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 2001 International PressVol. 8, No. 2, pp. 245{256, June 2001 003ON STABILITY AND HOPF BIFURCATIONSFOR CHEMOTAXIS SYSTEMSE. N. Dan
eryThe purpose of this paper is to study the stability of peak solutions (boundaryor interior peaks) for the 
hemotaxis system�A�t = �2�A�A+ Ap�q in 
� j
jd�dt = �j
j� + ��s Z
 Ardx(1) �A�n = 0 on �
where � > 0; � > 0;
 is a smooth bounded domain in RN , j
j denotes the measureof 
; p > 1; q > 0; r > 0; s � 0 and we usually also assume 
0 � qr(p� 1)(s+ 1) > 1.This system is known as the shadow-system of the Gierer-Meinhardt system. The fullGierer-Meinhardt system is a quite regular perturbation of this system so it is nearlyalways very easy to dedu
e results for the full system (with a large parameter) fromthat of the shadow system. Now, as is well known, stationary solutions are determinedby the equation � �2�u = up � u in 
(2) u > 0 in 
�u�n = 0 on �
by the substitution A = � qp�1u(x) provided 
0 6= 1. (If 
0 = 1, there is either nosolution or a 
urve of solutions, depending upon the other parameters). However, theparaboli
 system does not seem to redu
e in su
h a simple way.It is easy to see that the eigenvalue problem for the the linearization of (1) at asolution A = �q(p�1)u�(x) where �t = j
j�1 Z
 ur and t = 1 + s� qr=(p � 1) redu
esto the eigenvalue problem��2�h+h� pup�1� h+ f̂i;��(h)up� = �h on 
(3) h = 0 on �
where f̂1;�;�(h) = qrs+ 1� �� �Z
 ur���1 Z
 ur�1� h .y S
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246 e. n. dan
erIf u is an interior peak solution of (2), Wei [10℄ proves that the mu
h of thestability properties of the solution of (1), for small �, is determined by the number ofeigenvalues � with negative real part of the problem(4) ��+ �� pwp�1�+ qrs+ 1� �� RRN wr�1�RRN wr wp = ��where w is the positive radial de
aying solution of ��u = up � u on RN . Morepre
isely, if all the non-zero eigenvalues of (4) have negative real part, one 
an provethat the 
orresponding solution of (1) is metastable, that is the only eigenvalue ofthe linearization of (1) with non-positive real part are small in �. (In the boundarypeak 
ase, the solutions may be stable). This implies that for small � the solutionsare stable for large times. Note that our eigenvalues have opposite sign to Wei's.We prove more pre
ise statements relating eigenvalues of (4) to these of (3),and further analyze (4). In parti
ular, we show that one of the results of Wei [10℄is essentially best possible (whi
h is a little surprising sin
e the proof in [10℄ is byquadrati
 forms). We also use the analysis of (4) to show that there 
an be a globalgeneralized Hopf bifur
ation of (1) to periodi
 solutions of (1) rather lo
alized inspa
e and time period neither small nor large. Ni, Takagi and Yanagida [9℄ proveda mu
h more restri
tive result of this type. They also obtain a number of relatedstability results on (1) by di�erent arguments. We dis
uss this the relation of theirwork to ours in more detail later. Note that the results here, [9℄ and [10℄ are largely
omplementary.In Se
tion 1, we analyze (4). In Se
tion 2, we relate (3) to (4) and look at Hopfbifur
ations.1. Analysis of the limiting equation. We analyze the problem (4) in thespa
e L2(RN ) (with domain H2(RN )). We �rst show the system redu
es. We writeL2(RN ) = L2r(RN )�Wwhere L2r(RN ) is the set of radi
al L2 fun
tions on RN and W is its orthogonal
omplement (in L2(RN )). It is easy to see that L�, the left hand side of (4), mapsL2r(RN ) \H2(RN ) into L2r(RN ) and so this spa
e is invariant. On the other hand, if� 2 W; ZRN wr�1� = 0 and hen
e on this subspa
e L�� = ��� + � � pwp�1� andit follows easily L� maps H2(RN ) \W into W . (Remember that �� is self adjointand maps L2r(RN ) \H2(RN ) into L2r(RN ). Thus our equation (4) redu
es to one onL2r(RN ) and one on W . We sometimes write L2r for L2r(RN ). On W , our equation is(5) ���+ �� pwp�1� = ��whi
h has zero as an eigenvalue of multipli
ity N and all the other eigenvalues (andother points of the spe
trum) are real and positive. This is well known and follows forexample from the argument on p970 of [2℄. Note that the negative eigenvalue �1 of(5) (
onsidered on L2(RN ) is simple with a radial eigenfun
tion. The zero eigenvalueof (5) onW 
orresponds to the small eigenvalues whi
h are dis
ussed 
arefully in Wei.
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hemotaxis systems 247Thus our problem largely 
omes down to the study of the eigenvalue problemL�� = �� on L2r. Hen
eforth for this se
tion, we work ex
lusively on L2r. Note thatthis is an ordinary di�erential equation rather than a partial di�erential equation. Wealways look at � with �Re� < s+ 1. This in
ludes the eigenvalues whi
h determinestability.Before dis
ussing this in detail, we look at Fredholm properties. Consider the map� �! pwp�1� + 
1(�)f1(�)wp (where f1(�) = RRn wr�1�RRn wr and 
1(�) = qrs+ 1� �� ).It is easily seen to be relatively 
ompa
t as a map of H2(RN ) into L2(RN ). Hen
eL� � �I is Fredholm if and only if ��� (1� �)I is Fredholm and this is true only if� < 1 or Im� 6= 0. Thus L� � �I is Fredholm of index zero if � < 1 or Im� 6= 0 andis not Fredholm otherwise.Next note that, if � is an eigenvalue of L�� = �� on L2r then its geometri
multipli
ity on L2r is 1 unless � = �1 or � is a positive eigenvalue of L0 = ��+ (1�wp�1)I . To see this, note that if w1 and w2 are linearly independent eigenfun
tions,a (possibly 
omplex) linear 
ombination ew must satisfy f1( ew) = 0. Thus L0 ew = � ewand ew 2 L2r. Hen
e � is real (by self-adjointness of L0) and � = �1 or zero or is apositive eigenvalue of L0. We will show � = 0 is impossible in a moment whi
h provesour 
laim.To 
omplete the proof of the 
laim of the previous paragraph, we must study theeigenvalue zero on L2r. To do this, one writes our eigenvalue problem as(6) (L0 � �I)� = �
1(�)f1(�)wp :Hen
e, if � is not an eigenvalue of L0 on L2r,(7) � = �
1(�)f1(�)(L0 � �I)�1wpHen
e if � is an eigenvalue of (4) on L2r and � is the 
orresponding eigenfun
tion,f1(�) 6= 0, � is a multiple of (L0 � �I)�1wp and taking f1 of ea
h side we see that(8) 
1(�)f1((L0 � �I)�1wp) = �1 :Conversely, if (8) is satis�ed, it is easy to use (7) to 
he
k (L0 � �I)�1wp is aneigenfun
tion 
orresponding to �. (8) is very useful. Our argument also shows theone dimensionality 
laimed earlier.Now L0 is invertible on L2r and we easily see as in [10℄ then L0w = �(p � 1)wpthat is, (L0)�1(wp) = �(p � 1)�1w. Hen
e by (7), the de�nition of f1 and a simple
al
ulation, zero is an eigenvalue of (4) if and only if 
0 = 1, that is qr = (p�1)(s+1).(8) also implies that (4) has no eigenvalues with j�j large and Re� � K. Firstlynote that, su
h � are not in the spe
trum of L0 and in fa
t by standard resolvent esti-mates for self-adjoint operators (
p [6℄, eqn. V.3.16), k(L0��I)�1k � 1d(�; �(L0)) �!0 as j�j �! 1 in this region. Sin
e 
(�) �! 0 as j�j �! 1 in this region, we easilysee that left hand side of (8) tends to zero as j�j �! 1 and hen
e (8) 
an not besatis�ed. This proves our 
laim. It is easy to 
he
k that this estimates holds uniformlyfor p; r; s; � in a 
ompa
t set. For real � it is possible to use the positivity in the 
one
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ersense of (L0 � �I)�1 for � < �1, to ensure � is not an eigenvalue of (4) if � is realand � < �1. In fa
t, sin
e wp =2 R (L0 � �1I) (where R denotes the range), one 
analso easily show that �1 is also never an eigenvalue of (4). As we will see later, (4)sometimes has 
omplex eigenvalues.Note that this, the analyti
ity of our operator in � for �Re� < 1+s, the Fredholmproperty for Re� < 1 and a theorem of Gokhberg and Krein [6, Theorem 3.6 ℄ implythat the eigenvalues of (4) in �Re� < 1 + s and Re� < 1 are isolated.We need the notion of the multipli
ity of an eigenvalue � of (1) with Re� < 1 orIm� 6= 0 (where (4) is Fredholm of index zero). This is de�ned for example in Ize [5℄.(Basi
ally in the �nite-dimensional 
ase, the multipli
ity of �0 is de�ned in terms ofthe multipli
ity of �0 as a zero of the determinant, while in the in�nite-dimensional
ase, we �rst do a Liapounov-S
hmitt redu
tion to �nite-dimensions. Note that while 0always has geometri
 multipli
ity in L2r at most 1, it sometimes has higher multipli
ity,as we see below.We will sometimes make use of the following remark. If we 
hoose a 
ontinuous
urve y(t) in (p; q; r; s) spa
e so that there is no eigenvalue � with Re� = 0 for anyy(t), then the sum of the multipli
ities of the eigenvalues of the negative eigenvaluesis independent of t. This uses our earlier bounds and properties of multipli
itiesunder perturbation (
p. Dan
er [3℄, Lemma 4 and the remark afterwards). Hen
e thestability 
an only 
hange by an eigenvalue 
rossing the imaginary axis (as we varyp; q; r; s). Moreover it is easy to 
he
k that if � is a 
omplex eigenvalue, � is also aneigenvalue and � and � have the same multipli
ity (sin
e the 
oeÆ
ients in (4) areall real). Hen
e by our 
omments on multipli
ity above, we see that if the sum of themultipli
ities of the real negative eigenvalues is odd, this persists as we vary p; q; r; s; �unless an eigenvalue be
omes zero (sin
e the sum of multipli
ities of the eigenvalueswith negative real part is always odd). This is a very useful instability result whi
hwe exploit below. Note that we only have a zero eigenvalue when 
0 = 1.To apply this, we need to examine the behaviour of small eigenvalues in L2r asparameters vary. We �rst 
onsider (4) with � = 0. Note that while (1) is not wellbehaved for � = 0, (4) is well behaved. For � = 0, (4) is a standard eigenvalue problemand the multipli
ity is then the standard algebrai
 multipli
ity.We now partially 
al
ulate this when 
0 = 1 (whi
h is the ne
essary and suÆ
ient
ondition for zero to be an eigenvalue for � = 0). As we saw earlier, the kernel ofL0 is then spanned by w. The algebrai
 multipli
ity is 1 if w is not in the rangeof L0 (on L2r). Now, as Wei observed L0((p � 1)�1w + 12R�w�R ) = �w (where R =jxj). Now if L0z = w, then L0z + 
(0)f1(z)wp = w. Sin
e if z is a solution so isz + Bw (sin
e L0w = 0). Sin
e f1(w) 6= 0 by a simple 
omputation, if there is asolution there is one with f1(z) = 0 and L0(z) = w. Hen
e by our 
omment abovez = �((p � 1)�1w + +12R�w�R ). Hen
e the algebrai
 multipli
ity is at least 2 if andonly if f1((p � 1)�1w + R�w�R ) = 0. By the de�nition of f1 and a simple integrationby parts, this be
omes (p� 1)�1 Z wr � N2r Z wr = 0, that is N(p� 1) = 2r. Hen
ewe see that the algebrai
 multipli
ity of zero is 1 if 
0 = 1 and N(p � 1) 6= 2r and isat least 2 if 
0 = 1 and N(p� 1) = 2r.We do not know if an algebrai
 multipli
ity of 3 or more is possible. (This redu
es
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ussing when the solution of L0z1 = (p � 1)�1w + 12R�w�R satis�es f1(z1) = 0.)Note this is purely a 
ondition on r; p and N and if it o

urs it 
an be proved that itonly o

urs for isolated r for �xed N). We will prove later indire
tly that this doesnot o

ur for r 
lose to 2. (In other words the algebrai
 multipli
ity is exa
tly 2 if
0 = 1; N(p� 1) = 2r and r is 
lose to 2.)To prove the algebrai
 multipli
ity of zero is indeed 2 for � = 0; r 
lose to 2,
0 = 1; N(p� 1) = 2r, we need to make a bifur
ation analysis of the small eigenvaluesof L0 for � = 0 and � near �0. Here � = 
(0) and �0 = p � 1. To do this, weneed to know the kernel of L�0. Now it is easy to prove that L�0 = L0 + 
0f2( )wr�1where f2(z) = ZRN wpz= ZRN wr. (Note that L�0 is a similar type of operator to L0for di�erent parameter values). We 
an argue mu
h as before to dedu
e that theadjoint eigenfun
tion 
orresponding to the eigenvalue zero is ŵ = (L0)�1(wr�1). Weexamine the bifur
ation equation using � = qrs+ 1 as a parameter. We prove that thebifur
ation equation for small eigenvalues of L�� = � on L2r for � = 0 is of the form(9) kÆm + k1�0 + hot = 0where k; k1 6= 0, the higher order terms hot are terms independent of �0 and of smallerorder than Æm or are of o(�0) (and the 
orresponding properties of the derivatives) andm is the algebrai
 multipli
ity of zero. Here �0 = �� �0 where zero is an eigenvaluefor � = �0 = p� 1.Assuming this for a moment, we analyze the small eigenvalues. It follows easilyfrom (9) that Æj�j 1m is 
lose to a solution of zm + k1k sqn� = 0 if � 6= 0. By this andthe impli
it fun
tion theorem, we see that for small non-zero � there are exa
tly msmall eigenvalues of L0 and these are of the form j�j 1m �i+o(j�j 1m ) where �i is a root ofzm = �k1=k if � > 0 and is a root of zm = k1=k if � < 0 (for small �). Note that thismeans that, if m > 1, asymptoti
ally the arguments of the roots are equally spa
edto �rst order. Note that sin
e a 
omplex 
onjugate of a solution is again a solution,the real solutions 
orrespond to the real �i.Let us now 
onsider 
ases. Assume �rst that m = 1, that is the eigenvalue issimple for � = �0. In this 
ase, our analyses shows that there is a unique smalleigenvalue for �0 small, it is always real and it 
rosses the imaginary axis as �0 
rosseszero. Thus stability must fail on one side of zero. In parti
ular if there are nopurely imaginary eigenvalue at all for �0 = 0, the number of real negative eigenvaluesmust 
hange for even to odd as �0 
rosses zero. As we remarked earlier, this lo
alinstability for �0 on one side of zero must 
ontinue rather globally. If the algebrai
multipli
ity m is greater than or equal to three, we see that, if �0 is non-zero andsmall, there must always be at least one eigenvalue with negative real part and theremust be instability. If in addition, m is odd, we easily see that the number of smallnegative real eigenvalues 
hanges by 1 as �0 
rosses zero (as does the number of smalleigenvalues with negative real part). If m is even (in
luding m = 2) the number ofsmall negative real eigenvalues still 
hanges by 1 as �0 
rosses zero but the �rst orderterms are insuÆ
ient to determine the number of small eigenvalues with negative realpart for �0 on one side of zero (be
ause there is a pair of eigenvalues whi
h are purelyimaginary to �rst order). Note that this shows the deli
a
y of some of Wei's results.
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erNote that our analysis for m > 2 and Wei's stability result for r = 2 shows that thealgebrai
 multipli
ity is 2 when p = 1 + 4=N; r = 2 and 
0 = 1. By 
ontinuity, it isstill true if r is 
lose to 2.We need to justify our form for the bifur
ation equation. Here, as in [4℄, it is
onvenient to 
hoose a 
omplement to the kernel of L0 
arefully respe
ting the Jordan
hain stru
ture of the eigenvalue zero of the linear operator L0. If one does this and for�0 = 0 uses the argument in x8 of Dan
er [4℄, one �nds that the bifur
ation equationfor �0 = 0 is exa
tly Æm. Sin
e our bifur
ation equation will be smooth in Æ and �0,it then suÆ
es to 
al
ulate the term linear in �0 (and independent of Æ). To do this,we need to look at the 
onstru
tion of the bifur
ation equation a little more 
losely.Let P be a proje
tion onto R(L0) and let M be a 
omplement to N(L0) = span fwg.Now for �0 near zero and a small eigenvalue Æ any eigenve
tor must be 
lose to N(L0).Hen
e it suÆ
es to look for solutions w +m where m 2 M and m is small. Now bythe impli
it fun
tion theorem, the equation PL(�0; �)(m+w) = 0 
an be solved for mas a fun
tion of � and Æ;m = m(�0; Æ), and kmk � k(j�0j+ jÆj). Here L(�0; Æ) = LÆ for� = �0 + �0 and � = 0. Then the bifur
ation equation is ef(L(�0; Æ)(w +m(�0; Æ)) = 0where ef spans N(L�0). If we note ef(L(0; 0)) = 0, we see that terms linear in �0 
anonly 
ome from ef((L(�0; 0) � L(0; 0))w). Sin
e ef is a multiple of L�10 (wr�1), we seethat the term linear in �0 is simplya � f1(w)(wp; L�10 wr�1)(by the formula for L(�0; Æ)). It is easy to 
he
k that f1(w) > 0, sin
e w(R) > 0 for allR � 0. Now, by self-adjointness, (wp; L�10 wr�1) = (L�10 wp; wr�1) =�(p � 1)�1 Z wr 6= 0. Here we have used L�10 (wp) = �(p � 1)�1w whi
h we notedearlier. Hen
e a 6= 0 and we have proved our 
laim on the bifur
ation equation.We now use our ideas to obtain instability results for � = 0 (and hen
e by 
ontinu-ity also for small positive �). Remember if we 
an �nd a region T in parameter spa
ewhere 0 is never an eigenvalue of L� for any point of T , the sum of the multipli
ities ofthe negative real eigenvalues is odd, then L� has an eigenvalue with negative real partfor every point of T . Now zero is only an eigenvalue if qr(s+ 1)(p� 1) = 1 and hen
ewe need to look at the two 
omponents of Z = f(q; r; s; p; �) : qr 6= (s+1)(p�1)g. It iseasily seen that there are only 2 
omponents by looking at q has a parameter. (By thesame argument, there are only two 
omponents of Z \f� = 0g). We know from Wei'swork (or impli
itly in [9℄), that the 
omponent where 
0 > 1 
ontains stable pointsand hen
e, by our remarks above the number of negative real eigenvalues is even if
0 > 1. By 
rossing 
0 = 1 at a simple eigenvalue, it follows that the number ofnegative real eigenvalues is odd if 
0 < 1 and there is always a negative real eigenvalueif 
0 < 1 and � � 0 (and hen
e there is instability in this 
ase).We now make a more 
areful analysis of the signs of the 
oeÆ
ients of the 
rossingwhen � = �0 and � = 0 in the 
ase of multipli
ity 1 (and using our earlier bifur
ationarguments) to obtain more 
ases of instability. When � = �0, we 
an take the kernelto be spanned by w and the adjoint to be spanned by (L0)�1(wr�1). Remember thatL0 is invertible on L2r. In this 
ase it is easy to see from our earlier dis
ussion that thebifur
ation equation be
omes
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ations for 
hemotaxis systems 251�0f1(w)(wp ; (L0)�1(wr�1))� Æ(w; (L0)�1(wr�1) + hot = 0 :As we noted earlier,f1(w)(wp; (L0)�1(wr�1)) = �f1(w)(p � 1)�1(w;wr�1) < 0while (w; (L0)�1(wr�1)) = ((L0)�1(w); wr�1)= [(p� 1)�1 � 12Nr�1℄(w;wr�1) :Hen
e we see that the dire
tion the eigenvalue Æ moves a
ross zero as we in
rease �0a
ross zero depends on the sign ofN(p�1)�2r and the eigenvalue de
reases (in
reases)a
ross zero with in
reasing � if N(p � 1) < 2r(N(p � 1) > 2r). In parti
ular we seethat there is a small real negative eigenvalue (and hen
e there is instability) for �slightly larger than (p� 1) if p > 1+2N�1r. In parti
ular if r = 2, this shows we 
anhave instability if p > 1 + 4=N whi
h shows a result of Wei's in [10℄ is in a sense bestpossible. Note that as we in
rease � stability 
an only be regained by the negative realeigenvalues 
oales
ing and then 
rossing the imaginary axis (ne
essarily not at zero).This is not really a lo
al phenomenon. Indeed we suspe
t stability is never regainedby in
reasing � . By a similar but more 
ompli
ated 
al
ulation it 
an be shown thatif � > 0, we have instability for � a little greater than �0 if(s+ 1)�2qr� � 1 + 12(p� 1)Nr�1 > 0and there may be stability if the inequality is reversed.We now 
onsider the 
ase of large � . We show on L2r that there is one or twonegative eigenvalues and all the remainder of the spe
trum lies stri
tly in the halfplane Re� > 0. Thus there is always instability. Moreover there is one negative realeigenvalue if (p�1)
0 < 1 and two if (p�1)
0 > 1. To prove these results, we will 
on-�ne ourselves to the region Re� � 12��1 whi
h ensures that qrs+ 1� �� stays bounded.Now the eigenvalues are given by the solutions ofqrs+ 1� ��f1((L0 � �I)�1wp) = �1. Now unless � is 
lose to zero qrs+ 1� �� issmall for large � while (L0��I)�1 is uniformly bounded on Re� � 12��1 ex
ept near�1. (By standard resolvent estimates, (L0 � �I)�1 is uniformly bounded on our setex
ept near �1). Hen
e we see that, for large � , eigenvalues 
an only o

ur near �1 orzero. Near � = �1; qrs+ 1� �� is an analyti
 fun
tion of ��1 vanishing when ��1 = 0.Moreover �1 is a simple eigenvalue of L0z = �z. Hen
e by standard perturbationtheory (as in [6℄), for large � there is unique eigenvalue near �1 whi
h is simple (andne
essarily real).To dis
uss eigenvalues near zero, we use (8). For � small, f1((L0 � �I)�1wp) isnear f1((L0)�1wp) = �(p � 1)�1 by earlier. Hen
e qrs+ 1� �� is 
lose to (p � 1)�1and hen
e �� is 
lose to e�0 where
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er(10) qrs+ 1� e�0 = (p� 1)�1 :If we then use ` = �� as the new variable (rather than �), we have the equationqrs+ 1� `f1(L0 � `��1)�1wp) = �1. We use the impli
it fun
tion theorem (on C ) toshow that this has a unique solution ` near e�0 for � large. This proves our 
laim. Wesee that this solution is positive if qrs+ 1 < (p�1)�1 and is negative if qrs+ 1 > (p�1)�1.This proves our 
laim.Next we see that it is a very frequent o

urren
e that as we vary parameters,we obtain a 
urve on whi
h non-real eigenvalues of (4) 
ross the imaginary axis. We
hoose an example where (4) for � = 0 has no eigenvalues with non positive real partand 
0 > 1 and we then in
rease � . For large � there are exa
tly two real negativeeigenvalues. Thus by 
ontinuity of eigenvalues, as we vary � , eigenvalues must 
rossthe imaginary axis at non-zero points. By our earlier results this must o

ur with �neither small not large. We 
an use an analyti
ity argument as at the bottom of p25of [3℄ to dedu
e that when the 
rossing o

urs, there is stri
t 
rossing of the imaginaryaxis. (In parti
ular, there are only eigenvalues in L2r on the imaginary axis for isolatedvalues of �). We use this in Se
tion 2 to obtain Hopf type bifur
ations. Finally notethat these examples imply that in some 
ases the eigenvalue of (4) of smallest realpart are 
omplex.Note that there is a 
ompletely analogous theory for (4) on a half spa
e (whi
h isequivalent to (4) on RN where our spa
e of fun
tions are even in one variable). Theproblem still redu
es as before and indeed the spe
trum with � real and � < 0 orIm� 6= 0 and �Re� < 1 + s is the same as before (as is its multipli
ity).Finally, we want to see how some of these ideas 
an be used to simplify Wei's
al
ulations. If � = 0 and r = p + 1, our operator is self-adjoint (for example, it iseasy to prove (L0u; u) is always real) and hen
e the eigenvalues are real. Thus, byour earlier remarks it suÆ
es to look for real eigenvalues of (3) in (�1; 0) with radialeigenfun
tions. We then need to follow the argument in the four lines following (5.17)in [10℄.In the 
ase where r = 2 and � = 0, Wei's argument 
an be simpli�ed a littlebe
ause we need only work in the spa
e of radial fun
tions and the kernels are mu
hsmaller whi
h simpli�es the arguments.2. Results for the original equation and Hopf bifur
ation. The purposeof this short se
tion is to prove that eigenvalues of the limit equation (4) generatenearly eigenvalues of (3) and 
onversely. We also 
onsider Hopf bifur
ations. Wemainly 
onsider the interior peak 
ase.It is 
onvenient to 
onsider rather than (3) the res
aled equation��h+ h�peup�1� h+ f1;�(h)eup� = �h(11) on e
�h = 0 on �e
�where e
� = f��1(x� x�) : x 2 
g, and where
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� eur���1 Ze
� eur�1� h; x� is the peak point of u�; eu� = u�(�(x �x�)) and we are working on the spa
e L2(e
�). It is 
onvenient to write this equationin the form h = R�(�)(�peup�1� h+ f1;�(h)eup� ) � Z�(�)(h)where R�(�) is the inverse of ��+ (1 � �)I with Neumann boundary 
onditions one
� (whi
h exists if Re� < 1 or Im� 6= 0). We then 
onsider the mapping eZ�(�) =i�Z�(�)P� on L2(RN ) where P� is the natural proje
tion of L2(Rn) on L2(e
�) (byrestri
tion) and L� is the natural in
lusion of L2(
�) into L2(RN ). (In fa
t L� = P �� ).Sin
e eu� 
onverges to w in L2(RN ) (and L1(RN ) as follows easily from the estimatesin [11℄ and [7℄), we see easily that eZ�(�)h �! Z(�)h for ea
h h in L2(RN ), if weprove that kR�k are uniformly bounded (for Re� � 1� Æ) and R�(�)h �! R(�)h inL2(RN ) for every h 2 C10 (Rn). Here Z = R(�)(�pwp�1h+ 
(�)f(h)w), where R isthe inverse of ��+ (1� �)I on L2(Rn). Remember that A�h �! Ah as � �! 0 forevery h 2 L2(Rn) if kA�k are uniformly bounded and the 
onvergen
e holds for h ina dense set. (Note that the resolvent equation for R(�) then ensures that the map� �! R(�) is uniformly 
ontinuous and thus the � variation 
auses no diÆ
ulties).The uniform estimate for kR�(�)k holds from trivial estimates (and in fa
t R�(�)are uniformly bounded as maps from L2(
�) to W 1;2(
�)). We simply multiply theequation for R�(h) by R�(h) and take the real part. By using the weak form of theequation for R�(�)h, it is easy to 
he
k that R�(�)h 
onverges weakly to R(�)h inL2(Rn) as � tends to zero and hen
e, by the Sobolev embedding theorem there isstrong 
onvergen
e in L2 on 
ompa
t sets in Rn. Hen
e we see that it suÆ
es to provethat Zkxk�K kR�(�)hk2 �! 0 as K �!1 uniformly in �. Choose ` smooth su
h that` = 1 if kxk � K and `h = 0. Re
all that h has 
ompa
t support. We s
alar multiplythe equation for v� = R�(�)h by `2v� and take the real part. After a simple 
al
ulation,we �nd that inf f1; Re(1� �)gk`v�k21;2 � Ze
� jv�j2jr`j2 � K1 Ze
�\Bk jv�j2 � K1kv�k22where K 121 = sup jr`j. Sin
e we 
an 
hoose K1 to be small if K is large, we see thatif K is large k`v�k2 is small and our 
laim follows.We now prove that eZ�(�) are a 
olle
tive 
ompa
t set of operators in the senseof [1℄ for � in a suitable set in C . We �rst prove that, if T is bounded in L2(
) andW is a 
ompa
t set in C , thenfR�(�)(�peup�1� h+ f1;�(h)eup� ) : 0 < � � �0; � 2W;x 2 C glies in a 
ompa
t subset of L2(Rn). Our expression splits naturally into two terms.It suÆ
es to separately prove the 
ompa
tness for ea
h term. We �rst 
onsider these
ond term whi
h is the easier. By the properties of R�(�) proved a little earlier, itsuÆ
es to prove that ff1;�(h)eup�g lies in a 
ompa
t set. Sin
e eu� (or more stri
tly i�eu�)
onverges to w in L2(Rn) and sin
e kf1;�k are uniformly bounded, the result followseasily.We now return to the �rst term. First note that if, m has 
ompa
t support inRn, then the map h �! R(�)(mh) is 
ompa
t on L2(RN ). This follows by very
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ersimilar arguments to those used in our proof that R�(�)h �! R(�)h as � �! 0 ifh 2 C10 (RN ). (In parti
ular, we use the test fun
tion argument to prove the uniform(in h) de
ay at in�nity). Sin
e we 
an write m 2 C0(RN ) (that is the 
ontinuousfun
tions in Rn tending uniformly to zero at in�nity) as m = m1 + m2 where m1has 
ompa
t support and jm2j � e� on RN , it follows easily that the map h �!R(�)(mh) is 
ompa
t on Rn if m 2 C0(RN ). Essentially the same argument showsthat fR�(�)(mh) : h 2 L2(RN ); khk2 � 1; 0 < � � �0g is 
ompa
t if m 2 C0(RN ).With these results, it is now easy to 
he
k the 
ompa
tness of the �rst term. Hen
ethe 
olle
tive 
ompa
tness follows.We 
an now apply Lemma 4 in [4℄ to prove that near ea
h eigenvalue of (4) withRe� < 1, there is least on eigenvalue of (3) for all small � (and in fa
t the lo
al sumof multipli
ities of eigenvalues is preserved). (It is possible to prove a similar resultholds if Im� 6= 0 with a similar proof). As noted in [10℄, the 
onverse follows easilyby normalizing eigenfun
tions h in L2(
�) to have khk1 equal to 1 and then using ablow up argument where jhj has its maximum.Finally using again the estimate that if L is self-adjoint,k(L � BI)�1k � 1distan
e (B; �(L)) it is easy to see our bounds in Se
tion 1 forthe spe
trum of (3) in Re� � 1 hold uniformly in �. (We use the same argumentsas we did to bound the spe
trum of (4)). Hen
e we have established the followingtheorem.Theorem 1. (i) If � is an eigenvalue of (4) on L2r with Re� < 1, for all small�, there is an eigenvalue �� of (3) near �. Conversely, if ��(n) are eigenvalues of (3)with Re��(n) � B < 1 for all n, then a subsequen
e of ��(n) 
onverge to an eigenvalueof (4) on L2r.(ii) If B < 1 and (4) on L2 has no eigenvalue with Re� = B then for small �,the number of eigenvalues with Re� < B 
ounting multipli
ity is the same for (4) and(3). Remarks. It is easy to see that the results holds lo
ally uniformly in the param-eters. We 
ould prove results for 
urves of eigenvalues but we do not meet it. (Theformulation needs 
are be
ause eigenvalues may split). There is an analogous resultfor boundary peak solutions where we repla
e (4) by a half spa
e problem with a Neu-mann boundary 
ondition (or equivalently to a problem on Rn but where we restri
tour fun
tions to even in one variable). Note that this only a�e
ts the spe
trum by
hanging the multipli
ity of zero. There are similar results for Diri
hlet problems withan interior peak (where the proofs 
an be simpli�ed a bit) or for multipeak solutions.The last result needs 
onsiderably more 
are. For example, in the 
ase of 2 boundarypeaks not 
lose and peaks both near non-degenerate 
riti
al points of the mean 
ur-vature on �
, the non-small eigenvalues of (3) with Re� � Æ (where Æ is small andpositive) are 
lose to those of (4) with the same multipli
ity or to �1 (and thus thesolution is unstable). The methods 
an also be used to study more than 2 peaks and
ases where some peaks are boundary peaks and some interior peaks.We now obtain Hopf bifur
ation. We 
onsider the analyti
 
urve y(t) we 
on-stru
ted at the end of Se
tion 2 so that (4) on L2r has no eigenvalues with non-positivereal part for t = 0, exa
tly 2 (both real) for t = 1 and no zero eigenvalue for allt 2 [0; 1℄. By our last result, if � is small, (3) along the 
urve y(t) will have 2 negativereal eigenvalues whi
h are not small for t = 0, no small eigenvalues with non-positive
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tly n small eigenvalues for 
ounting multipli
ity all t whi
hstay separated from the rest of the spe
trum. We now argue as in Se
tion 1 withthe eigenvalues whi
h are not small to show that along y(t) for �xed small positive� there are only non-small purely imaginary eigenvalues for isolated values of t andthere is a stri
t net 
rossing of the imaginary axis of non-small eigenvalues as we varyt from 0 to 1. We 
an then apply global Hopf bifur
ations theorems to the non smallpurely imaginary eigenvalues of (3) provided we know that 0 is not an eigenvalue of(3). As we will see in a moment, this holds in many 
ases. Assuming this 
onditionholds, we 
an apply global Hopf bifur
ation theorems exa
tly as on p26 of [3℄ to ob-tain a global bran
h of positive periodi
 solutions. They 
ontinue to large solutionsor 
ollapse on to another stationary solution or the period of the solutions on thebran
h be
omes large. Here we are using � as a parameter. Note that when we applythe Hopf bifur
ation te
hniques we only need to look at purely imaginary eigenvalueswhi
h are a positive integer multiple of the given one so that small purely imaginaryeigenvalues do not a�e
t the argument. These periodi
 solutions, when they bifur
ate,bifur
ate for � 
lose to a point where (2) has purely imaginary eigenvalues and theperiod of the solutions will be neither small nor large (be
ause it is determined by theimaginary part of the non small purely imaginary eigenvalues. Thus our bifur
atingpurely periodi
 solutions will be peaked in the spa
e variables (with peak 
lose to thatof the stationary solution) and the time period will be neither small nor large andis determined by (4) at least asymptoti
ally. Note that we 
ould use more generalanalyti
 
urves (where the other parameters depend on �). This is mu
h more generalthan the results in [9℄ be
ause we prove bifur
ation to periodi
 solutions mu
h moregenerally, our bifur
ation is mu
h more global and we keep better 
ontrol of the so-lutions. We suspe
t that these solutions are sometimes stable in the boundary peak
ase and meta stable in the inteior peak 
ase. (At a 
lassi
al Hopf bifur
ation point,this is determined by the dire
tion of bifur
ation).It remains to 
he
k when the invertibility 
onditions holds. For a boundary peaksolution, this holds if the solutions peak 
lose to a non-degenerate 
riti
al point ofthe mean 
urvature on �
 and in the interior peak 
ase if the peak is 
lose to a non-degenerate peak point in the sense of [10℄ (
p [10℄ and [11℄). Note that it is mu
heasier to prove that zero is not an eigenvalue than to determine the small eigenvalues.Note also that Wei's results in [10℄ and [11℄ (when 
ombined with the ideas in theappendix to [10℄) imply that in fa
t there are no small purely imaginary eigenvalueswhen there is non-degenera
y so our bifur
ating bran
h 
an not return to where itbifur
ates with solutions of large minimal period.Note that when these 
onditions fails, but 
 is symmetri
 one 
an sometimesregain invertibility by working in a symmetri
 subspa
e (as in [2℄). For example,this method 
an be used for the domains in [2℄. Note also that we 
ould prove Hopfbifur
ation along mu
h more general 
urves in parameter spa
e.In the two peak 
ase mentioned after Theorem 1, it is possible to modify ourargument to prove that there is also Hopf bifur
ation (at parameters 
lose to the onesfor whi
h one peak Hopf bifur
ation o

urs) and the solutions here have the two peaksos
illating almost in phase. This 
an also be done for more than 2 peaks.Our methods are quite di�erent to those of [9℄ where they instead redu
e to a
ompli
ated s
alar equation depending on � (whi
h is similar to (8)). We obtain alimiting problem independent of � (whi
h already gives information on the limit of
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erquantities in [9℄ as � tends to zero), our methods seem more 
exible than those in [9℄and show that asymptoti
ally the boundary and interior peak solution 
ase have thesame non-small 
omplex eigenvalues. Moreover, we obtain mu
h better information onthe solutions when there are Hopf bifur
ations and we prove Hopf bifur
ations mu
hmore generally (and more globally). Our results are 
omplementary to those in [10℄.REFERENCES[1℄ N. Anselone, Colle
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