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UNIQUENESS RESUL TS IN NONLINEAR ELLIPTIC PR OBLEMS

MASSIMO GR OSSI

�

Abstract. In this pap er w e condider uniqueness results for the follo wing nonlinear problem

8
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>

:

� � u = f ( u ) in 


u > 0 in 


u = 0 on @ 


W e will sho w as the geometry of the domain pla ys a crucial role in this con text. W e also discuss the

nondegeneracy of the solution.

1. In tro duction. In this surv ey w e consider uniqueness results for semilinear

elliptic problems of the t yp e

( P )
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>

:

� � u = f ( u ) in 


u > 0 in 


u = 0 on @ 


where 
 is a smo oth b ounded domain of R

N

, N � 2 and f 2 C

1

( R ). In this con text

the shap e of the domain and the structure of nonlinearit y f pla ys a crucial role.

Indeed, ev en in the simple case of f ( s ) = s

p

w e ha v e m ultiplicit y results for domains


 with a "ric h" top ology or suitable geometry (see for example [3 ] and the references

therein). So some restictions on the geometry of the domain is needed.

W e p oin t out that an imp ortan t to ol in the uniqueness results seems to b e plaied

b y the linearized equation asso ciated to (P), namely

( L )

(

� � v = f

0

( u ) v in 


v = 0 on @ 


where u is a solution of (P). W e sa y that the solution u of ( P ) is nondegenerate if ( L )

admits only the trivial solution v = 0.

First uniqueness results for (P) w ere obtained when 
 is the ball, since in this

case it is p ossible to reduce (P) to an ODE problem via the Gidas-Ni-Niren b erg

theorem. Thanks to this reduction some uniqueness results for (P) w ere deduced for

some sp ecial nonlinearities. W e discuss this in Section 1. In Section 2 w e consider the

more di�cult problem of a nonspherical domain. Of course, the previous approac h

do es not w ork. A t this stage the dimension of the space pla ys a role. Indeed, the

results obtained in literature are w eak er if the dimension of the space is greater that

t w o. In this case, ( N � 3), uniqueness results are obtained in p erturb ed cases, for

example for sp ecial nonlinearities f

"

"close" to a suitable one. The reason of this

restrictions relies on the di�cult y to deduce qualitativ e prop erties of the solution of

the linearized problem (L).

Finally in Section 4 w e consider uniqueness results in v olving the critical Sob olev

exp onen t.
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2. The Radially Symmetric Case. W e start this section recalling the follo w-

ing basic results, due to Gidas, Ni and Niren b erg (1979).

Theorem 2.1. L et us c onsider the pr oblem (P) wher e 
 is c onvex and symmetric

with r esp e ct to x

i

, 1 � i � N . Then u is symmetric with r esp e ct to x

i

and

@ u

@ x

i

< 0

for x

i

> 0 .

Pr o of. (see [17 ]).

Cor ollar y 2.2. L et us c onsider the pr oblem (P) wher e 
 is the b al l j x j � R .

Then u = u ( � ) is r adial and u

0

( � ) < 0 for � > 0 .

Pr o of. (see [17 ]).

This Corollary is the starting p oin t of the next uniqueness results in a ball. F rom

this, Gidas, Ni and Niren b erg deduced the follo wing result:

Theorem 2.3. L et us c onsider the pr oblem (P) with f ( s ) = s

p

, 1 < p <

N +2

N � 2

and 
 is the b al l j x j � R . Then ther e exists only one solution to (P).

Pr o of. By the previous Corollary w e ha v e that u solv es the follo wing ordinary

di�eren tial equation,

8

<

:

� u " �

N � 1

�

u

0

= u

p

in j x j � R

u > 0 in j x j � R

u

0

(0) = u ( R ) = 0

(2.1)

F rom the scaling in v ariance of (2.1) and the analiticit y of the solution w e get the

uniqueness of the solution (see [18] for the details).

Let us denote b y B

P ;r

= f x 2 R

N

suc h that j x � P j � r g and B

r

= B

0 ;r

. Moreo v er

let �

1

b e the �rst eigen v alue of � � in B

R

with Diric hlet b oundary conditions.

In the next y ears a lot of w ork w as done to obtain uniqueness results for the more

general problem

8

<

:

� � u = u

p

+ �u in B

R

u > 0 in B

R

u = 0 in @ B

R

(2.2)

where � < �

1

if 1 < p <

N +2

N � 2

and 0 < � < �

�

if p =

N +2

N � 2

. Here �

�

= �

1

for N � 4

and �

�

=

�

1

4

for N = 3.

Existence results for (2.2) are classical if 1 < p <

N +2

N � 2

. If p =

N +2

N � 2

in [5] it w as

pro v ed that for 0 < � < �

�

there exists at least one solution. Problem (2.2) is not

scaling in v arian t and so it cannot b e studied as (2.1). Indeed non trivial ODE metho ds

are used in order to pro v e the follo wing results,

Theorem 2.4. Pr oblem (2.2) admits a unique solution for any � < �

1

if 1 <

p <

N +2

N � 2

and 0 < � < �

�

for p =

N +2

N � 2

.

A lot of authors giv e some con tribution to this result. W e only recall the pap ers

[28 ],[1],[37 ],[34 ]. As w e remark ed, in this pap ers an imp ortan t role is pla y ed b y the

nondegeneracit y of the solution u .
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3. The Nonradial Setting: the case N = 2 .. In this section w e will consider

the more general case where 
 has not an y radial symmetry . Of course the ODE

metho ds of the previous section are not applicable an ymore. On the other hand,

Theorem 2.1 con tin ues to ha v e a cen tral role.

First of all w e recall the follo wing result

Theorem 3.1. L et us c onsider the pr oblem ( P ) , with N = 2 , f ( s ) = s

p

with

p > 1 . Her e 
 is c onvex and symmetric with r esp e ct to x

i

, 1 � i � N . Then ( P )

admits only one solution.

This result w as pro v ed b y Dancer in [15 ] as a consequence of a general theorem

con tained also in [15 ] and of the kno wn uniqueness result for the ball.

A t this p oin t w e w ould lik e to quote here that the linearized op erator L pla ys a

crucial role in the uniqueness pro of of [15 ]. Some prop erties of L w ere studied in [13 ].

Before pro ving the main result w e need to recall a few facts ab out the maxim um

principle for second order elliptic op erators of the form Lu = � u + c ( x ) u with c ( x ) 2

L

1

( D ), u 2 W

2 ;N

loc

\ C ( D ).

Definition 3.2. We say that the maximum principle holds for L in D if Lu � 0

in D and u � 0 on @ D imply u � 0 in D .

Tw o w ell kno wn su�cien t conditions for the maxim um principle to hold are the

follo wing (see [20 ],[32 ])

c ( x ) � 0 in D ;(3.1)

there exists a function g 2 W

2 ;N

loc

\ C ( D ) ; g > 0 in D suc h that Lg � 0 in D(3.2)

No w w e denote b y �

1

( L; D ) the principal eigen v alue of L in D . F or the meaning

and the prop erties of �

1

( L; D ) w e refer to [6], where is also condiderd the case of

nonsmo oth b oundary . In particular w e ha v e

Pr oposition 3.3. The princip al eigenvalue �

1

( L; D ) is strictly de cr e asing in

its dep endenc e on D and on the c o e�cient c ( x ) . Mor e over the "r e�ne d" maximum

principle holds for L in D if and only if �

1

( L; D ) is p ositive.

W e refer to [6] for the de�nition of "re�ned" maxim um principle whic h is a gen-

eralized form ulation of the maxim um principle in the case when one cannot prescrib e

b oundary v alues of the functions in v olv ed.

It is imp ortan t to notice that, b y using this generalized de�nition of the �rst

eigen v alue, it is p ossible to pro v e that also the follo wing condition, whic h is sligh tly

di�eren t from (3.2), is su�cien t for the maxim um principle to hold.

there exists g 2 W

2 ;N

lo c

\ C ( D ) ; g > 0 in D suc h that Lg � 0 in D

but g 6� 0 on some regular part of @ D(3.3)

W e also recall the follo wing su�cien t condition for the maxim um principle (see [5],

[6])
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Pr oposition 3.4. Ther e exists � > 0 , dep ending only on N , diam ( D ) ; jj c jj

L

1

( D )

such that the maximum principle holds for L in any domain D

0

� D with j D

0

j < � .

Finally w e remark that regardless of the sign of c if Lu � 0 in D and u � 0 in D

then u > 0 in D unless u � 0 (Strong Maxim um Principle).

No w w e consider a solution u 2 C

3

(
) \ C

1

( 
) of the problem ( P ). W e are in terested

in studying the linearized problem W e ha v e the follo wing theorem, whic h holds for

N � 2.

Theorem 3.5. L et u b e a solution of ( P ) with f (0) � 0 and assume that 
 is

c onvex in the x

1

- dir e ction and symmetric with r esp e ct to the hyp erplane x

1

= 0 . Then

any solution v of ( L ) is symmetric in x

1

, i.e. v ( x

1

; x

2

; : : : ; x

N

) = v ( � x

1

; x

2

; : : : ; x

N

) :

Pr o of. The pro of is the same as the one sho wn in a lecture of L. Niren b erg in a

sligh tly di�eren t case (see also the remark after the pro of ).

Let us denote a p oin t x in R

N

b y ( x

1

; y ) ; y 2 R

N � 1

. Applying the symmetry

result of Gidas, Ni, Niren b erg to problem ( P ) w e kno w that u is symmetric with

resp ect to x

1

and

@ u

@ x

1

> 0 in 


�

1

= f x = ( x

1

; y ) 2 
 suc h that x

1

< 0 g .

W e consider the op erator

L = � + f

0

( u )(3.4)

and w an t to pro v e that the maxim um principle holds for L in 


�

1

. T o do this w e sho w

that the su�cien t condition (3.3) is satis�ed.

If w e set

g =

@ u

@ x

1

in 


�

1

(3.5)

w e ha v e that g satis�es (3.3) since b y the Hopf Lemma

@ u

@ x

1

6� 0 on @ 
 \ @ 


�

1

(note

that w e ha v e assumed f (0) � 0). So the maxim um principle holds for L in 


�

1

.

No w w e consider the function

 ( x ) = v ( x

1

; y ) � v ( � x

1

; y ) ; x = ( x

1

; y ) 2 


�

1

(3.6)

where v is a solution of L . By easy calculation, using that u is symmetric in x

1

, w e

get

8

<

:

L = 0 in 


�

1

 = 0 in @ 


�

1

and hence  � 0 in 


�

1

b ecause of the maxim um principle. So v is symmetric in x

1

.

Remark 3.6. L et us c onsider the fol lowing eigenvalue pr oblem

(

� � v + v = f

0

( u ) v + �v in 


v = 0 on @ 


wher e u is a solution of P .

If � < 0 in [2 ] it is shown that v is symmetric in x

1

.
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Of c ourse if 
 is a b al l, the pr evious the or em gives the r adial symmetry of v . This

was alr e ady shown by Lin and Ni in [27 ], using a di�er ent ar gument, for any � � 0 .

W e mak e no w some imp ortan t remarks ab out the no dal set of v that will also b e

used in the sequel. Let us set

N = f x 2 
 suc h that v ( x ) = 0 g

e


 = f x 2 
 : v ( x ) 6= 0 g




�

i

= f x = ( x

1

; : : : ; x

N

) 2 
 suc h that x

i

< 0 g i = 1 ; : : : ; N

W e ha v e

Theorem 3.7. The fol lowing pr op erties hold

i) ther e c annot exist any c omp onent of

e


 al l c ontaine d in one 


�

i

, i = 1 ; : : : ; N .

ii) if N = 2 then the origin (0 ; : : : ; 0) do es not b elong to N .

iii) if N = 2 then N \ @ 
 = ; .

Pr o of. i) Supp ose that there exists a comp onen t D of

e


 all con tained in 


�

i

and

v > 0 in D . Then �

1

( L; D ) = 0 (where L is the op erator de�ned in (3.4)) since v is

an eigenfunction of L in D corresp onding to the zero eigen v alue and do es not c hange

sign in D (b eing v = 0 on @ 
 w e ha v e v = 0 on @ 
). On the other hand, in the pro of

of the previous theorem w e ha v e sho wn that L satis�es the maxim um principle in 


�

i

and this implies, b y Prop osition 3.3, that �

1

( L; 


�

i

) > 0. Then, b y monotonicit y , also

�

1

( L; D ) should b e p ositiv e whic h giv es a con tradiction.

ii) W e will sho w that if v (0) = 0 then v � 0. Supp ose v (0) = 0 and v 6� 0 and set

U

0

= 
. Since v 6� 0 and v (0) = 0 b y the Strong Maxim um Principle it cannot b e

v � 0 in 
, so that U

+

0

= f x 2 U

0

: v ( x ) > 0 g is op en and nonempt y . Cho ose a

comp onen t A

1

of U

+

0

. If S

i

; i = 1 ; 2 is the op erator that sends a p oin t to the symmetric

one with resp ect to the x

1

-axis, w e ha v e that S

i

( A

1

) is also a comp onen t of U

+

0

b ecause

of the symmetry of v . It cannot happ en that A

1

\ S

1

( A

1

) = ; or A

1

\ S

2

( A

1

) = ;

for otherwise A

1

or S

1

( A

1

) w ould b e con tained in 


�

1

, whic h is imp ossible b y (i).

So A

1

= S

1

( A

1

) = S

2

( A

1

) is symmetric with resp ect to the co ordinate axes and is

op en and connected, therefore arcwise connected. If w e c ho ose four symmetric p oin ts

P

j

; j 2 f 1 ; : : : ; 4 g and join them with simple p oligonal curv es symmetric in pairs,

w e can costruct a simple closed p oligonal curv e C

1

� A

1

whic h is symmetric with

resp ect to the axes. By the Jordan Curv e Theorem U

0

n C

1

has t w o comp onen ts and,

b ecause C

1

is symmetric, the origin b elongs to the comp onen t whic h has not @ U

0

as

part of the b oundary . Let us denote b y U

1

the comp onen t that con tains 0 and call

it the in terior of C

1

, while b y the exterior of C

1

w e mean the other comp onen t. On

@ U

1

= C

1

w e ha v e v > 0, so that v 6� 0 in U

1

and, b y the Strong Maxim um Principle,

it is not p ossible that v � 0 in U

1

, since v (0) = 0, so that U

�

1

= f x 2 


1

: v ( x ) < 0 g

is op en and nonempt y . T aking a comp onen t A

2

of U

�

1

w e observ e that v = 0 on

@ A

2

b ecause v � 0 on @ U

1

so that A

2

is also a comp onen t of

e


. As b efore w e can

costruct a closed symmetric simple curv e C

2

� A

2

and in the in terior U

2

of C

2

( the

comp onen t of U

1

n C

2

to whic h the origin b elongs) w e can c ho ose a comp onen t A

3

of U

+

2

= f x 2 U

2

: v ( x ) > 0 g whic h is also a comp onen t of

e


. Moreo v er A

3

is

disjoin t from A

1

b ecause A

1

con tains C

1

= @ 


1

whic h b elongs to the exterior of C

2

.

Pro ceeding in this w a y w e obtain in�nitely man y disjoin t comp onen ts f A

n

g

n � 1

of

e


.
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This is not p ossible b ecause b y Prop osition 3.4 there exists � > 0 suc h that j A

n

j � �

for eac h n , otherwise b y the Maxim um Principle v w ould b e 0 in A

n

, since v = 0 on

@ A

n

and Lv = 0 in A

n

with L = � � � + f

0

( v ). Hence there are only �nitely man y

comp onen ts A

n

whic h giv es a con tradiction.

iii) W e will sho w that in a neigh b o orho o d of @ 
 w e ha v e v > 0 or v < 0. Supp ose

the con trary and c ho ose a comp onen t A

1

of U

+

0

= f x 2 U

0

: v ( x ) > 0 g . Since

v = 0 on @ 
 w e ha v e v = 0 on @ A

1

and as in (ii) w e costruct a closed simple curv e

C

1

� A

1

symmetric with resp ect to the axes. In the exterior U

1

of C

1

, i.e. in the

comp onen t con taining @ 
 there are p oin ts where v < 0 b y what w e assumed. So w e

can costruct a closed simple curv e C

2

� A

2

where A

2

is a nonempt y comp onen t of

U

�

1

= f x 2 U

1

: v ( x ) < 0 g . Pro ceeding as in the pro of of (ii) w e obtain in�nitely

man y comp onen ts of

e


 whic h is not p ossible b y Prop osition 3.4, as w e remark ed

b efore.

Remark 3.8. If 
 is a b al l in R

N

, the pr op erties i) - iii) ar e e asy c onse quenc es

of the r adial symmetry of v .

No w w e consider t w o solutions u

1

and u

2

of the problem P and set

M = f x 2 
 suc h that u

1

( x ) = u

2

( x ) g ;

b


 = f x 2 
 suc h that u

1

6= u

2

g

The next theorem con tains some information on M and a uniqueness result.

Theorem 3.9. Supp ose that f is c onvex. Then we have

ther e c annot exist any c omp onent D of

b


 al l c ontaine d in one 


�

i

; i = 1 ; : : : ; N :(3.7)

if N = 2 then M \ @ 
 = ;(3.8)

if N = 2 and max

x 2 


u

1

( x ) = max

x 2 


u

2

( x ) then u

1

� u

2

(3.9)

Pr o of. Set w ( x ) = u

1

( x ) � u

2

( x ) ; x 2 
. Since f is con v ex w satis�es

�

� w + f

0

( u

2

) w � 0 in 


w = 0 in @ 
 :

(3.10)

and

�

� w + f

0

( u

1

) w � 0 in 


w = 0 in @ 
 :

(3.11)

First w e notice that if w � 0 b y (3.10) and the strong maxim um principle w > 0

in 
 so that 
 =

b


. Th us w e assume that w c hanges sign in 
. T o pro v e (3.7) let us

argue b y con tradiction supp osing that there exists a comp onen t D of

b


 all con tained

in 


�

i

for some i 2 f 1 ; : : : ; N g and w > 0 in D .

Since in Theorem (3.5) w e pro v ed that in 


�

i

the maxim um principle holds for the

op erators L

i

= � � � + f

0

( u

i

) i = 1 ; 2, b y Prop osition 2.1 w e ha v e that �

1

( L

1

; 


�

i

) >

0, for i = 1 ; 2. Hence also �

1

( L

1

; D ) > 0 and, again b y Prop osition (3.3), the "re�ned"

maxim um principle holds for L

1

in D . This last fact together with (3.11) w ould imply
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that w � 0 in D against what w e assumed. If instead w e supp ose w � 0 in D then

w e argue in the same w a y using the op erator L

2

and (3.10).

T o pro v e (3.8) it is enough to observ e that, b y the Gidas, Ni and Niren b erg symmetry

result, u

1

and u

2

are symmetric in an y x

i

and hence so is w . Th us arguing as in iii)

of the previous theorem the assumption M \ @ 
 6= ; w ould bring a con tradiction.

Finally , to pro v e (3.9), w e notice that, again b y the Gidas, Ni and Niren b erg result,

max

x 2 


u

i

( x ) = u

i

(0) ; i = 1 ; 2; therefore if the t w o maxima coincide the origin b elongs

to M . As in ii) of Theorem 3.7 this giv es a con tradiction.

No w w e pro v e a generalization of (3.9) of Theorem 3.9.

Let 
 b e as b efore and N = 2. Let us call a function u 2 C

1

( 
) symmetric and

monotone if u is symmetric in x

1

; x

2

and

@ u

@ x

i

> 0 in 


�

i

, i = 1 ; 2 and let f : R � ! R

b e a C

1

-function.

Theorem 3.10. Supp ose that N = 2 , f is c onvex and u

1

; u

2

2 C

3

(
) \ C

1

( 
 )

ar e symmetric and monotone functions that satisfy the e quation

� � u + �u = f ( u ) in 
(3.12)

If u

1

(0) = u

2

(0) and u

1

� u

2

on @ 
 then u

1

and u

2

c oincide.

Pr o of. As in the pro of of Theorem 3.5 w e deduce that the op erators L = � � � +

f

0

( u

i

) ; i = 1 ; 2 satisfy the maxim um principle in 


�

j

, j = 1 ; 2.

Since the di�erence w = u

1

� u

2

satis�es a linear equation � w � �w + c ( x ) w = 0

with c 2 L

1

(
) and f 2 C

1

w e ha v e that Prop osition 3.4 and the strong maxim um

principle apply to w . Arguing as in Theorem 3.7 w e �rst deduce that cannot exist an y

comp onen t D of

b


 = f x 2 
 : u

1

6= u

2

g suc h that u

1

= u

2

on @ D and coin tained in




�

j

, j = 1 ; 2.

Then w e can follo w exactly the pro of of Theorem 3.7 with the only remark that in

the �rst step w e c ho ose a comp onen t A

1

of 


+

0

= f x 2 
 : w ( x ) > 0 g and w e ha v e

w = 0 on @ A

1

, b ecause of the h yp othesis w ( x ) � 0 on @ 
. So A

1

is also a comp onen t

of

b


 with u

1

= u

2

on @ A

1

. The same prop ert y holds, b y construction, also for the

other comp onen ts A

2

; A

3

; therefore w e conclude as in Theorem 3.7.

Remark 3.11. If 
 is a b al l then any solution u of ( P ) is r adial and henc e

the claim of The or em 3.10 fol lows imme diately fr om the the ory of or dinary di�er en-

tial e quation. Ther efor e this r esult c an b e se en as a gener alization of the uniqueness

the or em for an o.d.e.

Nevertheless it is instructive to se e how we c an get very e asily this r esult in a b al l

without using the underlaying or dinary e quation but exploiting only maximum prin-

ciples. Ther efor e supp ose 
 = B

R

(0) � R

N

and u

i

2 C

2

( 
) , i = 1 ; 2 , satisfying

� � u = f ( u ) in 
 . L et us pr ove that if u

1

(0) = u

2

(0) then u

1

� u

2

. In fact the

di�er enc e w = u

1

� u

2

satis�es a line ar e quation � w + c ( x ) w = 0 . By Pr op osition 2.2

ther e exists � > 0 such that if 0 � r

1

< r

2

< R and r

2

� r

1

< � then the Maximum

Principle holds for � + c in B

r

2

n B

r

1

. We claim that u

1

and u

2

c oincide on @ B

r

for any r < � . In fact it c annot b e u

1

> u

2

on @ B

r

b e c ause by Pr op osition 3.4 and

the str ong maximum principle it would b e u

1

> u

2

on B

r

, against the assumption

u

1

(0) = u

2

(0) . In the same way it is not p ossible that u

1

< u

2

on @ B

r

. So u

1

� u

2

in

B

�

. Making the same r e asoning in B

3

2

�

n B

1

2

�

(that has @ B

�

in the interior) we get

u

1

� u

2

in B

3

2

�

and after a �nite numb er of steps we get u

1

� u

2

in B

R

.
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4. The Nonradial Setting: The Case N � 3 . In this section w e consider

uniqueness problems of ( P ) for suitable nonspherical domains 
 � R

N

, N � 3. In

this con text the uniqueness results are w eak er than the previous section. Indeed,

since the top ology of the no dal zones of the solution of ( L ) with N � 3 is more

complicated than the corresp onding t w o-dimensional case, it seems v ery di�cult to

obtain nondegeneracit y results for solution of ( P ). W e only kno w uniqueness results

to solution of ( P ) for p erturb ed problem, i.e. when the nonlinearit y f = f

�

and the

solution u

�

con v erges to a solution of a limit problem. A �rst example is the follo wing

result, due to E.N. Dancer.

Theorem 4.1. L et us c onsider a solution of the fol lowing pr oblem

8

<

:

� " � u + u = u

p

in 


u > 0 in 


u = 0 in @ 
 :

(4.1)

Her e 1 < p <

N +2

N � 2

and 
 satis�es some ge ometric al assumptions (se e [14 ]):

Then, for " smal l enough, ther e exists only one solution to (4.1).

Pr o of. See [14 ].

No w w e come bac k to the nonlinearit y f ( s ) = s

p

. W e recall that, b y P ohozaev's

iden tit y , in this case there is no solutions to ( P ) in star-shap ed domains for p �

N +2

N � 2

.

Concerning the uniqueness w e ha v e the follo wing result (see [22 ])

Theorem 4.2. L et us c onsider the pr oblem

8

<

:

� � u = N ( N � 2) u

p

in 


u > 0 in 


u = 0 in @ 
 :

(4.2)

L et 
 � R

N

, N � 3 , b e a b ounde d smo oth domain satisfying


 is c onvex in the x

i

dir e ction, i = 1 ; ::; N :(4.3)

and


 is symmetric with r esp e ct to the hyp erplanes x

i

= 0 ; i = 1 ; ::; N :(4.4)

Then ther e exists " > 0 such that for any p 2 ]

N +2

N � 2

� ";

N +2

N � 2

[ ther e is only one solution

to (4.2). Mor e over this solution is nonde gener ate, i.e. the line ar e quation

�

� � v = pN ( N � 2) u

p � 1

v in 


v = 0 in @ 
 :

(4.5)

admits only the trivial solution v � 0 .

In order to pro v e the previous theorem w e need to kno w with great care the

asymptotic b eha viour of the solutions of (4.2) as p !

N +2

N � 2

. W e start with the follo wing

result

Pr oposition 4.3. If 
 satis�es (4.3) and (4.4) then

R




jr u

n

j

2

� R




j u

n

j

p

n

+1

�

2

p

n

+1

! S

N

as n ! 1 ;(4.6)
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wher e S

N

is the b est Sob olev c onstant in R

N

.

Pr o of. In the pro of of this theorem w e use a blo w up tec hnique as in the pap er

of Gidas and Spruc k (see [19 ]) and some imp ortan t results of [26 ].

Since 
 v eri�es (4.3) and (4.4), using the P ohozaev iden tit y (see [31 ]) it is not di�cult

to pro v e that

u

n

(0) = k u

n

k

1

! as n ! 11(4.7)

Let us de�ne

eu

n

( x ) =

1

k u

n

k

1

u

n

�

x

k u

n

k

p

n

� 1

2

1

�

; eu

n

: 


n

= k u

n

k

p

n

� 1

2

1

� 
 ! R(4.8)

By easy calculation eu

n

satis�es

8

<

:

� � eu

n

= pN ( N � 2) eu

p

n

n

in 


n

eu

n

> 0 in 


n

eu

n

= 0 on @ 


n

:

(4.9)

Notice that eu

n

(0) = 1, 0 < eu

n

( x ) � 1 for x 2 


n

and 


n

con v erges to R

N

(b y the

notation 


n

! R

N

w e mean that for an y K � R

N

w e ha v e 


n

� K for n large).

Again b y elliptic theory eu

n

! U in C

1

( K ) for ev ery compact set K of R

N

, and U

solv es

8

<

:

� � U = N ( N � 2) U

N +2

N � 2

in R

N

0 � U � 1 in R

N

U (0) = 1

(4.10)

The solution of (4.10) is unique (see [11 ]) and

U ( x ) =

1

(1 + j x j

2

)

N � 2

2

(4.11)

No w b y using some estimates con tained in [26 ] w e will pro v e that

Z




j u

n

j

p

n

+1

!

Z

R

N

U ( x )

2 N

N � 2

(4.12)

First of all w e recall the follo wing inequalit y (see [26 ]):

u

n

( x ) �

C

k u

n

k

1

1

j x j

N � 2

if j x j < �(4.13)

where C and � are p ositiv e constan t whic h do not dep end on n .

F rom (4.13) w e will deduce (4.12). Let us compute

Z




j u

n

j

p

n

+1

=

Z

j x j <�

j u

n

j

p

n

+1

+

Z

fj x j >� g\ 


j u

n

j

p

n

+1

= I

n; 1

+ I

n: 2

(4.14)

Let us pro v e that

I

n; 1

! S

N = 2

N

(4.15)
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and

I

n; 2

! 0(4.16)

W e ha v e

I

n; 1

=

Z

j x j <�

j u

n

( x ) j

p

n

+1

= k u

n

k

p

n

+1 �

p

n

� 1

2

N

1

Z

j x j <� k u

n

k

p

n

� 1

2

1

j eu

n

( x ) j

p

n

+1

= k u

n

k

N � 2

2

(

N +2

N � 2

� p

n

)

1

Z

R

N

eu

n

( x ) j

p

n

+1

�

fj x j <� k u

n

k

p

n

� 1

2

1

g

(4.17)

F rom (4.13) w e get

eu

n

( x ) � C

1

k u

n

k

2 �

p

n

� 1

2

( N � 2)

1

1

j x j

N � 2

�

C

j x j

N � 2

if j x j < � k u

n

k

p

n

� 1

2

1

(4.18)

No w since eu

n

is b ounded near the origin and eu

n

! U p oin t wise in R

N

, from (4.18)

and dominate con v ergence theorem w e get

Z

R

N

eu

n

( x )

p

n

+1

�

fj x j <� k u

n

k

p

n

� 1

2

1

g

!

Z

R

N

U ( x )

2 N

N � 2

(4.19)

Moreo v er, again b y [26 ], it is p ossible to deduce

k u

n

k

N � 2

2

(

N +2

N � 2

� p

n

)

1

! as n ! 1(4.20)

and then

I

n; 1

= k u

n

k

N � 2

2

(

N +2

N � 2

� p

n

)

1

Z

R

N

eu

n

( x )

p

n

+1

�

fj x j <� k u

n

k

p

n

� 1

2

1

g

! S

N = 2

N

(4.21)

and this pro v es (4.15). In order to pro v e (4.16), w e remark that from (4.13) it follo ws

u

n

( x ) �

C

k u

n

k

1

1

�

N � 2

if j x j = �(4.22)

F rom this w e deduce that

u

n

( x ) �

C

k u

n

k

1

1

�

N � 2

in fj x j > g

.

\ 
(4.23)

Indeed, if b y con tradiction there exists a p oin t x

n

2 fj x j > � g \ 
 suc h that u

n

( x

n

) >

C

k u

n

k

1

1

�

N � 2

, w e w ould get the existence of a maxim um p oin t for u

n

in fj x j > � g \ 
.

But this is not p ossible b y (4.3) and (4.4) and Gidas-Ni-Niren b erg theorem. Hence

(4.23) holds and then w e get (4.16) and so (4.12).

Finally , since u

n

is a solution of (4.2) w e get

R




jr u

n

j

2

�
R




j u

n

j

p

n

+1

�

2

p

n

+1

= N ( N � 2)

�

Z




j u

n

j

p

n

+1

�

1 �

2

p

n

+1

! S

N

as n ! 1(4.24)

and this pro v es the claim.

No w w e recall some results due to Han (see [23 ], Theorem 1, Lemma 3 and prop osition

1).
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Theorem 4.4. L et 
 b e a smo oth b ounde d domain of R

N

and u

n

a solution of

(4.2). If u

n

satis�es

R




jr u

n

j

2

� R




j u

n

j

p

n

+1

�

2

p

n

+1

! S

N

as n ! 1(4.25)

wher e S

N

is the b est Sob olev c onstant, then (up to a subse quenc e)

�

N + 2

N � 2

� p

n

�

k u

n

k

2

1

! 2 �

2

N

h

N ( N � 2)

S

N

i

N = 2

g ( x

0

; x

0

)(4.26)

wher e g ( x; y ) is the r e gular p art of the Gr e en 's function G ( x; y ) , i.e.

g ( x; y ) = G ( x; y ) �

1

( N � 2) �

N

j x � y j

N � 2

(4.27)

and �

N

is the ar e a of the unit spher e in R

N

and x

0

is a critic al p oint of g . Mor e over

u

n

( x ) � k

k u

n

k

1

�

1 + k u

n

k

4

N � 2

1

j x � x

0

j

2

�

N � 2

2

(4.28)

and

k u

n

k

1

u

n

( x ) ! ( N � 2) �

N

G ( x; x

0

)(4.29)

in C

1

( ! ) for any neighb orho o d ! of @ 
 not c ontaining x

0

.

Final ly

jr u

n

j

2

! N ( N � 2)

h

S

N

N ( N � 2)

i

N = 2

�

x

0

in the sense of distributions(4.30)

Remark 4.5. If 
 is a smo oth, b ounde d domain satisfying (4.3) and (4.4) it is

not di�cult to de duc e by Pr op osition 4.3 that x

0

= 0 in The or em 4.4.

A t this stage w e are in condition to pro v e Theorem 4.2.

Pro of of Theorem 4.2.

W e argue b y con tradiction: let us supp ose that there exists a sequence p

n

%

N +2

N � 2

and functions u

n

; v

n

2 C

1

(
) whic h solv e (4.2) with p replaced b y p

n

.

Set

ew

n

( x ) = u

n

�

x

k u

n

k

p

n

� 1

2

1

�

� v

n

�

x

k u

n

k

p

n

� 1

2

1

�

; ew

n

: 


n

! R(4.31)

As in Theorem 4.2 w e ha v e k u

n

k

1

! 1 and 


n

! R

N

. Moreo v er

�

� � ew

n

= c

n

( x ) ew

n

in 


w

n

= 0 in @ 
 :

(4.32)
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where

c

n

( x ) = N ( N � 2) p

n

1

Z

0

�

t

k u

n

k

1

u

n

�

x

k u

n

k

p

n

� 1

2

1

�

+

1 � t

k u

n

k

1

v

n

�

x

k u

n

k

p

n

� 1

2

1

�

�

p

n

� 1

dt(4.33)

W e ha v e

c

n

( x ) !

N ( N + 2)

(1 + j x j

2

)

2

uniformly on compact sets of R

N

(4.34)

So, for x 2 


n

, let us de�ne

w

n

=

ew

n

k ew

n

k

1

; w

n

: 


n

! R(4.35)

Of course w

n

solv es

8

<

:

� � w

n

= c

n

( x ) w

n

in 


k w

n

k

1

= 1

w

n

= 0 on @ 
 :

(4.36)

and w

n

is a symmetric function.

Since w

n

is b ounded, using standard elliptic estimates w e deduce that w

n

con v erges

to a symmetric function w uniformly on compact set of R

N

. Moreo v er w satis�es

8

<

:

� � w = N ( N + 2)

w

(1+ j x j

2

)

2

in 


k w

n

k

1

= 1

k w k

1

� 1 :

(4.37)

No w w e need the follo wing estimate:

Z




n

jr w

n

j

2

� C(4.38)

In order to pro v e (4.38) let us m ultiply (4.36) b y w

n

. Then b y Sob olev inequalit y and

for some 0 < � <

4

N � 2

S

N

�

Z




n

j w

n

j

2

�

�

2

2

�

�

Z




n

jr w

n

j

2

=

Z




n

j c

n

( x ) j w

2

n

�

Z




n

j c

n

( x ) j w

2 � �

n

(4.39)

since k w

n

k

1

= 1. Then using H• older inequalit y and (4.32)

S

N

�

Z




n

j w

n

j

2

�

�

2

2

�

�

�

Z




n

j w

n

j

2

�

�

2 � �

2

�

�

�

Z




n

c

n

( x )

2

�

2

�

� 2+ �

�

2

�

� 2+ �

2

�

�

� C

�

Z




n

j w

n

j

2

�

�

2 � �

2

�

�

Z




n

1

(1 + j x j

2

)

( p

n

� 1)

N � 2

2

2

�

2

�

� 2+ �

�

2

�

� 2+ �

2

�

(4.40)
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and then

C

�

Z




n

j w

n

j

2

�

�

�

2

�

�

�

Z




n

1

(1 + j x j

2

)

( p

n

� 1)

N � 2

2

2

�

2

�

� 2+ �

�

2

�

� 2+ �

2

�

�

�

�

Z

R

N

1

(1 + j x j

2

)

( p

n

� 1)

N � 2

2

2

�

2

�

� 2+ �

�

2

�

� 2+ �

2

�

< 1(4.41)

since 0 < � <

4

N � 2

. So

R




n

j w

n

j

2

�

is b ounded and then again b y (4.36) the claim

follo ws.

The structure of the solutions of (4.37) satisfying ((4.38)) w as describ ed in [4],

where w as pro v ed that the follo wing cases o ccur:

i) w = 0,

ii) w =

@ U

@ x

i

; i = 1 ; ::; N where U ( x ) =

�

1

1+ j x j

2

�

N � 2

2

.

or

iii) w =

1 �j x j

2

(1+ j x j

2

)

N= 2

So w e ha v e that w ( x ) =

N

P

i =1

�

i

x

i

(1+ j x j

2

)

N= 2

+ �

1 �j x j

2

(1+ j x j

2

)

N= 2

. It is easily seen that the

study of w is equiv alen t to consider i), ii), iii) separately .

No w w e will pro v e that in an y case a con tradiction arises.

Case i) w = 0

F rom (4.38) it is p ossible to deduce the follo wing crucial estimates, (see [22 ], App endix

2):

j w

n

( x ) j �

C

(1 + j x j

2

)

N � 2

2

for an y x 2 R

N

(4.42)

F rom (4.42) a con tradiction follo ws easily . Indeed since k w

n

k

1

= 1 w e can assume

that 9 x

n

2 


n

suc h that max

x 2 


n

w

n

( x ) = w

n

( x

n

) = 1 and k x

n

k

R

N

! 1 b ecause

w

n

! 0 uniformly on an y compact set of R

N

. But this is not p ossible b y (4.42).

Case ii) w =

@ U

@ x

i

; i = 1 ; ::; N

In this case w e ha v e a con tradiction since w =

@ U

@ x

i

is not a symmetric function, i.e.

do es not satisfy w ( x

1

; : : : ; � x

i � 1

; x

i

; x

i +1

; : : : ; x

N

) = w ( x ) for an y x 2 R

N

.

Case iii) w =

1 �j x j

2

(1+ j x j

2

)

N= 2

In what follo ws w e will use Theorem 4.4, where the p oin t x

0

= O (see Remark 4.5).

First of all w e notice that, for an y neigh b orho o d � of @ 
 not con taining O it holds

that

k u

n

k

2

1

u

n

( x ) � v

n

( x )

k u

n

� v

n

k

1

! � ( N + 2) �

N

G ( x; 0) in C

1

(�)(4.43)

where, as in Theorem 4.4, G is the Green function.

Let us pro v e (4.2). W e ha v e

� �

�

k u

n

k

2

1

u

n

( x ) � v

n

( x )

k u

n

� v

n

k

1

�

= k u

n

k

2

1

d

n

( x )

u

n

( x ) � v

n

( x )

k u

n

� v

n

k

1

(4.44)

where d

n

( x ) = N ( N � 2) p

n

1

R

0

( tu

n

( x ) + (1 � t ) v

n

( x ))

p

n

� 1

dt .
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So, using (4.28), (4.42) and the dominate con v ergence theorem w e obtain

k u

n

k

2

1

Z




d

n

( x )

u

n

( x ) � v

n

( x )

k u

n

� v

n

k

1

= k u

n

k

2 �

p

n

� 1

2

N

1

Z




n

d

n

�

x

k u

n

k

p

n

� 1

2

1

�

w

n

( x ) =

= k u

n

k

p

n

+1 �

p

n

� 1

2

N

1

Z




n

c

n

( x ) w

n

( x ) ! � ( N + 2) �

N

(4.45)

(the last in tegral can easily b e computed b y recalling that � � w =

1

(1+ j x j

2

)

2

w ).

Moreo v er, again b y (4.28), (4.42) and for an y x 6= 0
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n

k

2

1

d

n
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u

n
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n
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n
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1
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n
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2
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n

� 1) � 1)

1

w

n

( k u

n

k

p

n

� 1

2

1

x )

j x j

( N � 2)( p

n

� 1)

�

�

C

k u

n

k

( p

n

� 1)(

N � 2

2

p

n

� 1) � 2

1

1

j x j

( N � 2) p

n

�

C

j x j

( N � 2) p

n

(4.46)

Finally since, in the sense of distributions

k u

n

k

2

1

Z




d

n

( x )

u

n

( x ) � v

n

( x )

k u

n

� v

n

k

1

� ( x ) ! � ( N + 2) �

N

�

0

(4.47)

b y Lemma 2 of [23 ] w e get (4.43).

No w let us write do wn the P ohozaev iden tit y for u

n

and v

n

(see [31 ])

1

2

Z
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( x � � )

�

@ u

n

@ �

�

2

=

�

N

p

n

+ 1

�

N � 2

2

�

Z




u

p

n

+1

n

(4.48)
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=

�

N

p

n

+ 1

�
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2

�
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v

p

n

+1

n

(4.49)

By (4.48) and (4.49) w e obtain
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n

k
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k

1

u

n
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k
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(4.50)

with h

n

( x ) = ( p

n

+ 1)

1

R

0

( tu

n

( x ) + (1 � t ) v

n

( x ))

p

n

dx . Then from (4.26), (4.29) and

(4.42) w e get

C
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again b y the dominate con v ergence theorem. Finally , since (see [8] or [23 ])

Z

@ 


( x � � )

�

@ G ( x; 0)

@ �

�

2

= (2 � N ) g (0 ; 0) > 0(4.52)

w e ha v e a con tradiction. This pro v es iii) and hence the uniqueness result .

5. The Nonradial Setting: The Critical Case.. In this section w e consider

uniqueness and nondegeneracy results for a classical elliptic equation in v olving critical

Sob olev exp onen t, namely

8

<

:

� � u = N ( N � 2) u

p

+ "u in 


u > 0 in 


u = 0 on @ 


(5.1)

where p =

N +2

N � 2

: It is w ell kno wn b y the theorem of Brezis and Niren b erg (see [7])

that if N � 4 and for 0 < " < �

1

; there exists a solution of (5.1) while, if " = 0 and

the domain is starshap ed, the P ohozaev iden tit y sho ws that there is not an y solution.

The asymptotic b eha viour of the solution u

"

w as studied in [33 ] where it w as pro v ed

that, for " ! 0, u

"

concen trates around a critical p oin t of the Robin function. W e

recall that, if g ( x; y ) is the regular part of the Greeen function for the laplacian with

zero b oundary condition, then the Robin function  ( x ) is de�ned b y

 ( x ) = g ( x; x ) :(5.2)

Con v eresely , in [21 ] it is sho wn that if N � 5 ; for an y nondegenerate critical p oin t

of the function  ( x ) there is only one solution u

"

of (5.1) with the prop ert y that u

"

concen trates at x

0

. In the next theorem w e state a more general uniqueness result

Theorem 5.1. L et 
 b e a smo oth and b ounde d domain of R

N

with N � 5 ; such

that it is symmetric with r esp e ct to the c o or dinate hyp erplanes and c onvex in the x

k

�

dir e ctions. L et us supp ose that u

"

and v

"

ar e two solutions of (5.1). Then, ther e exists

"

0

> 0 such that for " < "

0

;

u

"

= v

"

:(5.3)
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Mor e over this solution is nonde gener ate.

Pr o of. In [9] this result w as �rstly pro v ed b y assuming that

lim

" ! 0

R




jr u

"

j

2

dx

(

R




j u

"

j

p +1

)

2 =p +1

dx

= S

N

;(5.4)

Assumption (5.4) w as remo v ed in [12]. The pro of of this results follo w the lines of the

theorem of the previous section and so w e omit it. W e only sho w the nondegeneracit y .

First of all... Let us denote b y �

2 ;n

the second eigen v alue of the op erator � + N ( N �

2) p

n

u

p

n

� 1

n

. Then

�

2 ;n

> 0(5.5)

Pr o of. Since the solution of (2.1) is unique for n large, w e can obtain it as a moun tain

pass solution of the follo wing functional

F ( u ) =

Z




jr u

n

j

2

�

1

p

n

+ 1

Z




( u

+

n

)

p

n

+1

(5.6)

Then, b y a Hofer's result (see [24 ]), w e get that �

2 ;n

� 0.

No w w e supp ose , b y con tradiction, that �

2 ;n

= 0. Again let us set

ev

2 ;n

( x ) =

1

k u

n

k

1

v

2 ;n

�

x

k u

n

k

p

n

� 1

2

1

�

; ev

2 ;n

: 


n

! R(5.7)

and

w

2 ;n

=

ev

2 ;n

k ev

2 ;n

k

1

(5.8)

W e get that w

2 ;n

satis�es

�

� � w

2 ;n

= N ( N � 2) p

n

eu

p

n

� 1

n

w

2 ;n

in 


n

w

2 ;n

= 0 on @ 
 :

(5.9)

So w

n

con v erges to function w uniformly on compact set of R

N

, where

i) w = 0,

ii) w =

@ U

@ x

i

; i = 1 ; ::; N where U ( x ) =

�

1

1+ j x j

2

�

N � 2

2

,

or

iii) w =

1 �j x j

2

(1+ j x j

2

)

N= 2

As in the previous section the study of w can b e reduced to the study of i), ii), iii).

Case i) is treated analogously to case i) of Section 3, i.e. using the estimate

j w

n

( x ) j �

C

j x j

N � 2

for x 2 


n

\ fj x j > 1 g(5.10)

whose pro of is the same as that (4.42).

Case ii) cannot o ccur b ecause of Theorem (3.5).

In order to a v oid case iii) w e follo w an idea of Zhang (see [38 ]). Since v

2 ;n

is the

second eigenfunction of the op erator � + N ( N � 2) p

n

u

p

n

� 1

n

then it has t w o no dal

zones.
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No w w e remark that, since w

2 ;n

!

1 �j x j

2

(1+ j x j

2

)

N= 2

uniformly on B (0 ; 2) w e get for n large

and <

.

1

�

w

2 ;n

( x ) > 0 on j x j =

�

2

w

n

( x ) < 0 on j x j =

3 �

2

:

(5.11)

This implies that
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<

:

v

2 ;n

> 0 on j x j =

�

2 k u

n

k

p

n

� 1

2

1

v

2 ;n

< 0 on j x j =

3 �

2 k u

n

k
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� 1

2

1

(5.12)

Hence, since v

2 ;n

has t w o no dal zone,

@ v

2 ;n

@ �

do es not c hange sign on the b oundary of


. Finally a con tradiction follo ws b y the iden tit y

Z

@ 


( x � � )

@ v

2 ;n

@ �

@ u

n

@ �

= 0(5.13)

whic h can b e obtained b y considering the function � = x � r u

n

whic h satis�es

� � � = N ( N � 2) p

n

u

p

n

� 1

n

� + 2 u

p

n

n

(5.14)

Then m ultiplying (4.1) b y � and (4.30) b y v

2 ;n

w e obtain (5.13).
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