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 2001 International PressVol. 8, No. 2, pp. 257{278, June 2001 004ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATEJUNCHENG WEI� AND MATTHIAS WINTERyAbstra
t. We study a (N + 1)�hyper
y
li
al rea
tion-di�usion system with nonlinear rate p.It is shown that there exists a 
riti
al threshold N0 su
h that for N � N0 the system is stable whilefor N > N0 it be
omes unstable. It is also shown that for large p, N0 remains a 
onstant: in fa
t forp � p0 � 4:35, N0 = 5 and for p < p0 � 4:35, N0 = 4.1. Introdu
tion. In this paper, we are 
on
erned with the following rea
tion-di�usion system:( �Xi�t = DX �2Xi�x2 � gXXi +MPNj=1 kijXiXnj ; i = 1; 2; : : : ; N; x 2 R;�M�t = DM �2M�x2 + kM � gMM � LMPNi;j=1 kijXiXnj ; x 2 R;(1.1)where Xi denotes the 
on
entration of the polymers, and M is the 
on
entration ofa
tivated monomers. N is the number of di�erent polymer spe
ies. The repli
ationof ea
h polymer Xi is 
atalysed by ea
h Xj at a 
onstant rate kij . Linear (non-
atalyti
) growth terms are negle
ted. The a
tivated monomers are produ
ed at a
onstant rate, kM ; gX and gM are de
ay rate 
onstants. L is the number of monomersin ea
h polymer, and DX and DM are 
onstant di�usion 
oeÆ
ients. The exponentn is a positive number.We assume that the 
oeÆ
ients kij are represented by a hyper
y
li
al N � Nmatrix, (kij) = 0BBBBBB� 0 0 � � � 0 k0k0 0 � � � 0 00 k0 0 � � � 00 0 � � � � � � 00 0 � � � k0 0
1CCCCCCAN�N ; k0 > 0:When n 6= 1, We 
all (1.1) is a hyper
y
le system with nonlinear rate. The reasonis the following: at ea
h Xi, the kineti
 rea
tion rate is given by�i = �gX +M NXj=1 kijXnj :(1.2)When n = 1, we have a linear growth rate for �i and the system is 
alled 
lassi
alhyper
y
le system. When n < 1, the growth rate is sublinear and n > 1 the growthrate is superlinear. Su
h nonlinear rea
tion rates were also introdu
ed and studiedin the one 
omponent 
ase, i.e., N = 1, by many authors, see [18℄, [19℄, [20℄ and thereferen
es therein.The 
lassi
al hyper
y
le system arises as a spatial model 
on
erning the originof life similar to the one introdu
ed by Eigen and S
huster [12℄. A number of RNA-like polymers (\
omponents") 
atalyse the repli
ation of ea
h other in a 
y
li
 way.�Department of Mathemati
s, The Chinese University of Hong Kong, Shatin, Hong Kong(wei�math.
uhk.edu.hk).yMathematis
hes Institut, Universit�at Stuttgart, D-70511 Stuttgart, Germany(winter�mathematik.uni-stuttgart.de). 257



258 J. WEI AND M. WINTERExamples in nature in
lude Krebs and Bethe-Weizs�a
ker 
y
les. Eigen and S
husterargue that the hyper
y
le satis�es important 
riteria of natural sele
tion: 1. Sele
tivestability of ea
h 
omponent due to favorable 
ompetition with error 
opies, 2. Coop-erative behavior of the 
omponents integrated into the hyper
y
le, and 3. Favorable
ompetition of the hyper
y
le unit with other less eÆ
ient systems.Nonlinear rates are interesting to model di�erent 
oupling strength of the various
omponents, where a higher rate n 
orresponds to stronger 
oupling.We 
onsider stationary 
luster-like solutions of (1.1). A 
luster may loosely bede�ned as a region of high 
on
entration PNi=1Xi of the polymers and low 
on
en-tration of the monomer, as monomers are 
onsumed by the repli
ation of polymers.(If the region shrinks to a point, this phenomenon is 
alled point-
ondensation.)Cluster solutions for (1.1) have been studied by numerous authors. For numeri
alaspe
ts of 
lusters, see [3℄, [5℄, [6℄, [7℄ and the referen
es therein. In [35℄, we �rstmade a rigorous study on the existen
e and stability of 
luster solutions of hyper
y
lesystem with linear rate (n = 1) in R2: it was shown that for N � 4, 
luster solutionsare stable while for large N , 
luster solutions be
ome unstable. In [35℄, we analyzedthe 
luster solutions in R1 for n = 1 and we found the exa
t threshold for N . Morepre
ise statements of the results of [35℄ will be stated later.Let us �rst redu
e the system (1.1) to standard form. Dividing by gX and gM ,respe
tively, gives 1gX �tXi = DXgX X 00i �Xi + MgX NXj=1 kijXiXnj ; x 2 R;1gM �tM = DMgM M 00 + kMgM �M � LMgM NXji;=1 kijXiXnj ; x 2 R:Res
aling M = (kM=gM )M̂; Xi = (gM=L)1=(n+1)X̂i, we get1gX �tX̂i = DXgX X̂ 00i � X̂i + 1gX kMgM M̂(gML )n=(n+1) NXj=1 kijX̂iX̂nj ;1gM �tM̂ = DMgM M̂ 00 + 1� M̂ � M̂ NXi;j=1 kijX̂iX̂nj :Res
aling spa
e variables x and time variable t:x =sDMgM x̂; t = 1gM t̂;renaming 
onstants:A = kMgXgM (gML ) nn+1 ; �2 = DXDM gMgX ; � = gXgMand dropping the hats, we �nally arrive at the following standard form( �tXi = �2X 00i �Xi +AMPNi=1 kijXiXnj ; x 2 R;��tM =M 00 + 1�M �MPNi;j=1 kijXiXnj ; x 2 R:(1.3)



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 259We shall study (1.3) on the real line R for � > 0 small. Sin
e existen
e and stabilityof solutions might depend on A we will treat it as a parameter. We look for solutionsof (1.3) whi
h are even:Xi = Xi(jxj) 2 H1(R); i = 1; : : : ; N;1�M(x) = 1�M(jxj) 2 H1(R):The stationary equation 
orresponding to (1.3) be
omes( �2X 00i �Xi +AMPNj=1 kijXiXnj = 0; i = 1; :::; N; 2 R;M 00 + 1�M �MPNi=1;j kijXiXnj = 0; x 2 R:(1.4)We �rst 
onstru
t 
luster solutions to (1.4). To this end, we need to introdu
esome assumptions and notations.Let p = n+ 1 > 1(1.5)and w be the unique solution of the following problem( w00 � w + wp = 0; w > 0 in R;w(0) = maxy2R w(y); w(y)! 0 as jyj ! +1:(1.6)Put L� := N2A1+ 1n k 1n0 � ZR(w(y))n+1dy:(1.7)If lim�!0 L� < L0 := ( 1n+1 ) 1n nn+1 , then the following equation has two solutions:� 1n (1� �) = L�:(1.8)We denote the smaller one by �s, where 0 < �s < 1n+1 and the larger one by �l, where1 > �l > 1n+1 :We now state the existen
e result. In fa
t, this is quite easy. We sear
h forsolutions of the following typeXi = X0; i = 1; : : : ; N:(1.9)Substituting (1.9) into (1.4), we see that (X0;M) satis�es( �2X 000 �X0 +AMk0Xp0 = 0; x 2 R;M 00 + 1�M �Mk0NXp0 = 0; x 2 R:(1.10)Existen
e of solutions to (1.10) 
an be shown as in the 
ase p = 2: the standardGray-S
ott model. Similar to the proof of Theorem 2.1 of [34℄, we 
an obtain thefollowing existen
e theorem:Theorem 1.1.



260 J. WEI AND M. WINTERAssume that � << 1(1.11)and � << L�; lim�!0L� < L0:(1.12)Then problem (1.4) admits two solutions (Xs� ;Ms� ) = (Xs�;1; : : : ; Xs�;N ; Ms� ) and(X l�;M l�) = (X l�;1 : : : ; X l�;N ; M l�) with the following properties:(1) all 
omponents are even fun
tions.(2) Xs�;i = 1AMs� (0)k0) 1n (1 + o(1))w( jxj� ); i = 1; : : : ; N; where w is the unique solu-tion of (1.6).(3) Ms� (x)! 1, M l�(x)! 1 for all x 6= 0 and Ms� (0); M l�(0) satisfyMs� (0) � �s; M l�(0) � �l;0 < Ms� (0) < M l�(0) < 1:(1.13)(4) There exist a > 0; b > 0 su
h that1�Ms� (x) � Ce�ajxj; 1�M l�(x) � Ce�ajxj;Xs�;i(x) � C 1(AMs� (0)k0) 1n e�b jxj� ; X l�;i(x) � C 1(AMl�(0)k0) 1n e�b jxj�(1.14)Finally, if lim�!0 L� > L0 , then there are no single-
luster solutions.We note that existen
e of single-pulse solution has also been studied in [10℄.The main goal of this paper is to study the stability and instability of the 
lustersolution 
onstru
ted in Theorem 1.1. To this end, we �rst linearize the equations (1.4)around (Xs� ;Ms� ) or (X l�;M l�), respe
tively. From now on we omit the supers
ripts sor l where this is possible without 
onfusing the reader. The linearized operator is asfollows:L�0B� ��;i � 1CA = 0BBB� �2�00�;i � ��;i +AM�PNj=1 kij(��;iXn�;j + n��;jX�;iXn�1�;j )+A �PNj=1 kijX�;iXn�;j 00� �  � �  �PNi;j=1 kijX�;iXn�;j�M�PNi;j=1 kij(��;iXn�;j + n��;jX�;iXn�1�;j ) 1CCCA ;(1.15)where i = 1; : : : ; N . The eigenvalue problem be
omesL� ��;i � ! =  ����;i��� � ! ; i = 1; : : : ; N:(1.16)We 
onsider L� in the Sobolev spa
e (H2(R)) 
 H2(R) and equip (H2(R))N �H2(R) with the following normk(X;u)k2(H2(R))N�H2(R) = kX(y)k2(H2(R))N + ku(x)k2H2(R):Certainly 0 is an eigenvalue of L�. The 
riterion for linearized stability of a
luster solution is that the spe
trum �(L�) of L� (ex
ept for 0) lies in a left half plane



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 261f� 2 C : Re (�) < �
0g where 
0 > 0, and that 0 is a simple eigenvalue, where Cdenotes the set of 
omplex numbers.In [36℄, the linear 
ase n = 1 is studied and the following result is proved.Theorem A: Let n = 1. Assume that� << 1; � << L�; lim�!0L� < 14 :(1.17)Let (Xs� ;Ms� ) and (X l�; X l�) be the solutions 
onstru
ted in Theorem 1.1. Thenfor � << 1, we have the following.(1) (stability) Assume that N � 4 and � << 1. Then (Xs� ;Ms� ) is linearly stable.(2) (Instability) Assume that N > 4. Then (Xs� ;Ms� ) is linearly unstable.(3) (Instability) (X l�;M l�) is linearly unstable.A natural question is the following: what is the e�e
t of n on the stability of
luster solutions? What is the relation between n and the 
riti
al threshold? Willlarge n in
rease the 
riti
al threshold? We shall answer these questions aÆrmativelyin this paper and prove the following theorem.Theorem 1.2. Assume that� << 1; � << L�; lim�!0L� < L0:(1.18)Let (Xs� ;Ms� ) and (X l�; X l�) be the solutions 
onstru
ted in Theorem 1.1. LetN0 := ( 4; n � n0 � 3:35;5; n > n0 � 3:35;(1.19)where n0 satis�es(
os 2�5 )(4(n0 + 2) 
os 2�5 + n0 + 4)2((n0 + 2) 
os 2�5 + 2)�(n0 + 2)n20(sin 2�5 )2 = 0:(1.20)Then for � << 1, we have the following.(1) (stability) Assume that N � N0 and � << 1. Then (Xs� ;Ms� ) is linearlystable.(2) (Instability) Assume that N > N0. Then (Xs� ;Ms� ) is linearly unstable.(3) (Instability) (X l�;M l�) is linearly unstable.Remarks: 1. As we see from the theorem, if p in
reases, the 
riti
al threshold 
anonly grow by at most 1. This means that stability is only very marginally in
uen
edby growing intera
tion strength whi
h is a new and surprising fa
t as one would thinkthat stronger intera
tion would improve stability.2. As in [35℄, we may generalize the results in this paper to the 
ase of a gen-eral matrix (kij). We will mention the results in the last se
tion and present someexamples.It is interesting and important to know the exa
t threshold also to verify thevalidity of our model by experiment: It 
an now be studied if the thresholds given bytheory and the one determined by experiments are the same. Furthermore, the agree-ment between theoreti
al values and numeri
ally 
al
ulated ones for related models



262 J. WEI AND M. WINTERplay an important role in �nding whi
h model to 
hoose preferably. (We refer to theworks quoted at the end of the introdu
tion for related numeri
al investigations, inparti
ular to [5℄, where among others multi-
luster states in one spa
e dimension havebeen 
omputed numeri
ally).Let us 
on
lude this introdu
tion by mentioning some related results.In [6℄ the parameter dependen
e of stability of 
lusters and spirals against par-asites (i.e., rival polymers whi
h re
eive 
atalyti
 support from the hyper
y
le butdo not 
ontribute to the 
atalysis of any other polymer) is studied numeri
ally. Aparasite may or may not destroy the hyper
y
le depending on the rate 
onstants. In[7℄ 
lusters (for N = 5) are established numeri
ally for the elementary N -hyper
y
lesystem,In [5℄ for a 
losely related rea
tion-di�usion model the dependen
e of 
luster stateson di�usivities is shown numeri
ally in
luding the 
luster size, their shape, and thedistan
e between di�erent 
lusters.The e�e
t of faulty repli
ation on the hyper
y
le has been studied by an analysisof the geometry of bifur
ations around steady states and numeri
al 
omputations inthe framework of an ODE rea
tion model [1℄.For a 
ellular automata model it was shown numeri
ally that a spiral wave stru
-ture may be stable against parasites [3℄. The 
haoti
 dynami
s for this type of modelhas been investigated numeri
ally in [17℄, [28℄.There are a number of re
ent results on the spe
ial 
aseN = 1; n = 1 of our model,whi
h is then also 
alled Gray-S
ott system [13℄, [14℄. We would like to re
all themhere. In [10℄, by using Mel'nikov method, Doelman, Kaper and Zegeling 
onstru
tedsingle and multiple pulse solutions for (1.1) in the one-dimensional 
ase with DM =1; DX = Æ2 << 1, where Xi = X . In their paper [10℄, it is assumed that kM = gM �Æ2; gX � Æ2�=3; k11 = 1; L = 1, where � 2 [0; 32 ). In this 
ase, they showed thatM = O(Æ�); X = O(Æ��3 ). Later the stability of single and multiple pulse solutions in1-D are obtained in [8℄, [9℄. (The te
hniques are extended to other rea
tion-di�usionequations in [11℄.) Some related results on the existen
e and stability of solutions tothe Gray-S
ott model in 1-D 
an be found in [26℄ and [29℄.In R2 and R3, Muratov and Osipov [21℄ have given some formal asymptoti
analysis on the 
onstru
tion and stability of spiky solution. In [33℄, the system (1.1)for N = 1 is studied on the real axis in the shadow system 
ase, namely, DM >>1; DX << 1 and kM = gM = O(1); gX = O(1); k11 = 1; L = 1. The shadow system
an be redu
ed to a single equation. For spike solutions of single equations and othersystems, we refer to [15℄, [16℄, [27℄, [23℄, [24℄, [25℄, [31℄, [32℄, and the referen
es therein.In the general higher dimensional 
ase rigorous existen
e and stability resultson the Gray-S
ott system have been established in [34℄. The existen
e of one-spikesolutions is proved. Their stability is established and rests upon the derivation andanalysis of a related NLEP (nonlo
al eigenvalue problem).The stru
ture of the paper is as follows:In Se
tion 2, we separate the eigenvalue problem into two 
ases: small eigenvaluesand large eigenvalues. The small eigenvalue is shown to be 0 with dimension 1. The
ase of large eigenvalues is then redu
ed to a system of nonlo
al eigenvalue problems(NLEP).In Se
tion 3, we analyze the system of NLEP and show that it 
an be redu
edto two eigenvalue problem-one is lo
al but with 
omplex 
oeÆ
ients, another one is aNLEP.In Se
tion 4, we study the two eigenvalue problems and thus �nish the proof of



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 263Theorem 1.3.In Se
tion 5, we make we drop the 
ondition that the system is a 
lassi
al hyper-
y
le and make some remarks about the general matrix 
ase.Finally, in Se
tion 6, we dis
uss our results.Throughout this paper, the letter C will always denote various generi
 
onstantswhi
h are independent of �, for � suÆ
iently small. The notation A � B means thatlim�!0 AB = 1 and A = O(B) is de�ned as jAj � CjBj.2. Redu
tion to a system of NLEP. Let (X�;M�) be one of the two solutions
onstru
ted in Se
tion 1. We now study the eigenvalue problem asso
iated with(X�;M�). We assume that � << L�; lim�!0L� < L0:We need to analyze the following eigenvalue problem (letting x = �y)8>>>>>><>>>>>>: �y��;i � ��;i +AM�PNj=1 kij(Xn�;j��;i + n��;jX�;iXn�1�;j )+A �PNj=1 kijX�;iXn�;j = ����;i; y 2 R;�x � �  � �  �PNi;j=1 kijX�;iXn�;j�M�PNi;j=1 kij(Xn�;j��;i + nX�;iXn�1�;j ��;j) = ��� �; x 2 R;�� 2 C:(2.1)We assume that (��;1; :::; ��;N ;  �) 2 (H2(R))N �H2(R).Sin
e X�;i = X0; n = p � 1; kij = k0k̂ij = k0Æi;j+1 modulo N , problem (2.1)be
omes 8>>><>>>: �y��;i � ��;i +Ak0M�Xp�10 k0PNj=1 k̂ij(��;i + n��;j)+Ak0 �Xp0 = ����;i;� � �  � �Nk0 �Xp0�M�k0PNi;j=1 k̂ij(��;i + n��;j)Xp�10 = ��� �:(2.2)Let us �rst formally derive the limiting eigenvalue problems.Sin
e (X0;M�) satis�es (1.10), we haveX0(y) � (AM�(0)k0)� 1p�1w(y) in H1(R)(2.3)and M 1p�1� (0)(1�M�(0)) � L� := Nk02(Ak0) pp�1 � ZR w(y)pdy:(2.4)The eigenvalue problem is 
hanged into8>>><>>>: �y��;i � ��;i +PNj=1 k̂ij(��;i + (p� 1)��;j)wp�1+Ak0(AM�(0)k0)� pp�1 �wp � ����;i;� � �  � �Nk0(AM�(0)k0)� pp�1 �wp�M�k0(AM�(0)k0)�1PNi;j=1 k̂ij(wp�1��;i + (p� 1)wp�1��;j) � ��� �:(2.5)From the equation for  �, we formally have (setting �2 = 1 + ��) �(0) = 12� ZR e��jxj � k0N(AM�(0)k0)� pp�1 �wp



264 J. WEI AND M. WINTER�M�k0(AM�(0)k0)�1 NXi;j=1 k̂ij(wp�1��;i + (p� 1)wp�1��;j)!� 12� �[� �(0)k0N(AM�(0)k0)� pp�1 ZR wp(y) dy�M�(0)k0N(AM�(0)k0)�1 ZR p( NXi=1 ��;i)wp�1 dy℄:By (1.8), we have �(0) � � 1 + 12� k0N(AM�(0)k0)� pp�1 � ZR wp!�1 12�M�(0)k0N(AM�(0)k0)�1�(ZR wp�1p( NXi=1 ��;i))!� �(1 + 1�M�(0)�M�(0) )�1 12�M�(0)k0N(AM�(0)k0)�1�(ZR wp�1p( NXi=1 ��;i))!Substituting this relation into the equation for �i, we obtain the following nonlo
aleigenvalue problem (NLEP):���;i � ��;i + wp�1��;i + (p� 1) NXj=1 k̂ij��;jwp�1(2.6) � p(1�M�(0))�M�(0) + 1�M�(0)wp RR wp�1PNi=1 ��;iN R wp � ����;i:Although we have formally obtained (2.7), however we 
an rigorously prove thefollowing separation of eigenvalues.Theorem 2.1.Let �� be an eigenvalue of (2.2).(1) Suppose that �� ! 0 as �! 0. Then we have �� = 0 if � is small enough and(��;  �) 2 span f(X 0�;M 0�)g:(2) Suppose that �� ! �0 6= 0. Then �0 is an eigenvalue of the following NLEP��i � �i + wp�1�i + (p� 1) NXj=1 k̂ij�jwp�1(2.7) � p(1� �)�0� + 1� �wp RR wp�1PNi=1 �iN R wp = �0�i; i = 1; :::; N



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 265where � = lim�!0M�(0); �0 = p1 + ��0.Proof.(2) follows from asymptoti
 analysis.To prove (1), we 
an pro
eed exa
tly as in Se
tion 6 of [34℄, where stability ofa single 
luster state is studied. Let us denote the linear operator on the left handside of (2.7) as L, where L : (H2(R))N ! (L2(R))N . The key point is to prove thefollowing lemma:Lemma 2.2. (1). Let � be an eigenfun
tion of (2.7) with �0 = 0. Then we have� 2 K0 := span fw0(y)~e0g;where ~e0 = (1; : : : ; 1)� . (This implies that Ker(L) = K0:)(2). The operator L is an invertible operator if restri
ted as followsL : K?;10 ! K?;20 ;where K?;10 = fu 2 (H2(R))N j ZR uw0(y)~e0 = 0g;K?;20 = fu 2 (L2(R))N j ZR uw0(y)~e0 = 0g:The proof of Lemma 2.2 is te
hni
al and is similar to Theorem 4.1 of [36℄.The rest of the proof is exa
tly the same as in Se
tion 6 of [33℄. For the sake oflimited spa
e, we omit the details here.3. Analysis of system of NLEP. In this se
tion we analyze the nonlineareigenvalue problem (NLEP) whi
h we have obtained in Se
tion 2. To this end, weintrodu
e two eigenvalue problems: the �rst is the following eigenvalue problem with
omplex 
oeÆ
ients( ��� �+ wp�1�+ (p� 1)�wp�1� = ��� = �R +p�1�I = ei�; � 2 (��; �℄; � 2 H1(R);(3.1)where w is de�ned by (1.6).The se
ond is a nonlo
al eigenvalue problem (NLEP):��� �+ pwp�1�� p(1� �)�p1 + ��+ 1� � RR wp�1�RR wp wp = ��; � 2 H2(R)(3.2)where 0 < � < 1; � � 0; � 2 C; � = �R + i�I ; �R � 0and we take prin
ipal bran
h for p1 + ��.We show that the study of NLEP (2.7) 
an be redu
ed to the study of (3.1) and(3.2). We say an eigenvalue problem is stable if there exists a 
onstant 
0 > 0 su
hthat all eigenvalues � we have Re(�) < �
0. We say it is unstable if there exists aneigenvalue � with Re(�) > 0.



266 J. WEI AND M. WINTERWe then have the followingLemma 3.1. Suppose that (3.2) with � = lim�!0M�(0) has no Hopf bifur
ation(as given in Lemma 4.6 below). Then (2.7) is stable if and only if both (3.1) (with� = e� 2j�p�1N ; j = 1; :::; N � 1) and (3.2) (with � = lim�!0M�(0)) are stable.Proof.(1) Suppose (3.1) and (3.2) are stable. We now show that (2.7) is stable, too:Asuming that there exists �0 � 0 su
h that (2.7) holds we show that�i = 0; i = 1; : : : ; N:We �rst take 
are of the nonlo
al terms. Adding all equations for i = 1; : : : ; N , weget �( NXi=1 �i)� ( NXi=1 �i) + pwp�1( NXi=1 �i)�p 1� ��� + 1� � RR(PNi=1 �i)wp�1RR wp wp = �0�i:Sin
e (3.2) is stable and we have no Hopf bifur
ation, we haveNXi=1 �i = 0:(3.3)Suppose (3.3) holds so the nonlo
al terms in (NLEP) all vanish. We end up withthe following: ��i � �i + wp�1�i + (p� 1) NXj=1 k̂ij�jwp�1 = �0�i:(3.4)After diagonalizing k̂ij (keeping the notation for �i) we get��i � �i + (1 + (p� 1)e2�ip�1=N )wp�1�i = �0�i;(3.5)Sin
e (3.1) is stable, we have �i = 0. Therefore (2.7) is stable.(2) Suppose (3.2) is unstable. Then there exists an eigenfun
tion �0 6= 0 with aneigenvalue �0 to (3.2) su
h that Re(�0) > 0. Now we take �1 = ::: = �N = �0 in (2.7)and we see that (2.7) also admits the eigenvalue �0. So (2.7) is unstable.On the other hand, suppose (3.2) is not unstable and (3.1) is not stable. Sin
e(3.2) has no Hopf bifur
ations, (3.2) is stable. Then similar to (1), we must haveNXi=1 �i = 0and so all the nonlo
al terms vanish. We are left with the following lo
al eigenvalueproblem ��i � �i + wp�1�i + (p� 1) NXj=1 k̂ijwp�1�j = ��i; NXi=1 �i = 0:(3.6)It is easy to see that (3.6) is not stable be
ause (3.1) is not stable. Lemma 3.1 is thusproved.



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 2674. Study of the two eigenvalue problems. In this se
tion, we study twoeigenvalue problems (3.1) and (3.2) derived from Se
tion 3. The analysis presentedin this se
tion is the key estimate for this paper.To study (3.1) and (3.2), we �rst 
olle
t some important properties asso
iatedwith the fun
tion w. We �rst study some lo
al eigenvalue problems.Lemma 4.1. (1) The linear operator( L0� := �00 � �+ pwp�1�;� 2 H1(R)has the kernel Ker (L0) = span nw0(y)o :(2) The eigenvalue problem (EVP)(EV P ) ( �00 � �+ �wp�1� = 0;� 2 H1(R)admits the following set of eigenvalues�1 = 1; v1 = span fwg;�2 = p; v2 = Ker (L0);�3 > p:(3) If �R > 0, then the following eigenvalue problem( �00 � �+ wp�1�+ �Rwp�1� = ��;�R > 0; � 2 H1(R)admits a positive (prin
ipal) eigenvalue �1 su
h that��1 = inf�2H1(R)nf0g RR(�0)2 + �2 � (1 + �R)wp�1�2RR �2 < 0:(4) Let � (
omplex-valued) satisfy the following eigenvalue problem( �00 � �+ wp�1�+ (p� 1)�wp�1� = ��Re(�) � 0; � 2 H1(R); � 6= 0:Then Re(�) � �
0 < 0:Proof. The proof is similar to Lemma 3.1 of [36℄. We omit the details.We are ready to study the �rst eigenvalue problem (3.1). We 
onsider � as aparameter. By Lemma 4.1 (3) and a perturbation argument, for j�j small, there is



268 J. WEI AND M. WINTERan unstable eigenvalue � for problem (3.1), i.e. � = �R + i�I where �R > 0. On theother hand, by Lemma 4.1 (4), for j�j � �2 , problem (3.1) has only stable eigenvalues,i.e. � = �R + i�I where �R < 0. Now if we vary �, then there must be a point �hsu
h that for � = �h, problem (3.1) has a Hopf bifur
ation, i.e. there is an eigenvalue� = i�I . Let us now 
ompute �h. That isLemma 4.2. Let � (
omplex-valued) satisfy the eigenvalue problem (3.1). Thenthere exists some �h with �h = ar

os�R, where �R is the unique zero with 0 < �R < 1of the following polynomialg(�) := �R(4(p+ 1)�R + p+ 3)2(p+ 1)�R + 2)� (p+ 1)(p� 1)2(1� �2R)(4.1)su
h that (1) If j�j > �h;then Re(�) � �
0 < 0:(2) If j�j < �h;then there exists an eigenvalue � with Re(�) > 0.(3) If j�j = �h, then there exists an eigenvalue � with � = i�I .Proof. We are looking for a Hopf bifur
tion for problem (3.1). Therefore we haveto solve ��� �+ (1 + (p� 1)�)wp�1� = ��(4.2)with � = p�1�I(i.e. the real part �R of � vanishes) and� = �R +p�1�I ; j�j2 = �2R + �2I = 1:Let 
 = p1 + �; � = 1 + (p� 1)�; � = w
F:Then F satis�esF 00 + 2
w0w F 0 + (�� (
 + 2p+ 1
(
 � 1)))wp�1F = 0:(4.3)Next we introdu
e the following new variablez = 12(1� w0w ):(4.4)Then w0w = 1� 2z; wp�1 = 2(p+ 1)z(1� z); dzdx = (p� 1)z(1� z):



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 269This yields the following equation for F as fun
tion of zz(1� z)F 00 + (
� (a+ b+ 1)z)F 0 � abF = 0;(4.5)where a+ b+ 1 = 2 + 4
p� 1 ; ab = 22
(
 � 1)� (�� 
)(p+ 1)(p� 1)2 ; 
 = 1 + 2
p� 1 :(4.6)The solutions to (4.5) are standard hypergeometri
 fun
tions. Now there are twosolutions to (4.5): F (a; b; 
; z); z1�
F (a� 
+ 1; b� 
+ 1; 2� 
; z):Sin
e by our 
onstru
tion, F is regular at z = 0. At z = 1, F (a; b; 
; z) has a singularitylimz!1(1� z)�(
�a�b)F (a; b; 
; z) = �(
)�(a+ b� 
)�(a)�(b)where 
� a� b = � 2
p�1 . Note that sin
e � = p1 + i�I , the real part of 
 is positive.So a solution that is regular at both z = 0 and z = 1 
an only exist if �(x) has a poleat a or b, respe
tively. In other words, a = 0;�1;�2; ::: or b = 0;�1;�2; :::.From (4.6), we 
ompute that a = 2
p� 1 � �or b = 2
p� 1 � �;where � satis�es �2 + �� 2(p+ 1)(p� 1)2 � = 0:(4.7)By symmetry we may assume that a = 2
p�1�� = �l; l � 0 and � = �R+p�1�I .So we to solve the system( �2R + �R � �2I � 2(p+1)(p�1)2 (1 + (p� 1)�R) = 02
p�1 = �� l(4.8)Sin
e we take the prin
ipal bran
h for 
 = p1 + i�I , it follows that� > l:Moreover we have 4(p� 1)2 = (�R � l)2 � �2Iwhi
h implies that �R � l + 2p� 1(4.9)



270 J. WEI AND M. WINTEROn the other hand, we have4(p� 1)2 = (�R � l)2 � �2I = �2R � �2I � 2l�R + l2= �(2l+ 1)�R + l2 + 2(p+ 1)(p� 1)2 (1 + (p� 1)�R):So we obtain �R = 12l + 1(l2 + 2p� 1 + 2(p+ 1)p� 1 �R):By (4.9), we have 12l + 1(l2 + 2p� 1 + 2(p+ 1)p� 1 �R) � l + 2p� 1whi
h is impossible unless l = 0 or l = 1. For l = 1 we just re
over the 
ase l = 0with the eigenfun
tion w0 given by Lemma 4.1 (1). This 
learly does not 
orrespondto Hopf bifur
ation.For Hopf bifur
ation to o

ur we must have a = 0 or b = 0. In this 
ase, we have�R = 2p� 1 + 2(p+ 1)p� 1 �R; �I = 2(p+ 1)(p� 1)(2�R + 1)�I :Substituting this relation into (4.8) we obtain that �R must be a zero of the polynomialg de�ned by (4.1).In summary, Hopf bifur
ation 
an o

ur only at the point �hR su
h that g(�hR) = 0.Sin
e su
h a point is unique, we 
on
lude that for j�j < �h = ar

os�hR, there isunstable eigenvalues and for j�j > �h, all eigenvalues are stable.Let us now analyze the polynomial g(�R) for � = e 2�p�1N . We note that asp! +1, the zeroes of g approa
h the zeroes ofg0(�R) = �2R(4�R + 1)2 � (1� �2R):(4.10)The zero of g0 is approximately 0:3726. Thus as p be
omes large, N
riti
al-the 
riti
althreshold- 
an not ex
eed 6. In fa
t, one 
an 
ompute expli
itly that in the 
asep > n0 + 1, where n0 is given by (1.20), we have g(
os( 2�N )) < 0 for N � 5 andg(
os( 2�N )) > 0 for N � 6. In the 
ase p < n0 + 1, we have g(
os( 2�N ) < 0 for N � 4and g(
os( 2�N )) > 0 for N � 5. That is we have the following 
orollaryCorollary 4.3. For N � N0, the problem (3.1) is stable, while for N > N0,problem (3.1) is unstable, whereN0 = ( 4 if p � p0;5 if p � p0and p0 � 4:35.We next study the NLEP (3.2). We �rst re
all the following lemma



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 271Lemma 4.4. [37℄ Consider the following eigenvalue problem��� �+ pwp�1�� 
(p� 1)RR wp�1�RR wp w2 = ��; � 2 H2(R):(4.11)Then if 
 � p, we have Re(�) < �
1 < 0 for some 
1 > 0.From Lemma (4.4), it follows immediately we have the followingLemma 4.5. Consider the eigenvalue problem (3.2).(1) If � << 1 and 0 < � < 1p . Let �0 6= 0 be an eigenvalue of (3.2). Then wehave Re(�0) � �
1 for some 
1 > 0.(2) Suppose that 1p < � < 1, then problem (3.2) admits a real eigenvalue �0 with�0 � 
2 > 0 for some 
2 > 0.Proof.(1). When � = 0, we havep(1� �)�p1 + �� + 1� � = p(1� �) > p� 1if 0 < � < 1p . By Lemma 4.4, we must have that �R < �
1 < 0. The 
ase � << 1follows from a perturbation argument.(2). Assume that 1p < � < 1. By Lemma 4.1 (3), L0 has a positive eigenvalue�1 > 0. Consider the following fun
tionh(�) = ZR((L0 � �)�1wp�1)wp�1:It is easy to see thath0(�) = ZR((L0 � �)�2wp�1)wp�1 = ZR[(L0 � �)�1wp�1℄2 > 0and lim�!�1 h(�) = +1:Next we 
onsider the fun
tion�(�) = �p1 + �� + 1� �p(1� �) � 1� (ZR wp)�1�h(�):(4.12)Note that �(0) = 1p(1� �) � 1 > 0sin
e 1p < � < 1. On the other hand,lim�!�1� �(�) = �1:Hen
e there must exist an �0 2 (0; �1) su
h that �(�0) = 0.It is easy to see that this �0 > 0 is an eigenvalue of (3.2).



272 J. WEI AND M. WINTERIn the general 
ase � > 0; 0 < � < 1p , there are no analyti
 results for problem(3.2). Fortunately, we 
an use hypergeometri
 fun
tions and generalized hypergeo-metri
 fun
tions to redu
e problem (3.2) to a 
omputable problem. Su
h an idea hasalready been used in [8℄. However, here we propose a di�erent transformation so thatthe eigenvalue problem be
omes 
omputable more easily. We re
all that by Lemma4.3 (2) for � = 0, all eigenvalues are stable. So if we vary � , either we obtain stabilityor Hopf bifur
ation. All we need is to 
ompute when Hopf bifur
ation o

urs.Let us �rst introdu
e the so-
alled generalized Gauss fun
tion. Let a1; a2; :::; aAand b1; b2; :::; bB be two sequen
es of numbers. Consider the following series1 + a1a2:::aAb1b2:::bB z1! + (a1 + 1)(a2 + 1):::(aA + 1)(b1 + 1)(b2 + 1):::(bB + 1) z22! + :::(4.13) � AFB8><>: a1; a2; :::; aA ;zb1; b2; :::; bB ; 9>=>;AFB is 
alled generalized Gauss fun
tion or generalized hypergeometri
 fun
tion.Now we have the following lemma. The proof is similar to Lemma 3.4 of [36℄. Sowe omit the details.Lemma 4.6. Let � = p�1�I be an eigenvalue of problem (3.2). Then � is asolution of the following algebrai
 equation(3p� 1)(p2 � 1� �)p(p2 � 1) �p1 + ��+ 1� �p(1� �)= 4F38><>: 1; 12 ; 2pp�1 ; rp�1 + 1 ;1p�p1+�p�1 + 1; p+p1+�p�1 + 1; rp�1 + 32 ; 9>=>;(4.14)By Lemma (4.6), problem (3.2) 
an be solved by using Mathemati
a. We will notprodu
e any numeri
al results here. The readers 
an refer to [8℄ for some numeri
alresults.5. General Matrix Case. Theorems 1.1 and 1.3 
an be extended to moregeneral matri
es (kij).Let us 
onsider system (1.3):( �tXi = �2X 00i �Xi +AMPNi=1 kijXiXnj ; x 2 R;��tM =M 00 + 1�M �MPNi;j= kijXiXnj ; x 2 R;(5.1)where (kij) is a general matrix. To ensure existen
e, we put the following symmetri

ondition NXi=1 kij = NXj=1 kij = k0:(5.2)



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 273Then Theorem 1.1 holds true without any 
hange.The main problem is the stability. To this end, we need to put an extra assumption(H1) [1 + spe
(B)℄ \ spe
(EVP) = fpg;(5.3)where B = (k̂ij) and the EVP is de�ned in Lemma 4.1.The following is our main result on stability.Theorem 5.1. Assume that� << 1; � << L�; lim�!0L� < L0;(5.4)and that assumption (H1) holds. Let (Xs� ;Ms� ) and (X l�; X l�) be the solutions given inTheorem 1.1.Let � = �R+p�1�I be an eigenvalue of (k̂ij) and let the polynomial g be de�nedas in (4.1).Then for � << 1, we have the following.(1) (stability) Suppose that � << 1. Assume that � = 1 is a simple eigenvalueand that for all � with �R > 0 , we have g(�) < 0. Then (Xs� ;Ms� ) is linearly stable.(2) (Instability) Assume that either � = 1 is not simple or there exists � 6= 1 with�R > 0 su
h that g(�) > 0. Then (Xs� ;Ms� ) is linearly unstable.(3) (Instability) (X l�;M l�) is linearly unstable.The proof of Theorem 5.1 is the same as that of Theorem 1.2. We omit thedetails. Note that the analysis in Se
tions 2 - 4 deals with general matri
es k̂ij and isnot restri
ted to merely the hyper
y
le 
ase k̂ij = Æi;j+1 modulo N . Let us now applyTheorem 5.1 to some interesting examples.Our �rst example is the following 
y
li
al bi-diagonal matrix(kij) = k00BBBBBB� 1� � � 0 ::: 00 1� � � ::: 00 0 1� � ::: 0::: ::: ::: ::: �� 0 ::: 0 1� �
1CCCCCCAN�N ; k0 > 0:(5.5)It is easy to 
al
ulate that the eigenvalues are � = 1��(1�e2�jp�1=N ); j = 1; : : : ; Nand are all simple.We substitute � into the polynomial and 
ompute the 
riti
al threshold N
riti
al.It turns out that N
riti
al depends on both � and p: N
riti
al will in
rease of theorder � as � in
reases but N
riti
al in
reases only slowly in p. In fa
t, let us �x � and
onsider the 
ase p! +1. Then as p! +1, the zeroes of f approa
h the zeroes ofthe polynomial g0(�) := �2R(4�R + 1)2 � �2Iwhi
h was de�ned in (4.10) above. Substituting �R = 1� � + � 
os(�); �I = � sin(�)into (4.10), we obtain the following�(�; �) = (1� �+ � 
os(�))2(5� 4�+ 4 
os(�))2 � �2(1� 
os2(�)) = 0:(5.6)



274 J. WEI AND M. WINTERNote that for � large and �� = O(1) � � 5�whi
h by � = 2�=N0 implies that N0 � 2�5 �:On the other hand for p = 2 we get under the same assumptionsN0 � 2�p317p5 :In both 
ases the 
riti
al threshold N0 grows linearly in alpha but it is bigger bythe fa
tor 17p15 � 4:39 in the �rst 
ase. Thus in this 
ase large p 
hanges quantitativebut not the qualitative behavior of N0. This shows a more striking 
hange of behaviorthan in the hyper
y
le 
ase.Our se
ond example is a system with (N � 1) intera
tions.(kij) = k00BBBBBB� 0 1 1 ::: 11 0 1 ::: 11 1 0 ::: 1::: ::: ::: ::: 11 1 ::: 1 0
1CCCCCCAN�N ; k0 > 0:(5.7)The eigenvalues of (k̂ij) are � = 1 (whi
h is simple) and � = 0. The small 
lusterstate is stable for all N independent of the rate p.From all the previous examples, we see as a general trend that if the system isnot too mu
h dominated by diagonal terms we have stability. Otherwise, a parasiteemerges. This means that 
ooperative behavior in 
ontrast with self-enhan
ement isneeded to stabilize the 
luster.For large p stability in in
reased somewhat. We point to the se
ond examplewhere the stability threshold N0 for large � grows linearly in � and large p 
animprove N0 by a 
onstant of about 4.39. In the 
ase � > 1 (whi
h means that thediagonal be
omes negative and the o�-diagonal elements are positive and bigger thanthe diagonal), this des
ribes self-inhibition 
oupled with 
ooperative enhan
ement andleads to parti
ularly good stability.Furthermore, the se
ond and the third example indi
ate that 
oupling betweenmore and more di�erent 
omponents Xi also improves stability. Note that in the lastexample the system 
an be arbitrarily large.6. Dis
ussion. We have studied a general system of N +1 equations with non-linear rate n des
ribing the intera
tion of N polymer spe
ies whi
h 
atalyse ea
hother in a hyper
y
li
 way and are all 
omposed of the same type of monomer. In thespe
ial 
ase N = 1; n = 1 the system redu
es to the well-known Gray-S
ott system.We study the 
ase of single-
luster solutions in the whole 1-D spa
e. These arein some sense the simplest 
on
entrated solutions in 1-D. This 
ase appears to berelevant if the early bio
hemi
al rea
tions take pla
e in very thin lines for example onthe edges of ro
ks.
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e proof we provide the �rst rigorous results on stability for
luster states of a hyper
y
li
 system with nonlinear rate. Namely, we establish theexa
t threshold between stability and instability in terms of the system size and thenonlinear rate n. It is shown that as n � 3:35; the stability regimes extends exa
tly inthe range N = 1; 2; 3; 4. If n > 3:35; the stability regime extends to N = 1; 2; 3; 4; 5.This shows that the maximum 
riti
al threshold for hyper
y
le system with nonlinearrate is 5. This result might be important for making predi
tions about the out
omeof experiments in biologi
al appli
ations and also for the testing of the validity of themodels used. Furthermore, now a 
omparison of this theoreti
al result with numeri
al
omputations be
omes possible.We have also studied rea
tion-di�usion systems with nonlinear rate and general
onne
tion matrix (kij). There we have observed that the nonlinear rate 
an helpin
rease the 
riti
al threshold N
riti
al when there is large self-inhibition (Example 1,Se
tion 5). We show that large self-inhibition and to some lesser extent large n 
anhelp stabilize large rea
tion system.So how 
an very large systems be stabilized?One possibility is to in
rease self-inhibition and the nonlinear rate, as in Example1, Se
tion 5.Another possibility whi
h is frequently observed in nature is by the formation of ablo
k-diagonal stru
ture. Then, sin
e the spe
tra of di�erent blo
ks are independent,they 
an for example be 
hosen as small hyper
y
les whi
h are stable up to size 5.On the other hand, by assembling a large number of blo
ks the system 
an be
omearbitrarily large and still be stable.In fa
t, it is mu
h simpler to 
reate systems whi
h display blo
k-diagonal stru
-ture with only a few intera
tions than systems with many 
omponents 
atalysingea
h other. Therefore blo
k-diagonal stru
tures are frequently observed and are veryimportant for natural phenomena.Finally, let us re
all attention to the point made in the introdu
tion numeri
ally itis known that parasites may destroy stable 
luster states. Our results 
omplement thepi
ture by the rigorously proved fa
t that even pure 
luster states may turn unstableif they be
ome two large. This implies that the hyper
y
le although it has some verypreferable properties (see the beginning of the introdu
tion) on the other hand it hasan inherent instability behavior whi
h may be an obstru
tion to the evolution of largebiologi
al systems.A
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