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ON A HYPER CYCLE SYSTEM WITH NONLINEAR RA TE

JUNCHENG WEI

�

AND MA TTHIAS WINTER

y

Abstract. W e study a ( N + 1) � h yp ercyclical reaction-di�usion system with nonlinear rate p .

It is sho wn that there exists a critical threshold N

0

suc h that for N � N

0

the system is stable while

for N > N

0

it b ecomes unstable. It is also sho wn that for large p , N

0

remains a constan t: in fact for

p � p

0

� 4 : 35, N

0

= 5 and for p < p

0

� 4 : 35, N

0

= 4.

1. In tro duction. In this pap er, w e are concerned with the follo wing reaction-

di�usion system:
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(1.1)

where X

i

denotes the concen tration of the p olymers, and M is the concen tration of

activ ated monomers. N is the n um b er of di�eren t p olymer sp ecies. The replication

of eac h p olymer X

i

is catalysed b y eac h X

j

at a constan t rate k

ij

. Linear (non-

catalytic) gro wth terms are neglected. The activ ated monomers are pro duced at a

constan t rate, k

M

; g

X

and g

M

are deca y rate constan ts. L is the n um b er of monomers

in eac h p olymer, and D

X

and D

M

are constan t di�usion co e�cien ts. The exp onen t

n is a p ositiv e n um b er.

W e assume that the co e�cien ts k

ij

are represen ted b y a h yp ercyclical N � N

matrix,
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When n 6= 1, W e call (1.1) is a h yp ercycle system with nonlinear rate. The reason

is the follo wing: at eac h X

i

, the kinetic reaction rate is giv en b y

�

i

= � g

X

+ M

N

X

j =1

k

ij

X

n

j

:(1.2)

When n = 1, w e ha v e a linear gro wth rate for �

i

and the system is called classical

h yp ercycle system. When n < 1, the gro wth rate is sublinear and n > 1 the gro wth

rate is sup erlinear. Suc h nonlinear reaction rates w ere also in tro duced and studied

in the one comp onen t case, i.e., N = 1, b y man y authors, see [18], [19 ], [20 ] and the

references therein.

The classical h yp ercycle system arises as a spatial mo del concerning the origin

of life similar to the one in tro duced b y Eigen and Sc h uster [12 ]. A n um b er of RNA-

lik e p olymers (\comp onen ts") catalyse the replication of eac h other in a cyclic w a y .
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Examples in nature include Krebs and Bethe-W eizs• ac k er cycles. Eigen and Sc h uster

argue that the h yp ercycle satis�es imp ortan t criteria of natural selection: 1. Selectiv e

stabilit y of eac h comp onen t due to fa v orable comp etition with error copies, 2. Co op-

erativ e b eha vior of the comp onen ts in tegrated in to the h yp ercycle, and 3. F a v orable

comp etition of the h yp ercycle unit with other less e�cien t systems.

Nonlinear rates are in teresting to mo del di�eren t coupling strength of the v arious

comp onen ts, where a higher rate n corresp onds to stronger coupling.

W e consider stationary cluster-like solutions of (1.1). A cluster ma y lo osely b e

de�ned as a region of high concen tration

P

N

i =1

X

i

of the p olymers and lo w concen-

tration of the monomer, as monomers are consumed b y the replication of p olymers.

(If the region shrinks to a p oin t, this phenomenon is called p oin t-condensation.)

Cluster solutions for (1.1) ha v e b een studied b y n umerous authors. F or n umerical

asp ects of clusters, see [3 ], [5 ], [6], [7] and the references therein. In [35 ], w e �rst

made a rigorous study on the existence and stabilit y of cluster solutions of h yp ercycle

system with linear rate ( n = 1) in R

2

: it w as sho wn that for N � 4, cluster solutions

are stable while for large N , cluster solutions b ecome unstable. In [35 ], w e analyzed

the cluster solutions in R

1

for n = 1 and w e found the exact threshold for N . More

precise statemen ts of the results of [35 ] will b e stated later.

Let us �rst reduce the system (1.1) to standard form. Dividing b y g
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Rescaling space v ariables x and time v ariable t :

x =

s

D

M

g

M

^x ; t =

1

g

M

^

t;

renaming constan ts:
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k

M

g

X

g

M

(

g

M
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)

n
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=

D
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g
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g
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g
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and dropping the hats, w e �nally arriv e at the follo wing standard form
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(1.3)
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W e shall study (1.3) on the real line R for � > 0 small. Since existence and stabilit y

of solutions migh t dep end on A w e will treat it as a parameter. W e lo ok for solutions

of (1.3) whic h are ev en:

X

i

= X

i

( j x j ) 2 H

1

( R ) ; i = 1 ; : : : ; N ;

1 � M ( x ) = 1 � M ( j x j ) 2 H

1

( R ) :

The stationary equation corresp onding to (1.3) b ecomes
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(1.4)

W e �rst construct cluster solutions to (1.4). T o this end, w e need to in tro duce

some assumptions and notations.

Let

p = n + 1 > 1(1.5)

and w b e the unique solution of the follo wing problem

(

w

00

� w + w

p

= 0 ; w > 0 in R ;

w (0) = max

y 2 R

w ( y ) ; w ( y ) ! 0 as j y j ! + 1 :

(1.6)

Put

L

�
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N

2 A

1+

1

n

k

1

n

0

�

Z

R

( w ( y ))

n +1

dy :(1.7)

If lim

� ! 0

L

�

< L

0

:= (

1

n +1

)

1

n

n

n +1

, then the follo wing equation has t w o solutions:

�

1

n

(1 � � ) = L

�

:(1.8)

W e denote the smaller one b y �

s

, where 0 < �

s

<

1

n +1

and the larger one b y �

l

, where

1 > �

l

>

1

n +1

:

W e no w state the existence result. In fact, this is quite easy . W e searc h for

solutions of the follo wing t yp e

X

i

= X

0

; i = 1 ; : : : ; N :(1.9)

Substituting (1.9) in to (1.4), w e see that ( X

0

; M ) satis�es

(
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= 0 ; x 2 R ;

M
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p

0

= 0 ; x 2 R :

(1.10)

Existence of solutions to (1.10) can b e sho wn as in the case p = 2: the standard

Gra y-Scott mo del. Similar to the pro of of Theorem 2.1 of [34 ], w e can obtain the

follo wing existence theorem:

Theorem 1.1.
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Assume that

� << 1(1.11)

and

� << L

�

; lim

� ! 0

L

�

< L

0

:(1.12)

Then pr oblem (1.4) admits two solutions ( X

s

�

; M

s

�

) = ( X

s

�; 1

; : : : ; X

s

�;N

; M

s

�

) and

( X

l

�
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l

�

) = ( X

l

�; 1

: : : ; X

l

�;N

; M

l

�

) with the fol lowing pr op erties:

(1) al l c omp onents ar e even functions.

(2) X
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�;i

=

1
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0

)

1
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�

) ; i = 1 ; : : : ; N ; wher e w is the unique solu-

tion of (1.6).
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�
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l

�
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�
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l

�
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�
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;
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�
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�
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(4) Ther e exist a > 0 ; b > 0 such that
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Final ly, if lim

� ! 0

L

�

> L

0

, then ther e ar e no single-cluster solutions.

W e note that existence of single-pulse solution has also b een studied in [10 ].

The main goal of this pap er is to study the stabilit y and instabilit y of the cluster

solution constructed in Theorem 1.1. T o this end, w e �rst linearize the equations (1.4)

around ( X

s

�

; M

s

�

) or ( X

l

�

; M

l

�

), resp ectiv ely . F rom no w on w e omit the sup erscripts s

or l where this is p ossible without confusing the reader. The linearized op erator is as

follo ws:
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where i = 1 ; : : : ; N . The eigen v alue problem b ecomes
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W e consider L

�

in the Sob olev space ( H

2

( R )) 
 H

2

( R ) and equip ( H

2

( R ))

N

�

H

2

( R ) with the follo wing norm

k ( X ; u ) k
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2
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:

Certainly 0 is an eigen v alue of L

�

. The criterion for linearized stabilit y of a

cluster solution is that the sp ectrum � ( L

�

) of L

�

(except for 0) lies in a left half plane
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f � 2 C : Re ( � ) < � c

0

g where c

0

> 0, and that 0 is a simple eigen v alue, where C

denotes the set of complex n um b ers.

In [36 ], the linear case n = 1 is studied and the follo wing result is pro v ed.

Theorem A: L et n = 1 . Assume that

� << 1 ; � << L

�

; lim

� ! 0

L

�

<

1

4

:(1.17)

L et ( X

s

�

; M

s

�

) and ( X

l

�

; X

l

�

) b e the solutions c onstructe d in The or em 1.1. Then

for � << 1 , we have the fol lowing.

(1) (stability) Assume that N � 4 and � << 1 . Then ( X

s

�

; M

s

�

) is line arly stable.

(2) (Instability) Assume that N > 4 . Then ( X

s

�

; M

s

�

) is line arly unstable.

(3) (Instability) ( X

l

�

; M

l

�

) is line arly unstable.

A natural question is the follo wing: what is the e�ect of n on the stabilit y of

cluster solutions? What is the relation b et w een n and the critical threshold? Will

large n increase the critical threshold? W e shall answ er these questions a�rmativ ely

in this pap er and pro v e the follo wing theorem.

Theorem 1.2. Assume that

� << 1 ; � << L

�

; lim

� ! 0

L

�

< L

0

:(1.18)

L et ( X

s

�

; M

s

�

) and ( X

l

�

; X

l

�

) b e the solutions c onstructe d in The or em 1.1. L et

N

0

:=

(

4 ; n � n

0

� 3 : 35 ;

5 ; n > n

0

� 3 : 35 ;

(1.19)

wher e n

0

satis�es
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2 �

5

)(4( n

0

+ 2) cos

2 �

5

+ n

0

+ 4)

2

(( n

0

+ 2) cos

2 �

5

+ 2)

� ( n

0

+ 2) n

2

0

(sin

2 �

5

)

2

= 0 :(1.20)

Then for � << 1 , we have the fol lowing.

(1) (stability) Assume that N � N

0

and � << 1 . Then ( X

s

�

; M

s

�

) is line arly

stable.

(2) (Instability) Assume that N > N

0

. Then ( X

s

�

; M

s

�

) is line arly unstable.

(3) (Instability) ( X

l

�

; M

l

�

) is line arly unstable.

Remarks: 1. As w e see from the theorem, if p increases, the critical threshold can

only gro w b y at most 1. This means that stabilit y is only v ery marginally in
uenced

b y gro wing in teraction strength whic h is a new and surprising fact as one w ould think

that stronger in teraction w ould impro v e stabilit y .

2. As in [35 ], w e ma y generalize the results in this pap er to the case of a gen-

eral matrix ( k

ij

). W e will men tion the results in the last section and presen t some

examples.

It is in teresting and imp ortan t to kno w the exact threshold also to v erify the

v alidit y of our mo del b y exp erimen t: It can no w b e studied if the thresholds giv en b y

theory and the one determined b y exp erimen ts are the same. F urthermore, the agree-

men t b et w een theoretical v alues and n umerically calculated ones for related mo dels
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pla y an imp ortan t role in �nding whic h mo del to c ho ose preferably . (W e refer to the

w orks quoted at the end of the in tro duction for related n umerical in v estigations, in

particular to [5], where among others m ulti-cluster states in one space dimension ha v e

b een computed n umerically).

Let us conclude this in tro duction b y men tioning some related results.

In [6] the parameter dep endence of stabilit y of clusters and spirals against par-

asites (i.e., riv al p olymers whic h receiv e catalytic supp ort from the h yp ercycle but

do not con tribute to the catalysis of an y other p olymer) is studied n umerically . A

parasite ma y or ma y not destro y the h yp ercycle dep ending on the rate constan ts. In

[7] clusters (for N = 5) are established n umerically for the elemen tary N -h yp ercycle

system,

In [5] for a closely related reaction-di�usion mo del the dep endence of cluster states

on di�usivities is sho wn n umerically including the cluster size, their shap e, and the

distance b et w een di�eren t clusters.

The e�ect of fault y replication on the h yp ercycle has b een studied b y an analysis

of the geometry of bifurcations around steady states and n umerical computations in

the framew ork of an ODE reaction mo del [1 ].

F or a cellular automata mo del it w as sho wn n umerically that a spiral w a v e struc-

ture ma y b e stable against parasites [3 ]. The c haotic dynamics for this t yp e of mo del

has b een in v estigated n umerically in [17 ], [28 ].

There are a n um b er of recen t results on the sp ecial case N = 1 ; n = 1 of our mo del,

whic h is then also called Gra y-Scott system [13 ], [14 ]. W e w ould lik e to recall them

here. In [10 ], b y using Mel'nik o v metho d, Do elman, Kap er and Zegeling constructed

single and m ultiple pulse solutions for (1.1) in the one-dimensional case with D

M

=

1 ; D

X

= �

2

<< 1, where X

i

= X . In their pap er [10 ], it is assumed that k

M

= g

M

�

�

2

; g

X

� �

2 �= 3

; k

11

= 1 ; L = 1, where � 2 [0 ;

3

2

). In this case, they sho w ed that

M = O ( �

�

) ; X = O ( �

�

�

3

). Later the stabilit y of single and m ultiple pulse solutions in

1-D are obtained in [8], [9]. (The tec hniques are extended to other reaction-di�usion

equations in [11 ].) Some related results on the existence and stabilit y of solutions to

the Gra y-Scott mo del in 1-D can b e found in [26 ] and [29 ].

In R

2

and R

3

, Murato v and Osip o v [21 ] ha v e giv en some formal asymptotic

analysis on the construction and stabilit y of spiky solution. In [33 ], the system (1.1)

for N = 1 is studied on the real axis in the shado w system case, namely , D

M

>>

1 ; D

X

<< 1 and k

M

= g

M

= O (1) ; g

X

= O (1) ; k

11

= 1 ; L = 1. The shado w system

can b e reduced to a single equation. F or spik e solutions of single equations and other

systems, w e refer to [15 ], [16 ], [27 ], [23 ], [24 ], [25 ], [31 ], [32], and the references therein.

In the general higher dimensional case rigorous existence and stabilit y results

on the Gra y-Scott system ha v e b een established in [34 ]. The existence of one-spik e

solutions is pro v ed. Their stabilit y is established and rests up on the deriv ation and

analysis of a related NLEP (nonlo cal eigen v alue problem).

The structure of the pap er is as follo ws:

In Section 2, w e separate the eigen v alue problem in to t w o cases: small eigen v alues

and large eigen v alues. The small eigen v alue is sho wn to b e 0 with dimension 1. The

case of large eigen v alues is then reduced to a system of nonlo cal eigen v alue problems

(NLEP).

In Section 3, w e analyze the system of NLEP and sho w that it can b e reduced

to t w o eigen v alue problem-one is lo cal but with complex co e�cien ts, another one is a

NLEP .

In Section 4, w e study the t w o eigen v alue problems and th us �nish the pro of of



ON A HYPER CYCLE SYSTEM WITH NONLINEAR RA TE 263

Theorem 1.3.

In Section 5, w e mak e w e drop the condition that the system is a classical h yp er-

cycle and mak e some remarks ab out the general matrix case.

Finally , in Section 6, w e discuss our results.

Throughout this pap er, the letter C will alw a ys denote v arious generic constan ts

whic h are indep enden t of � , for � su�cien tly small. The notation A � B means that

lim

� ! 0

A

B

= 1 and A = O ( B ) is de�ned as j A j � C j B j .

2. Reduction to a system of NLEP . Let ( X

�

; M

�

) b e one of the t w o solutions

constructed in Section 1. W e no w study the eigen v alue problem asso ciated with

( X

�

; M

�

). W e assume that

� << L

�

; lim

� ! 0

L

�

< L

0

:

W e need to analyze the follo wing eigen v alue problem (letting x = �y )

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

�

y

�

�;i

� �

�;i

+ AM

�

P

N

j =1

k

ij

( X

n

�;j

�

�;i

+ n�

�;j

X

�;i

X

n � 1

�;j

)

+ A 

�

P

N

j =1

k

ij

X

�;i

X

n

�;j

= �

�

�

�;i

; y 2 R ;

�

x

 

�

�  

�

�  

�

P

N

i;j =1

k

ij

X

�;i

X

n

�;j

� M

�

P

N

i;j =1

k

ij

( X

n

�;j

�

�;i

+ nX

�;i

X

n � 1

�;j

�

�;j

) = � �

�

 

�

; x 2 R ;

�

�

2 C :

(2.1)

W e assume that ( �

�; 1

; :::; �

�;N

;  

�

) 2 ( H

2

( R ))

N

� H

2

( R ).

Since X

�;i

= X

0

; n = p � 1 ; k

ij

= k

0

^

k

ij

= k

0

�

i;j +1

mo dulo N , problem (2.1)

b ecomes

8

>

>

>

<

>

>

>

:

�

y

�

�;i

� �

�;i

+ Ak

0

M

�

X

p � 1

0

k

0

P

N

j =1

^

k

ij

( �

�;i

+ n�

�;j

)

+ Ak

0

 

�

X

p

0

= �

�

�

�;i

;

�  

�

�  

�

� N k

0

 

�

X

p

0

� M

�

k

0

P

N

i;j =1

^

k

ij

( �

�;i

+ n�

�;j

) X

p � 1

0

= � �

�

 

�

:

(2.2)

Let us �rst formally deriv e the limiting eigen v alue problems.

Since ( X

0

; M

�

) satis�es (1.10), w e ha v e

X

0

( y ) � ( AM

�

(0) k

0

)

�

1

p � 1

w ( y ) in H

1

( R )(2.3)

and

M

1

p � 1

�

(0)(1 � M

�

(0)) � L

�

:=

N k

0

2( Ak

0

)

p

p � 1

�

Z

R

w ( y )

p

dy :(2.4)

The eigen v alue problem is c hanged in to

8

>

>

>

<

>

>

>

:

�

y

�

�;i

� �

�;i

+

P

N

j =1

^

k

ij

( �

�;i

+ ( p � 1) �

�;j

) w

p � 1

+ Ak

0

( AM

�

(0) k

0

)

�

p

p � 1

 

�

w

p

� �

�

�

�;i

;

�  

�

�  

�

� N k

0

( AM

�

(0) k

0

)

�

p

p � 1

 

�

w

p

� M

�

k

0

( AM

�

(0) k

0

)

� 1

P

N

i;j =1

^

k

ij

( w

p � 1

�

�;i

+ ( p � 1) w

p � 1

�

�;j

) � � �

�

 

�

:

(2.5)

F rom the equation for  

�

, w e formally ha v e (setting �

2

= 1 + � � )

 

�

(0) =

1

2 �

Z

R

e

� � j x j

 

� k

0

N ( AM

�

(0) k

0

)

�

p

p � 1

 

�

w

p
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� M

�

k

0

( AM

�

(0) k

0

)

� 1

N

X

i;j =1

^

k

ij

( w

p � 1

�

�;i

+ ( p � 1) w

p � 1

�

�;j

)

!

�

1

2 �

� [ �  

�

(0) k

0

N ( AM

�

(0) k

0

)

�

p

p � 1

Z

R

w

p

( y ) dy

� M

�

(0) k

0

N ( AM

�

(0) k

0

)

� 1

Z

R

p (

N

X

i =1

�

�;i

) w

p � 1

dy ] :

By (1.8), w e ha v e

 

�

(0) � �

 

1 +

1

2 �

k

0

N ( AM

�

(0) k

0

)

�

p

p � 1

�

Z

R

w

p

!

� 1

 

1

2 �

M

�

(0) k

0

N ( AM

�

(0) k

0

)

� 1

� (

Z

R

w

p � 1

p (

N

X

i =1

�

�;i

))

!

� � (1 +

1 � M

�

(0)

� M

�

(0)

)

� 1

 

1

2 �

M

�

(0) k

0

N ( AM

�

(0) k

0

)

� 1

� (

Z

R

w

p � 1

p (

N

X

i =1

�

�;i

))

!

Substituting this relation in to the equation for �

i

, w e obtain the follo wing nonlo cal

eigen v alue problem (NLEP):

� �

�;i

� �

�;i

+ w

p � 1

�

�;i

+ ( p � 1)

N

X

j =1

^

k

ij

�

�;j

w

p � 1

(2.6)

�

p (1 � M

�

(0))

� M

�

(0) + 1 � M

�

(0)

w

p

R

R

w

p � 1

P

N

i =1

�

�;i

N

R

w

p

� �

�

�

�;i

:

Although w e ha v e formally obtained (2.7), ho w ev er w e can rigorously pro v e the

follo wing separation of eigen v alues.

Theorem 2.1.

L et �

�

b e an eigenvalue of (2.2).

(1) Supp ose that �

�

! 0 as � ! 0 . Then we have �

�

= 0 if � is smal l enough and

( �

�

;  

�

) 2 sp an f ( X

0

�

; M

0

�

) g :

(2) Supp ose that �

�

! �

0

6= 0 . Then �

0

is an eigenvalue of the fol lowing NLEP

� �

i

� �

i

+ w

p � 1

�

i

+ ( p � 1)

N

X

j =1

^

k

ij

�

j

w

p � 1

(2.7)

�

p (1 � � )

�

0

� + 1 � �

w

p

R

R

w

p � 1

P

N

i =1

�

i

N

R

w

p

= �

0

�

i

; i = 1 ; :::; N
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wher e � = lim

� ! 0

M

�

(0) ; �

0

=

p

1 + � �

0

.

Pr o of.

(2) follo ws from asymptotic analysis.

T o pro v e (1), w e can pro ceed exactly as in Section 6 of [34 ], where stabilit y of

a single cluster state is studied. Let us denote the linear op erator on the left hand

side of (2.7) as L , where L : ( H

2

( R ))

N

! ( L

2

( R ))

N

. The k ey p oin t is to pro v e the

follo wing lemma:

Lemma 2.2. (1). L et � b e an eigenfunction of (2.7) with �

0

= 0 . Then we have

� 2 K

0

:= sp an f w

0

( y ) ~ e

0

g ;

wher e ~ e

0

= (1 ; : : : ; 1)

�

. (This implies that Ker ( L ) = K

0

: )

(2). The op er ator L is an invertible op er ator if r estricte d as fol lows

L : K

? ; 1

0

! K

? ; 2

0

;

wher e

K

? ; 1

0

= f u 2 ( H

2

( R ))

N

j

Z

R

uw

0

( y ) ~e

0

= 0 g ;

K

? ; 2

0

= f u 2 ( L

2

( R ))

N

j

Z

R

uw

0

( y ) ~e

0

= 0 g :

The pro of of Lemma 2.2 is tec hnical and is similar to Theorem 4.1 of [36 ].

The rest of the pro of is exactly the same as in Section 6 of [33 ]. F or the sak e of

limited space, w e omit the details here.

3. Analysis of system of NLEP . In this section w e analyze the nonlinear

eigen v alue problem (NLEP) whic h w e ha v e obtained in Section 2. T o this end, w e

in tro duce t w o eigen v alue problems: the �rst is the follo wing eigen v alue problem with

complex co e�cien ts

(

� � � � + w

p � 1

� + ( p � 1) � w

p � 1

� = ��

� = �

R

+

p

� 1 �

I

= e

i�

; � 2 ( � � ; � ] ; � 2 H

1

( R ) ;

(3.1)

where w is de�ned b y (1.6).

The second is a nonlo cal eigen v alue problem (NLEP):

� � � � + pw

p � 1

� �

p (1 � � )

�

p

1 + � � + 1 � �

R

R

w

p � 1

�

R

R

w

p

w

p

= ��; � 2 H

2

( R )(3.2)

where

0 < � < 1 ; � � 0 ; � 2 C ; � = �

R

+ i�

I

; �

R

� 0

and w e tak e principal branc h for

p

1 + � � .

W e sho w that the study of NLEP (2.7) can b e reduced to the study of (3.1) and

(3.2). W e sa y an eigen v alue problem is stable if there exists a constan t c

0

> 0 suc h

that all eigen v alues � w e ha v e Re( � ) < � c

0

. W e sa y it is unstable if there exists an

eigen v alue � with Re( � ) > 0.
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W e then ha v e the follo wing

Lemma 3.1. Supp ose that (3.2) with � = lim

� ! 0

M

�

(0) has no Hopf bifur c ation

(as given in L emma 4.6 b elow). Then (2.7) is stable if and only if b oth (3.1) (with

� = e

�

2 j �

p

� 1

N

; j = 1 ; :::; N � 1 ) and (3.2) (with � = lim

� ! 0

M

�

(0) ) ar e stable.

Pr o of.

(1) Supp ose (3.1) and (3.2) are stable. W e no w sho w that (2.7) is stable, to o:

Asuming that there exists �

0

� 0 suc h that (2.7) holds w e sho w that

�

i

= 0 ; i = 1 ; : : : ; N :

W e �rst tak e care of the nonlo cal terms. Adding all equations for i = 1 ; : : : ; N , w e

get

�(

N

X

i =1

�

i

) � (

N

X

i =1

�

i

) + pw

p � 1

(

N

X

i =1

�

i

)

� p

1 � �

� � + 1 � �

R

R

(

P

N

i =1

�

i

) w

p � 1

R

R

w

p

w

p

= �

0

�

i

:

Since (3.2) is stable and w e ha v e no Hopf bifurcation, w e ha v e

N

X

i =1

�

i

= 0 :(3.3)

Supp ose (3.3) holds so the nonlo cal terms in (NLEP) all v anish. W e end up with

the follo wing:

� �

i

� �

i

+ w

p � 1

�

i

+ ( p � 1)

N

X

j =1

^

k

ij

�

j

w

p � 1

= �

0

�

i

:(3.4)

After diagonalizing

^

k

ij

(k eeping the notation for �

i

) w e get

� �

i

� �

i

+ (1 + ( p � 1) e

2 � i

p

� 1 = N

) w

p � 1

�

i

= �

0

�

i

;(3.5)

Since (3.1) is stable, w e ha v e �

i

= 0. Therefore (2.7) is stable.

(2) Supp ose (3.2) is unstable. Then there exists an eigenfunction �

0

6= 0 with an

eigen v alue �

0

to (3.2) suc h that Re( �

0

) > 0. No w w e tak e �

1

= ::: = �

N

= �

0

in (2.7)

and w e see that (2.7) also admits the eigen v alue �

0

. So (2.7) is unstable.

On the other hand, supp ose (3.2) is not unstable and (3.1) is not stable. Since

(3.2) has no Hopf bifurcations, (3.2) is stable. Then similar to (1), w e m ust ha v e

N

X

i =1

�

i

= 0

and so all the nonlo cal terms v anish. W e are left with the follo wing lo cal eigen v alue

problem

� �

i

� �

i

+ w

p � 1

�

i

+ ( p � 1)

N

X

j =1

^

k

ij

w

p � 1

�

j

= ��

i

;

N

X

i =1

�

i

= 0 :(3.6)

It is easy to see that (3.6) is not stable b ecause (3.1) is not stable. Lemma 3.1 is th us

pro v ed.
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4. Study of the t w o eigen v alue problems. In this section, w e study t w o

eigen v alue problems (3.1) and (3.2) deriv ed from Section 3. The analysis presen ted

in this section is the k ey estimate for this pap er.

T o study (3.1) and (3.2), w e �rst collect some imp ortan t prop erties asso ciated

with the function w . W e �rst study some lo cal eigen v alue problems.

Lemma 4.1. (1) The line ar op er ator

(

L

0

� := �

00

� � + pw

p � 1

�;

� 2 H

1

( R )

has the kernel

Ker ( L

0

) = sp an

n

w

0

( y )

o

:

(2) The eigenvalue pr oblem (EVP)

( E V P )

(

�

00

� � + �w

p � 1

� = 0 ;

� 2 H

1

( R )

admits the fol lowing set of eigenvalues

�

1

= 1 ; v

1

= sp an f w g ;

�

2

= p; v

2

= Ker ( L

0

) ;

�

3

> p:

(3) If �

R

> 0 , then the fol lowing eigenvalue pr oblem

(

�

00

� � + w

p � 1

� + �

R

w

p � 1

� = ��;

�

R

> 0 ; � 2 H

1

( R )

admits a p ositive (princip al) eigenvalue �

1

such that

� �

1

= inf

� 2 H

1

( R ) nf 0 g

R

R

( �

0

)

2

+ �

2

� (1 + �

R

) w

p � 1

�

2

R

R

�

2

< 0 :

(4) L et � (c omplex-value d) satisfy the fol lowing eigenvalue pr oblem

(

�

00

� � + w

p � 1

� + ( p � 1) � w

p � 1

� = ��

R e ( � ) � 0 ; � 2 H

1

( R ) ; � 6= 0 :

Then

R e ( � ) � � c

0

< 0 :

Pr o of. The pro of is similar to Lemma 3.1 of [36 ]. W e omit the details.

W e are ready to study the �rst eigen v alue problem (3.1). W e consider � as a

parameter. By Lemma 4.1 (3) and a p erturbation argumen t, for j � j small, there is
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an unstable eigen v alue � for problem (3.1), i.e. � = �

R

+ i�

I

where �

R

> 0. On the

other hand, b y Lemma 4.1 (4), for j � j �

�

2

, problem (3.1) has only stable eigen v alues,

i.e. � = �

R

+ i�

I

where �

R

< 0. No w if w e v ary � , then there m ust b e a p oin t �

h

suc h that for � = �

h

, problem (3.1) has a Hopf bifurcation, i.e. there is an eigen v alue

� = i�

I

. Let us no w compute �

h

. That is

Lemma 4.2. L et � (c omplex-value d) satisfy the eigenvalue pr oblem (3.1). Then

ther e exists some �

h

with �

h

= ar c c os �

R

, wher e �

R

is the unique zer o with 0 < �

R

< 1

of the fol lowing p olynomial

g ( � ) := �

R

(4( p + 1) �

R

+ p + 3)

2

( p + 1) �

R

+ 2) � ( p + 1)( p � 1)

2

(1 � �

2

R

)(4.1)

such that (1) If

j � j > �

h

;

then

R e ( � ) � � c

0

< 0 :

(2) If

j � j < �

h

;

then ther e exists an eigenvalue � with R e ( � ) > 0 .

(3) If j � j = �

h

, then ther e exists an eigenvalue � with � = i�

I

.

Pr o of. W e are lo oking for a Hopf bifurction for problem (3.1). Therefore w e ha v e

to solv e

� � � � + (1 + ( p � 1) � ) w

p � 1

� = ��(4.2)

with

� =

p

� 1 �

I

(i.e. the real part �

R

of � v anishes) and

� = �

R

+

p

� 1 �

I

; j � j

2

= �

2

R

+ �

2

I

= 1 :

Let


 =

p

1 + �; � = 1 + ( p � 1) � ; � = w




F :

Then F satis�es

F

00

+ 2 


w

0

w

F

0

+ ( � � ( 
 +

2

p + 1


 ( 
 � 1))) w

p � 1

F = 0 :(4.3)

Next w e in tro duce the follo wing new v ariable

z =

1

2

(1 �

w

0

w

) :(4.4)

Then

w

0

w

= 1 � 2 z ; w

p � 1

= 2( p + 1) z (1 � z ) ;

dz

dx

= ( p � 1) z (1 � z ) :
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This yields the follo wing equation for F as function of z

z (1 � z ) F

00

+ ( c � ( a + b + 1) z ) F

0

� abF = 0 ;(4.5)

where

a + b + 1 = 2 +

4 


p � 1

; ab = 2

2 
 ( 
 � 1) � ( � � 
 )( p + 1)

( p � 1)

2

; c = 1 +

2 


p � 1

:(4.6)

The solutions to (4.5) are standard h yp ergeometric functions. No w there are t w o

solutions to (4.5):

F ( a; b ; c ; z ) ; z

1 � c

F ( a � c + 1 ; b � c + 1; 2 � c ; z ) :

Since b y our construction, F is regular at z = 0. A t z = 1, F ( a; b ; c ; z ) has a singularit y

lim

z ! 1

(1 � z )

� ( c � a � b )

F ( a; b ; c ; z ) =

�( c )�( a + b � c )

�( a )�( b )

where c � a � b = �

2 


p � 1

. Note that since � =

p

1 + i�

I

, the real part of 
 is p ositiv e.

So a solution that is regular at b oth z = 0 and z = 1 can only exist if �( x ) has a p ole

at a or b , resp ectiv ely . In other w ords, a = 0 ; � 1 ; � 2 ; ::: or b = 0 ; � 1 ; � 2 ; ::: .

F rom (4.6), w e compute that

a =

2 


p � 1

� �

or

b =

2 


p � 1

� �;

where � satis�es

�

2

+ � �

2( p + 1)

( p � 1)

2

� = 0 :(4.7)

By symmetry w e ma y assume that a =

2 


p � 1

� � = � l ; l � 0 and � = �

R

+

p

� 1 �

I

.

So w e to solv e the system

(

�

2

R

+ �

R

� �

2

I

�

2( p +1)

( p � 1)

2

(1 + ( p � 1) �

R

) = 0

2 


p � 1

= � � l

(4.8)

Since w e tak e the principal branc h for 
 =

p

1 + i�

I

, it follo ws that

� > l :

Moreo v er w e ha v e

4

( p � 1)

2

= ( �

R

� l )

2

� �

2

I

whic h implies that

�

R

� l +

2

p � 1

(4.9)
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On the other hand, w e ha v e

4

( p � 1)

2

= ( �

R

� l )

2

� �

2

I

= �

2

R

� �

2

I

� 2 l �

R

+ l

2

= � (2 l + 1) �

R

+ l

2

+

2( p + 1)

( p � 1)

2

(1 + ( p � 1) �

R

) :

So w e obtain

�

R

=

1

2 l + 1

( l

2

+

2

p � 1

+

2( p + 1)

p � 1

�

R

) :

By (4.9), w e ha v e

1

2 l + 1

( l

2

+

2

p � 1

+

2( p + 1)

p � 1

�

R

) � l +

2

p � 1

whic h is imp ossible unless l = 0 or l = 1. F or l = 1 w e just reco v er the case l = 0

with the eigenfunction w

0

giv en b y Lemma 4.1 (1). This clearly do es not corresp ond

to Hopf bifurcation.

F or Hopf bifurcation to o ccur w e m ust ha v e a = 0 or b = 0. In this case, w e ha v e

�

R

=

2

p � 1

+

2( p + 1)

p � 1

�

R

; �

I

=

2( p + 1)

( p � 1)(2 �

R

+ 1)

�

I

:

Substituting this relation in to (4.8) w e obtain that �

R

m ust b e a zero of the p olynomial

g de�ned b y (4.1).

In summary , Hopf bifurcation can o ccur only at the p oin t �

h

R

suc h that g ( �

h

R

) = 0.

Since suc h a p oin t is unique, w e conclude that for j � j < �

h

= arccos �

h

R

, there is

unstable eigen v alues and for j � j > �

h

, all eigen v alues are stable.

Let us no w analyze the p olynomial g ( �

R

) for � = e

2 �

p

� 1

N

. W e note that as

p ! + 1 , the zero es of g approac h the zero es of

g

0

( �

R

) = �

2

R

(4 �

R

+ 1)

2

� (1 � �

2

R

) :(4.10)

The zero of g

0

is appro ximately 0 : 3726. Th us as p b ecomes large, N

cr itical

-the critical

threshold- can not exceed 6. In fact, one can compute explicitly that in the case

p > n

0

+ 1, where n

0

is giv en b y (1.20), w e ha v e g (cos (

2 �

N

)) < 0 for N � 5 and

g (cos (

2 �

N

)) > 0 for N � 6. In the case p < n

0

+ 1, w e ha v e g (cos (

2 �

N

) < 0 for N � 4

and g (cos (

2 �

N

)) > 0 for N � 5. That is w e ha v e the follo wing corollary

Cor ollar y 4.3. F or N � N

0

, the pr oblem (3.1) is stable, while for N > N

0

,

pr oblem (3.1) is unstable, wher e

N

0

=

(

4 if p � p

0

;

5 if p � p

0

and p

0

� 4 : 35 .

W e next study the NLEP (3.2). W e �rst recall the follo wing lemma
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Lemma 4.4. [37 ] Consider the fol lowing eigenvalue pr oblem

� � � � + pw

p � 1

� � 
 ( p � 1)

R

R

w

p � 1

�

R

R

w

p

w

2

= ��; � 2 H

2

( R ) :(4.11)

Then if 
 � p , we have R e ( � ) < � c

1

< 0 for some c

1

> 0 .

F rom Lemma (4.4), it follo ws immediately w e ha v e the follo wing

Lemma 4.5. Consider the eigenvalue pr oblem (3.2).

(1) If � << 1 and 0 < � <

1

p

. L et �

0

6= 0 b e an eigenvalue of (3.2). Then we

have R e ( �

0

) � � c

1

for some c

1

> 0 .

(2) Supp ose that

1

p

< � < 1 , then pr oblem (3.2) admits a r e al eigenvalue �

0

with

�

0

� c

2

> 0 for some c

2

> 0 .

Pr o of.

(1). When � = 0, w e ha v e

p (1 � � )

�

p

1 + � � + 1 � �

= p (1 � � ) > p � 1

if 0 < � <

1

p

. By Lemma 4.4, w e m ust ha v e that �

R

< � c

1

< 0. The case � << 1

follo ws from a p erturbation argumen t.

(2). Assume that

1

p

< � < 1. By Lemma 4.1 (3), L

0

has a p ositiv e eigen v alue

�

1

> 0. Consider the follo wing function

h ( � ) =

Z

R

(( L

0

� � )

� 1

w

p � 1

) w

p � 1

:

It is easy to see that

h

0

( � ) =

Z

R

(( L

0

� � )

� 2

w

p � 1

) w

p � 1

=

Z

R

[( L

0

� � )

� 1

w

p � 1

]

2

> 0

and

lim

� ! �

1

h ( � ) = + 1 :

Next w e consider the function

� ( � ) =

�

p

1 + � � + 1 � �

p (1 � � )

� 1 � (

Z

R

w

p

)

� 1

�h ( � ) :(4.12)

Note that

� (0) =

1

p (1 � � )

� 1 > 0

since

1

p

< � < 1. On the other hand,

lim

� ! �

1

�

� ( � ) = �1 :

Hence there m ust exist an �

0

2 (0 ; �

1

) suc h that � ( �

0

) = 0.

It is easy to see that this �

0

> 0 is an eigen v alue of (3.2).
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In the general case � > 0 ; 0 < � <

1

p

, there are no analytic results for problem

(3.2). F ortunately , w e can use h yp ergeometric functions and generalized h yp ergeo-

metric functions to reduce problem (3.2) to a computable problem. Suc h an idea has

already b een used in [8 ]. Ho w ev er, here w e prop ose a di�eren t transformation so that

the eigen v alue problem b ecomes computable more easily . W e recall that b y Lemma

4.3 (2) for � = 0, all eigen v alues are stable. So if w e v ary � , either w e obtain stabilit y

or Hopf bifurcation. All w e need is to compute when Hopf bifurcation o ccurs.

Let us �rst in tro duce the so-called generalized Gauss function. Let a

1

; a

2

; :::; a

A

and b

1

; b

2

; :::; b

B

b e t w o sequences of n um b ers. Consider the follo wing series

1 +

a

1

a

2

:::a

A

b

1

b

2

:::b

B

z

1!

+

( a

1

+ 1)( a

2

+ 1) ::: ( a

A

+ 1)

( b

1

+ 1)( b

2

+ 1) ::: ( b

B

+ 1)

z

2

2!

+ :::(4.13)

�

A

F

B

8

>

<

>

:

a

1

; a

2

; :::; a

A

;

z

b

1

; b

2

; :::; b

B

;

9

>

=

>

;

A

F

B

is called generalized Gauss function or generalized h yp ergeometric function.

No w w e ha v e the follo wing lemma. The pro of is similar to Lemma 3.4 of [36 ]. So

w e omit the details.

Lemma 4.6. L et � =

p

� 1 �

I

b e an eigenvalue of pr oblem (3.2). Then � is a

solution of the fol lowing algebr aic e quation

(3 p � 1)( p

2

� 1 � � )

p ( p

2

� 1)

�

p

1 + � � + 1 � �

p (1 � � )

=

4

F

3

8

>

<

>

:

1 ;

1

2

;

2 p

p � 1

;

r

p � 1

+ 1 ;

1

p �

p

1+ �

p � 1

+ 1 ;

p +

p

1+ �

p � 1

+ 1 ;

r

p � 1

+

3

2

;

9

>

=

>

;

(4.14)

By Lemma (4.6), problem (3.2) can b e solv ed b y using Mathematica. W e will not

pro duce an y n umerical results here. The readers can refer to [8 ] for some n umerical

results.

5. General Matrix Case. Theorems 1.1 and 1.3 can b e extended to more

general matrices ( k

ij

).

Let us consider system (1.3):

(

@

t

X

i

= �

2

X

00

i

� X

i

+ AM

P

N

i =1

k

ij

X

i

X

n

j

; x 2 R ;

� @

t

M = M

00

+ 1 � M � M

P

N

i;j =

k

ij

X

i

X

n

j

; x 2 R ;

(5.1)

where ( k

ij

) is a general matrix. T o ensure existence, w e put the follo wing symmetric

condition

N

X

i =1

k

ij

=

N

X

j =1

k

ij

= k

0

:(5.2)
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Then Theorem 1.1 holds true without an y c hange.

The main problem is the stabilit y . T o this end, w e need to put an extra assumption

(H1) [1 + sp ec( B )] \ sp ec(EVP) = f p g ;(5.3)

where B = (

^

k

ij

) and the EVP is de�ned in Lemma 4.1.

The follo wing is our main result on stabilit y .

Theorem 5.1. Assume that

� << 1 ; � << L

�

; lim

� ! 0

L

�

< L

0

;(5.4)

and that assumption (H1) holds. L et ( X

s

�

; M

s

�

) and ( X

l

�

; X

l

�

) b e the solutions given in

The or em 1.1.

L et � = �

R

+

p

� 1 �

I

b e an eigenvalue of (

^

k

ij

) and let the p olynomial g b e de�ne d

as in (4.1).

Then for � << 1 , we have the fol lowing.

(1) (stability) Supp ose that � << 1 . Assume that � = 1 is a simple eigenvalue

and that for al l � with �

R

> 0 , we have g ( � ) < 0 . Then ( X

s

�

; M

s

�

) is line arly stable.

(2) (Instability) Assume that either � = 1 is not simple or ther e exists � 6= 1 with

�

R

> 0 such that g ( � ) > 0 . Then ( X

s

�

; M

s

�

) is line arly unstable.

(3) (Instability) ( X

l

�

; M

l

�

) is line arly unstable.

The pro of of Theorem 5.1 is the same as that of Theorem 1.2. W e omit the

details. Note that the analysis in Sections 2 - 4 deals with general matrices

^

k

ij

and is

not restricted to merely the h yp ercycle case

^

k

ij

= �

i;j +1

mo dulo N . Let us no w apply

Theorem 5.1 to some in teresting examples.

Our �rst example is the follo wing cyclical bi-diagonal matrix

( k

ij

) = k

0

0

B

B

B

B

B

B

@

1 � � � 0 ::: 0

0 1 � � � ::: 0

0 0 1 � � ::: 0

::: ::: ::: ::: �

� 0 ::: 0 1 � �

1

C

C

C

C

C

C

A

N � N

; k

0

> 0 :(5.5)

It is easy to calculate that the eigen v alues are � = 1 � � (1 � e

2 � j

p

� 1 = N

) ; j = 1 ; : : : ; N

and are all simple.

W e substitute � in to the p olynomial and compute the critical threshold N

cr itical

.

It turns out that N

cr itical

dep ends on b oth � and p : N

cr itical

will increase of the

order � as � increases but N

cr itical

increases only slo wly in p . In fact, let us �x � and

consider the case p ! + 1 . Then as p ! + 1 , the zero es of f approac h the zero es of

the p olynomial

g

0

( � ) := �

2

R

(4 �

R

+ 1)

2

� �

2

I

whic h w as de�ned in (4.10) ab o v e. Substituting �

R

= 1 � � + � cos ( � ) ; �

I

= � sin( � )

in to (4.10), w e obtain the follo wing

� ( � ; � ) = (1 � � + � cos( � ))

2

(5 � 4 � + 4 cos ( � ))

2

� �

2

(1 � cos

2

( � )) = 0 :(5.6)
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Note that for � large and �� = O (1)

� �

5

�

whic h b y � = 2 � = N

0

implies that

N

0

�

2 �

5

�:

On the other hand for p = 2 w e get under the same assumptions

N

0

�

2 �

p

3

17

p

5

:

In b oth cases the critical threshold N

0

gro ws linearly in al pha but it is bigger b y

the factor

17

p

15

� 4 : 39 in the �rst case. Th us in this case large p c hanges quan titativ e

but not the qualitativ e b eha vior of N

0

. This sho ws a more striking c hange of b eha vior

than in the h yp ercycle case.

Our second example is a system with ( N � 1) in teractions.

( k

ij

) = k

0

0

B

B

B

B

B

B

@

0 1 1 ::: 1

1 0 1 ::: 1

1 1 0 ::: 1

::: ::: ::: ::: 1

1 1 ::: 1 0

1

C

C

C

C

C

C

A

N � N

; k

0

> 0 :(5.7)

The eigen v alues of (

^

k

ij

) are � = 1 (whic h is simple) and � = 0. The small cluster

state is stable for al l N indep enden t of the rate p .

F rom all the previous examples, w e see as a general trend that if the system is

not to o m uc h dominated b y diagonal terms w e ha v e stabilit y . Otherwise, a parasite

emerges. This means that co op erativ e b eha vior in con trast with self-enhancemen t is

needed to stabilize the cluster.

F or large p stabilit y in increased somewhat. W e p oin t to the second example

where the stabilit y threshold N

0

for large � gro ws linearly in � and large p can

impro v e N

0

b y a constan t of ab out 4.39. In the case � > 1 (whic h means that the

diagonal b ecomes negativ e and the o�-diagonal elemen ts are p ositiv e and bigger than

the diagonal), this describ es self-inhibition coupled with co op erativ e enhancemen t and

leads to particularly go o d stabilit y .

F urthermore, the second and the third example indicate that coupling b et w een

more and more di�eren t comp onen ts X

i

also impro v es stabilit y . Note that in the last

example the system can b e arbitrarily large.

6. Discussion. W e ha v e studied a general system of N + 1 equations with non-

linear rate n describing the in teraction of N p olymer sp ecies whic h catalyse eac h

other in a h yp ercyclic w a y and are all comp osed of the same t yp e of monomer. In the

sp ecial case N = 1 ; n = 1 the system reduces to the w ell-kno wn Gra y-Scott system.

W e study the case of single-cluster solutions in the whole 1-D space. These are

in some sense the simplest concen trated solutions in 1-D. This case app ears to b e

relev an t if the early bio c hemical reactions tak e place in v ery thin lines for example on

the edges of ro c ks.



ON A HYPER CYCLE SYSTEM WITH NONLINEAR RA TE 275

Besides the existence pro of w e pro vide the �rst rigorous results on stabilit y for

cluster states of a h yp ercyclic system with nonlinear rate. Namely , w e establish the

exact threshold b et w een stabilit y and instabilit y in terms of the system size and the

nonlinear rate n . It is sho wn that as n � 3 : 35 ; the stabilit y regimes extends exactly in

the range N = 1 ; 2 ; 3 ; 4. If n > 3 : 35 ; the stabilit y regime extends to N = 1 ; 2 ; 3 ; 4 ; 5.

This sho ws that the maxim um critical threshold for h yp ercycle system with nonlinear

rate is 5. This result migh t b e imp ortan t for making predictions ab out the outcome

of exp erimen ts in biological applications and also for the testing of the v alidit y of the

mo dels used. F urthermore, no w a comparison of this theoretical result with n umerical

computations b ecomes p ossible.

W e ha v e also studied reaction-di�usion systems with nonlinear rate and general

connection matrix ( k

ij

). There w e ha v e observ ed that the nonlinear rate can help

increase the critical threshold N

cr itical

when there is large self-inhibition (Example 1,

Section 5). W e sho w that large self-inhibition and to some lesser exten t large n can

help stabilize large reaction system.

So ho w can v ery large systems b e stabilized?

One p ossibilit y is to increase self-inhibition and the nonlinear rate, as in Example

1, Section 5.

Another p ossibilit y whic h is frequen tly observ ed in nature is b y the formation of a

blo c k-diagonal structure. Then, since the sp ectra of di�eren t blo c ks are indep enden t,

they can for example b e c hosen as small h yp ercycles whic h are stable up to size 5.

On the other hand, b y assem bling a large n um b er of blo c ks the system can b ecome

arbitrarily large and still b e stable.

In fact, it is m uc h simpler to create systems whic h displa y blo c k-diagonal struc-

ture with only a few in teractions than systems with man y comp onen ts catalysing

eac h other. Therefore blo c k-diagonal structures are frequen tly observ ed and are v ery

imp ortan t for natural phenomena.

Finally , let us recall atten tion to the p oin t made in the in tro duction n umerically it

is kno wn that parasites ma y destro y stable cluster states. Our results complemen t the

picture b y the rigorously pro v ed fact that ev en pure cluster states ma y turn unstable

if they b ecome t w o large. This implies that the h yp ercycle although it has some v ery

preferable prop erties (see the b eginning of the in tro duction) on the other hand it has

an inheren t instabilit y b eha vior whic h ma y b e an obstruction to the ev olution of large

biological systems.
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