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CONVERGENCE ANALYSIS OF RELAXATION SCHEMES FOR
CONSERVATION LAWS WITH STIFF SOURCE TERMS

TAO TANG , ZHEN-HUAN TENG Y, AND JINGHUA WANG *Z

Abstract. We analyze the convergence for relaxation approximation ap plied to conservation
laws with sti source terms. We suppose that the source term  g(u) is dissipative. Semi-implicit
relaxing schemes are investigated and the corresponding st ability theory is established. In particular,
we proved that the numerical solution of a rst-order relaxi  ng scheme is uniformlly I , I and TV-
stable, in the sense that they can be bounded by a constant ind ependent of the the relaxation
parameter and the the Lipschitz constant of the sti source term, andti  me step t. Concergence
of the relaxing scheme is then established. The results obta ined for the rst-order relaxing scheme
can be extended to MUSCL relaxing schemes.

1. Introduction.  We consider the following Cauchy problem

S U fU= o) x2R; t> 0;
(1.1)
u(x;0) = up(x) x2R;

wheref 2 C}(R); f(0) =0 and up 2 L}(R)\ BV (R). The conservation law (1.1)

is sti if the time scale introduced by the source term q is small compared with the

characteristic speedf © and some other appropriate length scale. It is observed that
a realistic assumption on the source term isg(u) 0 for all u 2 R. It is indeed the

case for many practical problems. e.g. in the model of combustion [4, 9], watewaves
in presence of the friction force in the bottom [24]. This assumption is als used in

many theoretical papers, for example, Chalabi [2], Chen, Levermore and Liu [3]Tang

[19] and Schroll and Winther [14]. In the sense of Chen, Levermore and Liu [3f°< 0

means the dissipativity of the source term. Furthermore, as usual, we assume tla
u =0 is an equilibrium. Hence, throughout this paper we assume that

(1.2) q0)=0; K qYu) 0; forsome constantKk 1

We want to approximate the global weak entropy solution of the Cauchy prdolem
(1.1) by relaxation schemes. The system (1.1) can be related to a singulgrerturbation
problem:

8 . . "
2 UtV = q(u’)
(1.3) 1. )
vi+au, = — v f(u); "> 0:

The relaxation limit for 2 2 nonlinear systems of conservation laws (without the
source term) was rst studied by Liu [8], who justi ed some nonlinear stability crite-
ria for di usion waves, expansion waves and traveling waves. A general mathentaal
framework was analyzed for the nonlinear systems by Chen, Levermore and Liu [3]
The presence of relaxation mechanisms is widespread in both the continuum mechan-
ics as well as the kinetic theory contexts. Relaxation is known to provide a gbtle
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dissipative mechanism for discontinuities against the destabilizing e ect of noninear
response [8]. The relaxation models can be loosely interpreted as discrete oeity ki-

netic equations. The relaxation parameter,", plays the role of the mean free path and
the system models the macroscopic conservation law. In that sense they are a diste
velocity analogue of the kinetic equations introduced by Perthame and Tadmor [1B
and Lions et al. [10].

On the numerical side, relaxation schemes proposed by Jin and Xin [5] are a
class of nonoscillatory numerical schemes for systems of conservation lawshey
provide a new way of approximating the solutions of the nonlinear conservation levs.
The computational results that are available, see e.g. Jin and Xin [5] as welbs
Aregba-Driollet and Natalini[1], indicate that the relaxation schemes obtained in the
limit " ! O provide a promising class of schemes. The main advantages of these
schemes are that they require neither the computation of the Jacobians of uxes for
the conservation laws nor the use of Riemann-solvers. This important propeit is
shared by other schemes such as the high resolution central schemes introduced by
Nessyahu and Tadmor [12].

For homogeneous conservation laws, there have been many recent studies con-
cerning the asymptotic convergence of the relaxation systems to the corresponding
equilibrium conservation laws as the rate of the relaxation tends to zero. Katsulakis
and Tzavaras [6] introduced a class of relaxation systems, the contracte relaxation
systems, and established a®® (" ™) error bound in the case that the equilibrium equa-
tion is a scalar multi-dimensional one. Kurganov and Tadmor [7] studied convergence
and error estimates for a class of relaxation systems, including (1.3) witg 0, and
concluded anO(") order of convergence for scalar convex conversation laws. The
novelty of their approach is the use of a weaK_ip “measure of the error, which allows
them to obtain sharp error estimates. For the relaxation system (1.3) wth q O,
Natalini [11] proved that the solutions to the relaxation system convergesstrongly to
the unigue entropy solution of the corresponding conservation laws a8 ! 0. Based
on a general framework developed in [20, 16], th©(") rate of convergence inL?! of
Teng [22] and pointwisely away from the shock discontinuity of Tadmor andTang [17]
are established for (1.3) withg 0 in the case when the equilibrium solutions are
piecewise smooth. The convergence theory for the relaxing scheme (2.1) and scheme
(2.6) with g 0 can be found in [1, 18, 23, 25].

In this research, we wish to analyze a fully-discretized semi-implicit scheme for
approximating the relaxation system (1.3). It is the semi-implicit treat ment that
makes the CFL condition independent of the Lipschitz constant of the sti source
term. We show that the solutions of the numerical scheme, " ;v ), are I* , I*
and TV-bounded by a constant independent of the relaxation parameter" and the
Lipschitz constant of the sti source term g. Then it can be shown that (uj”;" ;vj”;")
converge to the solution of the corresponding relaxed scheme. Due to the limitain
of space, the convergence rate of the numerical schemes will not be investigated in
this work. It will be reported elsewhere.

2. Numerical schemes. We choose a time step t, a spatial mesh size x, a pa-
rameter a which will be related to the characteristic speed of the conservation law and
a small relaxation pararBeter" > 0. For these we de ne the mesh ratio = t= X,
the CFL parameter = "~ a 2 (0;1) and the scale parameteik = t=". The mesh is
given by the points (j x;n t)forj 2 Z; u2 Np. The approximatate solution takes
the discrete valuesu]-“:" at the mesh points. Furthermore, relaxing schemes involve
the discrete relaxation uxes vj“; . For sti problems, most of the numerical meth-
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ods are semi-implicit, which are related to operator splitting (explicit method for the
homogeneous conservation laws and implicit method for the sti ODESs). Theoreticd
analysis for the semi-implicit methods have been given by Chalabi [2], Schroll rd
Winther [14], Tang [19]. In this work we will concentrate on a semi-implicit relaxing
scheme:

n+1 " n:" n

u oo +§Vj;"1 Vi
5 uty, 20 +u ) =g ou™tt ot
2.1)
v a7 ot
> vj";"1 2vj”;" +an;"1 = k an+1 Tf uj”” 2

The discrete initial data are given by averaging the initial data up over mesh cells
1

li= § 3 % j+3 x,ie. taking
Z

1

2.2 0=

(2.2) u -

j up(x) dx; and setting v = f(ujo?")

lj
In this paper we will show that the solution, (uj”;" ;vj”;" ), of the relaxing scheme
(2.1) converge to the solution, (';Vv}"), of the relaxed scheme
8

<v'=f u

2.3
22 A u'+ s Vi V1 3 Ul 20Ty =g ut ot
with initial data Z
1
(2.4) ul= = uo(x)dx;

lj
The relaxed scheme (2.3) is a consistent, conservative and monotone scheme appro
imating the conservation law (1.1).
The main results to be shown in this work are the following: If the constan a in

the relaxing scheme (2.1) satis es

max f9)? a; where M := 4kugkgy

i
then there exists a constantC independentof the relaxation parameter " and the
Lipschitz constant of the sti source g such that

TV@WU™) C; TVNV") C;

ku™ ki C: kv ki C;

ku™ k: C: kv ki C:
We will further show that there exists a constant C(K ) independentof the relaxation
parameter " and time step t (but may depend on the Lipschitz constant of the sti

sourceq) such that
X

X

uMttour x C(K) t;

vt x C(K) t:
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With the above estimates, we can show that the solutions of the relaxing schem
(2.1) converge to the solutions of the relaxed scheme (2.3). Then the piewise rstant
function u (x;t) constructed by the solution, u}’, of the relaxed scheme (2.3) converges
to the entropy solution of the Cauchy problem (1.1).

A class of more accurate schemes, the MUSCL relaxing schemes, were proposed
by Jin and Xin [5]:

uteoul 1 . Pa
J t J T3 X(anlrl i) 2 x( Bao2u )
1 .
+ T ( J+ J+,l) (J+l J ) =q an+l :
n+l; n; p—
V; ' \/ a . . a . . .
25 L1 : — o+ ﬂ(ujn#l ui 1) ﬂ(vjnil 1"+ v y)
p_
a1l ) . : : :
+ f(r j+'1)+( j+1 i)
1 . .
= ST R
where ;’ and ;' are de ned by
1 N o B
pUoE e Al ()
(vj”; péuj”; )
J +(an; Vaujn; )
and = = pé t= x, and u = (U U; 1). The corresponding relaxed
scheme as' ! 0 limit of (2.5) is as follows
vjn = f(uj”) = fjn ;
(2.6) : : L+ 5V V) o (Ul 20+l )
1
+ ) (j+ ,+1) (j+1 j):qujn+1

To gurantee the entropy consistency of the relaxed scheme (2.6) the followindightly
stronger conditions are proposed in Tang et al. [21]:

(2.7) P é—)t( = < 1 CFL condition
. . 1p- - -
(2.8) supjf Yu)j 1P a; subcharacteristic condition
u
29 o0 Q X; 0 () X; limiter function condition.

The parameters and X in the conditions (2.7)-(2.9) are required to satisfy

(2.10) > 1, 0<X< 2 1 1 X@ ):
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In [21], it has been shown that under the assumptions (2.7)-(2.9) the second-order re-
laxed scheme (2.6) withqg Fpgltis es the cell entropy inequalities. As a consequence,
the L! convergence rateO(' t) for the relaxed scheme is established.

In this work, we will restrict our attention to the study of the relaxing sc heme
(2.1) and its corresponding relaxed scheme (2.3). We wish to point out thathe results
obtained in this work can be extended to the MUSCL relaxing schemes (2.5)-(2.6).

3. Stability Properties of the Relaxing Scheme. This section is devoted to
establishing the I -stability, the bound of the total variation, and the |*-stability of
the numerical solution for the relaxing scheme (2.1) with initial data (2.2). To begin
with, we take the Riemann invariants

0 ]

1 n;
| - n

R > U Py

(3.1) = !

RZ:] } un + L

2 a

It follows from the above equations that

- " »_ P ;" ;
(3.2 u’ =R} +RY; v = aRy R

Then the relaxing scheme (2.1) can be rewritten as

[N

n+1;" n+1;" 1 n+1;" n+1;"
*5 Ryt Ry P Ry + Ry

NI X

8 +
n+l;" n
R Ry
t n+1;" n+1;"
50 Ry + Ry

(3.3)
10 _ on+dir K 1 1 1 1 1
Rg;}r =Ry 2 Rg;}r RE p_af Rg:}r * Rg;}r
+ Jq Rn+l " + Rn+1 "
2 1;j 2;j

with

N RY + R,
(3.4) @ U A=

Ry 2 1 IRy + Ry 4

It follows from up 2 BV (R) that there exists a constant M ; such that
(3.5) kuOka My:

By the de nition of the initial data u*

X
(3.6) TV = uWy U Mg

We rst assume that

(3.7) max f9q)? a
j ik uoky
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where the constanta will be determined latter. It follows from (3.6)-(3.7) and the
de nition of the initial data u" that

TVRERY = RYL, RY ¢ RY. R
(3-8) x . u% o+ pl— max jf%)j u%, u®
j j+1 ] éj ik Upky j+1 |
2M 1 :

Next, we choose the parametea satisfying the following subcharacteristic condition
(cf. Liu [8])

(3.9) maxf%)? a
i M

whereM =4M ; = 4kugkgy . Since
juo(x)j k uokey + ug(1 ) Mi< M;

the condition (3.9) also includes our earlier assumption (3.7). In the remainingof this
section, we will need the following facts:

(3.10) U(1l )=0 and wvo(1 )= f(ug(l ))=0:

They are justi ed by assumptions up 2 L(R)\ BV (R) and f (0) = 0.
Lemma 3.1. Under the subcharacteristic condition (3.9), the relaxing scheme
(3.3) is TVD (total variation diminishing), i.e.
TV RPTGRITT = T ORI ORI+ RRH RE
(3.11) i
TV(RY ;RY) SM:

Proof. We prove the lemma by induction. We need to prove the following: If

1
(3.12) TV (R} ;RS") oM
(3.13) supu™ M ;

i2z
then the following estimates will hold:
(3.14) TV R RYME TV (R} ;RY) oM
(3.15) sup u? ™t M

i2z

We rst observe that the assumption (3.12) with n = 0 is true due to the estimate
(3.8), and the assumption (3.13) with n = 0 is true due to (3.6) and (3.10). Adding
the two equations of (3.3) gives

3.16) uM™ =@ ) RY +RY + RE +RYL +qultt) t
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where the equations (3.1) and (3.4) are used. The induction assumption (3.12) glds
R, + R TV (R} ;R )+ J.!i{n R, + J.!Iilm R3;

1
VR RY) oM

(3.17)

where we have used the facts that

- o o o 1 if(Ww() _q. 4.5
J,!Iim Ri; —]_Il!gn Ri; —X!|lm > Uo(X) + ( 1)%95— =0; i=1;2:

It follows from the above two results, i.e. (3.16) and (3.17) that

uj””;" quj”*l; t M:

Then it follows from the assumption g(0) =0 and g(u) 0 foru 2 R that

1
(3.18) uj'”l' =1 j'”l' t M M; j22Z;
which veries (3.15). SetR;; = Rij+1 Rij; i =1;2. Subtracting (3.3); from
(3.3)j+1 gives
8
k ) 0 U ety
g 1+5 1+p2  d)5 Ry
k fo( ) 0, t —nn1 =n+ 3
5 1 49? + g )7 Ry = Ry ;
(3.19)
k fo( ) 0, t —n+1
g 5 1+ Po +d()5 Ry
k fO( ) 0 t —n+1 _ =+
- + 1+ > 1 L a )7 Raj = Ry

where s an intermediate value betweenu]';} " and ul"* ", which and (3.18) yield

that j j M. Thus the subcharacteristic condition (3.9) can be applied to obtain

_ Kk fX0) .
-2t Py o
k f9)
= - 1+ p=— :
2 a 0
Solving the equation (3.19) gives
h i
o 1 . 1. . 1.
Ry = 1 @ ) ERGT H( +dl) =R
h i
—n+1;" 1 —n+ L —n+ L
Rap = 5 (+d) 2R 1+ ) =Ry
where A = (1+ k)(1 X ) t): Using the above equations gives
—n+1;" —n+1;" ln . [
Ry "+ Ry ' I+ () =2+ + () =2 Ry

1. 0
(3.20) 1+ QO +) + ) =Ry E
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where we have used the facts that 0 Oandgy ) 0. Observe that
1+ d() t=2+] + () t=2]
max (1 + k; 1+ () 1
L+k@ o) )=A;
and
1+ () =2+] +q) t=2
max (1 + k; 1+ () 1) A

The above results, together with (3.20), yield

_ — —n+ Lo —n+ Ll
Ri W+ Ry T RLT o+ Ry
=n;" —=n;" —=n;" . —=n;"
(3.21) Ryj 1 +(1 ) Ry +iRg + Rijn

Summation of (3.21) overj gives (3.14). This nishes the induction and the proof of
this lemma is thereby complete. O

Having the above lemma, we are now ready to state and prove the following
theorem on the uniform boundedness of the relaxing solutionSL(’-”;" v ).

Theorem 3.1.  Under the subcharacteristic condition (3.9), the numerical solu-
tions (uj“’ :vi" ) of the relaxing schemg2.1) satisfy the following estimates:

TV-stability:
n;" X n;" n 1
TV(U : ) = - uj :0'1 U] EM ’
(3.22) - B
= n; n; )
TV(V™) = | Vile Y 7|\/| '
11 -stability:
(3.23) supju™ j }M ; Supjv™ j ip aM -
j ! 2 i J 2
|1-stability:
X x o
(3.24) ju™ij x  2kugk,:; v x 2 akugki::
i

i j

Proof. The TV-stability (3.22) follows directly from the transformation ( 3.2) and
Lemma 3.1. The TV-bounds and the factsu” ! Oandv ! Oasj!1 leadto

the I* estimates of the numerical solutions. We now need to prove thé!-stability
(3.24). Using the assumptionsf (0) = q(0) = 0 and the mean value theorem for
f (u"*1") and q(u"**") in the scheme (3.3) we obtain

@+ ) FRYY (+dl) ERY =R
(+d0) 2RI v@r ) ERY = RY
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with
_k )
=5 1 —p? 0;
_k fA)
(3.25) =3 1+49§ 0;

where and are intermediate values betweerujn+l " and 0. Similar to the proof for
(3.11) we can obtain from the above equations that
REji+iRg T x
iRE M+ RS X
RY I+ IRZ;T x:
]
By using the relation u = RY; + R}, , we have
X st X LAY = 1
jujox IRy I+HIRZ ) X
R0 L 0
IR IT+HIR) X

X W)
ju
j
X i i .
1+Jf0(5)J jujo;j X 2Kugk 1 :

Similarly, using vj”;" =P

a(RY; RY) leads to the second equation of (3.24). O

4. Convergence Analysis. In this section, we will discuss the convergence of
the relaxing scheme. In order to carry out the convergence analysis, the continuityf
the numerical solution in time and the di erence betweenv™" and f (u™" ) need to be
investigated.

Lemma 4.1. Under the subcharacteristic condition (3.9), the solutions of the
relaxing scheme(3.3) satisfy:

1 " i >
RT;; Rg;j + Rg;}r Rg;j X
(4.1) i D
2K kugk_ 1 + (K +3" a)M tt n 2 Ng:

Proof. Set R?jﬂ R L

b fi ; 1=1;2. Substracting (3.3)" from (3.3)"*
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gives
8 t t
1+ )5 R )5 Y
2 2
=Ry Y = R+ ORY
4.2)
t oL t o
% + o )7 R?;jl' + 1+ o )7 IQg;jl'
CERY = Ry e R
where
k f9) k f9)
= — - . = — + - .
2 1 PR T MR
and s an intermediate value betweeru** " and u?'. Thereforej j M =2 by (3.23).
Thus the subcharacteristic condition (3.9) implies 0; 0. Using the techniques
similar to those used in the last section we can show that
X X
(4.3) |+t = RYYT + R R}, + R}

i i
Now we need to estimatel . Using (3.3) and (3.4), i.e. the relaxing scheme foR}"
and Ry, with n =0 we obtain

. o o o o
' Rije Ry + Ry Ry

. P
+ kR RE f(Ry +R;)= a

(4.4) j
X i 1;"
+ g ngj + szj t
i
= 1+ 1)+

The initial condition v = f (u)") in (2.2) is equivalent to
0" RO" 0", ROz 0.
(RZ:J' Rij ) f (Rl;i + Ry )= a=0:

Using the above identity we obtain
h p_i
k R Ry f(Ry +Ry)= 2
h [
< REORL TR +REPARYORY 1Ry +RY)a

— i L.
= 2JR1;]’+2 iRZ;j'

with
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where ; is an intermediate value betweenu” and u* . Therefore, it follows from
the subcharacteristic condition (3.9) that

o ;v 5 k J; 4 k
Using the relaxing scheme (3.3) withn = 0, we obtain
i
<R ORE 1 R Ry Pa
— o;" o;" o;" o;"
= 2 j(Rl;j +1 Rl;j)+ J'(R2;j RZ;J’ l)
h 1" 1 1 i p —i
k(j+ §) Ry Ry f Ry +Ry = a
+( A R +Ry
which gives that
p

1" 1;" 1;" A
45) k Ry Ry f Ry +Ry = a
' 2k 0;" 0;" 0;" 0;" k 1" 1"
T+k Rus Rgp + Ry Rojy + - 0 Ry + Ryt
Summation of the inequality in (4.5) over j gives
1 k 1 1
(4.6) 12 1 21t

Using the de nition of the discrete initial data (2.2), the assumption on the source
term of K gqu) 0 and the relaxing scheme omj”' (2.1) with n =0 we obtain

@ O R RE RYRY

where is an intermediate value between 0 andel;". Therefore,

G e R R 4R RY
and
13 = qu) X
i
X .
K ujl' X
X X
(4-7) K Ui x+ xRy Ry o+ Ry Ry
i i
X Z O.vl 0.u
K up(x)dx + K XTV Ry Ry

i
K (kugky 1 + XM =2)
Substitute (4.6) and (4.7) into (4.4) gives
1 1
ol T
(4.8) 2K kugk i1 +( K +3 )M ;

1 1 1
21+ 11 +1]
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provided that x 1. Then the estimate (4.1) follows from (4.3) and (4.8). O
By the transformation (3.2), the following corollary is an immediate consequence
of Lemma 4.1.

Corollary 4.1. Assume that the subcharacteristic condition(3.9) holds. Then
the solutions of the relaxing schemg2.1) satisfy
X n p_ 0
(4.9) ut ™t U™ x 2Kkugkp: (K +37 @Mt
p_n p_ O
(4.10) vt v x0T a 2Kkugkr +(K - +37 @Mt

]

Next, we consider the di erence betweenv™ and f (u™"). The following result
will be useful in the convergence analysis fol' tends to zero.

Lemma 4.2. Assume that the subcharacteristic condition(3.9) holds. Then the
solution of the relaxing scheme 2.1) with initial data (2.2) satisfy
kv f (U )k, = vl X
(4.12) i
Pa 2Kkugk : +(K +4P @M

Proof. It follows from the second equation of the scheme (2.1) that

X P3 X X
X+ —— Uty Ul g x+ 3 Vi 2 +v g ox
j i j
Note k = t=" and 2 (0;1). Then the desired estimate (4.11) follows from the
BV-boundedness ofu™" and v™" and Corollary 4.1. a
We are now ready to state and to prove the following main theorem of this sectin.

Theorem 4.1. Under the subcharacteristic condition (3.9), the solutions of the
relaxing scheme(3.3) converge to the solutions of the relaxed schen(@.3) as" tends
to zero for xed t. Furthermore, the solutions of the relaxed schem¢2.3) satisfy the
following estimates

(4.12) ku" ki %M; kv k1 %péM :
(4.13) TV (") %M : TVV") %péM :
X
(4.14) uttooul x 2K kugker + (K +3pé)|v| t;
(4.15) an+1 vt pé 2K kugk, 1 + (K +3p5)M t;

for all nonnegative integern.
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Proof. De ne the linear interpolant of the relaxing solutions:

U™ (x);v™ (x)) = an; ;an; x;  x=2x;+ x=2)(X);
i
where [5p) is the characteristic function on the interval [a;b). It follows from The-
orem 3.1 that (u™ ( );v™ ( )); n 2 No are bounded piecewise constant functions of
bounded variation uniformly with respect to n and ". By Helley's theorem for each
xed n and a standard diagonal process, there exists a subsequenag:{i (x);v™" i (x))
such that (u™" i (x);v™" i (x)) converges to a piecewise constant function

X
(un(x);vn(x)): (ujn;an) [X; X=2Xj + x:2)(X)
i

pointwisely for n 2 Np as"; ! 0. Therefore " ';v" ') converges to (';v") as
"il O0forj 22Z,n2 Np . Furthermore, it follows from (4.11) in Lemma 4.2 that
X _ _
(VAR VA Pa 2K kugk; + (K +4pa)M
j
Then by letting "; ! 0 we obtain
X

which implies that

(4.16) v = f(u') forj2Z;n2 No:
Then taking the limit "; ! 0 in the rst equation of the relaxing scheme (2.1) we
obtain

4.17) UMt U+ 5 Vi Vv 5 Uy 20)+ U =qut ot
The above two equations are exactly the relaxed scheme (2.3). The estimated.(2)-
(4.14) for the relaxed solutions follow from the results in Theorem 3.1 andCorollary
4.1 . O

Remark 4.1. Note that u;v! is uniquely determine by the relaxed scheme

1l .
(2.3) and initial data (2.4). So the whole sequence u?' ;vi" converges to arvh.

]
Remark 4.2. Consider the piecewise constant function
X X
u (x;t)= an [Xj x=2xj+ x=2) (x) [tnitn+ )(t) ;

i n
for 1 <x< 1;0 t< 1. Using the estimates foru? in Theorem 4.1 and
standard arguments of Helley's theorem, see e.g. Chapter 17 Smoller [15], we can
show that the solution u (x;t) given by the relaxed scheme (2.3) converges to the
entropy solution of conservation law (1.1).
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