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ON ST ABILITY AND HOPF BIFUR CA TIONS

F OR CHEMOT AXIS SYSTEMS

E. N. D ancer

y

The purp ose of this pap er is to study the stabilit y of p eak solutions (b oundary

or in terior p eaks) for the c hemotaxis system
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where � > 0 ; � > 0 ; 
 is a smo oth b ounded domain in R

N

, j 
 j denotes the measure

of 
 ; p > 1 ; q > 0 ; r > 0 ; s � 0 and w e usually also assume 


0

�

q r

( p � 1)( s + 1)

> 1.

This system is kno wn as the shado w-system of the Gierer-Meinhardt system. The full

Gierer-Meinhardt system is a quite regular p erturbation of this system so it is nearly

alw a ys v ery easy to deduce results for the full system (with a large parameter) from

that of the shado w system. No w, as is w ell kno wn, stationary solutions are determined

b y the equation
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b y the substitution A = �

q

p � 1

u ( x ) pro vided 


0

6= 1. (If 


0

= 1, there is either no

solution or a curv e of solutions, dep ending up on the other parameters). Ho w ev er, the

parab olic system do es not seem to reduce in suc h a simple w a y .

It is easy to see that the eigen v alue problem for the the linearization of (1) at a

solution A = �

q ( p � 1)
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and t = 1 + s � q r = ( p � 1) reduces

to the eigen v alue problem
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If u is an in terior p eak solution of (2), W ei [10] pro v es that the m uc h of the

stabilit y prop erties of the solution of (1), for small � , is determined b y the n um b er of

eigen v alues � with negativ e real part of the problem

(4) � � + � � pw

p � 1

� +

q r

s + 1 � � �

R

R

N

w
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w
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w
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where w is the p ositiv e radial deca ying solution of � � u = u

p

� u on R

N

. More

precisely , if all the non-zero eigen v alues of (4) ha v e negativ e real part, one can pro v e

that the corresp onding solution of (1) is metastable, that is the only eigen v alue of

the linearization of (1) with non-p ositiv e real part are small in � . (In the b oundary

p eak case, the solutions ma y b e stable). This implies that for small � the solutions

are stable for large times. Note that our eigen v alues ha v e opp osite sign to W ei's.

W e pro v e more precise statemen ts relating eigen v alues of (4) to these of (3),

and further analyze (4). In particular, w e sho w that one of the results of W ei [10]

is essen tially b est p ossible (whic h is a little surprising since the pro of in [10] is b y

quadratic forms). W e also use the analysis of (4) to sho w that there can b e a global

generalized Hopf bifurcation of (1) to p erio dic solutions of (1) rather lo calized in

space and time p erio d neither small nor large. Ni, T ak agi and Y anagida [9] pro v ed

a m uc h more restrictiv e result of this t yp e. They also obtain a n um b er of related

stabilit y results on (1) b y di�eren t argumen ts. W e discuss this the relation of their

w ork to ours in more detail later. Note that the results here, [9] and [10] are largely

complemen tary .

In Section 1, w e analyze (4). In Section 2, w e relate (3) to (4) and lo ok at Hopf

bifurcations.

1. Analysis of the limiting equation. W e analyze the problem (4) in the

space L

2

( R

N

) (with domain H

2

( R

N

)). W e �rst sho w the system reduces. W e write

L
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( R
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) is the set of radical L

2

functions on R

N

and W is its orthogonal

complemen t (in L

2

( R

N

)). It is easy to see that L

�

, the left hand side of (4), maps

L
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) \ H
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) \ W in to W . (Remem b er that � � is self adjoin t

and maps L

2
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) \ H
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( R
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) in to L

2
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( R
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). Th us our equation (4) reduces to one on

L

2

r

( R
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) and one on W . W e sometimes write L

2

r

for L

2

r

( R

N

). On W , our equation is

(5) � � � + � � pw

p � 1

� = ��

whic h has zero as an eigen v alue of m ultiplicit y N and all the other eigen v alues (and

other p oin ts of the sp ectrum) are real and p ositiv e. This is w ell kno wn and follo ws for

example from the argumen t on p970 of [2]. Note that the negativ e eigen v alue �

1

of

(5) (considered on L

2

( R

N

) is simple with a radial eigenfunction. The zero eigen v alue

of (5) on W corresp onds to the small eigen v alues whic h are discussed carefully in W ei.
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Th us our problem largely comes do wn to the study of the eigen v alue problem

L

�

� = �� on L

2

r

. Henceforth for this section, w e w ork exclusiv ely on L

2

r

. Note that

this is an ordinary di�eren tial equation rather than a partial di�eren tial equation. W e

alw a ys lo ok at � with � R e� < s + 1. This includes the eigen v alues whic h determine

stabilit y .

Before discussing this in detail, w e lo ok at F redholm prop erties. Consider the map

� � ! pw
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It is easily seen to b e relativ ely compact as a map of H

2

( R

N

) in to L

2

( R

N

). Hence

L

�

� �I is F redholm if and only if � � � (1 � � ) I is F redholm and this is true only if

� < 1 or I m� 6= 0. Th us L

�

� �I is F redholm of index zero if � < 1 or I m� 6= 0 and

is not F redholm otherwise.

Next note that, if � is an eigen v alue of L

�

� = �� on L

2

r

then its geometric

m ultiplicit y on L

2

r

is 1 unless � = �

1

or � is a p ositiv e eigen v alue of L

0

= � � + (1 �

w

p � 1

) I . T o see this, note that if w

1

and w

2

are linearly indep enden t eigenfunctions,

a (p ossibly complex) linear com bination ew m ust satisfy f

1

( ew ) = 0. Th us L

0

ew = � ew

and ew 2 L

2

r

. Hence � is real (b y self-adjoin tness of L

0

) and � = �

1

or zero or is a

p ositiv e eigen v alue of L

0

. W e will sho w � = 0 is imp ossible in a momen t whic h pro v es

our claim.

T o complete the pro of of the claim of the previous paragraph, w e m ust study the

eigen v alue zero on L

2

r

. T o do this, one writes our eigen v alue problem as
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Hence if � is an eigen v alue of (4) on L
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and � is the corresp onding eigenfunction,
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( � ) 6= 0, � is a m ultiple of ( L
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and taking f
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of eac h side w e see that
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Con v ersely , if (8) is satis�ed, it is easy to use (7) to c hec k ( L

0

� �I )

� 1

w

p

is an

eigenfunction corresp onding to � . (8) is v ery useful. Our argumen t also sho ws the

one dimensionalit y claimed earlier.

No w L

0

is in v ertible on L

2

r

and w e easily see as in [10] then L

0

w = � ( p � 1) w

p

that is, ( L

0

)

� 1

( w

p

) = � ( p � 1)

� 1

w . Hence b y (7), the de�nition of f

1

and a simple

calculation, zero is an eigen v alue of (4) if and only if 


0

= 1, that is q r = ( p � 1)( s + 1).

(8) also implies that (4) has no eigen v alues with j � j large and R e� � K . Firstly

note that, suc h � are not in the sp ectrum of L

0

and in fact b y standard resolv en t esti-

mates for self-adjoin t op erators (cp [6], eqn. V.3.16), k ( L

0

� �I )

� 1

k �

1

d ( �; � ( L

0

))

� !

0 as j � j � ! 1 in this region. Since 
 ( � ) � ! 0 as j � j � ! 1 in this region, w e easily

see that left hand side of (8) tends to zero as j � j � ! 1 and hence (8) can not b e

satis�ed. This pro v es our claim. It is easy to c hec k that this estimates holds uniformly

for p; r ; s; � in a compact set. F or real � it is p ossible to use the p ositivit y in the cone
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sense of ( L

0

� �I )

� 1

for � < �

1

, to ensure � is not an eigen v alue of (4) if � is real

and � < �

1

. In fact, since w

p

=2 R ( L

0

� �

1

I ) (where R denotes the range), one can

also easily sho w that �

1

is also nev er an eigen v alue of (4). As w e will see later, (4)

sometimes has complex eigen v alues.

Note that this, the analyticit y of our op erator in � for � R e� < 1 + s , the F redholm

prop ert y for R e� < 1 and a theorem of Gokh b erg and Krein [6, Theorem 3.6 ] imply

that the eigen v alues of (4) in � R e� < 1 + s and R e� < 1 are isolated.

W e need the notion of the m ultiplicit y of an eigen v alue � of (1) with R e� < 1 or

I m� 6= 0 (where (4) is F redholm of index zero). This is de�ned for example in Ize [5].

(Basically in the �nite-dimensional case, the m ultiplicit y of �

0

is de�ned in terms of

the m ultiplicit y of �

0

as a zero of the determinan t, while in the in�nite-dimensional

case, w e �rst do a Liap ouno v-Sc hmitt reduction to �nite-dimensions. Note that while 0

alw a ys has geometric m ultiplicit y in L

2

r

at most 1, it sometimes has higher m ultiplicit y ,

as w e see b elo w.

W e will sometimes mak e use of the follo wing remark. If w e c ho ose a con tin uous

curv e y ( t ) in ( p; q ; r ; s ) space so that there is no eigen v alue � with R e� = 0 for an y

y ( t ), then the sum of the m ultiplicities of the eigen v alues of the negativ e eigen v alues

is indep enden t of t . This uses our earlier b ounds and prop erties of m ultiplicities

under p erturbation (cp. Dancer [3], Lemma 4 and the remark afterw ards). Hence the

stabilit y can only c hange b y an eigen v alue crossing the imaginary axis (as w e v ary

p; q ; r ; s ). Moreo v er it is easy to c hec k that if � is a complex eigen v alue, � is also an

eigen v alue and � and � ha v e the same m ultiplicit y (since the co e�cien ts in (4) are

all real). Hence b y our commen ts on m ultiplicit y ab o v e, w e see that if the sum of the

m ultiplicities of the real negativ e eigen v alues is o dd, this p ersists as w e v ary p; q ; r ; s; �

unless an eigen v alue b ecomes zero (since the sum of m ultiplicities of the eigen v alues

with negativ e real part is alw a ys o dd). This is a v ery useful instabilit y result whic h

w e exploit b elo w. Note that w e only ha v e a zero eigen v alue when 


0

= 1.

T o apply this, w e need to examine the b eha viour of small eigen v alues in L

2

r

as

parameters v ary . W e �rst consider (4) with � = 0. Note that while (1) is not w ell

b eha v ed for � = 0, (4) is w ell b eha v ed. F or � = 0, (4) is a standard eigen v alue problem

and the m ultiplicit y is then the standard algebraic m ultiplicit y .

W e no w partially calculate this when 


0

= 1 (whic h is the necessary and su�cien t

condition for zero to b e an eigen v alue for � = 0). As w e sa w earlier, the k ernel of

L

0

is then spanned b y w . The algebraic m ultiplicit y is 1 if w is not in the range

of L

0

(on L

2

r

). No w, as W ei observ ed L

0

(( p � 1)

� 1

w +

1

2

R

@ w

@ R

) = � w (where R =

j x j ). No w if L

0

z = w , then L

0

z + 
 (0) f

1

( z ) w

p

= w . Since if z is a solution so is

z + B w (since L

0

w = 0). Since f

1

( w ) 6= 0 b y a simple computation, if there is a

solution there is one with f

1

( z ) = 0 and L

0

( z ) = w . Hence b y our commen t ab o v e

z = � (( p � 1)

� 1

w + +

1

2

R

@ w

@ R

). Hence the algebraic m ultiplicit y is at least 2 if and

only if f

1

(( p � 1)

� 1

w + R

@ w

@ R

) = 0. By the de�nition of f

1

and a simple in tegration

b y parts, this b ecomes ( p � 1)

� 1

Z

w

r

�

N

2 r

Z

w

r

= 0, that is N ( p � 1) = 2 r . Hence

w e see that the algebraic m ultiplicit y of zero is 1 if 


0

= 1 and N ( p � 1) 6= 2 r and is

at least 2 if 


0

= 1 and N ( p � 1) = 2 r .

W e do not kno w if an algebraic m ultiplicit y of 3 or more is p ossible. (This reduces
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to discussing when the solution of L

0

z

1

= ( p � 1)

� 1

w +

1

2

R

@ w

@ R

satis�es f

1

( z

1

) = 0.)

Note this is purely a condition on r ; p and N and if it o ccurs it can b e pro v ed that it

only o ccurs for isolated r for �xed N ). W e will pro v e later indirectly that this do es

not o ccur for r close to 2. (In other w ords the algebraic m ultiplicit y is exactly 2 if




0

= 1 ; N ( p � 1) = 2 r and r is close to 2.)

T o pro v e the algebraic m ultiplicit y of zero is indeed 2 for � = 0 ; r close to 2,




0

= 1 ; N ( p � 1) = 2 r , w e need to mak e a bifurcation analysis of the small eigen v alues

of L

0

for � = 0 and � near �

0

. Here � = 
 (0) and �

0

= p � 1. T o do this, w e

need to kno w the k ernel of L

�

0

. No w it is easy to pro v e that L

�

0

= L

0

+ 


0

f

2

( ) w

r � 1

where f

2

( z ) =

Z

R

N

w

p

z =

Z

R

N

w

r

. (Note that L

�

0

is a similar t yp e of op erator to L

0

for di�eren t parameter v alues). W e can argue m uc h as b efore to deduce that the

adjoin t eigenfunction corresp onding to the eigen v alue zero is ^w = ( L

0

)

� 1

( w

r � 1

). W e

examine the bifurcation equation using � =

q r

s + 1

as a parameter. W e pro v e that the

bifurcation equation for small eigen v alues of L

�

� = � on L

2

r

for � = 0 is of the form

(9) k �

m

+ k

1

�

0

+ hot = 0

where k ; k

1

6= 0, the higher order terms hot are terms indep enden t of �

0

and of smaller

order than �

m

or are of o ( �

0

) (and the corresp onding prop erties of the deriv ativ es) and

m is the algebraic m ultiplicit y of zero. Here �

0

= � � �

0

where zero is an eigen v alue

for � = �

0

= p � 1.

Assuming this for a momen t, w e analyze the small eigen v alues. It follo ws easily

from (9) that

�

j � j

1

m

is close to a solution of z

m

+

k

1

k

sq n� = 0 if � 6= 0. By this and

the implicit function theorem, w e see that for small non-zero � there are exactly m

small eigen v alues of L

0

and these are of the form j � j

1

m

�

i

+ o ( j � j

1

m

) where �

i

is a ro ot of

z

m

= � k

1

=k if � > 0 and is a ro ot of z

m

= k

1

=k if � < 0 (for small � ). Note that this

means that, if m > 1, asymptotically the argumen ts of the ro ots are equally spaced

to �rst order. Note that since a complex conjugate of a solution is again a solution,

the real solutions corresp ond to the real �

i

.

Let us no w consider cases. Assume �rst that m = 1, that is the eigen v alue is

simple for � = �

0

. In this case, our analyses sho ws that there is a unique small

eigen v alue for �

0

small, it is alw a ys real and it crosses the imaginary axis as �

0

crosses

zero. Th us stabilit y m ust fail on one side of zero. In particular if there are no

purely imaginary eigen v alue at all for �

0

= 0, the n um b er of real negativ e eigen v alues

m ust c hange for ev en to o dd as �

0

crosses zero. As w e remark ed earlier, this lo cal

instabilit y for �

0

on one side of zero m ust con tin ue rather globally . If the algebraic

m ultiplicit y m is greater than or equal to three, w e see that, if �

0

is non-zero and

small, there m ust alw a ys b e at least one eigen v alue with negativ e real part and there

m ust b e instabilit y . If in addition, m is o dd, w e easily see that the n um b er of small

negativ e real eigen v alues c hanges b y 1 as �

0

crosses zero (as do es the n um b er of small

eigen v alues with negativ e real part). If m is ev en (including m = 2) the n um b er of

small negativ e real eigen v alues still c hanges b y 1 as �

0

crosses zero but the �rst order

terms are insu�cien t to determine the n um b er of small eigen v alues with negativ e real

part for �

0

on one side of zero (b ecause there is a pair of eigen v alues whic h are purely

imaginary to �rst order). Note that this sho ws the delicacy of some of W ei's results.
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Note that our analysis for m > 2 and W ei's stabilit y result for r = 2 sho ws that the

algebraic m ultiplicit y is 2 when p = 1 + 4 = N ; r = 2 and 


0

= 1. By con tin uit y , it is

still true if r is close to 2.

W e need to justify our form for the bifurcation equation. Here, as in [4], it is

con v enien t to c ho ose a complemen t to the k ernel of L

0

carefully resp ecting the Jordan

c hain structure of the eigen v alue zero of the linear op erator L

0

. If one do es this and for

�

0

= 0 uses the argumen t in x 8 of Dancer [4], one �nds that the bifurcation equation

for �

0

= 0 is exactly �

m

. Since our bifurcation equation will b e smo oth in � and �

0

,

it then su�ces to calculate the term linear in �

0

(and indep enden t of � ). T o do this,

w e need to lo ok at the construction of the bifurcation equation a little more closely .

Let P b e a pro jection on to R ( L

0

) and let M b e a complemen t to N ( L

0

) = span f w g .

No w for �

0

near zero and a small eigen v alue � an y eigen v ector m ust b e close to N ( L

0

).

Hence it su�ces to lo ok for solutions w + m where m 2 M and m is small. No w b y

the implicit function theorem, the equation P L ( �

0

; � )( m + w ) = 0 can b e solv ed for m

as a function of � and � ; m = m ( �

0

; � ), and k m k � k ( j �

0

j + j � j ). Here L ( �

0

; � ) = L

�

for

� = �

0

+ �

0

and � = 0. Then the bifurcation equation is

e

f ( L ( �

0

; � )( w + m ( �

0

; � )) = 0

where

e

f spans N ( L

�

0

). If w e note

e

f ( L (0 ; 0)) = 0, w e see that terms linear in �

0

can

only come from

e

f (( L ( �

0

; 0) � L (0 ; 0)) w ). Since

e

f is a m ultiple of L

� 1

0

( w

r � 1

), w e see

that the term linear in �

0

is simply

a � f

1

( w )( w

p

; L

� 1

0

w

r � 1

)

(b y the form ula for L ( �

0

; � )). It is easy to c hec k that f

1

( w ) > 0, since w ( R ) > 0 for all

R � 0. No w, b y self-adjoin tness, ( w

p

; L

� 1

0

w

r � 1

) = ( L

� 1

0

w

p

; w

r � 1

) =

� ( p � 1)

� 1

Z

w

r

6= 0. Here w e ha v e used L

� 1

0

( w

p

) = � ( p � 1)

� 1

w whic h w e noted

earlier. Hence a 6= 0 and w e ha v e pro v ed our claim on the bifurcation equation.

W e no w use our ideas to obtain instabilit y results for � = 0 (and hence b y con tin u-

it y also for small p ositiv e � ). Remem b er if w e can �nd a region T in parameter space

where 0 is nev er an eigen v alue of L

�

for an y p oin t of T , the sum of the m ultiplicities of

the negativ e real eigen v alues is o dd, then L

�

has an eigen v alue with negativ e real part

for ev ery p oin t of T . No w zero is only an eigen v alue if

q r

( s + 1)( p � 1)

= 1 and hence

w e need to lo ok at the t w o comp onen ts of Z = f ( q ; r ; s; p; � ) : q r 6= ( s + 1)( p � 1) g . It is

easily seen that there are only 2 comp onen ts b y lo oking at q has a parameter. (By the

same argumen t, there are only t w o comp onen ts of Z \ f � = 0 g ). W e kno w from W ei's

w ork (or implicitly in [9]), that the comp onen t where 


0

> 1 con tains stable p oin ts

and hence, b y our remarks ab o v e the n um b er of negativ e real eigen v alues is ev en if




0

> 1. By crossing 


0

= 1 at a simple eigen v alue, it follo ws that the n um b er of

negativ e real eigen v alues is o dd if 


0

< 1 and there is alw a ys a negativ e real eigen v alue

if 


0

< 1 and � � 0 (and hence there is instabilit y in this case).

W e no w mak e a more careful analysis of the signs of the co e�cien ts of the crossing

when � = �

0

and � = 0 in the case of m ultiplicit y 1 (and using our earlier bifurcation

argumen ts) to obtain more cases of instabilit y . When � = �

0

, w e can tak e the k ernel

to b e spanned b y w and the adjoin t to b e spanned b y ( L

0

)

� 1

( w

r � 1

). Remem b er that

L

0

is in v ertible on L

2

r

. In this case it is easy to see from our earlier discussion that the

bifurcation equation b ecomes
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�

0

f

1

( w )( w

p

; ( L

0

)

� 1

( w

r � 1

)) � � ( w ; ( L

0

)

� 1

( w

r � 1

) + hot = 0 :

As w e noted earlier,

f

1

( w )( w

p

; ( L

0

)

� 1

( w

r � 1

)) = � f

1

( w )( p � 1)

� 1

( w ; w

r � 1

) < 0

while ( w ; ( L

0

)

� 1

( w

r � 1

)) = (( L

0

)

� 1

( w ) ; w

r � 1

)

= [( p � 1)

� 1

�

1

2

N r

� 1

]( w ; w

r � 1

) :

Hence w e see that the direction the eigen v alue � mo v es across zero as w e increase �

0

across zero dep ends on the sign of N ( p � 1) � 2 r and the eigen v alue decreases (increases)

across zero with increasing � if N ( p � 1) < 2 r ( N ( p � 1) > 2 r ). In particular w e see

that there is a small real negativ e eigen v alue (and hence there is instabilit y) for �

sligh tly larger than ( p � 1) if p > 1 + 2 N

� 1

r . In particular if r = 2, this sho ws w e can

ha v e instabilit y if p > 1 + 4 = N whic h sho ws a result of W ei's in [10] is in a sense b est

p ossible. Note that as w e increase � stabilit y can only b e regained b y the negativ e real

eigen v alues coalescing and then crossing the imaginary axis (necessarily not at zero).

This is not really a lo cal phenomenon. Indeed w e susp ect stabilit y is nev er regained

b y increasing � . By a similar but more complicated calculation it can b e sho wn that

if � > 0, w e ha v e instabilit y for � a little greater than �

0

if

( s + 1)

� 2

q r � � 1 +

1

2

( p � 1) N r

� 1

> 0

and there ma y b e stabilit y if the inequalit y is rev ersed.

W e no w consider the case of large � . W e sho w on L

2

r

that there is one or t w o

negativ e eigen v alues and all the remainder of the sp ectrum lies strictly in the half

plane R e� > 0. Th us there is alw a ys instabilit y . Moreo v er there is one negativ e real

eigen v alue if ( p � 1) 


0

< 1 and t w o if ( p � 1) 


0

> 1. T o pro v e these results, w e will con-

�ne ourselv es to the region R e� �

1

2

�

� 1

whic h ensures that

q r

s + 1 � � �

sta ys b ounded.

No w the eigen v alues are giv en b y the solutions of

q r

s + 1 � � �

f

1

(( L

0

� �I )

� 1

w

p

) = � 1. No w unless � is close to zero

q r

s + 1 � � �

is

small for large � while ( L

0

� �I )

� 1

is uniformly b ounded on R e� �

1

2

�

� 1

except near

�

1

. (By standard resolv en t estimates, ( L

0

� �I )

� 1

is uniformly b ounded on our set

except near �

1

). Hence w e see that, for large � , eigen v alues can only o ccur near �

1

or

zero. Near � = �

1

;

q r

s + 1 � � �

is an analytic function of �

� 1

v anishing when �

� 1

= 0.

Moreo v er �

1

is a simple eigen v alue of L

0

z = �z . Hence b y standard p erturbation

theory (as in [6]), for large � there is unique eigen v alue near �

1

whic h is simple (and

necessarily real).

T o discuss eigen v alues near zero, w e use (8). F or � small, f

1

(( L

0

� �I )

� 1

w

p

) is

near f

1

(( L

0

)

� 1

w

p

) = � ( p � 1)

� 1

b y earlier. Hence

q r

s + 1 � � �

is close to ( p � 1)

� 1

and hence � � is close to e�

0

where
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(10)

q r

s + 1 � e�

0

= ( p � 1)

� 1

:

If w e then use ` = � � as the new v ariable (rather than � ), w e ha v e the equation

q r

s + 1 � `

f

1

( L

0

� `�

� 1

)

� 1

w

p

) = � 1. W e use the implicit function theorem (on C ) to

sho w that this has a unique solution ` near e�

0

for � large. This pro v es our claim. W e

see that this solution is p ositiv e if

q r

s + 1

< ( p � 1)

� 1

and is negativ e if

q r

s + 1

> ( p � 1)

� 1

.

This pro v es our claim.

Next w e see that it is a v ery frequen t o ccurrence that as w e v ary parameters,

w e obtain a curv e on whic h non-real eigen v alues of (4) cross the imaginary axis. W e

c ho ose an example where (4) for � = 0 has no eigen v alues with non p ositiv e real part

and 


0

> 1 and w e then increase � . F or large � there are exactly t w o real negativ e

eigen v alues. Th us b y con tin uit y of eigen v alues, as w e v ary � , eigen v alues m ust cross

the imaginary axis at non-zero p oin ts. By our earlier results this m ust o ccur with �

neither small not large. W e can use an analyticit y argumen t as at the b ottom of p25

of [3] to deduce that when the crossing o ccurs, there is strict crossing of the imaginary

axis. (In particular, there are only eigen v alues in L

2

r

on the imaginary axis for isolated

v alues of � ). W e use this in Section 2 to obtain Hopf t yp e bifurcations. Finally note

that these examples imply that in some cases the eigen v alue of (4) of smallest real

part are complex.

Note that there is a completely analogous theory for (4) on a half space (whic h is

equiv alen t to (4) on R

N

where our space of functions are ev en in one v ariable). The

problem still reduces as b efore and indeed the sp ectrum with � real and � < 0 or

I m� 6= 0 and � R e� < 1 + s is the same as b efore (as is its m ultiplicit y).

Finally , w e w an t to see ho w some of these ideas can b e used to simplify W ei's

calculations. If � = 0 and r = p + 1, our op erator is self-adjoin t (for example, it is

easy to pro v e ( L

0

u; u ) is alw a ys real) and hence the eigen v alues are real. Th us, b y

our earlier remarks it su�ces to lo ok for real eigen v alues of (3) in ( �

1

; 0) with radial

eigenfunctions. W e then need to follo w the argumen t in the four lines follo wing (5.17)

in [10].

In the case where r = 2 and � = 0, W ei's argumen t can b e simpli�ed a little

b ecause w e need only w ork in the space of radial functions and the k ernels are m uc h

smaller whic h simpli�es the argumen ts.

2. Results for the original equation and Hopf bifurcation. The purp ose

of this short section is to pro v e that eigen v alues of the limit equation (4) generate

nearly eigen v alues of (3) and con v ersely . W e also consider Hopf bifurcations. W e

mainly consider the in terior p eak case.

It is con v enien t to consider rather than (3) the rescaled equation

� � h + h � p eu

p � 1

�

h + f

1 ;�

( h ) eu

p

�

= �h(11)

on

e




�

h = 0 on @

e




�

where

e




�

= f �

� 1

( x � x

�

) : x 2 
 g , and where
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f

1 ;�

( h ) =

q r

s + 1 � � �

�

Z

e


 �

eu

r

�

�

� 1

Z

e




�

eu

r � 1

�

h; x

�

is the p eak p oin t of u

�

; eu

�

= u

�

( � ( x �

x

�

)) and w e are w orking on the space L

2

(

e




�

). It is con v enien t to write this equation

in the form

h = R

�

( � )( � p eu

p � 1

�

h + f

1 ;�

( h ) eu

p

�

) � Z

�

( � )( h )

where R

�

( � ) is the in v erse of � � + (1 � � ) I with Neumann b oundary conditions on

e




�

(whic h exists if R e� < 1 or I m� 6= 0). W e then consider the mapping

e

Z

�

( � ) =

i

�

Z

�

( � ) P

�

on L

2

( R

N

) where P

�

is the natural pro jection of L

2

( R

n

) on L

2

(

e




�

) (b y

restriction) and L

�

is the natural inclusion of L

2

(


�

) in to L

2

( R

N

). (In fact L

�

= P

�

�

).

Since eu

�

con v erges to w in L

2

( R

N

) (and L

1

( R

N

) as follo ws easily from the estimates

in [11] and [7]), w e see easily that

e

Z

�

( � ) h � ! Z ( � ) h for eac h h in L

2

( R

N

), if w e

pro v e that k R

�

k are uniformly b ounded (for R e� � 1 � � ) and R

�

( � ) h � ! R ( � ) h in

L

2

( R

N

) for ev ery h 2 C

1

0

( R

n

). Here Z = R ( � )( � pw

p � 1

h + 
 ( � ) f ( h ) w ), where R is

the in v erse of � � + (1 � � ) I on L

2

( R

n

). Remem b er that A

�

h � ! Ah as � � ! 0 for

ev ery h 2 L

2

( R

n

) if k A

�

k are uniformly b ounded and the con v ergence holds for h in

a dense set. (Note that the resolv en t equation for R ( � ) then ensures that the map

� � ! R ( � ) is uniformly con tin uous and th us the � v ariation causes no di�culties).

The uniform estimate for k R

�

( � ) k holds from trivial estimates (and in fact R

�

( � )

are uniformly b ounded as maps from L

2

(


�

) to W

1 ; 2

(


�

)). W e simply m ultiply the

equation for R

�

( h ) b y R

�

( h ) and tak e the real part. By using the w eak form of the

equation for R

�

( � ) h , it is easy to c hec k that R

�

( � ) h con v erges w eakly to R ( � ) h in

L

2

( R

n

) as � tends to zero and hence, b y the Sob olev em b edding theorem there is

strong con v ergence in L

2

on compact sets in R

n

. Hence w e see that it su�ces to pro v e

that

Z

k x k� K

k R

�

( � ) h k

2

� ! 0 as K � ! 1 uniformly in � . Cho ose ` smo oth suc h that

` = 1 if k x k � K and `h = 0. Recall that h has compact supp ort. W e scalar m ultiply

the equation for v

�

= R

�

( � ) h b y `

2

v

�

and tak e the real part. After a simple calculation,

w e �nd that inf f 1 ; R e (1 � � ) gk `v

�

k

2

1 ; 2

�

Z

e




�

j v

�

j

2

jr ` j

2

� K

1

Z

e




�

\ B

k

j v

�

j

2

� K

1

k v

�

k

2

2

where K

1

2

1

= sup jr ` j . Since w e can c ho ose K

1

to b e small if K is large, w e see that

if K is large k `v

�

k

2

is small and our claim follo ws.

W e no w pro v e that

e

Z

�

( � ) are a collectiv e compact set of op erators in the sense

of [1] for � in a suitable set in C . W e �rst pro v e that, if T is b ounded in L

2

(
) and

W is a compact set in C , then

f R

�

( � )( � p eu

p � 1

�

h + f

1 ;�

( h ) eu

p

�

) : 0 < � � �

0

; � 2 W ; x 2 C g

lies in a compact subset of L

2

( R

n

). Our expression splits naturally in to t w o terms.

It su�ces to separately pro v e the compactness for eac h term. W e �rst consider the

second term whic h is the easier. By the prop erties of R

�

( � ) pro v ed a little earlier, it

su�ces to pro v e that f f

1 ;�

( h ) eu

p

�

g lies in a compact set. Since eu

�

(or more strictly i

�

eu

�

)

con v erges to w in L

2

( R

n

) and since k f

1 ;�

k are uniformly b ounded, the result follo ws

easily .

W e no w return to the �rst term. First note that if, m has compact supp ort in

R

n

, then the map h � ! R ( � )( mh ) is compact on L

2

( R

N

). This follo ws b y v ery
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similar argumen ts to those used in our pro of that R

�

( � ) h � ! R ( � ) h as � � ! 0 if

h 2 C

1

0

( R

N

). (In particular, w e use the test function argumen t to pro v e the uniform

(in h ) deca y at in�nit y). Since w e can write m 2 C

0

( R

N

) (that is the con tin uous

functions in R

n

tending uniformly to zero at in�nit y) as m = m

1

+ m

2

where m

1

has compact supp ort and j m

2

j � e � on R

N

, it follo ws easily that the map h � !

R ( � )( mh ) is compact on R

n

if m 2 C

0

( R

N

). Essen tially the same argumen t sho ws

that f R

�

( � )( mh ) : h 2 L

2

( R

N

) ; k h k

2

� 1 ; 0 < � � �

0

g is compact if m 2 C

0

( R

N

).

With these results, it is no w easy to c hec k the compactness of the �rst term. Hence

the collectiv e compactness follo ws.

W e can no w apply Lemma 4 in [4] to pro v e that near eac h eigen v alue of (4) with

R e� < 1, there is least on eigen v alue of (3) for all small � (and in fact the lo cal sum

of m ultiplicities of eigen v alues is preserv ed). (It is p ossible to pro v e a similar result

holds if I m� 6= 0 with a similar pro of ). As noted in [10], the con v erse follo ws easily

b y normalizing eigenfunctions h in L

2

(


�

) to ha v e k h k

1

equal to 1 and then using a

blo w up argumen t where j h j has its maxim um.

Finally using again the estimate that if L is self-adjoin t,

k ( L � B I )

� 1

k �

1

distance ( B ; � ( L ))

it is easy to see our b ounds in Section 1 for

the sp ectrum of (3) in R e� � 1 hold uniformly in � . (W e use the same argumen ts

as w e did to b ound the sp ectrum of (4)). Hence w e ha v e established the follo wing

theorem.

Theorem 1. (i) If � is an eigenvalue of (4) on L

2

r

with R e� < 1 , for al l smal l

� , ther e is an eigenvalue �

�

of (3) ne ar � . Conversely, if �

� ( n )

ar e eigenvalues of (3)

with R e�

� ( n )

� B < 1 for al l n , then a subse quenc e of �

� ( n )

c onver ge to an eigenvalue

of (4) on L

2

r

.

(ii) If B < 1 and (4) on L

2

has no eigenvalue with R e� = B then for smal l � ,

the numb er of eigenvalues with R e� < B c ounting multiplicity is the same for (4) and

(3).

Remarks. It is easy to see that the results holds lo cally uniformly in the param-

eters. W e could pro v e results for curv es of eigen v alues but w e do not meet it. (The

form ulation needs care b ecause eigen v alues ma y split). There is an analogous result

for b oundary p eak solutions where w e replace (4) b y a half space problem with a Neu-

mann b oundary condition (or equiv alen tly to a problem on R

n

but where w e restrict

our functions to ev en in one v ariable). Note that this only a�ects the sp ectrum b y

c hanging the m ultiplicit y of zero. There are similar results for Diric hlet problems with

an in terior p eak (where the pro ofs can b e simpli�ed a bit) or for m ultip eak solutions.

The last result needs considerably more care. F or example, in the case of 2 b oundary

p eaks not close and p eaks b oth near non-degenerate critical p oin ts of the mean cur-

v ature on @ 
, the non-small eigen v alues of (3) with R e� � � (where � is small and

p ositiv e) are close to those of (4) with the same m ultiplicit y or to �

1

(and th us the

solution is unstable). The metho ds can also b e used to study more than 2 p eaks and

cases where some p eaks are b oundary p eaks and some in terior p eaks.

W e no w obtain Hopf bifurcation. W e consider the analytic curv e y ( t ) w e con-

structed at the end of Section 2 so that (4) on L

2

r

has no eigen v alues with non-p ositiv e

real part for t = 0, exactly 2 (b oth real) for t = 1 and no zero eigen v alue for all

t 2 [0 ; 1]. By our last result, if � is small, (3) along the curv e y ( t ) will ha v e 2 negativ e

real eigen v alues whic h are not small for t = 0, no small eigen v alues with non-p ositiv e
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real part for t = 1 and exactly n small eigen v alues for coun ting m ultiplicit y all t whic h

sta y separated from the rest of the sp ectrum. W e no w argue as in Section 1 with

the eigen v alues whic h are not small to sho w that along y ( t ) for �xed small p ositiv e

� there are only non-small purely imaginary eigen v alues for isolated v alues of t and

there is a strict net crossing of the imaginary axis of non-small eigen v alues as w e v ary

t from 0 to 1. W e can then apply global Hopf bifurcations theorems to the non small

purely imaginary eigen v alues of (3) pro vided w e kno w that 0 is not an eigen v alue of

(3). As w e will see in a momen t, this holds in man y cases. Assuming this condition

holds, w e can apply global Hopf bifurcation theorems exactly as on p26 of [3] to ob-

tain a global branc h of p ositiv e p erio dic solutions. They con tin ue to large solutions

or collapse on to another stationary solution or the p erio d of the solutions on the

branc h b ecomes large. Here w e are using � as a parameter. Note that when w e apply

the Hopf bifurcation tec hniques w e only need to lo ok at purely imaginary eigen v alues

whic h are a p ositiv e in teger m ultiple of the giv en one so that small purely imaginary

eigen v alues do not a�ect the argumen t. These p erio dic solutions, when they bifurcate,

bifurcate for � close to a p oin t where (2) has purely imaginary eigen v alues and the

p erio d of the solutions will b e neither small nor large (b ecause it is determined b y the

imaginary part of the non small purely imaginary eigen v alues. Th us our bifurcating

purely p erio dic solutions will b e p eak ed in the space v ariables (with p eak close to that

of the stationary solution) and the time p erio d will b e neither small nor large and

is determined b y (4) at least asymptotically . Note that w e could use more general

analytic curv es (where the other parameters dep end on � ). This is m uc h more general

than the results in [9] b ecause w e pro v e bifurcation to p erio dic solutions m uc h more

generally , our bifurcation is m uc h more global and w e k eep b etter con trol of the so-

lutions. W e susp ect that these solutions are sometimes stable in the b oundary p eak

case and meta stable in the in teior p eak case. (A t a classical Hopf bifurcation p oin t,

this is determined b y the direction of bifurcation).

It remains to c hec k when the in v ertibilit y conditions holds. F or a b oundary p eak

solution, this holds if the solutions p eak close to a non-degenerate critical p oin t of

the mean curv ature on @ 
 and in the in terior p eak case if the p eak is close to a non-

degenerate p eak p oin t in the sense of [10] (cp [10] and [11]). Note that it is m uc h

easier to pro v e that zero is not an eigen v alue than to determine the small eigen v alues.

Note also that W ei's results in [10] and [11] (when com bined with the ideas in the

app endix to [10]) imply that in fact there are no small purely imaginary eigen v alues

when there is non-degeneracy so our bifurcating branc h can not return to where it

bifurcates with solutions of large minimal p erio d.

Note that when these conditions fails, but 
 is symmetric one can sometimes

regain in v ertibilit y b y w orking in a symmetric subspace (as in [2]). F or example,

this metho d can b e used for the domains in [2]. Note also that w e could pro v e Hopf

bifurcation along m uc h more general curv es in parameter space.

In the t w o p eak case men tioned after Theorem 1, it is p ossible to mo dify our

argumen t to pro v e that there is also Hopf bifurcation (at parameters close to the ones

for whic h one p eak Hopf bifurcation o ccurs) and the solutions here ha v e the t w o p eaks

oscillating almost in phase. This can also b e done for more than 2 p eaks.

Our metho ds are quite di�eren t to those of [9] where they instead reduce to a

complicated scalar equation dep ending on � (whic h is similar to (8)). W e obtain a

limiting problem indep enden t of � (whic h already giv es information on the limit of
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quan tities in [9] as � tends to zero), our metho ds seem more 
exible than those in [9]

and sho w that asymptotically the b oundary and in terior p eak solution case ha v e the

same non-small complex eigen v alues. Moreo v er, w e obtain m uc h b etter information on

the solutions when there are Hopf bifurcations and w e pro v e Hopf bifurcations m uc h

more generally (and more globally). Our results are complemen tary to those in [10].
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