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t. In this arti
le we report our re
ent work in [LP1-5℄, [P1,2℄, [PK℄ and [HP℄ on theestimates of the upper 
riti
al �eld HC3 and on the surfa
e nu
leation phenomenon of super
on-du
tivity. A mathemati
al des
ription of the development of the super
ondu
ting sheath at sampleboundary as the applied �eld de
reases from HC3 is given. It has been shown that the geometry andsmoothness of the samples and the non-homogeneity of the magneti
 �elds have important e�e
ts onthe value of HC3 and on the 
ondensation behavior of the order parameters. Our approa
h is 
loselyrelated to the study of the spe
tra of the S
hr�odinger operators with magneti
 �elds, and involvesthe eigenvalue variation problem for the Sturm-Liouville operators.1. Introdu
tion. If a super
ondu
tor is pla
ed in a homogeneous magneti
�eld and if the �eld de
reases from the upper 
riti
al value HC3 , super
ondu
tivitywill nu
leate at the surfa
e of the sample.1 The estimate of the value of HC3 andthe surfa
e nu
leation of super
ondu
tivity have been studied by many physi
ists,see Saint-James and De Gennes [SdG℄, Saint-James and Sarma [SST℄, and Tinkham[T℄. More re
ently, a lot of papers on the mathemati
al resear
h on these problemshave appeared, and many interesting phenomena have been dis
ussed. Here we onlymention a few: the work of Chapman [C℄, Berno�-Sternberg [BS℄ and Almog [A℄based on some formal analysis, Bauman-Philips-Tang [BPT℄ for the rigorous analysison disks, Girogi-Phillips [GP℄, Lu-Pan [LP1-5℄, del Pino-Felmer-Sternberg [DSF℄, Pan[P1,2℄, Pan-Kwek [PK℄, Hel�er-Morame [HMor℄ and Hel�er-Pan [HP℄ for rigorousanalysis on general domains.Our main interest in [LP1-5℄ is the estimates ofHC3 and the lo
ation of nu
leation.It is interesting to us that these problems have 
lose 
onne
tions with the spe
traltheory of the S
hr�odinger operator with a magneti
 �eld, and that the geometry andsmoothness of the samples, as well as the distribution of the minimum points of themagnitude of the applied magneti
 �elds, have important e�e
ts on the value of HC3and on the 
ondensation behavior of the order parameters.1.1. 2-Dimensional Ginzburg-Landau System. A

ording to the Ginzburg-Landau theory [GL℄, super
ondu
tivity of a sample pla
ed in an applied magneti
 �eld
an be des
ribed by a 
omplex-valued fun
tion  
alled the order parameter and areal ve
tor �eld A 
alled the magneti
 potential. ( ;A) is a minimizer of the energyfun
tional 
alled the Ginzburg-Landau fun
tional. The Euler equation is 
alled theGinzburg-Landau system. The Ginzburg-Landau model has been so far the most su
-
essful model for the 
onventional super
ondu
tors and has also been adopted to de-s
ribe the high TC super
ondu
tors by adding into this model the strongly anisotropi
properties and layered stru
ture.Let us begin with a 2-dimensional Ginzburg-Landau model for super
ondu
tivity.We assume that the super
ondu
tor o

upies a 
ylindri
al region with in�nite heightyDepartment of Mathemati
s, Brigham Young University, Provo, Utah 84602, USA.zCenter for Mathemati
al S
ien
es, Zhejiang University, Hangzhou 310027, P.R. China; and De-partment of Mathemati
s, National University of Singapore, Singapore 119260 (matpanxb�nus.edu.sg).1 By upper 
riti
al �eld we always mean HC3 , while in the literature the se
ond 
riti
al �eldHC2 may also be 
alled as \upper 
riti
al �eld".279



280 k. lu and x. b. panand with a 
onstant 
ross-se
tion 
 (whi
h is a bounded, smooth domain in R2 ), andis pla
ed in an applied magneti
 �eld H that is parallel to the axis of the 
ylinder.In this 
ase the Ginzburg-Landau system is written as follows (see [GL, dG, CHO,GDP℄) :(1.1) 8>>>>>><>>>>>>: � (r� i�A)2 = �2(1� j j2) ;
url2A = � i2�( r �  r )� j j2A+ 
url H in 
;� �� � i�A � � + 
 = 0;
url A�H = 0 on �
:Here i = p�1, � is the Ginzburg-Landau parameter given by the ratio of the Londonpenetration depth and the 
oheren
e length of the super
ondu
tor, � is the unit out-normal ve
tor at the boundary of 
, 
 � 0. Note that in (1.1) the unit of length isthe penetration depth. Also note that, in 2-dimensional 
ase A = (A1;A2), and weadopt the following notations :
url A = �x1A2 � �x2A1; rA = r � i A;
url2A = (�x2
url A;��x1
url A);r2A = (r� iA)2 = � � i[2A � r +  div A℄� jAj2 :Taking the axis of the 
ylinder as the x3-axis, we may write the applied �eld asH = He3: Sin
e we are mainly interested in the behavior of the order parameters forlarge value of the Ginzburg-Landau parameter � and high applied �elds, we assume,in order to make our dis
ussion 
lear, that H(x) = �H0(x), � > 0; where H0(x) is a
ontinuous fun
tion on 
. Then, we set A = �A:With proper s
aling, we may rewritethe Ginzburg-Landau fun
tional as follows :G( ;A) = Z
fjr��A j2 + (��)2j
url A�H0j2 + �22 (j j2 � 1)2gdx+ Z�
 
j j2ds:Both the Ginzburg-Landau system (1.1) and the Ginzburg-Landau fun
tional G aregauge invariant. Namely, they are invariant under the following gauge transformation :A �! A+r�;  �! ei� ;where � is a smooth real fun
tion. In the following we always assume that 
 is asimply-
onne
ted domain.Remark 1.1. Note that in some arti
les the integral for the term j
url A�H0j2is taken over the entire plane. However it does not a�e
t our dis
ussion, sin
e we
onsider the 
ase where the applied �eld is 
lose to the upper 
riti
al value HC3 .In Se
tions 2-5 we dis
uss 2-dimensional super
ondu
tors that 
an be des
ribedby the 2-dimensional Ginzburg-Landau system (1.1), and in Se
tions 6-7 we dis
uss3-dimensional super
ondu
tors. Before going into details we des
ribe in the followingsubse
tions our main ideas and some te
hni
al questions.1.2. Upper Criti
al Field HC3 . Consider a 2-dimensional super
ondu
tor.Given a smooth fun
tion H0, there exists a unique smooth ve
tor �eld F on 
 su
h
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tivity 281that :(1.2) 
url F = H0; div F = 0 in 
; F � � = 0 on �
:Note that (0;F) is a trivial 
riti
al point of the fun
tional G. Moreover, (0;F) isthe only minimizer if � is large enough, whi
h means that a suÆ
iently strong ap-plied magneti
 �eld penetrates the entire super
ondu
tor and 
ompletely destroys thesuper
ondu
tivity.In order to study the nu
leation phenomenon for 2-dimensional super
ondu
torsunder strong �elds, for given H0(x), we de�ned in [LP4℄ the following number :(1.3) ��(�;H0) = inff� > 0 : (0;F) is the only minimizer of Eg:It naturally led to the mathemati
al de�nition of the upper 
riti
al applied magneti
�eld HC3 when H0(x) � 1 : HC3 � HC3(�) = ��(�; 1):Our approa
h is to derive the asymptoti
 estimates for HC3(�) and ��(�;H0) for largevalue of � and �, to dis
uss their dependen
e on the geometry of the sample and onthe non-homogeneity of the applied �eld, and to study the 
ondensation phenomenonof the order parameters when the applied �eld is 
lose to HC3 . These questions are
losely related to the eigenvalue problem for the S
hr�odinger operator with magneti
�elds in the bounded domain 
. In the following we let �(A) denote the lowesteigenvalue of the following problem :(1.4) �r2A = � in 
; (rA ) � � + 
 = 0 on �
:Lemma 1.2. If �(��F) < �2 then the Ginzburg-Landau fun
tional has nontrivialminimizers. On the other hand, if the Ginzburg-Landau fun
tional has a non-trivialminimizer ( ;A) then �(��A) < �2.Lemma 1.2 suggests the following de�nition :��(�;H0) = minf� > 0 : �(��F) = �2g:The estimate on ��(�;H0) for large � helps us to obtain an estimate for ��(�;H0).However we should mention that, the bifur
ation theory does not provide an answer tothe question whether there exists a large solution, not ne
essary in the neighborhoodof (0;F), for � � ��(�;H0). In our analysis presented below we do not presume thatall the solutions bifur
ate from the trivial solutions.1.3. S
hr�odinger Operators with Magneti
 Fields. In order to estimate thevalue of ��(�;H0) for large � and � and to des
ribe the behavior of order parametersfor � 
lose to ��(�;H0), we need the detailed information about the lowest eigenvaluesand 
lassify the asso
iated (bounded) eigenfun
tions of the S
hr�odinger operator withmagneti
 �elds in the entire plane2 :(1.5) �r2A = � in R22 In this paper, for 
onvenien
e, when 
onsidering eigenvalue problems in the entire plane or inthe half-plane, we 
all a non-trivial bounded solution as an eigenfun
tion. Therefore, the eigenfun
tionasso
iated with the lowest eigenvalue may not lie in L2.



282 k. lu and x. b. panor in the half-plane :(1.6) �r2A = � in R2+ ; (rA ) � � = 0 on �R2+ ;where R2+ = f(x1; x2) : x2 > 0g. We shall 
onsider two typi
al magneti
 �elds:(1) A(x) = !(x) � (�x22 ; x12 ) or A(x) = E(x) � (�x2; 0) (they are gaugeequivalent);(2) A(x) = � jxj22 n, where n = (
os#; sin#) is a unit ve
tor.The �rst 
ase 
orresponds to the super
ondu
tors under non-vanishing magneti
 �eldsand the se
ond 
ase 
orresponds to the super
ondu
tors under non-degenerately van-ishing magneti
 �elds. It is an important topi
 in the semi-
lassi
al theory of theS
hr�odinger operator with magneti
 �elds to estimate the lowest eigenvalue of (1.5),see for instan
e [H1℄. In our approa
h, we shall estimate the lowest eigenvalues ofboth (1.5) and (1.6), as well as to 
lassify the asso
iated (bounded) eigenfun
tions.1.4. F -Prin
iple. In many 
ases, the key point in the 
lassi�
ation of the eigen-fun
tions is to prove the uniqueness of minimum points of the lowest eigenvalue �(�)of the asso
iated Sturm-Liouville operators. This is the important issue in [LP2,5℄,where a general idea whi
h we may 
all F -Prin
iple was developed. We brie
y stateit here with respe
t to (1.6). Choose A = E = (�x2; 0). Then, (1.6) reads :(1.7) �'+ 2ix2�x1'� jx2j2'+ �' = 0 in R2+ ; �x2' = 0 on �R2+ ;and the lowest eigenvalue �0 is given by :�0 = inf�2W 1;2(R2+) RR2+ jrE�j2dxRR2+ j�j2dx :Note that the 
oeÆ
ients in (1.7) are independent of x1. It is natural to try theFourier transformation in the variable x1. Let  be a bounded eigenfun
tion of (1.7)asso
iated with the lowest eigenvalue �0. Formally, we �x x2 and write the Fouriertransform of ' in the variable x1 as follows :~'(z; x2) = F ['(�; x2)℄(z):Then, for �xed z, ~' satis�es an equation in x2 :(1.8) �d2 ~'dx22 + q(x2; z) ~' = �0 ~' for 0 < x2 < +1; d ~'dx2 (0) = 0;where q(x2; z) = (x2+ z)2:We may 
all the following equation obtained from (1.8) by
hanging variables the F-transformed equation of (1.7) (or F -equation for short) :(1.9) �u00 + q(t; �)u = �u for 0 < t < +1; u0(0) = 0:For �xed z, let �(z) denote the lowest eigenvalue of (1.9). Let �(z0) = minz �(z). Letu be the eigenfun
tion of (1.9) for z = z0. We may guess that �(z0) is the eigenvalueof (1.7), and the asso
iated eigenfun
tions of (1.7) are given by ' = 
eiz0x1u(x2):Although the above argument is formal, the results for the F-transformed equation(1-dimensional eigenvalue problem) on the half-line help us to study the original (2-dimensional) eigenvalue problem in the half-plane. To rigorously verify the results
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tivity 283obtained by the formal analysis, we may follow the main steps in [LP2℄ (proof ofTheorem 5.3)3, whi
h are summarized in the following :Step 1. For �xed z, the lowest eigenvalue of (1.9) is given by the following varia-tional prin
iple :(1.10) �(z) = inf�2W 1;2(R+) 1k�k2L2(R+) Z +10 fj�0j2 + q(t; z)j�j2gdt:We show that there exists a unique z0 su
h that :�(z0) = min�1<z<1�(z):Let �0 be the lowest eigenvalue of (1.7). It is easy to show that �0 � �(z0).Step 2. Let ' be a bounded eigenfun
tion of (1.7) asso
iated with �0. We showthat there exists C > 0 su
h that, for any a < b we have :(1.11) Z ba dx1 Z +10 j'j2dx2 � C(b� a+ 1)k'k2L1 :Let ~'(z; x2) be the Fourier transform of ' in the sense of distribution. Using Step 1and (1.11) we show that, for any x2, ~'(�; x2) is supported at the single point z0. Alsowe get �0 � �(z0).Step 3. Then, we 
on
lude that �0 = �(z0), and '(x1; x2) = eiz0x1u(x2) for someeigenfun
tion u of the F-transformed equation with z = z0 on R+ asso
iated with thelowest eigenvalue �(z0).Remark 1.3. Note that we 
an apply the F -prin
iple as well when the lowesteigenvalue of the F -equation has only �nite number of minimum points.In [LP1,2,5℄ we used the above ideas to obtain the estimates for the lowest eigen-value on the half-plane and 
lassi�ed the asso
iated eigenfun
tions. It would be inter-esting to look for a new proof of the uniqueness results of the eigenfun
tions withoutusing distributions.1.5. Eigenvalue Variation for Sturm-Liouville Operators. From x1:4 wesee that, the 
ru
ial part in our study is to prove the uniqueness of minimum pointsof the lowest eigenvalue �(z) of the Sturm-Liouville problem :(1.12) �u00 + q(t; �)u = �u for 0 < t < +1; u0(0) = 0;whi
h is the F -equation of an eigenvalue problem for the S
hr�odinger operator with amagneti
 �eld. This problem is 
losely related to the parameter variation problem ofeigenvalues studied in [DH℄. When the potential q(t; z) is in the form(1.13) q(t; z) = q(t+ z);the uniqueness of the minimum point z0 of the fun
tion �(z) was obtained in [DH℄(also see [BH℄).4 In x2 below we shall present a proof slightly di�erent to [DH℄. On theother hand, when A = � jxj22 n, the asso
iated Sturm-Liouville equation has potentialq(t; �) = 14 (t2 + 2�)2, whi
h is not in the form (1.13), and it seems to us that the3 Also see [LP5℄ (proof of Lemma 3.2).4Without knowing the work [DH℄, we used an ODE method to prove the uniqueness of theminimum point z0, see [LP2℄ (Se
tion 7).



284 k. lu and x. b. panuniqueness of minimum points 
an not be obtained by using the method from [DH℄.For su
h a potential q(t; �), the uniqueness was proved in [PK℄ (Theorem 3) by anargument 
ombining the ODE te
hnique and a variational idea, see x2 below.1.6. 3-Dimensional Super
ondu
tors. Now we 
onsider a super
ondu
tingmaterial o

upying an arbitrary bounded smooth domain 
 in R3 . Several results in2-dimensional 
ase remain valid now, and there are new phenomena interesting tous. First, in 3-dimensional 
ase, the value of HC3 depends on the dire
tion of theapplied �eld. However, for a bounded super
ondu
tor with a smooth surfa
e, thevalue of HC3 is essentially independent of the dire
tion of the applied magneti
 �eld.Here, the essential independen
e means that the leading term of HC3 is independentof the dire
tion of the applied �eld when � is large. Se
ond, the lo
ation of nu
leationdepends on the dire
tion of the applied �eld and on the geometry of the surfa
e. Whenthe applied �eld is 
lose to HC3 , super
ondu
ting sheaths nu
leate at a portion of thesurfa
e whi
h is parallel to the �eld.In 
ontrast to the samples with smooth surfa
e, the value of HC3 
ould be mu
hhigher for super
ondu
tors with non-smooth surfa
e, and nu
leation happens at edgesand verti
es at the surfa
e. This phenomenon was investigated by Fomin-Devreese-Mosh
hialkov [FDM℄ and Jadallah-Rubinstein-Sternberg [JRS℄ and Pan [P1℄. In Se
-tion 7, we shall des
ribe some results in this dire
tion obtained in [P1℄.2. Eigenvalue Variation for Sturm-Liouville Equations. In this se
tion westudy the eigenvalue variation problem for the Sturm-Liouville equation (1.12) withparameter z, where q(t; z) is a 
ontinuous fun
tion. The lowest eigenvalue �(z) wasgiven in (1.10). As a fun
tion of z, we suppose that �(z) attains its minimum at somepoint. We quote below some results from [LP2, PK℄ 
on
erning the uniqueness of theminimum points.Let z0 be the minimum point of �(z) and �0 = �(z0) = minz �(z), and let u bethe positive eigenfun
tion of (1.12) for z = z0 and � = �0.Lemma 2.1. We have :(2.1) Z +10 �q�� (t; z0)u2(t)dt = 0;Z +10 �q�t (t; z0)u2(t)dt = [�0 � q(0; z0)℄u2(0);Z +10 t�q�t (t; z0)u2(t)dt = 2 Z +10 ju0(t)j2dt:For the proof see [PK℄ (Se
tion 3). Also see [LP4℄ (Se
tion 2) for the proof of the�rst equality in the spe
ial 
ase.Corollary 2.2. If q(t; z) = q(t+ z), then a minimum point z0 of �(z) satis�es(2.2) q(z0) = �0:Moreover if q(t) stri
tly in
reases then the minimum points of �(z) are unique.In fa
t, in this 
ase we have �q�� = �q�t : From the �rst two equalities in (2.1) we get(2.2). Equality (2.2) was �rst obtained in [DH℄. For the 
ase q(t; z) = (t + z)2, alsosee [LP4℄ (Proposition 2.4).Proposition 2.3. In the following two 
ases the minimum points of �(z) are
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tivity 285unique:(1) q(t; z) = (t+ z)2;(2) q(t; z) = 14 (t2 + 2z)2.In Case 1, it had been showed by numeri
al 
omputations that the minimumvalue �0 of �(z) is � 0:59, see [SdG℄. In [LP4℄ (Proposition 2.4) we gave a short proofof the estimate 0:5 < �0 < 0:76. In Case 2, a numeri
al 
omputation showed that theminimum value �0 is ' 0:5698, see [M, H2℄.Proof. In Case (1), the uniqueness is a 
onsequen
e of Corollary 2.2. In Case (2),the proof of uniqueness is mu
h more involved. We sket
h here the idea in [PK℄. Firstnote that, in Case (2), minimum points of �(z) must be negative. Fix � and z. Let ube a positive solution of (1.12) satisfying u(0) = 1. De�ne a fun
tion � by(2.3) u(t) = exp(� Z t0 �(s)ds):Then, � satis�es the following Ri

ati type equation :(2.4) �0 = �2 + �� q(t; z) for t > 0; �(0) = 0:Suppose that there exist two minimum points z1 < z2 < 0 of �(z) su
h that �(z1) =�(z2) = �0. A 
areful analysis on the solutions of (2.4) shows that, there exists a pointz� between z1 and z2 and a number �� < �0 su
h that, (2.4) with z = z� and � = ��has a solution �� on [0;+1), and the fun
tion u� asso
iated with �� by (2.3) gives apositive eigenfun
tion asso
iated with the eigenvalue ��. This is impossible be
ause�0 is the least eigenvalue.3. Eigenvalues of S
hr�odinger Operators with Magneti
 Fields.3.1 S
hr�odinger Operators with Constant Magneti
 Fields in the EntirePlane. In this subse
tion we 
onsider the eigenvalue of the S
hr�odinger operator�r2Ain R2 , where 
urlA is a non-zero 
onstant. From the res
aling property of the operatorwe only need to 
onsider the 
ase where 
url A = 1. From the gauge invarian
e wemay 
hoose A = ! = (�x22 ; x12 ) and write the equation as follows :(3.1) �r2! = � in R2 :Theorem 3.1 ([LP2, Theorem 2℄). (1) The eigenvalues of (3.1) are 2n + 1,n = 0; 1; 2; � � � Espe
ially, the lowest eigenvalue is �0 = 1.(2) For ea
h k � 0, the fun
tion  k = rk exp(�r2=4+ik�) is an L2 eigenfun
tionasso
iated with �0. Moreover, for any entire fun
tion f(x),  = exp(�r2=4)f(x) is asolution of (3.1) with � = 1.Theorem 3.1 and Theorems 3.4 and 4.1 below were also announ
ed in [LP1℄. Theintegral representation formula for eigenfun
tions asso
iated with the higher eigen-values was also given in [LP2℄ (proof of Theorem 4.1). Here we quote from [LP2℄(Theorem 2.2) the proof for the 
on
lusion �0 = 1. Re
all that :�0 = inf�2W 1;2(R2) RR2 jr!�j2dxRR2 j�j2dx :Obviously, exp(�r2=4)f is an eigenfun
tion asso
iated with the eigenvalue 1, wheref 6� 0 is any entire fun
tion su
h that exp(�r2=4)f 2 L2(R2 ). Thus, �0 � 1.



286 k. lu and x. b. panWe need to show that �0 � 1. Let Bn = fx 2 R2 : jxj < ng and setan = inf�2W 1;20 (Bn) RBn jr!�j2dxRBn j�j2dx :Clearly, an ! �0 as n ! +1. We shall show that an � 1 for all n. Let � 2 C20 (Bn)be a smooth fun
tion with expansion � = +1Xk=�1uk(r)eik� ; where uk 2 C10 [0; n℄ areradial fun
tions, C10 [0; n℄ = f� 2 C1[0; n℄ : u(n) = 0g. We 
ompute :ZBn jr!�j2dx = +1Xk=�1 2� Z n0 fju0kj2 + (kr � r2)2jukj2grdr� +1Xk=�1 2�an(k) Z n0 jukj2rdr;where an(k) = infu2C10 [0;n℄ 1R n0 juj2rdr Z n0 fju0j2 + (kr � r2)2juj2grdr� infu2C1[0;1) 1R +10 juj2rdr Z +10 fju0j2 + (kr � r2)2juj2grdr:If k � 0, for every real smooth fun
tion u(r) we have :Z +10 fju0j2 + (kr � r2)2juj2grdr � 2 Z +10 u0u(kr � r2)rdr = Z +10 juj2rdr:The equality holds for u = rk exp(�r2=4). Hen
e, an(k) � 1 and ! 1 as n ! 1. Ifk < 0 we have : (kr � r2)2 = ( jkjr � r2)2 + 2jkj:Hen
e, an(k) � 2jkj+1 and ! 2jkj+ 1 as n!1. Therefore, an � 1 for all n, whi
hyields �0 � 1.Now we write z = x1 + ix2, z = x1 � ix2, �z = 12 (�x1 � i�x2), and �z = �z =12 (�x1 + i�x2): For a ve
tor �eld A = (A1; A2) 2 C2(R2 ), we de�ne a = 12 (A1 � iA2),a = 12 (A1 + iA2), �a = �z � ia, and �a = �z � ia:Lemma 3.2. Assume that A 2 C2(R2 ) and  2 L2(R2 ) is a solution of (1.5).Then, we have : ZR2 �4j�a j2 + (
url A)j j2	 dx = � ZR2 j j2dx;ZR2 �4j�a j2 � (
url A)j j2	 dx = � ZR2 j j2dx:Remark 3.3. From Lemma 3.2 we 
on
lude that :inf�2W 1;2(R2) RR2 jrA�j2dxRR2 j�j2dx � infx2R2 j
url A(x)j:Again we see that for equation (3.1), the lowest eigenvalue �0 � 1.
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hr�odinger Operators with Constant Magneti
 Fields in the Half-Plane. In this subse
tion we 
onsider the eigenvalue problem (1.7). Let �(z) be thelowest eigenvalue of the Sturm-Liouville problem (1.9) with q(t; z) = (t + z)2. Let z0be the unique minimum point of �(z), and let u be the positive eigenfun
tion of (1.9)asso
iated with z = z0 and � = �(z0) (see Proposition 2.3).Theorem 3.4 ([LP2, Theorem 3℄). The lowest eigenvalue �0 of (1.7) is equalto the minimum value �(z0), and the only bounded eigenfun
tions asso
iated with �0are given by ' = 
eiz0x1u(x2):Proof. Let ' be a bounded eigenfun
tion of (1.7) asso
iated with �0. We 
anshow that (1.11) holds for any a < b, where C > 0 is independent of '. For any �xedx2 � 0, let ~'(z; x2) = F ['℄(z; x2) be the Fourier transform of '(x1; x2) in x1 in thesense of distribution. Using (1.11) we 
an show that, for any x2 � 0, the support of~'(�; x2) either is empty or 
ontains only z0. Hen
e, ~'(z; x2) 
an be represented by~'(z; x2) = N(x2)Xk=0 
k(x2) dkdzk Æ(z � z0);where N(x2) and 
k(x2) may depend on x2. So,'(x1; x2) = 1p2� N(x2)Xk=0 
k(x2)(�ix1)k exp(iz0x1):Sin
e ' is bounded in R2+ , we have 
k(x2) = 0 for all k > 0 and x2 � 0. Letv(x2) = 
0(x2)=p2�, then '(x1; x2) = v(x2) exp(iz0x1): v(x2) is a bounded smoothfun
tion as ' is, and satis�es the equation�v00 + (x2 + z0)2v = �0v for x2 > 0; v0(0) = 0:Hen
e, v(x2) = 
u(x2) and ' = 
 exp(iz0x1)u(x2).Remark 3.5. In [LP1,2℄ we dis
ussed the problems under a more general bound-ary 
ondition : (rA ) � � + 
 = 0 on �R2+ ;where 0 � 
 <1.Next we 
onsider the Diri
hlet problem :(3.2) �'+ 2ix2�x1'� jx2j2'+ �' = 0 in R2+ ; ' = 0 on �R2+ :We de�ne : �0 = inf�2W 1;20 (R2+) RR2+ jrE�j2dxRR2+ j�j2dx :Proposition 3.6 ([LP2, Theorem 4℄). �0 = 1 and is not a
hieved. (3.2) hasno non-trivial bounded solutions for � � �0, and has at least one non-trivial boundedsolution for � > �0.3.3. S
hr�odinger Operators with Constant Magneti
 Fields in theQuadrant. Let Q denote the quadrant in the plane, Q = f(x1; x2) : x1 > 0; x2 > 0g,and let ��Q = �Q n f0g: Consider the following eigenvalue problem :(3.3) �r2! = 
 in Q; (r! ) � � = 0 on ��Q;



288 k. lu and x. b. panwhere !(x) = (�x22 ; x12 ): (3.3) 
an be written as follows :8>>>>><>>>>>: �� + i(�x2�x1 + x1�x2 ) + 14 jxj2 = 
 for x1 > 0; x2 > 0;�x1 + i2x2 = 0 if x1 = 0; x2 > 0;�x2 � i2x1 = 0 if x1 > 0; x2 = 0:De�ne : 
0 = inf�2W 1;2(Q) RQ jr!�j2dxRQ j�j2dx :Theorem 3.7 ([P1, Theorem 4.1℄). 
0 is a
hieved in W 1;2(Q), and 0 < 
0 <�0. Obviously, 
0 is invariant under translations and rotations. On the other hand, let be a minimizer for 
0 and set  �(x1; x2) =  (x2; x1). Then,  � is also a minimizerfor 
0. It would be interesting to know if every minimizer for 
0 has the star-symmetryup to a 
onstant of modulo 1, i.e.  (x2; x1) = ei
 (x1; x2):3.4. S
hr�odinger Operators with Non-Degenerately Vanishing Mag-neti
 Fields in the Entire Plane. In this and next subse
tions we 
onsider (1.5)and (1.6) where the magneti
 �elds vanish non-degenerately. So we assume(3.4) A = �jxj22 n; n = (
os#; sin#):Note that 
url A = x2 
os#� x1 sin#, and it vanishes along a line.In the 
ase of the entire plane, we 
an simplify (1.5) by �rst rotating the 
oordinatesystem then making a gauge transformation su
h that, in the new 
oordinate system,we have n = (1; 0) and A = (� 12y22 ; 0): Equation (1.5) is then written as :(3.5) �� � iy22�x1 + 14y42 = � in R2 :Su
h eigenvalue problems were studied by R. Montgomery [M℄ in his semi-
lassi
alstudy of a 2-dimensional quantum parti
le in a non-degenerately vanishing magneti
�eld. Among other things, Montgomery showed that, for the magneti
 �eld A givenabove, the lowest eigenvalue �(R2 ;A) of (3.5) is equal to the minimum of the lowesteigenvalue �(�) of the following equation :(3.6) �y00 + 14(t2 + 2�)2y = �(�)y; �1 < t <1:In other words, let(3.7) �0 = inf�2R1�(�):Then �(R2 ;A) = �0: More general results in higher dimensional spa
es were obtainedby Hel�er-Mohamed [HMoh℄ and Hel�er [H2℄. The 
lassi�
ation of the eigenfun
tions,whi
h will be useful to des
ribe the nu
leation behavior of order parameters and toderive a high order estimate for the value of ��(�;H0), was proved in [PK℄ by usingF -Prin
iple.
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tivity 289Theorem 3.8 ([PK, Theorem 3℄). The minimum point �0 of �(�) is unique.The eigenfun
tions of (3.5) asso
iated with the lowest eigenvalue �(R2 ;A) are  =
ei�0y1u(y2); where u is the positive eigenfun
tion of (3.6) with � = �0.3.5. S
hr�odinger Operators with Non-Degenerately Vanishing Mag-neti
 Fields in the Half-Plane. In this subse
tion we 
onsider eigenvalue problem(1.6), where the ve
tor �eld A was given in (3.4). In 
ontrast to the entire plane 
ase,the lowest eigenvalue of (1.6) depends on the dire
tion of n. After gauge transforma-tions, (1.6) 
an be written as follows :(3.8)8><>: ��'� i(x22 
os#�x1'+ x21 sin#�x2') + 14(x42 
os2 #+ x41 sin2 #)' = �' in R2+ ;�x2'+ i2x21 sin#' = 0 on �R2+ :In the following we write the lowest eigenvalue �(R2+ ;A) by �(R2+ ; #). Then,�(R2+ ; #) = inf�2W 1;2(R2+) 1k�k2L2(R2+) ZR2+fj(�x1 + i2x22 
os#)�j2 + j(�x2 + i2x21 sin#)�j2gdxObviously, �(R2+ ; � + #) = �(R2+ ; #): So we assume that 0 � # < �.The 
ase where # = 0 is most interesting. In this 
ase (3.8) reads��'� ix22�x1'+ 14x42' = �' in R2+ ; �2' = 0 on �R2+ :Re
all that �(R2 ;A) = �0 = �(�0). Let u be the positive eigenfun
tion of (3.6) with� = �0.Theorem 3.9 ([PK, Theorem 4℄). (1) �(R2+ ; 0) = �0, and the only eigenfun
-tions asso
iated with �(R2+ ; 0) are ' = 
ei�0x1u(x2):(2) When 0 < # < �, �(R2+ ; #) < �0 and the asso
iated eigenfun
tions belong toW 1;2(R2+ ).4. Eigenvalue Problems in 2-Dimensional Bounded Domains. Let 
 be abounded domain in R2 and A be a given ve
tor �eld. We shall dis
uss the asymptoti
estimates of the eigenvalue �(bA) and the 
on
entration behavior of the eigenfun
tions b of the following equation :(4.1) �r2bA = � in 
; (rbA ) � � + 
 = 0 on �
:Let H0(x) = 
url A(x). De�ne :(4.2) a0(H0) = min fminx2
 jH0(x)j; �0 minx2�
 jH0(x)jg;where �0 is the lowest eigenvalue of (1.7). Note that if 
url A � H0, a non-zero
onstant, then a0(H0) = �0jH0j: Let 
m be the set of the minimum points of jH0(x)j :
m = fx 2 
 : jH0(x)j = miny2
 jH0(y)jg:Theorem 4.1 ([LP2, Theorem 1℄). Let 
 be a bounded smooth domain in R2 .
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) and H0(x) = 
url A(x). Then,limb!1 �(bA)jbj = �0(H0);and the eigenfun
tions 
on
entrate at the set 
m of minimum points of jH0j as b!1.(2) If 
url A � 1, then limb!1 �(bA)jbj = �0;and the eigenfun
tions 
on
entrate at the boundary �
 as b!1.Remark 4.2. Theorem 4.1 shows that �(bA) essentially depends on the distri-bution of the minimum points of H0. Note the pre
ise meaning of the 
on
entrationof eigenvalues: In Case (1) it means that :limb!1  b(x)k bkL1(
) = 0 on 
 n
m:In [LP3℄ we proved the 
on
entration 
on
lusion for order parameters. The sameargument also yields the 
on
entration 
on
lusion for eigenfun
tions.In the 
ase where 
url A is a non-zero 
onstant, we have a higher order upperbound estimate, see [LP4℄ (Appendix). Let u denote the positive eigenfun
tion of(3.2) for z = z0 and �(z0) = �0. De�ne :C1 = 1kuk2L2 fu2(0)2 � Z +10 (z0 + t)3u2(t)dtg; C2 = u2(0)kuk2L2 :It was shown in [LP4℄ that C1 > 0. Let �r denote the relative 
urvature of �
, andset : �max = maxx2�
�r(x); (�
)max = fx 2 �
 : �r(x) = �maxg:Lemma 4.3. Let 
 be a bounded and smooth (say C5) domain in R2 , and A 2C5(
) satisfying 
url A � 1. Then, for b > 0 large we have :�(bA) � �0 � (C1�max � C2
)pb+O(b�3=7):Remark 4.4. (1) Berno�-Sternberg [BS℄ found an asymptoti
 expansion for HC3using some formal analysis, whi
h also yields an estimate for �(bA). Del Pino-Felmer-Sternberg [DFS℄ proved a similar upper bound for �(bA). Very re
ently, Hel�er-Morame has proved that, for a C4 bounded domain in R2 , if 
urlA = 1 and if 
 = 0,then we have, as b! +1,�(bA) = �0b� C1�maxpb+O(b�1=3):Moreover, the eigenfun
tions 
on
entrate near the maximum points of the 
urvaturein the L2 sense.(2) We believe that under the 
ondition of Lemma 4.3, the eigenfun
tions 
on-
entrate on the maximum points of the 
urvature as b!1, namely,limb!1  b(x)k bkL1(
) = 0 on 
 n (�
)max:
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tivity 291Lemma 4.3 indi
ates the e�e
t of the domain geometry on the value of the eigen-value �(bA). To further explore the e�e
t of the domain geometry, we study theeigenvalue problem on bounded domains with 
orners. For simpli
ity, here we 
on-sider a re
tangle 
 = [a; b℄� [
; d℄. Let V = f(a; 
); (a; d); (b; 
); (b; d)g be the set of theverti
es of the re
tangle. Re
all that the lowest eigenvalue 
0 of (3.3) in the quadrantQ is less than �0. A dire
t 
onsequen
e of Theorem 3.7 is the following :Theorem 4.5. Let 
 be a re
tangle and A be a smooth ve
tor �eld su
h that
url A = 1. Then limb!1 �(bA)jbj = 
0;and the eigenfun
tions 
on
entrate at the verti
es as b!1.Note that if H0 = 
url A has a zero, then a0(H0) = 0. It was observed in [LP3℄(Proposition 6.3) and then proved in [PK℄ (Theorem 1) that, in this 
ase the value of�(bA) is greatly redu
ed. For simpli
ity we assume that the applied magneti
 �eldhas non-degenerate zero points, that is, the set Z(H0) of zero points of H0 = 
url Asatis�es the following 
ondition:(4.3) Z(H0) is the union of a �nite number of smooth 
urves in 
;rH0(x) 6= 0 if x 2 Z(H0):De�ne Z(H0;
) = Z(H0) \ 
; Z(H0; �
) = Z(H0) \ �
:From the 
ondition (4.3) we see that, if x 2 Z(H0) then 
url A(x) = 0, 
url2A(x) =(�x2
url A(x);��x1
url A(x)) 6= 0: We let � denote the unit outward normal of �
and let � denote the unit tangential ve
tor. We 
hoose the dire
tion of �
 su
h thatthe orientation of f�; �g is same as that of x1x2-
oordinate system. For x 2 �
, let#(x) denote the angle between the ve
tor 
url2A(x) and � . Note that the angle #(x)is equal to the angle between rH0 and the inward normal ve
tor ��(x). Let �0 bethe number given in (3.7), and let �(R2 ; #) be the lowest eigenvalue of (3.8). De�ne(4.4)a1(H0) = minf�0 minx2Z(H0;
) jrH0j; minx2Z(H0;�
)�(R2+ ; #(x))jrH0(x)jg;~Z(H0) = fx 2 
 : �0jrH0(x)j = a1(H0)g [ fx 2 �
 : �(R2+ ; #(x))jrH0(x)j = a1(H0)g:Note that, if all the zero points of H0 lie inside 
, then we have :~Z(H0) = fx 2 
 : H0(x) = 0; jrH0(x)j = miny2Z(
) jrH0(y)jg:Theorem 4.6 ([PK, Theorem 1℄). Let H0 = 
url A satisfy the 
ondition (4.3).Then, we have : limb!1 �(bA)jbj2=3 = a1(H0);and the eigenfun
tions 
on
entrate at the set ~Z(H0) as b!1.As a 
onsequen
e of Theorem 4.6 we have that, if all the zero points ofH0 lie inside
, then the eigenfun
tions 
on
entrate at the zero points of H0 where the gradientrH0 is the least.We may also 
onsider eigenvalue problems under Diri
hlet 
ondition. In this 
asethe eigenfun
tions 
on
entrate in the interior of the domain.



292 k. lu and x. b. panThe proofs of the above theorems involve blow-up arguments and the estimationof the res
aled eigenfun
tions. So we need to de
ompose a ve
tor �eld into a gradientpart and a 
url part near a given point P . Let us assume that P = 0. Let BR = fx :jxj < Rg, A(x) = (A1(x); A2(x)), and set :aij = �Ai�xj (0); aijk = �2Ai�xj�xk (0); a1 = A1(0); a2(0) = A2(0):Lemma 4.7. Let A 2 C3(BR). Then, there exists a smooth real fun
tion �de�ned near x = 0 su
h that :A(x) = A(0) +r�(x) + 
url A(0)!(x)� 12 jxj2
url2A(0) +D(x);where !(x) = (�x22 ; x12 ), and jD(x)j = O(jxj2).Next, assume that 
 is a smooth (say, Ck for some k � 3) bounded domain in R2and 0 2 �
. Then, �
 
onsists of a �nite number of simple 
losed Ck 
urves whi
hdo not interse
t with ea
h other. Every 
omponent � of �
 
an be represented asz = z(s), and �(s) = z0(s), where s is the ar
 length of �. Fix � > 0 small and lett(x) = dist(x; �
); 
� = fx 2 
 : t(x) < �g:We 
an 
hoose � small su
h that t(x) is a Ck fun
tion over 
�. For every x 2 
�,there exists a unique point z = z(x) 2 �
 su
h that x = z� t(x)�(z), rt(x) = ��(z).The mapping x = F(s; t) = z(s)� t�(s)determines a Ck�1-transformation of 
oordinates, whi
h straightens a portion of theboundary near 0. We have :g(s; t) � j detDFj = jFs �Ftj = 1� t�r(s);where �r is the relative 
urvature of �
. It the following we re-write y1 = s, y2 = tand y = (y1; y2). Let e1 = � , e2 = ��. De�ne a new ve
tor �eld a asso
iated withA : a1(y) = g(y)A(F(y)) � e1(y); a2(y) = A(F(y)) � e2(y);a(y) = a1(y)e1 + a2(y)e2:Lemma 4.8. Let 
 be a smooth domain in R2 with 0 2 �
 and A 2 C2(
 \ F(BR)).Then, in the new 
oordinates y straightening the boundary portion, the ve
tor �eld a(y)asso
iated with A(x) 
an be written as follows :a(y) = A(0) +ry ~�+ 
url A(0)~!(y)� jyj22 [
url2A(0)� �r(0)
url A(0)�(0)℄ + ~D(y);where ~�(y) is a smooth real fun
tion de�ned near y = 0,ry ~� = �y1 ~�e1 + �y2 ~�e2; ~!(y) = �y22 e1 + y12 e1;and j ~D(y)j � Cjyj3 for bounded y.
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al Field and Con
entration of Order Parameters for2-Dimensional Super
ondu
tors. Re
all the number ��(�;H0) de�ned in (1.3),a0(H0) de�ned in (4.2), and �0 the lowest eigenvalue of (1.7). In this se
tion we esti-mate the value of ��(�;H0) and HC3 , and dis
uss the nu
leation of super
ondu
tivity.The nu
leation phenomenon 
an be des
ribed by the 
on
entration behavior of theorder parameter  when � is 
lose to ��(�;H0). We shall see below (Theorem 5.1)that, for a type 2 super
ondu
tor with large value of �, an applied magneti
 �eld withits value 
lose to but less than the upper 
riti
al �eld penetrates the sample almost ev-erywhere. However, the super
ondu
tivity is not destroyed everywhere in the sample:Where the �eld is weaker, super
ondu
ting properties will persist. Let us de�ne
m = fx 2 
 : jH0(x)j = minx2
 jH0(x)jg;(�
)m = fx 2 �
 : jH0(x)j = minx2�
 jH0(x)jg:Theorem 5.1 ([LP4, Theorems 1.1 and 1.3℄). Assume that H0(x) is a posi-tive 
ontinuous fun
tion on 
.(1) We have :(5.1) lim�!+1 ��(�;H0)� = 1a0(H0) ;where a0(H0) was given in (4.2).(2) Super
ondu
tivity nu
leates �rst at 
m [ (�
)m. More pre
isely, let �n !+1, �n < ��(�n; H0), �n=�n ! 1=a0, and let ( n;An) be a non-trivial minimizer ofthe Ginzburg-Landau fun
tional G with � = �n, � = �n. Then, as n!1, we have :
url An !H0 in C1+�(
);k nkL1(
) ! 0; n(x)k nkL1(
) ! 0 on 
 n (
m [ (�
)m):The proof of Theorem 5.1 
onsists of a prior estimates for the solutions of theGinzburg-Landau system (1.1) and blow-up arguments. The results in Theorem 4.1play important roles in the proof.Next, we 
onsider a spatially homogeneous applied magneti
 �eld, H0(x) � 1.Note that in this 
ase we have a0(H0) = �0. As a 
onsequen
e of (5.1) we have :(5.2) HC3(�) = ��0 + o(�):The following theorem gives an asymptoti
 estimate of HC3 with a 
ontrol on theerror; and shows in the L2 sense that, as the applied �eld de
reases gradually fromHC3 , super
ondu
tivity nu
leates �rst at the maximum points of the 
urvature, anda super
ondu
ting sheath gradually forms there.5Theorem 5.2 ([HP, Theorems 1.1 and 1.2℄). Assume that 
 is of 
lass C4.(1) For � large we have :(5.3) HC3(�) = ��0 + C1�3=20 �max +O(��1=3);5 Also see [LP4℄ (Proposition 1.2) and [BS℄.
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onstant given in Lemma 4.3, and �max is the maximum valueof the 
urvature of �
.(2) Let � = �3=20C1 [HC3(�)��℄: If 0 < � = o(1) as �!1, then there exist positive
onstants a0, `0, �0 and M0 su
h that, for all � > �0, we have :Z
 j j2 exp(a0p�[�max � �r(s)℄)dx �M0 exp(`0�p�) Z
 j j2dx:If "0 < � < �max � �min, where "0 > 0, then there exist positive 
onstants a, M and�00 su
h that, for all � > �00 we have6 :Z
 j j2 exp(ap�[�max � �r(s)� �℄3=2+ )dx �M�1=3 Z
 j j2dx:Theorem 5.2 also shows that, the order parameters exponentially de
ay awayfrom the maximum points of the 
urvature. If the maximum points of 
urvature arenot degenerate, then we have more pre
ise estimates on the 
on
entration behavior,see [HP℄ (Theorem 1.3). We mention that, in [LP4℄ (Proposition 1.2), a lower boundestimate for HC3 involving �max was obtained. It was shown in [BPT℄ that, for asuper
ondu
ting disk, super
ondu
tivity nu
leates uniformly at the entire boundary.In the following, we let the applied �eld be redu
ed further and dis
uss the devel-opment of the super
ondu
ting sheaths. Theorem 5.3 below shows that, if the applied�eld is redu
ed enough from HC3 but the gap between them is not large, then the or-der parameters 
on
entrate on the entire boundary, and the super
ondu
ting sheathexpands, as predi
ted by D. Saint-James and De Gennes in [SdG℄. Theorem 5.4 showsthat, if the gap is large enough, but the applied �eld is kept away above HC2 , then thesuper
ondu
ting layer expands further and develops into a surfa
e super
ondu
tingstate.Theorem 5.3 ([LP4, Theorem 1.5℄). Assume that H0(x) = 1. Let �n and�n be as in Theorem 5.1. Let "n = 1=p�n�n and Æn = �n=�n � �0. If Æn ! 0 andÆn � "2=3n ; then there exists C0 > 0 su
h that, as n!1, we have :k nkL1(
) = (C0 + o(1))pÆn;j n(x)jk nkL1(
) ! � 0 if x 2 
;1 if x 2 �
:Theorem 5.3 shows that, if the gap between the applied �eld and HC3 is not verysmall, then the order parameters 
on
entrate uniformly along the entire boundary.In fa
t, the te
hni
al assumption Æn � "2=3n means that �n � �n�0 � L�1=3n for someL > 0. We believe that the 
on
lusion of Theorem 5.3 remains true under the weakerassumption Æn � "n.To des
ribe the development of the super
ondu
ting sheaths as the applied �eldis further redu
ed, we assume that H = ��e3 (namely � = �=�), where e3 is a unitve
tor in the x3-dire
tion, and �0 < � < 1. Let us assume 
 = 0. Instead of thefun
tional G, we 
onsider now the fun
tional E :E( ;A) = Z
fjr�2� A j2 + �4�2 j
url A�H0j2 � �2j j2 + �22 j j4gdx6We use the notation a+ = maxfa; 0g.
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tivity 295Theorem 5.4 ([P2, Theorem 1℄). Assume that �0 < � < 1 and let ( ;A) bethe non-trivial minimizer of the fun
tional E.(1) There exist positive numbers �1 and C su
h that, for all k > �1 we have :k
url A� 1kC1(
) � C� :(2) For any 0 < � < 2q1��� , there exist positive 
onstants �(�) and C(�) su
hthat, for all � > �(�), we have :Z
 exp(��dist(x; �
))fj j2dx+ 1�2 jr � i�2� A j2gdx � C(�)� :(3) There exists positive numbers L� and �2 su
h that, for all � > �2 we haveE [ ;A℄ = �L�j�
j�+O(1);and, for any 
losed subdomain D of 
,E [ ;A; D℄ = �L�jD \ �
j�+O(1):Theorem 5.4 shows that, for a super
ondu
tor subje
t to an applied magneti
�eld above HC2 , the applied �eld penetrates the sample almost everywhere, and su-per
ondu
tivity is 
on�ned at a surfa
e sheath with s
ale O(1=�). Note that L� ! 0as � ! �0 (see [P2, Lemma 5.9℄). Thus, as the applied �eld de
reases but remainshigher above HC2 , super
ondu
tivity in the surfa
e sheath in
reases while the inte-rior of the sample remains in normal state. These results 
on�rm the 
onje
ture ofRubinstein (see [R℄ P. 182).Combining the above Theorems, we get a 
omplete des
ription of the nu
leationpro
ess for 2-dimensional super
ondu
tors when the applied �elds de
rease fromHC3 .(i) As the applied �eld de
reases from HC3 , super
ondu
tivity nu
leates �rst atthe maximum points of the boundary 
urvature.(ii) As the applied �eld is redu
ed again but is still 
lose to HC3 , the super
on-du
ting region expands gradually, and then a thin super
ondu
ting sheath forms onthe entire boundary of the sample.(iii) As the applied �eld is further redu
ed but is still kept away above HC2 , thesuper
ondu
ting sheath be
omes strong and a boundary layer gradually raises, whilethe interior of the sample remains in a normal state.(iv) The sample will remain in a surfa
e super
ondu
ting state until the applied�eld rea
hes HC2 .From the above theorems we see that, both the value of ��(�;H0) and the lo
ationof super
ondu
tivity nu
leation depend on the distribution of minimum points of theapplied magneti
 �elds. The e�e
t of the geometry of the samples and of the non-homogeneity of the applied �elds was further explored in [P1, PK℄. It was found in [P1℄that, the existen
e of non-smoothness of the domains raises greatly the value of HC3 ,and 
at
hes the lo
ation of nu
leation. Let us 
onsider a re
tangle 
 = [a; b℄� [
; d℄.As a 
onsequen
e of Theorem 4.5 we get :Theorem 5.5. Let 
 be a re
tangle and H0 = 1. Then we have :lim�!1 HC3(�)� = 1
0 ;
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0 is the lowest eigenvalue of (3.3) in the quadrant Q, and super
ondu
tivitynu
leates �rst at the verti
es.For the e�e
t of zeros of the applied �elds, we have the following 
on
lusion :Theorem 5.6 ([PK, Theorem 1℄). Assume that Condition (4.3) in Se
tion 4is satis�ed. Then we have : lim�!+1 ��(�;H0)�2 = 1a1(H0) ;and super
ondu
tivity nu
leates �rst at the set ~Z(H0), whi
h was de�ned in (4.4).Espe
ially, if all the zero points of H0 lie inside 
, then the order parameters
on
entrate at the zero points of H0 where the gradient is the least.6. S
hr�odinger Operators with Magneti
 Fields in the 3-DimensionalSpa
e. To study Ginzburg-Landau system in 3-dimensional domains we need to dis-
uss the lowest eigenvalue of the S
hr�odinger operator �r2
 with the magneti
 
 inR3 and in R3+ , where(6.1) 
(x) = 12h�X = 12(h2x3 � h3x2; h3x1 � h1x3; h1x2 � h2x1):Here h = (h1; h2; h3) is a unit ve
tor in R3 , X = (x1; x2; x3) is the position ve
tor.Note that 
url 
 = h.First, we 
onsider the eigenvalue problem in R3 :(6.2) �r2
 = � in R3 :Note that (6.2) 
an also be written as follows :�� + i(h�X)r + 14 jh�X j2 = � in R3 :De�ne(6.3) �(h) = inf�2W 1;2(R3) RR3 jr
�j2dxRR3 j�j2dx = inf�2W 1;2(R3) RR3 jr�� i2h�X�j2dxRR3 j�j2dx :Theorem 6.1 ([LP5, Theorem 4.1℄). For any 
onstant unit ve
tor h, �(h) =1. For every � � 1, (6.2) has no eigenfun
tion in L2(R3 ). Instead, it has in�nitelymany linearly independent bounded eigenfun
tions asso
iated with �.Next, we study the eigenvalue problem on the half spa
e R3+ :(6.4) �r2
 = � in R3+ ; (r
 ) � � = 0 on R3+ ;where � is the unit outer normal ve
tor to R3+ . To study (6.4), we �rst 
onsider aneigenvalue problem in R2+ :(6.5) ��v + (x1 
os#� x2 sin#)2v = bv in R2+ ; �x2v = 0 on �R2+ ;where # 2 [0; �=2℄ is a 
onstant. De�ne(6.6) b(#) = inf�2W 1;2(R2+) 1RR2+ j�j2dx ZR2+fjr�j2 + (x1 
os#� x2 sin#)2j�j2gdx:



surfa
e super
ondu
tivity 297Lemma 6.2 ([LP5, Theorem 3.1℄). (1) b(0) = b(�=2) = 1. Neither b(0) norb(�=2) is a
hieved in W 1;2(R2+ ).(2) For every # 2 (0; �=2), b(#) is a
hieved in W 1;2(R2+ ). (6.5) has only onelinearly independent eigenfun
tion asso
iated with the lowest eigenvalue b(#).(3) For 0 < # < �=2, b(#) is 
ontinuous and stri
tly de
reasing, and �0 < b(#) <1, where �0 is the lowest eigenvalue of (1.7). Moreover,lim#!0 b(#) = 1; lim#!�=2 b(#) = �0:Let b(#) be the number given in (6.6), 0 � # � �=2. Extend it to a fun
tion ~b(#)by letting(6.7) ~b(#) = 8>>><>>>: 1 if # = 0 or �;b(#) if 0 < # < �2 ;�0 if # = �2 ;b(� � #) if �2 < # < �;Similar to (6.3) we de�ne �(h) = inf�2W 1;2(R3+) RR3+ jr
�j2dxRR3+ j�j2dx :Theorem 6.3 ([LP5, Theorem 4.2℄). Let h be a 
onstant unit ve
tor, and let# be the angle between h and the unit outer normal of �R3 .(1) �(h) = ~b(#). Therefore, �(h) is de
reasing in # for # 2 [0; �=2℄.(2) �(h) is a
hieved in W 1;2(R3+ ) if and only if h is neither perpendi
ular norparallel to the surfa
e �R3+ . In this 
ase, (6.4) has in�nitely many linearly independentW 1;2 eigenfun
tions for � = �(h).(3) Moreover, in any 
ase, for � = �(h), (6.4) has bounded eigenfun
tions whi
hare not in W 1;2(R3+ ).Note that, for a super
ondu
ting sample o

upying the half spa
e, the 
on
lusion(1) of Theorem 6.3 indi
ates the dependen
e of HC3 on the angle between the applied�eld and the surfa
e of the sample. We refer to [STS℄ (Se
tion 4.3) for the dis
ussionon the angular dependen
e of HC3 .7. 3-Dimensional Super
ondu
tors.7.1. Super
ondu
tors with Smooth Surfa
es. Let us re
all the Ginzburg-Landau system in 3-dimensional bounded domain 
 :(1:10) 8>>>>>><>>>>>>:�(r� i�A)2 = �2(1� j j2) ;
url2A = � i2�( � r �  r � )� j j2A+ 
url H in 
;� �� � i�A � � + 
 = 0;(
urlA�H)� � = 0 on �
:As in x1:1 we assume that H(x) = �H0(x), � > 0, and set A = �A: Throughout thisse
tion we assume that H0(x) is a 
ontinuous ve
tor �eld and H0(x) 6= 0 on 
. Let
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tor �eld asso
iated with H0 as in (1.2), and de�ne ��(�;H0) as in (1.3).When H0(x) � h, a 
onstant unit ve
tor, we de�neHC3(�;h) � ��(�;h):As was shown in [LP5℄, for a super
ondu
tor o

upying a bounded domain 
 in R3with smooth surfa
e, the value of HC3(�;h) depends sensitively on the dire
tion ofthe applied �eld and on the geometry of the surfa
e. However, the leading term ofHC3 does not depend on them. To state this result, we let �(#) denote the lowesteigenvalue of the equation (6.5) and de�ne ~b(#) as in (6.7). For x 2 �
, let #(x)denote the angle between the ve
tor H0(x) and the outer normal �(x) of �
 at x.Then, we de�ne :�0 = �0(H0) � min fmin
 jH0(x)j; min�
 jH0(x)j~b(#(x))g;
m = fx 2 
 : jH0(x)j = miny2
 jH0(y)jg;(�
)m = fx 2 �
 : jH0(x)j~b(#(x)) = miny2�
 jH0(y)j~b(#(y))g:For a homogeneous applied magneti
 �eld H0 � h, a 
onstant unit ve
tor, we de�ne :(�
)h = fx 2 �
 : h � �(x) = 0g:Hen
e (�
)h is the set of the points on �
 where h is tangential to �
. Obviously, forany bounded domain in R3 with smooth surfa
e, we have (�
)h 6= ; and �0(h) = �0.Theorem 7.1 ([LP5, Theorem 1℄). (1) Let H0 be a 
ontinuous ve
tor �eld.We have : lim�!+1 ��(�;H0)� = 1�0(H0) ;and super
ondu
tivity nu
leates �rst at 
m [ (�
)m.(2) When H0(x) � h, a 
onstant unit ve
tor, we have :lim�!1 HC3(�;h)� = 1�0 ;and super
ondu
tivity nu
leates �rst at the (�
)h, namely at the subset of the surfa
ewhere the applied �eld is tangential to the surfa
e.The se
ond part of Con
lusion (2) in Theorem 7.1 veri�es rigorously the predi
tionof the physi
ists, su
h as the statements given in [dG℄. Moreover, we 
an also showthat, if H0(x) � h, if (�
)h is a smooth 
losed submanifold of �
 of dimension 1or 2, and if �n=�n � �0 is positive and goes to zero slowly (whi
h means that theapplied �eld de
reases from HC3 and the gap between them is not very small), thenthe super
ondu
tivity nu
leates uniformly along (�
)h, that is,j n(x)jk nkL1(
) ! � 0 if x 2 
 n (�
)h;1 if x 2 (�
)h:However, if �n=�n � �0 goes to zero fast, we believe that the order parameters may
on
entrate not on the entire submanifold (�
)h but on a subset N of (�
)h. Thegeometri
 
hara
terization of the nu
leation set N is an interesting problem.The proof of Theorems 7.1 requires the estimate of the lowest eigenvalue �(bF)of the S
hr�odinger operator �r2bF on the 3-dimensional domain 
, see (1.4).



surfa
e super
ondu
tivity 299Next, similar to Theorem 4.1, we have :Theorem 7.2 ([LP5, Theorem 5.1℄). (1) For any smooth bounded domain 
in R3 and A 2 C2(
), we have :limb!1 �(bA)jbj = min�minx2
 j
url A(x)j; minx2�
 j
url A(x)j~b(#(x))� ;where ~b(#) was de�ned in (6.7).(2) If H(x) � h, a 
onstant unit ve
tor, then we have :limb!1 �(bA)jbj = �0;where �0 is the lowest eigenvalue of (1.7).7.2. Super
ondu
tors with Edges and Corners. In [P1℄, two typi
al sam-ples with edges and 
orners were studied, namely, super
ondu
ting 
ylinders with�nite height, and 
uboids. We present some results below.For a 
ylinder with a smooth 
ross se
tion 
 and a �nite height, we have :lim�!+1 HC3(�;h)� = 8<: 1�0 if h k 
ylinder axis;1
0 if h ? 
ylinder axis:If the sample is subje
t to a homogeneous applied magneti
 �eld whi
h is not alongthe 
ylinder axis, then super
ondu
tivity nu
leates �rst at a portion of the edge.For a super
ondu
ting 
uboid subje
t to a homogeneous applied magneti
 �eldwhi
h is along a lateral fa
e of the 
uboid but is not along any edge, super
ondu
tivitynu
leates �rst at the verti
es among P(h).A
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