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THE R OLE OF THE DIST ANCE FUNCTION IN SOME SINGULAR

PER TURBA TION PR OBLEM

ANGELA PISTOIA

�

0. In tro duction. This pap er deals with the study of solutions to a class of

nonlinear singularly p erturb ed problems of the form

8
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>

<

>

>

>

>

:

� "

2

� u + u = u

p

in 


u > 0 in 


u = 0 or

@ u

@ �

= 0 on @ 


(0.1)

where 
 is a b ounded smo oth domain of I R

N

, N � 2, " > 0, 1 < p <

N +2

N � 2

if N � 3

or p > 1 if N = 2 and � is the unit out w ard normal at the b oundary of 
.

A solution of the Diric hlet problem can b e in terpretated as a steady state of

the corresp onding reaction-di�usion equation u

t

= "

2

� u � u + u

p

, whic h arises in a

n um b ers of problems, suc h as dynamic p opulation and pattern formation theories and

c hemical reactor theory . The Neumann problem is kno wn as the stationary equation

of Keller-Segal system in c hemotaxis. It can also b e seen as the limiting stationary

equation of the Gierer-Heinhardt system in biological pattern formation.

Neumann problem

In the pioneering pap ers [29 ], [31 ] and [32 ] Lin, Ni and T ak agi established the

existence of least energy solutions and sho w ed that for " small enough the least energy

solution has only one lo cal maxim um p oin t x

"

whic h b elongs to @ 
 : Moreo v er the limit

p oin t x

0

= lim

" ! 0

x

"

satis�es H ( x

0

) = max

x 2 @ 


H ( x ) ; where H denotes the mean curv ature

of x at @ 
 : In [33 ] Ni and T ak agi constructed b oundary spik e solutions for axially

symmetric domains. In [39 ] W ei studied the general domain case and pro v ed that for

single b oundary spik e solutions the b oundary spik e m ust approac h a critical p oin t of

the mean curv ature. He also pro v ed that for an y nondegenerate critical p oin t of the

mean curv ature one can construct b ondary spik e solutions whose spik e approac hes

suc h a p oin t.

In [22 ] Gui constructed m ultiple b oundary spik e la y er solutions at m ultiple lo cal

maxim um p oin ts. In [44 ] W ei and Win ter constructed m ultiple b oundary spik e la y er

solutions at m ultiple nondegenerate critical p oin ts of H : In [24 ] the authors pro v ed

that for an y �xed in tegers K there exist b oundary K � p eaks solutions at a lo cal

minim um p oin t of H :

In [40 ] and in [41 ] W ei pro v ed the existence of single in terior spik e solutions of

(0.1) under some restricted geometric conditions on 
 : In [42] and [20 ] the authors

constructed single in terior spik e solutions b y using the distance function dist( x; @ 
) :

More precisely in [42 ] W ei pro v ed that for an y lo cal maxim um p oin t x

0

of the dis-

tance function there exists a family of solutions with a single maxim um p oin t whic h

approac hes x

0

: In [35 ]the author pro v ed the existence of a symmetric single in terior

spik e solution in symmetric domains, b y using a degree argumen t.
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302 A. PISTOIA

In [23 ] Gui constructed m ultiple in terior p eak solutions. It w as sho wn that for an y

�xed p ositiv e in teger K there exists a solution of (0.1) whic h has exactly K maxim um

p oin ts x

1

"

; : : : ; x

K

"

suc h that D

K

( x

1

"

; : : : ; x

K

"

) con v erges to max fD

K

( x

1

; : : : ; x

K

) j x

i

2


 ; i = 1 ; : : : ; K g as " tends to zero, where

D

K

( x

1

; : : : ; x

K

) = min

�

dist ( x

i

; @ 
 ) ;

j x

j

� x

l

j

2

j i; j; l = 1 : : : : ; K ; j 6= l

�

:

Cerami and W ei in [9 ] and Y an in [37 ] some m ultiplicit y results are obtained b y using

Ljusternik-Sc hnirelman category . In [25 ] Ko w alczyk pro v ed that an y \nondegenerate

stationary lattice" supp orts a m ultiple spik e la y er solution.

W e w ould lik e to p oin t out that Bates and F usco in [5 ] got similar results for

the Cahn-Hilliard equation. By using a \quasi-in v arian t" manifold approac h they

established the existence of a stationary solution with man y n uclei and they also ga v e

a criteria for the asymptotic lo cation of those n uclei as " ! 0 in terms of the geometry

of the domain.

Diric hlet problem

Multiplicit y results ab out the Diric hlet problem w ere �rstly obtained b y Benci,

Cerami and P assaseo in [2 ] and [3], b y using the Ljusternik-Sc hnirelman category .

Successiv ely Ni and W ei in [34 ] established the existence of a least energy solution.

They pro v ed that as " ! 0 the least energy soluton has exactly one lo cal maxi-

m um p oin t and this lo cal maxim um p oin t tends to a p oin t whic h attains the global

maxim um of the distance function dist( x; @ 
) : In [39 ] W ei pro v ed that for an y lo cal

maxim um x

0

of the distance function there exists a family of solutions with a single

global maxim um p oin t whic h approac hes x

0

: In [16 ] Del Pino, F elmer and W ei pro v ed

the existence of single-p eak ed solutions at an y \suitable" critical p oin t of the distance

function. In [28 ] Li and Niren b erg pro v ed another result whic h in v olv es the critical

p oin ts of the distance function. More precisely they sho w that if the Bro w er degree

deg ( r dist( � ; @ 
) ; V ; 0) 6= 0 where V is a suitable subset of 
, then there exist a family

of solutions with a unique lo cal maxim um p oin t whic h con v erges to a critical p oin t of

the distance function.

In [7] and [8] Cao, Dancer, Noussair and Y an constructed K � p eak solutions with

the p eaks near the lo cal maxim um p oin ts or saddle p oin ts x

1

; : : : ; x

K

of dist( � � � ; @ 
) ;

pro vided dist( x

i

; @ 
) = dist( x

j

; @ 
) for an y i and j: In [17 ] Del Pino, F elmer and

W ei used a v ariational metho d to construct a K � p eak solution with its p eaks close

to some lo cal maxim um p oin ts x

1

; : : : ; x

K

of dist( � � � ; @ 
) ; pro vided max

i

dist( x

i

; @ 
)

is small when compared with the distance b et w een x

1

; : : : ; x

K

: In [15 ] Dancer and

W ei pro v ed the existence of t w o-p eak solutions. Concerning the e�ect of the domain

top ology on the existence of m ultip eak solution Dancer and Y an in [13 ] pro v ed that

if the homology of the domain is non trivial, then for an y p ositiv e in teger K problem

(0.1) has at least one K � p eak solution. In [14] Dancer and Y an assumed that the

distance function has K isolated compact connected critical sets T

1

; : : : ; T

K

satisfying

dist( x; @ 
) = c

j

= constant for all x 2 T

j

; min

i6 = j

d( T

j

; T

i

) > 2 max

1 � j � K

d( T

j

; @ 
) and the

critical group of eac h critical set T

i

is non trivial. They constructed a solution whic h

has exactly one lo cal maxim um p oin t in a small neigh b ourho o d of T

i

for i = 1 ; : : : ; K :

Moreo v er they pro v ed that if 
 is strictly con v ex problem (0.1) do es not ha v e an y

K � p eak solution.

Main results
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In this pap er w e describ e some results obtained b y Grossi, W ei and the author in

[20 ] and in [21 ].

In [20 ] the authors pro v ed that an y critical p oin t \top ologically non trivial" x

0

of

the distance function generates a family of single in terior spik e solutions.

Theorem 0.1. L et x

0

b e a critic al p oint of dist ( � ; @ 
) :

Assume c = dist ( x

0

; @ 
) is a critic al value top olo gic al ly nontrivial (se e De�ni-

tion (2.4)). Then for " smal l enough ther e exists a family of solutions u

"

of (0.1),

whose maximum p oint tends to a critic al p oint x

0

0

of the distanc e function with

dist ( x

0

0

; @ 
) = dist ( x

0

; @ 
) :

Moreo v er they pro v ed that the p eak of an y single solution m ust con v erge to a

critical p oin t of the distance function.

Theorem 0.2. L et u

"

b e a solution of (0.1) with exactly one lo c al interior max-

imum p oint x

"

: If x

0

= lim

" ! 0

x

"

2 
 then x

0

is a critic al p oint of d

@ 


:

In [21 ] the authors pro v ed that an y critical p oin t \top ologically non trivial" of

the function D

K

generates a K � p eaks solution.

Theorem 0.3. L et X

0

= ( x

1

0

; : : : ; x

K

0

) b e a critic al p oint of D

K

:

Assume D

K

( X

0

) > 0 is a critic al value top olo gic al ly nontrivial (se e De�nition (2.4)).

Then for " smal l enough ther e exists a family of solutions u

"

of (0.1), with Neu-

mann b oundary c ondition, whose K maximum p oints x

1

"

; : : : ; x

K

"

tend to a p oint

^

X

0

= ( ^ x

1

0

; : : : ; ^x

K

0

) such that D

K

(

^

X

0

) = D

K

( X

0

) ; ^x

i

0

2 
 ; ^x

i

0

6= x

j

0

for i 6= j and

^

X

0

is a critic al p oint of D

K

:

Moreo v er they pro v ed that the K p eaks of an y single solution m ust con v erge to

a critical p oin t of the function D

K

:

Theorem 0.4. L et u

"

b e a solution of (0.1), with Neumann b oundary c ondition,

with exactly K lo c al interior maximum p oints x

1

"

; : : : ; x

K

"

and let x

i

0

= lim

" ! 0

x

i

"

for

i = 1 ; : : : ; K : If x

i

0

2 
 then x

i

0

6= x

j

0

for i 6= j and ( x

1

0

; : : : ; x

K

0

) is a critic al p oint of

D

K

:

The metho d used to pro v e the results relies on an idea of Bahri (see [1]).

Firstly for " small enough w e reduce the problem of �nding a single-p eak or a

m ulti-p eak solution for (0.1) to that of �nding a critical p oin t for a function K

"

de�ned

in a �nite dimensional domain.

Secondly w e compute the asymptotic expansion of the function K

"

; in order to

p oin t out the connection b et w een K

"

and function D

K

: Suc h an expansion allo ws us to

pro v e that an y \top ologically non trivial" critical p oin t of the function D

K

generates

a K � p eak solution.

Finally w e compute the asymptotic expansion of the function r K

"

; in order to

p oin t out the connection b et w een r K

"

and rD

K

: Suc h an expansion allo ws us to

pro v e that the K p eaks of an y single solution m ust con v erge to a critical p oin t of the

function D

K

: .

W e w ould lik e to emphasize that D

K

is a Lipsc hitz con tin uous function whic h

ma y b e not smo oth. So a suitable notion of critical p oin ts for non-smo oth functions

is needed. The generalized gradien t in tro duced b y Clark e (see [11 ]) b ecomes our main

to ol. The new idea in [20 ] and in [21 ] is to ev aluate the gradien t of K

"

in terms of the

generalized gradien t of Clark e of the function D

K

: By this result, w e w ere able to get

some new results and also to clarify man y results that w ere previously kno wn.
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The pap er is organized as follo ws. In Section 1 w e recall some prop erties of the

generalized gradien t of Clark e. In Section 2 w e in tro duce the notion of \top ologically

non trivial" critical v alues for lo cally Lipsc hitz con tin uous function. In Section 3 w e

study the distance function and the function D

K

and w e giv e a criteria to lo calize

critical p oin ts of D

K

: In Section 4 w e recall some results obtained b y Ni and W ei

in [34 ]. In Section 5 w e study the one-p eak solutions. In Section 6 w e study the

m ulti-p eak solutions. In Section 7 w e giv e some examples.

1. The generalized gradien t. Let D b e a smo oth b ounded domain of I R

N

:

Let f : D � ! I R b e a Lipsc hitz con tin uous function. W e recall the follo wing de�nition

due to Clark e (see [11 ]).

Definition 1.1. The gener alize d gr adient of f at x 2 D is the set:

@ f ( x ) =

�

� 2 I R

N

j f

o

( x; v ) � � � v 8 v 2 I R

N

	

wher e the gener alize d dir e ctional derivative f

o

( x; v ) is de�ne d by

f

o

( x ; v ) = lim sup

h ! 0

� ! 0

+

f ( x + h + �v ) � f ( x + h )

�

:

If f is con tin uously di�eren tiable at x then @ f ( x ) = fr f ( x ) g : If f is only di�eren-

tiable at x; @ f ( x ) can con tain p oin ts other than r f ( x ) : F or example, if f ( x ) = x

2

sin

1

x

then it is easy to sho w that f

o

(0; v ) = j v j and so @ f (0) = [ � 1 ; 1] ; whic h con tains the

deriv ativ e f

0

(0) = 0 :

Definition 1.2. The function f is said to b e r e gular at x 2 D pr ovide d that

for any v 2 I R

N

ther e exists the usual one-side d dir e ctional derivative f

0

( x ; v ) =

lim

t ! 0

+

f ( x + tv ) � f ( x )

t

and f

0

( x ; v ) = f

o

( x ; v ) :

By ([11], Prop osition 2.2.4) and ([11], (b) of Prop osition 2.3.6) w e deduce

Pr oposition 1.3. If @ f ( x ) r e duc es to a singleton f � g then f is di�er entiable at

x and r f ( x ) = �: Conversely, if f is di�er entiable and r e gular at x then @ f ( x ) =

fr f ( x ) g :

It is useful to p oin t out the follo wing prop ert y (see [11 ], Prop osition 2.1.5).

Remark 1.4. L et x

n

and �

n

b e se quenc es in I R

N

such that x

n

2 D and �

n

2

@ f ( x

n

) : Supp ose that x

n

c onver ges to x and �

n

c onver ges to �: Then � 2 @ f ( x ) :

No w let us supp ose x = ( x

1

; x

2

) : W e denote b y @

1

f ( x

1

; x

2

) the (partial) general-

ized gradien t of f ( � ; x

2

) at x

1

and b y @

2

f ( x

1

; x

2

) that of f ( x

1

; � ) at x

2

: The follo wing

result holds (see [11 ], Prop osition 2.3.15).

Remark 1.5. If f is r e gular at ( x

1

; x

2

) then

@ f ( x

1

; x

2

) � @

1

f ( x

1

; x

2

) � @

2

f ( x

1

; x

2

) :

Let us recall another useful result. Assume that f f

i

g

i 2I

is a �nite collection of

Lipsc hitz con tin uous functions de�ned on D : The function

f ( x ) = min f f

i

( x ) j i 2 I g
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is easily seen to b e a Lipsc hitz con tin uous function. F or an y x 2 D w e let I ( x ) denote

the set of indices i for whic h f ( x ) = f

i

( x ) (i.e. the indices at whic h the minim um

de�ning f is attained). Then the follo wing result holds (see [11 ], Prop osition (2.3.12)).

Pr oposition 1.6. If f

i

is r e gular at x for any i 2 I ( x ) then f is r e gular at x

and

@ f ( x ) = co f @ f

i

( x ) j i 2 I ( x ) g :

Finally w e giv e the de�nition of a critical p oin t for a nonsmo oth function.

Definition 1.7. A p oint x

0

in D is said to b e a critic al p oint of f if 0 2 @ f ( x

0

) :

A r e al numb er c is said to b e a critic al value of f if ther e exists a critic al p oint x

0

of

f such that f ( x

0

) = c:

By De�nition (1.1) w e easily deduce that if x

0

is a minim um p oin t or a maxim um

p oin t for a Lipsc hitz con tin uous function f then 0 2 @ f ( x

0

) :

2. Critical v alues top ologically non trivial. In this section w e recall a result

of the critical p oin t theory . The follo wing one is giv en b y Ramos in [36] and it is

a join ted v ersion of the classical linking theorem and the lo cal saddle p oin t pro v ed

in [30]. Although it concerns C

1

� function, it is p ossible to extend suc h a result to

Lipsc hitz con tin uous function, b y using deformation lemma pro v ed b y Chang in [10 ].

W e consider three compact subsets @ Q; Q and A of D suc h that

@ Q � Q and Q \ A = ; :(2.1)

@ Q is not necessarily the top ological b oundary of Q and A can b e the empt y set.

W e de�ne the class:

� =

n


 2 C

0

([0 ; 1] � Q; D n A ) j 


0

� I d; 


t

j

@ Q

� I d 8 t 2 [0 ; 1]

o

;

where I d is the iden tit y map. W e note that � 6= ; b ecause I d 2 � :

Definition 2.1. L et S b e a subset of D : We say that S links Q via @ Q by

homotopy in D n A if

S \ @ Q = ; and 


1

( Q ) \ S 6= ; 8 
 2 � :(2.2)

It is useful to p oin t out the follo wing fact.

Remark 2.2. Assume @ Q

1

; Q

1

; A

1

and S

1

and @ Q

2

; Q

2

; A

2

and S

2

ar e two

families of subset of D which satisfy (2.1) and (2.2). Then @ Q = ( @ Q

1

� Q

2

) [ ( Q

1

�

@ Q

2

) ; Q = Q

1

� Q

2

; A = ( A

1

� S

2

) [ ( S

1

� A

2

) and S = S

1

� S

2

ar e subsets of D � D

which satisfy (2.1) and (2.2).

The follo wing result holds.

Theorem 2.3. L et f : D � ! I R b e a Lipschitz c ontinuous function. Assume S

links Q via @ Q by homotopy in D n A and

max

@ Q

f < min

S

f � max

Q

f < min

A

f :(2.3)

L et

c = inf


 2 �

max

u 2 Q

f

�




1

( u )

�

:(2.4)
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If c 2 I R and the set f x 2 D s:t: c � " � f ( x ) � c + " g is c omplete for some " > 0

then c is a critic al value of f :

If A = ; w e get the classical linking theorem. The \lo cal saddle p oin t" of [30 ] is

a particular case of the previous theorem when A 6= ; :

In the follo wing de�nition w e in tro duce the notion of critical v alues of a Lips-

c hitz con tin uous function f : D � ! I R whic h are "stable" with resp ect to suitable

p erturbations (see [20 ], De�nition (1.7) and [21 ], De�nition (1.11))

Definition 2.4. We say that c is a critic al value top olo gic al ly nontrivial of f if

ther e exists a family of subsets @ Q

�

; Q

�

; A

�

and S

�

of D which satisfy (2.1), (2.2)

and (2.3), with the pr op erties

max

@ Q

�

f < min

S

�

f � c � max

Q

�

f < min

A

�

f(2.5)

and

lim

� ! 0

min

S

�

f = lim

� ! 0

max

Q

�

= c:(2.6)

W e p oin t out that if w e assume that the sets f x 2 D s:t: c

0

� " � f ( x ) � c

0

+ " g

are complete for an y c

0

close enough to c and for some " > 0 then b y Theorem (2.3)

w e deduce that c is a critical v alue of f :

3. The distance function and the function D

K

: . Let 
 b e a smo oth op en

b ounded domain of I R

N

:

Definition 3.1. L et d

@ 


: 
 � ! I R b e the distanc e function de�ne d by d

@ 


( x ) =

dist( x; @ 
) = min

y 2 @ 


j x � y j :

It is w ell kno wn that d

@ 


is a Lipsc hitz con tin uous function. By using (see [11 ],

Corollary 2, p. 87) w e can compute the generalized gradien t of the distance function.

Remark 3.2. F or any x 2 
 we have

@ d

@ 


( x ) =

n

Z

@ 


�

( i )

( y ) d�

x

( y ) j

d�

x

( y ) is a bounded B or el measur e on @ 
 ;

Z

@ 


d�

x

( y ) = 1 ; supp

�

d�

x

( y )

�

� �

@ 


( x )

o

;(3.1)

wher e

�

@ 


( x ) = f y 2 @ 
 j j y � x j = d

@ 


( x ) g(3.2)

and �

( i )

( y ) denotes the unit inwar d normal at the p oint y of @ 
 :

By ([11], Corollary 2, p. 87) w e deduce that the distance function is regular at

an y x 2 
 : Therefore b y Prop osition (1.3) w e get

Remark 3.3. d

@ 


is di�er entiable at x if and only if �

@ 


( x ) r e duc es to a sin-

gleton f � ( x ) g and r d

@ 


( x ) = �

( i )

�

� ( x )

�

; wher e �

( i )

�

� ( x )

�

denotes the unit inwar d

normal at � ( x ) :
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Finally since 
 is smo oth w e ha v e the follo wing prop ert y .

Pr oposition 3.4. Ther e exists a neighb ourho o d U of the b oundary of 
 such

that 0 62 @ d

@ 


( x ) for any x 2 U \ 
 :

No w let us in tro duce the function D

K

whic h will pla y a crucial role in the next

sections.

Definition 3.5. L et K � 1 b e an inte ger. Set 


K

= 
 � : : : � 
 : L et D

K

:




K

� ! I R b e de�ne d by

D

K

( X ) = min

�

d

@ 


( x

i

) ;

j x

j

� x

l

j

2

j i; j; l = 1 : : : : ; K ; j 6= l

�

:(3.3)

Let us p oin t out that

D

1

( x ) = d

@ 


( x ) 8 x 2 
 :

Set

M

K

(
) =

n

X = ( x

1

; : : : ; x

K

) 2 


K

�

�

�

x

i

6= x

j

; i 6= j; i; j = 1 ; : : : ; K

o

:(3.4)

By using the regularit y of the distance function and Prop osition (1.6) w e can

compute the generalized gradien t of D

K

:

Lemma 3.6. F or any X 2 M

K

(
) we have that � ( X ) 2 @ D

K

( X ) if and only if

� ( X ) =

0

B

@

a

1

� ( x

1

) +

1

2

K

X

j =1

j 6=1

b

1 j

x

1

� x

j

j x

1

� x

j

j

; : : : ; a

K

� ( x

K

) +

1

2

K

X

j =1

j 6= K

b

1 j

x

K

� x

j

j x

K

� x

j

j

1

C

A

;

with � ( x

i

) 2 @ d

@ 


( x

i

) ; a

i

; b

j l

� 0 ; b

j l

= b

lj

;

K

P

i =1

a

i

+

1

2

K

P

j;l =1

l6 = j

b

j l

= 1 :

In particular b y Lemma (3.6) w e deduce that if x

1

; : : : ; x

K

are K di�eren t critical

p oin ts of the distance function then X = ( x

1

; : : : ; x

K

) is a critical p oin t of D

K

:

Next results generalizes Prop osition (3.4). More precisely w e pro v e that there is

not an y critical p oin t of D

K

close to the b oundary of M

K

(
) :

Pr oposition 3.7. Ther e exists a neighb ourho o d U of the b oundary of M

K

(
)

such that 0 62 @ D

K

( X ) for any X 2 U \ M

K

(
) :

Pr o of. W e pro v e that if X

"

is a sequence in M

K

(
) suc h that lim

" ! 0

X

"

= X

0

and

X

0

2 @ M

K

(
) ; then there exists "

0

> 0 and C > 0 suc h that for an y " 2 (0 ; "

0

)

j �

"

( X

"

) j � C > 0 8 �

"

( X

"

) 2 @ D

K

( X

"

) :

W e pro ceed b y induction on the n um b er K :

Let K = 1 and let x

"

b e a sequence in 
 suc h that x

0

= lim

"

x

"

2 @ 
 : By Remark

(3.3) and Remark (3.4) it follo ws that for " small enough @ D

1

( x

"

) = f �

( i )

�

� ( x

"

)

�

g

and the claim follo ws.

Supp ose the claim to b e true for an y in teger 1 � H � K � 1 : Let us pro v e the

claim for K :
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Let X

"

b e a sequence in M

K

(
) suc h that lim

" ! 0

X

"

= X

0

and X

0

2 @ M

K

(
) :

Then w e ha v e either

(i) 9 i; j 2 f 1 ; : : : ; K g s:t: x

i

0

6= x

j

0

;

or

(ii) x

1

0

= : : : = x

K

0

2 @ 
 ;

or

(iii) x

1

0

= : : : = x

K

0

2 
 :

By using Lemma (3.6) and inductiv e assumptions the claim easily follo ws.

Next results allo ws us to lo calize some sp ecial critical p oin ts of the function D

K

:

Pr oposition 3.8. L et ( x

1

; : : : ; x

K

) 2 M

K

(
) b e a critic al p oint of D

K

: Assume

that for any inte ger 1 � H � K � 1 and for any set of indic es f i

1

; : : : ; i

H

g � f 1 ; : : : ; K g

( x

i

1

; : : : ; x

i

H

) is not a critic al p oint of D

H

: Then d

@ 


( x

i

) =

j x

l

� x

h

j

2

for any i; l ; h and

0 2 co f � ( x

i

) j � ( x

i

) 2 @ d

@ 


( x

i

) ; i = 1 ; : : : ; K g :

Pr o of. W e argue b y con tradiction. Then w e ha v e either

(i) 9 i; j 2 f 1 ; : : : ; K g s:t: D

K

( X ) <

j x

i

� x

j

j

2

;

or

(ii) 8 l ; h 2 f 1 ; : : : ; K g D

K

( X ) =

j x

l

� x

h

j

2

and 9 i 2 f 1 ; : : : ; K g s.t.

D

K

( X ) < d

@ 


( x

i

) :

By using Lemma (3.6) a con tradiction arises in b oth cases.

In particular b y Prop osition (3.8) and b y Remark (3.3) w e deduce the follo wing

c haracterization of the critical p oin ts of D

2

:

Cor ollar y 3.9. L et ( x

1

; x

2

) 2 M

2

(
) b e a critic al p oint of D

2

such that the

distanc e function is di�er entiable at x

1

and x

2

: Then d

@ 


( x

1

) = d

@ 


( x

2

) =

j x

1

� x

2

j

2

and �

( i )

�

� ( x

1

)

�

= � �

( i )

�

� ( x

2

)

�

=

x

2

� x

1

j x

2

� x

1

j

.

4. Some preliminary results. Let us in tro duce the ground state solution U:

W e recall the follo wing results (see, for example, [6], [19] and [26 ]).

Theorem 4.1. The e quation:

8

<

:

� � u + u = u

p

in I R

N

u ( x ) ! 0 for j x j ! + 1

(4.1)

p ossesses a unique non trivial r e gular solution U with the fol lowing pr op erties:

(i) U ( x ) > 0 8 x 2 I R

N

;

(ii) U is spheric al ly symmetric, i.e. U ( x ) = U ( r ) wher e r = j x j ; and U de cr e ases

with r esp e ct to r ;

(iii) U 2 C

2

(I R

N

) ;

(iv) U to gether with its derivatives up to or der 2 have exp onential de c ay at in�nity,

that is ther e exist C > 0 and � > 0 such that j D

�

U ( x ) j � C e

� � j x j

8 x 2 I R

N

and j � j � 2 :

(v) ther e exists � > 0 such that lim

r !1

r

n � 1

2

e

r

U ( r ) = � > 0 :

Let us in tro duce some notation. Set 


"

= f y j "y 2 
 g and for x 2 
 


";x

=

f y j "y + x 2 
 g : Of course solving problem (0.1) is equiv alen t to solv e the rescaled
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problem

8

<

:

� � u + u = u

p

in 


"

u = 0 or

@ u

@ �

= 0 in @ 


"

:

(4.2)

W e set P




";x

U to b e the unique solution of the problem

8

<

:

� � u + u = U

p

in 


";x

u = 0 or

@ u

@ �

= 0 in @ 


";x

:

(4.3)

P




";x

U is the pro jection of the ground state U in to H

1

0

(


";x

) in the Diric hlet case

or in to H

1

(


";x

) in the Neumann case. The idea of pro jections has b een in tro duced

in [1 ].

Set

'

";x

( z ) = U ( y ) � P




";x

U ( y ) with z = "y + x; x 2 
 ; z 2 
 :

The follo wing estimate pla ys a fondamen tal role (see [41 ], Section 2 and [34 ],

Section 4).

Lemma 4.2. F or x 2 
 set

 

"

( x ) = � " log

�

'

";x

( x )

�

in the Dirichlet c ase,(4.4)

or

 

"

( x ) = � " log

�

� '

";x

( x )

�

in the Neumann c ase,(4.5)

Then

lim

" ! 0

 

"

( x ) = 2d

@ 


( x ) uniformly in 
 :(4.6)

By Lemma (4.2) and b y ( v ) of Theorem (4.1) w e easily deduce that

Lemma 4.3. L et for X 2 M

K

(
)

�

"

( X ) = � " log

2

6

4

�

K

X

i =1

'

";x

i
( x

i

) +

K

X

j;l =1

j 6= l

U

�

j x

j

� x

l

j

"

�

3

7

5

:(4.7)

Then in the Neumann c ase

lim

" ! 0

�

"

( X ) = 2 D

K

( X ) uniformly in M

K

(
) :
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5. Existence of one-p eak solutions. Let H

"

b e the Hilb ert space

H

"

= H

2

(


"

) \ H

1

0

(


"

) in the Diric hlet case

or

H

"

=

�

u 2 H

2

(


"

)

�

�

�

@ u

@ �

"

= 0 on @ 


"

�

in the Neumann case

De�ne

S

"

( u ) = � u � u + ( u

+

)

p

for u 2 H

"

:

Then solving equation (0.1) or equation (4.2) is equiv alen t to solv e the follo wing one

S

"

( u ) = 0 ; u 2 H

"

:

Let us consider the linearized op erator L

"

: H

"

� ! L

2

(


"

) giv en b y

L

"

( v ) = � v � v + p P




";x

U

p � 1

v :

It is easy to see that the cok ernel of L

"

coincides with its k ernel. Cho ose appro ximate

cok ernel and k ernel as

K

";x

= span

�

@ P




";x

U

@ x

i

j i = 1 ; : : : ; N

�

� H

2

(


"

) ;

C

";x

= span

�

@ P




";x

U

@ x

i

j i = 1 ; : : : ; N

�

� L

2

(


"

) :

No w w e state the follo wing lemmas, whic h allo w us to reduce problem (4.2) to a �nite

dimensional problem.

Lemma 5.1. F or any c omp act set K � 
 ther e exists "

0

> 0 such that for any

" 2 (0 ; "

0

) and x 2 K ther e exists a unique �

";x

2 K

?

";x

such that

S

"

( P




";x

U + �

";x

) 2 C

";x

:

Mor e over �

";x

is C

1

in x and

k �

";x

k

H

2

(


"

)

� C e

� (1+ � )

d

@ 


"

;(5.1)

wher e C is a p ositive c onstant and � = min f 1 ; p � 1 g :

Pr o of. The pro of relies on a con traction mapping argumen t. The claim can b e

pro v ed b y collecting some results obtained in [41 ] and [42 ].

No w w e de�ne the function K

"

: 
 � ! I R

K

"

( x ) = J

"

( P




";x

U + �

";x

) ;(5.2)

where the \rescaled" energy functional J

"

: H

1

(


"

) � ! I R is de�ned b y

J

"

( u ) =

2

4

1

2

Z




"

�

jr u j

2

+ u

2

�

�

1

p + 1

Z




"

�

u

+

�

p +1

3

5

:(5.3)
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No w w e ev aluate the asymptotic expansion of K

"

:

Pr oposition 5.2. x

"

is a critic al p oint of K

"

if and only if u

"

= P




";x

"

U + �

";x

"

is a solution of 4.2. Mor e over the fol lowing estimates hold uniformly on c omp act sets

of 


K

"

( x ) = A +

1

2


 e

�

 

"

( x )

"

+ o

�

e

�

 

"

( x )

"

�

in the D ir ichl et case(5.4)

or

K

"

( x ) = A �

1

2


 e

�

 

"

( x )

"

+ o

�

e

�

 

"

( x )

"

�

in the N eumann case;(5.5)

wher e

A =

1

2

Z

I R

N

�

jr U j

2

+ U

2

�

�

1

p + 1

Z

I R

N

U

p +1

; 
 =

Z

I R

N

U

p

( y ) e

� y

1

dy :

Pr o of. See [20 ], [23 ], [41 ] and [42 ].

The next results pla y a crucial role in connecting the top ological structure of the

sublev els of the distance function with the top ological structure of the sublev els of

the function K

"

:

Lemma 5.3. L et x

"

1

; x

"

2

b e se quenc es in 
 b e such that lim

" ! 0

x

"

1

= x

1

2 
 ; lim

" ! 0

x

"

2

=

x

2

2 
 and d

@ 


( x

1

) < d

@ 


( x

2

) : Then ther e exists "

0

> 0 such that for any " 2 (0 ; "

0

)

K

"

( x

"

1

) > K

"

( x

"

2

) in the D ir ichl et case(5.6)

or

K

"

( x

"

1

) < K

"

( x

"

2

) in the N eumann case:(5.7)

Pr o of. W e pro v e (5.7). The pro of of (5.6) is the same. By the expansion of K

"

giv en in (5.5) of Prop osition (5.2) w e ha v e

K

"

( x

"

2

) � K

"

( x

"

1

) =

1

2




�

e

�

 

"

( x

"

1

)

"

� e

�

 

"

( x

"

2

)

"

�

+ o

�

e

�

 

"

( x

"

1

)

"

�

+ o

�

e

�

 

"

( x

"

2

)

"

�

:(5.8)

Since d

@ 


( x

1

) < d

@ 


( x

2

) ; b y Lemma (4.2) w e deduce that for " small enough  

"

( x

"

1

) <

 

"

( x

"

2

) : Then b y (5.8) w e get

e

 

"

( x

"

1

)

"

[ K

"

( x

"

2

) � K

"

( x

"

1

)] =

1

2




�

1 � e

�

 

"

( x

"

2

) �  

"

( x

"

1

)

"

�

+ o (1)

and the claim follo ws.

Lemma 5.4. L et C

1

; C

2

b e two c omp act subsets of 
 : If

min

x 2 C

1

d

@ 


( x ) > max

x 2 C

2

d

@ 


( x )
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then ther e exists "

0

> 0 such that for any " 2 (0 ; "

0

)

min

x 2 C

1

( � K

"

)( x ) > max

x 2 C

2

( � K

"

)( x ) in the D ir ichl et case;(5.9)

or

min

x 2 C

1

K

"

( x ) > max

x 2 C

2

K

"

( x ) in the N eumann case:(5.10)

No w w e pro v e that a suitable critical p oin t of the distance function generates a

critical p oin t of K

"

:

Theorem 5.5. L et c b e a critic al value top olo gic al ly nontrivial of the distanc e

function (se e De�nition (2.4)). Then ther e exists a se quenc e ( x

"

) of critic al p oints of

K

"

such that lim

" ! 0

x

"

= x

0

and d

@ 


( x

0

) = c:

Pr o of. W e pro v e the claim in Neumann case. In the Diric hlet case w e consider

the function � K

"

and w e argue in the same w a y . By De�nition (2.4) there exist a

family of subsets @ Q

�

; Q

�

; A

�

and S

�

of 
 whic h satisfy (2.1), (2.2), (2.5) and (2.6) ,

that is:

max

x 2 @ Q

�

d

@ 


( x ) < min

x 2 S

�

d

@ 


( x ) � c � max

x 2 Q

�

d

@ 


( x ) < min

x 2 A

�

d

@ 


( x ) :(5.11)

Then b y (5.9) of Lemma (5.4) there exists "

0

> 0 suc h that for an y " 2 (0 ; "

0

)

a

";�

= max

x 2 @ Q

�

K

"

( x ) < min

x 2 S

�

K

"

( x ) � max

x 2 Q

�

K

"

( x ) < min

x 2 A

�

K

"

( x ) = b

";�

:(5.12)

It is not di�cult to pro v e that for " and � small enough the set f x 2 
 j a

";�

�

K

"

( x ) � b

";�

g is complete. No w b y (5.12) and Theorem (2.3) there exists x

";�

critical

p oin t of K

"

in 
 suc h that:

min

x 2 S

�

K

"

( x ) � K

"

( x

";�

) � max

x 2 Q

�

K

"

( x ) :(5.13)

Up to a subsequence w e can assume that x

";�

go es to x

0

as " and � go to 0 : It is easy

to sho w that d

@ 


( x

0

) = c > 0 : Therefore the claim is pro v ed.

Finally w e w an t to sho w that a family of critical p oin ts of K

"

con v erges to a

critical p oin t of the distance function. Firstly w e ha v e to compute the asymptotic

expansion of the gradien t of K

"

:

Pr oposition 5.6. L et x

"

b e a se quenc e in 
 such that lim

" ! 0

x

"

= x

0

2 
 : Then

r K

"

( x

"

) = �

1

"


 � ( x

0

) e

�

 

"

( x

"

)

"

+ o

�

1

"

e

�

 

"

( x

"

)

"

�

; in the D ir ichl et case;(5.14)

or

r K

"

( x

"

) =

1

"


 � ( x

0

) e

�

 

"

( x

"

)

"

+ o

�

1

"

e

�

 

"

( x

"

)

"

�

; in the N eumann case;(5.15)

wher e � ( x

0

) 2 @ d

@ 


( x

0

) (se e (3.1)) and 
 is a p ositive c onstant (se e Pr op osition 5.2).

Pr o of. See Lemma (4.1) of [20 ].
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Theorem 5.7. L et x

"

b e a critic al p oint of K

"

such that x

0

= lim

" ! 0

x

"

2 
 : Then

x

0

is a critic al p oint of the distanc e function.

Pr o of. Since x

"

is a critical p oin t of K

"

b y Prop osition (5.6) w e get

0 = r K

"

( x

"

) =

1

"


 � ( x

0

) e

�

 

"

( x

"

)

"

+ o

�

1

"

e

�

 

"

( x

"

)

"

�

;(5.16)

where � ( x

0

) 2 @ d

@ 


( x

0

) and 
 is a p ositiv e constan t. By (5.16) w e deduce


 � ( x

0

) + o (1) = 0 ;

whic h implies � ( x

0

) = 0 : Then x

0

is a critical p oin t of the distance function since

0 2 @ d

@ 


( x

0

) (see De�nition (1.7)).

Pr o of of The or em (0.1). It follo w b y Prop osition (5.2) and Theorem (5.5).

Pr o of of The or em (0.2). It follo w b y Prop osition (5.2) and Theorem (5.7).

6. Existence of m ulti-p eak solutions. Let H

"

b e the Hilb ert space

H

"

=

�

u 2 H

2

(


"

)

�

�

�

@ u

@ �

"

= 0 on @ 


"

�

in the Neumann case

De�ne

S

"

( u ) = � u � u + ( u

+

)

p

for u 2 H

"

:

Then solving equation (0.1) or equation (4.2) is equiv alen t to solv e the follo wing one

S

"

( u ) = 0 ; u 2 H

"

:

Fix X = ( x

1

; : : : ; x

K

) 2 M

K

(
) : Let us consider the linearized op erator L

"

:

H

"

� ! L

2

(


"

) giv en b y

L

"

( v ) = � v � v + p

 

K

X

1

P




";x

i

U

!

p � 1

v :

It is easy to see that the cok ernel of L

"

coincides with its k ernel. Cho ose appro ximate

cok ernel and k ernel as

K

";X

= span

(

@ P




";x

i

U

@ x

i

j

j i = 1 ; : : : ; K ; j = 1 ; : : : ; N

)

� H

"

;

C

";X

= span

(

@ P




";x

i

U

@ x

i

j

j i = 1 ; : : : ; K ; j = 1 ; : : : ; N

)

� L

2

(


"

) :

No w w e state the follo wing lemmas, whic h allo w us to reduce problem (4.2) to a

�nite dimensional problem.

Lemma 6.1. F or any c omp act set C � M

K

(
) ther e exists "

0

> 0 such that for

any " 2 (0 ; "

0

) and X 2 C ther e exists a unique �

";X

2 K

?

";X

such that

S

"

(

K

X

i =1

P




";x

i

U + �

";X

) 2 C

";X

:
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Mor e over �

";X

is C

1

in X and

k �

";X

k

H

2

(


"

)

� C e

� (1+ � )

D

K

( X )

"

;(6.1)

wher e C is a p ositive c onstant, � = min f 1 ; p � 1 g and D

K

is de�ne d in (3.3).

Pr o of. The pro of relies on a con traction mapping argumen t. The claim can b e

pro v ed b y collecting some results obtained in [9 ] and [23 ].

W e no w de�ne the function K

"

: M

K

(
) � ! I R b y

K

"

( x

1

; : : : ; x

K

) = J

"

(

K

X

i =1

P




";x

i

U + �

";X

) ;(6.2)

where the \rescaled" energy functional J

"

: H

1

(


"

) � ! I R is de�ned in (5.3).

Firstly w e compute the asymptotic expansion of K

"

:

Pr oposition 6.2. X

"

= ( x

1

"

; : : : ; x

K

"

) is a critic al p oint of K

"

if and only if

u

"

=

K

P

i =1

P




";x

i

"

U + �

";X

"

is a solution of (4.2). Mor e over the fol lowing estimate holds

uniformly on c omp act sets of M

K

(
)

K

"

( x ) = K A �

1

2


 e

�

�

"

( X )

"

+ o

�

e

�

 

"

( x )

"

�

;(6.3)

wher e

A =

1

2

Z

I R

N

�

jr U j

2

+ U

2

�

�

1

p + 1

Z

I R

N

U

p +1

; 
 =

Z

I R

N

U

p

( y ) e

� y

1

dy :

Pr o of. See [9] and [23 ]).

The next results pla y a crucial role in connecting the top ological structure of the

sublev els of the function D

K

with the top ological structure of the sublev els of the

function K

"

:

Lemma 6.3. L et X

"

1

; X

"

2

b e se quenc es in M

K

(
) such that lim

" ! 0

X

"

1

= X

1

2

M

K

(
) ; lim

" ! 0

X

"

2

= X

2

2 M

K

(
) and D

K

( X

1

) < D

K

( X

2

) : Then ther e exists "

0

> 0

such that for any " 2 (0 ; "

0

)

K

"

( X

"

1

) < K

"

( X

"

2

) :(6.4)

Pr o of. W e argue as in the pro of of Lemma (5.3) using asymptotic expansion (6.3).

Lemma 6.4. L et C

1

; C

2

b e two c omp act subsets of M

K

(
) : If

min

X 2 C

1

D

K

( X ) > max

X 2 C

2

D

K

( X )

then ther e exists "

0

> 0 such that for any " 2 (0 ; "

0

)

min

X 2 C

1

K

"

( X ) > max

X 2 C

2

K

"

( X ) :(6.5)
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No w w e pro v e that a suitable critical p oin t of the function D

K

generates a critical

p oin t of K

"

:

Theorem 6.5. L et c b e a critic al value top olo gic al ly nontrivial of the function

D

K

(se e De�nition (2.4)). Then ther e exists a se quenc e ( X

"

) of critic al p oints of K

"

such that lim

" ! 0

X

"

= X

0

; D

K

( X

0

) = c and X

0

2 M

K

(
) :

Pr o of. By de�nition (2.4) there exist a family of @ Q

�

; Q

�

; A

�

and S

�

of M

K

(
) ;

whic h satisfy (2.1), (2.2), (2.3) and (2.6), namely:

max

X 2 @ Q

�

D

K

( X ) < min

X 2 S

�

D

K

( X ) � c � max

X 2 Q

�

D

K

( X ) < min

X 2 A

�

D

K

( X )(6.6)

and

lim

� ! 0

min

X 2 S

�

D

K

( X ) = lim

� ! 0

max

X 2 Q

�

D

K

( X ) = c:(6.7)

Then b y (6.5) of Lemma (6.4) for an y � small enough there exists "

0

( � ) > 0 suc h that

for an y " 2 (0 ; "

0

)

max

X 2 @ Q

�

K

"

( X ) < min

X 2 S

�

K

"

( X ) � max

X 2 Q

�

K

"

( X ) < min

X 2 A

�

K

"

( X ) :(6.8)

Finally w e w an t to sho w that a family of critical p oin ts of K

"

con v erges to a critical

p oin t of the function D

K

: Firstly w e ha v e to compute the asymptotic expansion of

the gradien t of K

"

:

First of all w e ha v e to compute the expansion of the gradien t of K

"

:

Pr oposition 6.6. F or any X 2 M

K

(
)

r K

"

( X ) =




"

�

"

( X ) e

�

�

"

( X )

"

+ o ( e

�

�

"

( X )

"

) ;(6.9)

wher e �

"

( X ) 2 @ D

K

( X ) (se e L emma sotto di��k)) and 
 is a p ositive c onstant (se e

The or em (6.2)).

Pr o of. See Lemma (5.1) of [21 ].

Theorem 6.7. L et X

"

= ( x

1

"

; : : : ; x

K

"

) b e a critic al p oint of K

"

such that for

i = 1 ; : : : ; K x

i

0

= lim

" ! 0

x

i

"

2 
 : Then X

0

= ( x

1

0

; : : : ; x

K

0

) 2 M

K

(
) and X

0

is a

critic al p oint of the function D

K

:

Pr o of. First of all w e pro v e that ( x

1

0

; : : : ; x

K

0

) 2 M

K

(
) ; namely x

i

0

6= x

j

0

if i 6= j

(see [21 ], Theorem (6.1)).

Secondly w e sho w that X

0

is a critical p oin t of the function D

K

: Since X

"

is a

critical p oin t of K

"

b y Prop osition (6.6) w e get

0 = r K

"

( X

"

) =

1

"


 � ( X

"

) e

�

�

"

( X

"

)

"

+ o

�

1

"

e

�

�

"

( X

"

)

"

�

;(6.10)

where � ( X

"

) 2 @ D

K

( X

"

) and 
 is a p ositiv e constan t. By (6.10) w e deduce

� ( X

"

) + o (1) = 0 :(6.11)

Let X

0

= lim

" ! 0

X

"

: By using Remark (1.4) w e get lim

" ! 0

� ( X

"

) = � ( X

0

) 2 @ D

K

( X

0

) and

b y (6.11) w e deduce that � ( X

0

) = 0 : Then X

0

is a critical p oin t of the function D

K

since 0 2 @ D

K

( X

0

) (see De�nition (1.7)).

Pr o of of The or em (0.3). It follo w b y Prop osition (6.2) and Theorem (6.5).

Pr o of of The or em (0.4). It follo w b y Prop osition (6.2) and Theorem (6.7).
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7. Examples.

Example 7.1. (A domain with one hole) L et 
 = � n � wher e � � � ar e

op en sets. Assume max




d

@ 


>

1

2

dist ( @ � ; @ �) : Then c

1

= d

@ 


( x

1

) = max




d

@ 


and

c

2

= d

@ 


( x

2

) =

1

2

dist ( @ � ; @ �) ar e two critic al values top olo gic al ly nontrivial of the

distanc e function.

Pr o of. The existence of c

1

is trivial. Let us pro v e the existence of c

2

: Let y

0

2 @ �

and z

0

2 @ � suc h that j y

0

� z

0

j = dist ( @ � ; @ �) : Set x

0

=

y

0

+ z

0

2

: Then d

@ 


( x

0

) =

1

2

j y

0

� z

0

j : Let:

S = f x 2 � j dist ( x; @ � ) = d

@ 


( x

0

) g

and

Q = f ty

0

+ (1 � t ) z

0

j t 2 [ � ; 1 � � ] g for some � > 0 :

Then it is easy to pro v e that the sets Q and S satis�es assumptions (2.1), (2.2) and

(2.3):

max

x 2 @ Q

d

@ 


( x ) < min

x 2 S

d

@ 


( x ) = d

@ 


( x

0

) = max

x 2 Q

d

@ 


( x ) :

That pro v es that d

@ 


( x

0

) is a critical v alue top ologically non trivial of the distance

function in the sense of De�nition (2.4).

Example 7.2. (A domain with two holes) L et 
 = � n ( �

1

[ �

2

) wher e �

i

� �

ar e op en sets, �

1

and �

2

ar e strictly c onvex and �

1

\ �

2

= ; : Assume

dist ( @ �

1

; @ �) < dist ( @ �

2

; @ �) < dist ( @ �

1

; @ �

2

)(7.1)

Then c

1

= d

@ 


( x

1

) = max




d

@ 


; c

2

= d

@ 


( x

2

) =

1

2

dist ( @ �

1

; @ �) ; c

3

= d

@ 


( x

3

) =

1

2

dist ( @ �

2

; @ �) and c

4

= d

@ 


( x

4

) =

1

2

dist ( @ �

1

; @ �

2

) ar e four critic al values top olo g-

ic al ly nontrivial of the distanc e function.

Pr o of. The existence of c

1

is trivial. First of all w e pro v e the existence of c

2

and

c

3

: Let i = 1 ; 2 : Let y

i

0

2 @ � and z

i

0

2 @ �

i

suc h that j y

i

0

� z

i

0

j = dist ( @ �

i

; @ �) : Set

x

i

0

=

y

i

0

+ z

i

0

2

: Then d

@ 


( x

i

0

) =

1

2

j y

i

0

� z

i

0

j : Let:

S

i

=

�

x 2 � j dist ( x; @ �

i

) = d

@ 


( x

i

0

)

	

and

Q

i

=

�

ty

i

0

+ (1 � t ) z

i

0

j t 2 [ � ; 1 � � ]

	

for some � > 0 :

W e p oin t out that (7.1) ensures that d

@ 


( x ) = dist ( x; @ �

i

) 8 x 2 S

i

: Then it is easy

to pro v e that the sets Q

i

and S

i

satis�es assumptions (2.1), (2.2) and (2.3):

max

x 2 @ Q

i

d

@ 


( x ) < min

x 2 S

i

d

@ 


( x ) = d

@ 


( x

i

0

) = max

x 2 Q

i

d

@ 


( x ) :

That pro v es that d

@ 


( x

i

0

) is a critical v alue top ologically non trivial of the distance

function in the sense of De�nition (2.4).
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No w w e pro v e the existence of c

4

: Since �

1

and �

2

are strictly con v ex there exist

exactly t w o p oin ts z

1

2 @ �

1

and z

2

2 @ �

2

suc h that j z

1

� z

2

j = dist ( @ �

1

; @ �

2

) : Set

x

0

=

z

1

+ z

2

2

: Then d

@ 


( x

0

) =

1

2

j z

1

� z

2

j : Let for some � > 0

Q = f tz

1

+ (1 � t ) z

2

j t 2 [ � ; 1 � � ] g ;

S = f h yp erplane p erp endicular to Q crossing the p oin t x

0

g \ B ( x

0

; � ) :

and

A = f h yp erplane p erp endicular to Q crossing the p oin t x

0

g \ @ B ( x

0

; � ) :

Then it is easy to pro v e that the sets Q; S and A satis�es assumptions (2.1), (2.2)

and (2.3):

max

x 2 @ Q

d

@ 


( x ) < min

x 2 S

d

@ 


( x ) = d

@ 


( x

0

) = max

x 2 Q

d

@ 


( x ) < min

x 2 A

d

@ 


( x ) :

That pro v es that d

@ 


( x

0

) is a critical v alue top ologically non trivial of the distance

function in the sense of De�nition (2.4).

If the domain has a lot of holes the existence of man y critical v alues top ologically

non trivial of the distance function strongly dep ends on the geometry of the holes.

Example 7.3. (A domain with k hand les) L et 
 b e a domain with k hand les.

Then ther e exist at le ast 2 k + 1 distinct critic al values top olo gic al ly nontrivial of the

distanc e function: k + 1 lo c al maxima of d

@ 


and k lo c al sadd le levels.

Note that w e can ha v e more than a critical p oin t at the same lev el.

Example 7.4. L et 
 b e the dumb el l. Then d is a critic al value top olo gic al ly non

trivial of D

2

: Mor e over one c an cho ose the dumb el l so that (0 ; d; 0 ; � d ) is the unique

critic al p oint of D

2

at level d:

W e pro v e that the p oin t (0 ; d; 0 ; � d ) is a \lo cal saddle p oin t" of D

2

: Fix " > 0

and set

Q

"

= f (0 ; x

1

2

) 2 
 k j x

1

2

� d j � " g � f (0 ; x

2

2

) 2 
 k j x

2

2

+ d j � " g

@ Q

"

=

�

f (0 ; d � " ) g � f (0 ; x

2

2

) 2 
 k j x

2

2

+ d j � " g

�

[f (0 ; x

1

2

) 2 
 k j x

1

2

� d j � " g � f (0 ; � d � " ) g

F or � > 0 and � > 0 set

C

�

= f x 2 
 j d

@ 


( x ) = d + � g

S

�

=

�

B

�

(0 ; d ) ; �

�

\ C

�

�

�

�

B

�

(0 ; � d ) ; �

�

\ C

�

�

A

�

=

�

@ B

�

(0 ; d ) ; �

�

\ C

�

�

�

�

B

�

(0 ; � d ) ; �

�

\ C

�

�

[

�

B

�

(0 ; d ) ; �

�

\ C

�

�

�

�

@ B

�

(0 ; � d ) ; �

�

\ C

�

�

:

Then b y using Remark (2.2) it is easy to c hec k that if w e c ho ose � and � small enough

@ Q

�

; Q

�

; A

�

and S

�

are subsets of 
 � 
 whic h satisfy (2.1), (2.2) and (2.3) and

max

@ Q

�

D

2

= d � " < min

S

�

D

2

= d � � < d = max

Q

�

D

2

< min

A

�

D

2

= d + � :
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Moreo v er lim

� ! 0

min

S

�

D

2

= d: By Lemma (3.7) w e deduce that the sets f X 2

M

K

(
) s:t: c � D

K

( X ) g are complete for an y c > 0 : Therefore d is a critical v alue

of D

2

:

Finally b y using Remark (3.4) and Remark (3.3) one can construct a dum b ell in

suc h a w a y the distance function is di�eren tiable at an y x with d

@ 


( x ) = d and b y

using Corollary (3.9) one can c hec k that (0 ; d; 0 ; � d ) is the unique critical p oin t of D

2

at lev el d:

Remark 7.5. We note that in the dumb el l the p oints ( a; r ; a; � r ) and ( b; R ; b; � R )

ar e two lo c al maximum p oints of the function D

2

at di�er ent levels D

2

( a; r ; a; � r ) = r

and D

2

( b; R ; b; � R ) = R :

Ho w ev er w e p oin t out that suc h p oin ts are not isolated critical p oin ts of D

2

at

lev els r and R ; resp ectiv ely . In fact if x

1

is a p oin t close enough to the p oin t ( a; r ) ;

whic h b elongs to the sphere cen tered at ( a; 0) with radius r and x

2

is the p oin t

diametrically opp osite, it is easy to c hec k that ( x

1

; x

2

) is a lo cal maxim um p oin t of

the function D

2

at lev el r :
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