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REA CTION-DIFFUSION SYSTEMS WITH SKEW-GRADIENT

STR UCTURE

EIJI Y ANA GID A

�

Abstract. The aim of this pap er is to in tro duce reaction-di�usion systems with sk ew-gradien t

structure and review recen t studies on the stabilit y of steady states of the sk ew-gradien t systems.

The reaction-di�usion system with sk ew-gradien t structure is a sort of activ ator-inhibitor system that

consists of t w o gradien t systems coupled in a sk ew-symmetric w a y . Due to suc h structure, the system

enjo ys some nice mathematical prop erties that help us to study the b eha vior of solutions analytically .

First, w e consider standing pulse solutions on R , and giv e a simple criterion for the instabilit y of the

standing pulse. Second w e giv e a general criterion for the Ec khaus instabilit y of spatially p erio dic

steady states on R . Finally , in the case of b ounded domains, w e sho w a relation b et w een the stabilit y

prop erties of the steady state and mini-maximizing prop erties for some functional.

1. In tro duction. It is kno wn that v arious in teresting spatial patterns are ob-

serv ed in reaction-di�usion systems of activ ator-inhibitor t yp e, and man y mathemat-

ical results ha v e b een obtained concerning the b eha vior of solutions. Ho w ev er, since

suc h systems are not order-preserving and the linearized op erators around steady

states are not self-adjoin t, their mathematical analysis is extremely di�cult and a

general approac h do es not seem to b e fruitful. Therefore, in order to study the ex-

istence and stabilit y of large amplitude steady states, w e usually in tro duce a small

parameter to the system and consider a singularly p erturb ed problem.

In this pap er, w e adopt a di�eren t approac h for the stabilit y problem. Instead

of in tro ducing a small parameter, w e in tro duce sp ecial structure called skew-gr adient

structur e . The purp ose of this pap er is to review recen t studies on the sk ew-gradien t

systems [5], [9], [10 ].

Let us consider ( m + n )-comp onen t reaction-di�usion system

8

<

:

S u

t

= C � u + f ( u; v ) ;

T v

t

= D � v + g ( u; v ) ;

(1.1)

where u ( x; t ) =

t

( u

1

; : : : ; u

m

) and v ( x; t ) =

t

( v

1

; : : : ; v

n

), S and C are m th or-

der p ositiv e diagonal matrices, T and D are n th order p ositiv e diagonal matrices.

W e sa y that the system (1.1) has skew-gr adient structur e if for some C

3

-function

H ( u; v ) : R

m + n

! R , the nonlinear terms f =

t

( f

1

; : : : ; f

m

) : R

m + n

! R

m

and

g =

t

( g

1

; : : : ; g

n

) : R

m + n

! R

n

are expressed as

f ( u; v ) = + r

u

H ( u; v ) ; g ( u; v ) = �r

v

H ( u; v ) ;(1.2)

where r

u

and r

v

are gradien t op erators with resp ect to u and v , resp ectiv ely , i.e.,

r

u

:=

t

(

@

@ u

1

; : : : ;

@

@ u

m

) ; r

v

:=

t

(

@

@ v

1

; : : : ;

@

@ v

n

) :

(More general de�nitions of sk ew-gradien t structure are giv en in [5], [10].) Throughout

this pap er, w e assume that (1.1) has sk ew-gradien t structure.
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210 E. Y ANA GID A

W e note that there are man y examples of sk ew-gradien t systems. An imp ortan t

example of the sk ew-gradien t system is the FitzHugh-Nagumo system with di�usion:

(

u

t

= � u + f ( u ) � v ;

v

t

= d � v + " ( u � 
 v ) :

(1.3)

Indeed, b y setting

H ( u; v ) :=

Z

f ( u ) du � uv �

1

2


 v

2

;

(1.3) is rewritten as

8

>

<

>

:

u

t

= � u +

@ H

@ u

;

"

� 1

v

t

= "

� 1

d � v �

@ H

@ v

:

Another imp ortan t example is the Gierer-Meinhardt system

8

>

<

>

:

u

t

= "

2

� u � u +

u

p

v

q

+ � ;

� v

t

= d � v � v +

u

r

v

s

;

(1.4)

whic h has sk ew-gradien t structure when p + 1 = r and q + 1 = s . Indeed, b y setting

H ( u; v ) := �

r

2

u

2

+

q

2

v

2

+

u

r

v

q

+ r � u;

(1.4) is rewritten as

8

>

<

>

:

r u

t

= r "

2

� u +

@ H

@ u

;

q v

t

= q d � v �

@ H

@ v

:

Notice that b oth of the ab o v e examples are of activ ator-inhibitor t yp e. In general,

an y t w o-comp onen t reaction-di�usion system

(

�

1

u

t

= d

1

� u + f ( u; v ) ;

�

2

v

t

= d

2

� v + g ( u; v ) ;

has sk ew-gradien t structure if the nonlinearities satisfy

@ f

@ v

= �

@ g

@ u

�

=

@ H

2

@ u@ v

�

:

Therefore, the sk ew-gradien t system is neither a co op eration system nor a comp e-

tition system so that it is not order-preserving. Ho w ev er, due to the sk ew-gradien t

structure, the system enjo ys some nice mathematical prop erties that help us to study

the b eha vior of solutions analytically .

In this pap er, w e discuss three problems and demonstrate ho w the sk ew-gradien t

structure is helpful for the analysis of reaction-di�usion systems. In Section 2, w e
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consider stabilit y problem asso ciated with standing pulse solutions on R , and giv e

a simple criterion for the instabilit y . In Section 3, w e consider spatially p erio dic

steady states on R , and giv e a general criterion for the Ec khaus instabilit y . Finally , in

Section 4, w e consider sk ew-gradien t systems on b ounded domains, and sho w relations

b et w een stabilit y prop erties of steady states and mini-maximizing prop erties for some

asso ciated v ariational problem.

2. Standing Pulse Solutions. In this section, based on [9], w e consider the

sk ew-gradien t system on R :

(

S u

t

= C u

xx

+ f ( u; v ) ;

T v

t

= D v

xx

+ g ( u; v ) ;

x 2 R :(2.1)

An y stationary solution ( u; v ) = ( u ( x ) ; v ( x )) of (2.1) satis�es

(

C u

xx

+ f ( u; v ) = 0 ;

D v

xx

+ g ( u; v ) = 0 ;

x 2 R :(2.2)

Let ( p; q ) b e an y critical p oin t of H ( u; v ). Then w e ha v e f ( p; q ) = 0 and g ( p; q ) = 0,

whic h implies that ( u ( x; t ) ; v ( x; t )) � ( p; q ) is a spatially homogeneous stationary solu-

tion of (2.1). Assume that there exists a standing pulse solution ( u; v ) = ( ' ( x ) ;  ( x )).

More precisely , ( ' ( x ) ;  ( x )) is a nonconstan t function satisfying

8

>

<

>

:

C '

xx

+ f ( ';  ) = 0 ;

D  

xx

+ g ( ';  ) = 0 ;

( ' ( �1 ) ;  ( �1 )) = ( p; q ) :

x 2 R ;(2.3)

In this section, w e discuss stabilit y of the standing pulse solution. W e note that if the

spatially homogeneous steady state ( u; v ) � ( p; q ) is not stable, then the standing pulse

solution cannot b e stable. Therefore, w e assume in the follo wing that the stationary

solution ( u; v ) � ( p; q ) is linearly stable at least for some S and T .

Let us consider the linearized equation of (2.2) around ( ' ( x ) ;  ( x )):

(

C U

xx

+ f

u

U + f

v

V = 0 ;

D V

xx

+ g

u

U + g

v

= 0 ;

x 2 R ;(2.4)

where f

u

, f

v

, g

u

, g

v

are Jacobian matrices ev aluated at ( u; v ) = ( ' ( x ) ;  ( x )). Dif-

feren tiating (2.3) b y x , w e see that ( U; V ) = ( '

x

;  

x

) is a b ounded solution of (2.4).

Here w e imp ose the follo wing nondegeneracy condition on the standing pulse solution:

(ND) ( U; V ) = ( '

x

;  

x

) is the unique b ounded solution up to m ultiplication b y

constan ts.
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By (1.2), w e ha v e

f

u

:= r

u

f =

�

@ f

i

@ u

j

�

=

�

+

@

2

H

@ u

i

@ u

j

�

;

g

v

:= r

v

g =

�

@ g

i

@ v

j

�

=

�

�

@

2

H

@ v

i

@ v

j

�

;

f

v

:= r

v

f =

�

@ f

i

@ v

j

�

=

�

+

@

2

H

@ u

i

@ v

j

�

;

g

u

:= r

u

g =

�

@ g

i

@ u

j

�

=

�

�

@

2

H

@ u

j

@ v

i

�

;

so that

f

u

=

t

f

u

; f

v

= �

t

g

u

; g

v

=

t

g

v

:

Hence the adjoin t system of (2.4) is written as

(

C U

xx

+ f

u

U � f

v

V = 0 ;

D V

xx

� g

u

U + g

v

V = 0 ;

x 2 R :(2.5)

Therefore, ( U; V ) = ( '

x

; �  

x

) is a b ounded solution of (2.5), and it is unique up to

m ultiplication b y constan ts if (ND) holds.

Here w e de�ne orientations of standing pulse solutions as follo ws. W e rewrite

(2.2) to a (2 m + 2 n )-dimensional dynamical system

d

dx

w = h ( w ) ;(2.6)

where

w =

0

B

B

B

B

@

u

v

u

x

v

x

1

C

C

C

C

A

; h ( w ) =

0

B

B

B

B

@

u

x

v

x

� C

� 1

f ( u; v )

� D

� 1

g ( u; v )

1

C

C

C

C

A

:

Clearly

p :=

0

B

B

B

B

@

p

q

0

0

1

C

C

C

C

A

2 R

2 m +2 n

is an equilibrium p oin t of (2.6). It follo ws from (2.3) that

w = �( x ) :=

0

B

B

B

B

@

' ( x )

 ( x )

'

x

( x )

 

x

( x )

1

C

C

C

C

A
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is a solution of (2.6) whic h connects p with itself. Suc h a solution is called a homo clinic

solution, and its tra jectory in the (2 m + 2 n )-dimensional phase space is called a

homo clinic orbit.

De�ne a function J : R

2 m +2 n

! R b y

J ( w ) :=

1

2

C u

x

� u

x

�

1

2

D v

x

� v

x

+ H ( u; v ) ;

where \ � " denotes the usual inner pro duct of t w o v ectors. It is easy to sho w that if

w satis�es (2.6), then

J ( w ( x )) � C onst: for all x:

Let M b e a (2 m + 2 n � 1)-dimensional h yp ersurface in R

2 m +2 n

giv en b y

M = f w 2 R

2 m +2 n

; J ( w ) = H ( p; q ) g ;

and let M

s

, M

u

b e a stable manifold and an unstable manifold, resp ectiv ely , with

resp ect to the equilibrium p . It is clear that the equilibrium p oin t p is on these

manifolds. It is also clear that there exists a homo clinic solution connecting p with

itself if and only if

M

u

\ M

s

6= ; ;

and the homo clinic orbit is en tirely con tained in the in tersection manifold. Since an y

solution on M

u

con v erges to p as x ! �1 , w e ha v e

J ( w ) � H ( p; q ) for w 2 M

u

:

Similarly w e ha v e

J ( w ) � H ( p; q ) for w 2 M

s

:

Therefore, M

u

and M

s

are submanifolds of M .

Let us study prop erties of the stable and unstable manifolds. If w ( x ) is in a

small neigh b orho o d of p , then W ( x ) = w ( x ) � p satis�es appro ximately the linearized

equation

d

dx

W = h

w

( p ) W ;

where h

w

is a Jacobian matrix of h giv en b y

h

w

( w ) =

0

B

B

B

B

@

0 0 I

m

0

0 0 0 I

n

� C

� 1

f

u

( u; v ) 0 0 0

0 � D

� 1

g

v

( u; v ) 0 0

1

C

C

C

C

A

:(2.7)

Let �

i

, i = 1 ; 2 ; : : : ; 2 m + 2 n , b e c haracteristic ro ots of h

w

( p ). Since h

w

is of the form

as ab o v e, w e ma y assume

0 � <f �

1

g � <f �

2

g � � � � � <f �

m + n

g
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and

�

m + n + i

= � �

i

; i = 1 ; 2 ; : : : ; m + n:

It can b e sho wn that if ( u; v ) = ( p; q ) is a stable steady state of (2.1), then <f �

i

g 6= 0

for all i (see [9, Lemma 3.1]).

Let a

1

; a

2

; : : : ; a

m + n

2 R

2 m + n

b e indep enden t v ectors whic h b elong to the

eigenspace of h

w

( p ) asso ciated with �

1

; : : : ; �

m + n

, and let a

m + n +1

; : : : ; a

2 m +2 n

2

R

2 m +2 n

b e indep enden t v ectors whic h b elong to the eigenspace of h

w

( p ) asso ciated

with �

m + n +1

; : : : ; �

2 m +2 n

. Then M

u

is an ( m + n )-dimensional manifold whic h is

tangen t to a

1

; a

2

; : : : ; a

m + n

at p , and M

s

is an ( m + n )-dimensional manifold whic h is

tangen t to a

m + n +1

; : : : ; a

2 m +2 n

at p . W e tak e these v ectors as bases of M

u

and M

s

,

resp ectiv ely . No w the orien tations of M

u

and M

s

can b e de�ned b y these bases. W e

assume without losing generalit y that

det ( a

1

; : : : ; a

n

; a

m + n +1

; : : : ; a

2 m +2 n

) = 1 ;

whic h in tro duces a relationship b et w een the orien tations of M

u

and M

s

.

Let us consider the linearized equation of (2.6) around w = �( x )

d

dx

W = h

w

(�( x )) W ;(2.8)

and its adjoin t equation

d

dx

W = �

t

h

w

(  ( x )) W :(2.9)

Di�eren tiating (2.6) b y x , w e see that W = �

x

( x ) satis�es (2.8). Then it follo ws from

(2.5) and (2.7) that

W

�

( x ) :=

0

B

B

B

B

@

+ C '

xx

� D  

xx

� C '

x

+ D  

x

1

C

C

C

C

A

satis�es (2.9). Since

�r

w

J (�) = �

0

B

B

B

B

@

+ f ( ';  )

� g ( ';  )

+ C '

x

� D  

x

1

C

C

C

C

A

=

0

B

B

B

B

@

+ C '

xx

� D  

xx

� C '

x

+ D  

x

1

C

C

C

C

A

= W

�

;

W

�

( x ) m ust b e a normal v ector of M (and hence a normal v ector of M

u

and M

s

)

at w = �( x ) whic h p oin ts the direction where J ( w ) b ecomes smaller. Th us, the

nondegeneracy condition (ND) implies that the in tersection of normal spaces of M

u

and M

v

at �( x ) is one-dimensional for an y x . In other w ords, M

u

and M

v

in tersects

transv ersally in M .

Let f s

1

; : : : ; s

m + n

g b e a p ositiv ely orien ted basis of the tangen t space of M

u

at

v =  (0), and let f s

m + n +1

; : : : ; s

2 m +2 n

g b e a p ositiv ely orien ted basis of the tangen t
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space of M

s

at v =  (0). Without loss of generalit y , w e ma y assume s

1

= s

2 m +2 n

=

�

x

(0). By (ND), the v ectors s

1

; : : : ; s

2 m +2 n � 1

are linearly indep enden t.

Let W

i

( x ), i = 1 ; 2 ; : : : ; 2 m + 2 n , b e solutions of (2.8) sub ject to the initial

conditions

W

i

(0) = s

i

:

Then the solutions satisfy

W

i

( x ) ! 0 as x ! �1 ; i = 1 ; 2 ; : : : ; m + n;

W

i

( x ) ! 0 as x ! + 1 ; i = m + n + 1 ; : : : ; 2 m + 2 n:

In particular W

1

( x ) and W

2 m +2 n

( x ) satisfy

W

1

( x ) � �

x

( x ) � W

2 m +2 n

( x ) :

W e note that the set f W

1

( x ) ; : : : ; W

2 m +2 n � 1

( x ) g is a basis of the tangen t space of

M at v =  ( x ), the set f W

1

( x ) ; : : : ; W

m + n

( x ) g is a p ositiv ely orien ted basis of the

tangen t space of M

u

at w = 	( x ), and the set f W

m + n +1

( x ) ; : : : ; W

2 m +2 n

( x ) g is a

p ositiv ely orien ted basis of the tangen t space of M

s

at w = �( x ).

Let W

0

( x ) b e a solution of (2.8) sub ject to the initial condition

W

0

(0) = W

�

(0) :

Since W

�

(0) is a normal v ector of b oth M

u

and M

v

, W

0

( x ) m ust satisfy

j W

0

( x ) j ! 1 as x ! �1 :

W e note that W

0

( x ) is transv ersal to the tangen t space of M at w = �( x ).

No w w e giv e a de�nition of an orien tation of the homo clinic solution �( x ) as

follo ws.

Definition The solution ( u; v ) = ( ' ( x ) ;  ( x )) is said to b e p ositiv ely orien ted

(resp. negativ ely orien ted) if

det ( s

1

; : : : ; s

n

; s

m + n +1

; : : : ; s

2 m +2 n � 1

; W

�

(0))

is p ositiv e (resp. negativ e).

No w w e are in a p osition to state our main result.

Theorem 2.1. L et ( u; v ) = ( ' ( x ) ;  ( x )) b e a standing pulse solution of the

skew-gr adient system (2.1). If ( ' ( x ) ;  ( x )) is p ositively (r esp. ne gatively) oriente d,

then it is unstable for any S and T with

Z

R

S '

x

� '

x

dx <

Z

R

T  

x

�  

x

dx

( r esp.

Z

R

S '

x

� '

x

dx >

Z

R

T  

x

�  

x

dx ) :

This theorem is pro v ed in [9] b y analyzing the eigen v alue problem

(

�S U = C U

xx

+ f

u

U + f

v

V ;

�T V = D V

xx

+ g

u

U + g

v

V :

x 2 R ;
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The complex n um b er � is called an eigen v alue if this system has a uniformly b ounded

solution, and the standing pulse solution is unstable if there exists an eigen v alue with

a p ositiv e real part. T o determine the lo cation of eigen v alues, the so-called Ev ans

function [2] is used in [9]. W e omit details here and refer the reader to [9].

3. Ec khaus Instabilit y . In this section, based on [5 ], w e consider the sk ew-

gradien t system on R written as

(

S u

t

= C u

xx

+ f ( u; v ) ;

T v

t

= D v

xx

+ g ( u; v ) ;

x 2 R :(3.1)

Let ( u; v ) = ( ' ( x ; s ) ;  ( x ; s )) b e a family of spatially p erio dic stationary solutions of

(3.1) parametrized b y s with its minimal spatial p erio d l ( s ), that is, ( ' ( x ; s ) ;  ( x ; s ))

satis�es

8

>

<

>

:

C '

xx

( x ; s ) + f ( ' ( x ; s ) ;  ( x ; s )) = 0 ;

D  

xx

( x ; s ) + g ( ' ( x ; s ) ;  ( x ; s )) = 0 ; x 2 R :

' ( x ; s ) = ' ( x + l ( s ); s ) :

(3.2)

The aim of this section is to in v estigate the stabilit y of ( ' ( x ; s ) ;  ( x ; s )) in the space

of uniformly b ounded functions on R . Namely , w e consider the linearized eigen v alue

problem

(

�S U = C U

xx

+ f

u

U + f

v

V ;

�T V = D V

xx

+ g

u

U + g

v

V ;

x 2 R ;(3.3)

where f

u

, f

v

, g

u

and g

v

are ev aluated at ( u; v ) = ( ' ( x ; s ) ;  ( x ; s )). W e denote the

sp ectrum of (3.3) b y �( s ). Di�eren tiating (3.2) with resp ect to x , w e immediately �nd

that � = 0 is an eigen v alue of (3.3) with an eigenfunction ( U; V ) = ( '

x

( x ; s ) ;  

x

( x ; s )).

As is w ell-kno wn, the sp ectrum near zero often determines the stabilit y/instabilit y of

stationary solutions in dissipativ e systems.

Setting

W =

0

B

B

B

B

@

U

V

U

x

V

x

1

C

C

C

C

A

;

w e can rewrite (3.3) as a system of �rst order system

d

dx

W = ( B ( x ; s ) + �K ) W ;(3.4)

where B ( x ; s ) and K are (2 m + 2 n ) � (2 m + 2 n )-matrices giv en b y

B ( x ; s ) =

0

B

B

B

B

@

0 0 I

m

0

0 0 0 I

n

� C

� 1

f

u

0 0 0

0 � D

� 1

g

v

0 0

1

C

C

C

C

A
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and

K =

0

B

B

B

B

@

0 0 0 0

0 0 0 0

C

� 1

S 0 0 0

0 D

� 1

T 0 0

1

C

C

C

C

A

;

resp ectiv ely . Clearly , B ( x ; s ) is an l ( s )-p erio dic function of x . W e will consider condi-

tions so that (3.4) has a uniformly b ounded solution for some <f � g > 0. T o do so, it

su�ces to consider the mono drom y matrix �( l ( s ); �; s ) : C

2 m +2 n

! C

2 m +2 n

of (3.4),

where �( x ; �; s ) is the fundamen tal matrix of (3.4) de�ned b y

d

dx

�( x ; �; s ) = ( B ( x ; s ) + �K )�( x ; �; s ) ; �(0; �; s ) = I

2 m +2 n

:

Then, � b ecomes an eigen v alue of (3.4) if and only if �( l ( s ); �; s ) has an eigen v alue

whose absolute v alue is equal to one.

Di�eren tiating (3.2) with resp ect to x and s , w e immediately �nd that �( l ( s ); 0 ; s )

has a degenerate eigen v alue 1. Moreo v er, w e can sho w that if � is an eigen v alue of

�( l ( s ); �; s ), then 1 =� is also an eigen v alue of �( l ( s ); �; s ). Noting these facts, w e

consider conditions suc h that the degenerate eigen v alue 1 of �( l ( s ); �; s ) splits in to

t w o simple eigen v alues with the absolute v alue equal to one when � mo v es from the

origin in to the righ t-half plane. In this case, the stationary solution is unstable with

some spatially mo dulating unstable mo de, and suc h instabilit y is called the Eckhaus

instability .

Here w e in tro duce a function that will pla y an imp ortan t role in our stabilit y

analysis. F rom (3.2), w e see that

J [ ';  ] :=

1

2

C '

x

� '

x

�

1

2

D  

x

�  

x

+ H ( ';  )

is constan t in x . In other w ords, J [ ';  ] � C onst: is a �rst in tegral of the equation

in (3.2). Th us w e can de�ne a function J ( s ) b y

J ( s ) := J [ ' ( � ; s ) ;  ( � ; s )]

on the one-parameter family of stationary solutions ( ' ( x ; s ) ;  ( x ; s ) of (3.1). W e note

that dJ ( s ) =ds is computed as

d

ds

J ( s ) = C '

x

( x ; s ) � '

xs

( x ; s ) � D  

x

( x ; s ) �  

xs

( x ; s )

�

n

C '

xx

( x ; s ) � '

s

( x ; s ) � D  

xx

( x ; s ) �  

s

( x ; s )

o

= C '

x

(0; s ) � '

xs

(0; s ) � D  

x

(0; s ) �  

xs

(0; s )

�

n

C '

xx

(0; s ) � '

s

(0; s ) � D  

xx

(0; s ) �  

s

(0; s )

o

:

No w, our main result is roughly stated as follo ws. (See [5] for a precise statemen t

of the result, ).

Theorem 3.1. The Eckhaus instability o c curs if and only if

dJ =dl :=

dJ ( s )

ds

/

dl ( s )

ds
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and

I ( s ) :=

Z

l ( s )

0

n

S '

x

( x ; s ) � '

x

( x ; s ) � T  

x

( x ; s ) �  

x

( x ; s )

o

dx

have the same sign.

It should b e noted that ( ' ( x ; s ) ;  ( x ; s )) is not required to b e small in this the-

orem. This theorem implies that a stabilit y-instabilit y transition m ust o ccur at ex-

tremal p oin ts of J ( s ) when l ( s ) is strictly monotone in s . Th us, a �rst in tegral J ( s )

is an index of the instabilit y prop ert y of p erio dic stationary solutions.

Our pro of of Theorem 3.1 is based on a careful analysis of the linearized eigen-

v alue problem (3.3) when � v aries around � = 0. One of the adv an tages to in tro duce

the sk ew-gradien t structure is that the analysis of an adjoin t system for (3.3) b ecomes

easier than that for systems without gradien t/sk ew-gradien t structure. In fact, w e can

express solutions of the adjoin t system for (3.4) b y using solutions of (3.4). This ad-

v an tage helps us to deriv e a rather explicit description for the b eha vior of eigen v alues

of the mono drom y matrix �( l ( s ); �; s ).

Here w e giv e a few applications of Theorem 3.1 to demonstrate its usefulness.

Applica tion. Let us consider the follo wing reaction-di�usion system of

activ ator-inhibitor t yp e

(

�

1

u

t

= d

1

u

xx

+ �u � u

3

� v ;

�

2

v

t

= d

2

v

xx

+ u � 
 v ;

(3.5)

where �

1

; �

2

; d

1

; d

2

; �; 
 > 0. By setting

H ( u; v ) =

1

2

�u

2

�

1

4

u

4

� uv +

1

2


 v

2

;

(3.5) is written as

8

>

<

>

:

�

1

u

t

= d

1

u

xx

+

@ H

@ u

;

�

2

v

t

= d

2

v

xx

�

@ H

@ v

;

so that (3.5) has sk ew-gradien t structure. Applying a standard argumen t based on the

Liapuno v-Sc hmidt metho d, w e can construct a family of spatially p erio dic stationary

solutions of (3.5) when 0 < � < 
 and �
 < 1 as follo ws. Let us de�ne

^

d

2

( s

2

) =

1

s

2

( � � d

1

s

2

)

�




s

2

:

Assume 0 < s

2

< �=d

1

and

^

d

2

( s

2

) < d

2

. Then, for ( s

2

; d

2

) near ( s

2

;

^

d

2

( s

2

)), w e ha v e

 

' ( x ; s )

 ( x ; s )

!

= 2

s

( d

2

�

^

d

2

( s

2

)) s

2

3

cos ( sx )

 

c ( s )

c ( s )

2

!

+ h:o:t:;(3.6)

where c ( s ) := � � d

1

s

2

. Neglecting higher order terms and noting l ( s ) = 2 � =s , direct

calculation yields

I ( s ) =

Z

l ( s )

0

n

�

1

'

x

( x ; s )

2

� �

2

 

x

( x ; s )

2

o

dx

=

4 � s

3

3

( d

2

�

^

d

2

) c ( s )

2

( �

1

� �

2

c ( s )

2

) :
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On the other hand, the computation of dJ =ds is extremely complicated, but the result

turns out to b e

d

ds

J ( s ) = �

4

3

s

3

K ( s

2

; d

2

) ;

where K ( s

2

; d

2

) is a p olynomial of degree four in s

2

and quadratic degree in d

2

. Th us

w e obtain

dJ =dl =

2 s

5

3 �

K ( s

2

; d

2

) :

Consequen tly , w e ha v e the follo wing result.

Theorem 3.2. L et ( u; v ) = ( ' ( x ; s ) ;  ( x ; s ) b e a stationary solution of (3.5) of

the form (3.6) . Supp ose that K ( s

2

; d

2

) > 0 ( r esp. K ( s

2

; d

2

) < 0) . If �

1

> c ( s )

2

�

2

( r esp. �

1

< �

2

c ( s )

2

) , then ( u; v ) = ' ( x ; s ) is unstable.

Although this results do es not necessarily guaran tee the stabilit y of bifurcating

stationary solutions in the region f ( s

2

; d

2

) j K ( s

2

; d

2

) < 0 g , n umerical sim ulations

suggest that these stationary solutions are stable when �

1

> c ( s )

2

�

2

. Since the sign

of K ( s

2

; d

2

) is indep enden t of �

1

and �

2

, this result implies the follo wing b y the aid

of n umerical sim ulations: the bifurcating stationary solutions are stable in the region

f ( s

2

; d

2

) j K ( s

2

; d

2

) < 0 g when the ratio of time constan t co e�cien ts of activ ator

and inhibitor �

1

=�

2

is large, whereas these stationary solutions b ecome unstable and

v arious complicated b eha vior of solutions can b e observ ed when �

1

=�

2

is small. F or

example, when d

1

is small, the stationary solutions lose their stabilit y , and there

app ear metastable patterns. On the other hand, when d

1

is large, there app ear

oscillatory patterns whic h cannot b e observ ed in gradien t systems.

Next w e brie
y men tion ab out the Gierer-Meinhardt system (1.4), where the

parameters are assumed to satisfy p > 1, q ; r > 0, s; � � 0 and

p � 1

q

<

r

s + 1

:

Then there exists a unique p ositiv e spatially homogeneous stationary solution. As is

noted in the in tro duction, the Gierer-Meinhardt system has sk ew-gradien t structure

when p + 1 = r and q + 1 = s . Recalling [8], in a manner similar to (3.5), w e can

construct bifurcating stationary solutions with spatially p erio dic structure around the

unique p ositiv e spatially homogeneous stationary solution. In a manner similar to the

ab o v e, w e can also obtain a criterion for the Ec khaus instabilit y as in Theorem 3.2.

4. Mini-Maximizers. In this section, based on [10 ], w e study the sk ew-gradien t

system

8

>

>

>

<

>

>

>

:

S u

t

= C � u + f ( u; v ) in 
 ;

T v

t

= D � v + g ( u; v ) in 
 ;

@

@ �

u = 0 =

@

@ �

v on @ 
 ;

(4.1)

where 
 is a b ounded domain in R

N

with smo oth b oundary @ 
, @ =@ � stands for

the out w ard normal deriv ativ e on @ 
. An y steady state ( u; v ) = ( ' ( x ) ;  ( x )) of (4.1)
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satis�es the system of elliptic equations

8

>

>

>

<

>

>

>

:

C � ' + f ( ';  ) = 0 in 
 ;

D �  + g ( ';  ) = 0 in 
 ;

@

@ �

' = 0 =

@

@ �

 on @ 
 :

(4.2)

W e note that the solution of this problem corresp onds to a critical p oin t of the func-

tional

E [ u; v ] :=

Z




�

1

2

h C r u; r u i �

1

2

h D r v ; r v i � H ( u; v )

�

dx;

where r is a gradien t op erator with resp ect to x and

h C r u; r u i :=

m

X

i =1

c

i

jr u

i

j

2

; h D r v ; r v i :=

n

X

i =1

d

i

jr v

i

j

2

;

with C = diag ( c

1

; c

2

; : : : ; c

m

) and D = diag ( d

1

; d

2

; : : : ; d

m

). In fact, (4.2) is the

Euler-Lagrange equation for E [ u; v ]. W e sa y that ( u; v ) = ( ';  ) is a mini-maximizer

of E [ u; v ] if u = ' is a minimizer of E [ u;  ] and v =  is a maximizer of E [ '; v ], that

is,

E [ U;  ] � E [ ';  ]

for an y U in a neigh b orho o d of ' in H

1

(
), and

E [ '; V ] � E [ ';  ]

for an y V in a neigh b orho o d of  in H

1

(
). The purp ose of this section is to study

the relation b et w een a stabilit y prop ert y of ( u; v ) = ( ';  ) as a steady state of (4.1)

and a mini-maximizing prop ert y as a critical p oin t of E [ u; v ].

When v is �xed to  ( x ) in the �rst equation of (4.1), then w e ha v e a system for u

8

<

:

S u

t

= C � u + f ( u;  ) in 
 ;

@

@ �

u = 0 on @ 
 :

(4.3)

F or an y solution u ( x; t ) of this equation, w e ha v e

d

dt

E [ u ( x; t ) ;  ( x )] =

Z




n

h C r u; r u

t

i � f ( u;  ) � u

t

o

dx

=

Z




n

� C � u � u

t

� f ( u;  ) � u

t

o

dx

= �

Z




S u

t

� u

t

dx � 0 :

Hence (4.3) describ es a gradien t 
o w of E [ u;  ]. Therefore, u = ' is a steady state of

(4.3) if and only if u = ' is a critical p oin t of E [ u;  ], and is stable if and only if it is

a lo cal minimizer of E [ u;  ( x )].
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Similarly , when u is �xed to ' ( x ) in the second equation of (4.1), then w e ha v e a

system for v

8

<

:

T v

t

= D � v + g ( '; v ) in 
 ;

@

@ �

v = 0 on @ 
 :

(4.4)

F or an y solution v ( x; t ) of this equation, w e ha v e

d

dt

E [ ' ( x ) ; v ( x; t )] =

Z




f� h D r v ; r v

t

i + g ( '; v ) � v

t

g dx

=

Z




f D � v � v

t

+ g ( '; v ) � v

t

g dx

=

Z




T v

t

� v

t

dx � 0 :

Hence (4.4) describ es a gradien t 
o w of � E [ '; v ]. Therefore, v =  is a steady state

of (4.4) if and only if v =  is a critical p oin t of E [ '; v ], and is stable as a steady

state of (4.4) if and only if it is a maximizer of (4.4).

Ev en if u = ' is a minimizer of E [ u;  ] and v =  is a maximizer of E [ '; v ], due to

the in teraction b et w een u and v , it do es not automatically mean that ( u; v ) = ( ';  )

is stable as a steady state of (4.1). In fact, if ( u; v ) is a solution of (4.1), then

d

dt

E [ u ( x; t ) ; v ( x; t )]

=

Z




�

1

2

h C r u; r u

t

i �

1

2

h D r v ; r v

t

i � f ( u; v ) � u

t

+ g ( u; v ) � v

t

�

dx

=

Z




f� S u

t

� u

t

+ T v

t

� v

t

g dx:

Hence E [ u; v ] is not necessarily nonincreasing or nondecreasing in t , and cannot b e

used as a Liapuno v functional. Th us, roughly sp eaking, the reaction-di�usion system

with sk ew-gradien t structure is a sort of activ ator-inhibitor system whic h consists of

t w o gradien t systems coupled in a sk ew-symmetric w a y .

Let ( ';  ) b e a solution of (4.2). As is w ell-kno wn [4], stabilit y of ( u; v ) = ( ';  )

as a steady state of (4.1) can b e determined b y the eigen v alue problem

(

�S U = C � U + f

u

U + f

v

V ;

�T V = D � V + g

u

U + g

v

V ;

(4.5)

on 
 under the Neumann b oundary conditions, where f

u

, f

v

, g

u

and g

v

are ev aluated

at ( ';  ). Since this is not a self-adjoin t eigen v alue problem, there ma y exist complex

eigen v alues. Usually , in suc h a situation, it is extremely di�cult to lo cate the eigen v al-

ues. Ho w ev er, if ( u; v ) = ( ';  ) is a mini-maximizer of E [ u; v ], w e can sho w b y using

the sk ew-gradien t structure that an y eigen v alue has a negativ e real part regardless

of the c hoice of S and T . Con v ersely , if ( u; v ) = ( ';  ) is not a mini-maximizer of

E [ u; v ], then there exists a p ositiv e eigen v alue for some S and T .

A critical p oin t u = ' of E [ u;  ] is said to b e nonde gener ate if the linearized

op erator

A := C � + f

u

(4.6)
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is in v ertible. Similarly , a critical p oin t v =  of E [ '; v ] is said to b e nonde gener ate if

the linearized op erator

B := D � + g

v

(4.7)

is in v ertible. Finally , w e sa y that ( u; v ) = ( ';  ) is a nonde gener ate critical p oin t of

E [ u; v ] if u = ' and v =  are nondegenerate critical p oin ts of E [ u;  ] and E [ '; v ],

resp ectiv ely .

Next, w e describ e some prop erties of the eigen v alue problem

8

<

:

�S U = A U in 
 ;

@

@ �

U = 0 on @ 
 :

(4.8)

Since f

u

=

t

f

u

, the op erator A is self-adjoin t. Hence, b y the v ariational principle, w e

ha v e the follo wing result.

Lemma 4.1. A l l eigenvalues of (4.8) ar e r e al. Mor e over, ther e exists a maximal

eigenvalue �

u

with �nite multiplicity that is char acterize d by

�

u

= sup

U 2 H

1

(
)

Z




f� h C r U; r U i + f

u

U � U g dx

Z




S U � U dx

;

and the supr emum is attaine d by an eigenfunction of (4.8) asso ciate d with �

u

.

W e see from this lemma that the maximal eigen v alue �

u

dep ends on S but its

sign do es not dep end on S . W e sa y that u = ' is line arly stable if �

u

< 0 and line arly

unstable if �

u

> 0 as a steady state of (4.3).

Next, w e consider the eigen v alue problem

8

<

:

�T V = B V in 
 ;

@

@ �

V = 0 on @ 
 :

(4.9)

The follo wing lemmas can b e obtained in the same manner as Lemma 4.1.

Lemma 4.2. A l l eigenvalues of (4.9) ar e r e al. Mor e over, ther e exists a maximal

eigenvalue �

v

with �nite multiplicity that is char acterize d by

�

v

= sup

V 2 H

1

(
)

Z




n

� h D r V ; r V i + g

v

V � V

o

dx

Z




T V � V dx

;

and the supr emum is attaine d by an eigenfunction of (4.8) asso ciate d with �

v

.

W e note that the maximal eigen v alue �

v

dep ends on T but its sign do es not dep end

on T . W e sa y that u =  is linearly stable if �

v

< 0 and is linearly unstable if �

v

> 0

as a steady state of (4.4). W e note that ( ';  ) is a nondegenerate mini-maximizer of

E [ u; v ] if and only if b oth u = ' and v =  are linearly stable.
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Let ( ';  ) b e a solution of (4.2). In order to study the stabilit y of ( u; v ) = ( ';  )

as a steady state of (4.1), w e rewrite the eigen v alue problem (4.5) as

(

�S U = A U + f

v

V ;

�T V = B V + g

u

U;

(4.10)

where A and B are the op erators de�ned b y (4.6) and (4.7), resp ectiv ely . W e note

that the eigen v alue � and the eigenfunction ( U; V ) of (4.10) ma y b e complex-v alued.

W e sa y that ( u; v ) = ( ';  ) is line arly stable as a steady state of (4.1) if for some � > 0,

all eigen v alues of (4.10) satisfy <f � g < � � . Con v ersely , the steady state is said to b e

line arly unstable if there exists an eigen v alue of (4.10) with a p ositiv e real part. It is

w ell-kno wn [4] that the linearly stable (resp. unstable) steady state is stable (resp.

unstable) in the sense of Ly apuno v.

First w e consider the case where ( ';  ) is a nondegenerate mini-maximizer of

E [ u; v ].

Theorem 4.1. L et ( u; v ) = ( ';  ) b e a nonde gener ate mini-maximizer of E [ u; v ] .

Then, for any S and T , ( u; v ) = ( ';  ) is line arly stable as a ste ady state of (4.1) .

The pro of is giv en as follo ws. F rom

(

�S U = A U + f

v

V ;

� T V = B V + g

u

U ;

and f

v

= �

t

g

u

, w e ha v e

�

Z




S U � U dx + �

Z




T V � V dx =

Z




A U � U dx +

Z




B V � V dx:(4.11)

Here, the in tegrals

Z




S U � U dx;

Z




T V � V dx;

are p ositiv e. On the other hand, b y partial in tegration, w e ha v e

Z




A U � U dx =

Z

@ 


C

@

@ �

U � U dx +

Z




�

� h C r U; r U i + f

u

U � U

	

dx:

The �rst term in the righ t-hand side v anishes due to the Neumann b oundary condition,

and the second term satis�es

Z




�

� h C r U; r U i + f

u

U � U

	

dx � �

u

Z




S U � U dx

b y Lemma 4.1. Hence w e obtain

Z




A U � U dx � �

u

Z




S U � U dx:

Similarly , w e ha v e

Z




B V � V dx � �

v

Z




T V � V dx:
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Since �

u

< 0 and �

v

< 0 if ( ';  ) is a nondegenerate mini-maximizer, there exists

�

0

> 0 suc h that

Z




A U � U dx +

Z




B V � V dx < � �

0

�

Z




S U � U dx +

Z




T V � V dx

�

:

Then it follo ws from (4.11) that for some � > 0, all eigen v alues satisfy <f � g < � � < 0.

Th us the pro of of Theorem 4.1 is completed.

Next, w e consider the case where u = ' is linearly unstable so that ' is not a

lo cal minimizer of E [ u;  ]. (The case where v =  is linearly unstable can b e treated

in the same manner.)

Theorem 4.2. L et ( ';  ) b e a solution of (4.2) . Supp ose that u = ' is line arly

unstable as a ste ady state of (4.3) . Then for e ach S �xe d, if k T

� 1

k is su�ciently

smal l, ( u; v ) = ( ';  ) is line arly unstable as a ste ady state of (4.1) .

In tuitiv ely sp eaking, if k T

� 1

k is su�cien tly small, then v is almost �xed to  so

that u b eha v es lik e a solution of (4.3). Hence, if u = ' is unstable, ( u; v ) = ( ';  ) is

unstable if k T

� 1

k is su�cien tly small.

A remark able prop ert y of mini-maximizers is that they m ust b e spatially homo-

geneous if the domain 
 is con v ex.

Theorem 4.3. L et 
 b e a c onvex domain with C

3

-b oundary, and let ( ';  ) b e a

solution of (4.2) . If ( ';  ) is sp atial ly inhomo gene ous, then �

u

> 0 or �

v

> 0 .

The pro of is based on the idea of Jim b o and Morita [3 ]. Similar results for min-

imizers w ere obtained b y Casten and Holland [1] and Matano [7 ] for scalar reaction-

di�usion equation, and b y Jim b o and Morita [3] and Lop es [6 ] for gradien t systems.

F rom this theorem, the follo wing result is immediately obtained.

Cor ollar y 4.3. L et 
 b e a c onvex domain with C

3

-b oundary, and let ( ';  )

b e a solution of (4.2) . If ( ';  ) is sp atial ly inhomo gene ous, then ( u; v ) = ( ';  ) is

line arly unstable as a ste ady state of (4.1) for some S and T .

Let us apply the ab o v e results to the di�usiv e FitzHugh-Nagumo system

8

>

>

>

<

>

>

>

:

u

t

= � u + f ( u ) � v in 
 ;

� v

t

= d � v + " ( u � 
 v ) in 
 ;

@

@ �

u = 0 =

@

@ �

v on @ 
 ;

(4.12)

where � ; d; " > 0 and 
 � 0 are p ositiv e parameters. Supp ose that 
 is a con v ex

domain with C

3

-b oundary and that ( u; v ) = ( ';  ) is a spatially inhomogeneous

steady state of (4.12). The maximal eigen v alue of

8

>

<

>

:

�

"

�V =

d

"

� V � 
 V in 
 ;

@

@ �

V = 0 on @ 
 ;

satis�es �

v

= � "
 =� < 0. Then, b y Theorem 4.3, the maximal eigen v alue of

8

<

:

�U = � U + f

u

U in 
 ;

@

@ �

U = 0 on @ 
 ;
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m ust satisfy �

u

> 0. Th us, b y virtue of Theorem 4.2, w e obtain the follo wing result.

Theorem 4.4. L et 
 b e a c onvex domain with C

3

-b oundary, and let ( u; v ) =

( ';  ) b e a ste ady state of (4.12) . If ( ';  ) is sp atial ly inhomo gene ous, then ther e

exists a c onstant �

�

� 0 such that ( ';  ) is line arly unstable for al l � > �

�

.

Next, w e consider the Gierer-Meinhardt system

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

u

t

= "

2

� u � u +

u

p

v

q

+ � in 
 ;

� v

t

= d � v � v +

u

r

v

s

in 
 ;

@

@ �

u = 0 =

@

@ �

v on @ 
 ;

(4.13)

where the exp onen ts are usually assumed to satisfy p > 1, q ; r > 0, s; � � 0 and

p � 1

q

<

r

s + 1

:

Supp ose that 
 is a con v ex domain with C

3

-b oundary and that ( u; v ) = ( ';  ) is a

spatially inhomogeneous p ositiv e steady state of (4.13). Since s � 0, the maximal

eigen v alue of

8

<

:

q � �V = q d � V � q (1 + s'

r

= 

s +1

) V in 
 ;

@

@ �

V = 0 on @ 
 ;

satis�es �

v

< 0. Then, b y Theorem 4.3, the maximal eigen v alue of

8

<

:

r �U = r "

2

� U + r ( � 1 + p'

p � 1

= 

q

) U in 
 ;

@

@ �

U = 0 on @ 
 ;

satis�es �

u

> 0. Th us, b y virtue of Theorem 4.2, w e obtain the follo wing result.

Theorem 4.5. L et 
 b e a c onvex domain with C

3

-b oundary, and let ( u; v ) =

( ';  ) b e a p ositive ste ady state of (4.13) with p + 1 = r and q + 1 = s . If ( ';  ) is

sp atial ly inhomo gene ous, then ther e exists a c onstant �

�

� 0 such that the ste ady state

is unstable for al l � > �

�

.
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