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t. In this paper we 
ondider uniqueness results for the following nonlinear problem8><>:��u = f(u) in 
u > 0 in 
u = 0 on �
We will show as the geometry of the domain plays a 
ru
ial role in this 
ontext. We also dis
uss thenondegenera
y of the solution.1. Introdu
tion. In this survey we 
onsider uniqueness results for semilinearellipti
 problems of the type(P ) 8>>><>>>:��u = f(u) in 
u > 0 in 
u = 0 on �
where 
 is a smooth bounded domain of RN , N � 2 and f 2 C1(R). In this 
ontextthe shape of the domain and the stru
ture of nonlinearity f plays a 
ru
ial role.Indeed, even in the simple 
ase of f(s) = sp we have multipli
ity results for domains
 with a "ri
h" topology or suitable geometry (see for example [3℄ and the referen
estherein). So some resti
tions on the geometry of the domain is needed.We point out that an important tool in the uniqueness results seems to be plaiedby the linearized equation asso
iated to (P), namely(L) (��v = f 0(u)v in 
v = 0 on �
where u is a solution of (P). We say that the solution u of (P ) is nondegenerate if (L)admits only the trivial solution v = 0.First uniqueness results for (P) were obtained when 
 is the ball, sin
e in this
ase it is possible to redu
e (P) to an ODE problem via the Gidas-Ni-Nirenbergtheorem. Thanks to this redu
tion some uniqueness results for (P) were dedu
ed forsome spe
ial nonlinearities. We dis
uss this in Se
tion 1. In Se
tion 2 we 
onsider themore diÆ
ult problem of a nonspheri
al domain. Of 
ourse, the previous approa
hdoes not work. At this stage the dimension of the spa
e plays a role. Indeed, theresults obtained in literature are weaker if the dimension of the spa
e is greater thattwo. In this 
ase, (N � 3), uniqueness results are obtained in perturbed 
ases, forexample for spe
ial nonlinearities f" "
lose" to a suitable one. The reason of thisrestri
tions relies on the diÆ
ulty to dedu
e qualitative properties of the solution ofthe linearized problem (L).Finally in Se
tion 4 we 
onsider uniqueness results involving the 
riti
al Sobolevexponent.�Dipartimento di Matemati
a, Universit�a di Roma \La Sapienza", P.le A.Moro 2, 00185, Roma,Italy (grossi�mat.uniroma1.it). Supported by MURST, Proje
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228 M. GROSSI2. The Radially Symmetri
 Case. We start this se
tion re
alling the follow-ing basi
 results, due to Gidas, Ni and Nirenberg (1979).Theorem 2.1. Let us 
onsider the problem (P) where 
 is 
onvex and symmetri
with respe
t to xi, 1 � i � N . Then u is symmetri
 with respe
t to xi and �u�xi < 0for xi > 0.Proof. (see [17℄).Corollary 2.2. Let us 
onsider the problem (P) where 
 is the ball jxj � R.Then u = u(�) is radial and u0(�) < 0 for � > 0.Proof. (see [17℄).This Corollary is the starting point of the next uniqueness results in a ball. Fromthis, Gidas, Ni and Nirenberg dedu
ed the following result:Theorem 2.3. Let us 
onsider the problem (P) with f(s) = sp, 1 < p < N+2N�2and 
 is the ball jxj � R. Then there exists only one solution to (P).Proof. By the previous Corollary we have that u solves the following ordinarydi�erential equation, 8<: �u"� N�1� u0 = up in jxj � Ru > 0 in jxj � Ru0(0) = u(R) = 0(2.1)From the s
aling invarian
e of (2.1) and the analiti
ity of the solution we get theuniqueness of the solution (see [18℄ for the details).Let us denote by BP;r = fx 2 RN su
h that jx � P j � rg and Br = B0;r. Moreoverlet �1 be the �rst eigenvalue of �� in BR with Diri
hlet boundary 
onditions.In the next years a lot of work was done to obtain uniqueness results for the moregeneral problem 8<: ��u = up + �u in BRu > 0 in BRu = 0 in �BR(2.2)where � < �1 if 1 < p < N+2N�2 and 0 < � < �� if p = N+2N�2 . Here �� = �1 for N � 4and �� = �14 for N = 3.Existen
e results for (2.2) are 
lassi
al if 1 < p < N+2N�2 . If p = N+2N�2 in [5℄ it wasproved that for 0 < � < �� there exists at least one solution. Problem (2.2) is nots
aling invariant and so it 
annot be studied as (2.1). Indeed nontrivial ODE methodsare used in order to prove the following results,Theorem 2.4. Problem (2.2) admits a unique solution for any � < �1 if 1 <p < N+2N�2 and 0 < � < �� for p = N+2N�2 .A lot of authors give some 
ontribution to this result. We only re
all the papers[28℄,[1℄,[37℄,[34℄. As we remarked, in this papers an important role is played by thenondegenera
ity of the solution u.



UNIQUENESS RESULTS IN NONLINEAR ELLIPTIC PROBLEMS 2293. The Nonradial Setting: the 
ase N = 2.. In this se
tion we will 
onsiderthe more general 
ase where 
 has not any radial symmetry. Of 
ourse the ODEmethods of the previous se
tion are not appli
able anymore. On the other hand,Theorem 2.1 
ontinues to have a 
entral role.First of all we re
all the following resultTheorem 3.1. Let us 
onsider the problem (P ), with N = 2, f(s) = sp withp > 1. Here 
 is 
onvex and symmetri
 with respe
t to xi, 1 � i � N . Then (P )admits only one solution.This result was proved by Dan
er in [15℄ as a 
onsequen
e of a general theorem
ontained also in [15℄ and of the known uniqueness result for the ball.At this point we would like to quote here that the linearized operator L plays a
ru
ial role in the uniqueness proof of [15℄. Some properties of L were studied in [13℄.Before proving the main result we need to re
all a few fa
ts about the maximumprin
iple for se
ond order ellipti
 operators of the form Lu = �u+ 
(x)u with 
(x) 2L1(D), u 2W 2;Nlo
 \ C(D).Definition 3.2. We say that the maximum prin
iple holds for L in D if Lu � 0in D and u � 0 on �D imply u � 0 in D.Two well known suÆ
ient 
onditions for the maximum prin
iple to hold are thefollowing (see [20℄,[32℄) 
(x) � 0 in D;(3.1)there exists a fun
tion g 2 W 2;Nlo
 \ C(D); g > 0 in D su
h that Lg � 0 in D(3.2)Now we denote by �1(L;D) the prin
ipal eigenvalue of L in D. For the meaningand the properties of �1(L;D) we refer to [6℄, where is also 
ondiderd the 
ase ofnonsmooth boundary. In parti
ular we haveProposition 3.3. The prin
ipal eigenvalue �1(L;D) is stri
tly de
reasing inits dependen
e on D and on the 
oeÆ
ient 
(x). Moreover the "re�ned" maximumprin
iple holds for L in D if and only if �1(L;D) is positive.We refer to [6℄ for the de�nition of "re�ned" maximum prin
iple whi
h is a gen-eralized formulation of the maximum prin
iple in the 
ase when one 
annot pres
ribeboundary values of the fun
tions involved.It is important to noti
e that, by using this generalized de�nition of the �rsteigenvalue, it is possible to prove that also the following 
ondition, whi
h is slightlydi�erent from (3.2), is suÆ
ient for the maximum prin
iple to hold.there exists g 2W 2;Nlo
 \ C(D); g > 0 in D su
h that Lg � 0 in Dbut g 6� 0 on some regular part of �D(3.3)We also re
all the following suÆ
ient 
ondition for the maximum prin
iple (see [5℄,[6℄)



230 M. GROSSIProposition 3.4. There exists Æ > 0, depending only on N , diam(D); jj
jjL1(D)su
h that the maximum prin
iple holds for L in any domain D0 � D with jD0j < Æ.Finally we remark that regardless of the sign of 
 if Lu � 0 in D and u � 0 in Dthen u > 0 in D unless u � 0 (Strong Maximum Prin
iple).Now we 
onsider a solution u 2 C3(
)\C1(
) of the problem (P ). We are interestedin studying the linearized problem We have the following theorem, whi
h holds forN � 2.Theorem 3.5. Let u be a solution of (P ) with f(0) � 0 and assume that 
 is
onvex in the x1- dire
tion and symmetri
 with respe
t to the hyperplane x1 = 0. Thenany solution v of (L) is symmetri
 in x1, i.e. v(x1; x2; : : : ; xN ) = v(�x1; x2; : : : ; xN ):Proof. The proof is the same as the one shown in a le
ture of L. Nirenberg in aslightly di�erent 
ase (see also the remark after the proof).Let us denote a point x in RN by (x1; y); y 2 RN�1. Applying the symmetryresult of Gidas, Ni, Nirenberg to problem (P ) we know that u is symmetri
 withrespe
t to x1 and �u�x1 > 0 in 
�1 = fx = (x1; y) 2 
 su
h that x1 < 0g.We 
onsider the operator L = �+ f 0(u)(3.4)and want to prove that the maximum prin
iple holds for L in 
�1 . To do this we showthat the suÆ
ient 
ondition (3.3) is satis�ed.If we set g = �u�x1 in 
�1(3.5)we have that g satis�es (3.3) sin
e by the Hopf Lemma �u�x1 6� 0 on �
 \ �
�1 (notethat we have assumed f(0) � 0). So the maximum prin
iple holds for L in 
�1 .Now we 
onsider the fun
tion (x) = v(x1; y)� v(�x1; y); x = (x1; y) 2 
�1(3.6)where v is a solution of L. By easy 
al
ulation, using that u is symmetri
 in x1, weget 8<:L = 0 in 
�1 = 0 in �
�1and hen
e  � 0 in 
�1 be
ause of the maximum prin
iple. So v is symmetri
 in x1.Remark 3.6. Let us 
onsider the following eigenvalue problem(��v + v = f 0(u)v + �v in 
v = 0 on �
where u is a solution of P .If � < 0 in [2℄ it is shown that v is symmetri
 in x1.



UNIQUENESS RESULTS IN NONLINEAR ELLIPTIC PROBLEMS 231Of 
ourse if 
 is a ball, the previous theorem gives the radial symmetry of v. Thiswas already shown by Lin and Ni in [27℄, using a di�erent argument, for any � � 0.We make now some important remarks about the nodal set of v that will also beused in the sequel. Let us setN = fx 2 
 su
h that v(x) = 0ge
 = fx 2 
 : v(x) 6= 0g
�i = fx = (x1; : : : ; xN ) 2 
 su
h that xi < 0g i = 1; : : : ; NWe haveTheorem 3.7. The following properties holdi) there 
annot exist any 
omponent of e
 all 
ontained in one 
�i , i = 1; : : : ; N .ii) if N = 2 then the origin (0; : : : ; 0) does not belong to N .iii) if N = 2 then N \ �
 = ;.Proof. i) Suppose that there exists a 
omponent D of e
 all 
ontained in 
�i andv > 0 in D. Then �1(L;D) = 0 (where L is the operator de�ned in (3.4)) sin
e v isan eigenfun
tion of L in D 
orresponding to the zero eigenvalue and does not 
hangesign in D (being v = 0 on �
 we have v = 0 on �
). On the other hand, in the proofof the previous theorem we have shown that L satis�es the maximum prin
iple in 
�iand this implies, by Proposition 3.3, that �1(L;
�i ) > 0. Then, by monotoni
ity, also�1(L;D) should be positive whi
h gives a 
ontradi
tion.ii) We will show that if v(0) = 0 then v � 0. Suppose v(0) = 0 and v 6� 0 and setU0 = 
. Sin
e v 6� 0 and v(0) = 0 by the Strong Maximum Prin
iple it 
annot bev � 0 in 
, so that U+0 = fx 2 U0 : v(x) > 0g is open and nonempty. Choose a
omponent A1 of U+0 . If Si; i = 1; 2 is the operator that sends a point to the symmetri
one with respe
t to the x1-axis, we have that Si(A1) is also a 
omponent of U+0 be
auseof the symmetry of v. It 
annot happen that A1 \ S1(A1) = ; or A1 \ S2(A1) = ;for otherwise A1 or S1(A1) would be 
ontained in 
�1 , whi
h is impossible by (i).So A1 = S1(A1) = S2(A1) is symmetri
 with respe
t to the 
oordinate axes and isopen and 
onne
ted, therefore ar
wise 
onne
ted. If we 
hoose four symmetri
 pointsPj ; j 2 f1; : : : ; 4g and join them with simple poligonal 
urves symmetri
 in pairs,we 
an 
ostru
t a simple 
losed poligonal 
urve C1 � A1 whi
h is symmetri
 withrespe
t to the axes. By the Jordan Curve Theorem U0 nC1 has two 
omponents and,be
ause C1 is symmetri
, the origin belongs to the 
omponent whi
h has not �U0 aspart of the boundary. Let us denote by U1 the 
omponent that 
ontains 0 and 
allit the interior of C1, while by the exterior of C1 we mean the other 
omponent. On�U1 = C1 we have v > 0, so that v 6� 0 in U1 and, by the Strong Maximum Prin
iple,it is not possible that v � 0 in U1, sin
e v(0) = 0, so that U�1 = fx 2 
1 : v(x) < 0gis open and nonempty. Taking a 
omponent A2 of U�1 we observe that v = 0 on�A2 be
ause v � 0 on �U1 so that A2 is also a 
omponent of e
. As before we 
an
ostru
t a 
losed symmetri
 simple 
urve C2 � A2 and in the interior U2 of C2 ( the
omponent of U1 n C2 to whi
h the origin belongs) we 
an 
hoose a 
omponent A3of U+2 = fx 2 U2 : v(x) > 0g whi
h is also a 
omponent of e
. Moreover A3 isdisjoint from A1 be
ause A1 
ontains C1 = �
1 whi
h belongs to the exterior of C2.Pro
eeding in this way we obtain in�nitely many disjoint 
omponents fAngn�1 of e
.



232 M. GROSSIThis is not possible be
ause by Proposition 3.4 there exists Æ > 0 su
h that jAnj � Æfor ea
h n, otherwise by the Maximum Prin
iple v would be 0 in An, sin
e v = 0 on�An and Lv = 0 in An with L = � � � + f 0(v). Hen
e there are only �nitely many
omponents An whi
h gives a 
ontradi
tion.iii) We will show that in a neighboorhood of �
 we have v > 0 or v < 0. Supposethe 
ontrary and 
hoose a 
omponent A1 of U+0 = fx 2 U0 : v(x) > 0g. Sin
ev = 0 on �
 we have v = 0 on �A1 and as in (ii) we 
ostru
t a 
losed simple 
urveC1 � A1 symmetri
 with respe
t to the axes. In the exterior U1 of C1, i.e. in the
omponent 
ontaining �
 there are points where v < 0 by what we assumed. So we
an 
ostru
t a 
losed simple 
urve C2 � A2 where A2 is a nonempty 
omponent ofU�1 = fx 2 U1 : v(x) < 0g. Pro
eeding as in the proof of (ii) we obtain in�nitelymany 
omponents of e
 whi
h is not possible by Proposition 3.4, as we remarkedbefore.Remark 3.8. If 
 is a ball in RN , the properties i) - iii) are easy 
onsequen
esof the radial symmetry of v.Now we 
onsider two solutions u1 and u2 of the problem P and setM = fx 2 
 su
h that u1(x) = u2(x)g ; b
 = fx 2 
 su
h that u1 6= u2gThe next theorem 
ontains some information on M and a uniqueness result.Theorem 3.9. Suppose that f is 
onvex. Then we havethere 
annot exist any 
omponent Dofb
 all 
ontained in one 
�i ; i = 1; : : : ; N:(3.7) if N = 2 then M\ �
 = ;(3.8) if N = 2 and maxx2
 u1(x) = maxx2
 u2(x) then u1 � u2(3.9)Proof. Set w(x) = u1(x)� u2(x); x 2 
. Sin
e f is 
onvex w satis�es� �w + f 0(u2)w � 0 in 
w = 0 in �
:(3.10)and � �w + f 0(u1)w � 0 in 
w = 0 in �
:(3.11)First we noti
e that if w � 0 by (3.10) and the strong maximum prin
iple w > 0in 
 so that 
 = b
. Thus we assume that w 
hanges sign in 
. To prove (3.7) let usargue by 
ontradi
tion supposing that there exists a 
omponent D of b
 all 
ontainedin 
�i for some i 2 f1; : : : ; Ng and w > 0 in D.Sin
e in Theorem (3.5) we proved that in 
�i the maximum prin
iple holds for theoperators Li = ���+f 0(ui) i = 1; 2, by Proposition 2.1 we have that �1(L1;
�i ) >0, for i = 1; 2. Hen
e also �1(L1; D) > 0 and, again by Proposition (3.3), the "re�ned"maximum prin
iple holds for L1 in D. This last fa
t together with (3.11) would imply



UNIQUENESS RESULTS IN NONLINEAR ELLIPTIC PROBLEMS 233that w � 0 in D against what we assumed. If instead we suppose w � 0 in D thenwe argue in the same way using the operator L2 and (3.10).To prove (3.8) it is enough to observe that, by the Gidas, Ni and Nirenberg symmetryresult, u1 and u2 are symmetri
 in any xi and hen
e so is w. Thus arguing as in iii)of the previous theorem the assumption M\ �
 6= ; would bring a 
ontradi
tion.Finally, to prove (3.9), we noti
e that, again by the Gidas, Ni and Nirenberg result,maxx2
 ui(x) = ui(0); i = 1; 2; therefore if the two maxima 
oin
ide the origin belongsto M. As in ii) of Theorem 3.7 this gives a 
ontradi
tion.Now we prove a generalization of (3.9) of Theorem 3.9.Let 
 be as before and N = 2. Let us 
all a fun
tion u 2 C1(
) symmetri
 andmonotone if u is symmetri
 in x1; x2 and �u�xi > 0 in 
�i , i = 1; 2 and let f : R �! Rbe a C1-fun
tion.Theorem 3.10. Suppose that N = 2, f is 
onvex and u1; u2 2 C3(
) \ C1(
)are symmetri
 and monotone fun
tions that satisfy the equation��u+ �u = f(u) in 
(3.12)If u1(0) = u2(0) and u1 � u2 on �
 then u1 and u2 
oin
ide.Proof. As in the proof of Theorem 3.5 we dedu
e that the operators L = ���+f 0(ui); i = 1; 2 satisfy the maximum prin
iple in 
�j , j = 1; 2.Sin
e the di�eren
e w = u1 � u2 satis�es a linear equation �w � �w + 
(x)w = 0with 
 2 L1(
) and f 2 C1 we have that Proposition 3.4 and the strong maximumprin
iple apply to w. Arguing as in Theorem 3.7 we �rst dedu
e that 
annot exist any
omponent D of b
 = fx 2 
 : u1 6= u2g su
h that u1 = u2 on �D and 
ointained in
�j , j = 1; 2.Then we 
an follow exa
tly the proof of Theorem 3.7 with the only remark that inthe �rst step we 
hoose a 
omponent A1 of 
+0 = fx 2 
 : w(x) > 0g and we havew = 0 on �A1, be
ause of the hypothesis w(x) � 0 on �
. So A1 is also a 
omponentof b
 with u1 = u2 on �A1. The same property holds, by 
onstru
tion, also for theother 
omponents A2; A3; therefore we 
on
lude as in Theorem 3.7.Remark 3.11. If 
 is a ball then any solution u of (P ) is radial and hen
ethe 
laim of Theorem 3.10 follows immediately from the theory of ordinary di�eren-tial equation. Therefore this result 
an be seen as a generalization of the uniquenesstheorem for an o.d.e.Nevertheless it is instru
tive to see how we 
an get very easily this result in a ballwithout using the underlaying ordinary equation but exploiting only maximum prin-
iples. Therefore suppose 
 = BR(0) � RN and ui 2 C2(
), i = 1; 2, satisfying��u = f(u) in 
. Let us prove that if u1(0) = u2(0) then u1 � u2. In fa
t thedi�eren
e w = u1�u2 satis�es a linear equation �w+ 
(x)w = 0. By Proposition 2.2there exists Æ > 0 su
h that if 0 � r1 < r2 < R and r2 � r1 < Æ then the MaximumPrin
iple holds for � + 
 in Br2 n Br1 . We 
laim that u1 and u2 
oin
ide on �Brfor any r < Æ. In fa
t it 
annot be u1 > u2 on �Br be
ause by Proposition 3.4 andthe strong maximum prin
iple it would be u1 > u2 on Br, against the assumptionu1(0) = u2(0). In the same way it is not possible that u1 < u2 on �Br. So u1 � u2 inBÆ. Making the same reasoning in B 32 Æ n B 12 Æ (that has �BÆ in the interior) we getu1 � u2 in B 32 Æ and after a �nite number of steps we get u1 � u2 in BR.



234 M. GROSSI4. The Nonradial Setting: The Case N � 3. In this se
tion we 
onsideruniqueness problems of (P ) for suitable nonspheri
al domains 
 � RN , N � 3. Inthis 
ontext the uniqueness results are weaker than the previous se
tion. Indeed,sin
e the topology of the nodal zones of the solution of (L) with N � 3 is more
ompli
ated than the 
orresponding two-dimensional 
ase, it seems very diÆ
ult toobtain nondegenera
ity results for solution of (P ). We only know uniqueness resultsto solution of (P ) for perturbed problem, i.e. when the nonlinearity f = f� and thesolution u� 
onverges to a solution of a limit problem. A �rst example is the followingresult, due to E.N. Dan
er.Theorem 4.1. Let us 
onsider a solution of the following problem8<: �"�u+ u = up in 
u > 0 in 
u = 0 in �
:(4.1)Here 1 < p < N+2N�2 and 
 satis�es some geometri
al assumptions (see [14℄):Then, for " small enough, there exists only one solution to (4.1).Proof. See [14℄.Now we 
ome ba
k to the nonlinearity f(s) = sp. We re
all that, by Pohozaev'sidentity, in this 
ase there is no solutions to (P ) in star-shaped domains for p � N+2N�2 .Con
erning the uniqueness we have the following result (see [22℄)Theorem 4.2. Let us 
onsider the problem8<: ��u = N(N � 2)up in 
u > 0 in 
u = 0 in �
:(4.2)Let 
 � RN , N � 3, be a bounded smooth domain satisfying
 is 
onvex in the xi dire
tion, i = 1; ::; N:(4.3)and 
is symmetri
 with respe
t to the hyperplanes xi = 0; i = 1; ::; N:(4.4)Then there exists " > 0 su
h that for any p 2℄N+2N�2 �"; N+2N�2 [ there is only one solutionto (4.2). Moreover this solution is nondegenerate, i.e. the linear equation� ��v = pN(N � 2)up�1v in 
v = 0 in �
:(4.5)admits only the trivial solution v � 0.In order to prove the previous theorem we need to know with great 
are theasymptoti
 behaviour of the solutions of (4.2) as p! N+2N�2 . We start with the followingresultProposition 4.3. If 
 satis�es (4.3) and (4.4) thenR
 jrunj2� R
 junjpn+1� 2pn+1 ! SN as n!1;(4.6)



UNIQUENESS RESULTS IN NONLINEAR ELLIPTIC PROBLEMS 235where SN is the best Sobolev 
onstant in RN .Proof. In the proof of this theorem we use a blow up te
hnique as in the paperof Gidas and Spru
k (see [19℄) and some important results of [26℄.Sin
e 
 veri�es (4.3) and (4.4), using the Pohozaev identity (see [31℄) it is not diÆ
ultto prove that un(0) = kunk1 ! as n!11(4.7)Let us de�neeun(x) = 1kunk1un� xkunk pn�121 �; eun : 
n = kunk pn�121 �
! R(4.8)By easy 
al
ulation eun satis�es8<: ��eun = pN(N � 2)eupnn in 
neun > 0 in 
neun = 0 on �
n:(4.9)Noti
e that eun(0) = 1, 0 < eun(x) � 1 for x 2 
n and 
n 
onverges to RN (by thenotation 
n ! RN we mean that for any K � RN we have 
n � K for n large).Again by ellipti
 theory eun ! U in C1(K) for every 
ompa
t set K of RN , and Usolves 8<: ��U = N(N � 2)U N+2N�2 in RN0 � U � 1 in RNU(0) = 1(4.10)The solution of (4.10) is unique (see [11℄) andU(x) = 1(1 + jxj2)N�22(4.11)Now by using some estimates 
ontained in [26℄ we will prove thatZ
 junjpn+1 ! ZRN U(x) 2NN�2(4.12)First of all we re
all the following inequality (see [26℄):un(x) � Ckunk1 1jxjN�2 if jxj < Æ(4.13)where C and Æ are positive 
onstant whi
h do not depend on n.From (4.13) we will dedu
e (4.12). Let us 
omputeZ
 junjpn+1 = Zjxj<Æ junjpn+1 + Zfjxj>Æg\
 junjpn+1 = In;1 + In:2(4.14)Let us prove that In;1 ! SN=2N(4.15)



236 M. GROSSIand In;2 ! 0(4.16)We haveIn;1 = Zjxj<Æ jun(x)jpn+1 = kunkpn+1� pn�12 N1 Zjxj<Ækunk pn�121 jeun(x)jpn+1= kunkN�22 (N+2N�2�pn)1 ZRN eun(x)jpn+1�fjxj<Ækunk pn�121 g(4.17)From (4.13) we geteun(x) � C 1kunk2� pn�12 (N�2)1 1jxjN�2 � CjxjN�2 if jxj < Ækunk pn�121(4.18)Now sin
e eun is bounded near the origin and eun ! U pointwise in RN , from (4.18)and dominate 
onvergen
e theorem we getZRN eun(x)pn+1�fjxj<Ækunk pn�121 g ! ZRN U(x) 2NN�2(4.19)Moreover, again by [26℄, it is possible to dedu
ekunkN�22 (N+2N�2�pn)1 ! as n!1(4.20)and then In;1 = kunkN�22 (N+2N�2�pn)1 ZRN eun(x)pn+1�fjxj<Ækunk pn�121 g ! SN=2N(4.21)and this proves (4.15). In order to prove (4.16), we remark that from (4.13) it followsun(x) � Ckunk1 1ÆN�2 if jxj = Æ(4.22)From this we dedu
e thatun(x) � Ckunk1 1ÆN�2 in fjxj > g. \
(4.23)Indeed, if by 
ontradi
tion there exists a point xn 2 fjxj > Æg\
 su
h that un(xn) >Ckunk1 1ÆN�2 , we would get the existen
e of a maximum point for un in fjxj > Æg \ 
.But this is not possible by (4.3) and (4.4) and Gidas-Ni-Nirenberg theorem. Hen
e(4.23) holds and then we get (4.16) and so (4.12).Finally, sin
e un is a solution of (4.2) we getR
 jrunj2� R
 junjpn+1� 2pn+1 = N(N � 2)�Z
 junjpn+1�1� 2pn+1 ! SN as n!1(4.24)and this proves the 
laim.Now we re
all some results due to Han (see [23℄, Theorem 1, Lemma 3 and proposition1).
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 be a smooth bounded domain of RN and un a solution of(4.2). If un satis�es R
 jrunj2� R
 junjpn+1� 2pn+1 ! SN as n!1(4.25)where SN is the best Sobolev 
onstant, then (up to a subsequen
e)�N + 2N � 2 � pn�kunk21 ! 2�2NhN(N � 2)SN iN=2g(x0; x0)(4.26)where g(x; y) is the regular part of the Green's fun
tion G(x; y), i.e.g(x; y) = G(x; y)� 1(N � 2)�N jx� yjN�2(4.27)and �N is the area of the unit sphere in RN and x0 is a 
riti
al point of g. Moreoverun(x) � k kunk1�1 + kunk 4N�21 jx� x0j2�N�22(4.28)and kunk1un(x)! (N � 2)�NG(x; x0)(4.29)in C1(!) for any neighborhood ! of �
 not 
ontaining x0.Finally jrunj2 ! N(N � 2)h SNN(N � 2)iN=2Æx0 in the sense of distributions(4.30)Remark 4.5. If 
 is a smooth, bounded domain satisfying (4.3) and (4.4) it isnot diÆ
ult to dedu
e by Proposition 4.3 that x0 = 0 in Theorem 4.4.At this stage we are in 
ondition to prove Theorem 4.2.Proof of Theorem 4.2.We argue by 
ontradi
tion: let us suppose that there exists a sequen
e pn % N+2N�2and fun
tions un; vn 2 C1(
) whi
h solve (4.2) with p repla
ed by pn.Set ewn(x) = un� xkunk pn�121 �� vn� xkunk pn�121 �; ewn : 
n ! R(4.31)As in Theorem 4.2 we have kunk1 !1 and 
n ! RN . Moreover� �� ewn = 
n(x) ewn in 
wn = 0 in �
:(4.32)



238 M. GROSSIwhere 
n(x) = N(N � 2)pn 1Z0 � tkunk1un� xkunk pn�121 �+ 1� tkunk1 vn� xkunk pn�121 ��pn�1dt(4.33)We have 
n(x)! N(N + 2)(1 + jxj2)2 uniformly on 
ompa
t sets of RN(4.34)So, for x 2 
n, let us de�newn = ewnk ewnk1 ; wn : 
n ! R(4.35)Of 
ourse wn solves 8<: ��wn = 
n(x)wn in 
kwnk1 = 1wn = 0 on �
:(4.36)and wn is a symmetri
 fun
tion.Sin
e wn is bounded, using standard ellipti
 estimates we dedu
e that wn 
onvergesto a symmetri
 fun
tion w uniformly on 
ompa
t set of RN . Moreover w satis�es8<: ��w = N(N + 2) w(1+jxj2)2 in 
kwnk1 = 1kwk1 � 1:(4.37)Now we need the following estimate:Z
n jrwnj2 � C(4.38)In order to prove (4.38) let us multiply (4.36) by wn. Then by Sobolev inequality andfor some 0 < Æ < 4N�2SN� Z
n jwnj2�� 22� � Z
n jrwnj2 = Z
n j
n(x)jw2n � Z
n j
n(x)jw2�Æn(4.39)sin
e kwnk1 = 1. Then using H�older inequality and (4.32)SN� Z
n jwnj2�� 22� � � Z
n jwnj2�� 2�Æ2� � � Z
n 
n(x) 2�2��2+Æ � 2��2+Æ2� �� C� Z
n jwnj2�� 2�Æ2� � Z
n 1(1 + jxj2)(pn�1)N�22 2�2��2+Æ � 2��2+Æ2�(4.40)
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n jwnj2�� Æ2� � � Z
n 1(1 + jxj2)(pn�1)N�22 2�2��2+Æ � 2��2+Æ2� �� � ZRN 1(1 + jxj2)(pn�1)N�22 2�2��2+Æ � 2��2+Æ2� <1(4.41)sin
e 0 < Æ < 4N�2 . So R
n jwnj2� is bounded and then again by (4.36) the 
laimfollows.The stru
ture of the solutions of (4.37) satisfying ((4.38)) was des
ribed in [4℄,where was proved that the following 
ases o

ur:i) w = 0,ii) w = �U�xi ; i = 1; ::; N where U(x) = � 11+jxj2 �N�22 .oriii) w = 1�jxj2(1+jxj2)N=2So we have that w(x) = NPi=1�i xi(1+jxj2)N=2 + � 1�jxj2(1+jxj2)N=2 . It is easily seen that thestudy of w is equivalent to 
onsider i), ii), iii) separately.Now we will prove that in any 
ase a 
ontradi
tion arises.Case i) w = 0From (4.38) it is possible to dedu
e the following 
ru
ial estimates, (see [22℄, Appendix2): jwn(x)j � C(1 + jxj2)N�22 for any x 2 RN(4.42)From (4.42) a 
ontradi
tion follows easily. Indeed sin
e kwnk1 = 1 we 
an assumethat 9xn 2 
n su
h that maxx2
n wn(x) = wn(xn) = 1 and kxnkRN ! 1 be
ausewn ! 0 uniformly on any 
ompa
t set of RN . But this is not possible by (4.42).Case ii) w = �U�xi ; i = 1; ::; NIn this 
ase we have a 
ontradi
tion sin
e w = �U�xi is not a symmetri
 fun
tion, i.e.does not satisfy w(x1; : : : ;�xi�1; xi; xi+1; : : : ; xN ) = w(x) for any x 2 RN .Case iii) w = 1�jxj2(1+jxj2)N=2In what follows we will use Theorem 4.4, where the point x0 = O (see Remark 4.5).First of all we noti
e that, for any neighborhood � of �
 not 
ontaining O it holdsthat kunk21un(x) � vn(x)kun � vnk1 ! �(N + 2)�NG(x; 0) in C1(�)(4.43)where, as in Theorem 4.4, G is the Green fun
tion.Let us prove (4.2). We have���kunk21un(x)� vn(x)kun � vnk1 � = kunk21dn(x)un(x) � vn(x)kun � vnk1(4.44)where dn(x) = N(N � 2)pn 1R0 (tun(x) + (1� t)vn(x))pn�1dt.



240 M. GROSSISo, using (4.28), (4.42) and the dominate 
onvergen
e theorem we obtainkunk21 Z
 dn(x)un(x) � vn(x)kun � vnk1 = kunk2� pn�12 N1 Z
n dn� xkunk pn�121 �wn(x) == kunkpn+1� pn�12 N1 Z
n 
n(x)wn(x)! �(N + 2)�N(4.45)(the last integral 
an easily be 
omputed by re
alling that ��w = 1(1+jxj2)2w).Moreover, again by (4.28), (4.42) and for any x 6= 0kunk21dn(x)un(x)� vn(x)kun � vnk1� C kunk21kunk(pn�1)(N�22 (pn�1)�1)1 wn(kunk pn�121 x)jxj(N�2)(pn�1) �� Ckunk(pn�1)(N�22 pn�1)�21 1jxj(N�2)pn � Cjxj(N�2)pn(4.46)Finally sin
e, in the sense of distributionskunk21 Z
 dn(x)un(x) � vn(x)kun � vnk1 �(x) ! �(N + 2)�NÆ0(4.47)by Lemma 2 of [23℄ we get (4.43).Now let us write down the Pohozaev identity for un and vn (see [31℄)12 Z�
 (x � �)��un�� �2 = � Npn + 1 � N � 22 � Z
 upn+1n(4.48) 12 Z�
 (x � �)��vn�� �2 = � Npn + 1 � N � 22 � Z
 vpn+1n(4.49)By (4.48) and (4.49) we obtain12 Z�
 (x � �) ��� �kunk21un(x) � vn(x)kun � vnk1 � ��� �kunk1(un + vn)� == N+2N�2 � pn2(N � 2)(pn + 1)kunk21 Z
 hn(x)kunk1un(x) � vn(x)kun � vnk1(4.50)with hn(x) = (pn + 1) 1R0 (tun(x) + (1 � t)vn(x))pndx. Then from (4.26), (4.29) and(4.42) we getC Z�
 (x � �)��G(x; 0)�� �2 + o(1) = C Z
 hn(x)kunk1un(x) � vn(x)kun � vnk1 + o(1)



UNIQUENESS RESULTS IN NONLINEAR ELLIPTIC PROBLEMS 241= Ckunk pn�12 N�(pn+1)1 Zkunk pn�121 
 1Z0 � tkunk1un� xkunk pn�121 �+(1� t)kunk1 vn� xkunk pn�121 ��pnwn(x) + o(1)= C ZRN 1� jxj2(1 + jxj2)N+1 + o(1) = C Z 10 1� �2(1 + �2)N+1 �N�1+C Z 11 1� �2(1 + �2)N+1 �N�1 + o(1) = C Z 11 1� 1�2(1 + 1�2 )N+1 1�N+1+C Z 11 1� �2(1 + �2)N+1 �N�1 + o(1) = o(1)(4.51)again by the dominate 
onvergen
e theorem. Finally, sin
e (see [8℄ or [23℄)Z�
 (x � �)��G(x; 0)�� �2 = (2�N)g(0; 0) > 0(4.52)we have a 
ontradi
tion. This proves iii) and hen
e the uniqueness result .5. The Nonradial Setting: The Criti
al Case.. In this se
tion we 
onsideruniqueness and nondegenera
y results for a 
lassi
al ellipti
 equation involving 
riti
alSobolev exponent, namely8<: ��u = N(N � 2)up + "u in 
u > 0 in 
u = 0 on �
(5.1)where p = N+2N�2 : It is well known by the theorem of Brezis and Nirenberg (see [7℄)that if N � 4 and for 0 < " < �1; there exists a solution of (5.1) while, if " = 0 andthe domain is starshaped, the Pohozaev identity shows that there is not any solution.The asymptoti
 behaviour of the solution u" was studied in [33℄ where it was provedthat, for " ! 0, u" 
on
entrates around a 
riti
al point of the Robin fun
tion. Were
all that, if g(x; y) is the regular part of the Greeen fun
tion for the lapla
ian withzero boundary 
ondition, then the Robin fun
tion  (x) is de�ned by (x) = g(x; x):(5.2)Converesely, in [21℄ it is shown that if N � 5; for any nondegenerate 
riti
al pointof the fun
tion  (x) there is only one solution u" of (5.1) with the property that u"
on
entrates at x0. In the next theorem we state a more general uniqueness resultTheorem 5.1. Let 
 be a smooth and bounded domain of RN with N � 5; su
hthat it is symmetri
 with respe
t to the 
oordinate hyperplanes and 
onvex in the xk�dire
tions. Let us suppose that u" and v" are two solutions of (5.1). Then, there exists"0 > 0 su
h that for " < "0; u" = v":(5.3)



242 M. GROSSIMoreover this solution is nondegenerate.Proof. In [9℄ this result was �rstly proved by assuming thatlim"!0 R
 jru"j2dx(R
 ju"jp+1)2=p+1dx = SN ;(5.4)Assumption (5.4) was removed in [12℄. The proof of this results follow the lines of thetheorem of the previous se
tion and so we omit it. We only show the nondegenera
ity.First of all... Let us denote by �2;n the se
ond eigenvalue of the operator �+N(N �2)pnupn�1n . Then �2;n > 0(5.5)Proof. Sin
e the solution of (2.1) is unique for n large, we 
an obtain it as a mountainpass solution of the following fun
tionalF (u) = Z
 jrunj2 � 1pn + 1 Z
 (u+n )pn+1(5.6)Then, by a Hofer's result (see [24℄), we get that �2;n � 0.Now we suppose , by 
ontradi
tion, that �2;n = 0. Again let us setev2;n(x) = 1kunk1 v2;n� xkunk pn�121 � ; ev2;n : 
n ! R(5.7)and w2;n = ev2;nkev2;nk1(5.8)We get that w2;n satis�es� ��w2;n = N(N � 2)pneupn�1n w2;n in 
nw2;n = 0 on �
:(5.9)So wn 
onverges to fun
tion w uniformly on 
ompa
t set of RN , wherei) w = 0,ii) w = �U�xi ; i = 1; ::; N where U(x) = � 11+jxj2 �N�22 ,oriii) w = 1�jxj2(1+jxj2)N=2As in the previous se
tion the study of w 
an be redu
ed to the study of i), ii), iii).Case i) is treated analogously to 
ase i) of Se
tion 3, i.e. using the estimatejwn(x)j � CjxjN�2 for x 2 
n \ fjxj > 1g(5.10)whose proof is the same as that (4.42).Case ii) 
annot o

ur be
ause of Theorem (3.5).In order to avoid 
ase iii) we follow an idea of Zhang (see [38℄). Sin
e v2;n is these
ond eigenfun
tion of the operator � + N(N � 2)pnupn�1n then it has two nodalzones.
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e w2;n ! 1�jxj2(1+jxj2)N=2 uniformly on B(0; 2) we get for n largeand <.1 � w2;n(x) > 0 on jxj = Æ2wn(x) < 0 on jxj = 3Æ2 :(5.11)This implies that 8<: v2;n > 0 on jxj = Æ2kunk pn�121v2;n < 0 on jxj = 3Æ2kunk pn�121(5.12)Hen
e, sin
e v2;n has two nodal zone, �v2;n�� does not 
hange sign on the boundary of
. Finally a 
ontradi
tion follows by the identityZ�
 (x � �)�v2;n�� �un�� = 0(5.13)whi
h 
an be obtained by 
onsidering the fun
tion � = x � run whi
h satis�es��� = N(N � 2)pnupn�1n � + 2upnn(5.14)Then multiplying (4.1) by � and (4.30) by v2;n we obtain (5.13).REFERENCES[1℄ Adimurthi, Yadava S.L., An elementary proof of the uniqueness of positive radial solutionsof a quasilinear Diri
hlet problem, Ar
h. Rat. Me
h. Anal., 126 (1994), pp. 219{229.[2℄ Babin A., Symmetry of instability for s
alar equations in symmetri
 domains, J. Di�. Eqns,123 (1995), pp. 122{152.[3℄ Ben
i V., Cerami G, The e�e
t of the domain topology on the number of positive solutions ofnonlinear ellipti
 problems, Ar
h. Rational Me
h. Anal., 114 (1991), pp. 79{93.[4℄ Bian
hi G., Egnell H., A note on the sobolev inequality, J. Fun
t. Anal, 100 (1991), pp.18{24.[5℄ Beresty
ki H. ,Nirenberg L., On the method of moving planes and the sliding method, Bol.So
. Bras. Mat., 22 (1991), pp. 1{37.[6℄ Beresty
ki H., Nirenberg L., S.N.S. Varadhan, The prin
iple eigenvalues and maximumprin
iple for se
ond order ellopti
 operators in general domains, Comm. Pure. Appl. Math.,47 (1994), pp. 47{92.[7℄ Brezis H., Nirenberg L., Positive solutions of nonlinear ellipti
 equations involving 
riti
alSobolev exponent, Comm. Pure. Appl. Math., 36 (1983), pp. 437{477.[8℄ Brezis H., Peletier L., Asymptoti
s for ellipti
 equations involving 
riti
al growth, PartialDi�erential Equations and Cal
ulus of Variations, vol I, Birkhauser, Boston, (1989), pp.149{192.[9℄ Cerqueti K., A uniqueness result for a semilinear ellipti
 equation involving the 
riti
alSobolev exponent in symmetri
 domains, Asymptoti
 Analysis, to appear.[10℄ Cao D., Noussair E., Yan S., Existen
e and uniqueness results on single-peaked solutions ofa semilinear problem, Ann. Inst. H. Poin
ar�e, 15 (1998), pp. 73{111.[11℄ Caffarelli L., Gidas B., Spru
k J., Asymptoti
 symmetry amd lo
al behaviour of semilinearellipti
 equations with 
riti
al growth, Comm. Pure. Appl. Math., 42 (1989), pp. 271-297.[12℄ Cerqueti K., Grossi M., Lo
al estimates for a semilinear ellipti
 equation with Sobolev 
riti
alexponent and appli
ations to a uniqueness result, Nonlinear Di�. Eqns. Appl., to appear.[13℄ Damas
elli L., Grossi M., Pa
ella F., Qualitative properties of positive solutions of ellipti
equations in symmetri
 domains via the maximum prin
iple, Ann. Ist. H. Poin
ar�e, 16(1999), pp. 631{652.[14℄ Dan
er E.N., On the uniqueness of the positive solution of a singularly perturbed problem,Ro
ky Mountain J. Math, 25 (1995), pp. 957{975.



244 M. GROSSI[15℄ Dan
er E.N., The e�e
t of domain shape on the number of positive solutions of 
ertain non-linear equations, J. Di�. Eqns, 74 (1988), pp. 120{156.[16℄ Ding W.Y., Ni W.M., On the existen
e of positive entire solutions of a semilinear ellipti
equation, Ar
h. Rat. Me
h. Anal., 91 (1986), pp. 283{308.[17℄ Gidas B., Ni W. N., Nirenberg L. , Symmetry and related properties via the maximumprin
iple, Comm. Math. Phys., 68 (1979), pp. 209{243.[18℄ Gidas B., Ni W.M., Nirenberg L., Symmetry of positive solutions of nonlinear ellipti
 equa-tions in RN , Mathemati
al analysis and appli
ations, Part A, Adv. Math. Suppl. Studies,7A, A
ad. Press, New York, 1981.[19℄ Gidas B., Spru
k J., A priori bounds for positive solutions of nonlinear ellipti
 equations,Comm. Part. Di�. Eqns.,6 (1981), pp. 883{901.[20℄ Gilbarg D., Trudinger N., Ellipti
 partial di�erential equations of se
ond order, Berlin Hei-delberg New York, Springer, 1977.[21℄ Glangetas L., Uniqueness of positive solutions of a nonlinear ellipti
 equation involving the
riti
al exponent, Nonlinear Anal., 20 (1993), pp. 571{603.[22℄ Grossi M., A uniqueness result for a semilinear ellipti
 equation in symmetri
 domains, Adv.Di�. Eqns., 5 (2000), no. 1-3, pp. 193{212.[23℄ Han Z.C., Asymptoti
 approa
h to singular solutions for nonlinear ellipti
 equations involving
riti
al Sobolev exponent, Ann. Ist. H. Poin
ar�e, 8 (1991), pp. 159{174.[24℄ Hofer H., A note on the topologi
al degree at a 
riti
al point of mountainpass-type, Pro
.Amer. Mat. So
., 90 (1984), pp. 309{315.[25℄ Kwong M.K., Uniqueness of positive solutions of �u� u+ up = 0 in Rn, Ar
h. Rat. Me
h.Anal., 105 (1989), pp. 243{266.[26℄ Li Y.Y., Pres
ribing s
alar 
urvature on SN and related problems, Part I, J. Di�. Eqns., 120(1995), pp. 319{410.[27℄ C.S. Lin, W.M. Ni, A 
ounterexample to the nodal domain 
inje
ture and a related semilinearequation, Pro
. Amer. Math. So
., 102 (1988), pp. 271{277.[28℄ Ni W.M., Nussbaum R.D., Uniqueness and nonuniqueness for positive radial solutions of��u+ f(r; u) = 0, Comm. Pure Math. Appl., 38 (1985), pp. 67{108.[29℄ Ni W.M., Takagi I., On the shape of least energy solutions to a semilinear Neumann problem,Comm. Pure Math. Appl., 41 (1991), pp. 819{851.[30℄ Ni W.M., Wei J., On the lo
ation and pro�le of spike-layer solutions to singularly perturbedsemilinear Diri
hlet problems, Comm. Pure Math. Appl., 48 (1995), pp. 731{768.[31℄ Pohozaev S., Eigenfun
tion of the equation �u+ f(u) = 0, Soviet. Math. Dokl., 6 (1965), pp.1408{1411.[32℄ Protter M.H., Weinberger H.F.,Maximum prin
iple in di�erential equations, Prenti
e Hall,Englewood Cli�s, New Jersey, (1967).[33℄ Rey O., The role of the Green's fun
tion in a nonlinear ellipti
 equation involving the 
riti
alsobolev exponent, J. Fun
t. Anal., 89 (1990), pp. 1{52.[34℄ Srikanth P.N., Uniqueness of solutions of nonlinear Diri
hlet problems, Di�. and Int. Eqs.,6 (1993), pp. 663{670.[35℄ J. Wei , On the interior spike layer solutions of singularly perturbed semilinear Neumannproblem, Tohoku Math. J., 50 (1998), pp. 159{178.[36℄ J. Wei , On single interior spike solutions of Gierer-Meinhardt system:uniqueness, spe
trumestimates and stability analysis, Euro. Jour. of Appl. Math., 109 (1999), pp. 353{378.[37℄ Zhang L., Uniqueness of positive solutions of �u + u + up = 0 in a ball, Comm. Part. Di�.Eqs, 17 (1992), pp. 1141{1164.[38℄ Zhang L., Uniqueness of positive solutions of �u+up = 0 in a 
onvex domain in R2, Preprint.


