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THE ROLE OF THE DISTANCE FUNCTION IN SOME SINGULAR
PERTURBATION PROBLEM

ANGELA PISTOIA*

0. Introduction. This paper deals with the study of solutions to a class of
nonlinear singularly perturbed problems of the form

—2Au4+u=uP inQ
(0.1) u>0 in Q

uzOor%zO on 0f)
where Q is a bounded smooth domain of RV, N > 2, >0, 1<p< % if N >3
or p>1if N =2 and v is the unit outward normal at the boundary of €.

A solution of the Dirichlet problem can be interpretated as a steady state of
the corresponding reaction-diffusion equation u; = e2Au — u + u?, which arises in a
numbers of problems, such as dynamic population and pattern formation theories and
chemical reactor theory. The Neumann problem is known as the stationary equation
of Keller-Segal system in chemotaxis. It can also be seen as the limiting stationary
equation of the Gierer-Heinhardt system in biological pattern formation.

Neumann problem

In the pioneering papers [29], [31] and [32] Lin, Ni and Takagi established the
existence of least energy solutions and showed that for € small enough the least energy
solution has only one local maximum point x. which belongs to Q2. Moreover the limit
point zg = gljr(lj x. satisfies H(zg) = ;rel%)é H(z), where H denotes the mean curvature

of z at 09. In [33] Ni and Takagi constructed boundary spike solutions for axially
symmetric domains. In [39] Wei studied the general domain case and proved that for
single boundary spike solutions the boundary spike must approach a critical point of
the mean curvature. He also proved that for any nondegenerate critical point of the
mean curvature one can construct bondary spike solutions whose spike approaches
such a point.

In [22] Gui constructed multiple boundary spike layer solutions at multiple local
maximum points. In [44] Wei and Winter constructed multiple boundary spike layer
solutions at multiple nondegenerate critical points of H. In [24] the authors proved
that for any fixed integers K there exist boundary K —peaks solutions at a local
minimum point of H.

In [40] and in [41] Wei proved the existence of single interior spike solutions of
(0.1) under some restricted geometric conditions on 2. In [42] and [20] the authors
constructed single interior spike solutions by using the distance function dist(x, 92).
More precisely in [42] Wei proved that for any local maximum point zg of the dis-
tance function there exists a family of solutions with a single maximum point which
approaches zg. In [35]the author proved the existence of a symmetric single interior
spike solution in symmetric domains, by using a degree argument.
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In [23] Gui constructed multiple interior peak solutions. It was shown that for any
fixed positive integer K there exists a solution of (0.1) which has exactly X' maximum

points z1,... 2K such that D (z!,..., zK) converges to max{Dg (z!,...,2%) | 2' €
Q,i=1,...,K} as ¢ tends to zero, where
1 K : : i 27 —at] .
Di(z,...,z") = min ¢ dist(z*, 99Q), TM,]J:I....,A., JFEL.

Cerami and Wei in [9] and Yan in [37] some multiplicity results are obtained by using
Ljusternik-Schnirelman category. In [25] Kowalczyk proved that any “nondegenerate
stationary lattice” supports a multiple spike layer solution.

We would like to point out that Bates and Fusco in [5] got similar results for
the Cahn-Hilliard equation. By using a “quasi-invariant” manifold approach they
established the existence of a stationary solution with many nuclei and they also gave
a criteria for the asymptotic location of those nuclei as ¢ — 0 in terms of the geometry
of the domain.

Dirichlet problem

Multiplicity results about the Dirichlet problem were firstly obtained by Benci,
Cerami and Passaseo in [2] and [3], by using the Ljusternik-Schnirelman category.
Successively Ni and Wei in [34] established the existence of a least energy solution.
They proved that as ¢ — 0 the least energy soluton has exactly one local maxi-
mum point and this local maximum point tends to a point which attains the global
maximum of the distance function dist(z,9Q). In [39] Wei proved that for any local
maximum xg of the distance function there exists a family of solutions with a single
global maximum point which approaches zg. In [16] Del Pino, Felmer and Wei proved
the existence of single-peaked solutions at any “suitable” critical point of the distance
function. In [28] Li and Nirenberg proved another result which involves the critical
points of the distance function. More precisely they show that if the Brower degree
deg(Vdist(-,00),V,0) # 0 where V is a suitable subset of 2, then there exist a family
of solutions with a unique local maximum point which converges to a critical point of
the distance function.

In [7] and [8] Cao, Dancer, Noussair and Yan constructed K —peak solutions with
the peaks near the local maximum points or saddle points x1, ..., zx of dist(---,90Q),
provided dist(z;,0Q) = dist(z;,00Q) for any ¢ and j. In [17] Del Pino, Felmer and
Wei used a variational method to construct a K —peak solution with its peaks close
to some local maximum points 1, ...,z of dist(---,99), provided max; dist(z;, 9)
is small when compared with the distance between x1,...,xk. In [15] Dancer and
Wei proved the existence of two-peak solutions. Concerning the effect of the domain
topology on the existence of multipeak solution Dancer and Yan in [13] proved that
if the homology of the domain is nontrivial, then for any positive integer K problem
(0.1) has at least one K —peak solution. In [14] Dancer and Yan assumed that the
distance function has K isolated compact connected critical sets Ty, ..., T'x satisfying

) )

dist(z, 00) = ¢; = constant for all x € Ty, rr;éln d(T;.T;) > 2 131‘2?(1»(1(7}" 00) and the
1£] SIS

critical group of each critical set T; is nontrivial. They constructed a solution which
has exactly one local maximum point in a small neighbourhood of T} fori = 1,..., K.
Moreover they proved that if  is strictly convex problem (0.1) does not have any

K —peak solution.

Main results
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In this paper we describe some results obtained by Grossi, Wei and the author in
[20] and in [21].

In [20] the authors proved that any critical point “topologically non trivial” zq of
the distance function generates a family of single interior spike solutions.

THEOREM  0.1. Let xzy be a critical point of dist (-,00).
Assume ¢ = dist (xg,00) is a critical value topologically nontrivial (see Defini-
tion (2.4)). Then for e small enough there exists a family of solutions u. of (0.1),
whose mazimum point tends to a critical point x of the distance function with

dist (zg,090) = dist (zg, 09).

Moreover they proved that the peak of any single solution must converge to a
critical point of the distance function.

THEOREM 0.2. Let ue be a solution of (0.1) with ezactly one local interior maz-
imum point T.. If zo = lir% ze € Q) then xg is a critical point of daq.
E—

In [21] the authors proved that any critical point “topologically non trivial” of
the function Dy generates a K —peaks solution.

THEOREM 0.3. Let Xo = (a},...,2L) be a critical point of Dr.
Assume Dg(Xo) > 0 is a critical value topologically nontrivial (see Definition (2.4)).
Then for e small enough there exists a family of solutions ue of (0.1), with Neu-
mann boundary condition, whose K mazimum points xl,... oK tend to a point
Xo = (@b,...,#) such that Dr(Xo) = Dr(Xo), &) € Q, & # x) for i # j and
Xo is a critical point of Dk.

Moreover they proved that the K peaks of any single solution must converge to
a critical point of the function Dg.

THEOREM 0.4. Let ue be a solution of (0.1), with Neumann boundary condition,

with exactly K local interior mazimum points xl, ..., xK and let v} = liH(l) xt for

E—
i=1,...,K. If 2 € Q then z} # x}, fori # j and (x},...,z) is a critical point of
Dk.

The method used to prove the results relies on an idea of Bahri (see [1]).

Firstly for ¢ small enough we reduce the problem of finding a single-peak or a
multi-peak solution for (0.1) to that of finding a critical point for a function K. defined
in a finite dimensional domain.

Secondly we compute the asymptotic expansion of the function K., in order to
point out the connection between K. and function Dy . Such an expansion allows us to
prove that any “topologically nontrivial” critical point of the function Dy generates
a K —peak solution.

Finally we compute the asymptotic expansion of the function VK., in order to
point out the connection between VK, and VDg. Such an expansion allows us to
prove that the K peaks of any single solution must converge to a critical point of the
function Dg-..

We would like to emphasize that Dy is a Lipschitz continuous function which
may be not smooth. So a suitable notion of critical points for non-smooth functions
is needed. The generalized gradient introduced by Clarke (see [11]) becomes our main
tool. The new idea in [20] and in [21] is to evaluate the gradient of K in terms of the
generalized gradient of Clarke of the function Dg . By this result, we were able to get
some new results and also to clarify many results that were previously known.
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The paper is organized as follows. In Section 1 we recall some properties of the
generalized gradient of Clarke. In Section 2 we introduce the notion of “topologically
nontrivial” critical values for locally Lipschitz continuous function. In Section 3 we
study the distance function and the function Dg and we give a criteria to localize
critical points of Dy . In Section 4 we recall some results obtained by Ni and Wei
in [34]. In Section 5 we study the one-peak solutions. In Section 6 we study the
multi-peak solutions. In Section 7 we give some examples.

1. The generalized gradient. Let D be a smooth bounded domain of R" .
Let f : D — R be a Lipschitz continuous function. We recall the following definition
due to Clarke (see [11]).

DEFINITION 1.1. The generalized gradient of f at x € D is the set:
Of(x) ={aeR" | f(r,v) >a-vVveR"}
where the generalized directional derivative f°(x,v) is defined by

(21 0) = limsup LEFE M;) — fla+h)

A—0+

If f is continuously differentiable at x then df(x) = {V f(x)}. If f is only differen-
tiable at z, 3 f(x) can contain points other than V f(x). For example, if f(z) = 2 sin %
then it is easy to show that f°(0;v) = |v| and so df(0) = [—1, 1], which contains the
derivative f'(0) = 0.

DEFINITION 1.2. The function f is said to be reqular at x € D provided that
for any v € RY there exists the usual one-sided directional derivative f'(z;v) =
lim M and f'(z;v) = fo(x;v).

t—0t

By ([11], Proposition 2.2.4) and ([11], (b) of Proposition 2.3.6) we deduce

PROPOSITION 1.3. If Of () reduces to a singleton {«a} then f is differentiable at
x and Vf(x) = a. Conversely, if f is differentiable and regular at x then 0f(x) =

{Vfx)}.

It is useful to point out the following property (see [11], Proposition 2.1.5).

REMARK 1.4. Let x,, and a, be sequences in RY such that T, € D and a,, €

Of(xy). Suppose that x,, converges to x and o, converges to a. Then o € Of(x).

Now let us suppose & = (z1,x2). We denote by 0 f(x1,x2) the (partial) general-
ized gradient of f(-,z2) at x1 and by 9a f(z1, z2) that of f(z1,-) at 9. The following
result holds (see [11], Proposition 2.3.15).

3

REMARK 1.5. If f is regular at (z1,xz9) then

8f(x17x2) C 81f(x17x2) X 82]‘(9317932).

Let us recall another useful result. Assume that {f;}iez is a finite collection of
Lipschitz continuous functions defined on D. The function

f(z) = min{fi(x) | i € 7}
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is easily seen to be a Lipschitz continuous function. For any x € D we let Z(z) denote
the set of indices ¢ for which f(z) = f;(xz) (i.e. the indices at which the minimum
defining f is attained). Then the following result holds (see [11], Proposition (2.3.12)).

PROPOSITION 1.6. If f; is reqular at x for any i € Z(x) then f is reqular at x
and

9f(x) = co{dfi(x) | i € T(x)}.

Finally we give the definition of a critical point for a nonsmooth function.

DEFINITION 1.7. A point xq in D is said to be a critical point of f if 0 € 0f(xq).
A real number c is said to be a critical value of f if there exists a critical point xg of
f such that f(xg) = c.

By Definition (1.1) we easily deduce that if z( is a minimum point or a maximum
point for a Lipschitz continuous function f then 0 € 9f(xo).

2. Critical values topologically nontrivial. In this section we recall a result
of the critical point theory. The following one is given by Ramos in [36] and it is
a jointed version of the classical linking theorem and the local saddle point proved
in [30]. Although it concerns C!—function, it is possible to extend such a result to
Lipschitz continuous function, by using deformation lemma proved by Chang in [10].

We consider three compact subsets 9@, @ and A of D such that

(2.1) 0Q CQand QN A =10.

0Q) is not necessarily the topological boundary of ) and A can be the empty set.
We define the class:

r={yeC0,11xQ D\ 4) | 10=1Id, y,, =14V te01]},

where Id is the identity map. We note that I’ # @) because Id € T.
DEFINITION 2.1. Let S be a subset of D. We say that S links Q via 0Q by
homotopy in D\ A if

(2.2) SNAQ =0 and 1(Q)NS#PVyeTl.

It is useful to point out the following fact.

REMARK 2.2. Assume 0Q1, @1, A1 and S1 and 0Q2, Q2, Ay and Sy are two
families of subset of D which satisfy (2.1) and (2.2). Then 0Q = (0Q1 X Q2) U (Q1 x
0Q2), Q@ = Q1 X Qo, A= (A1 xS2)U(S1 x A) and S = S1 X Sy are subsets of D x D
which satisfy (2.1) and (2.2).

The following result holds.

THEOREM 2.3. Let f: D — R be a Lipschitz continuous function. Assume S
links Q via 0Q by homotopy in D\ A and

(2.3) I%%Xf < rngnf < mQafo < mjn f.
Let
(2.4) ¢ = inf max f(v1(u)).

vel ueQ
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If c € R and the set {x € D s.t. c —e < f(z) < c+¢} is complete for some e > 0
then ¢ is a critical value of f.

If A =0 we get the classical linking theorem. The “local saddle point” of [30] is
a particular case of the previous theorem when A # ().

In the following definition we introduce the notion of critical values of a Lips-
chitz continuous function f : D — R which are "stable” with respect to suitable
perturbations (see [20], Definition (1.7) and [21], Definition (1.11))

DEFINITION 2.4. We say that c is a critical value topologically nontrivial of f if
there exists a family of subsets 0Qs, Qs, As and Ss of D which satisfy (2.1), (2.2)
and (2.8), with the properties

2.5 max f < min f < ¢ <max f < min
( ) aQéf Séf_ _Qéf Aéf
and
(2.6) lim min f = lim max = c.
6—0 S; 0—0 Qs

We point out that if we assume that the sets {x € D sit. ¢ —e < f(z) < ¢ +¢}
are complete for any ¢’ close enough to ¢ and for some ¢ > 0 then by Theorem (2.3)
we deduce that ¢ is a critical value of f.

3. The distance function and the function Dy.. Let  be a smooth open
bounded domain of RY .

DEFINITION 3.1. Let dgg : Q@ — R be the distance function defined by daq(z) =
dist(z,00) = m}a% |z —yl.
ye

It is well known that dpq is a Lipschitz continuous function. By using (see [11],
Corollary 2, p. 87) we can compute the generalized gradient of the distance function.

REMARK 3.2. For any x € Q0 we have

0don(o) = { [ v w)dnat) |

a;uz (y) is a bounded Borel measure on 052,
(31) [ diat) =1, supp(diea(v) < Ton(a) .
o0
where
(3.2) Hoa(r) = {y € 00 | |y — = = doa(z)}

and v (y) denotes the unit inward normal at the point y of OQ.

By ([11], Corollary 2, p. 87) we deduce that the distance function is regular at
any = € ). Therefore by Proposition (1.3) we get

REMARK 3.3. daq is differentiable at x if and only if Haq(x) reduces to a sin-
gleton {m(z)} and Vdaq(z) = v (n(z)), where vV (r(z)) denotes the unit inward
normal at 7(z).
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Finally since ) is smooth we have the following property.

PROPOSITION 3.4. There exists a neighbourhood U of the boundary of Q0 such
that 0 € Odaq(x) for any x € U N Q.

Now let us introduce the function Dy which will play a crucial role in the next
sections.

DEFINITION 3.5. Let K > 1 be an integer. Set QF = Q x ... x Q. Let Dy :
QK — R be defined by

) Jj
(3.3) Di(X) :min{dag(:ﬁ), |20~ 2
Let us point out that
Dy (z) = doa(z) Vel
Set

(3.4) MK(Q):{X:(x17...7xK)€QK RS R z’,j:1,...,K}.

By using the regularity of the distance function and Proposition (1.6) we can
compute the generalized gradient of Dy .

LEMMA 3.6. For any X € Mg (Q) we have that B(X) € 0Dk (X) if and only if

B(X) (1)+1ib JrL (K)—}-lib oK gl
= | aa(z - .. .,ara(z - 1,
! 2 — 1y |2t — 9] K 2 — 19 |2 — ad
i#1 JAK

with a(z') € 0daa(z'), ai,bj >0, by = by, Z a; + % ;1 b = 1.
=1 ]l-#—j
In particular by Lemma (3.6) we deduce that if ', ... 2% are K different critical
points of the distance function then X = (2!,...,2) is a critical point of Dy.
Next results generalizes Proposition (3.4). More precisely we prove that there is

not any critical point of Dy close to the boundary of M (Q).

PROPOSITION 3.7. There exists a neighbourhood U of the boundary of Mk ()
such that 0 € 0Dk (X) for any X € U N Mg ().
Proof. We prove that if X is a sequence in M () such that lir% X, = X; and
E—r
Xo € OM (), then there exists g > 0 and C' > 0 such that for any ¢ € (0, )

‘/BE(XE)‘ 2 C >0 V ﬂE(XE) € aDK(XE)

We proceed by induction on the number K.
Let K =1 and let z. be a sequence in €2 such that zg = lim z. € 9€2. By Remark
€

(3.3) and Remark (3.4) it follows that for e small enough 0D (z.) = {v'V (7 (2.))}
and the claim follows.

Suppose the claim to be true for any integer 1 < H < K — 1. Let us prove the
claim for K.
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Let X. be a sequence in M (Q) such that liH(I) X. = Xp and Xy € OM k().
e—

Then we have either _
(i)3Ji,je{l,..., K} st xh #al,

or
(ii) 2p = ... = 2k € 99,
or
(iii) z) = ... =z € Q.

By using Lemma (3.6) and inductive assumptions the claim easily follows. O
Next results allows us to localize some special critical points of the function Dy .

PROPOSITION 3.8. Let (2!, ..., 2%) € Mg () be a critical point of Dg. Assume

that for any integer 1 < H < K—1 and for any set of indices {i1,...,ig} C {1,..., K}
. . . l h

(z%,...,x'") is not a critical point of Dy. Then dao(x') = @ for any i,l, h and

0 € co{a(x?) | a(z®) € ddaq(x?), i=1,...,K}.

Proof. We argue by contradiction. Then we have either

(i) 3i,je{l,...,K} st Dr(X) < 221,

or

(M) VI he{l,. .., K} Di(X)=12

DK(X) < d@Q(Il)

By using Lemma (3.6) a contradiction arises in both cases. 0O

In particular by Proposition (3.8) and by Remark (3.3) we deduce the following
characterization of the critical points of Ds.

and 3i e {l,...,K} st.

COROLLARY 3.9. FLet (2!, 22) € My(Q) be a critical point of Dy such that the
distance function is differentiable at x' and x?. Then dpq(x!) = dpq(2?) = ‘12;“7‘

and v (r(ah)) = v (w(a?)) = gty

4. Some preliminary results. Let us introduce the ground state solution U.
We recall the following results (see, for example, [6], [19] and [26]).

THEOREM 4.1. The equation:

—Au+u=uf in RY
(4.1)
u(z) =0 for x| = 400

possesses a unique non trivial reqular solution U with the following properties:
(i) Ulx) >0 VazeRY,

(ii) U is spherically symmetric, i.e. U(zx) = U(r) where r = |z|, and U decreases
with respect to r,

(iii) U € C*(RY),

(iv) U together with its derivatives up to order 2 have exponential decay at infinity,
that is there exist C > 0 and 6 > 0 such that |DU(z)| < Ce 017l ¥V 2 ¢ RY
and |a| < 2.

(v) there exists B > 0 such that rli)n(’)lo r%erU(r) =[£>0.

Let us introduce some notation. Set Q. = {y | ey € Q} and for z € Q Q. , =
{y | ey + = € Q}. Of course solving problem (0.1) is equivalent to solve the rescaled
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problem

—Au+u=u? in Q.
(4.2)
u:Oorg—Zf:O in 09..

We set Pq_ U to be the unique solution of the problem

—Au+u=U" inQ.,
(4.3)
u:Oor%:O in 09 5.

Pq. , U is the projection of the ground state U into H} (€. ;) in the Dirichlet case
or into H' (€2 ;) in the Neumann case. The idea of projections has been introduced
in [1].

Set

Yer(2) =U(y) —Pa. Uly) with z=cy+z, z€Q, z€

The following estimate plays a fondamental role (see [41], Section 2 and [34],
Section 4).

LEMMA 4.2. For x € Q set

(4.4) Y (x) = —elog (¢ o(x)) in the Dirichlet case,
or

(4.5) Ye(z) = —clog ( — @0 (x))  in the Neumann case,
Then

(4.6) gl_I;I(I) Ve () = 2doq(z)  uniformly in Q.

By Lemma (4.2) and by (v) of Theorem (4.1) we easily deduce that

LEMMA 4.3. Let for X € Mg(Q)

K
(4.7) $.(X)=—clog | — Z Pe o (0) +

Then in the Neumann case

lim ®.(X) =2Dx(X)  wuniformly in Mk (Q).

e—0



310 A. PISTOIA

5. Existence of one-peak solutions. Let H, be the Hilbert space
H. = H?(2.) N HY(Q.) in the Dirichlet case

or

ou

Ve

H, = {u € H%(Q.) =0on 695} in the Neumann case

Define
S.(u) =Au—u+ (u")? for ueH..
Then solving equation (0.1) or equation (4.2) is equivalent to solve the following one
Se(u) =0, ueH..
Let us consider the linearized operator £, : H, — L2(1,) given by
Le(v)=Av—v+pPq_, UP~ 1.

It is easy to see that the cokernel of L. coincides with its kernel. Choose approximate
cokernel and kernel as

0Pq. U
Ke,» = span {975 |i= 1.,...,N} c H*(.),
8932-
0Pq. U ‘
Ce,; = span {% | = 1,...7N} c L2(9.).
Ti

Now we state the following lemmas, which allow us to reduce problem (4.2) to a finite
dimensional problem.

LEMMA 5.1. For any compact set K C § there exists g > 0 such that for any
€ € (0,e0) and x € K there exists a unique ®. , € KL such that

SE(PQE‘IU + ‘bg’z) S Cg’m.

Moreover ®. , is C' in x and

(5.1) . o lr2 (@) < Ce™ (TH7 =22

where C' is a positive constant and o = min{l,p — 1}.

Proof. The proof relies on a contraction mapping argument. The claim can be
proved by collecting some results obtained in [41] and [42]. O
Now we define the function K, : Q — R

(5.2) K.(z) = J.(Po, .U + ®.,),

€

where the “rescaled” energy functional J. : H'(Q.) — R is defined by

(5.3) J.(u) = F/(Wup F?) - ]% (u+)p+1} .
0.

€
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Now we evaluate the asymptotic expansion of K.

PROPOSITION 5.2. @, is a critical point of K¢ if and only if ue = Pq. , U+ P 4,
is a solution of 4.2. Moreover the following estimates hold uniformly on compact sets

of

1 bele Yela
(5.4) K. (z)=A+ E’ye*d = 40 (efd : )) in the Dirichlet case

or

1 K €T e @
(5.5) K. (x)=A- 5’767 = 4o (eid : ]) in the Neumann case,

where

1 . 1
A:i/(\VU\2+U2)—m/Up+17 “y:/U”(y)e*yldy.

RN RN RN

Proof. See [20], [23], [41] and [42]. O

The next results play a crucial role in connecting the topological structure of the
sublevels of the distance function with the topological structure of the sublevels of
the function K..

LEMMA 5.3. Let 25,25 be sequences in S be such that lim xf = z7 € Q, lim 25 =
e—0 e—0

9 € Q and daq(z1) < dpa(x2). Then there exists eq > 0 such that for any e € (0,&q)

(5.6) K. (z7) > K.(z5) in the Dirichlet case
or
(5.7) K (27) < K:(25) in the Neumann case.

Proof. We prove (5.7). The proof of (5.6) is the same. By the expansion of K,
given in (5.5) of Proposition (5.2) we have

1 be(f) b (5)
Kelaf) - Kelaf) = g (o o)

Yel=)) Ye(w5)
(5.8) +o<e : >+o<e C >

Since dapq(71) < daq(z2), by Lemma (4.2) we deduce that for e small enough 9. (27) <
e (25). Then by (5.8) we get

e . 1 e () —ve ()
L) - KD = g |1 e o)

and the claim follows. 0
LEMMA 5.4. Let C1,Cy be two compact subsets of Q2. If

min dgq(z) > max daq ()
zeCh zeC>
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then there exists eqg > 0 such that for any e € (0,¢ep)

(5.9) min (— K. )(z) > max(—K.)(xz) in the Dirichlet case,
reCy z€Co
or
(5.10) min K. (x) > max K.(x) in the Neumann case.
reCy zeCo

Now we prove that a suitable critical point of the distance function generates a
critical point of K.

THEOREM 5.5. Let ¢ be a critical value topologically nontrivial of the distance
function (see Definition (2.4)). Then there exists a sequence (x:) of critical points of
K. such that liH(l) e = x0 and daq(xo) = c.

e—

Proof. We prove the claim in Neumann case. In the Dirichlet case we consider
the function —K. and we argue in the same way. By Definition (2.4) there exist a
family of subsets 0Q)s, s, As and S5 of 2 which satisfy (2.1), (2.2), (2.5) and (2.6) ,
that is:

(5.11) max dag(z) < min daq(z) < ¢ < max dgq(z) < min daq(x).
z€0Qs zE€Ss zEQs TE€A;

Then by (5.9) of Lemma (5.4) there exists €9 > 0 such that for any ¢ € (0,¢0)

5.12 c5 = K.(2) < min K.(z) < K. (r) < min K.(z) = b. 5.
(5.12)  acs max () min (fr)_wrrgg; (2) min (z) 5

It is not difficult to prove that for ¢ and ¢ small enough the set {z € Q | ac 5 <
K. () < be s} is complete. Now by (5.12) and Theorem (2.3) there exists z. 5 critical
point of K, in ) such that:

5.13 in K.(z) < K.(205) < K.(z).
(5.13) min K. (z) < Ke(ze ) < max K. (z)

Up to a subsequence we can assume that z. ;5 goes to zg as € and § go to 0. It is easy
to show that dgpq(zg) = ¢ > 0. Therefore the claim is proved. 0O

Finally we want to show that a family of critical points of K. converges to a
critical point of the distance function. Firstly we have to compute the asymptotic
expansion of the gradient of K.

PROPOSITION 5.6. Let z. be a sequence in Q such that liH(l) r. = xg € Q). Then
E—

1 e (e 1 detee
(5. 14V K (2.) = f—wa(xo)ejl = 4o (—eﬂ : ]> , in the Dirichlet case,
€ €

or

1 e (e 1 detee
(5.15) VK (z:) = —Va(xo)efll = 4o (—eﬂ : ]> , in the Neumann case,
€ €

where a(xo) € 0daq (o) (see (3.1)) and 7y is a positive constant (see Proposition 5.2).
Proof. See Lemma (4.1) of [20]. O
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THEOREM 5.7. Let x. be a critical point of K. such that xog = lir% z. € Q. Then
e—

g 18 a critical point of the distance function.
Proof. Since z. is a critical point of K. by Proposition (5.6) we get

e (xe) 1 _wec

1 e
(5.16) 0=VEK.(x:) = gya(xo)eff +o <EET)> ,

where a(zg) € ddga(zp) and v is a positive constant. By (5.16) we deduce
ya(zg) + o(1) = 0,

which implies a(zg) = 0. Then ¢ is a critical point of the distance function since
0 € ddpa(xo) (see Definition (1.7)). O
Proof of Theorem (0.1). It follow by Proposition (5.2) and Theorem (5.5). O
Proof of Theorem (0.2). It follow by Proposition (5.2) and Theorem (5.7). O

6. Existence of multi-peak solutions. Let H. be the Hilbert space

du
v,

H. = {u € H*(Q.) ‘ =0on 895} in the Neumann case

Define
S-(u) = Au—u+ (ut)? for we€H..
Then solving equation (0.1) or equation (4.2) is equivalent to solve the following one
Se(u) =0, wueH..

Fix X = (2',...,2%) € My(Q). Let us consider the linearized operator L. :
H. — L%(9.) given by

K p—1
L.(v)=Av—v+p (ZPQE‘IZ,U> v.
1

It is easy to see that the cokernel of L. coincides with its kernel. Choose approximate
cokernel and kernel as

oPq U
]Csyxzspan %'.I|i:1,....,ff,j:1,....,N C H.,
8%
oPq .U
Cox =span { ———|i=1,....K, j=1,...,N C L?(f%).
6x}

Now we state the following lemmas, which allow us to reduce problem (4.2) to a
finite dimensional problem.

LEMMA 6.1. For any compact set C C Mg (Q) there exists eg > 0 such that for
any € € (0,e0) and X € C there exists a unique . x € /Cj:x such that

K
S:(> Pa U+®.x)€Cex.
=1
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Moreover ®. x is C' in X and

Dk (X)
€

(6.1) 192 x |20,y < Ce™ H) =

where C' is a positive constant, 0 = min{l,p — 1} and Dk is defined in (3.3).

Proof. The proof relies on a contraction mapping argument. The claim can be
proved by collecting some results obtained in [9] and [23]. O
We now define the function K. : M (2) — R by

K
(6.2) I(E(xlw-wa) = JE(ZPQE_:,:iU+¢)E7X)7
i=1
where the “rescaled” energy functional J. : H'(Q.) — R is defined in (5.3).

Firstly we compute the asymptotic expansion of K.
PROPOSITION 6.2. X. = (x1,...,2K) is a critical point of K. if and only if

K
ue =y Pa U+, x_is a solution of (4.2). Moreover the following estimate holds
=1 e

uniformly on compact sets of Mg ()

]. e Pe (x
(6.3) K. (z)=KA- —'yef<I> o +o0 (efd - )) ,
2
where
a=1 / (IVUP> +U?) — L /U”“ v = / UP(y)e V' dy
2 p+1 ’ '
RN RN RN

Proof. See [9] and [23]). O

The next results play a crucial role in connecting the topological structure of the
sublevels of the function Dy with the topological structure of the sublevels of the
function K..

LEMMA 6.3. Let X7, X5 be sequences in Mg () such that lirr(l)XlE =X, €
E—>
Mk (), liH(l)X; =Xy € Mg() and D (X1) < Dr(X2). Then there exists g > 0
E—>
such that for any € € (0,&0)

(6.4) Ke(X7) < Ko (X3).

Proof. We argue as in the proof of Lemma (5.3) using asymptotic expansion (6.3).

LEMMA 6.4. Let Cy,Cy be two compact subsets of M (). If

in D (X D (X
min K ( )>)rgl€acx2 K(X)

then there exists eqg > 0 such that for any e € (0,¢e0)

6.5 in K.(X K.(X).
(6.5) min K.(X) > max K.(X)
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Now we prove that a suitable critical point of the function Dy generates a critical
point of K.

THEOREM 6.5. Let ¢ be a critical value topologically nontrivial of the function
Dk (see Definition (2.4)). Then there exists a sequence (X¢) of critical points of K.
such that lir% X. = Xg, D (Xo) = ¢ and Xg € Mk(Q).

e—

Proof. By definition (2.4) there exist a family of 9Qs, Qs, As and S5 of Mk (),
which satisfy (2.1), (2.2), (2.3) and (2.6), namely:

3

(6.6) max Dg(X) < min Dg(X) < ¢ < max Dg(X) < min Dr(X)
Xe0Qs X€ES; XeEQs XeA;

and

(6.7) lim min Dk (X) = lim max Dk (X) =c.
§—0 X€S; 0—0 X€Qs
Then by (6.5) of Lemma (6.4) for any  small enough there exists e9(d) > 0 such that
for any ¢ € (0,¢&q)
(6.8) max K.(X) < min K.(X) < max K.(X) < min K.(X).
X€0Q; X€Ss X€Qs X€EA;

Finally we want to show that a family of critical points of K. converges to a critical
point of the function Dy . Firstly we have to compute the asymptotic expansion of
the gradient of K.

First of all we have to compute the expansion of the gradient of K.

PROPOSITION 6.6. For any X € Mg ()

(6.9) VEL(X) = 24.(0)e = 4 o(e= "),
where B.(X) € 0Dk (X) (see Lemma sottodifffik)) and ~ is a positive constant (see

Theorem (6.2)).

Proof. See Lemma (5.1) of [21]. O
THEOREM 6.7. Let X. = (xl,....2K) be a critical point of K. such that for
i=1,...,K x}) = liH(l)fEé € Q. Then Xo = (a},...,2E) € Mg(Q) and X is a
e—
critical point of the function Dg.

Proof. First of all we prove that (2),...,2{) € M (Q), namely x} # xé ifi#j
(see [21], Theorem (6.1)).

Secondly we show that X is a critical point of the function Dg. Since X, is a
critical point of K. by Proposition (6.6) we get

R 1 B (Xe) 1 _e.xo)
(6.10) 0=VK.(X:) = gyﬁ(Xg)e -~ 4o ce e ,

where $(X.) € 0Dk (X.) and « is a positive constant. By (6.10) we deduce
(6.11) B(X.) +o(1) = 0.

Let Xo = liH(l) X.. By using Remark (1.4) we get lir% B(X:) = B(Xop) € 0Dk (Xp) and
E—r E—r
by (6.11) we deduce that (Xg) = 0. Then Xy is a critical point of the function Dy
since 0 € Dk (Xg) (see Definition (1.7)). O
Proof of Theorem (0.3). It follow by Proposition (6.2) and Theorem (6.5). 0O
Proof of Theorem (0.4). It follow by Proposition (6.2) and Theorem (6.7). O
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7. Examples.

EXAMPLE 7.1. (A domain with one hole) Let @ = X\ & where 0 C X are
open sets. Assume mgxdgg > %dist (00,0%). Then ¢y = dpo(x1) = mgxdag and

co = dag(xe) = %dist (00,0%) are two critical values topologically nontrivial of the
distance function.

Proof. The existence of ¢; is trivial. Let us prove the existence of ¢y. Let yg € 0%
and zp € do such that |yp — 29| = dist (Jo,0%). Set xy = w Then dgq(z0) =
%|y0 — Zo|. Let:

S={zeX|dist (z,00) = daq(zo)}
and
Q={tyo+ (1 —t)zg |t €[6,1 0]} for some s > 0.

Then it is easy to prove that the sets () and S satisfies assumptions (2.1), (2.2) and
(2.3):

max dag(z) < mindag(x) = daq(0) = max dag(z).

That proves that daq(z¢) is a critical value topologically nontrivial of the distance
function in the sense of Definition (2.4). O

EXAMPLE 7.2. (A domain with two holes) Let @ = X\ (61 Uas) where o, C T
are open sets, o1 and oy are strictly convex and oy Noy = (. Assume

(71) dist (80'1782) < dist (80'2782) < dist (80'1780'2)
Then ¢; = daq(x1) = méxxdam co = daq(ze) = %dist (001,0%), ¢35 = daa(zs) =
%dist (004,0%) and ¢4 = dga(z4) = %dist (Do1,009) are four critical values topolog-

ically nontrivial of the distance function.
Proof. The existence of ¢y is trivial. First of all we prove the existence of ¢y and
cs. Let i = 1,2. Let y) € 9% and z} € do; such that |y} — zi| = dist (do;,0%). Set

xh = y:’;"';’. Then dog(§) = +|y§ — 24| Let:

S; = {x € X | dist (z,00;) = d@Q(Ié)}
and
Qi={tyo+ (1 —t)z, | t€[5,1—0]} for some § > 0.

We point out that (7.1) ensures that dpg (z) = dist (z,00;) V x € S;. Then it is easy
to prove that the sets @); and S; satisfies assumptions (2.1), (2.2) and (2.3):

d in d =d i) = d .
max oa() < min oa(z) = daa(xq) max 2()

That proves that dapg () is a critical value topologically nontrivial of the distance
function in the sense of Definition (2.4).



THE ROLE OF THE DISTANCE FUNCTION IN SOME ELLIPTIC PROBLEMS 317

Now we prove the existence of ¢4. Since o1 and o9 are strictly convex there exist
exactly two points z; € doy and zo € Jos such that |27 — 29| = dist (Jo1,dos). Set
T = 214-722 Then dog (o) = %\zl — 29|. Let for some ¢ > 0

Q={tz1+ (1 —t)zg |t €[5,1—0]},

S = {hyperplane perpendicular to @) crossing the point zq} N B(xg, ).
and
A = {hyperplane perpendicular to @) crossing the point z¢} N 9B(zg, ).

Then it is easy to prove that the sets @), S and A satisfies assumptions (2.1), (2.2)
and (2.3):

max doq(z) < 1;{1612 doq(z) = daq(zo) = max daa(z) < l;nelgl daq (z).

That proves that dagq(zo) is a critical value topologically nontrivial of the distance
function in the sense of Definition (2.4). O

If the domain has a lot of holes the existence of many critical values topologically
nontrivial of the distance function strongly depends on the geometry of the holes.

EXAMPLE 7.3. (A domain with k handles) Let Q be a domain with k handles.
Then there exist at least 2k + 1 distinct critical values topologically nontrivial of the
distance function: k + 1 local mazima of doq and k local saddle levels.

Note that we can have more than a critical point at the same level.

EXAMPLE 7.4. Let Q be the dumbell. Then d is a critical value topologically non
trivial of Do. Moreover one can choose the dumbell so that (0,d,0,—d) is the unique
critical point of Dy at level d.

We prove that the point (0,d,0,—d) is a “local saddle point” of Ds. Fix ¢ > 0
and set

Q- = {(0,23) € Q| |2y —d] < e} x {(0,23) € Q| |2} +d| < e}
0Q- = ({(0,d £ )} x {(0,23) € Q| |23 +d| < c})
U{(0,3) € Q| |2 — d| <e} x {(0, ~d £ ¢)}

For § > 0 and p > 0 set
Os = {az € Q| doa(z) = d+ 8}
Sy = (B((o,d),p) N ca) x (B((O., fd),p) N cg)
A = (aB((Qd),p) N 05) X (B((o, —d),p) N 05)
U (B((o,d),p) n 05) X (aB((o, —d),p) n 05) .

Then by using Remark (2.2) it is easy to check that if we choose § and p small enough
0Qs, Qs, As and S; are subsets of @ x Q which satisfy (2.1), (2.2) and (2.3) and

3

maxDy =d—e<minDy =d— 9 <d=maxDy <minDy =d + 9.
Qs Ss Qs As



318 A. PISTOIA

Moreover limminD; = d. By Lemma (3.7) we deduce that the sets {X €

6—0 S5

Mg (Q) s.it. ¢ < Dg(X)} are complete for any ¢ > 0. Therefore d is a critical value
of DQ .

Finally by using Remark (3.4) and Remark (3.3) one can construct a dumbell in
such a way the distance function is differentiable at any x with dpo(x) = d and by
using Corollary (3.9) one can check that (0, d, 0, —d) is the unique critical point of Dy
at level d. 0O

REMARK 7.5. We note that in the dumbell the points (a,r,a, —r) and (b, R,b, —R
are two local mazimum points of the function Dy at different levels Da(a,r,a,—r) =1
and D4(b, R,b,—R) = R.

However we point out that such points are not isolated critical points of Dy at
levels r and R, respectively. In fact if 2! is a point close enough to the point (a,r),
which belongs to the sphere centered at (a,0) with radius r and 2? is the point
diametrically opposite, it is easy to check that (z!,2?) is a local maximum point of
the function D5 at level r.
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