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OPTIMAL ACCELERATION OF CONVERGENCE

ARIEH ISERLES Y AND XIAOYAN LIU 2

Abstract.  In this paper we investigate the quadratic model
bTu+uTCu.
alu
which generalises the Shanks transformation and the famili ar Padc model, to accelerate the conver-
gence of a sequencef uy Ok2z,- IN the new model,

u' =[uojug;:::;unl;

a;b 2 R and C is an (n+1) (n+1) Hermitian matrix. (Note that, although u might be
complex, we use the transpose u', rather than the adjoint u .) Let us assurpe that the original
sequence is obtained from the dynamical system z 7! f(z), where f(z) = u + k=1 % K(z )k

is analytic about its xed point ~ u 2 C. Suppose that ug = 41+ " and ux = f K(up). It is easy to
show that b = 0 and a =2 C1: We give an iterative formula for the construction of the matr  ices C.
Furthermore, we discuss the rate of convergence, inclusive of the special case when the xed point is
at 1 .

1. The quadratic model.  The starting point for the Shanks transformation is
that, given a sequencef uxg,, z+ , We construct the function

G(2)= uo+ (U Uk 1)Z*
k=1
and take the [N=N] Pace approximantto F at z =1 as the “accelerated' limit [1].
Its obvious generalisation is to consider

2 3
X X )
G(z) = 4 ( l)m ! m;j Uj 5zm
m=0 =0
and its sections
3
XX )
Gy = 4 (1" gyuSz™
m=0 j=0

Having xed n, we stipulate that GI"I(1) = u,. Thus,
2 3

X )
4 (D™ ndu = ug
j=0 m=j

and, since we want the coe cients to be independent off uxg,, 7+ , we stipulate ., =
1 and

X )
(1.1) (D)™ ) my =0; j=0;%::5n 1

m=j
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16 A. ISERLES AND X. LIU

This is our rst model, and we call it the Pade model.
Another general scheme for convergence acceleration is bgtling the accelerator
be

bTu+ uTCu
(12) —

where

ab 2 R"™ andCisan(n+1) (n+1) Hermitian matrix. Note that, although u
might be complex, we use the transpose ", rather than the adjoint u . We call this
the quadratic model.

2. The quadratic model. Let us assume that thg,original sequence is obtained

from the dynamical systemz 7! f (z), wheref (z) =4+ [, & «(z 0)%is analytic

about its xed point “u 2 C. Suppose thatup = 4+ ". Then, expanding into series,

up =M+ 1"+ 3 "%+ O("%);

U=+ 2"+ 3( 1+ §) "2+ O("%):

Generally, we have (except when ; = 1)

1 k
1) uc=frO+)=ue (g LT P O(Y) k22T

wheref ¥ is the kth iterate of the function f. Set

bTu+u'Cu.

V= aTu

The order of convergence acceleration (equivalently, the order of querattractivity at
the xed point) is the integer p such that

V(") =1+ O("PT):

The condition for p 0 is that V(0) = . Let

Pl 2 1T 27
(for convenience,pg = 1).
The "0 condition is
b"10+ 17 C10% = a' 103
and we deduce that
(2.2) bT1=0; 1"cl1=a"1:

We turn our attention next to the " condition: it is

bTpy+21"Cp10= a p;10:
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We rst deduce that b" p; = 0, and this implies b = 0. Hence, no need to elaborate
or mention any further that vector. More interesting consequence of equating powers
of 1is

(2.3) a=2C1l:
Comparing with (2.2), we deduce that
(2.4) 1"Ccl1=a'1=0:

Thus, we need to go further, considering the'? terms, to argue that p 1. This gives
(for 1 6 0 { otherwise the analysis is even simpler!)

TCpy+t—2 Tci1=0——2 Ta
p1Cp1 a 1)(|01 P2) 20— 1)(|ol p2)

(1
and (2.3) means that thep 1 condition is just
(2.5) q'Cq 0 forall q=[1:9:¢:::;9"]"; q2R:
Hence
XX
k=0 "=0

and (2.5) can be alternatively expressed as

X
G k=0; =055

(2.6) X'§=°
G+ k=0; =n+1;:::;2n

k="n

Recall from [2] that there exist numbersf - : " =1;:::;m;m=1;2;:::gsuch
that
|
X X o
fX@)=n+ mo ¥
m=1 T=1

(we exclude the cases of; = 0 and of ; being a root of unity). Consequently, and
exploiting 17 C1 = 0, we obtain
!

X
(2.7) u'Cu=2% m:17Cp- "M
m=1 ‘61 1
XX Ik Xk ;
+ @ k' m kj P ijA nm
m=2 k=1 =1 j='1
XX '
(2.8) 1"Cu = m:1TCp "M:
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Let
w™:="1u"Cu 2¢1"Cu :

Then a necessary condition for ordemp is that W (") = O("P*') (recall that both the
numerator and the denominator are O(")). Clearly, this is also su cient if the O(")
terms therein are nonzero. Comparing (2.7) and (2.8), we ha
0 1

R X Xk mxt ok .
(2.9) W(") = @ k' m+1 kj PTCp AT

m=1 k=1 =1 =1

X myt omxd

= k' ome ki PTCpt™:

m=1"=1 j=1 K="
Moreover,
" P, P |
V() = ] 1;11TCp1+ ]n.1:1 m:Il m+1;\1TCp\ mo4 %W(").
= 5 ,
l;llTCpl+ r]h:l m:Il m+1; 1TCp "m

hence the method is of order at leasp if 1" Cp; 6 0. Thus, the order is degraded for
all 1 if C1= 0 and it might be degraded for particular values of ; if C is singular
and p; is an eigenvector corresponding to the eigenvalue 0. We impse in the sequel
the requirement that C1 6 O (i.e. that C is nondegenerat¢, W.L.O.G..

As we have already seenp 1 only if

%;1PI Cp1=0:
Consequently, we requireq" Cq 082 R. The necessary condition forp 2 is
2 11 21P1Cp1+ 22p1Cp2 =0;
hence we deduce that
(2.10) 9:1Ca:  aiCaz O

where

3. The General Case. We consider nextp 3. The conditions (2.10) are still
necessary and the third-order terms are

(2 11 31+ 31)P1Cp:
+2( 11 32+ 21 22)P1Cp2
+2 11 33P1Cps+ 5.,P;Cp2;

since (2.10) impliesgq} Cq, = 0 (note that q2(q) = q1(¢?)). Hence we require just one
more equation,

(3.1) al Cqs = 0:
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Generally, by the similar reasoning, we need
(3.2) qi{ Cqi =0; i=1;2:0p;

for order p. We know that the matrix C cannot bep p, it has to be larger. In the
following proposition we will prove that for N = p(p + 3) =2, the smallest matrix C
satisfying (3:2) is (N +1) (N +1). A lemma is required rst.

Lemma 3.1. Let C be a symmetric matrix, and

C= [ak ]k;‘ =0:1;K s a(t; S) = ¢ tkS‘ :
k=0 "=0

If a(d;q)=0;1 i j,iandj are relatively prime, then (t' sl)ja(t;s):

Proof. Let us consider the coe cients ay.- of a(t; s). Since

oxex
0=a(d;d)= ax d° d
X k=0 "=0

= (A + & i+ + Ak 2ire2j F i A gt wg )T
every coe cient of ¢**" hasto be zerofor0 k K,0 ° K. That means,

using the fact that gcd(i;j ) = 1 (hence each coe cient appears only in one equation)
that

A ta i+ tak 2 +2j t it A uip vy = 0;

where all subscripts are bounded by 0 an&K . Notice that there are complex humbers

Ui o +Uuj

I ths + ay i;‘+itk ‘st + ay 2i; +2]tk As 20+ T A i +y t
th UstU (agt's T+ by)(agt's |+ bp)  (aut's |+ by)
th Us (gt + byl )(aot' + bpsl)  (aut' + busl):

Substituting t =1 and s =1 we get

S

O=a +ak ip+j*a 2i042j+ +a w+g =(aa+b)(az+ ) (ay+ by):

One of (an + by )s must be zero and, without loss of generality, we assume that is
the rst. Hence a; = Iy (notice that also a; could be zero) and

Ui o +Uuj

a ths tae it s e g ath sl +a syt Us

=th Usat' ) at + bd) (aut' + hd):

Let u;v be integers suchthat 0 K vi<i and0 K uj<j , respectively. We
deduce that (the second sum being unique, because of g¢d() = 1)

XX .
a(t;s) = a- ts
k=0 "=0
Xt xE X Kot kai @ Kit( ko 1)ig1+]
= [ @riai £7IS 2+ Bk, i e 170 D2

k1:0 ‘1:0 k2:O
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kit( ks 2)ia 1+2]j
+ Aa(k, )i 42 1T Dls 124

ki+t(ka k2)ig 1t kaj
Bk ki an ko 1T s 1)

xu
kit vig 1+ 2] ki+(v 1)ig 1+( 2+1)j
+ (B vi 4, 1T VIS 2]+ak1+(v 1)i;‘1+(‘2+1)jt1( Jigit(T2+1) ]
|2:l

t &q(v )i 1+(\2+2)jtk1+(v ANgrrlard] 4

+ 8, «( WUt 1 ghar(v ur2ligaruy)
=(t" ¢)  bets
where if a subscript ofa,.: is > K , then the ax. in question is de ned to be zero.O
Proposition 3.2. Let Np := p(p+ 3)=2. The smallestC satisfying the system
of equations
(3.3) q1Cqi =0; i=1;2:::;p; where q =[1;9;¢”;:::;q"]";i22Z";q2R

is (Np +1) (N, +1). Furthermore, let Cy, be the smallestC corresponding top,
then we can constructCy, from Cy, , according to the following prescription.

2 3
001
Cn, = 50 2 0%,
100
2 3 2 3
e =400 Ny 1 Opy) 5,4 Cven Ong ) g
(3.4) “Np ~
Cnp 1 Onp o (p+) Op+1) Ny 1 Opy) (pr1)
2 3 2 3
O11 O1n,;, O1p Opp Opnygs Opa
goNpl 1 CNpl ONplpé ONplp CNpl ONpllé;
Op1 Opnygy Opop O1p O N,y O11

wherep 2 andO; ; is a zero matrix of orderi j. Furthermore,

Yp
(3.5) vo(@:=1TCy,qs=(1 9° (1 d):
k=1

Proof. We proceed by induction. By direct calculation, q] Cn,q1 = 0:
Assume ne xt thathCNp .qi=0fori=1;2;:::;p 1. Then

9iCn,di = **aiCn, .G + ai Cn, ,d® P ai  g'aiCn, ,dq
cPaiCn, .d Pai =0;
fori=1;2;:::;p 1 Furthermore,

41 Cn,dp = g7 Cn, ,0p+ g7 Cn, ,&PPYa, g'gfCy, ,0Pqp
a°q1 Cn, .9 Pgp =0:

Henceq] Cn,Qi =0; fori=1;2;:::;pand any positive integer p.
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To prove that Ny is the smallest number such that there is at least one non-trial
C satisfying (3:2), we write S=[1;s;:::; s”]T and
bh(q;9=qiCn,S; i=1;2:::;p:
Then by our assumption
b(g;d) = a1 Cn, Qi =0; i=1;2:::;p:

Hence, by the Lemma 3.1, § d)jb,(q;9; i = 1;2;:::;p: Note that by(q;9) is a
symmetric function of q and s, thus

\p
[(s d)a sikp(a;9:

k=1

On the other hand, by our recursion,

bi(q;9 = qiCn,S= o 2sq+s°=(q s)(q S);
by(g;9 = di Cn, S
¢*'giCn, .S+ 0iCn, ,s""*'S doiCn, ,SS dqiCn, ,s°S
= (Pt + " gs PsP)g]Cn, .S
=( s)a sk 1(a;9
= Y [(d s)(g s (by induction)
k=1

\p
=( 1 I(s dY)a s

k=1

Thus by(q; 9) is the lowest degree(q; s) satisfying our assumption. The highest power
of s or g in it, which corresponds to the smallest degree of matrixC, is

Np=p+1l+2+ +p= %p(p+3):
The next statement is obvious,

¥ ¥
V(@) = bp(a;) = [ (@ 1I=@ o @ d

k=1 k=1

The proof is complete.O
To ensure that

W(") =" LyTCu 2#1"Cu = O("p+1);

it is necessary that (3.3) holds. However, fop = 4, (3.3) is not su cient and we need
one more equation,

(3.6) 43 Cqs =0:
Generally, to guaranteep 4,

(3.7) q/Cq =0; 2 i+j p+l; 1l ij p
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have to hold too. Thus, whenp gets larger, our matrix C gets quite large. Fortunately,
it is still possible to construct C recursively.

Theorem 3.3. Let
Jp:=fk:1 k [p=2]; kandp+1 k are relatively primeg=: fky;kz;:::;Kky, 0
wherek; =1 and J, is the number of elements inJ,. Let

Mi=2;
Re2] pH Kk

Mp=Mp 1+ Jp(p+1)= C+ky; p 2
k=1 *=k; ged( ;k)=1

ai(t;s)=(t 9)%

ap(t;s) = ap a(t;s) (19 P )Pt K 8N

j=1
[y=2] pHy K . . X Mo o

= (t Sk s):= Gt p 2
k=1 "= k; ged( 'k )=1 i=0 j=0

Then C =[c; Jij =0;1;::m , IS the smallest matrix satisfying (3:7).

We can construct C by the following recursive scheme. Let

3
0O 0 1
Cu,=40 2 05:
1 0 O
or ; let q = 1+ i(p+1); i =0;1;:::; 3, = 3., and set
For p 2 let My, Mp i(p+1); i =0;1 Jp, Mp Mp., d
Cmyo = Cm, ,- Thenfori=1;2;:::;Jp,
Cui= O®D My o Oy v Omy w vy Cwy
> o OMe 1 Omy o o) Opsn 1) Oy i
Oki Ki Oki Mpi 1 Oki (p+1 ki)
4 OMp;i 1 ki C:Mp;i 1 OMp;i 1 (p+1 ki)

O+t k) ki Ot k) My 2 Ot k) (pr1 k)
Op+1 k) (pr1 k) Oprt k) My 1 Ot k) K

Owm pi 1 (Pl ki) Cwm pi 1 Owm pi 1 Ki
Ok (p+1 ki) Ok Mpi 1 Ok
Furthermore,
ye [y=2] prg k i
V(@)= vp 2@ (T gL ot )= @ a)@a d:
i=1 k=1 “=k; ged( 'k )=1
Proof. The proof is straightforward. Suppose 1 i p;1 j p;2 i+]

p+1:1f gcd(i;j ) = 1, then the factor (t'  §') is a divisor of ay(t; s), thus

a7 Caj = ap(df;q) =0:
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On the other hand, if gcd(i;j ) = 2theni=k ,j =1 and1l Kk;l<p; 2
k+1<p +1, and we still have

a7 Cq; = arCai = ap(d;q) =0

Hence (37) is satis ed.

Furthermore, our Lemma 3.1 guarantees thatC = Cy, is the smallest matrix
satisfying (3:7).

We can get our recursive scheme foC from the recurrence formula for ay(t; s).
The last statement is obvious consideringvp(t) = a,(1;t): 0

Asforn M, +1, we can nd more than one matrix C that satis es (3:7).

Proposition 3.4.  Let G} be the space of matrices satisfying3:7). The dimension
of @ is(n Mp+1)(n Mp+2)=2, where M has been de ned in Theorem 3.3.
Furthermore, for xed p and My, we can construct a base off in the following way.
There is one element, up to a constant multiple, indf'" as constructed before, which
we write asCy,. All the three elements in(‘,ﬁ""+1 can be written in the form

c® - O1wmpyu 0 + Ompsr 1 Cuy
Mp+l Cm, Owm,+ 1 0 O1 mp#a1
c@ _ 0 O1 wmyn . c® - Cv, Owm,+1 1
Mp+l Om,+1 1 Cwm, ’ Mp+l O1 m,+1 0
Furthermore,

1"Cm, 01+ 17Cw,qd1 = (1 + Q)Vp(a);
1"Cm,qd1 = qv(0);
1TCMpQ1 = Vvp(Q):

For generaln M +1 we can construct a base off} by recursion. LetL = n My
First we construct one matrix of (Mp+ k+1) (M, + k+1) by enlargingCy, in the
following fashion,

0 1
v @=17cy
1 2
v @=17Cc

Vi (@ = 17CH

0 _ .
CMp;O_ E:Mp’

4
0

C(o) = ((.%1 Mp+k 0 + OMp+k 1CIE/I)prk 1k 1

M+ ok Cvovk 1k 1 OMpk 1 0 O1 m,+k

for k =1;2;:::;L. We augment each to a matrix of sizgMp+ L +1) (My+ L+
1) by addingL  k zero rows and columns as follows, whereby they are all lindgr
independent.

2
O Oi m,+k+1 O L ki
i 0
Cli/ll)p+L;k = 4-Ol\/|p+k+:|. i Cls/l)p‘*k;k OMp+k+1 L Kk |5,
OL kii OL ki Mp+ke2 OL ki L ki

i=0;1;:::;L ki k=0;1;2;:::;L

Correspondmgly, vor(q) = 1TC,E,i,)p+L;k i = d@+ g vp(a), i =0;1;2;:::5L kK,
k=0;1,2:



24 A. ISERLES AND X. LIU

Proof. Let C 2 Cg and

bg;9) = qiCS:
Then, according to the lemma,
[y=2] prE k i i
(@ s s)iba;9:
k=1 *=k;gcd( ;k)=1
Hence
[y=2] prr k i i
b(q; 9 = (@ SN s)r(a;s;
k=1 *=k; ged( ;k)=1
where r(s;g) is a polynomial of degreen M;, in two variables. There are
(n Mp+1)(n Mp+2)=2 unknowns forr(t;s), that is the upper bound for the

dimension of G . It is obvious that our construction gives (n = Mp+1)(n  Mp+2)=2
linearly independent matrices. Thus our assertions are tre. 0

Theorem 3.5. If we chooseC 2 C,.[V"’ as in Theorem 3.3 orC 2 C} as in
Proposition 3.4, then the quadratic model
u'Cu
21TCu
has at least orderp, unless 1 is a root of unity.

G(2) =

Examples. Forp=2, n=5, (32is

0000013
00 0 1 20
00 2 1 10
(3.8) 011 20 '
0 2100
10 0 0 00O
For p=2, n =6, all the Cs are
2 3 2 3 2 3
000 0 O 0O 00 0 0 010 00 000 01
000 0O O O H 00 0 1 200 00 001 10
000 0O 1 20 00 2 1 100 00 011 10
000 2 1 104; 0 11 2 0005; 00 121 0 0G:
00 11 2 O 0 21000 01 110 O
00 2 10 O 10 0 0 00O 0 1 100 O
010 0 0 0O 00 O 0 00O 10 000 0O
Forp=2, n=7,the Cs are
2 3 2 3 2 3
000 0O O 0O0O 00 0O 0 0100 00 000 O10
000 0 0 01 00 0 1 200 00 001 100
000 0O 1 200 00 2 1 100 00 011 100
000 2 1 1004, 0 11 2 0000, 00 121 00
00 11 2 000 0 2 10 00005 0 1 110 0004
00 2 10 00O 10 0 0 00O 0 1 100 0O
010 0 0 0O 00 0O 0 00O 10 000 0O
000 0O O 0O0O 00 O 0 0O0O0O 00 000 OOO
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2 3 2 3 2 3
0000 0 0 OO 000 000 0O 00 0000 01
0000 O O O 000 000 O 00 000100
0000 O O O 000 001 10 00 0002 10
0000 0 1 204, 000 011 10 00 0210 O
0000 2 1 104 000 121 0G’ 00 0120 O
000 11 2 O 00 1 110 O 0 1 2000 O
000 2 10 O 00 1 100 O 00 1000 O
0010 0 0 0O 010 000 0O 10 0000 00O
Finally, forp=3,n2=9, the matrix C is 3

00 0 0000 OOO1

00 0 00O 11 20

00 0 01 2 2 110

00 0 2101 2 10

00 1 1210 2 0

00 2 0 1 2 110

0 1210 1200

0 11 2 21000

021100000

10 00 00 O0OOO

Let us study next the attractivity of Gy (2).
Theorem 3.6. Given p > 0. Let
Jp=fk:1 k [p=2]; kandp+1 Kk are relatively prime g= fki;kz;:::;ky,0;
Sp = kit +Kky,;
Kp=S1+ +8Sg
wherek; =1 and J, is the number of elements inJ,. If f(z) is super-attractive of

degrees 1 at the xed point 2, then Gy ,(z) is super-attractive there of the degree
2(s+1)Ke 2.

Proof. Without loss of generality we suppose thatz'= 0. If

f(z)= oz°" + O(z°");

then by induction we have
£ m (Z) = Z(S+l) m + O(Z(S+l) m 41 ):
Note that
uTCu.u P-.- ci f 'f i
GM p (Z) = T : = ! i .
21TCwm,u 2 g 6f

By the construction of Cy, we can see thatc;; =0for0 i+j 2(Kp,) 1and
Ck,:k, 6 0: Among the terms of ¢; f 'f J the smallest power ofz is I:i)n the form
Gj z&D (5D whens 1, for 2K, i+ 2M, . Furthermore, 1% coj =
Com, = 1. Thus,

kK, B z2ED T 4 O(Z2sHh Ky
GMp(Z): e Ko

Com,Z + O(z?)

= Gk ﬁpzz(s"”“ Ly O@z2s0 ")
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Corollary. Let
u’ Crg?o "y

Gp(D)= —m W
P 217¢{y Moy
with C,(]?O M) as in Proposition 3.4, then if f (z) is super-attractive of degrees 1 at

the xed point 2 then Gn., () is super-attractive there of degree2(s +1)" Me*K»
(s+1)" M» 1,

4. The xed point at 1. Letf be analytic for jzj l1andl12 F;. Assume
that
X

f(z2)= oz+ M KZ
k=1

k+1 .

For the time being, we assume that ¢ is neither zero nor a root of unity. Then the
Taylor expansion off ™ about 1 is

X 1
f "(z2)= Jz+ F(km)z K m=1;2:0n
k=1
According to Iserles [2], there exist numberDy.; 1 =0;1;:::;k, k=0;1;:::, depen-
dentonf kgi.; but noton m, such that
X
(km+1) — Dk;l I(m):
1=0
Moreover, Dyx = é k, k=0;1;:::. Let
B11=1;
1 X!
Bkt = —=« Dy; B ; =2 k3 kj:iijl, k=1;2::;
0 0 j=1 |

xt
Bk1 k= ¢ *(« Bl 0); k=1:2::::

Then
(km): Bl & km=0;1::::

Therefore if p] Cp; =0; 1T Cp; 6 0; then

u'Cu _ piCpiz®+2B101" Cpiz+ O(1)
LI

21TCu 21TCplz+ L i:l % =1 K B 1TCp|Z k+1

G(z) = = Byo+ O(z 1):

In the case whenl is a super-attractive xed point of f of degrees, we write

f(z)= oz°+ O(z° Y):
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Then
f"@)= Mz" + 0" b

Note the highest power amongzsi"sj ,forl i Mp, must be located ati = M,
or j = Mp and the fact that in the matrix Cy,, Cv,;i = ¢m, =0forl i M.
Therefore we get

u'Cv,u _ . Gif '@f 1(2)
21TCw,u 2 cif (2)

_ 2o0m, o 2+ 0@")

Gwm,(2) =

=z+ O(1):
2com, "7z + 0@ 1)
We have thus deduced the following result.
Proposition 4.1. If 1 is a xed point of f which is neither neutral with ¢ a

root of unity nor super-attractive, then 1 is not a xed point of Gy, (z) for

u'Cw,u

Cmy (D)= S7e, 4
P

Proposition 4.2.  If 1 is a super-attractive xed point of f with s 2, then 1
is a xed point with degree 1 of G, (z) for
u"Cw,u

Cwy (D)= 57e, |
P

For a generaln M, +1, we chooseCr(]?0 Me) 2 Cp andp 1, since

uTCo " e f @ 1(2)

a7cl, "y 2 o f i@

Gnp (2)

2¢, My (()n Myp) (()n)zs” Mpygn +O(an Mp g gn 1)
2Ch M,in é”)zs” + 0O(zs" 1)

M n M n M
- (()” p)Zs P + 0z P 1);

the point 1 is still a super-attractive xed point up to degrees" Me 1.

Proposition 4.3. If 1 is a xed point of f which is neither neutral with ¢ a
root of unity nor supper-attractive, then 1 is not a xed point of G(z) for

uTCu

6@)= 3i7cu

where C2CJ and p 1, n Mp+1:

If 1 is a super-attractive xed point of f with degrees 2then1 is a super-attractive
xed point of degree up tos” Mr 1 for the sameG(z) as above.



28 A. ISERLES AND X. LIU

5. The behaviour for 1 = 1. Supposing that

f(zy=z+ L.z
-
where, again,f ™ is the mth iterant of f, it follows from [1] that there exist constants
r- such that

0 1
X X1 . .
(5.1) f"2)=z+ @ rymAgz; m22z";
=2 =1
where
, 1
roo1= oo 5 TE2Enn

Suppose thatC 2 C. Dierentiating q] Cq;  Owith respect to g we obtain

q;Cai O
hence, lettingq=1,
(5.2) 1" Ck, = 0;
where
kl'=012 n ; 22z

Di erentiating again, we have
T
g1 Cai™+ ai Caqy =0;

hence, because of (5.2),

(5.3) 1" Ck, + k] Cky =0:
Because of (5.1), we have
0 1
R’ X1 .
u=1z+ @ ryKAz:
‘=2 j=1
Thus, taking (5.2) into account,
0 1
X X1 .
1"Cu= @ ry1TCkjAzZ;
=3 =2
0 1 -
X X1 . X X1IXx1 s
u'Cu=2 Q@ M ].TijAZ+l + I"l;j1[“2;1‘zijl(-:kaZ1+ 2:
=3 j=2 T1=2 T2=2 j1=1 jo=1

Recall that the function that we are iterating is

T
1U'Cu,

Gn(Z) = im
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In our case
1

r3,k]Cky+ O(z)
2r3;21TCk2 + O(Z) '

Gh(z)=z 1+

Thus, unlessk] Ck; =0, (5.3) yields
Gn(z) = 3z+ O(z%):

In other words, the xed point is merely attractive (not supe r-attractive!) and
G{(0) = % This is identical to the standard Ste ensen method [2].
The remaining case is

(5.4) kICky=1"Ck,=0:

Considering the third derivative of q] Cq; 0, we readily a rm (taking into account
(5.2){(5.4)) that

(5.5) 17 Cks +3k] Ck, = 0:
Now

r21rs.2k{ Cka + O(z)

= +
G (Z) z 1 r4;31TCk3 + O(Z)

Thus, because of (5.5) and unles&] Ck, = 0, we have
Gn(2) = 52+ O(z%)

and the situation is actually worse than in the previous case!
So, let us proceed a step further, replacing (5.5) with

(5.6) 1"Cks = k] Ck, =0:
Another di erentiation of g Cq; 0 gives
(5.7) 1T Ckg4 +4k] Ckz + 3k} Ck, = 0:

In the present case
!
1+ 2r2;1r4;3kICk3 + rg;zkg Cksy + O(Z)
2I’5;41TC|(4
2k] Cks + kI Cky + O(2)
1T Cky + O(2)

Gh(z)=12

1+

Thus, provided that 1T Ck,4 6 0, G,(z) = O(z?) if and only if
1" Ck4 +2k] Ckz + kj Ck, =0:
Substituting the value of 1T Ck,4 from (5.7) yields the conditions

(5.8) 1"Ck, 60; kI Cks+ ki Ck, =0:
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one-dimensional space spanned by (3.8), and the latter giwe
ki Cks+ ki Cky =2:
Likewise, for n = 6 we have
kICkg + k-zl-Ckz =4:
However, in the casen = 7 we have a two-dimensional space and

k-{ P1k3 + k-lz— P1k2 =8;
k.]l_- Poks + k-lz- Pk, = 2:

Hence, the only possible choice of (up to a nonzero multiplicative constant) which
is consistent with the second condition in (5.8) is

2 3
O 0 0 0 0 0 0 1
00 0 0 0 1 40
00 0 0 4 6 10
00 0 6 3 4 0 0
P=P 4845 0 4 3 6 0 0 0
O 1.6 4 0 0 0 0
O 4 1.0 0 0 0 0
10 0 0 0 0 0 0

Unfortunately, the rst condition of (5.8) is violated, sin ce 1T Ck,4 = 0. This, in fact,
is predictable { the function v for P is of the form
V()= vi(t) A= 1%L+t
Thus, d v(1)=dt =0, *=0;1;:::;5. But
v(l)= 17C1;

vY1) = 17 Cky;

vO{1) = 1TC(k2  ky);

VOO?].) = 1TC(|(3 3ko +2k;y)
and so on. We conclude thatl"Ck- =0, * = 0;:::;5. The general result can be
phrased as a theorem.

Theorem 5.1. Suppose that

\Z‘

R
f(z)=z+ l'

“=o

u'Cu
G(z) = >TTey where C2Cl'* and p L

Then

G(z)= ,z+0(z%) for p 1
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wherg , 6 0 for p=1;2;:::;5: Furthermore, letting L, = J1+  + Jp, it is true
that  ; .;,-p., k/,Cum,kj, 60 for p 6implies ;60:

Proof. Sincep 1, we have

0 1
X X1 .
1"Cu= @ ry1TCkAZ;
=3 j=2
0 1 .
X X1 . x X X1ix1? oo
uTCu=2 @ ry1TCkjAz*™+ gtk Ckyz 12
=3 j=2 T1=2 "2=2 j1=1 jo=1
We will prove that, letting ko := 1,
(5.9) kfCw,kj =0; for 0 i+j 2L, 1L
Let
a(t;s)=(t s)(t s)
[y=2]
2 (ts) = a 1(5s) GEECAED G
k=1; ged(k;p+1 k)=1

2 ek _
= (' sH(* S):
k=1 i=k;gcd(i;k )=1
Then, sinceay(t;s) has 2, factors of form (t s') and these factors are zero when
t=1and s=1,

ki Cm,kj = @ t@ t @@t t@@s S@@s s @@éap(t;s))
X

@t Ot -
0 1 t=1;s=1
'+j @+|
-2 , (t:s) + | ———ap(t; s)A
— plL k;l plbL
@I@S k+I<i +j;0 k ;0 I j @t@s t=1:s=1
=0; for 0O i+j 2L, L
Furthermore,
2 3
@Lp X @+I
1"Cu, ko, = 4=—a,(t;s) + kil =—=—ap(L; S)
’ ' @ PS k+l< 2Lp @t@s t=1:s=1
2 N K
=(2Lp)! ik 60:
k=1 i=k; ged(ik)=1
Consequently,
0 1
R X1
1TCMpU: @ I 1TCMka‘AZI

1=2L,+1  j=2L,
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2L,
- 72 1TCMpk2Lp22Lp+l + O(ZZLp+2)
0 1
X X1

uTCMpu =2 @ I 1TCMpij Z|+1

1=2L,+1  j=2L,

o IX 1 IX 1
+ Mg, K], Cu,y K, 2012

|1+|2>2Lp+l j1:l j2=2Lp j1

T 2Lp+2
2r2Lp+1;25€1 Cm, kopz®-r?
T 2Lp+2 2L, +3
+ rj1+1;jll’j2+1;j2kj1CMpkj22 p +O(Z p )
j1;j2>0j1+j2=2Lp
2L, X
— T 52l p+2 2L, +3y.
= —= K{,Cm,Kj,z7P™ + O(z"*™);
j1+j2:2|-p

where ko = 1: So we conclude
G(z)= pz+0(z%) for p 1
where , 6 0 if ;.5 5, k{,Cm,kj, 6 0. By direct calculation we can easily
deduce that , 6 0 for p=1;2;3;4;5. This completes the proof.O
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