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GALOISIAN OBSTRUCTIONS TO INTEGRABILITY OF
HAMILTONIAN SYSTEMS �

JUAN J. MORALES-RUIZ y AND JEAN PIERRE RAMIS z

Abstract. An inconvenience of all the known galoisian formulations of Ziglin's non-integrability
theory is the Fuchsian condition at the singular points of th e variational equations. We avoid this
restriction. Moreover we prove that a necessary condition f or meromorphic complete integrability
(in Liouville sense) is that the identity component of the Ga lois group of the variational equation
(in the complex domain) must be abelian. We test the e�cacy of these new approaches on some
examples. We will give some non academic applications in two following papers.

1. Introduction. The aim of this paper is to investigate the connection between
two di�erent integrability concepts: the (complete) integ rability of Hamiltonian sys-
tems and the solvability of the linear di�erential equation s (in the sense of the dif-
ferential Galois theory). This connection is given by the linearized equation along a
particular solution of the Hamiltonian system.

Now we will explain the historical motivation of our work.
During the last years the search for non-integrability criteria for Hamiltonian

systems based upon a study of the behaviour of the solutions in the complex domain
has acquired more and more relevance.

In 1982 Ziglin ([74]) proved a non-integrability theorem using the constrains im-
posed on the monodromy group of the normal variational equations along some inte-
gral curve by the existence of some �rst integrals. This is a result about branching
of solutions: the monodromy group express the rami�cation of the solutions of the
normal variational equation in the complex domain.

We consider acomplex analytic symplectic manifold M of dimension 2n and a
holomorphic Hamiltonian system X H de�ned over it. Let � be the Riemann surface
corresponding to an integral curvez = z(t) (which is not an equilibrium point) of the
vector �eld X H . Then we can write the variational equations (VE) along �,

_� =
@XH

@x
(z(t)) �:

Using the linear �rst integral dH (z(t)) of the VE it is possible to reduce this variational
equation (i.e. to rule out one degree of freedom) and to obtain the so called normal
variational equation (NVE) that, in some suitable coordinates, we can write

_� = JS(t)�;

where, as usual,

J =
�

0 I
� I 0

�

is the square matrix of the symplectic form. (Its dimension is 2(n � 1).)
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In general if, including the Hamiltonian, there are k analytical �rst integrals
independent over � and in involution, then, in a similar way, we can reduce the
number of degrees of freedom of the VE byk. The resulting equation, which admits
n � k degrees of freedom, is also called the normal variational equation (NVE) ([5]).
Then we have the following result ([74]).

Theorem 1 ( Ziglin). Suppose that the Hamiltonian system admitsn � k addi-
tional analytical �rst integrals, independent over a neighborhood of � (but not neces-
sarily on � itself ) We assume moreover that the monodromy group of the NVE contain
a non-resonant transformation g. Then any other element of the monodromy group
of the NVE sends eigendirections ofg into eigendirections of g.

We recall that a linear transformation g 2 Sp(2n; C) (the monodromy group is
contained in the symplectic group) is resonant if there exists integers r1; :::; rn such
that � r 1

1 � � � � r n
n = 1 with r1 � � � rn 6= 0 (where we denoted by � i , � � 1

i the eigenvalues
of g).

There are some historical antecedents of Ziglin's Theorem.Poincar�e gave a non-
integrability criterion, based on the monodromy matrix of t he VE along a periodic
(real) integral curve: if there are k �rst integrals of the Hamiltonian system, inde-
pendent over the integral curve, thenk characteristic exponents must be zero. And,
if these �rst integrals are moreover in involution, then necessarily 2k characteristic
exponents must be zero ([56], pg 192-198). Furthermore, in Poincar�e's work we can
also �nd the relation between the linear �rst integrals of th e variational equation and
the solutions of this di�erential equation ([56], pg. 168) In fact, Poincar�e results are
intimately related to the reduction process from the VE to th e NVE.

In 1888 S. Kowalevski obtained a new case of integrability ofthe rigid body system
with a �xed point, imposing the condition that the general so lution is a meromorphic
function of the (complex) time. In fact, as part of her method, she proved that
(except for some particular solutions) the only cases in which the general solution is
a meromorphic function of the time are the Euler, Lagrange and Kowalevski's cases
([34]). Lyapounov generalized the Kowalevski result and proved that (except for some
particular solutions) the general solution is single-valued only in the above mentioned
three cases. His method relies on the analysis of the variational equations along a
known solution ([39, 37]).

In 1963 Arnold and Krylov analyzed su�cient conditions for t he existence of
a single valued (but not complex analytical!) �rst integral of a linear di�erential
equation. And, under some conditions, they proved the uniform distribution of values
of the monodromy group on the corresponding invariant. Their proof is based upon
the properties of the closure of the monodromy group considered as contained in a
linear Lie group ([2]). We remark that this is not so far from t he fact that the Galois
group of the linear di�erential equation is the Zariski adherence of the monodromy
group (see below the sections devoted to the di�erential Galois theory).

Ziglin himself, in a second paper, applied his theorem to therigid body and ob-
tain that, except for the three above mentioned cases, this system is not completely
integrable. He also studied the problem of the existence of an additional partial �rst
integral and eventually included the Goryachev-Chaplygin case. Finally he applied
his method to the H�enon-Heiles system and to a particular Yang-Mills �eld. For
this last system, Ziglin proved the non-existence of alocal meromorphic �rst integral
independent of the Hamiltonian in any neighborhood of the hyperbolic equilibrium
point ([75]). In the present paper we also obtain the local non-integrability of some
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Hamiltonian systems in a neighborhood of an equilibrium point. But in our situa-
tion the equilibrium points can be degenerate (see below thesection 6 devoted to
applications).

In 1985 Ito applied the Ziglin Theorem to the non-integrability of a generaliza-
tion of the H�enon-Heiles system ([27]). From this moment until today many papers
appeared about this subject. We shall comment brie
y some ofthem.

Yoshida published a series of papers about the application of Ziglin theorem to
some homogeneous two degrees of freedom potentials with a invariant plane. For such
potentials he can project the normal variational equation over the Riemann sphere
and he get ahypergeometric equation([71, 72]. Later Churchill and Rod interpreted
geometrically Yoshida results as a reduction by discrete symmetries of the associated
holomorphic connection ([12], see also [6, 14]). There are also some papers oriented
towards the applications [24, 73, 26, 65]. In a forthcoming paper, using the main
results of the present article, we will improve Yoshida's results [49].

The di�erential Galois approach of Ziglin Theory appeared for the �rst time, in
an independent way, in [14] and [47]. The papers [51], [5], [15] and [52] followed. Two
applications of the theory (developed in [14]) to non-academic examples are [35, 59].
A common limitation of these works is the restriction to fuchsian variational equations
(their singularities must be regular singular). Here we overcome this di�culty. Our
basic idea is very simple: we get rid of the monodromy group and we work directly with
the di�erential Galois group. Another problem, inherent to Ziglin original approach,
is the separation between two types of �rst integrals: the �r st integrals useful in order
to make the reduction and the others. (Of course if we assume the involutivity and
independence of all the integrals, then from a theoretical point of view this distinction
is no longer relevant.) In fact if some integrals are independent over �, then the
di�erential Galois theory itself allows us to clarify the pr ocess of reduction (cf. 4.3,
4.4 below).

The majority of non-integrability criteria known to date do not take any account
of the involutivity hypothesis: only the independence of the �rst integrals is used. So,
if one excepts a Poincar�e's result quoted above, we exhibitmore or less for the �rst
time an obstruction to the complete integrability in Liouvi lle sense (taking account
not only of the number of independent �rst integrals, like in the works of Ziglin and
his followers, but also of their involutivity ).

We can express simply our guiding idea when we began to think to this problem:
if the initial Hamiltonian system X H is completely integrable (in Liouville sense clas-
sical in mechanics) then the VE must also be integrable (but in the di�erent sense
of the di�erential Galois Theory, that is the corresponding Picard-Vessiot extension
must be a Liouvillian extension, or equivalently the identity component of the cor-
responding di�erential Galois group must be a solvablealgebraic group). In fact we
eventually obtained a more precise result: in the complete integrability case the iden-
tity component of the di�erential Galois group of the VE must be abelian. Our proof
is based on an in�nitesimal method: we analyze the structureof the Lie algebra of
the Galois group. This approach is clearly allowed by the galoisian formulation of
Ziglin's theory: the di�erential Galois group is an algebraic group, and therefore a Lie
group. In Ziglin's initial formulation the (monodromy) gro up is not a Lie group and
it is impossible to use an in�nitesimal method. We remark that the di�erential Galois
group contains the monodromy group and therefore the Zariski closure of this mon-
odromy group. But, in the irregular (i.e. non fuchsian) case, the di�erential Galois
group can belarger than this Zariski closure. We stress the fact that in any search
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for non-integrability criteria the larger is the di�erenti al Galois group the better is
the situation.

We will apply the above non-integrability result to the fami ly of two degrees of
freedom Hamiltonian potentials

U(x1; x2) =
1
3

x3
1 +

1
2

(a + bx1)x2
2; a 2 C � ; b 2 C;

U(x1; x2) =
1
2

xn
1 +

1
2

(axn � 4
1 + bxn � 3

1 + cxn � 2
1 )x2

2; n 2 N ; n > 3:

In two forthcoming papers [49, 50] we will apply our non-integrability result to
various non academic classical situations (homogeneous potentials, N-body problems,
cosmological model...), getting not only new simple proofsof known results but also
many new results. The reader may check that in all these applications it is easy to
conclude using a uni�ed and systematic approach:

{1. Select a particular solution.
{2. Write the VE and afterwards the NVE.
{3. Check if the identity component of the di�erential Galoi s group of the NVE

is abelian.
As we will see, the step 2 is easy (in section 4 we will give an algorithm for

obtaining the NVE from the VE). Step 3 appears quite problematic in general, but
in many particular cases, as it will be seen in our applications, e�cient algorithms do
exist. (The prototype is the Kovacic's algorithm for second order equations.) In all
the applications that the authors know, the step 1 (which is shared by all the classical
proofs of non integrability) is achieved by the existence ofa completely integrable
subsystem (typically, by the existence of an invariant plane). Of course this is in
some sense unsatisfactory from a philosophical point of view: if a system is \as far
as possible" from integrability, then each integral curve will be pathological and our
method does not work. However in such cases the classical methods fail for the same
reason.

The paper is organized as it follows.
In sections 2 and 3 we recall the basic tools that we need (meromorphic con-

nections, symplectic connections, tensor constructions,elementary di�erential Galois
theory, Stokes phenomena,...) Most are well known, howeverwe need some comple-
ments that are detailed in three appendices. (These appendices are more abstract
and perhaps technically more di�cult than the main body of th e paper.)

In section 4 we recall the construction of the VE and we describe the reduction
process and the resulting NVE. This section contains an elementary but important
new result that is essential in the applications: if the identity component of the
di�erential Galois group of the VE is abelian then the identi ty component of the
di�erential Galois group of the NVE is also abelian (see Proposition 6 (ii) below).

Our central results appear in section 5. The �rst is Theorem 6. It is a purely al-
gebraic result whose proof relies on symplectic algebra (Poisson algebras) and musical
isomorphisms. It is used as an essential tool in the proof of our main results: The-
orems 7, 8, 9 (and their corollaries). These last theorems are variations (in di�erent
situations) of the central result already described: the non abelianity of the identity
component of the di�erential Galois group of the VE (or the NV E) is a criterion for
the non complete integrability (in Liouville sense).

Section 6 is devoted to some examples.
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2. Linear Di�erential Equations and Connections.

2.1. Meromorphic Connections. Linear connections are the intrinsic version
of systems of linear di�erential equations. Moreover with connections it is possible to
work with �ber bundles which are not necessarily trivial. A g ood reference for this
section is [66] (see also [17], [18], [29], [43]).

Let � be a connected Riemann surface. We denote byO� its sheaf of holomorphic
functions, by 
 � its sheaf of holomorphic 1-forms (corresponding to the canonical
bundle) and by X� its sheaf of holomorphic vector �elds. (We will identify vector
�elds with derivations on O� .) We have a structure of sheaf of Lie-algebras onX� .
There exist clearly natural structures of O� -modules on respectively 
� and X� .
There exists a natural map (contraction)


 � 
 O � X� ! O � :

! 
 v ! < !; v >

Let V be a holomorphic vector bundle of rankm on �. We denote by OV its
sheaf of holomorphic sections. Then aholomorphic connectionis by de�nition a map

r : OV ! 
 � 
 O � OV ;

satisfying the Leibniz rule

r (v + w) = r v + r w

r fv = df 
 v + f r v:

(Where v; w are holomorphic sections of the �ber bundleV and f is a holomorphic
function.)

By de�nition a section v of the �ber bundle V is horizontal for the connection r
if r v = 0.

If the connection r is �xed, then to each holomorphic vector �eld X over �, we
can associate thecovariant derivative along X

r X : OV ! O V :

r X : v ! < r v; X > :

It is clearly a C-linear map. If we denote by EndC (OV ) the sheaf of spaces of
C-linear endomorphisms of the sheaf of complex vector spacesOV , then we get a map

r : X� ! EndC (OV );

X 7! r X ;

such that

r X (v + w) = r X v + r X w;

r X (fv ) = X (f )v + f r X v; f 2 O � :

As, in general, in that what follows the �eld X will be �xed, we will write r
instead of r X .

We are going to computer in local coordinates. Let X be a holomorphic vector
�eld over an open subsetU of the Riemann surface �. Restricting U if necessary, we
can suppose that there exists a holomorphic local coordinate t over U such that

X =
d
dt

:
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Let e = f e1; :::; em g be a holomorphic frame ofU, i.e. the data of m holomorphic
sections ofV over U, such that e1(p); :::; em (p) 2 Vp are linearly independent at every
point p 2 U. Then we can set

r ej = �
mX

i =1

aij ei ;

being (aij ) a square matrix of order m whose entries are holomorphic functions over
U. We write r e = � Ae.

The matrix A = ( aij ) is by de�nition \the" connection matrix and it determines
completely the connection: if v is a holomorphic section overU, then we can write it
in coordinates

v =
mX

i =1

� i ei ;

where the � i 's are holomorphic functions overU, and we have

r v =
mX

i =1

(
d� i

dt
�

mX

j =1

aij � j )ei ;

i.e., the connectionr is represented in the local coordinatet and the frame e by the
linear di�erential operator

r := r d
dt

=
d
dt

� A:

Hence, we can associate to the solutions� 2 O m
U of the linear di�erential system

d� i

dt
=

mX

j =1

aij � j ; i = 1 ; :::; m;

the horizontal sectionsv of the connection

r v = 0 :

More precisely the map

� 7!
mX

i =1

� i ei

induces an isomorphism ofm-dimensional complex vector spaces between the space
of solutions and the space of horizontal sections.

In fact we are interested not only in di�erential equations ( or systems) with holo-
morphic coe�cients, but also in di�erential equations (or systems) with meromorphic
coe�cients, therefore we need to extend the above concept ofholomorphic connection
in order to deal with poles and consequently to introducemeromorphic connections.
We shall follow the section 4 of [66] (a more detailed analysis in the context of free
coherent sheaves can be found in [41])

Let � a connected Riemann surface andV a holomorphic vector bundle on �. In
practically all our applications the situation will be as fo llows. Let � � � be an open
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subset such that S = � � � is a discrete subset (the singular set). We will consider
meromorphic sections of the bundleV , and in general we will limit ourselves to sections
whose restriction to � is holomorphic. Then at any point s 2 S their components in
coordinates with respect to a holomorphic local frame are meromorphic functions in
a neighborhoodUs, which are holomorphic on Us � f sg, with a pole at s. Using a
local holomorphic coordinate t (vanishing at s) we can identify these functions with
elements of the �eld Cf tg[t � 1] (that is the �eld Cf tg[t � 1] with the �eld ks of germs
at s of meromorphic functions).

We denote byM � the sheaf of meromorphic functions over�, by M 1
�

= M � 
 O
�


 � the sheaf of meromorphic 1-forms and byL � = M � 
 O
�

X� its sheaf of mero-
morphic vector �elds. We have a structure of a sheaf of Lie algebras onL � . There
exist clearly natural structures of sheaves ofM � -vector spaces on respectivelyM 1

�
and L � . There exists a natural map (contraction)

M 1
�


 M
�

L � ! M � :

� 
 v ! < �; v >

Let V be a holomorphic vector bundle of rankm on �. We denote by M V its
sheaf of meromorphic sections. Then ameromorphic connectionon V is by de�nition
a map

r : M V ! M 1
�


 M
�

M V ;

satisfying the Leibniz rule

r (v + w) = r v + r w

r fv = df 
 v + f r v;

where v; w are holomorphic sections the �ber bundle V and f is a meromorphic
function.

If the meromorphic connection r is �xed, then to each meromorphic vector �eld
X over �, we can associate the covariant derivative alongX

r X : M V ! M V :

r X : v 7! < r v; X > :

It is clearly a C-linear map. Then if we denote by EndC (M V ) the sheaf of
C-linear endomorphisms of the sheafM V , then we get a map

r : L � ! EndC (M V );

X 7! r X ;

such that

r X (v + w) = r X v + r X w;

r X (fv ) = X (f )v + f r X v; f 2 M � :

Let r be a meromorphic connection over�. We will say that it is holomorphic
at a point p 2 � if, for every germ at p of a holomorphic vector �eld X the space
of germs at p of holomorphic sections of the �ber bundle V is invariant under the
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covariant derivative r X . Later we will consider connections which are meromorphic
on � and holomorphic on �. They can have poles on the singular set S.

If we want to compute in local coordinates in a neighborhood of a singular point
s 2 S, then we choose a holomorphic coordinatet at s (vanishing at s) and we write
our given vector �eld X = f (t) d

dt , where f 2 ks (in general we cannot write X as
d
dt , because the vector �eld X may vanish or admit a pole at the point s, as we will
see later: cf.section 3). Then using a holomorphic framee of V as above, we get a
di�erential system

r = f (t)
d
dt

� A(t):

We can introduce the meromorphically equivalent di�erenti al system

d
dt

� B (t);

where B = f � 1A is a meromorphic matrix over U.
We denote the �eld of (global) meromorphic functions over � by k� . It is impor-

tant to notice that every holomorphic �ber bundle over a connected Riemann surface
� is meromorphically trivialisable over � (i.e. globally, cf. Appendix A). Therefore its
space of global meromorphic sections is isomorphic to somekm

�
. We can in particular

choose a non trivial meromorphic vector �eld X over �. It will de�ne a derivation
� over the �eld k� and we will get a di�erential �eld (k� ; � ). If V is a holomorphic
vector bundle over � and if M V � km

�
is its k� -vector space of meromorphic sections,

then the covariant derivative r X induces aC-linear endomorphism of the spaceM V

and therefore it can be interpreted as aC-linear endomorphism of the spacekm
�

. We

can choose as a \local coordinate"t over � a non trivial global meromorphic function
over � (it will be a true local coordinate{i.e. a local biholomorp hism{but perhaps
over a discrete subset). We can writeX = f (t) d

dt , where f 2 k� . Then we can
choose a global meromorphic frame ofV over �, that is a set e = f e1; : : : ; em g of
meromorphic sections ofV inducing a true holomorphic frame over a non trivial open
subset (necessarily dense). Finally, doing as above, we caninterpret our connection
as a global meromorphic di�erential system

r = f (t)
d
dt

� A(t):

or equivalently

d
dt

� B (t);

where B = f � 1A is a global meromorphic matrix (whose entries belongs tok� ).
In the preceding process it is in general necessary to introduce new poles. We

will keep our notations, always denoting by S the new singular set and by � the new
regular set (i.e. the setS can be bigger than the set of poles of our connection).

We will also need meromorphic connections onmeromorphic bundles over a con-
nected Riemann surface�

0
. It is easy to adapt the preceding de�nitions using Ap-

pendix A. We leave the details to the reader. In our applications the more general
situation will be the following: r will be a meromorphic connection on a meromorphic
bundle over �

0
. By restriction we will get a meromorphic connection on a holomorphic
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bundle over an open dense subset� � �
0
, and by a new restriction a holomorphic

connection on a holomorphic bundle over an open dense subset� � �. The sets � � �
and �

0
� � will be discrete (and in general �nite ) subsets and they will correspond to

the introduction of respectively equilibrium points and points at in�nity .

2.2. Tensor Constructions. In this section we �x a connected Riemann surface
�, and a non trivial meromorphic vector �eld X over �. We interpret this �eld as a
derivation on the �eld of global meromorphic functions k� = M (�) over �. As we
explained in the preceding subsection, we can consider a meromorphic vector bundle
as a vector space overk� .

From a given meromorphic connectionr de�ned on the vector bundle V , we can
obtain an in�nite number of induced meromorphic connections ([17, 18, 29, 43, 66]) by
natural geometric processes. The idea is to extend naturally the connection to the ten-
sor levels, imposing that the Leibniz rule is satis�ed by thetensor products (r (u
 v) =
r u
 v+ v
r v) and that the action on a direct sum is the evident one (i.e. r (U� V ) =
r U � r V ). So, we can construct connections:r � ; 
 k r ; ^ k r ; Sk r , acting re-
spectively on the bundlesV � ; 
 k V; ^ k V; Sk V . By de�nition 
 0V is the �eld
of meromorphic functions and we endow it with the connectionX (interpreted as
a derivation on this �eld). With all these constructions we c an built various direct
sums and we can iterate the process... So, for example,^ 3(r � � S2r ) is an induced
connection. If a subbundle is invariant by a connection, this connection is by de�-
nition a subconnection. We can also introduce subconnections and quotients in our
machinery.

We observe the similarity of the above de�nitions with the derivations in di�er-
ential geometry (Lie derivative, etc...). This is not a coincidence; in section 3 we will
consider a connection as a Lie derivative.

In a natural way we can generalize the above in order to consider constructions
using a family of given connections. For instance, letr 1, r 2 two meromorphic connec-
tions over the vector bundlesV1, V2 respectively, then the tensor product r 1 
 r 2 is
de�ned by the Leibniz rule as above,r 1 
r 2(u
 v) = r 1u
 v+ v
r 2v, wherev 2 V1,
u 2 V2. In an analogous way we de�ne the direct sum of connections,...Finally we get
the tensor category of the meromorphic connections over�. The homomorphisms of
this category are de�ned in the following way. A homomorphism � between r 1, r 2

is a homomorphism of the underlying vector spaces (over the �eld k� ) � : V1 ! V2,
such that � r 1 = r 2� . (For more details and formal de�nitions which are not needed
here the interested reader can consult [18]).

Now, we will compute the connection matrices in some examples.
The dual connection r � is de�ned from the Leibnitz rule by

X < �; v > = < r � �; v > + < �; r v >;

where v 2 V , � 2 V � , <; > being the duality. If e and e� are dual frames inV and
V � , respectively, then we have

< r � e� ; e >=
d
dt

< e � ; e > + < e � ; eA > = < e � A t ; e >;

being A the connection matrix of r in the frame e, i.e., r e = � Ae. Hence, we have
obtained nothing else that the adjoint di�erential equatio n: the adjoint di�erential
equation of

d�
dt

= A�
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is by de�nition

d�
dt

= � A t �:

We observe that, in order that � =
P m

i =1 � i e�
i be a linear �rst integral of

r v = 0 ;

it is necessary and su�cient that

r � � = 0 :

This is a well known property of the adjoint. In a similar way, it is possible to prove
that the horizontal sections of Sk r � are the homogeneous polynomial �rst integrals
of the linear equation de�ned by the initial connection on V .

It is usual to write r instead of r � , 
 k r , etc..., if the vector bundles on which
these connections act are clear enough and we will follow this convention.

The connection ^ m r (dimV =m) is de�ned by

r (v1 ^ ::: ^ vm ) =
mX

i =1

v1 ^ ::: ^ r vi ^ ::: ^ vm :

Then r (e1 ^ :::^ em ) = tr( A) e1 ^ :::^ em . And we have the di�erential equation for the
determinant of a fundamental matrix of (3) ( v1 ^ :::^ vm = det( v1; :::; vm )e1 ^ :::^ em ).

2.3. Symplectic Connections. Symplectic manifolds. We are mainly in-
terested in the following particular vector bundles and connections. A holomorphic
symplectic vector bundle over a complex manifold � is a vector bundle V such that
there exists a holomorphic section 
 of ^ 2V � over � such that its restrictions to the
�bers of V are non degenerate antisymmetric 2-forms. (Letm = 2 n be the rank of
V .) It is equivalent to say that the vector bundle V admits the symplectic group
G = Sp(2n; C) as a structure group in the sense of Appendix C (we leave the details
to the reader).

By the appendix A, a symplectic vector bundle V over a connected Riemann
surface is symplectically meromorphically trivial. As above we denote byk� the �eld
of meromorphic functions over �. We denote by E the k� -vector space of global
meromorphic sections ofV . The form 
 induces a k� -bilinear antisymetric map


; E 
 E ! k�

(v; w) 7! 
( v; w):

If v; w are holomorphic sections ofV in a neighborhood of a point p 2 �, then

( v; w)(p) = 
( v(p); w(p)) 2 C. Consequently thek� -bilinear map


 : E 
 E ! k�

is non degenerate.
Finally, for many applications, we can identify the symplectic bundle V with the

symplectic vector spaceE over the �eld k� . In this situation all the purely algebraic
results on symplectic vector spaces over the numerical �elds R or C remain also true
here ([3]). In particular, there are symplectic bases (i.e., canonical frames given by
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global meromorphic sections), and with respect to a symplectic base 
 is represented
by the canonical form

J =
�

0 I
� I 0

�

Furthermore, changes of symplectic bases are given by elements of the symplectic
group Sp(n; k � ) � GL (2n; k � ).

By de�nition we will say that a (holomorphic or more generall y meromorphic)
connection r over the symplectic bundle V (or ( r ; V;
) in a more formal way) is
symplectic if 
 is a horizontal section of ^ 2r � , i.e., if it satis�es r 
 = 0 (for a related
de�nition see [5]). Then, it is easy to see that, after a choice of coordinate, if we
compute the connection matrix A of r in a symplectic frame e, then it satis�es

A t J + JA = 0

(To show this it is su�cient to remark that 0 = r 
 = r (e� 
 Je� t )). This condition
is equivalent to the existence of a meromorphic symmetric matrix S such that A =
JS, and the matrix A belongs to the Lie Algebra of the symplectic Lie Group with
coe�cients in the �eld k� . Then the equation

r v = 0

is the intrinsic expression of the linear Hamiltonian system

_� = JS�;

being � = ( � 1; :::; � 2n )t the coordinates ofv in the symplectic base.
Conversely if the matrix of the connection r computed in a symplectic frame is

symplectic, then r 
 = 0 and this connection is symplectic. Therefore our de�nit ion
of a symplectic connection is equivalent to the de�nition of a connection with structure
group G = Sp(2n; C) that we give in Appendix A.

All the above constructions remain valid if we start with a lo cal meromorphic
connection on the vector spaceV over the �eld Cf tg[t � 1] with the suitable dictionary:
d
dt instead X ,...

We recall that a complexanalytic symplectic manifold is a complex analytic man-
ifold M , of complex dimension 2n, endowed with a closed regular(i.e. everywhere
non degenerate) holomorphic 2-form 
. This form is a holomorphic section of the
bundle � 2T � M , therefore it is equivalent to say that the tangent bundle T M admits
a structure of holomorphic symplectic bundle.

To a holomorphic (resp. meromorphic) vector �eld X over M , we can associate
a holomorphic 1-form � , using the formula

� (Y ) = 
( Y; X ):

We get the musical isomorphisms of holomorphic �ber bundles

[ : T M ! T � M

[ : X 7! �

and

] : T � M ! T M:
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If H is a given holomorphic function overM (the Hamiltonian), then we get a
holomorphic vector �eld (the associated Hamiltonian vector �eld) X H = ](dH ).

In fact, for some applications (cf. the introduction of the points at in�nity below),
it is necessary to allowmeromorphic Hamiltonians functions (then the corresponding
Hamiltonian vector �eld will be of course also meromorphic). But it can also be
necessary to allow degenerated points or poles for the canonical form 
. Then we
will consider a complex connected manifoldM 0 of complex dimension 2n, endowed
with a closed meromorphic 2-form 
. We will suppose that 
 is holomorphic a nd
regular over a non void open subsetM � M 0. Then we can chooseM such that
M 0� M is an analytic (non necessarily regular) hypersurfaceM 1 � M 0. The form 

is a meromorphic section of the bundle �2T � M , therefore it is equivalent to say that
the tangent bundle T M admits a structure of meromorphic symplectic bundle. The
manifold (M; 
 kM ) is clearly a symplectic manifold. We will call M 1 the hypersurface
at in�nity.

Example. Let M 0 = P1(C) � P1(C), M = C2, M 1 = f1g � P1(C) [ P1(C) �
f1g . We denote (x; y) 2 C2 and by x0, y0 the coordinates at in�nity over respectively
the �rst and second factor P1(C) of M 0. Then we set 
 = dx ^ dy over M . It extends
uniquely to a meromorphic form overM 0and we have 
 = dx 0^ dy 0

x 02 y 02 over a neighborhood
of f1g � f1g .

We go back to our general situation.
To a holomorphic (resp. meromorphic) vector �eld X over M 0, we can associate

a meromorphic 1-form � , using the formula

� (Y ) = 
( Y; X ):

By restriction to M we get the usual musical map[ . This map is an isomorphism
over M . Writing the application [ in coordinates in a neighbourhood of a point at
in�nity, we see that [ admits an inverse, this inverse is holomorphic overM but can
have poles overM 1 .

We get the musical isomorphisms ofmeromorphic �ber bundles

[ : T M ! T � M

[ : X 7! �

and

] : T � M ! T M:

3. Picard-Vessiot Theory. The Galois di�erential theory for linear di�erential
equations is named the Picard-Vessiot Theory. We shall recall the basic de�nitions
and results, using some di�erent approaches to this theory ([28, 29, 32, 43, 62]). As
we will see below all of them will be useful in our paper.

3.1. Classical approach. A di�erential �eld is a �eld with a derivative (or
derivation) @= 0, i.e., an additive mapping that satis�es the Leibniz rule. Examples are
M (�) (meromorphic functions over a connected Riemann surface�) with a (non triv-
ial) meromorphic tangent vector �eld X as derivation, in particular C(z) = M (P1 )
with d

dz or z d
dz as derivation, Cf xg[x � 1] (convergent Laurent series), orC[[x]][x � 1]

(formal Laurent series) with x d
dx as derivation. We observe that there are some in-

clusions between the above di�erential �elds.
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We can de�ne di�erential sub�elds, di�erential extensions in a direct way, impos-
ing that the inclusions must commute with the derivations. Analogously a di�erential
automorphism of K is an automorphism that commutes with the derivation. The
�eld of constants of K is by de�nition the kernel of the derivation. In all the above
examples it is the complex �eld C. From now on we will suppose that it is always the
case.

Let

� 0 = A�; A 2 Mat (m; K ):(3.1)

We shall proceed to associate to the di�erential system (3.1) a so calledPicard-
Vessiot extensionof K . A Picard-Vessiot extensionL of K associated to (3.1) is an
extensionL of K , such that

(a) It is di�erentiably generated over K by the entries uij 2 L of a fundamental
matrix U of (3.1). (A fundamental matrix solution U is a matrix whose set of columns
u1; :::; um 2 L m is a fundamental system of solutions of the equation (3.1), that is a
system linearly independent over the �eld of constantsC.)

(b) The �elds K and L = K < U > have the sameconstants.
The existence and unicity (up to K -isomorphisms) of a Picard-Vessiot extension

is due to Kolchin. In the analytical case: K = M (�) (where � is a connected Riemann
surface), the existence of a Picard-Vessiot extension follows from the (analytic) Cauchy
existence theorem for linear di�erential equations. More precisely we get a di�erent
Picard-Vessiot extension for each non singular pointp 2 �. A homotopy class of
continuous paths between two non singular pointsp; p0 (avoiding singular points)
induces an isomorphism between the corresponding Picard-Vessiot extensions.

As in the classical Galois theory we de�ne the Galois groupG := GalK (L ) :=
Gal(L=K ) of the di�erential system (3.1) as the group of all the (di�e rential) au-
tomorphism of L which leave �xed the elements ofK . This group is isomorphic to
an algebraic linear group overC, i. e., to a subgroup ofGL (m; C) de�ned by some
polynomial equations (in m2 variables) over C. Also we will say that the di�eren-
tial extension M=K is normal if any element in M n K is moved by a di�erential
automorphism of M which leaves �xed the elements ofK .

It is possible to extend the Galois correspondence between groups and extensions
to this theory:

Theorem 2. Let L=K be a Picard-Vessiot extension associated to a linear dif-
ferential equation. Then there is a 1 � 1 correspondence between the intermediate
di�erential �elds K � M � L and the algebraic subgroupsH � G := GalK (L ),
such that H = GalM (L ) and M = K H (the sub�eld of L �xed by H ). Furthermore,
the normal extensionsM=K correspond to the normal subgroupsH � GalK (L ) and
G=H = GalK (M ).

As a corollary if we consider the algebraic closureK (of K in L ), then GalK (K ) =
G=G0, where G0 = GalK (L ) is the identity component (using the Zariski topology)
of the Galois group G (which corresponds to the purely transcendental part of the
Picard-Vessiot extension).

Another consequence of the theorem is that if � � � is a connected Riemann
surface contained and open in the connected Riemann surface� and L is a Picard-
Vessiot extension of M (�), then GalM (�) (L ) � GalM (�) (L ). Similarly the local

Galois groupGalC f x g[x � 1 ](L ) := Galks (L ) at a (singular) point s 2 � � � is a subgroup
of the global Galois groupGalM (�) (L ) (as in the subsection 2.1, we identify the germs
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of meromorphic functions at a singular point s with Laurent series centered at this
point).

We will say that a linear di�erential equation is (Picard-Ve ssiot) solvableif we
can obtain a corresponding Picard-Vessiot extension and, hence, the general solution,
by adjunction to K of integrals, exponential of integrals or algebraic functions of
elements ofK (the usual terminology is that the Picard-Vessiot extension is a Liouville
one). Then, it can be proved that the equation is solvable if and only if the identity
componentG0 is a solvable group. In particular, if the identity component is abelian,
then the equation is solvable.

Furthermore, the relation between the monodromy and the Galois group (in the
analytic case) is as follows. The monodromy group is contained in the Galois group
and if the equation is of Fuchsian class (i.e., only has regular singular singularities),
then the Galois group is dense in the monodromy group (Zariski topology). In this
case we will say that the Galois group is topologically generated by the monodromy
group. In the general situation, the second author found a generalization of the
above and, for example, he proved that the Stokes matrices associated to an irregular
singularity belong to the (local) Galois Group (see subsection 3.3).

As in the examples along this paper the irreducible equations that we shall meet
will be of second order and symplectic ones, we recall here the classi�cation of the
algebraic subgroups ofSL(2; C). From [33], page 7 (or [28], page 32), it is possible to
prove:

Proposition 1. Any algebraic subgroupG of SL(2; C) is conjugate to one of
the following types:

1. Finite, G0 = f 1g, where 1 =
�

1 0
0 1

�
.

2. G = G0 =
��

1 0
� 1

�
; � 2 C

�
.

3. G =
��

� 0
� � � 1

�
; � is a root of unity ; � 2 C

�
,

G0 =
��

1 0
� 1

�
; � 2 C

�
.

4. G = G0 =
��

� 0
0 � � 1

�
; � 2 C �

�
.

5. G =
��

� 0
0 � � 1

�
;

�
0 � � � 1

� 0

�
�; � 2 C �

�
,

G0 =
��

� 0
0 � � 1

�
; � 2 C �

�
.

6. G = G0 =
��

� 0
� � � 1

�
; � 2 C � ; � 2 C

�
.

7. G = G0 = SL(2; C).

We remark that the identity component G0 is abelian in the cases (1){(5) and is
solvable in the cases (1){(6).

An useful criterion for unimodularity is the following. The second order equation
(with coe�cients p and q in a di�erential �eld K )

� 00+ p� 0+ q� = 0 ;(3.2)
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has a Galois group contained inSL(2; C) if, and only if, p = nd=d0, n 2 Z, d 2 K . To
show this we note that for all � in the Galois group, the Wronskian W 2 K if, and
only if, W = � (W ) = det(� )W , which is equivalent to det(� ) = 1. We get the result
by the Abel formula W 0+ pW = 0.

We �nish this subsection with some results about abelian extensions.
We recall that a connected commutative algebraic group (over the �eld C) is the

direct product of its unipotent radical and a maximal torus. Therefore it has the
form G p

a � G q
m , being G a � (C; +), G m � (C � ; _), the additive and multiplicative

unidimensional groups. We have the following results [40].(Abelian Extensions, p.
83-84.)

Proposition 2. Let K be a di�erential �eld with an algebraically closed �eld
of constants C (characteristic zero). Let K � L be a Picard-Vessiot extension. We
suppose thatGal(L=K ) = H1 � H2 is a direct product of algebraic subgroupsH i . Let
L i = L H i � L the corresponding sub�elds. ThenL 1 
 K L 2 is an integral domain
whose fraction �eld is isomorphic to L .

Proposition 3. Let K be a di�erential �eld with an algebraically closed �eld
of constants C (characteristic zero). Let K � L be a Picard-Vessiot extension with
connected commutative di�erential Galois group. Then there exists �nite families ai 's,
bj 's, ai ; bj 2 L , such that a0

i 2 K and b0
j =bj 2 K .

3.2. The Tannakian approach. We present now the Galois theory from an
intrinsic perspective, using connections ([17, 29, 43]). Let (V;r ) be, as in section
2, a meromorphic connection over a �ber bundle of rankm. Then, we consider the
horizontal sections Solr := Solp0 r of this connection at a �xed not singular point
p0 2 � (we recall that they correspond to the solutions of a corresponding linear
equation). By the general existence theory of linear di�erential equations Solr is a
vector space of dimensionm over C (if we consider the solutions in a simply connected
domain containing the point p0). Then the mapping

(V;r ) �! Solr

is called a �ber functor (it is a functor between two tensor categories: from the
category of meromorphic connections with poles in a setS, with p0 =2 S, to the
category of complex vector spaces).

Now, as in section 2, from a given connection we construct thefamily of tensor
constructions: (V;r ), (V � ; r � ),... To this family we add the subconnections of the el-
ements of the family. (We recall that a subconnection of a construction ( C(V ); C(r ))
is an object (W; C(r ) jW ), being W a subbundle ofC(V ), which is invariant by C(r ).)
The next step is to consider the corresponding spaces of solutions (i.e. horizontal sec-
tions), when one applies the functorSol, for all the elements of this extended family.
We have C(Solr ) = Sol(C(r )). Then the Tannakian Galois group of the initial
connection (V;r ), Galr , is de�ned as the subgroup ofGL (Solr ) � GL (m; C), that
leaves invariant the spaces corresponding to all the subconnections of all the con-
structions C(V ) (that is all the elements of the extended family). We remark that
GL (Solr ) acts on any construction by the usual pullback on the tensors levels. The
key point is that the above Tannakian Galois group is isomorphic (as an algebraic
group) to the ordinary Galois group G of the corresponding linear equation. This ap-
proach to the Picard-Vessiot theory is called the Tannakianpoint of view ([17, 29, 43]).
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It is based upon Chevalley's interpretation of algebraic groups as subgroups of the
linear group stabilizing a line in some construction ([8, 64]).

Example. Let (V;r ; 
) a symplectic connection with rank V = 2 n and X
a holomorphic vector �eld over �. We denote by @the di�erential of the �eld of
meromorphic functions M (�) corresponding to X . We consider the construction
(M (�) �^ 2V � ; @�^ 2r � ). The line subbundle generated by 1+
 is invariant, because
r 
 = 0 and, for f 2 M � (�), r (f (1 + 
)) = X (f )(1 + 
) (
 is a horizontal section
of the connection ^ 2r � ). Hence, the corresponding constructionC(1 + 
 0) that we
get when we apply the �ber functor Sol is invariant by the Galois group. Therefore,
the Galois group is contained in the symplectic groupSp(Sol(V )) � Sp(n; C).

More generally, a linear algebraic groupG0 being given, if a connectionr admits
G0 as structure group, then its di�erential Galois group G = Gal r is (isomorphic
to) a subgroup of G0. This result is due to Kolchin, who introduced the notion of
G-extensions [32]. In Appendix C we will give a very simple Tannakian proof of this
result.

3.3. Stokes Multipliers. The objective now is to state a theorem of Ramis
(the density theorem) which relates the local Picard-Vessiot theory at an irregular
singular point with the Stokes multipliers at this point ([5 8, 43, 46, 9]). For sake
of simplicity, we will only explain the main concepts, in order to understand the
theorem for the particular case of a second order di�erential equation (or equivalently
of a system of dimension two): in this case the very delicate situation of multiplicity of
levels of summation (multisummability) cannot happen. The reader can �nd a good
introduction in [46] and the complete proof is in [44, 9].

We start with the local case and we will consider that the singular point is at
in�nity, x0 = 1 . Furthermore, we will denote by K̂ := C[[x � 1]][x]; K := Cf x � 1g[x],
respectively the �eld of formal and convergent Laurent series respectively. Then our
objective is to calculate the Galois group of the equation

d
dx

�
� 1

� 2

�
= A

�
� 1

� 2

�
; A 2 Mat (2; K ):(3.3)

We also assume that the Newton polygon of the above equation has only one
integer slopek 2 N � . This is called the non rami�ed case and the general case can
be reduced to this one by a simple argument using a rami�cation. By the Newton
polygon of (3.3) we mean the Newton polygon of any equivalentsecond order scalar
di�erential equation in z = 1

x , i.e., the Newton polygon of a di�erential polynomial
P[D ] = pD2 + qD + r (the equation is P[D ]� = 0), being D = d

dz , p 2 C[z]; q; r 2
Cf zg, p(0) = q(0) = 0. By the Fuchs theory, it is not di�cult to see that the po int
z0 = 1 is an irregular singular point if, and only if, in the Newton p olygon there is
a side with a non zero slope.

We know from the classical formal theory (Huhukara-Turritt in, Wasow [67]), that
the system (3.3) admits a formal fundamental matrix solution Û of (3.3), such that

Û = Ĥx L eQ ; L 2 M (2; C);

where Q = diag(q1; q2); q1; q2 2 C[x], LQ = QL , and Ĥ is a formal matrix (with
entries in K̂ ).

Then the unique positive slopek of the Newton polygon of the system (3.3) is
k = degree(q1 � q2).
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It is interesting to observe that if q1 = q2 = 0, then we are in the regular singular
situation: the singular point is a regular singular one and the formal matrix Ĥ is
convergent; moreover if H is its sum, then U = Hx L eQ is an actual fundamental
matrix solution. But, if q1 or q2 6= 0, then the formal matrix Ĥ is in general divergent,
and the relation between formal and actual solutions is moredelicate to understand.

In order to state the Ramis density theorem we need some terminology: we need
to de�ne the exponential torus, the formal monodromy and the Stokes multipliers.

The exponential torus of (3.3) is an algebraic subgroup of the di�erential Galois
group. It is de�ned (up to an isomorphism) as the di�erential Galois group of the
Picard-Vessiot extension

K̂ < e q1 ; eq2 > =K̂:

We see that this group is the Galois group of the trivial equation (that we interpret
as de�ned over K̂ ):

d� i

dx
=

dqi

dx
� i ; i = 1 ; 2:

This exponential torus is (isomorphic to) C � or (C � )2 if, respectively, the rank of the
Z-module M Q � C[1=x] generated by f q1; q2g is one or two. In the �rst case, the
action of C � is de�ned by

� : eqi = en i s 7! � n i en i s ; ; � 2 C � ; Zs = M Q ;

and, in the second case by

� i : eqi 7! � i eqi ; i = 1 ; 2:

(By de�nition this action is constant on the coe�cient �eld K̂ .)
The formal monodromy is the transformation M̂ 2 GL(2; C), such that

Û 7! ÛM̂ ;

when we make formally the circuit

x 7! e2�i x:

The formal monodromy and the exponential torus are clearly formal invariants.
They are in the formal di�erential Galois group (ie, over K̂ ) and generate topologically
(in the Zariski sense) this group.

A sector at in�nity is characterized by d; � , where � is the \vertex" angle and d
the bisecting line, and its \radius". We will denote such a sector Sd(� ).

To the system (3.3), we associate its singular directions. By de�nition, they are
the maximal decay (half) lines for the functions eq1 � q2 or eq2 � q1 . Following Stokes,
it would be nice to call them \Stokes lines". Unfortunately m any people call Stokes
lines the boundaries of the sectorsSd(�=k ), where d is a singular direction. Here we
will adopt this second de�nition.

We know from the classical asymptotic theory (Birkho�, Wasow [67]) that, for
any open angular sector � at 1 of vertex angle� �=k , there exists an actual analytic
matrix solution U = Hx L eQ of the system (3.3) on �, such that the analytic matrix
H admits the formal matrix Ĥ as an asymptotic expansion:

H � Ĥ:
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This is a version of the \fundamental existence theorem".
We will denote

U � Û :

The problem is that such a U is in general not unique and that the correspondence
Û 7! U is not very good from an algebro-di�erential viewpoint. It i s possible to
overcome this di�culty, using Ramis k-summability theory ([43], [44]).

For a given k > 0 and a given direction d we say that the formal seriesf̂ =P
n � 0 an x � n 2 C[[1=x]] is k-summable in the direction d if there exists a germ at

in�nity of open sector � bisected by d, with vertex angle greater than �=k and a
holomorphic function f on �, satisfying inequalities:

xn j f (x) �
n � 1X

p=0

apx � p j< C W (n!)1=k An
W ;

for every x 2 W , n 2 N , on every \proper" subsector W � � and for some constants
CW ; AW .

The function f is then unique and is called thek-sum of f̂ in the direction d.
These de�nitions easily extend to Laurent series. The correspondencef̂ 7! f is
an injective homomorphism of di�erential algebras. The k-sum f admits f̂ as an
asymptotic expansion on �. For f̂ 2 K , the k-sum is of course the usual sum. Also,
we can extend the above de�nition to a matrix of formal seriesĤ = ( ĥij ), by imposing
that each of its elements must bek-summable.

The following result is the key of the de�nition of the Stokes multipliers.

Theorem 3. ([58]). Let (3.3) be a di�erential system as above. With notations
as before, the matrix Ĥ is k-summable in every non singular directiond and if H
denotes thek-sum of Ĥ in the direction d, then U = Hx L eQ is an actual solution of
(3.3) on a sector � = Sd(�=k ) := f t : jxj > a , argx 2 (d � �= 2k; d + �= 2k)g and we
have U � Û on � .

Roughly speaking, the k-summability gives a \canonical" version of the funda-
mental existence theorem on sectors bisected by non singular directions. The corre-
spondenceÛ 7! U is good: they satisfy the same algebraic-di�erential relations over
K .

It is clear that by an analytic extension it is possible to continue the analytic
solution U, which is the k-sum of Û, over sectorsSd(� ), with � > �=k . The problem
is that, in such a new sector, this solution is in general no longer asymptotic to Û.
The lines that bound the sectors where the asymptotic relation (3.3) remains valid
are called theStokes rays.

When we move the direction ofk-summation d between two singular lines, thek-
sumsU glue together by analytic continuation. But when d cross a singular direction
ds , there is in general a \jump" for U. This corresponds to theStokes phenomenon.
More precisely, let ds be a singular direction and letds

+ = ds + " (resp. ds
� = � � " )

where " > 0 be neighboring non singular directions of� . The k-sumsU+ (resp. U � )
of the formal fundamental solution Û in the directions ds

+ (resp. ds
� ) glue together

in actual holomorphic fundamental solutionsU+ (resp. U � ). We haveU � = U+ Stods

whereStods 2 Gl(2; C). By de�nition Stods is the Stokes matrix(or Stokes multiplier)
associated to the singular directionds . The K -isomorphism of di�erential �elds

K < U + > ! K < U � >



GALOISIAN OBSTRUCTIONS TO NON-INTEGRABILITY 51

de�ned by Stods is a Galois isomorphism and thereforeStods belongs to the di�erential
Galois group.

It is possible to see that these Stokes matricesStods are unipotent, i.e., of the
form

�
1 �
0 1

�
;

or
�

1 0
� 1

�
:

In particular, they belong to SL(2; C).
In an analogous (but more delicate) way, we may describe the exponential torus,

the formal monodromy and the Stokes matrices for a local system of di�erential
equations of arbitrary dimension m

d�
dx

= A�; A 2 Mat (m; K )(3.4)

(see [44, 9]).
Then, we can state the Ramis density theorem.
Theorem 4 ( [58, 44, 9]). . The Galois group of (3.4) is topologically generated

by the exponential torus, the formal monodromy and the Stokes matrices.

We note that among these topological generators the main source of non solvabil-
ity are the Stokes multipliers. For example, it is not di�cul t to prove that the Zariski
closure of the group generated by two matrices

�
1 �
0 1

�
;

�
1 0
� 1

�
;

where the complex numbers�; � are both di�erent from zero, is SL(2; C) ([11]).

3.4. Coverings and Di�erential Galois Groups. In some applications it is
useful to replace the original di�erential equation over a compact connected Riemann
surface by a new di�erential equation over the Riemann sphere P1 (i.e., with rational
coe�cients) by a change of the independent variable (i.e. the original equation is a
pull-back of the new one). This new equation overP1 is called the algebraic form of
the equation. In a more general way we will therefore consider the e�ect of a �nite
rami�ed covering on the Galois group of a di�erential equati on. In Appendix B the
following theorem is proved

Theorem 5. Let X be a connected Riemann surface. Let(X 0; f; X ) be a �nite
rami�ed covering of X by a connected Riemann surfaceX 0. Let r be a meromorphic
connection over X . We set r 0 = f � r . Then we have a natural injective homomor-
phism

Gal (r 0) ! Gal (r )
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of di�erential Galois groups which induces an isomorphism between their Lie algebras.

We observe that, in terms of di�erential Galois groups, this theorem means that
the identity component of the di�erential Galois group is in variant by the covering.

The algebraic version of the above theorem is due to N. Katz ([29]). This result is
also proved in [5] (proposition 4.7) in the particular case of a fuchsian connection (see
also [12, 14, 16, 6]). It is the mapping version for the so-called (in the cited references)
method of reduction by discrete symmetries. Therefore thismethod is also valid in
our more general setting. It is important to notice that, if o ne of the connections in
the proposition is symplectic, then the identity components of the Galois groups of
both connections are symplectic too.

Example . The algebraic form of the Lam�e Equation is ([57, 70])

d2�
dx2 +

f 0(x)
2f (x)

d�
dx

�
Ax + B

f (x)
� = 0 ;(3.5)

where f (x) = 4 x3 � g2x � g3, where A, B , g2 and g3 are parameters such that the
\discriminant" 27 g2

3 � g3
2 is non-zero. This equation is a Fuchsian di�erential equation

with four singular points over the Riemann sphere (i.e. a Heun's equation).
With the well known change x = P(t), we get the Weierstrass form of the Lam�e's

equation

d2�
dt2 � (AP(t) + B )� = 0 ;(3.6)

being P the elliptic Weierstrass function with invariants g2, g3. Classically the equa-
tion is written with the parameter n instead of A, being A = n(n + 1). This new
equation is de�ned over a torus � (a genus one Riemann surface) with only one singu-
lar point at the origin. Let 2 w1, 2w3 the real and imaginary periods of the Weierstrass
function P and g1, g2 their corresponding monodromies in the above equation. Ifg�

represents the monodromy around the singular point, theng� = [ g1; g2] ([70, 57]).
By the above theorem we see that the identity component of theGalois group is

preserved by the covering � ! P1, t 7! x.
In reference [57], chapter IX, the relation between the monodromy groups of the

equations (3.5) and (3.6) is studied. From a modern point of view it is studied in [16].

3.5. Examples. In this section we illustrate Picard-Vessiot Theory with sev-
eral examples. In the applications we need to know if the identity component of
the associated di�erential Galois group is abelian, and we therefore emphasize this
property.

Example 1 . The hypergeometric (or Riemann) equation is the more general
second order linear di�erential equation with three regular singular singularities. We
can write it in one of its reduced forms as

d2�
dx2 +

c � (a + b+ 1)
x(x � 1)

d�
dx

�
ab

x(x � 1)
� = 0 ;(3.7)

where a; b; c are complex parameters. The singular points are 0; 1; 1 , being the ex-
ponent di�erences � = 1 � c, � = c � a � b and � = b� a respectively.

In [30] Kimura gives the necessary and su�cient conditions on � , � and � in
order to have solvability for (3.7) (they must satisfy the Ta bles of Schwartz and
Hukuhara-Ohasi). Except for one case in which one of the parameters is an arbitrary
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complex number and the others two are half-integers, the others values in these tables
are discrete. In particular, if these conditions are not satis�ed, then the identity
component of the Galois group is not abelian.

Example 2 ([43]). The Bessel equation is

x2 d2�
dx2 + x

d�
dx

+ ( x2 � n2)� = 0 ;(3.8)

with n a complex parameter. This equation is a particular con
uent hypergeometric
equation (after a limit process two of the singular points in a variant of the hyperge-
ometric equation will coincide). It is one of the simplest equations with non-trivial
Stokes phenomena, and for this reason is quite useful for illustrating the ideas intro-
duced in subsection 3.3.

First, we observe that the Galois group of (3.8) is \contained" in SL(2; C), since
1=x is a logarithmic derivative (see subsection 3.1). Our Bessel equation is an equation
with two singular points, 0 ; 1 , the �rst one being regular and the second one irregular.
We are interested mainly in the point at in�nity.

There are several ways to compute the matricesQ and L of section 3.3. For
example, we can follow the general constructive method of the Huhukara-Turrittin
theory ([67, 7]). First, we make a formal transformation

�
�
� 0

�
= P̂

�
u1

u2

�
;

where P 2 Mat (2; K̂ ) ( K̂ := C[[x � 1]][x]), which diagonalizes formally the equation.
The solution is precisely the formal solution in equation (1), and is found step by step
in a recursive way ([67, 7]). We getq1 = ix = � q2 and L = � 1=2I . The exponential
torus is C � and the formal mononodromy M̂ = � I .

The Stokes rays areR + and R � , and the singular lines iR + , iR � . Hence, we
have two Stokes multipliers (one for each singular line),

St1 =
�

1 �
0 1

�
;

St2 =
�

1 0
� 1

�
:

But, for this equation the global theory (coe�cients in C(x)) and the local one
(coe�cients in K = Cff x � 1gg[x]) are essentially the same. (The actual monodromy
M 0 around 0 and around1 are the same, therefore the di�erential Galois group at
the origin can be interpreted as a subgroup of the di�erential Galois group at in�nity).
It is possible to compute the actual monodromyM 0 in the classical basis at the origin
(which is of course di�erent from the basis at in�nity that we introduced in the above
computations). We get M 0 = diag(e2�in ; e� 2�in ) .

It is easy to relate the actual monodromy and the formal monodromy at in�nity
using the Stokes multipliers:

M 0 = St1M̂St 2:

Now, as the trace is an invariant, we get

tr M 0 = 2cos(2�n ) = � �� � 2; �� = � 4cos2�n:
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Hence, if the complex numbern does not belong toZ + 1 =2, then the Bessel equation
is not solvable. In fact, this necessary condition for solvability is also su�cient. By
the classical theory (see, for example, [36]) it is well known that the Bessel functions
for n 2 Z + 1 =2 are expressed by elementary functions: the Picard-Vessiot extension
is obtained by exponential of integrals of elements ofC(x).

Example 3 . One of the forms of the general con
uent hypergeometric equation
is the Whittaker equation ([70])

d2�
dz2 � (

1
4

�
�
z

+
4� 2 � 1

4z2 )� = 0 ;(3.9)

with parameters � and � . The singular points are z = 0 (regular) and z = 1
(irregular).

As in the case of the Bessel equation we have two singular lines associated to
the irregular point for (3.9). For the computation of the Gal ois group the following
proposition is useful ([43], subsection 3.3))

Proposition 4.
There is a fundamental system of solutions such that if� , � are the two complex

numbers corresponding to the two singular lines, with corresponding Stokes matrices
�

1 �
0 1

�
;

�
1 0
� 1

�
;

then
(i) � = 0 if and only if, either � � � 2 1

2 + N or � + � 2 1
2 + N .

(ii) � = 0 if and only if � � � � 2 1
2 + N or � � + � 2 1

2 + N .
Furthermore (with respect to the same fundamental system ofsolutions) the group

generated by the formal monodromy and the exponential torusis given by the multi-
plicative group��

� 0
0 � � 1

�
: � 2 C �

�
.

As a consequence, we get an abelianness criterion expressedin terms of the pa-
rameters p := � + � � 1

2 and q := � � � � 1
2 .

Corollary 1. The identity component G0 of (3.9) is abelian if and only if (p; q)
belong to(N � � N � ) [ (� N � � N ) (i.e., p, q are integers, one of them being positive
and the other one negative).

We observe that the abelian case (G0 abelian) for the Whittaker equation is only
possible when thetwo Stokes multipliers vanish and this corresponds to the diagonal
case (4) of the classi�cation given by Proposition 1 (the Whittaker equation is a
symplectic one). If only oneof the Stokes multipliers vanishes, then we are in case (6)
of this classi�cation, and we have solvability but the ident ity component of the Galois
group is not abelian. If the two Stokes multipliers are di�er ent from zero, then we fall
in case (7) with a Galois group isomorphic toSL(2; C), as we remarked in subsection
3.3.

If in the Bessel equation (3.8) we make the change of dependent variable � =
x � 1=2 and of independent variablex = z=2i , we get a Whittaker equation
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d2�
dz2 � (

1
4

+
4n2 � 1

4z2 )� = 0 ;(3.10)

with parameters � = 0 and � = n. As in the above change we only introduce
algebraic functions, the identity component of the Galois group of the Bessel equation
is preserved.

Example 4 . One of the more simple non-trivial linear di�erential equations is
the Airy equation

d2�
dz2 � z� = 0 :(3.11)

It is clear that if (3.11) is considered over � = C (ie, the coe�cient �eld is the
�eld of meromorphic functions over the �nite complex plane) it is solvable, since the
general solution is entire and, in particular, meromorphicover C and then the Galois
group is trivial.

But if we consider (3.11) over the Riemann sphere, the situation is very di�erent:
the equation (3.11) has Galois groupSL(2; C) provided the �eld of coe�cients is C(z),
see [28, 33, 4]. More general: any equation like (3.11) but with any odd polynomial
instead of the polynomial z has alsoSL(2; C) as Galois group [33]. The analytical
reason for that is the complicated behaviour given by the Stokes matrices atz = 1 .

We observe that all the examples in this section are equations over the Riemann
sphere (with coe�cients in C(z)) and then it is also possible to apply the Kovacic
algorithm ([33, 20]).

4. Variational Equations.

4.1. Singular curves. Let us now come back to Hamiltonian systems. Let
X := X H be the holomorphic Hamiltonian system de�ned on an analytic complex
symplectic manifold M of dimension 2n (the phase space) by a Hamiltonian func-
tion H . Before going to formal constructions, we shall make some comments about
the essential underlying ideas. Ifx = � (t) is a germ of integral curve (but not an
equilibrium point) then one consider the corresponding connected complete complex
phase curvei (�) in the phase space. We will denote by � the corresponding abstract
Riemann surface. By an abuse of terminology we will say that � is an integral curve
(from now on by an integral curve we will in general mean this abstract curve). On
the integral curve � we can use the complex time t (which is de�ned up to a additive
complex constant) as a local parameter (uniformizing coordinate). However it is es-
sential to think � as an abstract Riemann surface over which we can use other local
parametrizations. The only distinctive fact of a temporal parametrization is that it
allows us to express the Hamiltonian �eld in the simplest way: X = d=dt (here, using
a pull back, we interpret X as a holomorphic vector �eld on �). When necessary
we will carefully distinguish between the abstract Riemannsurface � and the phase
curve i (�) � M which is the image of � by an immersion i . This immersion induces
a bijection � ! i (�). (Be careful i is not in general an embedding.)

It can happen that the complex time is a global parametrization of �. This is
frequent in the applications (cf. the example 2 below). Moreprecisely we have an
analytic covering  : C ! �, t 7!  (t). But it is important to notice that in general in
such a situation it is a in�nitely sheeted covering (i.e. the function is transcendental).
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We will see later that in our theory it is not important to dist inguish the curves up to
a �nite covering (and we will use this convention repeatedly in the applications), but
it will be strictly forbidden to replace a curve by one of its in�nitely sheeted coverings.
Therefore in the preceding situation it is important to carefully distinguish between
the integral curve � and the complex time line C.

In the following, the variational equation over � is locally a system of linear equa-
tions with holomorphic coe�cients or in an abstract way a hol omorphic (symplectic)
connection r over �. (We get it by pull back from the variational equation o ver the
phase curvei (�) which is classically associated to our Hamiltonian system.)

The following step is to introduce the possibility to add singular points in order
to obtain a meromorphic (symplectic) connection on some extended Riemann surface
�. It seems natural to add the equilibrium points of X that belong to the closure
in the phase spaceM of the phase curvei (�) (i.e. the possible limits points of the
phase curvei (�) when the time is made in�nite). The problem is that the res ultant
extended set is not, in general, an analytic smooth curve. Wewill limit ourselves to
the following case: we will suppose that the set of equilibrium points in the closure of
i (�) is discrete (or if it is not the case that we add only a discr ete subset) and that the
extended curve � is \locally" an analytic complex subset of dimension one ofM . We
allow singularities on � , and in general the equilibrium points we added will precisely
be such singularities. As it is well-known from algebraic and analytic geometry we
can desingularize this curve and obtain a "good" Riemann surface ��. This Riemann
surface is abstract and of course it is not contained in the phase spaceM . The
holomorphic connectionr over � which represents the VE extends on ameromorphic
connection over ��. The poles of this connection are the\above" equilibrium p oints
and correspond to branches of the curve �at the corresponding equilibrium point.

The reader unfamiliar with (algebraic or analytic) singular curves and their non
singular models can �nd some information in [31, 54, 69] (in particular [54] Theorem
4.1.11 is valid in our case if we replace the �nite set of singular points by our discrete
set and the compact analytic curve by our, in general, non compact curve).

In some problems it is interesting to addpoints at in�nity to � or to ��. We add now
to the symplectic manifold (M; ! ) an hypersurface at in�nity M 1 : M 0 = M [ M 1 . We
suppose thatM 0 is a complex manifold and that ! admits a meromorphic extension
over M 0. Then it is natural to add to the curve � the points of M 1 that belong to
the closure in the extended phase spaceM 0 of this curve. The resultant extended
set is not, in general, an analytic smooth curve. As before, we will limit ourselves
to the following case: we will suppose that the set of points at in�nity in the closure
of � is discrete (or if it is not the case that we add only a discretesubset) and that
the extended curve �0 is \locally" an analytic complex subset of dimension one ofM 0.
Then, as before, we can desingularize this curve and obtain aRiemann surface�� 0. The
meromorphic connectionr over �� which represents the VE extends on a meromorphic
connection over ��. The poles of this connection correspond to the equilibrium points
or to the points at in�nity.

After these preliminaries we start with the formal de�nitio ns. Let x = � (t) (where
t is a complex parameter, not necessarily the time) be a germ ofregular holomorphic
parametrized curve in the phase space (i.e. � is given in local coordinates by a
convergent Taylor expansion in a neighborhood oft = 0 with � 0(0) 6= 0). We have
locally a homomorphism between an open disk centered int = 0 and its image by
� . We consider two such elements� 1, � 2 as equivalent if there exists a germ of
holomorphic function � at the origin such that � (0) = 0, � 0(0) 6= 0 and � 2 = � 1 � �
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(change of parametrization). We denoteCby the set of germs of curves over the phase
space up to the above equivalence.

It is possible to endow the setC with a natural topology. If a germ � belongs to
C, and is de�ned by a holomorphic function � (t) for t varying in an open disk U � C,
U, then for any point t0 in U, we de�ne � t 0 2 C as � t 0 (t) := � (t + t0). The sets
U(� ) := f � t 0 g are a basis for the open sets inC.

Given a germ � 2 C, the Riemann surface � that it de�nes is, by de�nition, the
abstract Riemann surface de�ned by its connected componenti (�). For more details
see [31], chapter 7 (in this reference the analysis is made inthe context of plane curves,
but it remains clearly valid without changes in our situatio n) or the classical H. Weyl
monograph [69], page 61.

So, if we have the germ of an integral curve which passes by a point x0, x =
� x 0 (t) with the initial condition � x 0 (0) = x0, the Riemann surface which it de�nes
is precisely �. We can identify � with the corresponding (con nected) phase curve
in the phase spacei (�) and we get over � the Hamiltonian �eld X (d=dt in the
temporal parametrization). (More precisely this Hamilton ian �eld is the pull-back of
the Hamiltonian �eld over M by the immersion i : � ! M .) At the points of the set
� � �, the vector �eld X is by de�nition zero (as they correspond to the equilibrium
points belonging to the closure ofi (�) in the phase space M ).

Example . We illustrate the above considerations with an example that will
become important in the applications. Let the one degree of freedom system which is
de�ned by the following analytical Hamiltonian (over C2 or over an open set ofC2)

H (x; y) =
1
2

y2 +
1
2

' (x):

If one considers the energy level zero, we obtain an analyticsubset de�ned by the
equation P(x; y) = y2 + ' (x) = 0. We assume that this set C is connected (if this is
not the case we select one of its connected components). ThenC is an analytic curve.
Its singular points are exactly the equilibrium points E := f (0; x) : ' (x) = ' 0(x) = 0 g.
So, the curveC = � is equal to the disjoint union of � (or more precisely i (�)) and
E. And we obtain � as the corresponding non singular model of �.

In order to perform some explicit computations, we will analyze some simple
particular cases:

1) Let ' (x) = 2
3 x3. The curve C is now

P(x; y) = y2 +
2
3

x3:

And

C = � = � [ f (0; 0)g; E = f (0; 0)g:

We note that � admits a temporal parametrization

(x; y) = ( � 6t � 2; 12t � 3):

We can desingularize the point (0; 0), as usual, by using Puiseux series ([31], chapter
6), indeed we obtain only one branch (x; y) = ( � 6~t2; 12~t3). We write ~t instead of
t because this parameter is not the time (~t = 1 =t), this is so because the temporal
parametrization of � is rational.
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Now we can calculate the Hamiltonian vector �eld X on �. As X = yd=dx, on �,
X = d=dt (if we use the temporal parametrization), and

y(~t)
x0(~t)

d
d~t

= � ~t2 d
d~t

;

at the singular point s in � � �.

2) Let ' (x) = x2(1 � x). The curve � contains a homoclinic orbit i (�), and the origin
as an equilibrium point. We can parametrize globally the Riemann surface � using
the time parametrization

(x(t); y(t)) = (
2

1 + cosht
; �

2sinht
(1 + cosht)2 ):

We remark that, despite its transcendental appearance(cf. the above equations), the
Riemann surface � is algebraic: it is only a problem related to the selected para-
metrization.. (Our global time parametrization is not one t o one: it is an in�nitely
sheeted covering.) Applying Puiseux algorithm we obtain (in fact, in the algorithm,
we only need the �rst Newton polygon) two branches and hence two points s1; s2

belonging to � � � above the origin in � ,

(x; y) = ( ~t; ~t + h:o:t:);

(x; y) = ( ~t; � ~t + h:o:t:):

We can express the �eldX as (~t + :::)d=d~t or (� ~t + :::)d=d~t, respectively.

3) We observe that in example 1) the equilibrium point is degenerated and the �eld
X has a zero of multiplicity two at the corresponding point above it in �. However,
in the example 2) the equilibrium point is non degenerate andthe �eld X has a
simple zero at the two corresponding points of�. This is not casual. In fact, let
' (x) = xn + O(xn +1 ) (with n � 2) be the expansion of' at the origin, then, by
a simple inspection of Newton polygon we get the following facts. If n is odd, we
get only one point belonging to � � �, ( x; y) = ( ~t2; ~tn + h:o:t:), and the �eld X has
a zero of ordern � 1 at this point. If n is even, we get two points above (0; 0) in
� � �, ( x; y) = ( ~t; ~tn= 2), (x; y) = ( ~t; � ~tn= 2) and the �eld X has a zero of ordern=2 at
each one. Of course, the above results do not depend upon the parametrization. This
simple fact is fundamental as we shall see later in the applications.

4.2. Meromorphic connection associated to the variational equation.
Once we have de�ned � and the derivation X , we shall de�ne the holomorphic con-
nection associated to the variational equation (VE) over �. More generally if we add
some stationary points (resp. some stationary points and some points at in�nity), we
shall de�ne the meromorphic connection associated to the variational equation (VE)
over �� (resp. �� 0).

Let T� be the restriction to � (or more precisely to i (�)) of the tangent bundle TM

to the phase spaceM . It is a symplectic holomorphic vector bundle. (More formally
the �ber bundle T� is the pull back of TM by the immersion i : � ! M .)

The holomorphic connection which de�nes the variational equation along � comes
by pull-back from the restriction to i (�) of the Lie derivative with respect to the �eld
X :

r v := L X Yj � ;



GALOISIAN OBSTRUCTIONS TO NON-INTEGRABILITY 59

being Y any (holomorphic) vector �eld extension of the section v of the bundle Ti (�) .
The fact that the connection r is symplectic follows from the de�nition of a

Hamiltonian vector �eld: the symplectic form is preserved by the 
ow.
Using locally a time parametrization t on � and local canonical coordinates

(x1; :::; x2n ) on M , we have the usual de�nition of the variational equation (VE )
along the phase curve [45] (IV A.2).

We write the Hamiltonian system _x = J @H
@x. We choose a initial value� for the

time t. Let � (t; �; � ) be the unique solution of the Hamiltonian system de�ned by the
initial value � 2 M : � (�; �; � ) = � . Let Z (t; �; � ) = @�( t;�;� )

@� be the Jacobian of� with

respect to the initial condition � . Then _Z = JSZ , whereS(t; �; � ) = @2 H
@x2 (� (t; �; � )) =

J HessH (� (t; �; � )) (Hess H being the Hessian of the Hamiltonian functionH ). The
equation

_Z = J HessHZ

is the variational equation. It is clearly a linear Hamilton ian system. The matrix func-
tion Z satis�es Z (�; �; � ) = I , therefore it is a fundamental solution of the variational
equation.

We can express our connectionr in a holomorphic frame (e1; : : : ; e2n ). We get
a di�erential system. Choosing the coordinate frame ei = @

@xi
associated to some

coordinatesx1; :::; x2n , we get the di�erential system

d�
dt

= A(t)�;

where

A(t) =
@X
@x

(x1(t); :::; x2n (t)) = J HessH (x1(t); :::; x2n (t)) ;

where @X
@x is the jacobian matrix of X in coordinates (this is a direct consequence from

the expression of the Lie bracket [
P

X i @=@xi ; @xj ]). Hence we obtain the di�erential
system which de�nes the VE in its usual form

Now we add to i (�) a discrete set of stationary points (where by de�nition the
�eld X H vanishes). We suppose that � is obtained by local closure at the added
points of i (�) in the phase space M and that � is \locally" an analytic curve in M .
We denote by �� ! � a desingularization of the curve � . We will consider � as an
open subset of��. By restriction of the tangent bundle TM , we get an holomorphic
bundle T� over � and by pull-back an holomorphic bundle T�� over ��.

At a point stationary point a above we cannot use the temporal parametrisation
on �� . Then we choose an uniformizing variable u at a 2 �� ( u(a) = 0), and we write
the immersion i : u 7! i (u). We get X (i (u)) = f (u)d=du (u 6= 0) with f (0) = 0 (by
de�nition the Hamiltonian �eld X vanishes ati (0)). Using u as a local coordinate on
i (�), we can write X = d=dt = f (u)d=du. Then the pull-back by i of the VE in a
punctured neighbourhood ofa is

d�
du

=
1

f (u)
@X
@x

(i (u)) :

It is a holomorphic di�erential system over a punctured neighbourhood of a in ��. It
can clearly be interpreted as ameromorphic di�erential system over a neighbourhood
of a.
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Such local constructions over�� glue together and we get a meromorphic connec-
tion over ��. It de�nes the VE over ��.

When we add some points at in�nity we can perform a similar construction over
�� 0. The only di�erence is that the Hamiltonian �eld X = X H can have a pole at a
point at in�nity (due to the possible singularities at in�ni ty of the symplectic form).
Then the function f (u) is now in generalmeromorphic.

4.3. Reduction to the normal variational equations. The problem of the
reduction of a linear system of equations goes back to the D'Alembert reduction of
the order of a linear di�erential equation when we know a particular solution.

In the Hamiltonian case, as we shall see, the mechanism whichexplains the re-
duction is the existence of invariant unidimensional horizontal sections (of (V;r ) or
(V � ; r � )) in involution.

All the bundles and connections considered in this section are meromorphic. In
the process of reduction we may need to add some new singular points to the reduced
connection, and in this case we will consider these new singularities as singular points
of the initial VE (i.e., as points of � � �). With this in mind, all the bundles and
connections will be de�ned over the same �xed connected Riemann surface�

0
or �

(with the same \singular set"). Also, as usual, we will identify a bundle with its (sheaf
of) sections.

Let V be a symplectic vector bundle of rank 2n. Locally we can de�ne a symplectic
form 
 which de�nes the symplectic structure of V . If v1; :::; vk areglobalmeromorphic
sections ofV linearly independent over � ( v1 ^ ::: ^ vk 2

V k V is di�erent from zero
on �) and in involution (i.e. 
( vi ; vj ) = 0, i; j = 1 ; :::; k), then we can obtain some
subbundles of V in the following way (we remark that, by de�nition, the secti ons
v1; :::; vk have their coe�cients in the �eld of meromorphic functions o ver � or �

0
,

being holomorphic over �).
Let F be the rank k (meromorphic) subbundle of V generated byv1; :::; vk . We

get F ? ( ? with respect to the symplectic structure) as a subbundle ofV . We have
clearly F � F ? . The normal bundle N := F ? =F is a rank 2(n � k) symplectic bundle
which admits locally the symplectic form 
 N de�ned by the projection of 
. It is
easy to see that this form is well de�ned and non-degenerate over �. (See also [5, 38],
meromorphic vector bundles do not appear in these references but the constructions
are similar.)

Using Lemma 2 below, we can suppose that the form 
 is globallyde�ned (and
that it is meromorphic over � and holomorphic and non degenerate over �). We will
implicitly made these hypothesis in what follows.

The following proposition (with the same notation as above)is essentially a con-
sequence of Propositions 1.11 and 1.6 of [5] (with small changes in the notation and
taking account of the fact that we work here with meromorphic connections instead
of holomorphic connections).

Proposition 5. Let (r ; V;
) a symplectic connection andv1; :::; vk an involutive
set of linearly independent global horizontal sections ofr . Then by restriction we
have the subconnections(r F = 0 ; F ), (r F ? ; F ? ) and a symplectic connection on the
normal bundle (r N ; N; r N ).

Proof. It is obvious that the bundle F is invariant by r . The invariance of F ?

by r follows from the formula


( r w; v) = X (
( w; v)) � 
( w; r v) � (r 
)( w; v);
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and from the fact that r is a symplectic connection.
We de�ne the connection r N on N := F ? =F from the action of r on the repre-

sentatives in F ? of the classes inN . Of course it is well de�ned (r F = 0) and it is a
symplectic connection.

The connection r N is called the reducedconnection and the corresponding linear
di�erential equation the (reduced) normal equation.

We remark that although the proof of the above proposition is technically similar
to these of the propositions in [5], the philosophy here is di�erent. Here the con-
nections r , r N have the same singularities in� � �; in particular, the di�erential
�elds of coe�cients of the corresponding linear di�erentia l equations are the same
(the meromorphic functions over �).

Our objective now is to investigate the relation between theGalois group of the
initial equation Gal r and the Galois group of the reduced equationGal r N . We will
use two di�erent methods. The �rst is based upon explicit classical computations.
The results such obtained are su�cient for the applications. (More precisely for these
applications it is su�cient to know that if the identity comp onent of Gal r is abelian,
then the identity component of Gal r N is alsoabelian.) The second method is based
upon Tannakian arguments. It will allow us to give a more precise relation between
the two di�erential Galois groups. This last relation seems interesting by itself, even
if it is not necessary for what will follows.

Let ( r ; V;
) be a symplectic connection. Then we have the musical isomorphism
de�ned by 


[ : (r ; V;
) �! (r � ; V � ; f ; g):

We set \ := [ � 1. The symplectic form (section) is transported to the Poisson bracket,

f �; � g = 
( \ (� ); \ (� )) :

(In some references it is said thatV � with the Poisson bracket is a Poisson vector
bundle, see for instance [38].)

Let now � 2 V � , v 2 V two sections. Then � 0 := � (p0), v0 := v(p0) are
elements belonging to the �bres at p0 2 �, that using Cauchy's existence theorem
we can identify with elements belonging respectively to thevector spaces of germs of
solutions at p0: E � = Solr � , E = Solr .

Lemma 1. Let (V;r ; 
) be a symplectic connection and let� , v := [ � 1� global
sections of respectively the bundlesV � and V . Then the following conditions are
equivalent

(i) � is a (linear) �rst integral of the linear equation de�ned by r .
(ii) � is a horizontal section of r � (i.e., a solution of the
adjoint di�erential equation).
(iii) v is a horizontal section of r .
(iv) � 0 is invariant by the Galois group Gal r .
(v) v0 is invariant by the Galois group Gal r .

Proof. The equivalence between (i) and (ii) follows from

X (< �; w > ) = < r �; w > + < �; r w >;

being X the holomorphic vector �eld on the Riemann surface�, such that r := r X .
The equivalence between (ii) and (iii) follows from

0 = X (
( v; v)) = X (< �; v > ) = < r �; v > + < �; r v > :
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Now if � is a horizontal section of r � , (M � (1 + � ); � � r � ) is a rank one sub-
connection of (M � � V � ; � � r � ). Then (as in the �nal example of Section 4) the
complex construction corresponding by the �ber functor Sol, that is the complex line
C(1 + � 0) is (pointwise) invariant by the Galois group. So we get (iv). That (ii) is a
necessary condition for (iv) is clear from the fact that � 0 is a local horizontal section
at a point p0 2 � that, by assumption, can be extended to a global section� . From
the unicity in Cauchy's theorem it is necessarily a horizontal section.

The equivalence between (iii) and (v) is obtained in a similar way: we only need
to write V instead V � (another way for �nishing the proof is to prove the equivalence
between (iv) and (v) using the fact that the musical isomorphism [0 between the
vector spaces (E; 
 0) and (E � ; f ; g0) induces a bijection between the invariants of the
Galois group in E and E � ).

Let � 1; :::; � k (� i being a section ofV � ) be an involutive set of (global) indepen-
dent (i.e., generating a rankk subbundle) �rst integrals of the symplectic connection
(r ; V;
). By the above lemma we obtain an involutive set v1; :::; vk of independent
(global) horizontal sections of (r ; V;
). If as above, F is the rank k subbundle of
horizontal sections generated byv1; :::; vk , we can construct the subbundles and con-
nections (r F ; F ), ( r F ? ; F ? ) and (r N ; N = F ? =F; 
 N ) (in general we will write
simply r N ). (We remark that it is easy to prove that

F ? = f w 2 V :< � i ; w > = 0 ; i = 1 ; :::; kg

( [5])).
From the (meromorphic) triviality of the symplectic vector bundles (see appendix

B) and the properties of the symplectic bases (the global meromorphic sections are
a symplectic vector space over the �eld of global meromorphic functions K = M (�)
over �) we have

Lemma 2. There exist a global (meromorphic) symplectic canonical frame which
contains the given linearly independent and involutive horizontal sections v1; :::; vk .

Let JS be the matrix of r in a canonical frame (S is a symmetric matrix). We
de�ne a symplectic change of variables using some new canonical frame which contains
the given linearly independent and involutive horizontal sections v1; :::; vk .

We denote the matrix of the symplectic change of variables by

P = ( D1 D2 C1 C2);

where C2 = ( � t
1; :::; � t

k ); and the 2n-dimensional columns vectors� i , i = 1 ; :::; k, are
the coordinates ofvi in the original canonical frame. Then we have ([45]):

P � 1 =

0

B
B
@

� C t
1J

� C t
2J

D t
1J

D t
2J

1

C
C
A

AP � _P = JSP � _P = ( JSD1 � _D1 JSD2 � _D2 JSC1 � _C1 0);

sinceC2 is a fundamental matrix solution of the original linear equation. Hence the
matrix of the transformed equation is

P[JS] : = P � 1(JSP � _P)
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=

0

B
B
@

C t
1(SD1 + J _D1) G C t

1(SC1 + J _C1) 0
C t

2(SD1 + J _D1) C t
2(SD2 + J _D2) C t

2(SC1 + J _C1) 0
� D t

1(SD1 + J _D1) F � D t
1(SC1 + J _C1) 0

M H E 0

1

C
C
A ;

where E, F , G, M and H are some matrices. The matrixP[JS] is necessarily in�ni-
tesimally symplectic, i.e., of the form JS1 with S1 symmetric (see, for instance, [45],
page 36,37). HenceC t

2(SD i + J _D i ) ( i = 1 ; 2) and C t
2(SC1 + J _C1) are zero,E = � Gt ,

M = F t , C t
1(SD1+ J _D1) = ( C t

1S� _C t
1J )D1 and H , C t

1(SC1 + J _C1), � D t
1(SD1+ J _D1)

are symmetric.
Reordering the new canonical frame, the matrix of the connection r becomes

P[JS] =

0

B
B
@

C t
1(SD1 + J _D1) C t

1(SC1 + J _C1) G 0
� D t

1(SD1 + J _D1) ( � D t
1S � _D t

1J )C1 F 0
0 0 0 0

F t � Gt H 0

1

C
C
A :

Then the transformed di�erential equation _� = P[JS]� in the variable � =
(�; �; 
; � ) is

_� = C t
1(SD1 + J _D1)� + C t

1(SC1 + J _C1)� + G
;
_� = � D t

1(SD1 + J _D1)� + ( � D t
1S � _D t

1J )C1� + F 
;
_
 = 0 ;
_� = F t � � Gt � + H
:

The matrix of the reduced equation is
�

C t
1(SD1 + J _D1) C t

1(SC1 + J _C1)
� D t

1(SD1 + J _D1) ( � D t
1S � _D t

1J )C1

�
:

Then we get the Picard-Vessiot extensionL=K of r from two successive exten-
sions

K � L N � L;

whereL N =K is the Picard-Vessiot extension of the (normal) reduced equation (i.e.,of
r N ) and L=L N is an extension composed by two successive extensionsL=L 1 and
L 1=LN by integrals.

Now, using the Galois correspondence, we get

Gal(L N =K ) = Gal(L=K )=Gal(L=L N ):

It is well known that extensions by integrals are normal purely transcendental exten-
sions. Their Galois groups are additive abelian groups isomorphic to someGr

a ( [28]).
Therefore Gal(L=L N ) is Zariski connected and we get the inclusion ofGal(L=L N ) in
the identity component Galr 0 (Gal(L=L N ) is the group H that will appear below in
the Tannakian reduction: see the next subsection).

Finally, for n = k we can solve the initial system by quadratures. This is proved
in [45]. Our computations on the matrix JS are a generalization of the computations
in this reference (we in fact kept the same notations).

If now we have the variational equation (VE) over an integral curve � of a holomor-
phic Hamiltonian system X H and if f 1 = H; f 2; :::; f k is an involutive set of holomor-
phic and independent �rst integrals of X H , then (see Section 5) we get an involutive
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set � 1 = dH; � 2; :::; � k of independent �rst integrals of the (VE) and we can apply the
results of this section. The (normal) reduced equation suchobtained is then called
the normal variational equation (NVE).

Proposition 6. Let � 1; :::; � k 2 V � be an involutive set of independent (global)
�rst integrals of (r ; V;
) . Let r N be the reduced connection de�ned by the above set.
Then we have

(i) The linear di�erential equation corresponding to the co nnection
(r ; V;
) is solvable if and only if the reduced equation
corresponding to (r N ; N; 
 N ) is solvable.
(ii) If the identity component of Galr is abelian then
the identity component of Galr N is also abelian.

Proof. Using the preceding results and the di�erential Galois correspondence, the
equivalence (i) follows from the general group theoretic facts that any subgroup and
any quotient group of a solvable group is solvable and that conversely, if a normal
subgroup and the corresponding quotient group are solvablethen the original group
is also solvable. Claim (ii) is evident.

Claim (ii) in the preceding proposition is essential for the applications.

Example . Now, as an example, we shall apply the above considerationsto the
variational equations of a two degree of freedom Hamiltonian system along an integral
curve �. We want to obtain the (NVE) from the (VE) when the Hami ltonian is a
natural mechanical system,H = T + U, T = 1

2 (y2
1 + y2

2); U = U(x1; x2) (potential).
Then � = dH (over �) is a linear �rst integral (i.e., an element of V � ). We

know that this is equivalent to the fact that _z = ( y1; y2; � U1; � U2) 2 V (where we
used subindexes for the derivatives of the potential) is a known solution. There are
many possibilities for the choice of the symplectic changeP (which is de�ned by a
symplectic frame admitting _z as one of its elements). We can suppose thaty1 and
y2 are not identically zero (if this is not the case the NVE is obtained without any
computation from the VE), then we can select a very simple solution

P =

0

B
B
@

0 0 0 y1

� y2
y1

0 0 y2

0 � 1
y1

1 � U1
U2
y1

0 � y1
y2

� U2

1

C
C
A :

Applying the formula obtained above, the matrix of the NVE is
�

� U1=y1 1 + ( y1=y2)2

y2U12=y1 U1=y1

�
:

We observe that, as expected, it belongs to the symplectic Lie algebrasp(1; K ) =
sl(2; K )).

4.4. Reduction from the Tannakian point of view. We will give now a new
proof of Proposition 6 using Tannakian arguments. In fact wewill get a slightly more
precise result. This improvement has an independent interest even if it is not used
later in this paper.

We recall that a group G is metaabelian if its derived group G0 is abelian. In
particular, a metaabelian group is solvable.
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The relation between the initial Galois group and the reduced Galois group is
given by the following result

Proposition 7. Let � 1; :::; � k 2 V � be an involutive set of independent(global)
�rst integrals of (r ; V;
) . Let r N be the reduced connection de�ned by the above set.
Then

(Galr N )0 � Galr 0=H;

where Galr 0 and (Galr N )0 are respectively the identity components of the Galois
groups of r and r N , and H a closed normal metaabelian subgroup ofGalr 0.

Proof. With the above notations, at the level of connections we havethe natural
morphisms

(V;r )  - (F ? ; r F ? ) ! (N = F ? =F; r N );

(being the �rst the inclusion and the second the projection) and the isomorphism

[ : (r ; V;
) �! (r � ; V � ; f ; g):

By applying the �ber functor we get the corresponding morphisms and isomor-
phism

(E; 
)  - (F ?
0 ; 
 F ?

0
) ! (N0 = F ?

0 =F0; 
 N 0 )

[0 : (E; 
) �! (V �
0 ; f ; g);

where E = Solr , F0 = Solr F , etc... In order to simplify the notation, we will write

 and f ; g instead of 
 0, f ; g0.

Let F0
� ; f ; g be the involutive subalgebra generated by� 1; :::; � k . Then we obtain

the morphisms

(E � ; f ; g)  - (F �
0

? ; f ; gF �
0

? ) ! (N �
0 := F0

� ? =F0
� ; f ; gN �

0
);

where orthogonality ? is now de�ned by the Poisson bracket.
We have natural morphisms of algebraic groups

Gal r ! Gal r F ? ! Gal r N :

By composition, we get a surjective morphism� : Gal r ! Gal r N :
We get also the corresponding morphisms of Lie algebras

Lie r ! Lie r F ? ! Lie r N

and the surjective morphism

� : Lie r ! Lie r N :

We will see later in Section 5 that the Lie algebraLie r is isomorphic to a Lie
subalgebra ofS2E � ; f ; g) and that modulo this isomorphism, the action of � 2 Lie r
on E � is given by

f �; : g : � 7! f �; � g:
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Then it is easy to describe the natural morphisms

Lie r ! Lie r F ? ! Lie r N

by restriction and projection of f �; g (we observe that f �; � g = 0, for any � 2 Lie r ,
� 2 F �

0 or in a shorter way f Lie r ; F �
0 g = 0 ) and Lie r N is considered also as a Lie

subalgebra of (S2N � ; f ; g), modulo a musical isomorphism.
Using the morphism of Lie algebras

� : Lie r ! Lie r N

we get an isomorphism

Lie r N � Lie r =Ker�:

We setKer � := H . Then � 2 H if and only if f �; F �
0

? g � F �
0 . As f E � ; E � g � C,

by the Jacobi identity

ff �; � g; � g = f �; f �; � gg � f �; f �; � gg;

(with � 2 Lie r , � 2 E � , � 2 F �
0 ), we get the inclusion f Lie r ; E � g � F �

0
? . Applying

again the Jacobi identity in the form

ff �; � 0g; � g = f �; f � 0; � gg � f � 0; f �; � gg;

with � ,� 0 2 H and � 2 E � (we note that this identity is simply the expression of the
action of the commutator [A; B ] as AB � BA in the usual linear representation), one
obtain ff �; � 0g; � g 2 F �

0 . So, as the algebraH annihilate F �
0 we get that the derived

algebra H 0 is abelian, i.e.,H is metaabelian and, in particular, solvable.
We set H = Ker � . The group H is an algebraic subgroup ofGal r . Using the

results of the preceding subsection we can interpretH as a di�erential Galois group
and we recall that this group is Zariski connected. Its Lie algebra is H , therefore H
is metaabelian.

From the classical Picard-Vessiot theory we get

Corollary 2. We have the following statements
(i) The linear di�erential equation corresponding to the co nnection
(r ; V;
) is solvable if and only if the reduced equation
corresponding to (r N ; N; 
 N ) is solvable.
(ii) If the identity component of Galr is abelian then both,
the identity component of Galr N and the groupH , are also abelian.

Proof. (i) follows from the general group theoretic fact that any subgroup and any
quotient group of a solvable group is solvable and conversely, if a normal subgroup
and the corresponding quotient group are solvable then the original group is solvable.
Claim (ii) is a direct consequence of the above proposition.

In the above corollary (i) express the meaning of the reduction: we can solve (in
the Galois di�erential sense) the linear equation corresponding to r when we know
the solutions of the linear equation corresponding tor N .

5. Non integrability.
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5.1. Algebraic preliminaries. Let V be a symplectic complex space. We set
dim C V = 2 n. We choose a symplectic basisf e1; : : : ; en ; "1; : : : ; "n g and we denote
by (x1; : : : xn ; y1; : : : ; yn ) the coordinates of v 2 E in this basis. If < v; v 0 > is the
symplectic product of v; v0 2 E, then

< v; v 0 > =
nX

i =1

x i y0
i � x0

i yi :

We set

C[V ] =
M

k � 0

Sk V � :

We endow C[V ] with the ordinary multiplication. We get the commutative C-
algebra of polynomials onV . We denote byC(V ) the �eld of fractions of C[V ]. Using
the Poisson product, we endowC(V ) with a structure of non commutative C-algebra,
the Poisson structure.

Using coordinates we can compute the Poisson product off; g 2 C(V ):

f f; g g =
nX

i =1

@f
@yi

@g
@xi

�
@f
@xi

@g
@yi

:

The two products on C(V ) are related by the Leibniz rule

f fg; h g = f f g; hg + gf f; h g:

Let A � C(V ) be a complex vector subspace. If it is stable by the Poisson
product, then A is a Poisson subalgebra ofC(V ). The �eld of fractions of A is also a
Poisson subalgebra ofC(V ).

Let A be a subset ofC(V ). If, for each pair f; g 2 A, we havef f; g g = 0, we will
say that A is an involutive subset. Then the complex vector subspace generated byA
is also involutive and is a Poisson subalgebra. Using the Leibniz rule we verify that
the subalgebra (for the ordinary product) generated byA is involutive and is also a
Poisson subalgebra.

A subset of an involutive subset is clearly also an involutive subset.
Let A be a subset ofC(V ). We de�ne the orthogonal A? of A in C(V ) by

A? = f f 2 C(V )jf f; g g = 0 for every g 2 Ag:

The biorthogonal of A is A?? = ( A? )? .
Using the Leibniz rule and the Jacobi identity we verify immediately that A? is

a subalgebraand a Poisson subalgebraof C(V ). Therefore A?? is also a subalgebra
and a Poisson subalgebra ofC(V ).

Let A be a subset ofC[V ]. It is involutive if and only if we have the inclusion
A � A? . Moreover, if A is involutive, we have the inclusions

A � A?? � A?

and A?? is an involutive subalgebra ofC(V ).
Let A be a subalgebra ofC(V ) (for the ordinary product). We will say that

f 2 C(V ) is algebraic over A if there exists a non trivial polynomial P 2 A[Z ] such
that P(f ) = 0. The algebraic closure �A of A in C(V ) is by de�nition the set of the
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f 2 C(V ) which are algebraic overA. The algebraic closure �A of A in C(V ) is a
sub�eld (it is the algebraic closure of the �eld of fractions of A).

The following result and its corollary are essential in our paper.

Proposition 8. Let A � C(V ) be an involutive subalgebra (that is a subalgebra
for the ordinary product which is also an involutive subset). Let �A � C[V ] be the
algebraic closure ofA in C(V ). Then we have inclusions

A � �A � A?? � A?

and �A is an involutive subalgebra ofC(V ).

Let � 2 �A. Let P 2 A[Z ] be a minimal polynomial for � .
We choose� 0 2 A? . From P(� ) = 0, we get f P(� ); � 0g = 0. Using � 2 �A and the

Leibniz rule we see easily that the operatorf :; � 0g is a A-linear derivation on A[� ],
therefore

f P(� ); � 0g =
@P
@Z

(� )f �; � 0g = 0 :

As the polynomial P is minimal, we have @P
@Z(� ) 6= 0 and therefore f �; � 0g = 0. This

yields �A � A?? . As A?? is involutive, the subalgebra �A is also involutive.

Corollary 3. Let V be a symplectic complex space. We setdimC V = 2 n. Let
A � C(V ) be a subalgebra (for the ordinary product) which is generated by a �nite
involutive subset � = ( � 1; : : : ; � n ). We suppose that then elements � 1; : : : ; � n are
algebraically independent. Then

(i) A is an involutive subalgebra,
(ii) A? is an involutive subalgebra,
(iii) �A = A? = A?? .

Claim (i) is evident.
Let f 2 A? . It is orthogonal to � � A. The n elements � 1; : : : ; � n are alge-

braically independent and in involution, therefore f and � 1; : : : ; � n are algebraically
dependent; we admit this claim and we will prove it later: cf. Corollary 4 below. Then
f 2 �A. We get an inclusionA? � �A. Using the proposition, we get also the inclusions
�A � A?? � A? . Therefore �A = A? = A?? . The subalgebra A?? is involutive.
Claim (ii) follows.

We set as usual

J =
�

0 I n

� I n 0

�
;

where I n is the (n; n) identity matrix.
We have J t = � J = J � 1.
A (2n; 2n) matrix M is symplectic if and only if

M t JM = J:

A (2n; 2n) matrix M is in the Lie algebra of the Lie group of symplectic matrices
if and only if

M t J + JM = 0 :
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This is equivalent to (JM )t = JM , that is to the fact that the matrix JM is sym-
metric.

The symplectic structure on the symplectic spaceV gives the musical isomorphism

[ : V ! V � :

If X is the column vectors of the coordinates ofv 2 V in the chosen symplectic
basis, then the column vector of the coordinates of[ (v) in the dual basis is JX .

Using the contraction V � 
 V ! C between the �rst and the third factor in
V � 
 V 
 V , we get an homomorphism

V � 
 V ! End(V ):

It is well known that it is an isomorphism and in general we will identify V � 
 V and
End(V ) modulo this isomorphism.

We set  = idV � 
 ( 1
2 [ ). The map  : V � 
 V ! V � 
 V � is an isomorphism.

We can interpret  as an isomorphismEnd(V ) ! V � 
 V � . An element u 2 End(V )
belongs to the Lie algebrasp(V ) if and only if  (u) is invariant by the symmetry

V � 
 V � ! V � 
 V �

v 
 w 7! w 
 v:

Then  (u) de�nes an element ofS2V � and  induces an isomorphism

� : sp(V ) ! S2V � :

If we use as before the chosen symplectic basis ofV and the dual basis ofV � and
if we denote respectively byM and M 0 the matrices of u 2 sp(V ) and the matrix of
the quadratic form corresponding to � (u) 2 S2E � , then

M 0 =
1
2

JM:

We de�ne an operation of the Lie algebraEnd(V ) on V � by w 7! � ut (w). Using
this operation and the natural operation of End(V ) on V , we get an operation of
End(V ) on V � 
 V :

w 
 v 7! � ut (w) 
 v + w 
 u(v):

If we identify V � 
 V with End(V ), then the corresponding operator is [u; :].

Lemma 3. (i) Modulo the isomorphism � : sp(V ) ! S2V � , the operation of
sp(V ) on V � de�ned above corresponds to the action ofS2V � on V � by the Poisson
product.

(ii) Modulo the isomorphisms � : sp(V ) ! S2V � and [ : V ! V � , the natural
operation of sp(V ) on V corresponds to the action ofS2V � on V � by the Poisson
product.

We use the chosen canonical basis onV and the dual basis onV � . Let M be the
matrix of u 2 sp(V ). Then M 0 = 1

2 JM is a symmetric matrix. It is the matrix of
the quadratic form corresponding to � (u). We denote by X (resp. X 0) the column
vector of the coordinates of v 2 V � (resp. v0 2 V � ) in the dual basis. We set
X t = ( x; y), X 0t = ( x0; y0). We set f (x; y) = X t M 0X and g(x; y) = X 0t X . We
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denote M 0 = 1
2

�
A B
B t D

�
. The matrices A and D are symmetric. Then 2f (x; y) =

x t Ax + yt Dy + x t By + yt B t x and g(x; y) = x0t x + y0t y = x t x0+ yt y0.
We have

f f; g g(x; y) = x t (� Ay0+ Bx 0) + yt (� B t y0+ Dx 0):

Then f f; g g(x; y) = X t X " = X " t X , where X " = M " X 0, with M " =
�

B � A
D � B t

�
.

We have M = � 2JM 0 =
�

� B t � D
A B

�
and � M t =

�
B � A
D � B t

�
: We have

�nally M " = � M t . That ends the proof of claim (i) .
Claim (ii) follows from the equality

� J
�

B � A
D � B t

�
J =

�
� B t � D

A B

�

� JM " J = M:

Lemma 4. Let � : sp(V ) ! S2V � be the isomorphism of complex vector spaces
de�ned by  = idV � 
 1

2 [ . If sp(V ) is endowed with its Lie algebra structure and if
S2V � is endowed with its Poisson algebra structure, then� is an isomorphism of Lie
algebras.

We can de�ne a Poisson action ofS2V � on V � 
 V � : f f; g 
 hg = f f; g g 
 h +
g 
 f f; h g.

Using the preceding lemma we see that the action ofsp(V ) on V � 
 V de�ned above
corresponds with the Poisson action ofS2V � on V � 
 V � modulo the isomorphisms
� : sp(V ) ! S2V � and idV � 
 1

2 [ : V � 
 V ! V � 
 V � . (In claim (ii) of the preceding
lemma, we can replace the isomorphism[ by the isomorphism 1

2 [ .) The isomorphism
idV � 
 1

2 [ : V � 
 V ! V � 
 V � induces the isomorphism� and the action of u 2 sp(V )
on sp(V ) is v 7! [u; v]. That ends the proof of the lemma.

Let u 2 sp(V ). Using the action of u on V � that we have de�ned above we get
an action on C[V ]. We denote f 7! u:f this action.

Let G � sp(V ) be a Lie subalgebra.
We recall that f 2 C[V ] is an invariant of G if u:f = 0 for every u 2 G.

Theorem 6. Let V be a symplectic complex space. We setdimC V = 2 n. Let
G � sp(V ) be a Lie subalgebra. Let� = ( � 1; : : : ; � n ) be a �nite involutive subset.
We suppose that then elements� 1; : : : ; � n are algebraically independent. We suppose
that � 1; : : : ; � n are invariants of G. Then the Lie algebraG is abelian.

Using a preceding lemma we see thatu:f = 0 is equivalent to f � (u); f g = 0.
We denote by A the subalgebra generated by� . This algebra is involutive, A? is
involutive (cf. corollary) and � (G) � A? . As � (G) is a Poisson algebra isomorphic to
the Lie algebra G, the result follows.

Let U � Cn be a connected open subset. We denote byO(U) the C-algebra of
holomorphic functions on U. We denote byM (U) the �eld of meromorphic functions
on U, that is the fraction �eld of O(U). Let f 1; : : : ; f m 2 M (U). We will say that
they are functionally dependent if there exists a non trivial relation

P m
i =1 gi df i = 0

with g1; : : : ; gm 2 M (U) (g1; : : : ; gm 6= 0), that is if the meromorphic di�erential
forms df 1; : : : ; df m are linearly dependent upon the �eld M (U).
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It is easy to prove the following result.

Lemma 5. Let U � Cn be a connected open subset. Letf 1; : : : ; f m 2 M (U). The
following conditions are equivalent:

(i) f 1; : : : ; f m are functionally independent;
(ii) there exists an open connected dense subsetV � U such that f 1; : : : ; f m 2

O(V ) and rankC df 1(x); : : : ; df m (x) = m for every x 2 V ;
(iii) there exists a point x 2 U such that f 1; : : : ; f m are holomorphic at x and

such that rankC (df 1(x); : : : ; df m (x)) = m.

Proposition 9. In C(V ) � C(x1; : : : ; xn ) functional (over some open setU of
V ) and algebraic dependence (overC) are equivalent

This result is well-known and it is proved (for instance) in [5], Proposition 1.16,
p. 12. We will give the proof for completeness.

For proving the Proposition 9, we recall the following result ([5]), Proposition
1.15, p. 11).

Proposition 10. Let L � K be a �eld extension of 0-characteristic �elds. Then
any derivation on L extends to a derivation onK .

Let f 1; : : : ; f m 2 C(x1; : : : ; xn ). If P(f 1; : : : ; f m ) = 0 for some polynomial P 2
C[Z1; : : : ; Zm ], then dP(f 1; : : : ; f m ) =

P @
@Zi

P(f 1; : : : ; f m )df i = 0, therefore f 1, : : :,
f m are functionally dependent.

Conversely, if the f i 's are algebraically independent thenC(f ) = C(f 1; : : : ; f m ) is
a transcendental extension of degreem of C and the di�erential operators @=@fi are
well de�ned on C(f ). We have @

@fi
f j = � ij . We have a �eld extension C(f ) �

C(x1; : : : ; xn ), therefore the di�erential operators @=@fi extend to derivations D i

on C(x1; : : : ; xn ). We have clearly D i f j = � ij . We de�ne the vector �elds X i =P
j =1 ;:::;n D i (x j )@=@xj (i = 1 ; : : : ; m). For every g 2 C(x1; : : : ; xn ) we have (dg; X i )=

D i g. Let g1; : : : ; gm 2 C(x1; : : : ; xn ) such that
P

i =1 ;:::;m gi df i = 0. If we contract this
relation with the vector �eld X k , we get gk = 0. Therefore the f i 's are functionally
independent.

Proposition 11. Let V be a symplectic complex space. We setdimC V =
2n. Let C(V ) be the �eld of rational functions on V. Let f 1; : : : ; f n +1 2 C(V ) �
C(x1; : : : ; x2n ) be in involution. Then the functions f 1; :::; f n ; f n +1 are functionally
dependent over an open domainU � V .

This proposition is well-known in the real (di�erentiable) case. In the complex
case the same proof works well. We shall give the proof for completeness.

We can interpret [ as an isomorphism between the holomorphic �ber bundlesT V
(tangent bundle) and T � V (cotangent bundle). We denote by \ the inverse isomor-
phism.

If we assume that the functionsf 1; :::; f n ; f n +1 are functionally independent, then
they are regular and rank(df 1; :::; df n +1 ) = n + 1, on a dense open domainU.

The C-linear forms df 1(x); : : : ; df n +1 (x) 2 Tx V � are linearly independent for every
x 2 U. Let x0 2 U. We set f i (x0) = ci 2 C. The subset � = f f 1 = c1; : : : ; f n +1 =
cn +1 g � U is an analytic (smooth) submanifold of complex dimensionn � 1. The
vector �elds Yi = \df i (i = 1 ; : : : n + 1) are tangent to � ( df i (Yj ) = f f i ; f j g = 0) and
linearly independent over the complex �eld at each point of V . (The linear map \
induces an isomorphism betweenTx V � and Tx V.) This implies dim � � n + 1 and
we get a contradiction.
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Corollary 4. Let V be a symplectic complex space. We setdimC V = 2 n. Let
f 1; : : : ; f n +1 2 C(V ) � C(x1; : : : ; x2n ) in involution. Then

(i) f 1; : : : ; f n +1 are algebraically dependent
(ii) if, moreover f 1; : : : ; f n are algebraically independent, thenf n +1 is algebraic

over the C-algebra generated byf 1; : : : ; f n .

The functions f 1; : : : ; f n +1 are functionally dependent (on some open subset),
therefore they are algebraically dependent (over the complex �eld C).

If the functions f 1; : : : ; f n are algebraically independent, then we get a rela-
tion P(f 1; : : : ; f n +1 ) = Am f m

n +1 + : : : + A0 = 0, where P 2 C[F1; : : : ; Fn +1 ] and
A0; : : : ; Am 2 C[F1; : : : ; Fn ] � C[f 1; : : : ; f n ] ( being done the last isomorphism by the
algebraic independence off 1; : : : ; f n ) with m > 0.

With this result we can end the proof of Corollary 3 and therefore the proof of
Theorem 6.

5.2. Main result. Let E be a complex vector space of dimensionm � 1. As
above we denote byC[E ] the C-algebra of polynomial functions onE, and by C(E)
the �eld of rational functions on E (i.e. the quotient �eld of C[E ]).

Let G � GL (E) be an algebraic subgroup. We de�ne a left action ofG on C[E ]
or C(E) by (g; f ) = g:f = f � g� 1 (g 2 G ; f 2 C(E)). (It corresponds clearly to
the usual action of G on the constructions overE .) Let G be the Lie algebra ofG.
If u 2 G � End(E), we de�ne its action on V � by � t u and its action on E � 
 E � by
� t u 
 1 � 1 
 t u. Its natural action f 7! u � f on C[E ] (isomorphic to the symmetric
tensor algebraS� (E � )) or on C(E) follows using evident formulas.

We de�ne by C[E ]G (resp C(E)G ) the C-algebra ofG-invariant elements of C[E ]
(resp C(E)) (i.e. those f 2 C[E ] (resp. C(E)) such that g:f = f , for all g 2 G). If
f 2 C(V )G , then u � f = 0 for all u 2 G.

We can clearly identify C with a sub�eld of C(E)G . As in [14, 5], for r � 1, we
will say that an algebraic group G is r -Ziglin if transdegC C(E)G � r . We will say that
an algebraic groupG is r -involutive Ziglin if there exists r algebraically independent
elementsf 1; : : : ; f r 2 C(E)G in involution.

We can state now our main results.
In order to facilitate the main applications to non academic problems, we will

give three versions of this main result and add some corollaries for local situations.
(Each statement will generalize the preceding.)

Let � be the abstract Riemann surface de�ned by a non stationary connected
integral curve i (�) of an analytic Hamiltonian system X H with n degrees of freedom
on a symplectic complex manifoldM .

Theorem 7. If there are n meromorphic �rst integrals of X H which are in
involution and independent over a neighbourhood of the curve i (�) (not necessarily
on � itself ), then the Galois group of the VE over � is n-involutive Ziglin. This
Galois group is the Zariski closure of the monodromy group. Furthermore, the identity
component of the Galois group of the VE over� is abelian.

The following result is a consequence of a theorem of Ziglin ([74] Theorem 2,
Remark 1). As an exercise, we give here a di�erent proof. In fact Ziglin's result is
stronger: he does not need involutivity hypothesis. We will come back to Ziglin's
theorem later.

Corollary 5. We suppose that there aren meromorphic �rst integrals of X H

which are in involution and independent over a neighbourhood of the curve i (�) (not
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necessarily on� itself ). Let g; g0 be elements of the monodromy group. We suppose
that they are non resonant. Theng must commute with g0.

Proof. Let G0 be the Zariski closure in the Galois groupG of the subgroup
generated by g and g0. Let H (resp. H 0) be the Zariski closure of the subgroup
generated byg (resp. g0). Becauseg and g0 are non resonant, the groupsH and H 0 are
maximal torus in the symplectic group, i.e., they are conjugate to the multiplicative
group of dimensionn

T := f diag(� 1; :::; � n ; � � 1
1 ; :::; � � 1

n ; � i 2 C � ; i = 1 ; :::; ng:

( see [5], proposition 2.13)
Therefore they are Zariski-connected. It follows thatG0 � G0. Applying theorem

7 we see thatG0 is abelian, thereforeg and g0 commute.
We add now to the curvei (�) a discrete set of stationary points. We get a singular

curve � � M . Let �� be a non singular model of � .

Theorem 8. If there are n �rst integrals of X H which are meromorphic and in
involution over a neighbourhood of the curve� and independent in a neighbourhood
of � (not necessarily on � itself ), then the Galois group of the meromorphic VE over
�� is n-involutive Ziglin. Furthermore, the identity component of the Galois group of
the VE over �� is abelian.

We add now to the symplectic manifold (M; ! ) a hypersurface at in�nity M 1

(M 0 = M [ M 1 ) and to the curve i (�) a discrete set of stationary points and a
discrete set of points at in�nity. We get a singular curve � 0 � M 0. (We assume as
before that ! admits a meromorphic extension overM 0.) Let �� 0 be a non singular
model of � 0.

Theorem 9. If there are n �rst integrals of X H which are meromorphic and in
involution over a neighbourhood of the curve� 0 in M 0 (in particular meromorphic at
in�nity) and independent in a neighbourhood of � (not necessarily on � itself ), then
the Galois group of the meromorphic VE over�� 0 is n-involutive Ziglin. Furthermore,
the identity component of the Galois group of the VE over�� 0 is abelian.

Be careful: when we are in the third case we can considerthree di�erent Galois
groups corresponding to the variational equations overthree (in general di�erent)
Riemann surfaces (�, �� and �� 0). (Each group contains the preceding.) But our
abelian criterion is less and less precise (the set ofallowed �rst integrals is smaller at
each step...). Unfortunately it is in general di�cult to com pute the di�erential Galois
group. (If the Riemann surface is open it is a transcendentalproblem.) The best
situation is when, in the second (resp. the third case), the Riemann surface�� (resp.
�� 0) is compact (and therefore algebraic). Then the connectionis de�ned over a �nite
extension of the rational functions �eld C(z) and there exists an algebraic algorithm
to decide if the identity component of the di�erential Galoi s group is solvableand
more precisely there exists a procedure to �nd a basis for thespace of Liouvillian
solutions ([63, 42]). So in that situation we get the existence of a purely algebraic
criterion (unfortunately not yet e�ective...) for rational non integrability . (Notice
that, if the manifold M 0 is algebraic, then �� 0 is algebraic.)

It is important to notice that, if the meromorphic VE over �� 0 is regular singular
(i.e. of Fuchs type), then our three di�erential Galois groups coincide. Then, if we
are in the algebraic situation that we described above, we get an obstruction not only
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to the existence ofn rational �rst integrals in involution, but more generally to the
existence ofn �rst integrals meromorphic on the initial manifold M and in involution.
(An arbitrary growth at in�nity is allowed.)

In fact in many practical situations, the situation is the fo llowing: the Riemann
surface � is an a�ne curve (i.e. � = � 00� S, where � 00is a compact Riemann surface
and S a �nite subset), the VE (resp. the NVE) is a holomorphic connection r on
a trivial holomorphic bundle over the Riemann surface � and can be extended as
a meromorphic connection r 00 on a trivial bundle over � 00. If moreover this last
connection r 00 is regular singular, then the di�erential Galois groups of r and r "
coincide. Therefore we can (theoretically...) compute algebraically the di�erential
Galois group and we can apply Theorem 7. Of course we will havein general � 00= ��
or �� 0, but, for the applications it is not necessary to verify this fact! These remark will
be very useful for some important (non academic...) applications. We can conclude
that Theorems 8 and 9 are really interesting when we getirregular singularities at
the singular points (stationary points or points at in�nity ), in particular in the local
situations that we will describe now.

In the following two corollaries we will give somelocal versions of our results.
Locally on � or at a regular-singular point of ��, Ziglin's Theorem or our main

result give nothing. But, using our main result, we can get some proofs of local non-
integrability at a stationary point (or at a point at in�nity ) in some cases (cf. below:
6. Example 1).

Let X H be an analytic Hamiltonian system with n degrees of freedom on a sym-
plectic complex manifold M . Let a be a stationary point of X H . Let � be a germ of
(perhaps singular) analytic curve at a which is the union of f ag and a connected non
stationary germ of phase curve. Let�� be a germ of smooth holomorphic curve which
is a non singular model for �.

Corollary 6. If there are n germs at a of meromorphic �rst integrals of X H

which are in involution in a neighbourhood ofa (in particular meromorphic at in�nity)
and independent in a neighbourhood ofa (not necessarily on � itself ), then the local
Galois group of the meromorphic germ ata of VE over �� is n-involutive Ziglin.
Furthermore, the identity component of the local Galois group of the germ ata of VE
over �� is abelian.

We add now to the symplectic manifold (M; ! ) an hypersurface at in�nity M 1

(M 0 = M [ M 1 ) and to the curve i (�) a point at in�nity 1 2 M 1 . We get a germ
at 1 of singular curve � 0. (We suppose that ! admits a meromorphic extension at
1 .)

Corollary 7. If there are n germs at 1 of �rst integrals of X H which are
meromorphic and in involution in a neighbourhood of1 in M 0 and independent in
a neighbourhood of1 (not necessarily on � itself ), then the local Galois group of
the meromorphic germ at1 of VE over �� 0 is n-involutive Ziglin. Furthermore, the
identity component of the local Galois group of the germ of VEover �� 0 is abelian.

We will now prove Theorem 7. Later we will indicate how to modify the proof in
order to get theorems 8 and 9.

Let V;r be the holomorphic symplectic vector bundle and the connection cor-
responding to the variational equation of our Hamiltonian system along the solution
�. On the symmetric bundle S� V � of polynomials we can de�ne the structure of a
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Poisson \algebra" (over the sheafO� of C-algebras of holomorphic functions on �) in
the following way.

Let d be the di�erential over the �ber, i.e.

d : Sk V � �! Sk � 1V � 
 V � ;

d� =
X @�

@�i

 � i ;

being � 1; :::; � 2n �ber coordinates in the bundle V � (this is a special case of the di�er-
ential of Spencer).

Then we obtain the mappings,

d 
 d : Sk V � 
 Sr V � �! (Sk � 1V � 
 V � ) 
 (Sr � 1V � 
 V � )

Id 
 \ : (Sk � 1V � 
 V � 
 Sr � 1V � ) 
 V � �! Sk � 1V � 
 V � 
 Sr � 1V � 
 V �

c : Sk � 1V � 
 V � 
 Sr � 1V � 
 V �! Sk � 1V � 
 Sr � 1V �

sym : Sk � 1V � 
 Sr � 1V � �! Sk+ r � 2V � ;

where \ := [ � 1, c and sim are duality by the symplectic structure (musical isomor-
phism), the contraction between V and V � , and the symmetric product.

The Poisson bracket

f ; g : Sk V � 
 Sr V � �! Sk+ r � 2V � ;

is the composition of the four above maps. In a direct way we can prove that it is the
usual Poisson bracket in coordinates, if we only derivate with respect to the �ber, i.e.

f �; � g =
X @�

@�i

@�
@�i

�
@�
@�i

@�
@�i

;

in a canonical frame and canonical coordinates� , � . We can extend by bilinearity f ; g
to all the symmetric algebra S� V � , and obtain a Poisson algebra (S� V � ; f ; g) (more
precisely aO(�)-Poisson \algebra").

From now on we �x a point p0 2 �. Let E0 = Solp0 r be the space of germs
at p0 of solutions (i.e. horizontal vectors of the connectionr ). We can associate
to a germ of solution its initial condition at p0. We get an isomorphism between
E0 and E = Vp0 = Tp0 M . The C-algebra C[E ] is a complex Poisson subalgebra
of the complex Poisson algebra underlying theO(�)-Poisson algebra (S� V � ; f ; g),
and the natural isomorphism E0 ! E induces an isomorphism between this Poisson
algebra and the natural Poisson algebra (C[E ]; f ; g) that we de�ned above (using the
symplectic structure on E = Vp0 = Tp0 M ). In the following we will identify these two
algebras.

The Galois group G of the variational equation acts on C[E ] and the algebra of
invariants C[E ]G is also a Poisson subalgebra. Indeed sinceG is a symplectic group,
G commutes with the symplectic form and, for � 2 G, �; � 2 C[E ]G � f �; � g =
f ��; �� g = f �; � g.

We can now replace the holomorphic bundleS� V � (whose sections are functions
which are meromorphic on the basis andpolynomial on the �ber) by the holomorphic
locally trivial bundle LV � whose sections are functions which are meromorphic on
the basis andrational on the �bres. We extend easily the preceding constructions to
this bundle. The C-algebra C(E) is a complex Poisson subalgebra of the complex
Poisson algebra underlying theO(�)-Poisson algebra (LV � ; f ; g), and the natural
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isomorphism E0 ! E induces an isomorphism between this Poisson algebra and the
natural Poisson algebra (C(E); f ; g) that we de�ned above. In the following we will
identify these two algebras. The Galois groupG of the variational equation acts on
C(E), it commutes with the Poisson product and the algebra of invariants C(E)G is
also a Poisson subalgebra.

In the following, by de�nition, a �rst integral of the variat ional equation (or of
the corresponding connectionr ) is a meromorphic function de�ned on the total space
of the bundle V , which is meromorphic over the basis and rational over the �bers (i.e.
a meromorphic section of the bundleLV � ) and which is constant on the solutions (i.
e. horizontal sections). As the symplectic �ber bundle V is meromorphically trivial
(as a symplectic bundle), such a �rst integral can be interpreted as an element of
M (�)( � 1; : : : ; � 2n ) ((1 ; 0; : : : ; 0); : : : ; (0; : : : ; 0; 1) corresponding to a global meromor-
phic symplectic frame).

Let f be aholomorphic �rst integral de�ned on a neighbourhood of the analytical
curve i (�). Then for any point p 2 � we de�ne the junior part [ f ]p of f at p as the
�rst non-vanishing homogeneous Taylor polynomial of f at p with respect to some
coordinate system in the phase space. This process has an invariant meaning and
the junior part [ f ]p must be considered as a homogeneous polynomial on the tangent
spaceTpM = Vp at p (see [5] for the details). Furthermore, the degreek 2 N of this
polynomial is the same for any pointp 2 � ([5], Proposition 1.25). In this way, when
p varies in �, we obtain a holomorphic �rst integral (polynomi al on the �bres) of the
variational equation de�ned on the bundle T� M = V ... It is a holomorphic section
of S� V � .

Let f be now a meromorphic �rst integral de�ned on a neighbourhood of the
analytic curve i (�). Then for any point p 2 � we can naturally extend the map
f 7! [f ]p to the fraction �elds and de�ne the junior part [ f ]p of the meromorphic �rst
integral f at p. This junior part [ f ]p must be considered as a homogeneous rational
function on the tangent spaceTpM = Vp at p. Furthermore, the degreek 2 Z of this
homogeneous rational function is the same for any pointp 2 � ([5], Proposition 1.25).
In this way, when p varies in �, we obtain a meromorphic �rst integral (rational on
the �bres and holomorphic on the basis) of the variational equation de�ned on the
bundle T� M = V . It is a holomorphic section of LV � .

Let f , g two meromorphic �rst integrals in involution in a neighbour hood of the
analytic curve i (�). If we denote respectively by f 0, g0 the junior parts of them
at p0, then these rational functions are also in involution. Indeed 0 = f f; g g =
f f k + h:o:t:; gr + h:o:t:g = f f k ; gr g+ h:o:t:, where the �rst term has the degreek+ r � 2.
The involutivity of f 0 and g0 follows from this and from the de�nition of the junior
part ([5]).

Now we are going to recall a fundamental Lemma due by Ziglin. Let f be a
holomorphic function de�ned over a neighbourhood of the origin in a �nite dimensional
complex vector spaceE. We de�ne the junior part f 0 of f at the origin ([5]). It is an
homogeneous element of the rational function �eldC(E).

Lemma 6 (Ziglin Lemma,[74]). Let f 1; :::; f r be a set of meromorphic functions
over a neighbourhood of the origin in the complex vector space E. We suppose that
they are (functionally) independent over a punctured neighbourhood of the origin (they
are not necessarily independent at the origin itself ). Thenthere exists polynomials
Pi 2 C[X 1; :::; X i ] such that, if gi = Pi (f 1; : : : ; f i ), then the r rational functions
g0

1 ; : : : ; g0
r 2 C(E) are algebraically independent.
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The following result is proved in [74], [5].

Lemma 7. Let V;r be the holomorphic symplectic vector bundle and the con-
nection corresponding to the variational equation over� . Let f 0 be a �rst integral of
the variational equation, holomorphic over the basis and rational over the �bers. Let
p 2 � . Then the rational function f 0

p is invariant under the action of the monodromy
group � 1(M ; p).

The point p de�nes a representation of the di�erential Galois group G of the
variational equation as a closed (in Zariski sense) subgroup of GL (Vp). We will write
G � GL (Vp). Then the image � (� 1(M ; p)) of the monodromy representation at p is a
Zariski dense subgroup ofG. We get the following result.

Lemma 8. Let V;r be the holomorphic symplectic vector bundle and the con-
nection corresponding to the variational equation over� . Let f 0 be a �rst integral of
the variational equation, holomorphic over the basis and rational over the �bers. Let
p 2 � . Then the rational function f 0

p is invariant under the action of the di�erential
Galois group of r .

We will need generalizations of this lemma when we will have singular points
(equilibrium points or points at in�nity) and when we will co nsider variational equa-
tions over �� or �� 0. But in such cases it is in general not true that the image of the
monodromy representation is dense in the Galois group and our preceding proof no
longer works. Therefore we will give below a new proof of Lemma 8 which remains
valid, mutatis mutandis, in all cases. It is very elementary (even almost trivial...) but
central in the proof of our main results. In fact we will prove a slightly more general
result.

Lemma 9. Let V;r be the holomorphic symplectic vector bundle and the con-
nection corresponding to the variational equation over� . Let f 0 be a �rst integral
of the variational equation, meromorphic over the basis andrational over the �bers.
Let p 2 � . We suppose thatf 0 is holomorphic over the basis in a neighborhood ofp.
Then the rational function f 0

p is invariant under the action of the di�erential Galois
group of r .

We shall give two di�erent proofs of this lemma.

First Proof. As above we choose a global meromorphic symplectic frame

(� 1; : : : ; � 2n )

for the symplectic (meromorphically trivial) holomorphic bundle V over �. Using this
frame, we identify the �eld of meromorphic sections ofLV � with M (�)( � 1; : : : ; � 2n ).
We �x a point p 2 �. The frame allows us to identify the �ber Vp with the space
C2n (with its canonical symplectic structure). We can suppose that ( � 1; : : : ; � 2n ) are
holomorphic and independent at p. Then, in a neighbourhood of p, we can choose
an uniformizing variable x over the basis and write the connectionr as a di�erential
system � � = d

dx � � A(x)� , where A is a holomorphic matrix.
Let ( � 1(x); : : : ; � 2n (x)) be the set of solutions satisfying the initial conditions

� 1(0) = (1 ; 0; : : : ; 0); : : : ; � 2n (0) = (0 ; : : : ; 0; 1) at the point p (x = 0). The system
(� 1; : : : ; � 2n ) de�nes uniquely a Picard-Vessiot extensionM (�) < � 1; : : : ; � 2n > of the
di�erential �eld M (�). Using this system we get a representation of the di�erential
Galois group G of r as a subgroup ofSp(2n; C) � GL (Vp).
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Let f 0 = f 0(x; � 1; : : : ; � 2n ) 2 M (�)( � 1; : : : ; � 2n ) be a �rst integral of the varia-
tional equation, meromorphic over the basis and rational over the �bers. We sup-
pose that f 0 is holomorphic over the basis in a neighborhood ofp. To a �xed
� = ( � 1; : : : ; � 2n ) 2 C2n we associate the solution� � = � 1� 1 + : : : ; � 2n � 2n . In a
neighborhood ofp, we havef 0(x; � � (x)) = f 0(0; � ) 2 C. We can interpret f 0(x; � � )
as an element of the Picard-Vessiot extensionM (�) < � 1; : : : ; � 2n > . In this Picard-
Vessiot extension this element is a constant (i.e. it belongs to C), therefore it is
invariant under the action of G. When � varies in C2n the function � 7! f 0(0; � ) is
rational: it is the expression in coordinates of the function f 0

p .
Let � 2 G. Using the de�nition of a di�erential Galois group, we get � (f 0(x; � � )) =

f 0(x; � (� � )) = f 0(0; � ) = f 0(0; � ), where � = � (� � )(0).
Then �� = B� , with B = ( bij ) 2 Sp(2n; C). We have � (

P
i � i � i ) =

P
i;j bij � i � j .

Therefore � = t B� and f 0(0; � ) = f 0(0; t B� ). This proves the invariance of f 0
p under

the action of G.

Second Proof. We sketch a second proof based upon Tannakian arguments. Let
f 0 2 LV � be a �rst integral of the variational equation. We �rst suppo se that f 0

is not a polynomial. Then we can write f 0 = h
g , being h 2 Sk V � and g 2 Sr V �

relatively prime symmetric tensors. If v is a solution of the variational equation
(that is r v = 0) then the equation X h (f 0(v)) = 0 is equivalent to the equation
(Sk r � h(v))g(v) � h(v)(Sr r � g(v)) = 0. Consequently we get two equations

Sk r � h = ah;

Sr r � g = ag;

where a is an element of the coe�cient �eld K of the variational equation.
We set W = Sk V � � Sr V � and r W = Sk r � � Sr r � . The one-dimensional

K -vector subspaceW 0 = K (h + g) of the K -vector spaceW is clearly stable under
the action of the connection r W . We denote by r W 0 the restriction of r W to W 0.
Hence we get a rank one subconnection (W 0; r W 0) of the connection (W; r W ) =
(Sk V � � Sr V � ; Sk r � � Sr r � ). This last connection is an object of the tensor category
of the (generalized) constructions overr . Then we can choose a pointp 2 � and
introduce the corresponding �ber functor. The space of germs at p of horizontal
sections of the subconnection (W 0; r W 0) is a complex line in the complex space of
horizontal sections of the connection (W; r W ). From the Tannakian de�nition of the
Galois group G, this complex line is invariant by G. This complex line is generated
over C by an element ' (hp + gp) where ' 0 + a' = 0. The invariance of the rational
function f 0

p = hp

gp
by the Galois group G follows immediately. (The above proof it

is not far from some arguments used in J.A. Weil's Thesis ([68]) for the study of
Darboux's invariants.)

If f 0 is a polynomial, we set f = f 0, g = 1. The equation X h (f 0(v)) = 0 is
equivalent to the equation (Sk r � f (v)) = 0. Then we can replace in the preceding
proof the connectionK (h+ g); Sk r � � Sr r � ) by the connection (K (1+ f ); � K � Sk r ).
This connection is a rank one subconnection of the connection (K � Sk V � ; � K � Sk r )
and we can conclude as above (here the complex lineC(f p + 1) is invariant by G and
G acts trivially on it).

Let now f 1; :::; f n be a family of meromorphic �rst integrals of the Hamiltonian
X H in involution and independent over a neighbourhood ofi (�) (not necessarily on
i (�) itself).
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If we apply Ziglin Lemma (see Lemma 6 above) at a pointp 2 � to our functions
f 1; :::; f n , by all the arguments we gave above we getn homogeneous and independent
(algebraically and analytically) functions � 10 ; :::; � n 0 in the algebra (C(E)G ; f ; g).
In other words, the abelian Lie algebra (A; f :g) of polynomials in � 10 ; :::; � n 0 (with
complex coe�cients) is a Poisson subalgebra of (C(E)G ; f ; g) and it is invariant by the
di�erential Galois group � of the variational equation, the refore it is annihilated by
the Lie algebraG = Lie G of the algebraic groupG. Then we �nishes using Theorem 6
of section 5.1. This ends the proof of Theorem 7. The proofs ofTheorems 8 and 9 are
similar, with very simple modi�cations. The essential di�e rence is the following. By
hypothesis the �rst integrals f 1; : : : ; f n are meromorphic over the manifoldM (resp.
M 0), in particular at the stationary points (resp. at the stati onary points and at the
points at in�nity), therefore their junior parts f 0

1 ; : : : ; f 0
n are meromorphic sections

over �� (resp. �� 0) of the �ber bundle LV � . (Their restrictions over � will of course
remain holomorphic, but in general they will have poles at the singular points and at
the points at in�nity.)

If between our n meromorphic integrals there are some of them which are func-
tionally independent over �, then using the results of section 4, we get

Corollary 8. Let f 1; :::; f n be a family of meromorphic �rst integrals of the
Hamiltonian X H in involution and independent over a neighbourhood ofi (�) (not
necessarily oni (�) itself ). If moreover, for a �xed integer k � n, the k �rst integrals
f 1; :::; f k are (functionally) independent over � , then the Galois group of the NVE is
n � k-involutive Ziglin. Furthermore the identity component of the Galois group of
this NVE is abelian.

There are similar statements in the situation of Theorem 8 (resp. 9): i.e. when
f 1; :::; f n are meromorphic in a neighborhood of � (resp. � 0). We leave the details
to the reader. The proof is essentially the same for the threecases. In order to
perform the reduction, we completef 1; :::; f n into a global meromorphic symplectic
frame over � (resp. �� or �� 0) and we apply the process described above in 4.3. We get
the NVE. It can have poles, in particular at the stationary po ints and at the points
at in�nity. The Galois group G0 of the NVE is a quotient of the Galois group G of
the VE. The identity component G0 of G is abelian, therefore the identity component
G00 of G0 is also abelian. More preciselyG0 is an extension ofG00 by an algebraic
group isomorphic to some additive groupCp. We remark that G00 can contain a non
trivial torus isomorphic to some C � q (cf. our examples below in section 6). So we
observe the possibility of quite a big di�erence between the�rst integrals eligible for
the normal reduction process and the others.

We remark that, as for the main Theorem, the conclusion of thecorollary is the
same if we restrict the NVE to a neighbourhood of some singular point s and if the
Galois group is the local Galois group. In this way we can use our results in order to
obtain non-existence of local �rst integrals in any neighbourhood of an equilibrium
point or of one point at in�nity.

Now we show how Ziglin's Theorem is a direct consequence of the above corollary
when we assume thecomplete integrability of the system (i.e., when in the above
corollary n = 2).

Corollary 9. Let f be a meromorphic �rst integral of the two-degrees of free-
dom Hamiltonian system X H . We suppose thatf and H are independent over a
neighbourhood ofi (�) (not necessarily on i (�) itself ). Moreover we assume that the
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monodromy group of the NVE contains a non-resonant transformation g. Then any
other transformation belonging to this monodromy group sends eigendirections ofg
into eigendirections of g.

Proof. First, we assume that, as in the above results of this section, the set i (�) is
not reduced to an equilibrium point. Then dH remains di�erent from zero over i (�)
and the reduction to the NVE is made using the one formdH (or in a dual way the
vector �eld X H ).

Then the NVE is given by a symplectic connection over a two dimensional vector
space. Hence its Galois group is an algebraic group whose identity component is
abelian and we can identify this group with a subgroup ofSL(2; C). In Proposition
1, we gave the classi�cation of the algebraic subgroups ofSL(2; C). Here the only
possible cases are cases 4 and 5, because for the others either the identity component of
the Galois group is not abelian else all the elements of the Galois group are resonant.
It is clear that in both cases 4 and 5 we haveg 2 G0 (we recall that the group
topologically generated by a non resonant elementg is a torus, more precisely here this
torus is maximal and we haveG0 � C � ) and the remaining transformations belonging
to the Galois group either preserve the two eigendirectionsof g else permute them.

In fact, a stronger result is true: Ziglin's general Theoremis a corollary of our
results, as was remarked by Churchill [13]. That follows from the following theorem
which generalizes the above corollary.

Theorem 10. Ziglin's Theorem (Theorem 1) is true mutatis mutandis if we
substitute Galois group by monodromy group

For a proof, see the above reference of Churchill.
Now, as the monodromy group is contained in the Galois group,we get the

Theorem 1 as a corollary.

6. Examples. Let X H be the Hamiltonian system de�ned by the Hamiltonian

H = T + U := 1 =2(y2
1 + y2

2) + 1 =2' (x1) + 1 =2� (x1)x2
2 + h:o:t:(x2);

where x i 's are coordinates andyi 's canonically conjugated momenta (i = 1 ; 2). We
assume that this Hamiltonian is holomorphic at the origin.

The plane f x2 = y2 = 0 g is invariant and the Hamiltonian restricted to this
plane is of the type studied in the example of subsection 4.1.We write x := x1,
y := y1. Then we have the analytic integral curve y2 + ' (x) = 0. We assume that
' (x) = xn + h:o:t:, n � 2. We want to study the NVE along this integral curve in a
neighbourhood of the origin (which is an equilibrium point).

The NVE is

d2�
dt2 + � (x(t)) � = 0 :

As

d
dt

= ( � t̂n= 2 + h:o:t:)
d

dt̂

for n even, and

d
dt

= (
1
2

t̂n � 1 + h:o:t:)
d

dt̂
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for n odd, we obtain for the corresponding NVE

d2�

dt̂2
+ (

n

2t̂
+ h:o:t:)

d�

dt̂
+

� (x(t̂ ))

t̂n
� = 0 ; n even;

d2�

dt̂2
+ (

n � 1

t̂
+ h:o:t:)

d�

dt̂
+

4� (x(t̂ ))

t̂2n � 2
� = 0 ; n odd:

And if

� (x) = ak xk + h:o:t:; ak 6= 0 ;

then, by the Fuchs Theorem about regular singular singularities, we get the following
result that we state as a proposition for future references.

Proposition 12. The origin (or more precisely its corresponding points in the
desingularized curve) is a regular singular point of the NVEof the above Hamiltonian
system along the integral curvey2

1 + ' (x1) = 0 if and only if n � k � 2, being n and
k the multiplicity (as a zero) of x = 0 in ' and � respectively.

We remark that the above proposition relates the degeneration of the equilib-
rium points to the irregularity of the corresponding singular points of the variational
equation. Hence, the degeneration is related to the (possible) existence ofStokes
multipliers .

Now we shall apply Theorem 5 of subsection 3.4 to our Hamiltonian system

H = T + U := 1 =2(y2
1 + y2

2) + 1 =2' (x1) + 1 =2� (x1)x2
2 + h:o:t:(x2);

(with two degrees of freedom), with the integral irreducible analytic curve de�ned by
y2 + ' (x) = 0 (as above, we drop the subindexes). Furthermore we assume that '
and � are polynomials. Then� is a compact Riemann surface (see [31]) and the usual
change of variablesx $ t, x = x(t) (x(t) is the solution of the hyperelliptic di�erential
equation _x2 + ' (x) = 0) gives us a pullback of the NVE over the Riemann sphere.
The classics call it thealgebraic form of the equation, [70, 57]

d2�
dx2 +

' 0(x)
2' (x)

d�
dx

�
� (x)
2' (x)

� = 0 :

We will call this equation the algebraic NVE.
We observe that the singular points are the branching pointsof the covering (i.e.,

the roots of ' and the point at in�nity). Concerning the equilibrium point s of the
original Hamiltonian, we see that x = 0 is a singular point if n � k > 0 and that it is
irregular if n � k > 2 in complete accordance with the last proposition.

Furthermore, by Theorem 5 of subsection 3.4, the identity components of the
Galois groups of the NVE and of the algebraic NVE areisomorphic. Now if we look
at the standard transformation in order to put the algebraic NVE in the normal
invariant form

d2�
dx2 + I (x)� = 0 ;

(being

I := q �
1
4

p2 �
1
2

dp
dx

;
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and

d2�
dx2 + p

d�
dx

+ q� = 0 ;

the original equation, where we conserve the symbol� for the new variable), we only
introduce an algebroid function (exp(� 1=2

R
p = ' � 1=4) (a function algebraic over the

rational �eld). Hence, the identity components of the Galois groups of the algebraic
NVE and of its normal invariant form are also isomorphic. As a conclusion, we can
work directly with the normal form of the algebraic NVE: if th e identity component
of its Galois group is not abelian, then our Hamiltonian system is not integrable (we
observe that the Galois group of the normal invariant form and the Galois group of
the initial NVE as well, are contained in SL(2; C)).

Example 1. We shall apply the theory to the very simple following family of
Hamiltonians with two degrees of freedom with three parameters,

H = T + U =
1
2

(y2
1 + y2

2) +
c
3

x3
1 +

1
2

(a + bx1)x2
2; ; a 2 C � ; b 2 C:

We consider two possible cases forc 6= 0 and c = 0.

a) For c 6= 0, by rescaling the potential we can write the Hamiltonian function as the
two-parameter family

H = T + U =
1
2

(y2
1 + y2

2) +
1
3

x3
1 +

1
2

(a + bx1)x2
2; ; a 2 C � ; b 2 C:

The corresponding Hamiltonian system admits the integral curve,

� : _x2
1 = �

2
3

x3
1; x1 = � 6t � 2; y1 = 12t � 3; x2 = y2 = 0 :

The corresponding normal variational equation is

•� + ( a � 6bt� 2)� = 0 :

We observe that there are two singular points: the origin andthe point at in�nity
(corresponding to the initial origin). The �rst one is regul ar singular and the second
one is irregular by the above proposition. In fact, as we shall see, the NVE is a
con
uent hypergeometric equation.

Doing the change of variablest = iz
2

p
a , we get

d2�
dz2 � (

1
4

+ 6 b
1
z2 )� = 0 :

This is a family of Whittaker equations, with only oneparameter. In fact, as we know
from subsection 3.5, it can be transformed into a family of Bessel equations. Then the
identity component of the Galois group of the NVE is abelian if and only if � + 1 =2 is
an integer. Hence, forb 6= 1

6 (k2 + k), k 2 Z, our Hamiltonian system is not integrable:
it does not admit a global �rst integral, meromorphic over th e initial phase spaceC4,
beyond the Hamiltonian. (The di�erential Galois groups of t he NVE's over � and
�

0
are the same, because the point at in�nity of �

0
, which corresponds tot = 0, is

regular singular. But, be careful, the di�erential Galois groups of the NVE's over �
and � are in general not the same, the identity component of the second one is always
abelian.)
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We observe that for a = 0 the above Hamiltonian is the homogeneous H�enon-
Heiles Hamiltonian. It is studied from the di�erential Galo is point of view in [52].
The situation is quite di�erent from the preceding one: the NVE is Fuchsian.

b) For c = 0, the Hamiltonian system admits the very elementary integral curve,

� : _x2
1 = cte; x1 = dt + e; y1 = e; x2 = y2 = 0 ;

being d and e constant.
Then the NVE is given by the equation

•� + ( a + b+ edt)� = 0 ;

which, by rescaling the time, we can write as the Airy's equation

•� � t� = 0 :

Now, we known from subsection 3.5 that the Galois group of theAiry equation
considered overC(t) is SL(2; C). Hence, by Theorem 9 - to be more precise, by the
analogous corollary to Corollary 9 corresponding to this theorem - we get the non-
integrability of the Hamiltonian system above by rational �rst integrals. We remark
that then the system is considered as de�ned over the projective spaceP4

C .
Probably the example b) is the simpler non-trivial applicat ion of our theorems,

with a NVE of Airy's type. We are grateful to M. Audin who point ed out the existence
of this nice example in [4].

Example 2. For three degrees of freedom one has the following natural general-
ization of example 1,

H = T + U =
1
2

(y2
1 + y2

2 + y2
3) +

1
3

x3
1 +

1
2

(A + Bx 1)x2
2 +

1
2

(C + Dx 1)x2
3;

where A; C 2 C � , B; D 2 C:
This Hamiltonian system admits the integral curve,

� : _x2
1 = �

2
3

x3
1; x1 = � 6t � 2; y1 = 12t � 3; x2 = x3 = y2 = y3 = 0 :

The corresponding NVE is composed of two uncoupled Whittaker equations. We
denote by G0, G00 their di�erential Galois groups. It is clear that G0 and G00 are
quotients of the Galois groupG of the NVE. Hence, if one of the parametersB or D
is di�erent of 1

6 (k2 + k), k 2 Z , then the identity component G0 cannot be abelian
and we get non-integrability. In the same way we can generalize this to an arbitrary
number of degrees of freedom and to some other examples (whenthe NVE splits into
2 � 2 systems of the same kind).

Example 3. We consider now the family of two degrees of freedom Hamiltonian
systems de�ned as above with' (x) = xn , � (x) = axn � 4 + bxn � 3 + cxn � 2, where n
is an integer, with n > 3, and a; b; care complex parameters, the parametera being
di�erent from zero.

In the same situation as above, the normal invariant form of the algebraic NVE
is

d2�
dx2 � ((

n(n � 1)
16

+ c)x � 2 + bx� 3 + ax� 4)� = 0 :
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After the change of variablesx = x̂
2

p
a , we get

d2�
dx2 � (

1
4a

(
n(n � 1)

16
+ c)x � 2 +

b
4a

x � 3 +
1
4

x � 4)� = 0

(in order to simplify the notation we write again x instead of x̂). Now, if in the
Whittaker equation

d2�
dz2 � (

1
4

�
�
z

+
4� 2 � 1

4z2 )� = 0 ;

we do the change of variables,z = 1 =x, we obtain

d2�
dx2 � (

4� 2 � 1
4

x � 2 � �x � 3 +
1
4

x � 4)� = 0 :

So, the algebraic NVE is a general Whittaker equation, with

4� =

r

c +
n(n � 4)

16
+

1
4

; � = �
b

2
p

a

.
Now, we recall that if

p := � + � �
1
2

; q := � � � �
1
2

;

then the identity component of the Galois group of the Whitta ker equation is abelian
if and only if ( p; q) belongs to (N �� N � ) [ (� N � � N ) (i.e. if both p and q are integers,
one of them being positive and the other one negative). Hencethis last condition is
a necessary condition for the integrability of the initial H amiltonian system.

We make two remarks about the above Examples 1{3. The �rst oneis that,
because of the abelianness of the monodromy group of the NVE,it is impossible
to get any non{integrability result from an analysis of the m onodromy group. The
second one is that, as the NVE's are con
uent hypergeometricequations, then the
local Galois groupat the irregular point and the global Galois groupcoincide. Then, we
have proved in fact the non-integrability of these systems in any neighbourhoodof the
origin in the complex phase space. (This origin is the equilibrium point corresponding
to the irregular singular point.)

For the Example 1, we have the following numerical computations made by Carles
Sim�o.

If (in order to have real recurrence) in the Hamiltonian of Example 1 a), we do
the canonical change of variablesx2 = ix 0

2, y2 = � iy 0
2, we get the new Hamiltonian

H =
1
2

(y2
1 � y2

2) +
1
3

x3
1 �

1
2

(a + bx1)x2
2;

where we dropped the primes.
Then Figure 1 shows a Poincar�e section forx2 = 0, a = 1 ; b = 10; h = 0 :01 (h is

the energy level) in the coordinates (x1; y1). We observe the well known transversal
homoclinical chaotic behaviour in a small neighbourhood ofthe origin. Apparently the
Stokes phenomena for the linearized equation corresponds to phenomena of splitting
of separatrices. It would be interesting to get a more precise analysis of this example.
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Figure 1

For some special Hamiltonians it is also possible to prove local non integrability in
a Fuchsian context as it is shown by Ziglin in the following example, that we include
for the sake of completeness.

Example 4 ([74]). We recall brie
y the Ziglin analysis. The starting H amiltonian
is

H =
1
2

(y2
1 + y2

2 + x2
1x2

2):

By an elementary canonical transformation (a rotation, in order to put one of the
symmetric invariant planes over x2 = y2 = 0) Ziglin obtains a Hamiltonian system
with the potential (we keep the same notation for the new coordinates)

V (x1; x2) =
1
8

(x2
1 � x2

2)2:

This is a potential of the type we studied above, with ' (x1) = 1 =4x4
1 and � (x1) =

� 1=2x2
1. Ziglin then considered the NVE along the family of integral curves x2 =

y2 = 0, using as a parameter the energyH > 0 (he did not consider the integral curve
through the origin). These variational equations are reduced to Lam�e's type and then
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he apply his theorem about the monodromy group (in fact, by the subsection 5.2, he
proves the non-abelianity of the identity component of the di�erential Galois Group).
So the system under study does not have an additional holomorphic �rst integral in
a neighbourhood of the above family of integral curves.

The key point now is that, by the (quasi-) projective structu re of the Hamiltonian
(the potential is a homogeneous polynomial), if the system has a holomorphic �rst
integral, then each homogeneous polynomial in the expansion of this integral at the
origin must also be a �rst integral. In this way Ziglin proves the local non-integrability
of this system at the origin.

7. Final remarks. If we compare the methods proposed in this article with
respect to those of other authors in previous papers, we havealready observed that,
in examples (1){(3) of the above section, themonodromy groupof the NVE is abelian,
hence with methods based only upon the monodromy group one cannot obtain any
non-integrability result. Furthermore, if we drop the invo lutivity assumption of the
�rst integrals, then the Galois group is not necessarily abelian. Even more in general
it is not solvable and the NVE are not Picard-Vessiot solvable too: in the reference
[15] all the 2-Ziglin algebraic subgroups ofSp(2; C) are classi�ed. Only some of the
groups in this classi�cation are abelian. Then the other 2-Ziglin groups correspond
to Hamiltonian systems which are not completely integrablesystems in the Liouville
sense.

In [49, 50] we apply some results of this paper to various non academic problems:
Hamiltonian systems with homogeneous potentials, three body problems, homoge-
neous cosmological model,... We get very easily, in a systematic way, new proofs of
classical results and many new results.

A connection of our (algebraic) criterion of non{integrability with chaotic dynam-
ics is given in [48].

We think that it would be interesting to apply the results of t his paper (and,
following a suggestion of C. Sim�o, some conjectural generalizations to the n-th order
variational equations [53]) to other classical Hamiltonian systems.
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to Jacques-Arthur Weil for many remarks. The �rst author was partially supported
by the Spanish grant DGICYT PB94-0215, the EC grant ERBCHRXC T940460 and
the Catalan grant CIRIT 1996S0GR-00105.

Appendix A. Meromorphic Bundles. Let X be a Riemann surface. We
denote by OX and by M X the sheaves of holomorphic and meromorphic functions
over X . The sheaf of holomorphic sectionsV of a holomorphic vector bundleV of
rank n is a sheaf ofOX -modules which is locally isomorphic toOn

X . A holomorphic
vector bundle of rank n on X is also interpreted as an element of the non abelian
cohomology setH 1(X ; GL (n; OX )).

Let G � GL (n; :) be an algebraic subgroup (de�ned on the �eld of complex
numbers). We setG an = GO X � GL (n; OX ) and G me = GM X � GL (n; M X ). We
will say that an holomorphic bundle on X admits G as structure group if it is de�ned
by an element ofH 1(X ; G an ).

We need meromorphic vector bundles. By de�nition the sheaf of meromorphic
sections of ameromorphic vector bundleof rank n is a sheaf ofM X -modules which is
locally isomorphic to M n

X . A meromorphic vector bundle of rank n over X is also in-
terpreted as an element of the non abelian cohomology setH 1(X ; GL (n; M X )). If this
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element \belongs" to H 1(X ; G me ), we will say that the meromorphic vector bundle
admits G as structure group. There exists an equivalent de�nition for a meromorphic
vector bundle over a Riemann surfaceX , due to P. Deligne [De], 1.14 p. 52. Such a
bundle is an equivalence class ofholomorphic extensionsof holomorphic bundles de-
�ned on X minus a discrete subset �: locally, if z is a uniformizing variable vanishing
on �, then two extensions V1 and V2 of V are equivalent if the corresponding sheaves
of holomorphic sections satisfy

zn V 1 � V 2 � z� n V 1 � i � V

(i : X � � ! X being the natural inclusion).
The following result says that every meromorphic vector bundle on a Riemann

surface comes from a holomorphic vector bundle.

Lemma 10. Let X be a Riemann surface. LetG � GL (n; C) be an algebraic
subgroup de�ned on the �eld of complex numbers. Then the natural map

H 1(X ; G an ) ! H 1(X ; G me )

is surjective.

The proof is easy: the set of poles of a section ofG me is discrete.

Proposition 13. Any meromorphic vector bundle over a Riemann surfaceX is
trivial.

Proof. Let V me be a meromorphic vector bundle overX . It comes from an
holomorphic vector bundle V an . If X is an open Riemann surface, thenV an is trivial
([21] Th. 30.4). If X is a compact connected Riemann surface, thenV an comes from
an algebraic vector bundle V over the non singular projective curveX . We denote
by kX the �eld of rational (or meromorphic..) functions over X . The �eld of rational
sections of the algebraic bundleV is a rank n vector space overkX ([21] Cor. 29.17),
therefore V me is a trivial meromorphic bundle.

In fact we need some similar but more precise results involving vector bundles
with the symplectic group as structure group. We will give them below.

If now X is a singular complex analytic curve, we can also de�ne holomorphic
vector bundles and meromorphic vector bundles overX along the same lines. If
� : ~X ! X is a desingularisation map (i.e. if ~X is a Riemann surface and� a proper
analytic map which is a �nite covering rami�ed at worst above a discrete subset of
X ), then it induces an isomorphism� � between the sheaves of meromorphic functions
M X and M ~X , and therefore an isomorphism� � between the meromorphic vector
bundles overX and over ~X .

Theorem 11 ( Grauert Theorem). Let X be a complex connected, non compact,
Riemann surface. Let F = ( Y; p; X) be a locally trivial vector (resp. principal) holo-
morphic �ber bundle over X with a connected complex Lie groupG as structure group.
Then F is holomorphically trivial.

Sketch of Proof. For completeness we recall here the proof. We denote byG an

(resp. G c) he sheaf of holomorphic (resp. continuous) functions onX with values
in G The open Riemann surfaceX is homotopically equivalent (by retraction) to a
�nite one-dimensional complex. On such a complex aG-�ber bundle is topologically
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trivial, because G is connected. Therefore the �ber bundleF is topologically trivial.
An open Riemann surface is a Stein manifold and on such a manifold the topological
classi�cation and the analytic classi�cation of �ber bundl es with a complex Lie group
as structure group coincide: the natural map

H 1(X ; G an ) ! H 1(X ; G c)

is a bijection ([22, 10]). ThereforeF is holomorphically trivial.

A complete and detailed proof is given in [61], Chapter 2.

We apply the above theorem to the symplectic group. An element of Sp(2n; C)
is a product of at most 4n � 2 symplectic transvections ([19]) (we can also use an
homomorphism betweenSp(2n; C) and the product of SU(n)� vector spaceand the
connectedness ofSU(n)). Hence

Lemma 11. The topological groupSp(2n; C) is connected.

Corollary 10. Let X be a complex connected, non compact, Riemann surface.
Let F = ( Y; p; X) be a locally trivial vector (resp. principal) holomorphic � ber bundle
over X with Sp(2n; C) as structure group. ThenF is holomorphically trivial.

For compact Riemann surfaces we have the following proposition.

Proposition 14. Let X be a connected compact Riemann surface. LetF =
(Y; p; X) be a locally trivial vector (resp. principal) holomorphic � ber bundle overX
with structure group Sp2n (C). Then F is meromorphically trivial.

The compact Riemann surfaceX is also a complex algebraic (projective) curve.
We denote byG the sheaf of regular maps fromX to the algebraic complex groupG.
We have a natural map

an : H 1(X ; G) ! H 1(X ; G an ):

The symplectic group G = Sp2n (C) satis�es condition (R) of [60] (p. 33): there
exists a rational section

GL 2n (C)=G ! GL 2n (C)

(cf. [60], Example c) p. 34). Therefore we can apply Proposition 20 of[60] (p. 33):
the map L is a bijection. Using an algebraic trivialization of the algebraic bundle
corresponding toF on a convenient a�ne subset of the curve X , we get the result.

Let M 0 be a connected complex analytic manifold of complex dimension 2n. Let

 be a closed meromorphic form of degree two onM 0. Let M 1 � M 0 be a closed
analytic hypersurface (i.e. analytic subset of pure complex codimension one) ofM 0.
We set M = M 0 � M 1 and we suppose that 
 is holomorphic and non degenerate
over M . Then (M; 
) is a complex symplectic manifold. We denote by T M 0 (resp.
T � M 0) the tangent (resp. cotangent) bundle of M 0. It is a holomorphic bundle but
we will use only its structure of meromorphic bundle. Then, as we noticed before, the
form 
 induces a generalized musical isomorphism between the meromorphic bundle
T M 0 and the meromorphic bundle T � M 0: if X 1 is a meromorphic vector �eld on an
open setU 2 M 0, then, for every meromorphic vector �eld X on U, 
( X 1; X ) is a
meromorphic function on U, and

X ! 
( X 1; X )
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is a kU -linear isomorphism between thekU -vector spaces of meromorphic sections of
T M 0 and T � M 0 on U. (We denoted by kU the �eld of meromorphic functions on
U.)

Let H be a meromorphic Hamiltonian function over the manifold M 0. Let X H =
]dH be the corresponding Hamiltonian �eld. It is meromorphic over M 0 and its
restriction to M is holomorphic. Let i (�) be a connected non equilibrium phase curve
for X H over M . Let � 0 be as before a (perhaps) singular curve which is the union
of i (�) and of a discrete subset of equilibrium points and points at in�nity. Let
�

0
be a desingularization of �0. Let f 1; :::; f m be an involutive set of �rst integrals

(H = f 1) which are meromorphic on M 0. We suppose that there areholomorphic and
independentat some point of the phase curvei (�). Then the system df 1 = 0 ; : : : df m =
0 de�nes a meromorphic subbundle E of TM 0 (of rank 2n � m). The meromorphic
vector �elds X 1 = ]df 1; : : : X m = ]df m generate a rankm meromorphic subbundle
F of E . Then F ? is a meromorphic subbundle. As in [5] we get a structure of
symplectic meromorphic bundle on the meromorphic bundleN = ( F ? =F) over � 0.
(We have only to replace holomorphic bundles by meromorphicbundles in [5].)

Finally, as in [5], we get a normal variational connection onthe symplectic bundle
N = ( F ? =F) over � 0. Here the bundle and the connection are meromorphic. The
bundle N is symplectically meromorphically trivializable, therefore this normal vari-
ational connection can be interpreted as a meromorphic di�erential equation over � 0

(the NVE).

Appendix B. Di�erential Galois groups and �nite coverings. In this
appendix we will prove that the identity component of the di� erential Galois group of
a meromorphic connection on a Riemann surface does not change if we take inverse
images by a �nite rami�ed covering. It is an analytic version of an algebraic result of
N. Katz.

Proposition 15. Let � be a germ of meromorphic linear system at the origin
of C. We denote byK the di�erential �eld of germs of meromorphic functions, by
G = GalK (�) the di�erential Galois group of � and by G0 its identity component.

Let H be the subgroup ofG topologically generated (in Zariski sense) by the ex-
ponential torus and all the Stokes multipliers of� .

We denote bym 2 G the actual monodromy of� , by M the Zariski closure in G
of the subgroup generated bym, by M 0 the identity component of M and by H1 the
subgroup ofG generated byH and M 0.

(i) The subgroups H and H1 are Zariski closed, connected and invariant under
the adjoint action of m.

(ii) The group G is topologically generated byH and m.
(iii) The group G is algebraically generated byH1 and m, and G0 = H1.
(iv) The image of m in G=G0 generates this �nite group

Proof. The actual monodromy m and the formal monodromy m̂ are equal up
to multiplication by a product of Stokes multipliers [43, 9] . The exponential torus
is (globally) invariant by the adjoint action of the formal m onodromy m̂. Then our
claims follow easily from the density theorem of Ramis [43, 9], using some elementary
results about linear algebraic groups [25].

Lemma 12. Let � 2 N � . Let r be a germ of meromorphic connection at the
origin of the x plane C. We set x = f (t) = t � . We denote by(X; 0) (resp. (X 0; 0))
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the germ at the origin of the x (resp. t) plane. We denote byK (resp. K 0) the
di�erential �eld of germs of meromorphic functions on X (resp. X 0). We have a
natural injective homomorphism of di�erential Galois grou ps

GalK 0(f � r ) ! GalK (r )

which induces anisomorphism between their Lie algebras.

Proof. We set G = GalK (r ) and G0 = GalK 0(f � r ).
The �eld inclusion K � K 0 induces a natural map

' : G0 ! G:

This map is clearly injective. Let m 2 G be the actual monodromy ofr .
Then the actual monodromy of r 0 = f � r ) is m0 = m� .
The connectionsr and r 0 have the same exponential torus and the same Stokes

multipliers (more precisely the map ' induces isomorphisms). We use the notations
of Proposition 15 for r and similar notations for r 0.

We have clearlyH = H 0, M 0 = M 00, therefore G0 = H1 = H 0
1 = G00.

Theorem 12. Let X be a connected Riemann surface. We denote byk its �eld
of meromorphic functions. We choose a di�erential @on k. Let S = f ai gi 2 I � X be
a discrete subset. Letx0 2 X � S. For each point ai 2 S, we choose a germdi of
real half line starting from ai and drawn on the complex line tangent toX at ai . We
denote by ~M the �eld of meromorphic functions on the universal covering ~(X; x 0) of
X pointed at x0. We identify the �eld k with a sub�eld of ~M . For i 2 I , we denote
by M i the �eld of germs at ai of meromorphic functions (i.e. of germs of functions
meromorphic on a germ of open sector atai bisected bydi ). We identify the �eld
K i of germs at ai of meromorphic functions with a sub�eld of M i . We extend the
derivation @on k to the �elds ~M , M i . We choose also continuous paths
 i 's joining
x0 respectively to thedi 's (that is arriving at ai tangently to di ).

Let r be a meromorphic connection onX with poles at most onS. We denote by
r i the germ at ai of r . There exist a uniquely determined Picard-Vessiot extension
L 0 (resp. L i ) of the di�erential �eld (k; @) (resp. (K i ; @)) associated tor (resp. r i )
such that k � L 0 � ~M (resp. K i � L i � M i ). The path 
 i induces an isomorphism
of di�erential �elds Z i betweenL 0 and L i (We use Cauchy's Theorem and analytic
extension along
 i .)

We denote byG (resp. Gi ) the \representation" of \the" di�erential Galois group
Galk r (resp. GalK i r ) associated toL 0 (resp. L i ). Using Z i we identify the local
Galois group Gi with a subgroup of theglobal Galois group G. Let � 1 be the usual
monodromy group of r . Then the complex linear algebraic groupG is topologically
generated by theGi 's ( i 2 I ) and � 1.

Proof. This result is a trivial extension of a classical result dueto Marotte [42],
Ch. II, H.30. We recall brie
y the proof. We denote by H the subgroup ofG generated
by the Gi 's (i 2 I ) and � 1. Let � 2 L 0 � ~M 0. It de�nes elements � i 2 L i . If � is
invariant by the group H , then � i is invariant by Gi and � 1, therefore � i 2 K i : � is
uniform around ai and correspond to a germ of meromorphic function atai . Finally
� is non rami�ed on S, uniform on X � S and meromorphic onX (with poles at most
on S). We have proved that the sub�eld of the Picard-Vessiot extension L 0 �xed by
the subgroupH 2 G is K . Then from the di�erential Galois correspondence it follows
that H is Zariski dense inG.
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Theorem 13. Let X be a connected Riemann surface. Let(X 0; f; X ) be a �nite
rami�ed covering of X by a connected Riemann surfaceX 0. Let r be a meromorphic
connection onX . We set r 0 = f � r . Then we have a natural injective homomorphism

Gal (r 0) ! Gal (r )

of di�erential Galois groups which induces anisomorphismbetween their Lie algebras.

Proof. Let k (resp. k0) be the meromorphic functions �eld of X (resp. X 0). The
�nite covering ( X 0; f; X ) is rami�ed over a �nite set � � X . Let S � X be the union
of the rami�cation set � and of the set of poles of r . It is a discrete subset. Let
S0 = f � 1(S) � X 0. It is a discrete subset. We choose a base pointx0

0 2 X 0 � S0

and we setf (x0
0) = x0 2 X . Then we setG = Galk (r ) and G0 = Galk 0(f � r ), with

conventions similar to those made above in the proof of Theorem 12.
The �eld inclusion k � k0 induces a natural map

' : G0 ! G:

This map is clearly continuous and injective and we can identify G0 with a closed
subgroup of G.

We have a natural injective map � 1(X 0� S0; x0
0) ! � 1(X � S; x0). We can identify

� 1(X 0� S0; x0
0) with a subgroup of � 1(X � S; x0). The index of this subgroup is �nite.

Following our conventions, we computeG (resp. G0) with the horizontal sections
of r meromorphic on the universal covering pointed atx0 (resp. x0

0).
We denote by � 1 (resp. � 0

1) the natural image of � 1(X � S; x0) (resp. � 1(X 0 �
S0; x0

0)) in G (resp. G0).
The global di�erential Galois group G (resp. G0) is topologically generated by

the local Galois groupsGi 's and � 1 (resp.G0
i 0 and � 0

1 ).
Let R (rep. R0) be the smallest subgroup ofG (rep. G0) such that it contains

the identity components of all the local di�erential Galois groups and such that it is
invariant by the adjoint action of the monodromy subgroup � 1 (resp � 0

1). The group
R (respectively R0) is closed and connected.

Using Proposition 15, we see that the groupG (resp. G0) is topologically generated
by � and R (resp. � 0 and R0).

We choose continuous paths
 i joining x0 to each point ai 2 S in X � S. After,
for eacha0

i 0 aboveai , we choose a continuous path
 0
i 0 joining x0

0 to a0
i 0 in X 0� S0. We

can suppose that
 0
i 0 is a path above
 i followed by a path above a loop atai .

Applying Lemma 12 and the de�nition of the fundamental group as a quotient of
a set of loops, we see easily that the map' induces an isomorphism betweenR0 and
R. Therefore the natural map

� 1(X � S; x0)=� 1(X 0 � S0; x0
0) ! G=G0

is Zariski dense. (The groupG is topologically generated by � and R). As the �rst
group is �nite, it follows that the map is onto and that the gro up G=G0 is also �nite.
Therefore G0 = G00.

Remark . In [29] there is an algebraic version of Theorem 13. It is possible
to transpose Katz's Tannakian argument to the analytic situation. Then we get an
injective homomorphism

G0
K 0 ! GK 
 K K 0
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inducing an isomorphism ofK 0-Lie algebras

G0
K 0 ! G K 
 K K 0:

But this isomorphism comes by tensorization
 C K 0 from a C-linear natural map

Lie ' : G0
C ! G C :

Therefore ' is an isomorphism of complex Lie algebras. This gives another proof
of Theorem 13.

Appendix C. Connections with structure group. Let X be a Riemann
surface. We denote byOX (resp. M X ) its sheaf of holomorphic (resp. meromorphic)
functions.

Let G � GL (n; C) be a Zariski connected complex linear algebraic group. We
denote by G � End(n; C) its Lie algebra. We denote by G(OX ) (resp.G(M X )) the
sheaf of holomorphic (resp. meromorphic) matrix functionswhose values belong to
OX (resp. M X ). We adopt similar notations for functions whose values belong to
the Lie algebra G.

We recall that we de�ned a holomorphic G-bundle over X as a holomorphic
vector bundle over X admitting G as a structure group. It is de�ned by an element
of H 1(M ; G(OX )). We have a notion of local G-trivialization of a G-bundle. We also
introduced the notion of meromorphic G-bundle (cf. Appendix A).

Let r be a meromorphic connection on aG-bundle V . Using a local coordinate
t and a frame corresponding to a localG-trivialization, we get a di�erential operator
r d

dt
= d

dt � A, whereA is a meromorphic matrix. If the values of A belong to the Lie
algebraG, we will say that r is a meromorphic connection with structure groupG (or
a G connection) on the G-bundle V . This de�nition is independentof the choice of a
trivialization: if the values of a meromorphic invertible m atrix P belong to the group
G, then the values of the meromorphic matrix P � 1AP � P � 1 d

dt A belong clearly to
the Lie algebra G.

Theorem 14. Let r be a G-meromorphic connection on a trivial G-bundle V
over a connected Riemann surfaceX . Then its di�erential Galois group \is" a closed
subgroup ofG.

This result is due to Kolchin, who introduced the notion of G-primitive extension
[32]. We will give here a very simple Tannakian proof. Following Chevalley's Theorem
[64], 5.1.3. Theorem, page 131 (cf. also [8]), the linear algebraic groupG � GL (n; C)
is the subgroup ofGL (n; C) leaving invariant a complex line W 0

0 in some construction
W0 on the complex vector spaceV0 = Cn . To the natural operation of the group G on
the construction W0 corresponds a natural operation of the Lie algebraG on the same
construction W0. This action clearly leaves also invariant the complex lineW 0

0. We
denote by GW 0 � GL (W0) the natural representation of G, and by GW 0 � End(W0)
the corresponding Lie algebra. If we choose a basis of the complex vector spaceW0

such that its �rst vector generates W 0
0 over C, then the Lie algebra GW 0 corresponds

to the Lie algebra of the matrices whose entries which belongto the �rst column are
zero, except perhaps the �rst one.

To the construction W0 on V0 corresponds a holomorphic vector bundleW . We
obtain it from the holomorphic vector bundle V by a similar construction. To the
meromorphic connection r on V corresponds similarly a meromorphic connection
r W on W . To the complex line W 0

0 corresponds a trivial sub-line bundleW 0 of W .
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We choose a (meromorphic) uniformizing variable overX and a frame of the trivial
GW 0 -bundle W such that its �rst element generates the sub-line bundleW 0. Then the
GW 0 -meromorphic connectionr W can be interpreted as a systemd

dt � B , where the
meromorphic matrix B takes its values into the Lie algebraGW 0 . Consequently the
entries of B which belong to the �rst column are identically zero, except perhaps the
�rst one. Therefore the action of the meromorphic matrix B on the sheaf of meromor-
phic sections of the vector bundleW leaves invariant the subsheaf of meromorphic
sections whose values belong to the subbundleW 0. Going back to connections, we
see that the meromorphic connectionr W leaves invariant the sub-bundle W 0 and
consequently that it induces asub-connection(W 0; r W 0) � (W; r W ).

By the Tannakian de�nition ( section 3.2 ) the di�erential Ga lois group H of r
is de�ned by the list of all the subspaces of all the constructionsC(V0) on the vector
spaceV0 corresponding to the �bers (in �ber functor sense) of the underlying vector
bundles of all the subconnections of the similar connections r C (V ) on the similar
constructions C(V ). But ( W 0

0; W0) belongs to this list, thereforeH is a closed subgroup
of the algebraic groupG (which itself can be de�ned by the only pair (W 0

0; W0).
In our paper we need only the following result correspondingto G = Sp(n; C).

(Using Appendix A, if V is a meromorphic symplectic bundle overX , we can suppose
that it is a trivial symplectic meromorphic bundle.)

Corollary 11. Let r be a symplectic meromorphic connection on a meromor-
phic symplectic bundleV over a connected Riemann surfaceX . Then its di�erential
Galois group "is" a closed subgroup of the symplectic group.
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