ig(t
= / " 2T €Uz, + f(u2) — E’U/gzz)((éi"_ + ¢§r)(z,t)dz
x1(t

d
+/ml(t) (1 — u2)(z,t) (ure(2,t) — %ul(yl(t)7t))dz

x2(t) d ) d
+/yl(t) (w1 — uz)(z,t)(ﬁul(yl(t),t) - %ul(yl( ),t))dz

g2 (t)
—I—/xl(t) (u1 — uz)(z,t)(%w@z(t),t) - %uz(yg(t) £))dz

z2(t)
(3.11) —l—[ o (ug — uz2)(z, t)(j ug (o (t),t) — uge(z,t))dz.

Notice that

% (yl (t)vt) Z 07 %ul(gl (t)vt) < 07
Do) <0 Dua(ia(t).8) 2 01
and
u12(2, 1), x1(t) < z < g1(¢),
(2 t):{ 0, 5 () gzggz(m
and
. 0, xl(t) <z < ]jg(t),
93:(2,1) = { o (2, 1) o) < 2 < za(1).
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By some calculations, we have

d N 71(t) z2(t)
GEEO= [ () = S tidz — [ ()~ flu)uaae )
z1(t) g2(t)
g1(t) z2(t)
—26/ (U1, — u2z)u1.(2,t)dz + 26/ (U1, — U2, )ug,(2,t)dz
x1(t) F2(t)
x2(t)

71(2)
- / (up —u2) f (ur)ur. (2, t)dz + / (ur — u2) f (uz)ug, (2,t)dz

1(t) g2 (t)
2 (t)
=—/m{wmﬂﬂwwﬁwn—fme—mn
+(u22) [ f (ur) — fluz) — f'(u2)(ur — uz)]}dz

7%/° Kma+*w%ﬁfwgﬂﬁ/ (urs)* (s + (uz) " dz
1;101;1 Ifﬁlmgl

(3.12) —2¢ /1- - (u2z) F[(w12)™ = (u2.)Tdz,

where
5 = IF 0 (t),ee(h)],  i=1,2.

Similar estimation applies to

x2(t) z S
ﬁf=/1 un—ua@¢x/ WuY@JMy+/ (uzy)™ (9 t)dly)d,

1(t) —o0

and other components in the nonlinear functional F<(¢). Combining all these estimates
completes the proof of Theorem 3.3. O

Now we are ready to compare £ E(t) and 4 E<(t). Since the generalized nonlin-
ear functional captures mainly the nonlinearity of the scalar conservation laws and
reveals the nonlinear evolution of the weak solutions, it decreases more rapidly for
compression waves than a shock of the same strength. When ¢ > 0, all the shocks
for € = 0 are smoothed out to be compression waves. Hence, %Eﬁ(t) has more terms
than %E(t) and some of the extra terms do not approach to zero as € tends to zero.

Denote the right hand side of (3.6) for £ E€(t) by D + D§, where
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and

Dj = —2¢ /I;rm;[(my)Jr — (uzy) TPy + 26/ [(u1y) ™ = (uzy) T2y

Iniy

—2e€ U1 2 - Ugy) 2
2 /If’ﬁlz_{[( y) 17 = [(u2y) "]}y
-2 U 2 .
HE/I;N;{[(UM) I = [(uzy) "]}y

Notice that Df is in the same form as the right hand side of (3.4) for % E(t) which is
denoted by D;. We will show the following equality

(3.13) lim (Df + D5) = Dy,

holds in a simple illustrative setting. This implies the extra terms in %Ee (t) com-
pensate the difference of the decay rates of %E(t) for compression waves and the
corresponding shocks. The rigorous proof of (3.13) for the general case is beyond the
scope of this paper and left for the future study.

Let ui(x,t) be a travelling wave solution to (3.5) with speed s and the end states
at © = 0o be uy respectively. The corresponding solution for (1.1) when € = 0
is a single shock connecting states (u_,uy) with speed s. Let the solution us(z,t)
be a smooth solution to (3.5) which converges to the solution wuz(x,t) when ¢ = 0
with uniformly bounded derivatives in x with respect to € everywhere. Without any
ambiguity, we denote both the solutions for e > 0 and € = 0 by u;(z,t), i = 1, 2.

Under the above assumption, we can estimate D$ as follows. Let u(z,t) =

7)(%“) and plug this into the equation (3.5). By integration once, we have
(") = [f(n) = sn — f(u-) + su_]r.
Thus,
lim D5 = 2l%e[m[(ulz)*]2dz
— 2t e [ (7 — o0 - flu) + su_fds
=2 [ el - 2L - s
(3.14) =2 [ f(s)ds + (um =) [fu) + F(us)].

Now we turn to estimate D{ — D;. Notice that the only difference comes from the
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compression waves becoming a shock in u;(z,t). We have
lim D — Dy
e—0

== [ el ) = Fn) = )z = )z 1)

[ ) - LI TR 2 ), e s
=2 [ J(6)s — (un =) ) + Fus)
(3.15)

Combining (3.14) and (3.15) yields (3.13) for this case.

By constructing a nonlinear Lyapunov functional which controls the area swept by
a curve moving in a plane in the direction of curvature, the authors in [2] give a priori
estimates on solutions to a class of parabolic equations and of scalar conservation laws.
For a special class of systems of strictly hyperboic system with small viscosity, the
authors in [1] study the well-posedness of the vanishing viscosity solutions. Whether
the nonlinear functional E€(t) defined above can be used for the study of systems of
viscous conservation laws is not known and left for future investigation.
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