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 2001 International PressVol. 8, No. 2, pp. 209{226, June 2001 001REACTION-DIFFUSION SYSTEMS WITH SKEW-GRADIENTSTRUCTUREEIJI YANAGIDA�Abstra
t. The aim of this paper is to introdu
e rea
tion-di�usion systems with skew-gradientstru
ture and review re
ent studies on the stability of steady states of the skew-gradient systems.The rea
tion-di�usion system with skew-gradient stru
ture is a sort of a
tivator-inhibitor system that
onsists of two gradient systems 
oupled in a skew-symmetri
 way. Due to su
h stru
ture, the systemenjoys some ni
e mathemati
al properties that help us to study the behavior of solutions analyti
ally.First, we 
onsider standing pulse solutions on R, and give a simple 
riterion for the instability of thestanding pulse. Se
ond we give a general 
riterion for the E
khaus instability of spatially periodi
steady states on R. Finally, in the 
ase of bounded domains, we show a relation between the stabilityproperties of the steady state and mini-maximizing properties for some fun
tional.1. Introdu
tion. It is known that various interesting spatial patterns are ob-served in rea
tion-di�usion systems of a
tivator-inhibitor type, and many mathemat-i
al results have been obtained 
on
erning the behavior of solutions. However, sin
esu
h systems are not order-preserving and the linearized operators around steadystates are not self-adjoint, their mathemati
al analysis is extremely diÆ
ult and ageneral approa
h does not seem to be fruitful. Therefore, in order to study the ex-isten
e and stability of large amplitude steady states, we usually introdu
e a smallparameter to the system and 
onsider a singularly perturbed problem.In this paper, we adopt a di�erent approa
h for the stability problem. Insteadof introdu
ing a small parameter, we introdu
e spe
ial stru
ture 
alled skew-gradientstru
ture. The purpose of this paper is to review re
ent studies on the skew-gradientsystems [5℄, [9℄, [10℄.Let us 
onsider (m+ n)-
omponent rea
tion-di�usion system8<: Sut = C�u+ f(u; v);T vt = D�v + g(u; v);(1.1)where u(x; t) = t(u1; : : : ; um) and v(x; t) = t(v1; : : : ; vn), S and C are mth or-der positive diagonal matri
es, T and D are nth order positive diagonal matri
es.We say that the system (1.1) has skew-gradient stru
ture if for some C3-fun
tionH(u; v) : Rm+n ! R, the nonlinear terms f = t(f1; : : : ; fm) : Rm+n ! Rm andg = t(g1; : : : ; gn) : Rm+n ! Rn are expressed asf(u; v) = +ruH(u; v); g(u; v) = �rvH(u; v);(1.2)where ru and rv are gradient operators with respe
t to u and v, respe
tively, i.e.,ru := t( ��u1 ; : : : ; ��um ); rv := t( ��v1 ; : : : ; ��vn ):(More general de�nitions of skew-gradient stru
ture are given in [5℄, [10℄.) Throughoutthis paper, we assume that (1.1) has skew-gradient stru
ture.�Mathemati
al Institute, Tôhoku University, Sendai 980-8578, Japan(yanagida�math.tohoku.a
.jp). 209



210 E. YANAGIDAWe note that there are many examples of skew-gradient systems. An importantexample of the skew-gradient system is the FitzHugh-Nagumo system with di�usion:( ut = �u+ f(u)� v;vt = d�v + "(u� 
v):(1.3)Indeed, by setting H(u; v) := Z f(u)du� uv � 12
v2;(1.3) is rewritten as 8><>: ut = �u+ �H�u ;"�1vt = "�1d�v � �H�v :Another important example is the Gierer-Meinhardt system8><>: ut = "2�u� u+ upvq + �;�vt = d�v � v + urvs ;(1.4)whi
h has skew-gradient stru
ture when p+ 1 = r and q + 1 = s. Indeed, by settingH(u; v) := �r2u2 + q2v2 + urvq + r�u;(1.4) is rewritten as 8><>: rut = r"2�u+ �H�u ;qvt = qd�v � �H�v :Noti
e that both of the above examples are of a
tivator-inhibitor type. In general,any two-
omponent rea
tion-di�usion system( �1ut = d1�u+ f(u; v);�2vt = d2�v + g(u; v);has skew-gradient stru
ture if the nonlinearities satisfy�f�v = ��g�u � = �H2�u�v � :Therefore, the skew-gradient system is neither a 
ooperation system nor a 
ompe-tition system so that it is not order-preserving. However, due to the skew-gradientstru
ture, the system enjoys some ni
e mathemati
al properties that help us to studythe behavior of solutions analyti
ally.In this paper, we dis
uss three problems and demonstrate how the skew-gradientstru
ture is helpful for the analysis of rea
tion-di�usion systems. In Se
tion 2, we
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onsider stability problem asso
iated with standing pulse solutions on R, and givea simple 
riterion for the instability. In Se
tion 3, we 
onsider spatially periodi
steady states on R, and give a general 
riterion for the E
khaus instability. Finally, inSe
tion 4, we 
onsider skew-gradient systems on bounded domains, and show relationsbetween stability properties of steady states and mini-maximizing properties for someasso
iated variational problem.2. Standing Pulse Solutions. In this se
tion, based on [9℄, we 
onsider theskew-gradient system on R:( Sut = Cuxx + f(u; v);T vt = Dvxx + g(u; v); x 2 R:(2.1)Any stationary solution (u; v) = (u(x); v(x)) of (2.1) satis�es( Cuxx + f(u; v) = 0;Dvxx + g(u; v) = 0; x 2 R:(2.2)Let (p; q) be any 
riti
al point of H(u; v). Then we have f(p; q) = 0 and g(p; q) = 0,whi
h implies that (u(x; t); v(x; t)) � (p; q) is a spatially homogeneous stationary solu-tion of (2.1). Assume that there exists a standing pulse solution (u; v) = ('(x);  (x)).More pre
isely, ('(x);  (x)) is a non
onstant fun
tion satisfying8><>: C'xx + f(';  ) = 0;D xx + g(';  ) = 0;('(�1);  (�1)) = (p; q): x 2 R;(2.3)In this se
tion, we dis
uss stability of the standing pulse solution. We note that if thespatially homogeneous steady state (u; v) � (p; q) is not stable, then the standing pulsesolution 
annot be stable. Therefore, we assume in the following that the stationarysolution (u; v) � (p; q) is linearly stable at least for some S and T .Let us 
onsider the linearized equation of (2.2) around ('(x);  (x)):( CUxx + fuU + fvV = 0;DVxx + guU + gv = 0; x 2 R;(2.4)where fu, fv, gu, gv are Ja
obian matri
es evaluated at (u; v) = ('(x);  (x)). Dif-ferentiating (2.3) by x, we see that (U; V ) = ('x;  x) is a bounded solution of (2.4).Here we impose the following nondegenera
y 
ondition on the standing pulse solution:(ND) (U; V ) = ('x;  x) is the unique bounded solution up to multipli
ation by
onstants.



212 E. YANAGIDABy (1.2), we have fu := ruf = � �fi�uj� = �+ �2H�ui�uj� ;gv := rvg = � �gi�vj� = �� �2H�vi�vj� ;fv := rvf = ��fi�vj� = �+ �2H�ui�vj� ;gu := rug = � �gi�uj� = �� �2H�uj�vi� ;so that fu = tfu; fv = �tgu; gv = tgv:Hen
e the adjoint system of (2.4) is written as( CUxx + fuU � fvV = 0;DVxx � guU + gvV = 0; x 2 R:(2.5)Therefore, (U; V ) = ('x;� x) is a bounded solution of (2.5), and it is unique up tomultipli
ation by 
onstants if (ND) holds.Here we de�ne orientations of standing pulse solutions as follows. We rewrite(2.2) to a (2m+ 2n)-dimensional dynami
al systemddxw = h(w);(2.6)where w = 0BBBB� uvuxvx 1CCCCA ; h(w) = 0BBBB� uxvx�C�1f(u; v)�D�1g(u; v) 1CCCCA :Clearly p := 0BBBB� pq00 1CCCCA 2 R2m+2nis an equilibrium point of (2.6). It follows from (2.3) thatw = �(x) := 0BBBB� '(x) (x)'x(x) x(x) 1CCCCA



REACTION-DIFFUSION SYSTEMS WITH SKEW-GRADIENT STRUCTURE 213is a solution of (2.6) whi
h 
onne
ts p with itself. Su
h a solution is 
alled a homo
lini
solution, and its traje
tory in the (2m + 2n)-dimensional phase spa
e is 
alled ahomo
lini
 orbit.De�ne a fun
tion J : R2m+2n ! R byJ(w) := 12Cux � ux � 12Dvx � vx +H(u; v);where \ � " denotes the usual inner produ
t of two ve
tors. It is easy to show that ifw satis�es (2.6), then J(w(x)) � Const: for all x:Let M be a (2m+ 2n� 1)-dimensional hypersurfa
e in R2m+2n given byM = fw 2 R2m+2n ; J(w) = H(p; q)g;and let Ms, Mu be a stable manifold and an unstable manifold, respe
tively, withrespe
t to the equilibrium p. It is 
lear that the equilibrium point p is on thesemanifolds. It is also 
lear that there exists a homo
lini
 solution 
onne
ting p withitself if and only if Mu \Ms 6= ;;and the homo
lini
 orbit is entirely 
ontained in the interse
tion manifold. Sin
e anysolution on Mu 
onverges to p as x! �1, we haveJ(w) � H(p; q) for w 2Mu:Similarly we have J(w) � H(p; q) for w 2Ms:Therefore, Mu and Ms are submanifolds of M .Let us study properties of the stable and unstable manifolds. If w(x) is in asmall neighborhood of p, then W (x) = w(x)�p satis�es approximately the linearizedequation ddxW = hw(p)W;where hw is a Ja
obian matrix of h given byhw(w) = 0BBBB� 0 0 Im 00 0 0 In�C�1fu(u; v) 0 0 00 �D�1gv(u; v) 0 0 1CCCCA :(2.7)Let �i, i = 1; 2; : : : ; 2m+2n, be 
hara
teristi
 roots of hw(p). Sin
e hw is of the formas above, we may assume0 � <f�1g � <f�2g � � � � � <f�m+ng



214 E. YANAGIDAand �m+n+i = ��i; i = 1; 2; : : : ;m+ n:It 
an be shown that if (u; v) = (p; q) is a stable steady state of (2.1), then <f�ig 6= 0for all i (see [9, Lemma 3.1℄).Let a1; a2; : : : ; am+n 2 R2m+n be independent ve
tors whi
h belong to theeigenspa
e of hw(p) asso
iated with �1; : : : ; �m+n, and let am+n+1; : : : ; a2m+2n 2R2m+2n be independent ve
tors whi
h belong to the eigenspa
e of hw(p) asso
iatedwith �m+n+1; : : : ; �2m+2n. Then Mu is an (m + n)-dimensional manifold whi
h istangent to a1; a2; : : : ; am+n at p, andMs is an (m+n)-dimensional manifold whi
h istangent to am+n+1; : : : ; a2m+2n at p. We take these ve
tors as bases of Mu and Ms,respe
tively. Now the orientations of Mu and Ms 
an be de�ned by these bases. Weassume without losing generality thatdet (a1; : : : ; an; am+n+1; : : : ; a2m+2n) = 1;whi
h introdu
es a relationship between the orientations of Mu and Ms.Let us 
onsider the linearized equation of (2.6) around w = �(x)ddxW = hw(�(x))W;(2.8)and its adjoint equation ddxW = �thw( (x))W:(2.9)Di�erentiating (2.6) by x, we see that W = �x(x) satis�es (2.8). Then it follows from(2.5) and (2.7) that W �(x) := 0BBBB� +C'xx�D xx�C'x+D x 1CCCCAsatis�es (2.9). Sin
e�rwJ(�) = �0BBBB� +f(';  )�g(';  )+C'x�D x 1CCCCA = 0BBBB� +C'xx�D xx�C'x+D x 1CCCCA =W �;W �(x) must be a normal ve
tor of M (and hen
e a normal ve
tor of Mu and Ms)at w = �(x) whi
h points the dire
tion where J(w) be
omes smaller. Thus, thenondegenera
y 
ondition (ND) implies that the interse
tion of normal spa
es of Muand Mv at �(x) is one-dimensional for any x. In other words,Mu and Mv interse
tstransversally in M .Let fs1; : : : ; sm+ng be a positively oriented basis of the tangent spa
e of Mu atv =  (0), and let fsm+n+1; : : : ; s2m+2ng be a positively oriented basis of the tangent
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e of Ms at v =  (0). Without loss of generality, we may assume s1 = s2m+2n =�x(0). By (ND), the ve
tors s1; : : : ; s2m+2n�1 are linearly independent.Let Wi(x), i = 1; 2; : : : ; 2m + 2n, be solutions of (2.8) subje
t to the initial
onditions Wi(0) = si:Then the solutions satisfyWi(x)! 0 as x! �1; i = 1; 2; : : : ;m+ n;Wi(x)! 0 as x! +1; i = m+ n+ 1; : : : ; 2m+ 2n:In parti
ular W1(x) and W2m+2n(x) satisfyW1(x) � �x(x) �W2m+2n(x):We note that the set fW1(x); : : : ;W2m+2n�1(x)g is a basis of the tangent spa
e ofM at v =  (x), the set fW1(x); : : : ;Wm+n(x)g is a positively oriented basis of thetangent spa
e of Mu at w = 	(x), and the set fWm+n+1(x); : : : ;W2m+2n(x)g is apositively oriented basis of the tangent spa
e of Ms at w = �(x).Let W0(x) be a solution of (2.8) subje
t to the initial 
onditionW0(0) =W �(0):Sin
e W �(0) is a normal ve
tor of both Mu and Mv, W0(x) must satisfyjW0(x)j ! 1 as x! �1:We note that W0(x) is transversal to the tangent spa
e of M at w = �(x).Now we give a de�nition of an orientation of the homo
lini
 solution �(x) asfollows.Definition The solution (u; v) = ('(x);  (x)) is said to be positively oriented(resp. negatively oriented) ifdet (s1; : : : ; sn; sm+n+1; : : : ; s2m+2n�1;W �(0))is positive (resp. negative).Now we are in a position to state our main result.Theorem 2.1. Let (u; v) = ('(x);  (x)) be a standing pulse solution of theskew-gradient system (2.1). If ('(x);  (x)) is positively (resp. negatively) oriented,then it is unstable for any S and T withZR S'x � 'xdx < ZR T x �  xdx(resp. ZR S'x � 'xdx > ZR T x �  xdx):This theorem is proved in [9℄ by analyzing the eigenvalue problem( �SU = CUxx + fuU + fvV;�TV = DVxx + guU + gvV: x 2 R;



216 E. YANAGIDAThe 
omplex number � is 
alled an eigenvalue if this system has a uniformly boundedsolution, and the standing pulse solution is unstable if there exists an eigenvalue witha positive real part. To determine the lo
ation of eigenvalues, the so-
alled Evansfun
tion [2℄ is used in [9℄. We omit details here and refer the reader to [9℄.3. E
khaus Instability. In this se
tion, based on [5℄, we 
onsider the skew-gradient system on R written as( Sut = Cuxx + f(u; v);T vt = Dvxx + g(u; v); x 2 R:(3.1)Let (u; v) = ('(x; s);  (x; s)) be a family of spatially periodi
 stationary solutions of(3.1) parametrized by s with its minimal spatial period l(s), that is, ('(x; s);  (x; s))satis�es 8><>: C'xx(x; s) + f('(x; s);  (x; s)) = 0;D xx(x; s) + g('(x; s);  (x; s)) = 0; x 2 R:'(x; s) = '(x + l(s); s):(3.2)The aim of this se
tion is to investigate the stability of ('(x; s);  (x; s)) in the spa
eof uniformly bounded fun
tions on R. Namely, we 
onsider the linearized eigenvalueproblem ( �SU = CUxx + fuU + fvV;�TV = DVxx + guU + gvV; x 2 R;(3.3)where fu, fv, gu and gv are evaluated at (u; v) = ('(x; s);  (x; s)). We denote thespe
trum of (3.3) by �(s). Di�erentiating (3.2) with respe
t to x, we immediately �ndthat � = 0 is an eigenvalue of (3.3) with an eigenfun
tion (U; V ) = ('x(x; s);  x(x; s)).As is well-known, the spe
trum near zero often determines the stability/instability ofstationary solutions in dissipative systems.Setting W = 0BBBB� UVUxVx 1CCCCA ;we 
an rewrite (3.3) as a system of �rst order systemddxW = (B(x; s) + �K)W;(3.4)where B(x; s) and K are (2m+ 2n)� (2m+ 2n)-matri
es given byB(x; s) = 0BBBB� 0 0 Im 00 0 0 In�C�1fu 0 0 00 �D�1gv 0 0 1CCCCA



REACTION-DIFFUSION SYSTEMS WITH SKEW-GRADIENT STRUCTURE 217and K = 0BBBB� 0 0 0 00 0 0 0C�1S 0 0 00 D�1T 0 0 1CCCCA ;respe
tively. Clearly, B(x; s) is an l(s)-periodi
 fun
tion of x. We will 
onsider 
ondi-tions so that (3.4) has a uniformly bounded solution for some <f�g > 0. To do so, itsuÆ
es to 
onsider the monodromy matrix �(l(s);�; s) : C2m+2n ! C2m+2n of (3.4),where �(x;�; s) is the fundamental matrix of (3.4) de�ned byddx�(x;�; s) = (B(x; s) + �K)�(x;�; s); �(0;�; s) = I2m+2n:Then, � be
omes an eigenvalue of (3.4) if and only if �(l(s);�; s) has an eigenvaluewhose absolute value is equal to one.Di�erentiating (3.2) with respe
t to x and s, we immediately �nd that �(l(s); 0; s)has a degenerate eigenvalue 1. Moreover, we 
an show that if � is an eigenvalue of�(l(s);�; s), then 1=� is also an eigenvalue of �(l(s);�; s). Noting these fa
ts, we
onsider 
onditions su
h that the degenerate eigenvalue 1 of �(l(s);�; s) splits intotwo simple eigenvalues with the absolute value equal to one when � moves from theorigin into the right-half plane. In this 
ase, the stationary solution is unstable withsome spatially modulating unstable mode, and su
h instability is 
alled the E
khausinstability.Here we introdu
e a fun
tion that will play an important role in our stabilityanalysis. From (3.2), we see thatJ [';  ℄ := 12C'x � 'x � 12D x �  x +H(';  )is 
onstant in x. In other words, J [';  ℄ � Const: is a �rst integral of the equationin (3.2). Thus we 
an de�ne a fun
tion J(s) byJ(s) := J ['(�; s);  (�; s)℄on the one-parameter family of stationary solutions ('(x; s);  (x; s) of (3.1). We notethat dJ(s)=ds is 
omputed asddsJ(s) = C'x(x; s) � 'xs(x; s)�D x(x; s) �  xs(x; s)�nC'xx(x; s) � 's(x; s)�D xx(x; s) �  s(x; s)o= C'x(0; s) � 'xs(0; s)�D x(0; s) �  xs(0; s)�nC'xx(0; s) � 's(0; s)�D xx(0; s) �  s(0; s)o:Now, our main result is roughly stated as follows. (See [5℄ for a pre
ise statementof the result, ).Theorem 3.1. The E
khaus instability o

urs if and only ifdJ=dl := dJ(s)ds / dl(s)ds



218 E. YANAGIDAand I(s) := Z l(s)0 nS'x(x; s) � 'x(x; s)� T x(x; s) �  x(x; s)odxhave the same sign.It should be noted that ('(x; s);  (x; s)) is not required to be small in this the-orem. This theorem implies that a stability-instability transition must o

ur at ex-tremal points of J(s) when l(s) is stri
tly monotone in s. Thus, a �rst integral J(s)is an index of the instability property of periodi
 stationary solutions.Our proof of Theorem 3.1 is based on a 
areful analysis of the linearized eigen-value problem (3.3) when � varies around � = 0. One of the advantages to introdu
ethe skew-gradient stru
ture is that the analysis of an adjoint system for (3.3) be
omeseasier than that for systems without gradient/skew-gradient stru
ture. In fa
t, we 
anexpress solutions of the adjoint system for (3.4) by using solutions of (3.4). This ad-vantage helps us to derive a rather expli
it des
ription for the behavior of eigenvaluesof the monodromy matrix �(l(s);�; s).Here we give a few appli
ations of Theorem 3.1 to demonstrate its usefulness.Appli
ation. Let us 
onsider the following rea
tion-di�usion system ofa
tivator-inhibitor type ( �1ut = d1uxx + �u� u3 � v;�2vt = d2vxx + u� 
v;(3.5)where �1; �2; d1; d2; �; 
 > 0. By settingH(u; v) = 12�u2 � 14u4 � uv + 12
v2;(3.5) is written as 8><>: �1ut = d1uxx + �H�u ;�2vt = d2vxx � �H�v ;so that (3.5) has skew-gradient stru
ture. Applying a standard argument based on theLiapunov-S
hmidt method, we 
an 
onstru
t a family of spatially periodi
 stationarysolutions of (3.5) when 0 < � < 
 and �
 < 1 as follows. Let us de�ned̂2(s2) = 1s2(�� d1s2) � 
s2 :Assume 0 < s2 < �=d1 and d̂2(s2) < d2. Then, for (s2; d2) near (s2; d̂2(s2)), we have '(x; s) (x; s) ! = 2s (d2 � d̂2(s2))s23 
os(sx) 
(s)
(s)2 !+ h:o:t:;(3.6)where 
(s) := �� d1s2. Negle
ting higher order terms and noting l(s) = 2�=s, dire
t
al
ulation yields I(s) = Z l(s)0 n�1'x(x; s)2 � �2 x(x; s)2odx= 4�s33 (d2 � d̂2)
(s)2(�1 � �2
(s)2):



REACTION-DIFFUSION SYSTEMS WITH SKEW-GRADIENT STRUCTURE 219On the other hand, the 
omputation of dJ=ds is extremely 
ompli
ated, but the resultturns out to be ddsJ(s) = �43s3K(s2; d2);where K(s2; d2) is a polynomial of degree four in s2 and quadrati
 degree in d2. Thuswe obtain dJ=dl = 2s53� K(s2; d2):Consequently, we have the following result.Theorem 3.2. Let (u; v) = ('(x; s);  (x; s) be a stationary solution of (3.5) ofthe form (3.6). Suppose that K(s2; d2) > 0 (resp. K(s2; d2) < 0). If �1 > 
(s)2�2(resp. �1 < �2
(s)2), then (u; v) = '(x; s) is unstable.Although this results does not ne
essarily guarantee the stability of bifur
atingstationary solutions in the region f(s2; d2) j K(s2; d2) < 0g, numeri
al simulationssuggest that these stationary solutions are stable when �1 > 
(s)2�2. Sin
e the signof K(s2; d2) is independent of �1 and �2, this result implies the following by the aidof numeri
al simulations: the bifur
ating stationary solutions are stable in the regionf(s2; d2) j K(s2; d2) < 0g when the ratio of time 
onstant 
oeÆ
ients of a
tivatorand inhibitor �1=�2 is large, whereas these stationary solutions be
ome unstable andvarious 
ompli
ated behavior of solutions 
an be observed when �1=�2 is small. Forexample, when d1 is small, the stationary solutions lose their stability, and thereappear metastable patterns. On the other hand, when d1 is large, there appearos
illatory patterns whi
h 
annot be observed in gradient systems.Next we brie
y mention about the Gierer-Meinhardt system (1.4), where theparameters are assumed to satisfy p > 1, q; r > 0, s; � � 0 andp� 1q < rs+ 1 :Then there exists a unique positive spatially homogeneous stationary solution. As isnoted in the introdu
tion, the Gierer-Meinhardt system has skew-gradient stru
turewhen p + 1 = r and q + 1 = s. Re
alling [8℄, in a manner similar to (3.5), we 
an
onstru
t bifur
ating stationary solutions with spatially periodi
 stru
ture around theunique positive spatially homogeneous stationary solution. In a manner similar to theabove, we 
an also obtain a 
riterion for the E
khaus instability as in Theorem 3.2.4. Mini-Maximizers. In this se
tion, based on [10℄, we study the skew-gradientsystem 8>>><>>>: Sut = C�u+ f(u; v) in 
;T vt = D�v + g(u; v) in 
;��� u = 0 = ��� v on �
;(4.1)where 
 is a bounded domain in RN with smooth boundary �
, �=�� stands forthe outward normal derivative on �
. Any steady state (u; v) = ('(x);  (x)) of (4.1)



220 E. YANAGIDAsatis�es the system of ellipti
 equations8>>><>>>: C�' + f(';  ) = 0 in 
;D� + g(';  ) = 0 in 
;��� ' = 0 = ���  on �
:(4.2)We note that the solution of this problem 
orresponds to a 
riti
al point of the fun
-tional E[u; v℄ := Z
�12 hCru;ru i � 12 hDrv;rv i �H(u; v)� dx;where r is a gradient operator with respe
t to x andhCru;ru i := mXi=1 
ijruij2; hDrv;rv i := nXi=1 dijrvij2;with C = diag(
1; 
2; : : : ; 
m) and D = diag(d1; d2; : : : ; dm). In fa
t, (4.2) is theEuler-Lagrange equation for E[u; v℄. We say that (u; v) = (';  ) is a mini-maximizerof E[u; v℄ if u = ' is a minimizer of E[u;  ℄ and v =  is a maximizer of E['; v℄, thatis, E[U; ℄ � E[';  ℄for any U in a neighborhood of ' in H1(
), andE['; V ℄ � E[';  ℄for any V in a neighborhood of  in H1(
). The purpose of this se
tion is to studythe relation between a stability property of (u; v) = (';  ) as a steady state of (4.1)and a mini-maximizing property as a 
riti
al point of E[u; v℄.When v is �xed to  (x) in the �rst equation of (4.1), then we have a system for u8<: Sut = C�u+ f(u;  ) in 
;��� u = 0 on �
:(4.3)For any solution u(x; t) of this equation, we haveddtE[u(x; t);  (x)℄ = Z
 n hCru;rut i � f(u;  ) � utodx= Z
 n� C�u � ut � f(u;  ) � utodx= � Z
 Sut � utdx � 0:Hen
e (4.3) des
ribes a gradient 
ow of E[u;  ℄. Therefore, u = ' is a steady state of(4.3) if and only if u = ' is a 
riti
al point of E[u;  ℄, and is stable if and only if it isa lo
al minimizer of E[u;  (x)℄.
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ond equation of (4.1), then we have asystem for v 8<: Tvt = D�v + g('; v) in 
;��� v = 0 on �
:(4.4)For any solution v(x; t) of this equation, we haveddtE['(x); v(x; t)℄ = Z
 f� hDrv;rvt i + g('; v) � vtg dx= Z
 fD�v � vt + g('; v) � vtg dx= Z
 Tvt � vtdx � 0:Hen
e (4.4) des
ribes a gradient 
ow of �E['; v℄. Therefore, v =  is a steady stateof (4.4) if and only if v =  is a 
riti
al point of E['; v℄, and is stable as a steadystate of (4.4) if and only if it is a maximizer of (4.4).Even if u = ' is a minimizer of E[u;  ℄ and v =  is a maximizer of E['; v℄, due tothe intera
tion between u and v, it does not automati
ally mean that (u; v) = (';  )is stable as a steady state of (4.1). In fa
t, if (u; v) is a solution of (4.1), thenddtE[u(x; t); v(x; t)℄= Z
�12 hCru;rut i � 12 hDrv;rvt i � f(u; v) � ut + g(u; v) � vt�dx= Z
 f�Sut � ut + Tvt � vtg dx:Hen
e E[u; v℄ is not ne
essarily nonin
reasing or nonde
reasing in t, and 
annot beused as a Liapunov fun
tional. Thus, roughly speaking, the rea
tion-di�usion systemwith skew-gradient stru
ture is a sort of a
tivator-inhibitor system whi
h 
onsists oftwo gradient systems 
oupled in a skew-symmetri
 way.Let (';  ) be a solution of (4.2). As is well-known [4℄, stability of (u; v) = (';  )as a steady state of (4.1) 
an be determined by the eigenvalue problem( �SU = C�U + fuU + fvV;�TV = D�V + guU + gvV;(4.5)on 
 under the Neumann boundary 
onditions, where fu, fv, gu and gv are evaluatedat (';  ). Sin
e this is not a self-adjoint eigenvalue problem, there may exist 
omplexeigenvalues. Usually, in su
h a situation, it is extremely diÆ
ult to lo
ate the eigenval-ues. However, if (u; v) = (';  ) is a mini-maximizer of E[u; v℄, we 
an show by usingthe skew-gradient stru
ture that any eigenvalue has a negative real part regardlessof the 
hoi
e of S and T . Conversely, if (u; v) = (';  ) is not a mini-maximizer ofE[u; v℄, then there exists a positive eigenvalue for some S and T .A 
riti
al point u = ' of E[u;  ℄ is said to be nondegenerate if the linearizedoperator A := C�+ fu(4.6)



222 E. YANAGIDAis invertible. Similarly, a 
riti
al point v =  of E['; v℄ is said to be nondegenerate ifthe linearized operator B := D�+ gv(4.7)is invertible. Finally, we say that (u; v) = (';  ) is a nondegenerate 
riti
al point ofE[u; v℄ if u = ' and v =  are nondegenerate 
riti
al points of E[u;  ℄ and E['; v℄,respe
tively.Next, we des
ribe some properties of the eigenvalue problem8<: �SU = AU in 
;��� U = 0 on �
:(4.8)Sin
e fu = tfu, the operator A is self-adjoint. Hen
e, by the variational prin
iple, wehave the following result.Lemma 4.1. All eigenvalues of (4.8) are real. Moreover, there exists a maximaleigenvalue �u with �nite multipli
ity that is 
hara
terized by�u = supU2H1(
) Z
 f� hCrU;rU i + fuU � Ug dxZ
 SU � Udx ;and the supremum is attained by an eigenfun
tion of (4.8) asso
iated with �u.We see from this lemma that the maximal eigenvalue �u depends on S but itssign does not depend on S. We say that u = ' is linearly stable if �u < 0 and linearlyunstable if �u > 0 as a steady state of (4.3).Next, we 
onsider the eigenvalue problem8<: �TV = BV in 
;��� V = 0 on �
:(4.9)The following lemmas 
an be obtained in the same manner as Lemma 4.1.Lemma 4.2. All eigenvalues of (4.9) are real. Moreover, there exists a maximaleigenvalue �v with �nite multipli
ity that is 
hara
terized by�v = supV 2H1(
) Z
 n� hDrV;rV i + gvV � V odxZ
 TV � V dx ;and the supremum is attained by an eigenfun
tion of (4.8) asso
iated with �v.We note that the maximal eigenvalue �v depends on T but its sign does not dependon T . We say that u =  is linearly stable if �v < 0 and is linearly unstable if �v > 0as a steady state of (4.4). We note that (';  ) is a nondegenerate mini-maximizer ofE[u; v℄ if and only if both u = ' and v =  are linearly stable.



REACTION-DIFFUSION SYSTEMS WITH SKEW-GRADIENT STRUCTURE 223Let (';  ) be a solution of (4.2). In order to study the stability of (u; v) = (';  )as a steady state of (4.1), we rewrite the eigenvalue problem (4.5) as( �SU = AU + fvV;�TV = BV + guU;(4.10)where A and B are the operators de�ned by (4.6) and (4.7), respe
tively. We notethat the eigenvalue � and the eigenfun
tion (U; V ) of (4.10) may be 
omplex-valued.We say that (u; v) = (';  ) is linearly stable as a steady state of (4.1) if for some Æ > 0,all eigenvalues of (4.10) satisfy <f�g < �Æ. Conversely, the steady state is said to belinearly unstable if there exists an eigenvalue of (4.10) with a positive real part. It iswell-known [4℄ that the linearly stable (resp. unstable) steady state is stable (resp.unstable) in the sense of Lyapunov.First we 
onsider the 
ase where (';  ) is a nondegenerate mini-maximizer ofE[u; v℄.Theorem 4.1. Let (u; v) = (';  ) be a nondegenerate mini-maximizer of E[u; v℄.Then, for any S and T , (u; v) = (';  ) is linearly stable as a steady state of (4.1).The proof is given as follows. From( �SU = AU + fvV;�TV = BV + guU;and fv = �tgu, we have� Z
 SU � U dx+ � Z
 TV � V dx = Z
AU � U dx+ Z
 BV � V dx:(4.11)Here, the integrals Z
 SU � U dx; Z
 TV � V dx;are positive. On the other hand, by partial integration, we haveZ
AU � U dx = Z�
 C ���U � U dx+ Z
 ��hCrU;rU i + fuU � U	 dx:The �rst term in the right-hand side vanishes due to the Neumann boundary 
ondition,and the se
ond term satis�esZ
 ��hCrU;rU i + fuU � U	 dx � �u Z
 SU � U dxby Lemma 4.1. Hen
e we obtainZ
AU � U dx � �u Z
 SU � U dx:Similarly, we have Z
 BV � V dx � �v Z
 TV � V dx:



224 E. YANAGIDASin
e �u < 0 and �v < 0 if (';  ) is a nondegenerate mini-maximizer, there existsÆ0 > 0 su
h thatZ
AU � U dx + Z
 BV � V dx < �Æ0�Z
 SU � U dx+ Z
 TV � V dx� :Then it follows from (4.11) that for some Æ > 0, all eigenvalues satisfy <f�g < �Æ < 0.Thus the proof of Theorem 4.1 is 
ompleted.Next, we 
onsider the 
ase where u = ' is linearly unstable so that ' is not alo
al minimizer of E[u;  ℄. (The 
ase where v =  is linearly unstable 
an be treatedin the same manner.)Theorem 4.2. Let (';  ) be a solution of (4.2). Suppose that u = ' is linearlyunstable as a steady state of (4.3). Then for ea
h S �xed, if kT�1k is suÆ
ientlysmall, (u; v) = (';  ) is linearly unstable as a steady state of (4.1).Intuitively speaking, if kT�1k is suÆ
iently small, then v is almost �xed to  sothat u behaves like a solution of (4.3). Hen
e, if u = ' is unstable, (u; v) = (';  ) isunstable if kT�1k is suÆ
iently small.A remarkable property of mini-maximizers is that they must be spatially homo-geneous if the domain 
 is 
onvex.Theorem 4.3. Let 
 be a 
onvex domain with C3-boundary, and let (';  ) be asolution of (4.2). If (';  ) is spatially inhomogeneous, then �u > 0 or �v > 0.The proof is based on the idea of Jimbo and Morita [3℄. Similar results for min-imizers were obtained by Casten and Holland [1℄ and Matano [7℄ for s
alar rea
tion-di�usion equation, and by Jimbo and Morita [3℄ and Lopes [6℄ for gradient systems.From this theorem, the following result is immediately obtained.Corollary 4.3. Let 
 be a 
onvex domain with C3-boundary, and let (';  )be a solution of (4.2). If (';  ) is spatially inhomogeneous, then (u; v) = (';  ) islinearly unstable as a steady state of (4.1) for some S and T .Let us apply the above results to the di�usive FitzHugh-Nagumo system8>>><>>>: ut = �u+ f(u)� v in 
;�vt = d�v + "(u� 
v) in 
;��� u = 0 = ��� v on �
;(4.12)where �; d; " > 0 and 
 � 0 are positive parameters. Suppose that 
 is a 
onvexdomain with C3-boundary and that (u; v) = (';  ) is a spatially inhomogeneoussteady state of (4.12). The maximal eigenvalue of8><>: �" �V = d"�V � 
V in 
;��� V = 0 on �
;satis�es �v = �"
=� < 0. Then, by Theorem 4.3, the maximal eigenvalue of8<: �U = �U + fuU in 
;��� U = 0 on �
;



REACTION-DIFFUSION SYSTEMS WITH SKEW-GRADIENT STRUCTURE 225must satisfy �u > 0. Thus, by virtue of Theorem 4.2, we obtain the following result.Theorem 4.4. Let 
 be a 
onvex domain with C3-boundary, and let (u; v) =(';  ) be a steady state of (4.12). If (';  ) is spatially inhomogeneous, then thereexists a 
onstant �� � 0 su
h that (';  ) is linearly unstable for all � > ��.Next, we 
onsider the Gierer-Meinhardt system8>>>>>><>>>>>>: ut = "2�u� u+ upvq + � in 
;�vt = d�v � v + urvs in 
;��� u = 0 = ��� v on �
;(4.13)where the exponents are usually assumed to satisfy p > 1, q; r > 0, s; � � 0 andp� 1q < rs+ 1 :Suppose that 
 is a 
onvex domain with C3-boundary and that (u; v) = (';  ) is aspatially inhomogeneous positive steady state of (4.13). Sin
e s � 0, the maximaleigenvalue of 8<: q��V = qd�V � q(1 + s'r= s+1)V in 
;��� V = 0 on �
;satis�es �v < 0. Then, by Theorem 4.3, the maximal eigenvalue of8<: r�U = r"2�U + r(�1 + p'p�1= q)U in 
;��� U = 0 on �
;satis�es �u > 0. Thus, by virtue of Theorem 4.2, we obtain the following result.Theorem 4.5. Let 
 be a 
onvex domain with C3-boundary, and let (u; v) =(';  ) be a positive steady state of (4.13) with p + 1 = r and q + 1 = s. If (';  ) isspatially inhomogeneous, then there exists a 
onstant �� � 0 su
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