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GINZBUR G-LAND A U SYSTEM AND SURF A CE

NUCLEA TION OF SUPER CONDUCTIVITY
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y

and Xing-Bin P an

z

Abstract. In this article w e rep ort our recen t w ork in [LP1-5], [P1,2], [PK] and [HP] on the

estimates of the upp er critical �eld H

C

3

and on the surface n ucleation phenomenon of sup ercon-

ductivit y . A mathematical description of the dev elopmen t of the sup erconducting sheath at sample

b oundary as the applied �eld decreases from H

C

3

is giv en. It has b een sho wn that the geometry and

smo othness of the samples and the non-homogeneit y of the magnetic �elds ha v e imp ortan t e�ects on

the v alue of H

C

3

and on the condensation b eha vior of the order parameters. Our approac h is closely

related to the study of the sp ectra of the Sc hr• odinger op erators with magnetic �elds, and in v olv es

the eigen v alue v ariation problem for the Sturm-Liouville op erators.

1. In tro duction. If a sup erconductor is placed in a homogeneous magnetic

�eld and if the �eld decreases from the upp er critical v alue H

C

3

, sup erconductivit y

will n ucleate at the surface of the sample.

1

The estimate of the v alue of H

C

3

and

the surface n ucleation of sup erconductivit y ha v e b een studied b y man y ph ysicists,

see Sain t-James and De Gennes [SdG], Sain t-James and Sarma [SST], and Tinkham

[T]. More recen tly , a lot of pap ers on the mathematical researc h on these problems

ha v e app eared, and man y in teresting phenomena ha v e b een discussed. Here w e only

men tion a few: the w ork of Chapman [C], Berno�-Stern b erg [BS] and Almog [A]

based on some formal analysis, Bauman-Philips-T ang [BPT] for the rigorous analysis

on disks, Girogi-Phillips [GP], Lu-P an [LP1-5], del Pino-F elmer-Stern b erg [DSF], P an

[P1,2], P an-Kw ek [PK], Hel�er-Morame [HMor] and Hel�er-P an [HP] for rigorous

analysis on general domains.

Our main in terest in [LP1-5] is the estimates of H

C

3

and the lo cation of n ucleation.

It is in teresting to us that these problems ha v e close connections with the sp ectral

theory of the Sc hr• odinger op erator with a magnetic �eld, and that the geometry and

smo othness of the samples, as w ell as the distribution of the minim um p oin ts of the

magnitude of the applied magnetic �elds, ha v e imp ortan t e�ects on the v alue of H

C

3

and on the condensation b eha vior of the order parameters.

1.1. 2 -Dimensional Ginzburg-Landau System. According to the Ginzburg-

Landau theory [GL], sup erconductivit y of a sample placed in an applied magnetic �eld

can b e describ ed b y a complex-v alued function  called the or der p ar ameter and a

real v ector �eld A called the magnetic p otential . (  ; A ) is a minimizer of the energy

functional called the Ginzbur g-L andau functional . The Euler equation is called the

Ginzbur g-L andau system . The Ginzburg-Landau mo del has b een so far the most suc-

cessful mo del for the con v en tional sup erconductors and has also b een adopted to de-

scrib e the high T

C

sup erconductors b y adding in to this mo del the strongly anisotropic

prop erties and la y ered structure.

Let us b egin with a 2-dimensional Ginzburg-Landau mo del for sup erconductivit y .

W e assume that the sup erconductor o ccupies a cylindrical region with in�nite heigh t

y
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1

By upp er critic al �eld w e alw a ys mean H

C

3

, while in the literature the second critical �eld

H

C

2

ma y also b e called as \upp er critical �eld".
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and with a constan t cross-section 
 (whic h is a b ounde d, smo oth domain in R

2

), and

is placed in an applied magnetic �eld H that is parallel to the axis of the cylinder.

In this case the Ginzburg-Landau system is written as follo ws (see [GL, dG, CHO,

GDP]) :

(1.1)

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

� ( r � i� A )

2

 = �

2

(1 � j  j

2

)  ;

curl

2

A = �

i

2 �

(  r  �  r  ) � j  j

2

A + curl H in 
 ;

@  

@ �

� i� A  � � + 
  = 0 ;

curl A � H = 0 on @ 
 :

Here i =

p

� 1 , � is the Ginzburg-Landau parameter giv en b y the ratio of the London

p enetration depth and the coherence length of the sup erconductor, � is the unit out-

normal v ector at the b oundary of 
, 
 � 0. Note that in (1.1) the unit of length is

the p enetration depth. Also note that, in 2-dimensional case A = ( A

1

; A

2

), and w e

adopt the follo wing notations :

curl A = @

x

1

A

2

� @

x

2

A

1

; r

A

 = r  � i A ;

curl

2

A = ( @

x

2

curl A ; � @

x

1

curl A ) ;

r

2

A

 = ( r � i A )

2

 = �  � i [2 A � r  +  div A ] � jAj

2

 :

T aking the axis of the cylinder as the x

3

-axis, w e ma y write the applied �eld as

H = H e

3

: Since w e are mainly in terested in the b eha vior of the order parameters for

large v alue of the Ginzburg-Landau parameter � and high applied �elds, w e assume,

in order to mak e our discussion clear, that H ( x ) = � H

0

( x ), � > 0 ; where H

0

( x ) is a

con tin uous function on 
. Then, w e set A = � A : With prop er scaling, w e ma y rewrite

the Ginzburg-Landau functional as follo ws :

G (  ; A ) =

Z




fjr

� � A

 j

2

+ ( � � )

2

j curl A � H

0

j

2

+

�

2

2

( j  j

2

� 1)

2

g dx +

Z

@ 



 j  j

2

ds:

Both the Ginzburg-Landau system (1.1) and the Ginzburg-Landau functional G are

gauge in v arian t. Namely , they are in v arian t under the follo wing gauge transformation :

A � ! A + r �;  � ! e

i�

 ;

where � is a smo oth real function. In the follo wing w e alw a ys assume that 
 is a

simply-connected domain.

Remark 1.1. Note that in some articles the in tegral for the term j curl A � H

0

j

2

is tak en o v er the en tire plane. Ho w ev er it do es not a�ect our discussion, since w e

consider the case where the applied �eld is close to the upp er critical v alue H

C

3

.

In Sections 2-5 w e discuss 2 -dimensional sup er c onductors that can b e describ ed

b y the 2-dimensional Ginzburg-Landau system (1.1), and in Sections 6-7 w e discuss

3 -dimensional sup er c onductors . Before going in to details w e describ e in the follo wing

subsections our main ideas and some tec hnical questions.

1.2. Upp er Critical Field H

C

3

. Consider a 2-dimensional sup erconductor.

Giv en a smo oth function H

0

, there exists a unique smo oth v ector �eld F on 
 suc h
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that :

(1.2) curl F = H

0

; div F = 0 in 
 ; F � � = 0 on @ 
 :

Note that (0 ; F ) is a trivial critical p oin t of the functional G . Moreo v er, (0 ; F ) is

the only minimizer if � is large enough, whic h means that a su�cien tly strong ap-

plied magnetic �eld p enetrates the en tire sup erconductor and completely destro ys the

sup erconductivit y .

In order to study the n ucleation phenomenon for 2-dimensional sup erconductors

under strong �elds, for giv en H

0

( x ), w e de�ned in [LP4] the follo wing n um b er :

(1.3) �

�

( �; H

0

) = inf f � > 0 : (0 ; F ) is the only minimizer of E g :

It naturally led to the mathematic al de�nition of the upp er critic al applie d magnetic

�eld H

C

3

when H

0

( x ) � 1 :

H

C

3

� H

C

3

( � ) = �

�

( �; 1) :

Our approac h is to deriv e the asymptotic estimates for H

C

3

( � ) and �

�

( �; H

0

) for large

v alue of � and � , to discuss their dep endence on the geometry of the sample and on

the non-homogeneit y of the applied �eld, and to study the condensation phenomenon

of the order parameters when the applied �eld is close to H

C

3

. These questions are

closely related to the eigen v alue problem for the Sc hr• odinger op erator with magnetic

�elds in the b ounded domain 
. In the follo wing w e let � ( A ) denote the lo w est

eigen v alue of the follo wing problem :

(1.4) �r

2

A

 = � in 
 ; ( r

A

 ) � � + 
  = 0 on @ 
 :

Lemma 1.2. If � ( � � F ) < �

2

then the Ginzbur g-L andau functional has nontrivial

minimizers. On the other hand, if the Ginzbur g-L andau functional has a non-trivial

minimizer (  ; A ) then � ( � � A ) < �

2

.

Lemma 1.2 suggests the follo wing de�nition :

�

�

( �; H

0

) = min f � > 0 : � ( � � F ) = �

2

g :

The estimate on �

�

( �; H

0

) for large � helps us to obtain an estimate for �

�

( �; H

0

).

Ho w ev er w e should men tion that, the bifurcation theory do es not pro vide an answ er to

the question whether there exists a lar ge solution, not necessary in the neigh b orho o d

of (0 ; F ), for � � �

�

( �; H

0

). In our analysis presen ted b elo w w e do not presume that

all the solutions bifurcate from the trivial solutions.

1.3. Sc hr• odinger Op erators with Magnetic Fields. In order to estimate the

v alue of �

�

( �; H

0

) for large � and � and to describ e the b eha vior of order parameters

for � close to �

�

( �; H

0

), w e need the detailed information ab out the lo w est eigen v alues

and classify the asso ciated (b ounded) eigenfunctions of the Sc hr• odinger op erator with

magnetic �elds in the en tire plane

2

:

(1.5) �r

2

A

 = � in R

2

2

In this pap er, for con v enience, when considering eigen v alue problems in the en tire plane or in

the half-plane, w e call a non-trivial b ounded solution as an eigenfunction. Therefore, the eigenfunction

asso ciated with the lo w est eigen v alue ma y not lie in L

2

.
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or in the half-plane :

(1.6) �r

2

A

 = �  in R

2

+

; ( r

A

 ) � � = 0 on @ R

2

+

;

where R

2

+

= f ( x

1

; x

2

) : x

2

> 0 g . W e shall consider t w o t ypical magnetic �elds:

(1) A ( x ) = ! ( x ) � ( �

x

2

2

;

x

1

2

) or A ( x ) = E ( x ) � ( � x

2

; 0) (they are gauge

equiv alen t);

(2) A ( x ) = �

j x j

2

2

n , where n = (cos #; sin # ) is a unit v ector.

The �rst case corresp onds to the sup erconductors under non-v anishing magnetic �elds

and the second case corresp onds to the sup erconductors under non-degenerately v an-

ishing magnetic �elds. It is an imp ortan t topic in the semi-classical theory of the

Sc hr• odinger op erator with magnetic �elds to estimate the lo w est eigen v alue of (1.5),

see for instance [H1]. In our approac h, w e shall estimate the lo w est eigen v alues of

b oth (1.5) and (1.6), as w ell as to classify the asso ciated (b ounded) eigenfunctions.

1.4. F -Principle. In man y cases, the k ey p oin t in the classi�cation of the eigen-

functions is to pro v e the uniqueness of minim um p oin ts of the lo w est eigen v alue � ( � )

of the asso ciated Sturm-Liouville op erators. This is the imp ortan t issue in [LP2,5],

where a general idea whic h w e ma y call F -Principle w as dev elop ed. W e brie
y state

it here with resp ect to (1.6). Cho ose A = E = ( � x

2

; 0). Then, (1.6) reads :

(1.7) � ' + 2 ix

2

@

x

1

' � j x

2

j

2

' + � ' = 0 in R

2

+

; @

x

2

' = 0 on @ R

2

+

;

and the lo w est eigen v alue �

0

is giv en b y :

�

0

= inf

� 2 W

1 ; 2

( R

2

+

)

R

R

2

+

jr

E

� j

2

dx

R

R

2

+

j � j

2

dx

:

Note that the co e�cien ts in (1.7) are indep enden t of x

1

. It is natural to try the

F ourier transformation in the v ariable x

1

. Let  b e a b ounde d eigenfunction of (1.7)

asso ciated with the lo w est eigen v alue �

0

. F ormally , w e �x x

2

and write the F ourier

transform of ' in the v ariable x

1

as follo ws :

~' ( z ; x

2

) = F [ ' ( � ; x

2

)]( z ) :

Then, for �xed z , ~' satis�es an equation in x

2

:

(1.8) �

d

2

~'

dx

2

2

+ q ( x

2

; z ) ~ ' = �

0

~' for 0 < x

2

< + 1 ;

d ~'

dx

2

(0) = 0 ;

where q ( x

2

; z ) = ( x

2

+ z )

2

: W e ma y call the follo wing equation obtained from (1.8) b y

c hanging v ariables the F-tr ansforme d e quation of (1.7) (or F -e quation for short) :

(1.9) � u

0 0

+ q ( t; � ) u = � u for 0 < t < + 1 ; u

0

(0) = 0 :

F or �xed z , let � ( z ) denote the lo w est eigen v alue of (1.9). Let � ( z

0

) = min

z

� ( z ). Let

u b e the eigenfunction of (1.9) for z = z

0

. W e ma y guess that � ( z

0

) is the eigen v alue

of (1.7), and the asso ciated eigenfunctions of (1.7) are giv en b y ' = ce

iz

0

x

1

u ( x

2

) :

Although the ab o v e argumen t is formal, the results for the F-transformed equation

(1-dimensional eigen v alue problem) on the half-line help us to study the original (2-

dimensional) eigen v alue problem in the half-plane. T o rigorously v erify the results
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obtained b y the formal analysis, w e ma y follo w the main steps in [LP2] (pro of of

Theorem 5.3)

3

, whic h are summarized in the follo wing :

Step 1 . F or �xed z , the lo w est eigen v alue of (1.9) is giv en b y the follo wing v aria-

tional principle :

(1.10) � ( z ) = inf

� 2 W

1 ; 2

( R

+

)

1

k � k

2

L

2

( R

+

)

Z

+ 1

0

fj �

0

j

2

+ q ( t; z ) j � j

2

g dt:

W e sho w that there exists a unique z

0

suc h that :

� ( z

0

) = min

�1 <z < 1

� ( z ) :

Let �

0

b e the lo w est eigen v alue of (1.7). It is easy to sho w that �

0

� � ( z

0

).

Step 2 . Let ' b e a b ounded eigenfunction of (1.7) asso ciated with �

0

. W e sho w

that there exists C > 0 suc h that, for an y a < b w e ha v e :

(1.11)

Z

b

a

dx

1

Z

+ 1

0

j ' j

2

dx

2

� C ( b � a + 1) k ' k

2

L

1

:

Let ~' ( z ; x

2

) b e the F ourier transform of ' in the sense of distribution. Using Step 1

and (1.11) w e sho w that, for an y x

2

, ~' ( � ; x

2

) is supp orted at the single p oin t z

0

. Also

w e get �

0

� � ( z

0

).

Step 3 . Then, w e conclude that �

0

= � ( z

0

), and ' ( x

1

; x

2

) = e

iz

0

x

1

u ( x

2

) for some

eigenfunction u of the F-transformed equation with z = z

0

on R

+

asso ciated with the

lo w est eigen v alue � ( z

0

).

Remark 1.3. Note that w e can apply the F -principle as w ell when the lo w est

eigen v alue of the F -equation has only �nite n um b er of minim um p oin ts.

In [LP1,2,5] w e used the ab o v e ideas to obtain the estimates for the lo w est eigen-

v alue on the half-plane and classi�ed the asso ciated eigenfunctions. It w ould b e in ter-

esting to lo ok for a new pro of of the uniqueness results of the eigenfunctions without

using distributions.

1.5. Eigen v alue V ariation for Sturm-Liouville Op erators. F rom x 1 : 4 w e

see that, the crucial part in our study is to pro v e the uniqueness of minim um p oin ts

of the lo w est eigen v alue � ( z ) of the Sturm-Liouville problem :

(1.12) � u

0 0

+ q ( t; � ) u = �u for 0 < t < + 1 ; u

0

(0) = 0 ;

whic h is the F -equation of an eigen v alue problem for the Sc hr• odinger op erator with a

magnetic �eld. This problem is closely related to the parameter v ariation problem of

eigen v alues studied in [DH]. When the p oten tial q ( t; z ) is in the form

(1.13) q ( t; z ) = q ( t + z ) ;

the uniqueness of the minim um p oin t z

0

of the function � ( z ) w as obtained in [DH]

(also see [BH]).

4

In x 2 b elo w w e shall presen t a pro of sligh tly di�eren t to [DH]. On the

other hand, when A = �

j x j

2

2

n , the asso ciated Sturm-Liouville equation has p oten tial

q ( t; � ) =

1

4

( t

2

+ 2 � )

2

, whic h is not in the form (1.13), and it seems to us that the

3

Also see [LP5] (pro of of Lemma 3.2).

4

Without kno wing the w ork [DH], w e used an ODE metho d to pro v e the uniqueness of the

minim um p oin t z

0

, see [LP2] (Section 7).
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uniqueness of minim um p oin ts can not b e obtained b y using the metho d from [DH].

F or suc h a p oten tial q ( t; � ), the uniqueness w as pro v ed in [PK] (Theorem 3) b y an

argumen t com bining the ODE tec hnique and a v ariational idea, see x 2 b elo w.

1.6. 3 -Dimensional Sup erconductors. No w w e consider a sup erconducting

material o ccup ying an arbitr ary b ounde d smo oth domain 
 in R

3

. Sev eral results in

2-dimensional case remain v alid no w, and there are new phenomena in teresting to

us. First, in 3-dimensional case, the v alue of H

C

3

dep ends on the direction of the

applied �eld. Ho w ev er, for a b ounded sup erconductor with a smo oth surface, the

v alue of H

C

3

is essential ly indep enden t of the direction of the applied magnetic �eld.

Here, the essential indep endenc e means that the leading term of H

C

3

is indep enden t

of the direction of the applied �eld when � is large. Second, the lo cation of n ucleation

dep ends on the direction of the applied �eld and on the geometry of the surface. When

the applied �eld is close to H

C

3

, sup erconducting sheaths n ucleate at a p ortion of the

surface whic h is p ar al lel to the �eld.

In con trast to the samples with smo oth surface, the v alue of H

C

3

could b e much

higher for sup erconductors with non-smo oth surface, and n ucleation happ ens at e dges

and vertic es at the surface. This phenomenon w as in v estigated b y F omin-Devreese-

Moshc hialk o v [FDM] and Jadallah-Rubinstein-Stern b erg [JRS] and P an [P1]. In Sec-

tion 7, w e shall describ e some results in this direction obtained in [P1].

2. Eigen v alue V ariation for Sturm-Liouville Equations. In this section w e

study the eigen v alue v ariation problem for the Sturm-Liouville equation (1.12) with

parameter z , where q ( t; z ) is a con tin uous function. The lo w est eigen v alue � ( z ) w as

giv en in (1.10). As a function of z , w e supp ose that � ( z ) attains its minim um at some

p oin t. W e quote b elo w some results from [LP2, PK] concerning the uniqueness of the

minim um p oin ts.

Let z

0

b e the minim um p oin t of � ( z ) and �

0

= � ( z

0

) = min

z

� ( z ), and let u b e

the p ositiv e eigenfunction of (1.12) for z = z

0

and � = �

0

.

Lemma 2.1. We have :

(2.1)

Z

+ 1

0

@ q

@ �

( t; z

0

) u

2

( t ) dt = 0;

Z

+ 1

0

@ q

@ t

( t; z

0

) u

2

( t ) dt = [ �

0

� q (0 ; z

0

)] u

2

(0);

Z

+ 1

0

t

@ q

@ t

( t; z

0

) u

2

( t ) dt = 2

Z

+ 1

0

j u

0

( t ) j

2

dt:

F or the pro of see [PK] (Section 3). Also see [LP4] (Section 2) for the pro of of the

�rst equalit y in the sp ecial case.

Cor ollar y 2.2. If q ( t; z ) = q ( t + z ) , then a minimum p oint z

0

of � ( z ) satis�es

(2.2) q ( z

0

) = �

0

:

Mor e over if q ( t ) strictly incr e ases then the minimum p oints of � ( z ) ar e unique.

In fact, in this case w e ha v e

@ q

@ �

=

@ q

@ t

: F rom the �rst t w o equalities in (2.1) w e get

(2.2). Equalit y (2.2) w as �rst obtained in [DH]. F or the case q ( t; z ) = ( t + z )

2

, also

see [LP4] (Prop osition 2.4).

Pr oposition 2.3. In the fol lowing two c ases the minimum p oints of � ( z ) ar e
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unique:

(1) q ( t; z ) = ( t + z )

2

;

(2) q ( t; z ) =

1

4

( t

2

+ 2 z )

2

.

In Case 1, it had b een sho w ed b y n umerical computations that the minim um

v alue �

0

of � ( z ) is � 0 : 59, see [SdG]. In [LP4] (Prop osition 2.4) w e ga v e a short pro of

of the estimate 0 : 5 < �

0

< 0 : 76. In Case 2, a n umerical computation sho w ed that the

minim um v alue �

0

is ' 0 : 5698, see [M, H2].

Pr o of. In Case (1), the uniqueness is a consequence of Corollary 2.2. In Case (2),

the pro of of uniqueness is m uc h more in v olv ed. W e sk etc h here the idea in [PK]. First

note that, in Case (2), minim um p oin ts of � ( z ) m ust b e negativ e. Fix � and z . Let u

b e a p ositiv e solution of (1.12) satisfying u (0) = 1. De�ne a function � b y

(2.3) u ( t ) = exp( �

Z

t

0

� ( s ) ds ) :

Then, � satis�es the follo wing Riccati t yp e equation :

(2.4) �

0

= �

2

+ � � q ( t; z ) for t > 0 ; � (0) = 0 :

Supp ose that there exist t w o minim um p oin ts z

1

< z

2

< 0 of � ( z ) suc h that � ( z

1

) =

� ( z

2

) = �

0

. A careful analysis on the solutions of (2.4) sho ws that, there exists a p oin t

z

�

b et w een z

1

and z

2

and a n um b er �

�

< �

0

suc h that, (2.4) with z = z

�

and � = �

�

has a solution �

�

on [0 ; + 1 ), and the function u

�

asso ciated with �

�

b y (2.3) giv es a

p ositiv e eigenfunction asso ciated with the eigen v alue �

�

. This is imp ossible b ecause

�

0

is the least eigen v alue.

3. Eigen v alues of Sc hr• odinger Op erators with Magnetic Fields.

3.1 Sc hr• odinger Op erators with Constan t Magnetic Fields in the En tire

Plane. In this subsection w e consider the eigen v alue of the Sc hr• odinger op erator �r

2

A

in R

2

, where curl A is a non-zero constan t. F rom the rescaling prop ert y of the op erator

w e only need to consider the case where curl A = 1. F rom the gauge in v ariance w e

ma y c ho ose A = ! = ( �

x

2

2

;

x

1

2

) and write the equation as follo ws :

(3.1) �r

2

!

 = � in R

2

:

Theorem 3.1 ([LP2, Theorem 2]). (1) The eigenvalues of (3.1) ar e 2 n + 1 ,

n = 0 ; 1 ; 2 ; � � � Esp e cial ly, the lowest eigenvalue is �

0

= 1 .

(2) F or e ach k � 0 , the function  

k

= r

k

exp( � r

2

= 4 + ik � ) is an L

2

eigenfunction

asso ciate d with �

0

. Mor e over, for any entir e function f ( x ) ,  = exp( � r

2

= 4) f ( x ) is a

solution of (3.1) with � = 1 .

Theorem 3.1 and Theorems 3.4 and 4.1 b elo w w ere also announced in [LP1]. The

in tegral represen tation form ula for eigenfunctions asso ciated with the higher eigen-

v alues w as also giv en in [LP2] (pro of of Theorem 4.1). Here w e quote from [LP2]

(Theorem 2.2) the pro of for the conclusion �

0

= 1. Recall that :

�

0

= inf

� 2 W

1 ; 2

( R

2

)

R

R

2

jr

!

� j

2

dx

R

R

2

j � j

2

dx

:

Ob viously , exp( � r

2

= 4) f is an eigenfunction asso ciated with the eigen v alue 1, where

f 6� 0 is an y en tire function suc h that exp( � r

2

= 4) f 2 L

2

( R

2

). Th us, �

0

� 1.
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W e need to sho w that �

0

� 1. Let B

n

= f x 2 R

2

: j x j < n g and set

a

n

= inf

� 2 W

1 ; 2

0

( B

n

)

R

B

n

jr

!

� j

2

dx

R

B

n

j � j

2

dx

:

Clearly , a

n

! �

0

as n ! + 1 . W e shall sho w that a

n

� 1 for all n . Let � 2 C

2

0

( B

n

)

b e a smo oth function with expansion � =

+ 1

X

k = �1

u

k

( r ) e

ik �

; where u

k

2 C

1

0

[0 ; n ] are

radial functions, C

1

0

[0 ; n ] = f � 2 C

1

[0 ; n ] : u ( n ) = 0 g . W e compute :

Z

B

n

jr

!

� j

2

dx =

+ 1

X

k = �1

2 �

Z

n

0

fj u

0

k

j

2

+ (

k

r

�

r

2

)

2

j u

k

j

2

g r dr

�

+ 1

X

k = �1

2 � a

n

( k )

Z

n

0

j u

k

j

2

r dr ;

where

a

n

( k ) = inf

u 2 C

1

0

[0 ;n ]

1

R

n

0

j u j

2

r dr

Z

n

0

fj u

0

j

2

+ (

k

r

�

r

2

)

2

j u j

2

g r dr

� inf

u 2 C

1

[0 ; 1 )

1

R

+ 1

0

j u j

2

r dr

Z

+ 1

0

fj u

0

j

2

+ (

k

r

�

r

2

)

2

j u j

2

g r dr :

If k � 0, for ev ery real smo oth function u ( r ) w e ha v e :

Z

+ 1

0

fj u

0

j

2

+ (

k

r

�

r

2

)

2

j u j

2

g r dr � 2

Z

+ 1

0

u

0

u (

k

r

�

r

2

) r dr =

Z

+ 1

0

j u j

2

r dr :

The equalit y holds for u = r

k

exp( � r

2

= 4). Hence, a

n

( k ) � 1 and ! 1 as n ! 1 . If

k < 0 w e ha v e :

(

k

r

�

r

2

)

2

= (

j k j

r

�

r

2

)

2

+ 2 j k j :

Hence, a

n

( k ) � 2 j k j + 1 and ! 2 j k j + 1 as n ! 1 . Therefore, a

n

� 1 for all n , whic h

yields �

0

� 1.

No w w e write z = x

1

+ ix

2

, z = x

1

� ix

2

, @

z

=

1

2

( @

x

1

� i@

x

2

), and @

z

= @

z

=

1

2

( @

x

1

+ i@

x

2

) : F or a v ector �eld A = ( A

1

; A

2

) 2 C

2

( R

2

), w e de�ne a =

1

2

( A

1

� iA

2

),

a =

1

2

( A

1

+ iA

2

), @

a

= @

z

� i a , and @

a

= @

z

� i a :

Lemma 3.2. Assume that A 2 C

2

( R

2

) and  2 L

2

( R

2

) is a solution of (1.5).

Then, we have :

Z

R

2

�

4 j @

a

 j

2

+ ( curl A ) j  j

2

	

dx = �

Z

R

2

j  j

2

dx;

Z

R

2

�

4 j @

a

 j

2

� ( curl A ) j  j

2

	

dx = �

Z

R

2

j  j

2

dx:

Remark 3.3. F rom Lemma 3.2 w e conclude that :

inf

� 2 W

1 ; 2

( R

2

)

R

R

2

jr

A

� j

2

dx

R

R

2

j � j

2

dx

� inf

x 2 R

2

j curl A ( x ) j :

Again w e see that for equation (3.1), the lo w est eigen v alue �

0

� 1.
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3.2. Sc hr• odinger Op erators with Constan t Magnetic Fields in the Half-

Plane. In this subsection w e consider the eigen v alue problem (1.7). Let � ( z ) b e the

lo w est eigen v alue of the Sturm-Liouville problem (1.9) with q ( t; z ) = ( t + z )

2

. Let z

0

b e the unique minim um p oin t of � ( z ), and let u b e the p ositiv e eigenfunction of (1.9)

asso ciated with z = z

0

and � = � ( z

0

) (see Prop osition 2.3).

Theorem 3.4 ([LP2, Theorem 3]). The lowest eigenvalue �

0

of (1.7) is e qual

to the minimum value � ( z

0

) , and the only b ounde d eigenfunctions asso ciate d with �

0

ar e given by ' = ce

iz

0

x

1

u ( x

2

) :

Pr o of. Let ' b e a b ounded eigenfunction of (1.7) asso ciated with �

0

. W e can

sho w that (1.11) holds for an y a < b , where C > 0 is indep enden t of ' . F or an y �xed

x

2

� 0, let ~' ( z ; x

2

) = F [ ' ]( z ; x

2

) b e the F ourier transform of ' ( x

1

; x

2

) in x

1

in the

sense of distribution. Using (1.11) w e can sho w that, for an y x

2

� 0, the supp ort of

~' ( � ; x

2

) either is empt y or con tains only z

0

. Hence, ~' ( z ; x

2

) can b e represen ted b y

~' ( z ; x

2

) =

N ( x

2

)

X

k =0

c

k

( x

2

)

d

k

dz

k

� ( z � z

0

) ;

where N ( x

2

) and c

k

( x

2

) ma y dep end on x

2

. So,

' ( x

1

; x

2

) =

1

p

2 �

N ( x

2

)

X

k =0

c

k

( x

2

)( � ix

1

)

k

exp( iz

0

x

1

) :

Since ' is b ounded in R

2

+

, w e ha v e c

k

( x

2

) = 0 for all k > 0 and x

2

� 0. Let

v ( x

2

) = c

0

( x

2

) =

p

2 � , then ' ( x

1

; x

2

) = v ( x

2

) exp( iz

0

x

1

) : v ( x

2

) is a b ounded smo oth

function as ' is, and satis�es the equation

� v

00

+ ( x

2

+ z

0

)

2

v = �

0

v for x

2

> 0 ; v

0

(0) = 0 :

Hence, v ( x

2

) = cu ( x

2

) and ' = c exp ( iz

0

x

1

) u ( x

2

).

Remark 3.5. In [LP1,2] w e discussed the problems under a more general b ound-

ary condition :

( r

A

 ) � � + 
  = 0 on @ R

2

+

;

where 0 � 
 < 1 .

Next w e consider the Diric hlet problem :

(3.2) � ' + 2 ix

2

@

x

1

' � j x

2

j

2

' + �' = 0 in R

2

+

; ' = 0 on @ R

2

+

:

W e de�ne :

�

0

= inf

� 2 W

1 ; 2

0

( R

2

+

)

R

R

2

+

jr

E

� j

2

dx

R

R

2

+

j � j

2

dx

:

Pr oposition 3.6 ([LP2, Theorem 4]). �

0

= 1 and is not achieve d. (3.2) has

no non-trivial b ounde d solutions for � � �

0

, and has at le ast one non-trivial b ounde d

solution for � > �

0

.

3.3. Sc hr• odinger Op erators with Constan t Magnetic Fields in the

Quadran t. Let Q denote the quadran t in the plane, Q = f ( x

1

; x

2

) : x

1

> 0 ; x

2

> 0 g ,

and let @

�

Q = @ Q n f 0 g : Consider the follo wing eigen v alue problem :

(3.3) �r

2

!

 = 
  in Q ; ( r

!

 ) � � = 0 on @

�

Q ;
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where ! ( x ) = ( �

x

2

2

;

x

1

2

) : (3.3) can b e written as follo ws :

8

>

>

>

>

>

<

>

>

>

>

>

:

� �  + i ( � x

2

@

x

1

 + x

1

@

x

2

 ) +

1

4

j x j

2

 = 
  for x

1

> 0 ; x

2

> 0 ;

@

x

1

 +

i

2

x

2

 = 0 if x

1

= 0 ; x

2

> 0 ;

@

x

2

 �

i

2

x

1

 = 0 if x

1

> 0 ; x

2

= 0 :

De�ne :




0

= inf

� 2 W

1 ; 2

( Q )

R

Q

jr

!

� j

2

dx

R

Q

j � j

2

dx

:

Theorem 3.7 ([P1, Theorem 4.1]). 


0

is achieve d in W

1 ; 2

( Q ) , and 0 < 


0

<

�

0

.

Ob viously , 


0

is in v arian t under translations and rotations. On the other hand, let

 b e a minimizer for 


0

and set  

�

( x

1

; x

2

) =  ( x

2

; x

1

). Then,  

�

is also a minimizer

for 


0

. It w ould b e in teresting to kno w if ev ery minimizer for 


0

has the star-symmetry

up to a constan t of mo dulo 1, i.e.  ( x

2

; x

1

) = e

ic

 ( x

1

; x

2

) :

3.4. Sc hr• odinger Op erators with Non-Degenerately V anishing Mag-

netic Fields in the En tire Plane. In this and next subsections w e consider (1.5)

and (1.6) where the magnetic �elds v anish non-degenerately . So w e assume

(3.4) A = �

j x j

2

2

n ; n = (cos #; sin # ) :

Note that curl A = x

2

cos # � x

1

sin # , and it v anishes along a line.

In the case of the en tire plane, w e can simplify (1.5) b y �rst rotating the co ordinate

system then making a gauge transformation suc h that, in the new co ordinate system,

w e ha v e n = (1 ; 0) and A = ( �

1

2

y

2

2

; 0) : Equation (1.5) is then written as :

(3.5) � �  � iy

2

2

@

x

1

 +

1

4

y

4

2

 = � in R

2

:

Suc h eigen v alue problems w ere studied b y R. Mon tgomery [M] in his semi-classical

study of a 2-dimensional quan tum particle in a non-degenerately v anishing magnetic

�eld. Among other things, Mon tgomery sho w ed that, for the magnetic �eld A giv en

ab o v e, the lo w est eigen v alue � ( R

2

; A ) of (3.5) is equal to the minim um of the lo w est

eigen v alue � ( � ) of the follo wing equation :

(3.6) � y

0 0

+

1

4

( t

2

+ 2 � )

2

y = � ( � ) y ; �1 < t < 1 :

In other w ords, let

(3.7) �

0

= inf

� 2 R

1

� ( � ) :

Then � ( R

2

; A ) = �

0

: More general results in higher dimensional spaces w ere obtained

b y Hel�er-Mohamed [HMoh] and Hel�er [H2]. The classi�cation of the eigenfunctions,

whic h will b e useful to describ e the n ucleation b eha vior of order parameters and to

deriv e a high order estimate for the v alue of �

�

( �; H

0

), w as pro v ed in [PK] b y using

F -Principle.
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Theorem 3.8 ([PK, Theorem 3]). The minimum p oint �

0

of � ( � ) is unique.

The eigenfunctions of (3.5) asso ciate d with the lowest eigenvalue � ( R

2

; A ) ar e  =

ce

i�

0

y

1

u ( y

2

) ; wher e u is the p ositive eigenfunction of (3.6) with � = �

0

.

3.5. Sc hr• odinger Op erators with Non-Degenerately V anishing Mag-

netic Fields in the Half-Plane. In this subsection w e consider eigen v alue problem

(1.6), where the v ector �eld A w as giv en in (3.4). In con trast to the en tire plane case,

the lo w est eigen v alue of (1.6) dep ends on the direction of n . After gauge transforma-

tions, (1.6) can b e written as follo ws :

(3.8)

8

>

<

>

:

� � ' � i ( x

2

2

cos #@

x

1

' + x

2

1

sin #@

x

2

' ) +

1

4

( x

4

2

cos

2

# + x

4

1

sin

2

# ) ' = �' in R

2

+

;

@

x

2

' +

i

2

x

2

1

sin #' = 0 on @ R

2

+

:

In the follo wing w e write the lo w est eigen v alue � ( R

2

+

; A ) b y � ( R

2

+

; # ). Then,

� ( R

2

+

; # ) = inf

� 2 W

1 ; 2

( R

2

+

)

1

k � k

2

L

2

( R

2

+

)

Z

R

2

+

fj ( @

x

1

+

i

2

x

2

2

cos # ) � j

2

+ j ( @

x

2

+

i

2

x

2

1

sin # ) � j

2

g dx

Ob viously , � ( R

2

+

; � + # ) = � ( R

2

+

; # ) : So w e assume that 0 � # < � .

The case where # = 0 is most in teresting. In this case (3.8) reads

� � ' � ix

2

2

@

x

1

' +

1

4

x

4

2

' = �' in R

2

+

; @

2

' = 0 on @ R

2

+

:

Recall that � ( R

2

; A ) = �

0

= � ( �

0

). Let u b e the p ositiv e eigenfunction of (3.6) with

� = �

0

.

Theorem 3.9 ([PK, Theorem 4]). (1) � ( R

2

+

; 0) = �

0

, and the only eigenfunc-

tions asso ciate d with � ( R

2

+

; 0) ar e ' = ce

i�

0

x

1

u ( x

2

) :

(2) When 0 < # < � , � ( R

2

+

; # ) < �

0

and the asso ciate d eigenfunctions b elong to

W

1 ; 2

( R

2

+

) .

4. Eigen v alue Problems in 2 -Dimensional Bounded Domains. Let 
 b e a

b ounded domain in R

2

and A b e a giv en v ector �eld. W e shall discuss the asymptotic

estimates of the eigen v alue � ( b A ) and the concen tration b eha vior of the eigenfunctions

 

b

of the follo wing equation :

(4.1) �r

2

b A

 = � in 
 ; ( r

b A

 ) � � + 
  = 0 on @ 
 :

Let H

0

( x ) = curl A ( x ). De�ne :

(4.2) a

0

( H

0

) = min f min

x 2 


j H

0

( x ) j ; �

0

min

x 2 @ 


j H

0

( x ) jg ;

where �

0

is the lo w est eigen v alue of (1.7). Note that if curl A � H

0

, a non-zero

constan t, then a

0

( H

0

) = �

0

j H

0

j : Let 


m

b e the set of the minim um p oin ts of j H

0

( x ) j :




m

= f x 2 
 : j H

0

( x ) j = min

y 2 


j H

0

( y ) jg :

Theorem 4.1 ([LP2, Theorem 1]). L et 
 b e a b ounde d smo oth domain in R

2

.
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(1) Assume that A 2 C

2

( 
) and H

0

( x ) = curl A ( x ) . Then,

lim

b !1

� ( b A )

j b j

= �

0

( H

0

) ;

and the eigenfunctions c onc entr ate at the set 


m

of minimum p oints of j H

0

j as b ! 1 .

(2) If curl A � 1 , then

lim

b !1

� ( b A )

j b j

= �

0

;

and the eigenfunctions c onc entr ate at the b oundary @ 
 as b ! 1 .

Remark 4.2. Theorem 4.1 sho ws that � ( b A ) essen tially dep ends on the distri-

bution of the minim um p oin ts of H

0

. Note the precise meaning of the concen tration

of eigen v alues: In Case (1) it means that :

lim

b !1

 

b

( x )

k  

b

k

L

1

( 
 )

= 0 on 
 n 


m

:

In [LP3] w e pro v ed the concen tration conclusion for order parameters. The same

argumen t also yields the concen tration conclusion for eigenfunctions.

In the case where curl A is a non-zero constan t, w e ha v e a higher order upp er

b ound estimate, see [LP4] (App endix). Let u denote the p ositiv e eigenfunction of

(3.2) for z = z

0

and � ( z

0

) = �

0

. De�ne :

C

1

=

1

k u k

2

L

2

f

u

2

(0)

2

�

Z

+ 1

0

( z

0

+ t )

3

u

2

( t ) dt g ; C

2

=

u

2

(0)

k u k

2

L

2

:

It w as sho wn in [LP4] that C

1

> 0. Let �

r

denote the relativ e curv ature of @ 
, and

set :

�

max

= max

x 2 @ 


�

r

( x ) ; ( @ 
)

max

= f x 2 @ 
 : �

r

( x ) = �

max

g :

Lemma 4.3. L et 
 b e a b ounde d and smo oth (say C

5

) domain in R

2

, and A 2

C

5

(
) satisfying curl A � 1 . Then, for b > 0 lar ge we have :

� ( b A ) � �

0

� ( C

1

�

max

� C

2


 )

p

b + O ( b

� 3 = 7

) :

Remark 4.4. (1) Berno�-Stern b erg [BS] found an asymptotic expansion for H

C

3

using some formal analysis, whic h also yields an estimate for � ( b A ). Del Pino-F elmer-

Stern b erg [DFS] pro v ed a similar upp er b ound for � ( b A ). V ery recen tly , Hel�er-

Morame has pro v ed that, for a C

4

b ounded domain in R

2

, if curl A = 1 and if 
 = 0,

then w e ha v e, as b ! + 1 ,

� ( b A ) = �

0

b � C

1

�

max

p

b + O ( b

� 1 = 3

) :

Moreo v er, the eigenfunctions concen trate near the maxim um p oin ts of the curv ature

in the L

2

sense.

(2) W e b eliev e that under the condition of Lemma 4.3, the eigenfunctions con-

cen trate on the maxim um p oin ts of the curv ature as b ! 1 , namely ,

lim

b !1

 

b

( x )

k  

b

k

L

1

( 
 )

= 0 on 
 n ( @ 
)

max

:
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Lemma 4.3 indicates the e�ect of the domain geometry on the v alue of the eigen-

v alue � ( b A ). T o further explore the e�ect of the domain geometry , w e study the

eigen v alue problem on b ounded domains with corners. F or simplicit y , here w e con-

sider a rectangle 
 = [ a; b ] � [ c; d ]. Let V = f ( a; c ) ; ( a; d ) ; ( b; c ) ; ( b; d ) g b e the set of the

v ertices of the rectangle. Recall that the lo w est eigen v alue 


0

of (3.3) in the quadran t

Q is less than �

0

. A direct consequence of Theorem 3.7 is the follo wing :

Theorem 4.5. L et 
 b e a r e ctangle and A b e a smo oth ve ctor �eld such that

curl A = 1 . Then

lim

b !1

� ( b A )

j b j

= 


0

;

and the eigenfunctions c onc entr ate at the vertic es as b ! 1 .

Note that if H

0

= curl A has a zero, then a

0

( H

0

) = 0. It w as observ ed in [LP3]

(Prop osition 6.3) and then pro v ed in [PK] (Theorem 1) that, in this case the v alue of

� ( b A ) is greatly reduced. F or simplicit y w e assume that the applied magnetic �eld

has non-degenerate zero p oin ts, that is, the set Z ( H

0

) of zero p oin ts of H

0

= curl A

satis�es the follo wing condition:

(4.3)

Z ( H

0

) is the union of a �nite n um b er of smo oth curv es in 
 ;

r H

0

( x ) 6= 0 if x 2 Z ( H

0

) :

De�ne

Z ( H

0

; 
) = Z ( H

0

) \ 
 ; Z ( H

0

; @ 
) = Z ( H

0

) \ @ 
 :

F rom the condition (4.3) w e see that, if x 2 Z ( H

0

) then curl A ( x ) = 0, curl

2

A ( x ) =

( @

x

2

curl A ( x ) ; � @

x

1

curl A ( x )) 6= 0 : W e let � denote the unit out w ard normal of @ 


and let � denote the unit tangen tial v ector. W e c ho ose the direction of @ 
 suc h that

the orien tation of f � ; � g is same as that of x

1

x

2

-co ordinate system. F or x 2 @ 
, let

# ( x ) denote the angle b et w een the v ector curl

2

A ( x ) and � . Note that the angle # ( x )

is equal to the angle b et w een r H

0

and the in w ard normal v ector � � ( x ). Let �

0

b e

the n um b er giv en in (3.7), and let � ( R

2

; # ) b e the lo w est eigen v alue of (3.8). De�ne

(4.4)

a

1

( H

0

) = min f �

0

min

x 2Z ( H

0

; 
)

jr H

0

j ; min

x 2Z ( H

0

;@ 
)

� ( R

2

+

; # ( x )) jr H

0

( x ) jg ;

~

Z ( H

0

) = f x 2 
 : �

0

jr H

0

( x ) j = a

1

( H

0

) g [ f x 2 @ 
 : � ( R

2

+

; # ( x )) jr H

0

( x ) j = a

1

( H

0

) g :

Note that, if all the zero p oin ts of H

0

lie inside 
, then w e ha v e :

~

Z ( H

0

) = f x 2 
 : H

0

( x ) = 0 ; jr H

0

( x ) j = min

y 2Z (
)

jr H

0

( y ) jg :

Theorem 4.6 ([PK, Theorem 1]). L et H

0

= curl A satisfy the c ondition (4.3).

Then, we have :

lim

b !1

� ( b A )

j b j

2 = 3

= a

1

( H

0

) ;

and the eigenfunctions c onc entr ate at the set

~

Z ( H

0

) as b ! 1 .

As a consequence of Theorem 4.6 w e ha v e that, if all the zero p oin ts of H

0

lie inside


, then the eigenfunctions concen trate at the zero p oin ts of H

0

where the gradien t

r H

0

is the least.

W e ma y also consider eigen v alue problems under Diric hlet condition. In this case

the eigenfunctions concen trate in the in terior of the domain.
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The pro ofs of the ab o v e theorems in v olv e blo w-up argumen ts and the estimation

of the rescaled eigenfunctions. So w e need to decomp ose a v ector �eld in to a gradien t

part and a curl part near a giv en p oin t P . Let us assume that P = 0. Let B

R

= f x :

j x j < R g , A ( x ) = ( A

1

( x ) ; A

2

( x )), and set :

a

i

j

=

@ A

i

@ x

j

(0) ; a

i

j k

=

@

2

A

i

@ x

j

@ x

k

(0) ; a

1

= A

1

(0) ; a

2

(0) = A

2

(0) :

Lemma 4.7. L et A 2 C

3

( B

R

) . Then, ther e exists a smo oth r e al function �

de�ne d ne ar x = 0 such that :

A ( x ) = A (0) + r � ( x ) + curl A (0) ! ( x ) �

1

2

j x j

2

curl

2

A (0) + D ( x ) ;

wher e ! ( x ) = ( �

x

2

2

;

x

1

2

) , and j D ( x ) j = O ( j x j

2

) .

Next, assume that 
 is a smo oth (sa y , C

k

for some k � 3) b ounded domain in R

2

and 0 2 @ 
. Then, @ 
 consists of a �nite n um b er of simple closed C

k

curv es whic h

do not in tersect with eac h other. Ev ery comp onen t � of @ 
 can b e represen ted as

z = z ( s ), and � ( s ) = z

0

( s ), where s is the arc length of �. Fix � > 0 small and let

t ( x ) = dist ( x; @ 
) ; 


�

= f x 2 
 : t ( x ) < � g :

W e can c ho ose � small suc h that t ( x ) is a C

k

function o v er 


�

. F or ev ery x 2 


�

,

there exists a unique p oin t z = z ( x ) 2 @ 
 suc h that x = z � t ( x ) � ( z ), r t ( x ) = � � ( z ).

The mapping

x = F ( s; t ) = z ( s ) � t� ( s )

determines a C

k � 1

-transformation of co ordinates, whic h straigh tens a p ortion of the

b oundary near 0. W e ha v e :

g ( s; t ) � j det D F j = jF

s

� F

t

j = 1 � t�

r

( s ) ;

where �

r

is the relativ e curv ature of @ 
. It the follo wing w e re-write y

1

= s , y

2

= t

and y = ( y

1

; y

2

). Let e

1

= � , e

2

= � � . De�ne a new v ector �eld a asso ciated with

A :

a

1

( y ) = g ( y ) A ( F ( y )) � e

1

( y ) ; a

2

( y ) = A ( F ( y )) � e

2

( y ) ;

a ( y ) = a

1

( y ) e

1

+ a

2

( y ) e

2

:

Lemma 4.8. L et 
 b e a smo oth domain in R

2

with 0 2 @ 
 and A 2 C

2

( 
 \ F ( B

R

)) .

Then, in the new c o or dinates y str aightening the b oundary p ortion, the ve ctor �eld a ( y )

asso ciate d with A ( x ) c an b e written as fol lows :

a ( y ) = A (0) + r

y

~� + curl A (0) ~ ! ( y ) �

j y j

2

2

[ curl

2

A (0) � �

r

(0) curl A (0) � (0)] +

~

D ( y ) ;

wher e ~� ( y ) is a smo oth r e al function de�ne d ne ar y = 0 ,

r

y

~� = @

y

1

~� e

1

+ @

y

2

~� e

2

; ~! ( y ) = �

y

2

2

e

1

+

y

1

2

e

1

;

and j

~

D ( y ) j � C j y j

3

for b ounde d y .
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5. Upp er Critical Field and Concen tration of Order P arameters for

2 -Dimensional Sup erconductors. Recall the n um b er �

�

( �; H

0

) de�ned in (1.3),

a

0

( H

0

) de�ned in (4.2), and �

0

the lo w est eigen v alue of (1.7). In this section w e esti-

mate the v alue of �

�

( �; H

0

) and H

C

3

, and discuss the n ucleation of sup erconductivit y .

The n ucleation phenomenon can b e describ ed b y the concen tration b eha vior of the

order parameter  when � is close to �

�

( �; H

0

). W e shall see b elo w (Theorem 5.1)

that, for a t yp e 2 sup erconductor with large v alue of � , an applied magnetic �eld with

its v alue close to but less than the upp er critical �eld p enetrates the sample almost ev-

erywhere. Ho w ev er, the sup erconductivit y is not destro y ed ev erywhere in the sample:

Where the �eld is w eak er, sup erconducting prop erties will p ersist. Let us de�ne




m

= f x 2 
 : j H

0

( x ) j = min

x 2 


j H

0

( x ) jg ;

( @ 
)

m

= f x 2 @ 
 : j H

0

( x ) j = min

x 2 @ 


j H

0

( x ) jg :

Theorem 5.1 ([LP4, Theorems 1.1 and 1.3]). Assume that H

0

( x ) is a p osi-

tive c ontinuous function on 
 .

(1) We have :

(5.1) lim

� ! + 1

�

�

( �; H

0

)

�

=

1

a

0

( H

0

)

;

wher e a

0

( H

0

) was given in (4.2).

(2) Sup er c onductivity nucle ates �rst at 


m

[ ( @ 
)

m

. Mor e pr e cisely, let �

n

!

+ 1 , �

n

< �

�

( �

n

; H

0

) , �

n

=�

n

! 1 =a

0

, and let (  

n

; A

n

) b e a non-trivial minimizer of

the Ginzbur g-L andau functional G with � = �

n

, � = �

n

. Then, as n ! 1 , we have :

curl A

n

! H

0

in C

1+ �

( 
) ;

k  

n

k

L

1

(
)

! 0 ;

 

n

( x )

k  

n

k

L

1

(
)

! 0 on 
 n (


m

[ ( @ 
)

m

) :

The pro of of Theorem 5.1 consists of a prior estimates for the solutions of the

Ginzburg-Landau system (1.1) and blo w-up argumen ts. The results in Theorem 4.1

pla y imp ortan t roles in the pro of.

Next, w e consider a spatially homogeneous applied magnetic �eld, H

0

( x ) � 1.

Note that in this case w e ha v e a

0

( H

0

) = �

0

. As a consequence of (5.1) w e ha v e :

(5.2) H

C

3

( � ) =

�

�

0

+ o ( � ) :

The follo wing theorem giv es an asymptotic estimate of H

C

3

with a con trol on the

error; and sho ws in the L

2

sense that, as the applied �eld decreases gradually from

H

C

3

, sup erconductivit y n ucleates �rst at the maxim um p oin ts of the curv ature, and

a sup erconducting sheath gradually forms there.

5

Theorem 5.2 ([HP, Theorems 1.1 and 1.2]). Assume that 
 is of class C

4

.

(1) F or � lar ge we have :

(5.3) H

C

3

( � ) =

�

�

0

+

C

1

�

3 = 2

0

�

max

+ O ( �

� 1 = 3

) ;

5

Also see [LP4] (Prop osition 1.2) and [BS].
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wher e C

1

is the p ositive c onstant given in L emma 4.3, and �

max

is the maximum value

of the curvatur e of @ 
 .

(2) L et � =

�

3 = 2

0

C

1

[ H

C

3

( � ) � � ] : If 0 < � = o (1) as � ! 1 , then ther e exist p ositive

c onstants a

0

, `

0

, �

0

and M

0

such that, for al l � > �

0

, we have :

Z




j  j

2

exp( a

0

p

� [ �

max

� �

r

( s )]) dx � M

0

exp( `

0

�

p

� )

Z




j  j

2

dx:

If "

0

< � < �

max

� �

min

, wher e "

0

> 0 , then ther e exist p ositive c onstants a , M and

�

0

0

such that, for al l � > �

0

0

we have

6

:

Z




j  j

2

exp( a

p

� [ �

max

� �

r

( s ) � � ]

3 = 2

+

) dx � M �

1 = 3

Z




j  j

2

dx:

Theorem 5.2 also sho ws that, the order parameters exp onen tially deca y a w a y

from the maxim um p oin ts of the curv ature. If the maxim um p oin ts of curv ature are

not degenerate, then w e ha v e more precise estimates on the concen tration b eha vior,

see [HP] (Theorem 1.3). W e men tion that, in [LP4] (Prop osition 1.2), a lo w er b ound

estimate for H

C

3

in v olving �

max

w as obtained. It w as sho wn in [BPT] that, for a

sup erconducting disk, sup erconductivit y n ucleates uniformly at the en tire b oundary .

In the follo wing, w e let the applied �eld b e reduced further and discuss the dev el-

opmen t of the sup erconducting sheaths. Theorem 5.3 b elo w sho ws that, if the applied

�eld is reduced enough from H

C

3

but the gap b et w een them is not large, then the or-

der parameters concen trate on the en tire b oundary , and the sup erconducting sheath

expands, as predicted b y D. Sain t-James and De Gennes in [SdG]. Theorem 5.4 sho ws

that, if the gap is large enough, but the applied �eld is k ept a w a y ab o v e H

C

2

, then the

sup erconducting la y er expands further and dev elops in to a surface sup erconducting

state.

Theorem 5.3 ([LP4, Theorem 1.5]). Assume that H

0

( x ) = 1 . L et �

n

and

�

n

b e as in The or em 5.1. L et "

n

= 1 =

p

�

n

�

n

and �

n

= �

n

=�

n

� �

0

. If �

n

! 0 and

�

n

� "

2 = 3

n

; then ther e exists C

0

> 0 such that, as n ! 1 , we have :

k  

n

k

L

1

(
)

= ( C

0

+ o (1))

p

�

n

;

j  

n

( x ) j

k  

n

k

L

1

(
)

!

�

0 if x 2 
 ;

1 if x 2 @ 
 :

Theorem 5.3 sho ws that, if the gap b et w een the applied �eld and H

C

3

is not v ery

small, then the order parameters concen trate uniformly along the en tire b oundary .

In fact, the tec hnical assumption �

n

� "

2 = 3

n

means that �

n

�

�

n

�

0

� L�

1 = 3

n

for some

L > 0. W e b eliev e that the conclusion of Theorem 5.3 remains true under the w eak er

assumption �

n

� "

n

.

T o describ e the dev elopmen t of the sup erconducting sheaths as the applied �eld

is further reduced, w e assume that H =

�

�

e

3

(namely � = �=� ), where e

3

is a unit

v ector in the x

3

-direction, and �

0

< � < 1. Let us assume 
 = 0. Instead of the

functional G , w e consider no w the functional E :

E (  ; A ) =

Z




fjr

�

2

�

A

 j

2

+

�

4

�

2

j curl A � H

0

j

2

� �

2

j  j

2

+

�

2

2

j  j

4

g dx

6

W e use the notation a

+

= max f a; 0 g .
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Theorem 5.4 ([P2, Theorem 1]). Assume that �

0

< � < 1 and let (  ; A ) b e

the non-trivial minimizer of the functional E .

(1) Ther e exist p ositive numb ers �

1

and C such that, for al l k > �

1

we have :

k curl A � 1 k

C

1

( 
 )

�

C

�

:

(2) F or any 0 < � < 2

q

1 � �

�

, ther e exist p ositive c onstants � ( � ) and C ( � ) such

that, for al l � > � ( � ) , we have :

Z




exp( �� dist ( x; @ 
)) fj  j

2

dx +

1

�

2

jr  �

i�

2

�

A  j

2

g dx �

C ( � )

�

:

(3) Ther e exists p ositive numb ers L

�

and �

2

such that, for al l � > �

2

we have

E [  ; A ] = � L

�

j @ 
 j � + O (1) ;

and, for any close d sub domain D of 
 ,

E [  ; A ; D ] = � L

�

j D \ @ 
 j � + O (1) :

Theorem 5.4 sho ws that, for a sup erconductor sub ject to an applied magnetic

�eld ab o v e H

C

2

, the applied �eld p enetrates the sample almost ev erywhere, and su-

p erconductivit y is con�ned at a surface sheath with scale O (1 =� ). Note that L

�

! 0

as � ! �

0

(see [P2, Lemma 5.9]). Th us, as the applied �eld decreases but remains

higher ab o v e H

C

2

, sup erconductivit y in the surface sheath increases while the in te-

rior of the sample remains in normal state. These results con�rm the conjecture of

Rubinstein (see [R] P . 182).

Com bining the ab o v e Theorems, w e get a complete description of the n ucleation

pro cess for 2-dimensional sup erconductors when the applied �elds decrease from H

C

3

.

(i) As the applied �eld decreases from H

C

3

, sup erconductivit y n ucleates �rst at

the maxim um p oin ts of the b oundary curv ature.

(ii) As the applied �eld is reduced again but is still close to H

C

3

, the sup ercon-

ducting region expands gradually , and then a thin sup erconducting sheath forms on

the en tire b oundary of the sample.

(iii) As the applied �eld is further reduced but is still k ept a w a y ab o v e H

C

2

, the

sup erconducting sheath b ecomes strong and a b oundary la y er gradually raises, while

the in terior of the sample remains in a normal state.

(iv) The sample will remain in a surface sup erconducting state un til the applied

�eld reac hes H

C

2

.

F rom the ab o v e theorems w e see that, b oth the v alue of �

�

( �; H

0

) and the lo cation

of sup erconductivit y n ucleation dep end on the distribution of minim um p oin ts of the

applied magnetic �elds. The e�ect of the geometry of the samples and of the non-

homogeneit y of the applied �elds w as further explored in [P1, PK]. It w as found in [P1]

that, the existence of non-smo othness of the domains raises greatly the v alue of H

C

3

,

and catc hes the lo cation of n ucleation. Let us consider a rectangle 
 = [ a; b ] � [ c; d ].

As a consequence of Theorem 4.5 w e get :

Theorem 5.5. L et 
 b e a r e ctangle and H

0

= 1 . Then we have :

lim

� !1

H

C

3

( � )

�

=

1




0

;
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wher e 


0

is the lowest eigenvalue of (3.3) in the quadr ant Q , and sup er c onductivity

nucle ates �rst at the vertic es.

F or the e�ect of zeros of the applied �elds, w e ha v e the follo wing conclusion :

Theorem 5.6 ([PK, Theorem 1]). Assume that Condition (4.3) in Se ction 4

is satis�e d. Then we have :

lim

� ! + 1

�

�

( �; H

0

)

�

2

=

1

a

1

( H

0

)

;

and sup er c onductivity nucle ates �rst at the set

~

Z ( H

0

) , which was de�ne d in (4.4).

Esp e cial ly, if al l the zer o p oints of H

0

lie inside 
 , then the or der p ar ameters

c onc entr ate at the zer o p oints of H

0

wher e the gr adient is the le ast.

6. Sc hr• odinger Op erators with Magnetic Fields in the 3 -Dimensional

Space. T o study Ginzburg-Landau system in 3-dimensional domains w e need to dis-

cuss the lo w est eigen v alue of the Sc hr• odinger op erator �r

2




with the magnetic 
 in

R

3

and in R

3

+

, where

(6.1) 
( x ) =

1

2

h � X =

1

2

( h

2

x

3

� h

3

x

2

; h

3

x

1

� h

1

x

3

; h

1

x

2

� h

2

x

1

) :

Here h = ( h

1

; h

2

; h

3

) is a unit v ector in R

3

, X = ( x

1

; x

2

; x

3

) is the p osition v ector.

Note that curl 
 = h .

First, w e consider the eigen v alue problem in R

3

:

(6.2) �r

2




 = � in R

3

:

Note that (6.2) can also b e written as follo ws :

� �  + i ( h � X ) r  +

1

4

j h � X j

2

 = � in R

3

:

De�ne

(6.3) � ( h ) = inf

� 2 W

1 ; 2

( R

3

)

R

R

3

jr




� j

2

dx

R

R

3

j � j

2

dx

= inf

� 2 W

1 ; 2

( R

3

)

R

R

3

jr � �

i

2

h � X � j

2

dx

R

R

3

j � j

2

dx

:

Theorem 6.1 ([LP5, Theorem 4.1]). F or any c onstant unit ve ctor h , � ( h ) =

1 . F or every � � 1 , (6.2) has no eigenfunction in L

2

( R

3

) . Inste ad, it has in�nitely

many line arly indep endent b ounde d eigenfunctions asso ciate d with � .

Next, w e study the eigen v alue problem on the half space R

3

+

:

(6.4) �r

2




 = � in R

3

+

; ( r




 ) � � = 0 on R

3

+

;

where � is the unit outer normal v ector to R

3

+

. T o study (6.4), w e �rst consider an

eigen v alue problem in R

2

+

:

(6.5) � � v + ( x

1

cos # � x

2

sin # )

2

v = bv in R

2

+

; @

x

2

v = 0 on @ R

2

+

;

where # 2 [0 ; � = 2] is a constan t. De�ne

(6.6) b ( # ) = inf

� 2 W

1 ; 2

( R

2

+

)

1

R

R

2

+

j � j

2

dx

Z

R

2

+

fjr � j

2

+ ( x

1

cos # � x

2

sin # )

2

j � j

2

g dx:
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Lemma 6.2 ([LP5, Theorem 3.1]). (1) b (0) = b ( � = 2) = 1 . Neither b (0) nor

b ( � = 2) is achieve d in W

1 ; 2

( R

2

+

) .

(2) F or every # 2 (0 ; � = 2) , b ( # ) is achieve d in W

1 ; 2

( R

2

+

) . (6.5) has only one

line arly indep endent eigenfunction asso ciate d with the lowest eigenvalue b ( # ) .

(3) F or 0 < # < � = 2 , b ( # ) is c ontinuous and strictly de cr e asing, and �

0

< b ( # ) <

1 , wher e �

0

is the lowest eigenvalue of (1.7). Mor e over,

lim

# ! 0

b ( # ) = 1 ; lim

# ! � = 2

b ( # ) = �

0

:

Let b ( # ) b e the n um b er giv en in (6.6), 0 � # � � = 2. Extend it to a function

~

b ( # )

b y letting

(6.7)

~

b ( # ) =

8

>

>

>

<

>

>

>

:

1 if # = 0 or � ;

b ( # ) if 0 < # <

�

2

;

�

0

if # =

�

2

;

b ( � � # ) if

�

2

< # < � ;

Similar to (6.3) w e de�ne

� ( h ) = inf

� 2 W

1 ; 2

( R

3

+

)

R

R

3

+

jr




� j

2

dx

R

R

3

+

j � j

2

dx

:

Theorem 6.3 ([LP5, Theorem 4.2]). L et h b e a c onstant unit ve ctor, and let

# b e the angle b etwe en h and the unit outer normal of @ R

3

.

(1) � ( h ) =

~

b ( # ) . Ther efor e, � ( h ) is de cr e asing in # for # 2 [0 ; � = 2] .

(2) � ( h ) is achieve d in W

1 ; 2

( R

3

+

) if and only if h is neither p erp endicular nor

p ar al lel to the surfac e @ R

3

+

. In this c ase, (6.4) has in�nitely many line arly indep endent

W

1 ; 2

eigenfunctions for � = � ( h ) .

(3) Mor e over, in any c ase, for � = � ( h ) , (6.4) has b ounde d eigenfunctions which

ar e not in W

1 ; 2

( R

3

+

) .

Note that, for a sup erconducting sample o ccup ying the half space, the conclusion

(1) of Theorem 6.3 indicates the dep endence of H

C

3

on the angle b et w een the applied

�eld and the surface of the sample. W e refer to [STS] (Section 4.3) for the discussion

on the angular dep endence of H

C

3

.

7. 3 -Dimensional Sup erconductors.

7.1. Sup erconductors with Smo oth Surfaces. Let us recall the Ginzburg-

Landau system in 3-dimensional b ounded domain 
 :

(1 : 1

0

)

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

� ( r � i� A )

2

 = �

2

(1 � j  j

2

)  ;

curl

2

A = �

i

2 �

(

�

 r  �  r

�

 ) � j  j

2

A + curl H in 
 ;

@  

@ �

� i� A  � � + 
  = 0 ;

(curl A � H ) � � = 0 on @ 
 :

As in x 1 : 1 w e assume that H ( x ) = � H

0

( x ), � > 0, and set A = � A : Throughout this

section w e assume that H

0

( x ) is a con tin uous v ector �eld and H

0

( x ) 6= 0 on 
. Let
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F b e the v ector �eld asso ciated with H

0

as in (1.2), and de�ne �

�

( �; H

0

) as in (1.3).

When H

0

( x ) � h , a constan t unit v ector, w e de�ne

H

C

3

( �; h ) � �

�

( �; h ) :

As w as sho wn in [LP5], for a sup erconductor o ccup ying a b ounded domain 
 in R

3

with smo oth surface, the v alue of H

C

3

( �; h ) dep ends sensitiv ely on the direction of

the applied �eld and on the geometry of the surface. Ho w ev er, the leading term of

H

C

3

do es not dep end on them. T o state this result, w e let � ( # ) denote the lo w est

eigen v alue of the equation (6.5) and de�ne

~

b ( # ) as in (6.7). F or x 2 @ 
, let # ( x )

denote the angle b et w een the v ector H

0

( x ) and the outer normal � ( x ) of @ 
 at x .

Then, w e de�ne :

�

0

= �

0

( H

0

) � min f min




j H

0

( x ) j ; min

@ 


j H

0

( x ) j

~

b ( # ( x )) g ;




m

= f x 2 
 : j H

0

( x ) j = min

y 2 


j H

0

( y ) jg ;

( @ 
)

m

= f x 2 @ 
 : j H

0

( x ) j

~

b ( # ( x )) = min

y 2 @ 


j H

0

( y ) j

~

b ( # ( y )) g :

F or a homogeneous applied magnetic �eld H

0

� h , a constan t unit v ector, w e de�ne :

( @ 
)

h

= f x 2 @ 
 : h � � ( x ) = 0 g :

Hence ( @ 
)

h

is the set of the p oin ts on @ 
 where h is tangen tial to @ 
. Ob viously , for

an y b ounded domain in R

3

with smo oth surface, w e ha v e ( @ 
)

h

6= ; and �

0

( h ) = �

0

.

Theorem 7.1 ([LP5, Theorem 1]). (1) L et H

0

b e a c ontinuous ve ctor �eld.

We have :

lim

� ! + 1

�

�

( �; H

0

)

�

=

1

�

0

( H

0

)

;

and sup er c onductivity nucle ates �rst at 


m

[ ( @ 
)

m

.

(2) When H

0

( x ) � h , a c onstant unit ve ctor, we have :

lim

� !1

H

C

3

( �; h )

�

=

1

�

0

;

and sup er c onductivity nucle ates �rst at the ( @ 
)

h

, namely at the subset of the surfac e

wher e the applie d �eld is tangential to the surfac e.

The second part of Conclusion (2) in Theorem 7.1 v eri�es rigorously the prediction

of the ph ysicists, suc h as the statemen ts giv en in [dG]. Moreo v er, w e can also sho w

that, if H

0

( x ) � h , if ( @ 
)

h

is a smo oth closed submanifold of @ 
 of dimension 1

or 2, and if �

n

=�

n

� �

0

is p ositiv e and go es to zero slo wly (whic h means that the

applied �eld decreases from H

C

3

and the gap b et w een them is not v ery small), then

the sup erconductivit y n ucleates uniformly along ( @ 
)

h

, that is,

j  

n

( x ) j

k  

n

k

L

1

(
)

!

�

0 if x 2 
 n ( @ 
)

h

;

1 if x 2 ( @ 
)

h

:

Ho w ev er, if �

n

=�

n

� �

0

go es to zero fast, w e b eliev e that the order parameters ma y

concen trate not on the en tire submanifold ( @ 
)

h

but on a subset N of ( @ 
)

h

. The

geometric c haracterization of the n ucleation set N is an in teresting problem.

The pro of of Theorems 7.1 requires the estimate of the lo w est eigen v alue � ( b F )

of the Sc hr• odinger op erator �r

2

b F

on the 3-dimensional domain 
, see (1.4).
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Next, similar to Theorem 4.1, w e ha v e :

Theorem 7.2 ([LP5, Theorem 5.1]). (1) F or any smo oth b ounde d domain 


in R

3

and A 2 C

2

( 
) , we have :

lim

b !1

� ( b A )

j b j

= min

�

min

x 2 


j curl A ( x ) j ; min

x 2 @ 


j curl A ( x ) j

~

b ( # ( x ))

�

;

wher e

~

b ( # ) was de�ne d in (6.7).

(2) If H ( x ) � h , a c onstant unit ve ctor, then we have :

lim

b !1

� ( b A )

j b j

= �

0

;

wher e �

0

is the lowest eigenvalue of (1.7).

7.2. Sup erconductors with Edges and Corners. In [P1], t w o t ypical sam-

ples with edges and corners w ere studied, namely , sup erconducting cylinders with

�nite heigh t, and cub oids. W e presen t some results b elo w.

F or a cylinder with a smo oth cross section 
 and a �nite heigh t, w e ha v e :

lim

� ! + 1

H

C

3

( �; h )

�

=

8

<

:

1

�

0

if h k cylinder axis ;

1




0

if h ? cylinder axis :

If the sample is sub ject to a homogeneous applied magnetic �eld whic h is not along

the cylinder axis, then sup erconductivit y n ucleates �rst at a p ortion of the edge.

F or a sup erconducting cub oid sub ject to a homogeneous applied magnetic �eld

whic h is along a lateral face of the cub oid but is not along an y edge, sup erconductivit y

n ucleates �rst at the v ertices among P ( h ).
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