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ON THE RELATIVISTIC EULER EQUATION*

CHENG-HSIUNG HSU', SONG-SUN LIN%, AND TETU MAKINO$

Abstract. This work consider a more realistic equation of states. We generalize the method
of DiPerna and G.-Q. Chen et al to show the existence of weak solution of the relativistic Euler
equation with initial data containing the vacuum state.

1. Introduction. In this article we study the Cauchy problem to the one-
dimensional relativistic Euler equation

gp—l—Puz/c4 d (p+ P/*)u

1.1 575 T a_ =

(1.1) ot 1—u?/c2 Oz 1—wu2/c? 0
9 (p+P/)u D P+ pu? _0
ot 1—wu?/c? or1—u2/c2

(1.2) pli=o = po(x), ult=0 = uo(z).

Here c is a positive constant, the speed of light, and P is a given function of p. The
equation (1.1) governs the one dimensional motion of a perfect gas in the Minkowski
space-time. When ¢ — oo, (1.1) tends to the usual Euler equation of gas dynamics

(13) pt + (pu)m =0,
(pu)e + (P + pu?), = 0.

Many mathematical investigations for this non-relativistic Euler equation were done.
But the first mathematical investigation for the relativistic Euler equation (1.1) was
done recently by Smoller and Temple [6]. They assume P = o2p, where o is a positive
constant < c. Under this assumption, they showed that if the initial data po(x) and
ug(x) satisfy

(1.4) T.V.logpy < 00,  T.V.log “ 110

C— Up

< 00,

then there exists a global weak solution to the Cauchy problem (1.1) and (1.2). Here
T.VA{f(-)} denotes the total variation of f(x) with € R'. The result was obtained
by Glimm’s scheme and it is the relativistic version of Nishida’s result [5] for the
non-relativistic problem.

However we would like to consider a more realistic equation of states. We keep
in mind the equation of state for a neutron stars, which is given by

P=KSf(y), p=Kcg(y)
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Y 4
:/ qidq
V1+q?
gy —3/q\/1+qdq
0

For this equation of state, we have P ~ %p as p — oo but P ~ %K_2/3p5/3 as p — 0.
So we assume the following properties of the function P(p):

(A):
P(p) >0, 0<dP/dp<c?, 0 < d*P/dp?
for p > 0, and
P=Ap"(1+[p"""/c’lh)

as p — 0. Here A and ~ are positive constants and

2
=1
=it oy

N being a positive integer, and [X]; denotes a convergent power series of the form
ks X,

The result which we want to generalize to the relativistic problem is those by
G.-Q. Chen et al [2]. So we assume that the initial data po(z), ue(x) satisfy

(1.5) 0 < po(z) < My, |E logw

<M
2 c—u(a:)' o

A weak solution of (1.1)(1.2) is defined as follows.

We write

5o p+Pu2/c4,
1—u?/c?
(o+ P/

p=Lroc )t
1—u2/c?

G- Lt
1—u?/c?

U=(E,F),  fU)=(FG)".
Then (1.1) can be written as
(1.6) Ui+ fU)zs =0.

Let us denote by Up(z) the initial data. Then a weak solution U(t, z) is a bounded
measurable function which satisfies

(1.7) 7 7 (U® + f(U)®,)dxdt + 7Uo(x)<1>(0,x)dx =0
0 —o0 0

for any test function ® € C§°([0,4+00) x R). The existence of weak solution is the
following
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MAIN THEOREM. For any My there is a positive number ey such that if the initial
data satisfy

c c+ up(x
0 < po(x) < Mo, |§10g722x§|§1\/[0

and if 1/c? < eq, then a subsequence of the approzimate solutions U (see section 4)
converges a.e. to a limit U which is a weak solution of the relativistic Fuler equation.

COROLLARY. There is €1 > 0 such that if

2 1 ¢+ up(x)
0< < -1 —log———=| <
<o) s actt. s <o

then there is a weak solution of the relativistic Euler equation.

The paper is organized as follows. In section 2, we illustrate some basic properties
of Riemann problem. In section 3, some useful entropy-entropy flux are constructed
such that the Hessian matrix with respect to the flux is positive definite. The ap-
proximate solutions of the equations are constructed by Godunov scheme in section
4. In section 5, we seek an integration formula for solutions of the relativistic Euler-
Poisson-Darboux equation. With this integration representations, the derivatives of
entropies can be estimated in section 6. By using the results of sections 5 and 6, some
important entropies can be estimated more precisely. The compactness and conver-
gence of the approximation solutions obtained in section 4 are studied in sections 8
and 9. Finally, the proofs of some propositions are given in the appendices.

2. Riemann problems. The Riemann problem is the problem to the special
initial data of the form

- U, ifx<0,
UO(I)‘{ Up if x>0,

In order to solve this we introduce the Riemann invariants
w=+Y, 2= =Y

where

c c+u PP

TEs T 4 o p+P/c2 P

Then (1.1) is diagonalized as
wy + Agw, = 0, zZt + Mze =0,

where

A — u— P \y — u+ VP
' 1—VPu/c?’ ? 14+VPu/c?

The possible states U = Ur connected to Uy, on the right by rarefaction waves are

Ry : w=wr,z > 2L,



162 C. H. HSU, S. S. LIN, AND T. MAKINO

and
Ry : w > W,z = 2L,

The Rankine Hugoniot jump condition

where [U] = Ug — UL, [f(U)] = f(Ur) — f(UL), gives the shock curve

(up —ur)? (pr — pr)(Pr — Pr)

=%/ A —a2]@)  (pr + /) (pr+ Pr/@)’

Along this curve we have shocks

Sy oL < pr,uRr < ur,
Sy PR < pL,uRr < UL.

The Riemann problem can be solved uniquely by using these rarefaction waves and
shock waves and vaccuum state. The detailed discussion can be found in J. Chen [1].
If we look at a region of the form

Yp={(w,2)]— B<z<w< B},

we have the following

PROPOSITION 2.1. If the initial data Ur,,Ug belong to X for some large B, then
the solution of the Riemann problem is confined to ¥p.

Moreover if we consider the image of X in the (E, F')-space, we have
PROPOSITION 2.2. The region X is convez in the (E, F')-plane.

Proof. Let us consider the above hedge F' = F(FE) which corresponds to w =
B,—B < z < B. We have to show d?F/dE? < 0. Along the hedge w = B, we have

P \/ﬁ

1
= ctanh —(B — ———d
u = ctan C( P 0),

from which

VP!

du 9, 9
(1—-wu*/c )p—i-P/cQ'

d_p [
By a direct calculation we have

dF u— VP

— = = .
dE 1 —+/Pu/c? !
Differentiating once more we have

LF 1—u?/c? (P” ‘a P’) VP
dE? (1 —+Plu/c®)* 2P ' p+ P/c

) <0.

The proof is complete. O
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From Proposition 2.2, we have

PROPOSITION 2.3. IfU(s), s € [a,b], is confined to a region X, then the average

1 b
b—a/a U(s)ds

belongs to Xp.

Let us look at the shock wave which connects the left state Uy, to the right state
Ugr with the shock speed o.

The right state Ur and ¢ are parametrized by p = pr. Then we have the following
fact, which will be used in Section 4.

PROPOSITION 2.4. Along S1(pr, < p), we have do/dp < 0, and along Sa(p < pr)
we have do/dp > 0.

Proof. Without loss of generality we can assume uy, = 0. Then v = ug is given
by

o [P
(oL +P/)(p+ Pr/c?)’
where [p] = p — pr,[P] = P — Pr. We have

P (p+ P/c*)u

T Bl P/ —pr(l—u2)

By a direct but tedious computations, we have

do _ (p+ P/c*)(prL + Pr/c®)[p]X
dp  2(p+ Pu?/ct — pr(1 —u?/c?))*u(pr + P/c?)*(p + Pr/c?)?’

where

X =(p+PL/*)p+P/P)Pp]+ (p+ Pr/)(—=(p+ Pr/c?) +
[P]/c*)[P] = (pr + P/?)[P)? /.

Since P” > 0 we know [P] < P’[p]. Thus

X > (p+ Pr/?)(p+ P/ [P+ (p+ Pr/)(—(pL + PL/c?) +
[P]/c*)[P] = (pr + P/c*)[P)?/c?
= [Pl((p+ Pr/*)([p) + [P]/¢®) + (lp] — [P]/c*)[P]/c?).

But

(o] — [P]/c?

B =1-P(pL+0(p—pr))/c*>0.

1>

Using this, it is easy to see X > 0 both when [p] > 0 and when [p] < 0. Since u < 0,
this completes the proof. O
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3. Entropies. A pair of functions n and ¢ is called an entropy- entropy flux if
it satisfies the equation

(3.1) Dyq=Dyn-Duf.
Using the Riemann invariants, we can write (3.1) as

9¢ _\ On ¢ _ On
ow  Pow’ 0z loz

By eliminating ¢ from the equation, we get the following second order equation:

9%n dn 10n
2 a9y
(3.2) Owidz Q(Jaw Jaz) ’
where
1 P p+ P/t _,

Since this equation tends to the Euler-Poisson-Darboux equation

0%n N 0On On

(3.3) owdz + w — z(% B E) -

as ¢ — oo, we shall call (3.2) the relativistic Euler-Poisson-Darboux equation.
Among entropies of (3.3) when ¢ = oo the kinetic energy

1 P
3.4 = —put 4+ —
(3.4) n 2pu +7_1

plays an important role. Therefore we want to find an entropy of (3.2) which tends
to (3.4) as ¢ — oo. Let us look for an entropy-entropy flux of the form

n= H(p7u2)7 q= Q(p,uQ)u.

Inserting this to the equation it is easy to find an entropy-entropy flux

u?/ct
(3.5) n=- 1- 32(722)1/2 + 62(P1+_122/62 ),
2
(3.6) 7 =(= 1- 32(22)1/2 + ¢ fj:‘;//@ Ju,
where
L d
(3.7) U = exp(/1 rg/& + Ky),

and K is determined so that n* tends to the kinetic energy (3.4) as ¢ = co. We call
the entropy n* defined by (3.5) the relativistic standard entropy. The important fact
is
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PROPOSITION 3.1. The Hessian D#n* is positive definite, i.e., for any fived B
there is a positive constant k such that

(E|DEn™(U) - €) = kl¢P?,

for any U € $p and & = (£,&1) with |§> = & + &}, Here (§|DEn*(U) - €) is defined
by (D" (U)]i €5
0.

Proof. The proof is due to direct but tedious calculations. We note

dp 1+u?/c?

OE 1—Pu2/cV’
ou  (14+P /A1 —u?/c*)u
1

OE ~ (p+ P/c)(1 — Pu?/cty’
Op _ 2u/c?

OF — 1—Pu2/ct’
ou  (1—u?/A)(1+ Pu?/ch)

OF  (p+ P/A)(1— Putjch)

Using these, we have

= 2 +c?
OE  (p+ P/c®)(1 —u?/c?)1/2 J
on* Wy /c?
OF — (p+ P/2)(1 —u2/c2)/?’
8277* \11/02
= P L oPu2/c? 2
OE? (1 — Pu2/c)(1 —U2/02)1/2(p+P/02)2( +2P'u’/c® + u®),
& —U/c?
= 2P/ 2 1 P, 2/ 4
JEOF ~ (1= Pjc)(1 — w2 )2 (p 5 Pjp b /€ T 1 Pud/ehu.
8277* \11/02

oF2 (1 — P2/ (1 — w2/ 2 (p + P/02)2(1 +3P"u?/cY).

Therefore we get

(EIDEn" - €) = Mppés + 2nppéoés + Nppét
U/c? 7
(= Pru2/eh)(1 — w2/ @) 2 + P
Z = (P +2Pu?/c® +u?)&E — 2(2P' ) + 1 + P'u?/c*)uéoés +
(1+3Pu?/ch)ed
< 2P'(1 —u?/c?)?(1 — P'u?/ct)
A+ C+/(A-0)2 +4B?
A=P +2Pu?/c* +u?,
B = (2P'/c* 4+ 1+ P'u*/c*)u,
C =1+3Pu*/c*.

(& +€D),

This completes the proof. O
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4. Construction of approximate solutions. Let us construct approximate
solutions using the Godunov scheme. The construction is similar if we use the Lax-
Friedrichs scheme.

Suppose that the initial data Up(z) is confined to an invariant region Xp. Put
Ao = sup{|\;(U)|ls = 1,2,U € ¥p}. Fixing A1 > Ao, we take mesh lengths Ax, At
such that Az = A1 At. We denote A = Ax.

Let us construct the approxomate solution U2 (¢, ). First we put

UG (x) = Uo(2)X[—1/a,1/A]-
We define

N 1 (2j+2)Ax A
U=(+0,2) = —— U, d
v N
for 2jAx < x < (2§ + 2)Az. Solving the Riemann problem on each interval [2(j —
1)A,2(j+1)A], we define U2 (¢, z) for 0 < t < At. Since the Courant-Friedrichs-Levi
condition is satisfied, the wave from the center 2jA does not intersect. If U2 (¢, ) for
0 <t < nAt has been defined, then we define

1 @it2a
UA(nAt,z) = —/ UA(nAt — 0, z)dx
for 2jA < x < (2j + 2)A. Solving the Riemann problem, we define U2(t,x) for
nAt <t < (n+1)At.

By Proposition 2.1 and 2.3, it is inductively guaranteed that U” remains in X5,
say,

PROPOSITION 4.1. The approzimate solution U™ (t,x) satisfies U (t,z) € Xp,
therefore,

A
t
0< P (ta) < My, |log ST (00)

T
——| < M.
2 gc—uA(t,:C)|_ 0

Moreover we shall prove

PROPOSITION 4.2. For any test function ® it holds that

//((I)tUA+<I>xf(UA))da:dt+ / ®(0, 2)US (z)dz = O(AV?).
0 —oo -

Here and after, the constants C' only depend on Uy and My but may vary from
line to line. In order to prove Proposition 4.2, we prepare

PROPOSITION 4.3. For any shock wave from Uy to Ugr with the shock speed o
and for any convex entropy n, we have

where [n] = n(Ur) = n(UL), 4] = 4¢(Ur) — q(UL).
Proof. The right state of shocks can be parametrized by p = pr. Putting

Q(p) = aln] — 4],



ON THE RELATIVISTIC EULER EQUATION 167

we shall see dQ/dp > 0 along S; : [p] > 0 and dQ/dp < 0 along Ss : [p] < 0. Using
the equation (3.1) and the differentiation of the Rankine-Hugoniot condition, we have

% - Z—qu ~ Dyn(U) - [0))

d 1
- _d_;/ O(U — UL|Dgn(Ur +60(U —UyL) - (U —Uy))do.
0

We supposed D%,n > 0. By Proposition 2.4, we know do/dp < 0 on Sy and do/dp > 0
on Sy. O

Proof of Proposition 4.2. We fix T to consider U2 on 0 < t < T. First we shall
show

(27+2)A
(4.1) Z/ U (nAL = 0,2) — UnAL+0, (2) + DA)2de < C.

g 2j A

Let us consider the standard entropy n*. Then we have
0= /n*(U(T, x))dx — /n*(U(O, x))dx + L+ X,

(2j+2)A
L= Z/ (7" (U(nAE — 0,2)) — 1 (U(nAt +0, (2] + 1)A)))da,

jn 2jA

T
= | > (olr] = [a]dt.

shocks
We write U; = U(nAt + 0, (25 + 1)A),U; = U(nAt — 0, z). Since

1 (2j4+2)A

U= —
720 Jon

l]lda;

we see

(27+2)A 1
L= Z/ / (1= 0)(Ur = U;| D™ (U + 0(Ur = Uy)) - (Ur = Uj))dbd
g 7204 0
>0

On the other hand we have ¥ > 0 from Proposition 4.3. Thus L < C,¥ < C. But
from Proposition 3.1, we have D#n* > k. Therefore

k (2j+2)A ,
(j Ez L 22 EE :E:: J/, |l]1 — l]j| dJL

i 218

Thus we get (4.1).
Now let us consider a test function ®. Put

J:/ / (‘btUA+<I>xf(UA))d:cdt+/ ®(0,2) UL da.
0 —o0 0
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Since U2 is a weak solution on each time strip nAt < t < (n + 1)At, we have
J= Z/OOO ®(nAt, z)(U(nAt — 0,z) — U(nAt + 0, z))dx
= J111 + Jo,

(27+2)A
B [ A AU ~0.) ~ U+ 0.0))
J7,n

(2j+2)A
J2 = Z/ (®(t, ) — (nAt, jA))(U(nAt — 0,2) — U(nAt + 0, x))dx.

jn 2jA

Since

1 [2i+2)A
U(nAt+0,x) = A / U(nAt — 0, x)dx
2jA

for 2jA <z < (25 +2)A, we see J; = 0. It follows from (4.1) that
(2i+2)A
o] < CAY2|®[|cn (Z/ U(nAL = 0,2) — U(nAt + 0, 2)|%dz)"/?
210

< C'AY2
Here we have used T/At = O(1/A). 0O
Summing up, we have the following theorem.
THEOREM 1. The approzimate solution U (t,x) satisfies

A
t
0< A (ta) < My, |Slog S (b2)

cruw L)
2 c—uA(t,:v)|_ 0

and
//(cthA + @, f(UR))dadt + /@(o, UL () = O(A2)

for any test function ®.

We expect that U? tends to a weak solution everywhere. For the non-relativistic
gas dynamics, this was done by DiPerna [3] and G.Q.Chen et al [2]. In their proof

the Darboux formula

1= [ (=)= 2)Vots)ds

which gives solutions of the Euler-Poisson-Darboux equation (3.3) , ¢ being arbitrary,
plays an important role. Section 6 will be devoted to find such an integral formula

for the relativistic Euler-Poisson-Darboux equation (3.2).
REMARK 4.1. We note that

_2VP(1—u?/c?)

Ao — A1 = 1—U2PI/C4 > 0,
1— 2/.2 P’ P 2 P
9z 2(1—+/Plu/c?)? c 2P
1— 2/.2 P’ P 2 P
Og __1-w/@ .\ Pt PIAP
ow  2(1+VPlu/c?)? c 2P
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for p> 0 and |u| < c.
This says that the system is strictly hyperbolic and genuinely nonlinear on p > 0.
Therefore the Glimm’s theory can be applied if

||U0(:E) - U*||Loo + TVU()

is sufficiently small, where U* is a constant state such that p* > 0, |u*| < ¢. But the
vacuum may not be covered by this application of the general theorem.

5. Generalized Darboux formula. In this section we seek an integration for-
mula for solutions of the relativistic Euler-Poisson-Darboux equation. Let us introduce
the variables

1o c+u P \/P d
r = — = - .
2 W 4 o p+ P/ P

Then the relativistic Euler-Poisson-Darboux equation is

(EPD) Nea — Myy + Az, y)ny + B(z,y)n. = 0,
where
1 P’ P/, 1+ Pu2/c!
A(Iay): (1___p+ /C P”) i U/Ca
N 2P 1— Pu2/ch
2u/c? P p+ P/,
B S LT — vy 1
@9) =T przal—z T

The coefficients A and B are of the form

2N
A="Ctaa=glao+ /),

4N
B=— (1 2,2 272
2N+1C2( +[{E /Cay/c]l)v

where [X, Y]; denotes a convergent power series Zj+k>1 cikX7Y*. In order to remove
the singularity in A, we use the trick of Weinstein [7]. We introduce the sequence of
variables n;,7 = 0,1,,..., N by

O _ .
(?y 7+1,

or
Yy
n(@,y) = Injan (z,y) = / Yy (2, Y)Y,
0

where 19 = 7. The sequence of formal integro-differential operators L; is defined by

2(N —j
LjV:Vxx—l@y+(u+a)Vy+BVx+

J J
JaV + Y Fpd"Ve + Y Hj IV,
k=1 k=1
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where
- Oa a1, 5 5 9,9
@:a—y+§:c—2[fﬂ/07y/c]o-

The coefficients F} ; and Hjj are determined inductively by

I FJ,1+;%§ if k=1,
TR { Fie+ 12, ifk>2,

HJ,1+3;35 if k=1,
Hyerpe = { Hip+ 12 H0 ifk>2.

It is easy to see that Fj are of the form %[2?/c? y?/c*]o and Hj are of the form
L[2%/c%, y*/c*o. By the definition we have formally

10
Qa_y(Lmj) =Ljy1njt1.

Now we consider the equation LyV = 0 for V = ny with the initial conditions
V =0, V, = 2V TINIg(2), at y = 0.
Let F), = FN,k and Hy = HN,k7 the problem is

N N
Q) Vyy = Via = aVy + BV, + NaV + Y B IV, + > H,I'V,
k=1 k=1

V =0, V, = 2N TINIg(x) at y = 0.
PROPOSITION 5.1. If ¢ € C(R), then the problem (Q) admits a unique solution
V in C?(R x [0,00)).

Proof. Let us denote by H(x,y,V) the right hand side of the equation Ly = 0.
Then (Q) is transformed to the integral equation

T+ rz+y—Y
V(z,y) =2NN!/ §)dé + - / / H(X,Y,V)dXdy.

y+Y
We can solve this integral equation by the iteration
r+y

V() = 2V N / o(6)de,

=y

x4y z+y—Y
Vit (z,y) = 2NN'/ H(&)dE + = / / H(X,Y,V™")dXdY.
T—y z—y+Y

Fixing L arbitrarily, we consider |z| < L. Then it is easy to get the estimates
MnJrlynJrl
(n+1)!

Therefore V™ tends to a limit V uniformly on |z| < L,0 < y < L. The limit is the
unique solution of (Q). O

|Vn+1($7 y) - Vn(xay)l <
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Now we put

v =1V, NIN—k = INMN k41

Since ny_k and its derivatives of order < 2 all vanish on y = 0 for k£ > 1, we see
1 = 1o gives a solution of the relativistic Euler-Poisson-Darboux equation (EPD).
Next we give an integral formula for the solution V of (Q).

PROPOSITION 5.2. There is a CNT2-function G(z,y,&) of |z| < 0o,y > 0,2—y <
& <z +vy such that the solution V of (Q) satisfies

T4y
(5.1) Vie,y) = / Gl . €)$(€)de.

-y

Moreover

G =2NN!+0(y/c?),
Moo G =0(1/c?)  for 1 <pi+pr+ps < N+2.

Proof. We consider the approximate solution V™(z,y) which appeared in the
iteration of the proof of Proposition 5.1. By writing H as

H=(aV)y+ (BV): +bV + > (BI*V)e + Y HI'V,
where
1
b=Na—a,— B, = —2[x2/c2,y2/c2]0,
c

- 1
H]g = Hk - (Fk);ﬂ = C_2[:E2/02,y2/02]07

it is easy to see inductively that there is a kernel G™(z,y, &) such that

z+y
Vi(z,y) = / G (2,4, )B(E) e

-y

In fact G° = 2V N! and G™ are determined inductively by the formula

1
GM =24 S(GF + Gy + Gl + Y Glvi + Y Gy,

Yy
Gi= [ a(e —y+Y,Y)Glz -y + Y. Y,)dY +
(—z+y+&)/2
Yy
/ a(z +y—Y,Y)G(z+y - V.Y,E)dY,
(z4+y—¢€)/2
Yy
an/) Bl +y—Y,Y)G(@+y—Y,Y,€)dY —
(z4+y—¢€)/2
Yy
/ Bz —y+Y.Y)Glr — y +Y,Y.0)dY,
(—z+y+£)/2

GIII:// b(X,Y)G(X,Y,§)dXdY,
D(z,y,£)
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where
0<Y <y},

Y
Gn/kz/ Fk(zv—l—y—Y,Y)JkG(x—i-y—Y,Y,é)dY—
(z—y+£)/2

Y
/ Fr(x —y+Y,Y)J*G(x — y + Y,Y,€)dY,
(—z+y+£)/2

where

Yy
Joty. = [ v v

and
Gvi = / / Hy(X,Y)J*G(X,Y,€)dXdY.
D(z,y,£)

It is easy to see inductively that

Mn-i-lyn-l-l

6" @9,8) = Gy, O < =y

therefore G™ converges to a limit G uniformly and (5.1) holds. Moreover we can
differentiate G"*! supposing that G is differentiable. In fact we have

Gre = gaG((x —y+6/2 (<2 +y+)/2,6) -

LG+ y+6)/2. (+y—)/2.6) +

2
y
/ (a@)z(z —y+ Y, Y, £)dY +
(—z+y+£)/2
Y
/ (aG)z(x =Y + Y)Y, £)dY,
(z+y—§)/2

Gre = —5aG((z —y +6)/2. (<2 +y +€)/2.6) +
206w +y+8)/2,(x+y — /2,6 +

y
/ aGe(z —y+Y,Y,6)dY +
(—z+y+£)/2

y
/ aGe(z+y —Y,Y,£)dY,
(—z+y+§)/2

Gry = —5aG((x —y +€)/2, (~x +y+6)/2.6) -

S0G((w+y+8)/2,(x+y — /2.6 +

204G (2, . ) — / (a@)a(x —y + Y, Y,E)dY +
(—z+y+8£)/2
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(—z+y+£)/2
Grra = ~3BG(x +y+)/2(x+y - /2,6 -
SBG((w —y+8)/2, (~z +y+)/2,6) +
/y (BG)y(x+y—-Y,Y,6)dY —
(z+y—€)/
| (BG)u(z —y +Y,Y,6)dY,
(—z+y+£)/2
Grrg = 5BG((w+y+)/2 (e +y - €)/2.6) +
SBG((w —y+8)/2, (~z+y+)/2,6) +

Yy
/ BGe(z +y—Y,Y,£)dY —
(a+y—€)/2

I BGe(r —y+Y,Y,€)dy.
(—z+y+£)/2

Grry = —5BE((@ +y+8)/2 (e +y - 6)/2,6) +
BG((z —y+6)/2, (~x+y+€)/2,6) +

/ )olx +y =Y, Y, 6)dY +
(z+y=8)/

<

/( (BG), (& -y + 1.V, )Y

—z+y+€)/2

Yy Yy
Grrre — / DGz +y— Y,Y,6)dY — / bG(x —y+ Y, Y,E)dY.
(z+y—¢€)/2 (—z+y+£)/2

(z+y ﬁ)/2 (—z+y+€)/2
Grire = / bG(E +Y,Y,E)dY + / bG(E — V.Y, €)Y +

// G(X,Y,€£)dXdyY, 0
€

Yy
G[Hyy —/ bG(I—I—y—Y,Y,f)dY—F/ bG(x—y+Y,Y,§)dY
(z+y—¢€)/2 (—z+y+§)/2

and the derivatives of Gy are similar to G and the derivatives of Gy are similar
to Grrr.
Then it is easy to see inductively that

Mnyn
n!

Grt - Grl G - G|+ |G - 6y <
Thus the limit G is differentiable. In a smilar manner we see

|Gn+1 | + |Gn+1 £| + |Gn+1 an |_|_
n+1l n+1 n+1 m
|GE — Géel + |G, gl H1GyT =Gy,
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A{nflynfl
- (n=1)!
Thus G is twice continuously differentiable. In a similar manner we see that G is N +2-

times continuously differentiable. The rough estimates stated in the propositions is
obvious since the coefficients are all of O(1/c?). O

The solution ny_ enjoys an integral representation

z+y
NIN—k :/_ Kn-k(z,y,8)0(8)dE,

where

Kn-i(2,y,8) = JKN_ks1(2,y,8) = J*G(z,y,9).

So the solution 7 of the relativistic Euler-Poisson-Darboux equation is given by

Tty
wow) = [ Ky s,
-y
where
K(z,y,8) = JVG(z,y,8).
By induction we see
2N N

JEG(z,y,€) = SRl

(1> — (z = )*)*(1 + Oly/c?)).
Thus we have

PROPOSITION 5.3. There is a kernal K (z,y,&) which is of CN*2-class in |z| <
00,0 <y, x —y <& < x+y such that

Tty
W) = [ Ky o

gives a solution of the relativistic Euler- Poisson-Darbouz equation for any smooth ¢.
Moreover

K(z,y,6) = (4 — (2 = )N (1 + O(y/c?)).

But in order to apply this integration formula, the generalized Darboux formula,
to the study of the relativistic Euler equation, more detailed estimates of the remain-
der are necessary.

PROPOSITION 5.4. We have

(1) Gy =0(y/c?).

(2)  G=2"N'+ LCo(z,c)(€ —z) + O(y*/c?).

(3)  Ga+Ge=zCi(z,0)(§ —x) +O(y*/c?).

(4)  (Ga+Ge)y =O(y/c?).

(5)  (Go+ Ge)a + (Go + Gele = HCOa(x,0)(€ — 2) + O(y?/c?).

(6) Ge=5Cs(w,c)+ O(y/c?).

(1) (Gu+ Ge)e = mCalw, ) + O(y/c?).

Here Cy(z), Ci(x), Ca(x),Cs(x), and Cy(x) are functions of the form

2/ + =5 [e/¢.

Proof. See Appendix A. O
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6. Estimates of the derivatives of entropies. Let us consider the entropy 7
generated by ¢ of C3-class, that is,

z+y
W) = [ Ko

In this section we will find estimates of the derivatives of n with respect to E, F'. As
auxiliary variables we introduce

(6.1) R = y2N+1, M= a:yQNJrl.

We are going to prove the following

PROPOSITION 6.1. We have

8 1
62) L= 22N+1/0 (s — )V Do ( + (25 — 1)y)ds + Oy /),
1
(6.3) g—g = 22N+1/0 (s — )N ods +

1
22N+1/0 (s — )N (=2 + 2Ny—|— 1(25 —1))D¢ds +
O(y*/c?),

0 '
no_ 22N+1y72N71/ (s — s2)N D%¢ds + O(y 2N+ /¢?),
0

OM?

3277 2N+1, —2N—1 ! 2\N Y 2
(65) g =2V*ly /O(s—s) (—o+ 52 (26 = 1)) D%ds +

Oy *N*t/e?),

o !
66) o= 22N+1y2N1/0 (5= ) (—o+ 5 (25 = 1) +
4

O(y_2N+1/C2).

Proof. See Appendix B. O
Let us recall the standard entropy n*. This is generated by
1 1

1—u?/2 1 _uz/cz)’

¢ () = A'c(

where

A= (2N +1)72N((2N +1)/(2N + 3)A)“ 2= (2N — )I1/2N N1,
We note that

u?/c?

D?¢*(x) = A'(1 + m)@ —/1—u?/c?) > A

We are going to show that the Hessian D2U77* dominates any D2U17.
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PROPOSITION 6.2. For each ¢ fized in C® we have on each compact subset of
{p >0}

|(€1DEm - ) < C(E|DEn" - ),
provided that c is sufficiently large.
By the assumption we have
R =y = Kp(1+ [p77 /),
12N

dR d’R N
B =K+, and = E oo ),

2N+

where K = ((2N +3)(2N +1)A) "= * . Using these, we have
OR dR 1+u2/c?
OE  dp1— Pu2/ct

= K(1+v*/¢*) + O(y*/c?),
OR  dR 2u/c?
OF  dp1—Pu2/ct

2u

= _KC_Q + O(y2/02)7

oM R 1+ P'/c? dR 1+u?/c?

8—E:_p—|—P/621—P’u2/c4u xd_pl—P’uz/c‘l

= K(-u+a(l+u*/e%) + Oy*/c?),
oM R 1+Pu?/c* dR.
— = — —2zu/c
OF p+P/c21—Pu2/ct dp

= K(1—2zu/c®) 4+ O(y*/c?).

(6.7)

1
1—Pu?/ct

Differentiating once more, we see

0’R K? _
(68) @ = —W2U2(1 —U2/C2)/C2+O(y 2]\]-’_1/02)7
O*M K?

—2u?/c? = 2uz(1 —u?/c?)/c*) + O(y N1 /c?),

OFE? y2N+1u(

0’R K2 2u _
9EOF WC—Q(l —u?/?) + Oy NP,

2 2
;E—[)]WF = %(2112/02 +2zu(l —u?/c?)/c?) + Oy 2Nt /c?),
Yy

9%R 2 K? _
972 = —C—Qw(l —u?/?) + Oy 2N /e,

02 M K2 _
357 = —W%u—i—w(l —u?/c?) )+ O(y 2T /).

The chain rule gives

(6.9) P _ (8_R)2@ o OR OM %1
' OE?2  ‘OFE’ OR? OF OFE OROM
OM o, 0*n  O*ROn  O0*M On

(35 232 Y 952 oR T 9EZ 000
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and so on. Inserting (6.7)nd (6.8) into (6.9), and using Proposition 6.1, we have

22N+1K2 1 2K2 1
(€056 = T [ (o= V2D 0ds - i (1= ¢

2K2 1
(060 — 615t = ey -+ all = /) uo — 0 51

+0(y‘2N+1/c ),

where

Z[€] = Zoo&d + 2Z01&0é1 + Zl1§%a
4

Zoo = (L+u?/)?((—x + 2N — T(25 - —1))*+ ms(l —s)y?) +
21+ u2/e2)(—u + a(1 + u2/c2)) (—z + 2N+ (25— 1)) +
(—u+z(1+u?/c?))?,

Zon = =21+ w2/ Yu/P((~o + 3 (25— 1))? ﬁs(l — 92
+(1+3u?/c® — da(1 +u?/P)u/?) (—x + 2N " (25— 1)+
(—u+ 21+ u2/e))(1 - 2zu/c?),

Ziy = 40_15((—35 s - 1)+ ﬁs(l — o)) —
i_;‘a — 20u/e?) (o + (2 = 1)) + (1 = 200/,

It can be shown that
Z[€] > ks(1 — 8)y?,

where k is a positive constant depending on the compact subset of {p > 0}. In fact
we see

ZooZn — Z5 = (1 —u?/c? )Ls(l—s)?ﬁ
oL (2N +1)2 '

On the other hand, we can estimate

2K? 1

€

2
ez -/ —W’
2K? 1 €
S gt el —u’/e )) < VAT

Y

where € = K'/c?. Let us introduce the parameters

Go = o, G =& —uéo.

Then we have

Z[€] = Qoo¢] + 2Q0160¢1 + Qi
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and

Qoo = QU (x)(2s — 1)y + Q) (x, )%,
Qo1 = Q5 (x)(2s — 1y + Q%) (, )/,
Qll =711 =1 +O(1/C2) > 0.

Therefore if |D?¢| < C, we see

22N+1K20 1
(€D} €)1 < e / (s — s)N Z[€)ds +

12¢ (! _
W/o (s = )N (fds + O(y 2N /?)

2N+1 -2 1
< 2y21\77ﬁc /0 (5 = s)™(Qu (1 + €)¢F +2Qo16o¢r + Qoodd)ds
FO(y2N ),

But since Qg%) = ((ﬁ) =0, fol (s —sH)N (25 — 1)ds = 0, we see

1
/ (s — )N (=2 Q016oCr — € Qoo )ds = Oy~ 2N+ /).
0

Therefore we get

2N+1K2C / 1
(€| DErn - )] < ? y2N+(11+6)/0 (s = s*)N Z[g]ds + Oy~ /c?).

Similarly, if D2¢* > u, we have

2N+1 72 € 1
ED% -6 > 2 ;N’f ) / (s — 2N Z[€)ds + O 2N+ /e2).
Thus we get
(€020 < XD (D2 6) 1+ 0(y2N ).

p(l —€”)
But we know

(ElD3n" -€) = slePy >,
Hence if ¢ is sufficiently large we get the required estimate. O

As for the first derivatives, the following conclusion is now clear.

PROPOSITION 6.3. On each compact subset of {p > 0}, we have

on on
— — < (.
28! Hlap! =€
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7. Useful entropies. Let us consider an entropy n generated by ¢, that is,

z+y
(7.1) n(e,y) = / Ky, 00

The corresponding entropy flux ¢ is given by integrating the differential equations
9q In 9q In
At Z=nh
dw ow 0z 0z

We can solve these equations as

YO
q= )\277—/ B—zjndw

WO\
:)\177+/ 8—21ndz.

Thus we get the formula

Tty
(7.2) 4(z,y) = / Lz, 4. ©)0(E)de.

-y
where

L(xayué-) = )\IK(xuyag) + Ll(‘ruyag)
= )\QK(xuyag) + LQ(‘Tﬂyaé_)u

Yy
Ll(fc,yaﬁ):?/ pi(r+y—Y,Y)K(z+y—Y, Y, §)dY,
(z+y—£)/2
Yy
L2($,ya€)=—2/ pa(r —y+Y,Y)K(z —y +Y,Y,§)dY,
(—z+y+£)/2
0\
p(w,y) = 9z
1=/ a1 P’+ (p—l—P/cQ)P”)
©2(1 = VPu/c?) c? 2P
=N g1 PO
02
p2(z,y) = ow
1=/ a1 P’+ (p—l—P/cQ)P”)
© 21+ VPu/c?) c? 2P
N +1 )
= on T o).

In this section we will construct various kinds of useful entropies.
1) Let us put

Tty
ik (x,y) = K (z,y, &) kN ekede,
=Yy
2 oty N+1_—k
nk(xvy) = K(Iayvg)k * e gd&a

=y
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where k € N.

PROPOSITION 7.1. If 1/c? is sufficiently small, we have

(7.3) ny >0, >0  fory>0,
e = 2V NN (14 O(y/c?))eF =) (1 + 0(1/k)),
(7.4) n? =2NNiyN (1 + O(y/c?))e "9 (1 + 0(1/k))

uniformly on each compact subset of {y > 0}. Moreover

g = m (A2 + O(1/k)),

(7.5) g = ni(\ +O(1/k))
uniformly on each compact subset of {y > 0} and
_ 2
(1:6) il ket = VNP 00/ + 00 /K

Proof. Since K = (1+ O(y/c?))(y? — (z — £)2)V, we see

z+y
mh= (L4 0(/@) [ = (o= €PN kg

= (14 O0(y/c?*) 22N yN e f(ky)

where
1
fir)y = TNJrle*T/ (s(1 —s))Ne?rsds
0
= e*r/ (o(1 — Z)Ne2 do.
0 T
It is easy to see
e f(r)=2"WHINI L O(1/r)

This implies (7.4). We note

e = (1+0(1/c*)2V NiyV e (y + O(1/k))
= (L+0(1/¢)2V NiyV~te "m0 (y +- O(1/k))

uniformly on {y > 0}. Let us consider the flux. We have

Yy
L2<w,y,£>=—2/ pa( —y + Y, Y)K(z — y + V.Y, 6)dY
(—z+y+&)/2
N +1 v
Y L 0(1/) / (V2 (z—y+ Y —eP)Vay
2N +1 (—a+y+€)/2
1

= —(m +01/P)Ny—z+ Ny +x -V,

+0(1/c%)) x

1
1 1

Dot = (——
T = 22k (2N—|—1

/Hy(y —z+ Ny +x - VRN R,

-y
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But
Tty
os/’ (y— o+ ON(y+a— NN R g
z—y
Tty
— O [ (- ) Ve -
r—y
z+y
NEN / (y—z+ON My +z— N TeHde
r—y
1 oty
SO [0 - Y
z—y
Thus
@ — Xamp = O(1/k)n;.
Since
2/ P'(1 — u?/c?) 2 9
_ — = 1
>\2 A1 1—P/’U,2/C4 (2N+1+O( /C ))y5
we have
2
21 12 _ 12 1762 1/E).
Mol — Mk 771@771@((72]\7_’_1 +O(1/c%))y + O(1/k))

This implies (7.6). O
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2) Let ¢ be a function in C§°(—1,1) such that ¢ > 0,9 (z) = ¢¥(—=z), [¢ = 1. We

put
o2 (2) = Yn(x) = n(n(z — a)),
¢ () = —Dipy (),
Tty
n3(x,y) = ) K (z,y,8)d3 (€)d¢,
oty
ne(x,y) = K (z,y,&)dn(€)dE.
r—y
n*(z,y) = K(z,y,a)x,
n*(z,y) = Ke(z,y,a)x,
¢*(z,y) = L(z,y,a)x,
¢*(z,y) = Le(z,y,a)x,
where

1 if |z —a| <y,
x=1] 1/2 if |x —a|=vy,
0 if |z —al >y.

PROPOSITION 7.2. Asn — oo, we have

nw-nd @ —d,  ni-nt, -t
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Moreover

(7.7) mp| < My, g| < MayN (|| + ),
(7.8) Il < Myy*N g5 < My~ (|2] + ),
(7.9) gt —n'e’ = 14001/ — (x—a)®)*",

2N +1
where My is a positive constant depending on .

Proof. We note

Ke = ~(€ = )Gl = 1. €) ey 0" — (2 = )" + 7

— (2N — &)+ 0(1/A)(€ - 0))(* — (o — &)V +
01/ — (v - €)™,
Le=2 [ i@ +y - Y.Y)Ke(w +y - V.Y, )Y,
(z+y—¢)/2

The estimates (7.7), (7.8) can be seen easily. Let us consider
n’q" —1'q’ = (KL¢ — LK¢)(x,y, a).

Suppose z — a > 0. Then

1 Yy
§(KL£—LK£):K mKe(z+y—Y, Y, a)dY —
(z+y—a)/2

Y
Kg/ ulK(:c—i—y—Y,Y,a)dY.
(z+y—a)/2

We note
Lttt ey ocaty-Y-u
Hence we have
y
/ mKe(w+y—Y,Y,a)dy
(e+y—a)/2
N+1 v
= ( +0(1/c*))2N (x+y—Y —a)(Y? -
y
(z+y—-Y —a)> )V HdYy + 0(1/02)/ Y2 (z+y-Y —a)))Nay
(xt+y—a)/2
N(N +1) 2 N-1 N
= _— 1 _— — —
(2(2N+1)+O( /N +y—a) T (—x+y+a) N(N—i—l)x

(y+ 2N +1)(z —a)) +O(1/)(—z +y +a)(y® — (x —a)*)V.

Thus

Yy
K i KedY
(v+y—a)/2

(m +0(1/)(Y* = (= a))* -z +y+a)

(y+ (2N +1)(z — a))
+ 00/ (—z+y+a)y® - (xz —a)?)?N.
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Also we have

Yy
Ke / mKdY
(a+y—a)/2

= (2NN+ T + 0(1/02))(;[; — a)(_x +y+a)(y2 . (LL' _ a)Q)QNfl n

0(1/c*)(~z +y +a)(y® — (z —a)*)*".

Hence

1

2N+ 1) +0(1/) (Y — (z —a)?)*N.

S(KLe— LK) = (

Here we have used

provided that 0 <z —a <y. When = — a < 0, we can discuss in a similar manner by
using Lo. O

3) Let @ be a function in C§°(—1,1) such that f ® = 0 and the support supp® is

— 00

[-14 «, 1+ a], where « is a small positive number. We put

Un(x) = n®(n(z — a)),
Tty
no(x,y) = K (,y,§) DNy, (€)de,

=y

Tty
0 (ey) = / L.y, €) DV, (6)de:

-y

bo) = -0 [ @)

Un(2) = nd(n(z — a)),
Tty R
S (z,y) = K (z,y,&) DN, (£)dE,

T—y
Tty
o) = [ Ly 9D (e
r—y
B} =n*¢5 —n)d®,
By =n'¢} —nhq",
Bn =045 — 5.

Let us divide the domain ¥ = {—-B <z — y < z + y < B} into the following 5 parts.

)

1
<zr-—y—a<-—}NL,
n

3
SN

1
Soz{—ﬁ<x+y—a§

1 1
Si={—-<z4+y—az—y—a<-——}N3%,
n n
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1 1 1
S’Lz{—g<x+y—a§5,x—y—a<—g}02,

1 1 1
Sp={—-<z4+y—a,——<z—-y—a<-}NEZE,
n n n

SZE—(SoUslUSLUSR).

PROPOSITION 7.3. We have

(7.10) |B3| < My/n, |IBY < My, onX,
and
(711) |Bn| SMQ/TL on S()US1US,

where My is a positive constant depending on ®. Moreover, on St,, we have

(7.12) B, = ny*N Ay + yN As + A3,
where
(N +1)(2NN1)? ) /”@*y“) )
Al =(———~— - 1 [0}
V= (e rowa (| 7,

n(z+y—a)
] < M2<|/ 8|+ |B(n(z +y - a)))),
—1

M.
|43 < =2
n
On Sgr, we have

By =ny*NC1 +yNCy + Cs,
(N +1)(2VN1)? ne—y—a)

o= (CSReT - roaen[ e
n(z—y—a)
s < M2<|[1 B+ |B(n(z —y — o)),

M,
|Cs] < —=.
n
Proof. See Appendix C. O
If we put
B =n*nd —nlq®,
By =n'q, — g’
then the same estimates hold.

8. Compactness of 1;+¢,. Let us consider an entropy 7 generated by ¢ through
the generalized Darboux formula and its flux ¢. In this section we will prove

LEMMA 8.1. Let U” be the approzimate solutions constructed in Section 4. Then
n(UR); +q(U?), lies in a compact subset of H;;1(Q), Q being a bounded open subset
of {t > 0}.
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Proof. Let ® be a test function and we consider

// M, 4 q(UR)D,)dxdt

=N+L+%,
N=— /n(UA(+o,x)q>(0,x)d:c,

L= Z/ (UA (L, 2)IZr Rt 00 (nAt, x)dz,

/ (o ])®dt.

shock
Since U2 is bounded, we see
IN| < Ms]|®]|c.

Here and after, the constants M; for ¢« = 3 to 7 depend on My and Uy but may vary
from line to line. Let us look at L. We see

L= Ll + L27
(27+2)Ae A\t=nAt—0
Ly :Z(I)(nAt, (2j+1)ACC)/ N (U=)]= ZAtJrodx
i 2Ae

(2j+2)Ax

L2 = Z/ (2(nAt, z) — ©(nAt, (25 + 1)Az) x
(UA))iZhAL ode,

‘We note

(UiZrAi0 = Dun(US (nAt +0,2))[U2]
+ /1(1 — 0)([UA]|DE(UA (nAt +0) + 0[U2)) - [UA])db.
0

and

(2j+2)Ax
/ [UA)dz =0
2jAx

by the scheme. Therefore

1
Ll < Mlfelle Y [ [ (- o)1F.n)dbs,
im 770

where
F(0,m) = ([UX|DEn(US (nAt +0) + 6[U2]) - [U2]).

By Proposition 6.2 we know |F(0,7n)] < M3F(6,n*). But in the proof of Proposition
4.2 we know

Z// (1—60)F(0,n*)d0dz < C.



186 C. H. HSU, S. S. LIN, AND T. MAKINO

Thus we know
|L1| < M3s]||®||c.

In the proof of Proposition 4.2 we know

(2j+2)Az
3 / U] 2dz < C.
jn 2jAx

Therefore

Lo < 2a||@||caz/ (Az)®|[p(U2)]|dx
<277 Y|@||ce Z/((Ax)a+f + (A2)* 2 p(U)]*)de

< Ms||®|ca (AZ)*" 7 + (Az)® Z/| [U2])2dx
< My(Az)* =2 ||®|| g,

where we use the boundedness of Dyn and n = O(1/(Axz)). Next we look at 3. Along
the shock we have

This implies

But we know

in the proof of Proposition 4.2. Therefore
¥ < Ms|[®]|c.

Summing up , we know the compactness. O

9. Convergence of approximate solutions. We consider the approximate
solutions U® constructed in Section 4. Since U? is bounded, there is a sequence
UA» and a family of Young measures v, , such that supp v, C ¥ = Xp and for any
continuous function f

FUA(t2) = fF=<via [ >

in L*° weak-star topology. By Lemma 8.1, we can apply the compensated compactness
theory, and we can assume

(nd —1n'Q)(UA") =< v,g><v,qd >—<v,n ><v,q>
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in L weak-star. Here 7, q;1’, ¢’ are arbitrary Darboux entropy pairs. Thus we have

LEMMA 9.1. For any pairs (n,q),(n',q’") of Darboux entropies-entropy fluz, the
identity

<vngd —ng>=<v,n><v,qd >—-<uv,y ><v,q¢>

holds a.e.-(t,x), where v = v 4.

Since entropies we will use are countably many, we can assune that the above
identity holds outside a null set which is common to all n. We fix (¢,z) at which
the identity holds, and we write v = 14 5. Of course supp v C X. Suppose that
supp vN{p > 0} # ¢. Let Ty be the smallest triangle {zp < z < w < wp} such that
supp vN{p >0} C Xg. Let us denote by Py the state (wo, z9). It will be verified that
v = dp,, (the Dirac measure).

First we show

PROPOSITION 9.1.

Py € supp v.

Proof. Suppose Py € supp v. Since Xq is the smallest triangle containing supp vN
{p > 0}, w = wy and z = z( intersect with supp v N {p > 0}. On neighborhoods of
these intersection points we have

1
1y _— k(wo—e€)
n =z M6€ )

2> 1efk(zo+e)'

n m

(See Proposition 7.1). Since v, 7%, n? are nonnegative, we see

<, 771 > > Miek(wgfe)
6

3

1
<t > > —e Fote),

Mg
SincePy ¢ supp v, we have

< I/, ,'72q1 _ ,',Ilq2 >§ Mﬁek}(’wO—Zo—(;)'

Taking 2e < §, we have

=S v,n’et —n'e® >
<yl ><v,n? >
< Mﬁe_k(6_2€)

<v, ¢t > <uv,g*>
<v,pt> <vnp?>

—0
as k — oo. Let 8 be a sufficiently small positive number, and we put

Yo={20<z<w<w— f}
Y3 = {20 <z <w < wo,wp — f < w}.
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Then
e = (1+0(1/c))2V NlyV "y + O(1/k))
is bounded on ¥y and we have
< Vs, nt >< MgeFwo=h),
Taking € = 3/2, we know

< V|E2a771 >

1 S ]\4667[”6/2 — 0.
<v,n >

Since dAg/Ow > 0, we know
Ao (w, z) > Aa(wo — B, 20)
on X3. Therefore we have

<v, ql > < V|E2,771)\2 > < V|E3,771)\2 >
<v,nt> <unt> <v,nt >
> o(1) + Aa(wo — B, 20)

+O(1/k)

Similarly we see

<v,¢® >
S0T 7 < o(1) + A (wo, 20 + B).
SRS < o(1) + Ai(wo, 20 + B)

Therefore we have
A2(wo — B, 20) — Ai(wo, 20 + B) < 0+ o(1).
Passing to the limit, we know
Az (wo, 20) < A1 (wo, 20).

But this means Py € {p = 0}, a contradiction. O
Let us fix a such that zg < a < wg. We have

<u,Bi>=<vnP><v,d>—<vnd ><v¢® >,
<u,Br>=<vnt><v,d>—<uvnd ><vq >,

v Pdt — e > = 3 4 4 3
y1° 4 nqg >=<v,n ><v,q >—=<v,n ><V,q >,
<V,Bn>:<1/,77,51><V,q2>—<u,n2><u,q2>.

From (7.9) we know
<’ —n'e® >>0
and from(7.10) we know
<uv,B}>—0

Using these we can prove the following propositions. Proofs can be found in Chen et
al [2].
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PROPOSITION 9.2. Asn — oo, < 1,15 >, < v,q) >,< 1,4% >, < v,q% > are
bounded.

PROPOSITION 9.3. As n — oo, we have < v, B,, >— 0.

Now, taking
_ T if lz] <1
Pol@) = { 0 if 2] > 1
we put
B(z) = 500" ) - w0

for the generating function of 73. Here 8 = (1 — a)/2. We put

1-3
Sy ={z<ww—a < —2

}’

1-3«x
}.

S_.={z<w,|z—a| <

PROPOSITION 9.4. As n — oo, we have

< V|5+,ny2N >+ < v|s_,ny*N >—0.

Proof. Put S} = Sy NS, Sk =5_NSg. It is sufficient to prove that
< V|S/L,ny2N >+ < 1/|53%,ny2N >— 0.
From (7.11) we have

<vls,,ny*N AL +yN Ao > + < vlg,,ny*NCL +yN Cy >— 0.

Note
N(2V N2 nz+y—a) 1
A = (= 1/¢2 )2 > —
= +0</c>><L 22 >0
on S;. Put
1
E,={0<y < (=)'},
n

where p is a positive parameter. Then |y As| < M7(1/n)*N = o(1) on Sy N E,, and
lyN Ag| < Many®N (1/n)t=#N on Sp, — E,. Choose d,, \, 0 such that

l1—a—d, 11—«
/ @:-/‘ B> (1/n).
—1+a l—a—d,

Then

H
( / B)? > (1/n)

—1
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for |H| <1—a«a—d,, and

H
B(H)| +|/_1 3| = o(1)

forl—a—d, <|H|<1. Put

1—a—d,

S_?:SLQ{|1U—CL|§ o

1.
Then S7 C ST C Sy and
|y Aa| = o(1)
on Sy — 5% and
1
ny*N Ay +yN Ay > ”ZJ2N(M(1/”)2“° — M7(1/n)' )
>0

on ST — E,. Here we take 0 < 2ug <1 — puN. Then

<vlgy,ny?N AL+ yN Ay >=<v|s,np,,ny* N Ay > +
<vls,—p,,ny*N A +yN Ay > +o(1)

> i < V|5leEn,ny2N >4+ < V|5L,SimEn,ny2NA1 >+
< V|5’L*En’”y2NA1 +yV A >+ < V|5175’L7En,ny2NA1 +yN Ay > 40(1)
1 2N on, 1 1—uN
ZM<V|5'L”En’"y >+<V|5/L,En,ny (M—M7(1/n) >+0(1)
1
z oM < V|S/L,ny2N > +o(1).

Similarly we know

1
< V|5R,ny2N01 —I—yNCQ >> —— < vlg ,ny2N > 4o(1).
2M~ R

Thus we see

< V|S/L,ny2N >+ < 1/|5;2,ny2N >— 0.

PROPOSITION 9.5. We have

V{p>0} = 0P, -

Proof. Proposition 9.4 says that the projections P, 7, P.¥ of the measure 7 = y*Nv
admits the Lebesgue lower derivatives which vanish at any a. Therefore we can claim
that

supp v N {p >0} = {Po}.
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Since v is a probability measure, we have

I/|{p>0} = O5P0.
But
C’q" —n'd®) = C*(’q* = n'e®)
at Py. Hence C =1. 0

Summing up the results, we obtain the results of the main theorem.

Proof of corollary. Let a be an arbitrary positive number. We consider the change
of variables

(9.1)

Then the problem for p, 4, P, t =t and  is the same to the problem for p, u, p, t
and x. Therefore applying the main theorem, if

0< (@) < My, |5log 2
—

o ()

|§M05

Kl

(9.2)

then we have the weak solution. The conditions (9.2) are equivalent to

0< pola) < oMy, |Slog S0

< aM,
2 c—uo(x)l_a 0

Fix My and take oo = /€eo(Mp)c, then the corollary holds with
€1 = min(ﬁo(Mo)ﬁMo, Eo(Mo)%Mo).
The proof is complete. O
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Appendix A. Proof of Proposition 5.4.
(1) Since a = O(y/c?), it is clear that G, = O(y/c?). Next we see

Grry = —B((x+y+8)/2,(x+y—€)/2) + B((x—y+£)/2, (—x+y+£)/2)) + O(y/c?).
On the other hand we can write

1

B = 5Bo(x) + O(y*/c*)
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and

x+y+§zx+y+Z r—y+§ _

—y+Z
2 D T

Z=¢-u.
5 5 E—u

Therefore we see Grr, = O(y/c?). It is clear that Gy, = O(y/c?) and Grvi.y,
Gviy = O0(y*/c?). O
(2) Tt is clear that G = O(y?/c?) since a = O(y/c?). Next we see
y
Grr = 2NN!/ Bz +y-Y,Y)dY —
(z+y—£)/2

Yy
2NN!/ Bz —y+Y,Y)dY + O(y*/c?),
(—z+y+€)/2

since G =2V N! + O(y/c?). If we write

B=5Bola) + O /F),  Z=¢-u,

then we see

Yy Y
/ Blz+y-Y,Y)dY — Bz —y+Y,Y)dY
(z+y—¢)/2 (—z+y+¢)/2
1 z+y+22 T
_ 1 / Bo(s)ds — / Bo(s)ds) + O(2/c?)
C T x4 7y2+Z
= C%Bo(x)Z +O0(y?/c?).

Note |Z| S y. It is clear that GIII7GIVk7GVk = O(y2/62). O

(3) First we see
y
Gra+Gre = / ((aG)z + aGe)(x —y + Y, Y, €)dY +
(—z+y+€)/2

Yy
[ @G+ Gy - VoYY
(z+y—&)/2

=0(y*/c),

since a, a, = O(y/c?). Next we see

Yy
G+ Grre = / ((BG).) + BGe)(a +y — V.Y, E)dY —
(z+y—¢€)/2
Y
/ ((BG)z —I—BGg)(:Z?—y—FY,Y,f)dY
(—z+y+8£)/2
— Oy)).

It is clear that Grrr., Grirg, Gvie, Gvie = O(y/c?). Grvie + Grvie is estimated
in a similar manner as Gy, + Grr¢. Therefore G, + G¢ = O(y/c*). Moreover, we
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look at

Yy
G]]@-i-Gng Z/ ((BG)QC+BG5)(.’L‘+y—Y,Y,§)dY—
(z+y—¢€)/2

Yy
/ (BG). + BGe)(w — y +Y,Y,)dY
(—x+y+8£)/2

Yy
:2NN!/ By(z+y-Y,Y)dY —
(@+y—8)/2

y
2NN!/ By(z —y+Y,Y)dY + O(y?/c?),
(—z+y+£)/2

since G =2+ O(y/c?) and G, + G¢ = O(y/c?). Bearing in mind that B, = O(y/c?),

we see

Yy Yy
/ Bu(z+y—Y,Y)dY — Bu(z —y+Y,Y)dY
(z+y—£)/2 (—x+y+€)/2
Y
—— [ BBy YY)y -
(z+y—§)/2

y
/ (B: + B)(z —y+Y,Y)dY + O(y*/c?)
(—z+y+§£)/2

= =2B(z,y) + B((x +y+£)/2,(x+y—£)/2) +
B((z =y +8)/2,(~x+y +£)/2) + O(y*/c?)

S (=2Bo(a) + Bola + L2 4 B+ “L7D)) 4 042/

1
= S B()Z +0?/)
Next we look at

Grirz + Grire
y y
:/ bG(x—!—y—Y,Y,f)dY—/ bG(r —y+Y,Y,)dY
(z+y—£)/2 (—z+y+§£)/2

(z+y—¢)/2 (—z+y+€)/2
/ bG(§+Y,Y,§)dY—/ bG(E-Y,Y,£)dY +
0

_l’_
0

// bG(X,Y,£)dXdY.
D(z,y,£)

Putting

we see

z
T+ yJ;

Grire + Grire = 2NN!(/

x

z+y+22 z+Z
/ bo(s)ds — / bo(s)ds) + O(y*/c?)

—y+2Z
+Z +=4=

bo(s)ds — /m bo(s)ds +

—y+Z
=
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2N NI y+72 y—-2 y—-2 y+2Z
— b _ _
z @) > T3 2
= 0(y*/c?).
Grviz + Grvie can be estimated in a similer manner as Grr . + Grre. Finally
GVk,:mGVk,g = O(yg/CQ) since JFG = O(yQ/CQ) for k>1.0

(4) First we see

(Grae+ Gre)y =2((aG); + aGe)(w,y, &) —
((aG)z +aGe)((x —y +£)/2, (—z +y +£)/2,8) —

((aG)e +aGe)((z +y +£)/2,(x +y = £)/2,§) -

) +O(y*/c?)

Yy
| (@) +aGeule -y + VY. E)dY +
(—z+y+£)/2

[ @@+t y vy
((z+y—€)/2
= O(y/c*),
since a, a, = O(y/c?). Next we see
(Grre +Gire)y = ~5(BG)a + BGE)((x +y +6)/2,(z +y — ©)/2,6) +
S(BC) + BG(w —y+8)/2, (~x +y+)/2,6) +

/ o 4 BGe)ale 4y — V. Y,6)dY +
(z+y—=§)/

/( ) +5)/2<<BG> 4+ BGe)a(e —y +Y,Y,6)dY
z+y

=2N"INIB,((z —y+8)/2, (—z +y+£)/2) —
ANTINIB, ((x +y+£)/2, (x+y — €)/2) + Oy/c?),

since G = 2V N1+ O(y/c?) and G, + G¢ = O(y/c?). But

B, = 5 Bi(x) + O(y*/)
and
Bo((w—y+8)/2,(—x+y+¢)/2) = Bo((x +y+8)/2,(x +y —€)/2)
= S BL@)(~) + 0 /)
=0(y/).
It is clear that

(GIHz-f—G[Ug / ((bG) —i—ng)(x—i—y YYé)dY-i-
(z+y—&)/2

/ o+ bGe) (@ — y+ Y, Y, E)dY
z+y+€)/

=O0(y/c).
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Similarly we can estimate (Grvi,e + Grvie)y, (Gvis + Gvie)y bearing in mind that
(JG)z + (JG)g = J(Gz + Gg). O

(5) First we see
(Gra+Gre)s + (Gra +Gre)e

Yy
= / ((CLG)MC +2(CLG£)I —|—CLG§§)(I —-y+Y)Y, f)dY
(—z+y+£)/2

y
+/ ((aG)za +2(aGe)y + aGee)(x +y = Y, Y, )dY
(z+y—§)/2

=0(y?/c?),

since a, a,, 4z = O(y/c?). Next

(Gr1,2 + Grre)e + (Grre + Grre)e

- /( '1 | ((BO + BG. 4 (BO): + BG4y =YY Y +
I (BG)s + BGe)s + (BG)s + BGe)e) (& +y — V.Y, E)dY
(—z+y+&)/2
— O/,

It is easy to see
(Grire +Grirg)e + (Grrre + Grire)e = O(y/c?).

The estimates of Gy and Gy, can be seen similarly. Therefore, (G + Ge)y + (Gy +
Ge)e = O(y/c?), Moreover, by G, + Ge = O(y/c?), we see

(Gr1,2 + Grre)s + (Grre + Grre)e
Yy
= / (BzaG + 2B, (Gy + Ge) +
(z+y—8)/2
B((Gz + Ge)a + (Go + Ge)e))(x +y — Y, Y, §)dY —
Yy
/ (B2zxG + 2B, (G, + Ge) +
(—z+y+E£)/2
B((Gz + Ge)z + (Gz + Ge)e)(w —y + Y, Y, §)dY

Yy
:2NN!/ Byz(z+y —Y,Y)dY —
(@+y—¢)/2

Y
2NN!/ Biz(z —y +Y,Y)dY + O(y?/c?).
(—z+y+§£)/2

The same discussion to that of the proof of (3) can be applied by replacing B by B,.
Let us look at (Grrr,x + Grire)s + (Grirae + Grrre)e. Note that

(b@)y + bGe = b,G + b(Gy. + Ge)
= 2NN, + O(y/c?),
bG =2V N1b+ O(y/c?).
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Applying the discussion of the (3) by replacing b by b,, we see

(Grite + Grirg)e + (Grire + Grire)e

eryzZ z+Z
oV N / bo(s)ds — / bo(s)ds) + O(y /)

+z 4yt
= 2N Nbo(2)Z + O(y?/c?).

The estimates of Gy, Gy are parallel. O
(6) It is sufficient to note that

Grre=2""'NI(B((x+y+9/2,(x+y—&/2) +
B((z —y+8)/2,(—x+y+£)/2)) + O(y/c?)

2N-1N1 +Z —y+Z
= ———(Bolz + L52) + Bolw + —5)) + O(y/<?)
2N N

= Bo(x) + O(y/c?). 0

2
(7) We see
(Gra+Gre)e =O(y/c?)
by a,a, = O(y/c?). Next we see

(Gr1e + Grre)e
=2V INIBo((z +y+€)/2, (x+y —£)/2) +
Bo((z —y+€)/2,(—x+y+¢)/2) +Oy/c*)

N
= 2B w) + 0t/ ).

And we see

(Grire + Grrre)e
=2VNIb((z —y +£)/2,(—x +y +£)/2) + Oly/c?)
2NN

= S bolw) + Oly/c?).

Other terms can be estimated similarly. O

Appendix B. Proof of Proposition 6.1. We write

1
M M M
n = 2RINFT / K(—, R, = 4 (25 — 1)R?771)$(—= + (25 — 1)R7 7 )ds.
0 R R R
Differentiating n with respect to M, we have

on
=)+ ()

(1) = 2R2~FT /O (Ko + Ke)(x,y, 2 + (25 — 1)y)d(x + (25 — 1)y)ds,

(2) = 2R~V /0 K(z,y,z + (25 — )y)D(a + (25 — 1)y)ds.
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Since K (z,y,£&) = JNG(z,vy,€), ie.

Y YN Yo
K(xayué-):‘/| |YN‘/| |YVN—1‘/| Y1G(w,Y1,§)dY1
z—¢ z—¢

z—¢|
by (3) of Proposition 5.4 we see

Y Yy Yo
= / YN/ YN—l .. / Yl X
[2s—1|y [2s—1|y [2s—1|y

(G + Ge)(x, Y1, 24+ (2s = 1)y)dYy-- - dYnN

o Ol(xv C) y2N+1(2S _ 1)(1 _ (25 _ 1)2)N + O(y2N+2/62)

- 2N Nle?
_2N01(I’C)y2N+1i
(N +1)le? ds

(S _ S2)N+1 + O(y2N+2/62).

Therefore by integration by parts we get

2N +2 2NH10y (z,c

—2N
1 — RN—
(1) = R=very (N + D)l

= 0(y*/c?).

By (2) of Proposition 5.4 we see

YN7

) /1(3 — )M+ Dads + O(32/c)
0

Y Yn Yo
K(x,y,g):/ YN/ YNfl.../ Y1G(x,Y1,£)dYy - Yy,
|z—¢| |z—¢| |

z—¢|

N
_ 22N(S _ SQ)N 2N | 27 Co(z, ¢ (25 — 1)(s — S2)Ny2N+1 + O(y2N+2/02)'

4 Nlc2
Therefore by integration by parts we get

—2N

(2) = 22N+1 paner 2N Al(s(l - S))ND¢($C +(2s—1)y)ds+

R=FO(y* N2/ c?).
Thus we have (6.2). Next we show (6.3). We have

on
o= (3)+ (4) + 6)

B)=on +1
(4) = 2RV /O (—x(K, + K¢) +
o(x + (2s — 1)y)ds,

1
ON +17

y(2s —1)

1
(5)_23%/0 K(z,y,2 4 (25 = Dy)(—o + 55 77) %

D¢(z + (25 — 1)y)ds.

1
R%f1 / K(I’ Y, T+ (25 - 1)y)¢($ + (25 - 1)y)dsv
0

(Ky + (28 - 1)K5)) X

197
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By (2) of Proposition 5.4 we get
22N+1

— m/o (5 — 52)N¢(I + (25 — 1)y)d5 + O(yQ/CQ).

3)
As for (4) we use (3) of Proposition 5.4 and
K,+ (2s-1)K;
— NG - (25— 1)(E — 2)G(a [€ — 2], €)Y 1+ (25 — 11IVGe

2N-1C, x,c
22N+1N(S SQ)Ny2N 1 (N 01()!02)(2 1)(5 S2)Ny2N
2N Cy(z, ¢
3'(62 )(28 1)(8 SQ)NyQN O(y2N+1/C2)

(See (6) of Proposition 5.4). Then by integration by parts we have
22N+2N 1
(4) = INTT (s — s2)Np(z + (25 — 1)y)ds + O(y? /).

As (2) we get

(5) = 22V+1 /0 (s — )N (—z + 2Ny—|— 1(25 —1))Dé(z + (25 — 1)y)ds + O(y*/c?).

Thus we get (6.3).
Next we show (6.4). We have

0%n
OM?

av—1 1
(6) = QRINFT /0 (Kz+ Ke)z + (K + Ke)e)(z,y, . + (25 — 1)y) %

o(x + (25 — 1)y)ds,

= (6)+(7) +(8),

1
(7) = 4R % / (K + Ke)(2,y, 2 + (25 — 1)y) Dol + (25 — 1)y)ds,
0
1
(8) = 2RZNFT / K(z,y,z + (25 — 1)y)D2(z + (25 — 1)y)ds.
0

By (5) of Proposition 5.4 we have

(Ko + Ke)a + (Ko + Ke)e) (@, y, 2 + (25 — 1)y)
_ 2NCy(x, c)

& (S _ 82)N(2S _ 1)y2N+1 4 O(y2N+2/02).

Thus by integration by parts we get
(6) = Oy~ >N+ /c?).

By the same discussion as (1) we see (7) = O(y2V¥*1/c?). By the same discussion as
(2) we see

1
(8) = 92N +1y—2N-1 / (s — 52)ND2¢(9C + (2s — 1)y)ds + O(y_2N+1/c2).
0
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Thus we get (6.4).
Next we show (6.5). We see
0%n
OMOR

= (9) + (10) + (11) + (12) + (13) + (14),

4N _an-oa 1
(9) =~ R /O (Ko + Ke) (.9, + (25 — Dy)le + (25 — y)ds,

1
(10) = 2R 795 / (—a(Ky + Ke)o + (Ko + Ke)e) +
0

o (B Ke)y + (28 = (Ko + Ke)e)) bl + (25 — 1)y)ds,

1
— ORIV _ Yy _
(11) = 2R7¥F /0(K1+KE)( T+ oy (28— 1)Dods,

4N
2N +1

N—1 1
(13):23#/0 (—a(Ie + Ke) + 5 (K o+ (25— 1)Ke)) Dods

(12) = —

— 4N —1 1
RN+ / K Déds,
0

(14) = 2R N1 / K(—x+ (25 —1))D?*¢ds.

2N

We already know that (9) = O(y=2V*+1/c?). (Recall (1).) Next we look at (10). The
first term is O(y=2V*1/c?). (Recall (6)). By (3) and (7) of Proposition 5.4 we see

(Kz + Kg)y + (28 — 1)(K1 + Kg)g
B 2N_101(x,c) aN 2NCy(z,e) on

(25 —1)(s — sHN + (25 —1)(s — sH)N —

(N —1)lc? Nle?
N-1¢ (. ¢
2( Ch ()'Cvz)yzzv(% 13 (s — )N L O(y2NHL ),

By integration by parts we see (10) = O(y~2N*1/c?). We already know (11) =
O(y=2N+1/c?). Clearly
22N+2N

12) = —
(12) 2N + 1

1
y VL / (s — s2)NDods + O(y~ N1 /c?).
0

We see

(13) = Oy~ *1/e?) +

—4N 1
R /0 (K, + (25 — 1)Ke) Déds.

As (4) we have

92N+2 7y
2N +1

1
(13) = y N1 / (s — SQ)ND¢dS + O(y_2N+1/c2).
0

Finally we see

1
(14) = 22N +1y—2N-1 / (s— )N (—2+ (25— 1) )D2gds + O(y~2N+1/c2).
0

2N +1
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(Recall (5)). Summing up we get (6.5).
Next we show (6.6).

(9277 0 0 0
R @(3) + ﬁ(‘l) + ﬁ(5)7
0
J(3) = (15) + (16) + (17),
AN !
W)= —Gr et ), Kods
2 _4N-—1 1 Y
2 —4AN-—1 1 Y
(17)—2N+1R + ; K(—$+2N+1(28—1))D¢d8,
0
a4 = (18) + (19) + (20),

4N —1

1
y
18) = — —x(K, + K
(18) 2N+1R2N“/0( ?(Ko+ Ke) + oy %
(Ky + (25 — 1)K¢))pds,

1
(19) = 2R2FFT / K" ¢ds,
0

where

K" = 2(Ky 4 K¢) + 2°(Ky + Ke)o + (Ko + Ke)e) +
y
zy

2N +1

y2

L (K, + (25 = DEe), + (25 = DK, + (25— DEe) +
Y
(2N +1)2

(K, + Kg)y +(2s — 1)(K, + Kg)g) +

(Ky + (2s — 1)Ke),

v 1 Yy
(20) = 2RV T ‘/0 (—z(K, + Kg) + W(Ky + (28 — 1)K5)) X
Y

(—z+ oN 11 (2s — 1)) Deds,

0
57 (5) = (21) + (22) + (23) + (24),

4N —4N-—-1 1 y
R2N+T K(—
2N + 1 AR Sy

(2s — 1)) Dgds,

—anvoa 1 y
(22) = 2RNFT ‘/0 (—z(K, + Kg) + ﬁ(Ky + (28 — 1)K5)) X
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—4N—1 1 y
24) = 2R T | K(— 25 — 1))2D2%¢ds.
(24) 2N+1/0 ( x—|—2N+1(s ) ods

First we see

—22N2N —2N-1 ! 2\N —2N+1/ .2
(15):_(2N+1)2y 0 (S_S) ¢d8+0(y /C )7
22N+2N 2N—-1 ! 2\N 2N+1 /.2
(16) = ey [ (=) ods £ 0l ),
22N+t —2N—1 ! 2\N Y

O(y_2N+1/02).

Thus we have

6 22N+1

1
v _ —2N-1 2\N/ Yy _ _ON+41,.2
8R(3) 2N+1y /0 (s—s°)" (—x+ 2N+1(2S 1))Dods + O(y /).

Since (18) is similar to (16), we have
92N+3 N2

1
iy e 0l

(18) = —
Next let us look at (19). We already know
1
2RZRFT / o(K, + Ke)gds = Oy~ 2N *1/c2),
0

1
2R [ a2+ Keha + (Ko Ke)e)ods = 01/,
0

Recalling (10), we see

2
2N +1

1
RV y / (K + Ke)y + (25 — 1)(K, + Ke)e)ods = O(y~2N*1/e2),

1
R 4y / (Ko + Ke)y + (25 = (K, + Ke)e)pds = Oy >N+ /e?).

When N =1, we have

(Ky+ (2s —1)K¢)y + (25 — 1)(Ky + (25 — 1) K¢)e
= 8(s =)+ P (25— Ny~ D25~ 1)y 225 - 1)y + O/ 2)
When N > 2, there are bounded functions Fj(z, c) such that
(Ky+ (2s — 1)K¢)y + (25 — 1) (K, + (2s — 1) K¢)e

F
= 2NTIN@2N —1)(s — s2)Ny2N 2 (ci (25— 1)(s — )V 1N 4
F3(,c) 3 2\N—-2, 2N—1
7(28—1) (S—S) Yy +
Fs5(z,c)
2

FQ(.I,C)

2
Fy(x,c _ _
4(02 )(23—1)3(5—32)N 1y2N 1y .
O™ /).

(28 _ 1)(8 _ S2)N72y2N71 +

(28 _ 1)5(8 _ S2)N—2y2N—l 4
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Thus we see

oR=NIT (!
(2]\7 ¥ 1)2y /0 ((KU + (25 - 1)K£)y + (23 - 1)(Ky + (28 - 1)K5)5)¢d3
22N+3N2 22N+2N

ov-1 [ 2\N
:my’ - /O(s—s) ¢pds —

O(y_2N+1/c2).

1

We have
2 _4N-_1 1
0
22NN 2N -1 ! 2\ N 2N+1 /.2
:my_ B /0 (s —sH)Nods + Oy /c?).
Therefore
22N H3 N2 —2N-1 ! 2\ N —2N+1/,2
We see

22N+2N —2N-1 ! 2\N Y —2N+1/.2
(20) = 2N+1y /O(s—s) (—x+2N+1(25—1))D¢ds+O(y /c?).

Therefore

) 22N+2 N
4 —

@( T 2N +1

1
y /0 (s =) (mo+ gy (25— 1) Dods + Oy >N /).

Next we see

1
1) = - [ o+ B2 s + 0 ),
0

2N +1 2N +1
22N+2 ! y(2s — 1)
22 — —2N—1/ _ 2\N _ D —2N+1 2
(22) N1V 0(8 s7)7( x+72N+1) ¢ds + O(y /%),
1
_ 92N+1, —2N—-1 _2\N y(2s —1) —2N+1 /2
(23) = 22N+1y /O (s = (@ + ) Dods + Oy~ /),

1 J—
(24) = 22N+1y—2N—1/ (s — S2)N(_x + y(2s 1))2D2¢ds + O(y—2N+l/c2)'
0 2N +1

Therefore we get

i(5) = 22N H1ym2N =1 /l(s — )N (@ + ——L (25— 1))Dods +
aR" ~ Y o 2N +1)2

(25 — 1))2D?*¢ds +

1
92N+1 72N71/ O 2\N Y
Y A Sy

O(y_2N+1/C2).
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Summing up, we have

8277 2N+1, —2N—1 ! 2\N Y
@—2 Yy /O(s—s) (—x+2N+1(25—1))D¢d8+

1
ON+41, —2N-1 _2\N Y _
2 y /o (s =) (z+ N+ 1)2(23 1))D¢ds +

1
22N+1y72N71/ (s — S2)N(_I + 2Ny+ 1(25 . 1))2D2¢ds
0

TR

T T@eN+1z Y o
1
92N +1 72N71/ 2\N/ Y 25 — 1))2D%bd
v = )Y e g s - 1) D s
_ 22NH8 N 1 2\NH1, 292
—(2N+1)2y (s —s°)" T y“Dpds +
0

1
22N+1y—2N—1/ (s — s2)N (—z + 2Ny+ - (25 — 1))2D?¢ds.
0

Thus we get (6.6). O
Appendix C. Proof of Proposition 7.3. For the simplicity, we write 1, =
Moo Gn = Qo e = 0%, Gn = 45 _
It is easy to see inductively that, for G; = J/G = Kn_;, we have
8§GJ = Jang,l
for 7 > p+1 and
0¢Gp = (-1)P(§ —2)PG(,[€ — z|,§) + JOgGp—1.
Therefore
K = 02Gn(w,y,€) = 0
for p< N —1and y = |z —£|. Thus by integration by parts we have
M= (—DNONK (z,y, 2 + y)n(z +y) —
(—DNONK (x,y, 2 — y)n(x — y) + Fy (2, ),

z+y
Fi(.y) = (DY [N K oy € (€)de.
r—y
We see
Y
O Lol y,6) = -2 [ UK (z —y + Y, Y, E)dY
(—z+y+£)/2

for p < N — 1. Therefore
O La(w,y, v +y) = 0 La(v,y,2 —y) =0
for p < N — 1. Moreover we see

Béng(x,y,:E +y)=0.



204 C. H. HSU, S. S. LIN, AND T. MAKINO

Therefore by integration by parts we have

on(2,y) = qn(z,y) — Ao (2, )
= — (=)oY La(z,y,x — y)bn(z — y) + Fi(z,y),

z+y
F2(e.) = (<)Y [ 0N Lo,y € (€)de,

z—y
Similarly
on (@, y) = qn(z,y) — M (2, y)
= (—D)NO{ Li(z,y,x + y)tn(z +y) + Fr(z,y),
_ z+y
F2(ey) = (<)Y [ 0N Lo,y € (€)de,
r—y
We note

OF K (2,y,€) = (1) (€ — o)V Gz, |z — €,€) + JOFT Gy

It is easy to see inductively that

oGy (e.6) = ()PP (6 0y 16 o - gl.6) +
(€ = @) Hy(x,€) + JOT Gy,
where H, = O(1/c?). Therefore

VD e )16~ o €) +

(& —2)VHy(z,6) + JOF ' G-

6g+1K($7y7§) = (_1)

i) Suppose (z,y) € S. Then it is clear that 7%,7%, ¢%, ¢*, %0, @n, M, Gn, B3, B, B, all
vanish.
ii) Suppose (z,y) € Sp. Then we see

=O(lz —al(y® — (z — ) )" ") + O((y° - (z — a)*)")
— O(n2N+1),
03 = LQ(Ia Y, CL)
y
:—2/ K@ —y+Y,Y,a)dY
(—z+y+a)/2
_ O(n72N71),

04 - L2,§(‘T7 Y, a)
Yy
:—2/ poeKe(z —y+Y,Y,a)dY
(—z+y+a)/2

=0(n= ).
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Since y = O(1/n) and 9, = O(n), we see
()N K (x,y, 2+ y)u(z +y) — (DN K (2, y,2 — y)ou(z —y) = O(n~ ).
Since F} = O(1), we have n,, = O(1). We see

Yy
O¢' La(,y,w = y) = ‘2/ pdf K(x —y+Y,Y,z —y)dY = O(n~N71).
0

Therefore
—(—1)NO} Lo(z,y,x — y)ton(z —y) = O(n™ ).
Since

Yy
2/ N K (x—y+Y,Y,8)dY
(—z+y+£)/2
=0((—z+y+ M)+ Oz +y —¢),
we see

x

+y
F2(x,y) = (~1)N T / OV Ly (2, y, ) (€)dE

=y

=0(n ).

Hence o, = O(n~!). Therefore
B2 =nio, —nuo® = O(n N1,
Bﬁ = 774Un - 77n04 = O(n_2N)a
By = 6y — fnop = O(n™1).

iii) Suppose (z,y) € S1, where z +y > a+ L and z —y < a— 2. Then ¢, (z +y) =
Un(x —y) = Pn(z +y) = Pn(x —y) = 0. So, n, = F},0,, = F2, and so on. But

Fie.y) = (-)¥ |

z—y

z+y
ON T (2, y, )tbn () dE

1
s
= (-~ /_1(3év+1K(w,y,a+ =) = 0 T K (2, y, a))®(s)ds
=0(/n)
since [ ® = 0 and 8? *1K is Lipschitz continuous. Same estimates hold for F2, F, [2.
Thus
B, =n’F; — F,0° = 0(1/n),
By, =n'F; = Fyo* = O(1/n),
B, = FIE2 — F'F? = O(1/n?).
iv) Suppose (z,y) € Sz, where |z +y—a| < 1/n. It is easy to see n* = O(n~N),n* =
O(n=Nt1) o2 =0(n N1, 0 =O0(n=). Since n(z —y —a) < —1, we have ¢, (z —
y) = 0. Thus 1, = O(n), 0, = F2 = O(1). Therefore
B731 =nlon — o’ = O(an),

B =n'o, —nuot = O(n' ).
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Let us estimate B,, = n,6,, — l,on. Since

0K = (—1>NW<€ — )V G(a, | - €],6) +

(& —2)NHy(z,6) + JOF G-,

we have

1_ (_1\N+1 Y Nt
Fl = (1) / ONFLIC (2, €)ibn (€)

= (—1)N+1((—1)NW2NN!@ — o)V 4 F'(2,a)) /n(zﬂ/a) )
+O(1/n) -
= —N(Nf—i_l)QNN!yN_l(l + F"(z,y,a)) /j<w+y_a) ® 4+ O(1/n),
where F' = O(1/c?)|x — a|N, F” = O(1/c?). On the other hand
6£NK(:c,y, z+y) = (DNyNG(z,y, z +y).
Hence
i =ny" Gz, y,2 + y)@(n(x +y — a)) -
:Ng%iilyYN@N—%1+¢W%%y¢nx/fyw_@¢»+oyuny
Since
O Lo(2,y,€) = 120 K((x —y + €)/2, (2 + y + £)/2,€) —
2/y PO VK (x — y + Y, Y, §)dY
(—z+y+€)/2
= (g 00/~ (TS
Gz +y+8)/2,(—2+y+8/2,)+ 0 +y—9),
we see

z+y
o = F2 = (—1)N 1 / 0N Lo, y, €)bn (€)de
z—y

N+1 n(z+y—a)

=— VNN + L (z,y,a / ® 4+ O(1/n),
N 1 ( ( ) B (1/n)

where L' = O(1/c?). Here we have used

—xr+yta rT+y—a
(— ) =-——

5 5 N =y +0(1/n).

Similar estimates hold for 7, 6,,. Thus

B, =ny*N A1 + yN Ay + A3,
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where

N +1 B,
A = —-G——2NI(1+ L ® o
1= G2 N0+ 1)8() [ b+

N+1 no i /ﬁ
Gonail N(l+L)¢@)44@
_MNI //62
= SN 12 NGO+LM_J@,

B=n(x+y—a).

The estimates on Sg can be obtained in a similar manner considering 53,54, 5,. O

[1]
2]

[7]
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