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 2001 International PressVol. 8, No. 2, pp. 301{320, June 2001 006THE ROLE OF THE DISTANCE FUNCTION IN SOME SINGULARPERTURBATION PROBLEMANGELA PISTOIA�0. Introdu
tion. This paper deals with the study of solutions to a 
lass ofnonlinear singularly perturbed problems of the form8>>>><>>>>:�"2�u+ u = up in 
u > 0 in 
u = 0 or �u�� = 0 on �
(0.1)where 
 is a bounded smooth domain of IRN , N � 2, " > 0, 1 < p < N+2N�2 if N � 3or p > 1 if N = 2 and � is the unit outward normal at the boundary of 
.A solution of the Diri
hlet problem 
an be interpretated as a steady state ofthe 
orresponding rea
tion-di�usion equation ut = "2�u � u + up, whi
h arises in anumbers of problems, su
h as dynami
 population and pattern formation theories and
hemi
al rea
tor theory. The Neumann problem is known as the stationary equationof Keller-Segal system in 
hemotaxis. It 
an also be seen as the limiting stationaryequation of the Gierer-Heinhardt system in biologi
al pattern formation.Neumann problemIn the pioneering papers [29℄, [31℄ and [32℄ Lin, Ni and Takagi established theexisten
e of least energy solutions and showed that for " small enough the least energysolution has only one lo
al maximum point x" whi
h belongs to �
:Moreover the limitpoint x0 = lim"!0 x" satis�es H(x0) = maxx2�
H(x); where H denotes the mean 
urvatureof x at �
: In [33℄ Ni and Takagi 
onstru
ted boundary spike solutions for axiallysymmetri
 domains. In [39℄ Wei studied the general domain 
ase and proved that forsingle boundary spike solutions the boundary spike must approa
h a 
riti
al point ofthe mean 
urvature. He also proved that for any nondegenerate 
riti
al point of themean 
urvature one 
an 
onstru
t bondary spike solutions whose spike approa
hessu
h a point.In [22℄ Gui 
onstru
ted multiple boundary spike layer solutions at multiple lo
almaximum points. In [44℄ Wei and Winter 
onstru
ted multiple boundary spike layersolutions at multiple nondegenerate 
riti
al points of H: In [24℄ the authors provedthat for any �xed integers K there exist boundary K�peaks solutions at a lo
alminimum point of H:In [40℄ and in [41℄ Wei proved the existen
e of single interior spike solutions of(0.1) under some restri
ted geometri
 
onditions on 
: In [42℄ and [20℄ the authors
onstru
ted single interior spike solutions by using the distan
e fun
tion dist(x; �
):More pre
isely in [42℄ Wei proved that for any lo
al maximum point x0 of the dis-tan
e fun
tion there exists a family of solutions with a single maximum point whi
happroa
hes x0: In [35℄the author proved the existen
e of a symmetri
 single interiorspike solution in symmetri
 domains, by using a degree argument.�Dipartimento Me.Mo.Mat., via A.S
arpa 16, 00100 Roma, Italy. (pistoia�dmmm.uniroma1.it).301



302 A. PISTOIAIn [23℄ Gui 
onstru
ted multiple interior peak solutions. It was shown that for any�xed positive integer K there exists a solution of (0.1) whi
h has exa
tly K maximumpoints x1"; : : : ; xK" su
h that DK(x1" ; : : : ; xK" ) 
onverges to maxfDK(x1; : : : ; xK) j xi 2
; i = 1; : : : ;Kg as " tends to zero, whereDK(x1; : : : ; xK) = min�dist(xi; �
); jxj � xlj2 j i; j; l = 1: : : : ;K; j 6= l� :Cerami and Wei in [9℄ and Yan in [37℄ some multipli
ity results are obtained by usingLjusternik-S
hnirelman 
ategory. In [25℄ Kowal
zyk proved that any \nondegeneratestationary latti
e" supports a multiple spike layer solution.We would like to point out that Bates and Fus
o in [5℄ got similar results forthe Cahn-Hilliard equation. By using a \quasi-invariant" manifold approa
h theyestablished the existen
e of a stationary solution with many nu
lei and they also gavea 
riteria for the asymptoti
 lo
ation of those nu
lei as "! 0 in terms of the geometryof the domain.Diri
hlet problemMultipli
ity results about the Diri
hlet problem were �rstly obtained by Ben
i,Cerami and Passaseo in [2℄ and [3℄, by using the Ljusternik-S
hnirelman 
ategory.Su

essively Ni and Wei in [34℄ established the existen
e of a least energy solution.They proved that as " ! 0 the least energy soluton has exa
tly one lo
al maxi-mum point and this lo
al maximum point tends to a point whi
h attains the globalmaximum of the distan
e fun
tion dist(x; �
): In [39℄ Wei proved that for any lo
almaximum x0 of the distan
e fun
tion there exists a family of solutions with a singleglobal maximum point whi
h approa
hes x0: In [16℄ Del Pino, Felmer and Wei provedthe existen
e of single-peaked solutions at any \suitable" 
riti
al point of the distan
efun
tion. In [28℄ Li and Nirenberg proved another result whi
h involves the 
riti
alpoints of the distan
e fun
tion. More pre
isely they show that if the Brower degreedeg(rdist(�; �
); V; 0) 6= 0 where V is a suitable subset of 
, then there exist a familyof solutions with a unique lo
al maximum point whi
h 
onverges to a 
riti
al point ofthe distan
e fun
tion.In [7℄ and [8℄ Cao, Dan
er, Noussair and Yan 
onstru
ted K�peak solutions withthe peaks near the lo
al maximum points or saddle points x1; : : : ; xK of dist(� � � ; �
);provided dist(xi; �
) = dist(xj ; �
) for any i and j: In [17℄ Del Pino, Felmer andWei used a variational method to 
onstru
t a K�peak solution with its peaks 
loseto some lo
al maximum points x1; : : : ; xK of dist(� � � ; �
); provided maxi dist(xi; �
)is small when 
ompared with the distan
e between x1; : : : ; xK : In [15℄ Dan
er andWei proved the existen
e of two-peak solutions. Con
erning the e�e
t of the domaintopology on the existen
e of multipeak solution Dan
er and Yan in [13℄ proved thatif the homology of the domain is nontrivial, then for any positive integer K problem(0.1) has at least one K�peak solution. In [14℄ Dan
er and Yan assumed that thedistan
e fun
tion has K isolated 
ompa
t 
onne
ted 
riti
al sets T1; : : : ; TK satisfyingdist(x; �
) = 
j = 
onstant for all x 2 Tj ; mini6=j d(Tj ; Ti) > 2 max1�j�K d(Tj ; �
) and the
riti
al group of ea
h 
riti
al set Ti is nontrivial. They 
onstru
ted a solution whi
hhas exa
tly one lo
al maximum point in a small neighbourhood of Ti for i = 1; : : : ;K:Moreover they proved that if 
 is stri
tly 
onvex problem (0.1) does not have anyK�peak solution.Main results



THE ROLE OF THE DISTANCE FUNCTION IN SOME ELLIPTIC PROBLEMS 303In this paper we des
ribe some results obtained by Grossi, Wei and the author in[20℄ and in [21℄.In [20℄ the authors proved that any 
riti
al point \topologi
ally non trivial" x0 ofthe distan
e fun
tion generates a family of single interior spike solutions.Theorem 0.1. Let x0 be a 
riti
al point of dist (�; �
):Assume 
 = dist (x0; �
) is a 
riti
al value topologi
ally nontrivial (see De�ni-tion (2.4)). Then for " small enough there exists a family of solutions u" of (0.1),whose maximum point tends to a 
riti
al point x00 of the distan
e fun
tion withdist (x00; �
) = dist (x0; �
):Moreover they proved that the peak of any single solution must 
onverge to a
riti
al point of the distan
e fun
tion.Theorem 0.2. Let u" be a solution of (0.1) with exa
tly one lo
al interior max-imum point x": If x0 = lim"!0x" 2 
 then x0 is a 
riti
al point of d�
:In [21℄ the authors proved that any 
riti
al point \topologi
ally non trivial" ofthe fun
tion DK generates a K�peaks solution.Theorem 0.3. Let X0 = (x10; : : : ; xK0 ) be a 
riti
al point of DK :Assume DK(X0) > 0 is a 
riti
al value topologi
ally nontrivial (see De�nition (2.4)).Then for " small enough there exists a family of solutions u" of (0.1), with Neu-mann boundary 
ondition, whose K maximum points x1"; : : : ; xK" tend to a pointX̂0 = (x̂10; : : : ; x̂K0 ) su
h that DK(X̂0) = DK(X0); x̂i0 2 
; x̂i0 6= xj0 for i 6= j andX̂0 is a 
riti
al point of DK :Moreover they proved that the K peaks of any single solution must 
onverge toa 
riti
al point of the fun
tion DK :Theorem 0.4. Let u" be a solution of (0.1), with Neumann boundary 
ondition,with exa
tly K lo
al interior maximum points x1" ; : : : ; xK" and let xi0 = lim"!0xi" fori = 1; : : : ;K: If xi0 2 
 then xi0 6= xj0 for i 6= j and (x10; : : : ; xK0 ) is a 
riti
al point ofDK :The method used to prove the results relies on an idea of Bahri (see [1℄).Firstly for " small enough we redu
e the problem of �nding a single-peak or amulti-peak solution for (0.1) to that of �nding a 
riti
al point for a fun
tionK" de�nedin a �nite dimensional domain.Se
ondly we 
ompute the asymptoti
 expansion of the fun
tion K"; in order topoint out the 
onne
tion betweenK" and fun
tion DK : Su
h an expansion allows us toprove that any \topologi
ally nontrivial" 
riti
al point of the fun
tion DK generatesa K�peak solution.Finally we 
ompute the asymptoti
 expansion of the fun
tion rK"; in order topoint out the 
onne
tion between rK" and rDK : Su
h an expansion allows us toprove that the K peaks of any single solution must 
onverge to a 
riti
al point of thefun
tion DK :.We would like to emphasize that DK is a Lips
hitz 
ontinuous fun
tion whi
hmay be not smooth. So a suitable notion of 
riti
al points for non-smooth fun
tionsis needed. The generalized gradient introdu
ed by Clarke (see [11℄) be
omes our maintool. The new idea in [20℄ and in [21℄ is to evaluate the gradient of K" in terms of thegeneralized gradient of Clarke of the fun
tion DK : By this result, we were able to getsome new results and also to 
larify many results that were previously known.



304 A. PISTOIAThe paper is organized as follows. In Se
tion 1 we re
all some properties of thegeneralized gradient of Clarke. In Se
tion 2 we introdu
e the notion of \topologi
allynontrivial" 
riti
al values for lo
ally Lips
hitz 
ontinuous fun
tion. In Se
tion 3 westudy the distan
e fun
tion and the fun
tion DK and we give a 
riteria to lo
alize
riti
al points of DK : In Se
tion 4 we re
all some results obtained by Ni and Weiin [34℄. In Se
tion 5 we study the one-peak solutions. In Se
tion 6 we study themulti-peak solutions. In Se
tion 7 we give some examples.1. The generalized gradient. Let D be a smooth bounded domain of IRN :Let f : D �! IR be a Lips
hitz 
ontinuous fun
tion. We re
all the following de�nitiondue to Clarke (see [11℄).Definition 1.1. The generalized gradient of f at x 2 D is the set:�f(x) = �� 2 IRN j fo(x; v) � � � v 8 v 2 IRN 	where the generalized dire
tional derivative fo(x; v) is de�ned byfo(x; v) = lim suph!0�!0+ f(x+ h+ �v)� f(x+ h)� :If f is 
ontinuously di�erentiable at x then �f(x) = frf(x)g: If f is only di�eren-tiable at x; �f(x) 
an 
ontain points other thanrf(x): For example, if f(x) = x2 sin 1xthen it is easy to show that fo(0; v) = jvj and so �f(0) = [�1; 1℄; whi
h 
ontains thederivative f 0(0) = 0:Definition 1.2. The fun
tion f is said to be regular at x 2 D provided thatfor any v 2 IRN there exists the usual one-sided dire
tional derivative f 0(x; v) =limt!0+ f(x+tv)�f(x)t and f 0(x; v) = fo(x; v):By ([11℄, Proposition 2.2.4) and ([11℄, (b) of Proposition 2.3.6) we dedu
eProposition 1.3. If �f(x) redu
es to a singleton f�g then f is di�erentiable atx and rf(x) = �: Conversely, if f is di�erentiable and regular at x then �f(x) =frf(x)g:It is useful to point out the following property (see [11℄, Proposition 2.1.5).Remark 1.4. Let xn and �n be sequen
es in IRN su
h that xn 2 D and �n 2�f(xn): Suppose that xn 
onverges to x and �n 
onverges to �: Then � 2 �f(x):Now let us suppose x = (x1; x2): We denote by �1f(x1; x2) the (partial) general-ized gradient of f(�; x2) at x1 and by �2f(x1; x2) that of f(x1; �) at x2: The followingresult holds (see [11℄, Proposition 2.3.15).Remark 1.5. If f is regular at (x1; x2) then�f(x1; x2) � �1f(x1; x2)� �2f(x1; x2):Let us re
all another useful result. Assume that ffigi2I is a �nite 
olle
tion ofLips
hitz 
ontinuous fun
tions de�ned on D: The fun
tionf(x) = minffi(x) j i 2 Ig



THE ROLE OF THE DISTANCE FUNCTION IN SOME ELLIPTIC PROBLEMS 305is easily seen to be a Lips
hitz 
ontinuous fun
tion. For any x 2 D we let I(x) denotethe set of indi
es i for whi
h f(x) = fi(x) (i.e. the indi
es at whi
h the minimumde�ning f is attained). Then the following result holds (see [11℄, Proposition (2.3.12)).Proposition 1.6. If fi is regular at x for any i 2 I(x) then f is regular at xand �f(x) = 
o f�fi(x) j i 2 I(x)g :Finally we give the de�nition of a 
riti
al point for a nonsmooth fun
tion.Definition 1.7. A point x0 in D is said to be a 
riti
al point of f if 0 2 �f(x0):A real number 
 is said to be a 
riti
al value of f if there exists a 
riti
al point x0 off su
h that f(x0) = 
:By De�nition (1.1) we easily dedu
e that if x0 is a minimum point or a maximumpoint for a Lips
hitz 
ontinuous fun
tion f then 0 2 �f(x0):2. Criti
al values topologi
ally nontrivial. In this se
tion we re
all a resultof the 
riti
al point theory. The following one is given by Ramos in [36℄ and it isa jointed version of the 
lassi
al linking theorem and the lo
al saddle point provedin [30℄. Although it 
on
erns C1�fun
tion, it is possible to extend su
h a result toLips
hitz 
ontinuous fun
tion, by using deformation lemma proved by Chang in [10℄.We 
onsider three 
ompa
t subsets �Q; Q and A of D su
h that�Q � Q and Q \ A = ;:(2.1)�Q is not ne
essarily the topologi
al boundary of Q and A 
an be the empty set.We de�ne the 
lass:� = n
 2 C0([0; 1℄�Q;D nA) j 
0 � Id; 
tj�Q � Id 8 t 2 [0; 1℄o;where Id is the identity map. We note that � 6= ; be
ause Id 2 �:Definition 2.1. Let S be a subset of D: We say that S links Q via �Q byhomotopy in D nA ifS \ �Q = ; and 
1(Q) \ S 6= ; 8
 2 �:(2.2)It is useful to point out the following fa
t.Remark 2.2. Assume �Q1; Q1; A1 and S1 and �Q2; Q2; A2 and S2 are twofamilies of subset of D whi
h satisfy (2.1) and (2.2). Then �Q = (�Q1�Q2)[ (Q1��Q2); Q = Q1�Q2; A = (A1�S2)[ (S1�A2) and S = S1�S2 are subsets of D�Dwhi
h satisfy (2.1) and (2.2).The following result holds.Theorem 2.3. Let f : D �! IR be a Lips
hitz 
ontinuous fun
tion. Assume Slinks Q via �Q by homotopy in D nA andmax�Q f < minS f � maxQ f < minA f:(2.3)Let 
 = inf
2�maxu2Q f�
1(u)�:(2.4)



306 A. PISTOIAIf 
 2 IR and the set fx 2 D s:t: 
 � " � f(x) � 
 + "g is 
omplete for some " > 0then 
 is a 
riti
al value of f:If A = ; we get the 
lassi
al linking theorem. The \lo
al saddle point" of [30℄ isa parti
ular 
ase of the previous theorem when A 6= ;:In the following de�nition we introdu
e the notion of 
riti
al values of a Lips-
hitz 
ontinuous fun
tion f : D �! IR whi
h are "stable" with respe
t to suitableperturbations (see [20℄, De�nition (1.7) and [21℄, De�nition (1.11))Definition 2.4. We say that 
 is a 
riti
al value topologi
ally nontrivial of f ifthere exists a family of subsets �QÆ; QÆ; AÆ and SÆ of D whi
h satisfy (2.1), (2.2)and (2.3), with the propertiesmax�QÆ f < minSÆ f � 
 � maxQÆ f < minAÆ f(2.5)and limÆ!0minSÆ f = limÆ!0maxQÆ = 
:(2.6)We point out that if we assume that the sets fx 2 D s:t: 
0 � " � f(x) � 
0 + "gare 
omplete for any 
0 
lose enough to 
 and for some " > 0 then by Theorem (2.3)we dedu
e that 
 is a 
riti
al value of f:3. The distan
e fun
tion and the fun
tion DK :. Let 
 be a smooth openbounded domain of IRN :Definition 3.1. Let d�
 : 
 �! IR be the distan
e fun
tion de�ned by d�
(x) =dist(x; �
) = miny2�
 jx� yj:It is well known that d�
 is a Lips
hitz 
ontinuous fun
tion. By using (see [11℄,Corollary 2, p. 87) we 
an 
ompute the generalized gradient of the distan
e fun
tion.Remark 3.2. For any x 2 
 we have�d�
(x) = nZ�
 �(i)(y)d�x(y) jd�x(y) is a bounded Borel measure on �
;Z�
 d�x(y) = 1; supp�d�x(y)� � ��
(x)o;(3.1)where ��
(x) = fy 2 �
 j jy � xj = d�
(x)g(3.2)and �(i)(y) denotes the unit inward normal at the point y of �
:By ([11℄, Corollary 2, p. 87) we dedu
e that the distan
e fun
tion is regular atany x 2 
: Therefore by Proposition (1.3) we getRemark 3.3. d�
 is di�erentiable at x if and only if ��
(x) redu
es to a sin-gleton f�(x)g and rd�
(x) = �(i)��(x)�; where �(i)��(x)� denotes the unit inwardnormal at �(x):



THE ROLE OF THE DISTANCE FUNCTION IN SOME ELLIPTIC PROBLEMS 307Finally sin
e 
 is smooth we have the following property.Proposition 3.4. There exists a neighbourhood U of the boundary of 
 su
hthat 0 62 �d�
(x) for any x 2 U \ 
:Now let us introdu
e the fun
tion DK whi
h will play a 
ru
ial role in the nextse
tions.Definition 3.5. Let K � 1 be an integer. Set 
K = 
 � : : : � 
: Let DK :
K �! IR be de�ned byDK(X) = min�d�
(xi); jxj � xlj2 j i; j; l = 1: : : : ;K; j 6= l� :(3.3)Let us point out that D1(x) = d�
(x) 8 x 2 
:SetMK(
) = nX = (x1; : : : ; xK) 2 
K ��� xi 6= xj ; i 6= j; i; j = 1; : : : ;Ko :(3.4)By using the regularity of the distan
e fun
tion and Proposition (1.6) we 
an
ompute the generalized gradient of DK :Lemma 3.6. For any X 2MK(
) we have that �(X) 2 �DK(X) if and only if�(X) = 0B�a1�(x1) + 12 KXj=1j 6=1 b1j x1 � xjjx1 � xj j ; : : : ; aK�(xK) + 12 KXj=1j 6=K b1j xK � xjjxK � xj j1CA ;with �(xi) 2 �d�
(xi); ai; bjl � 0; bjl = blj ; KPi=1 ai + 12 KPj;l=1l6=j bjl = 1:In parti
ular by Lemma (3.6) we dedu
e that if x1; : : : ; xK are K di�erent 
riti
alpoints of the distan
e fun
tion then X = (x1; : : : ; xK) is a 
riti
al point of DK :Next results generalizes Proposition (3.4). More pre
isely we prove that there isnot any 
riti
al point of DK 
lose to the boundary of MK(
):Proposition 3.7. There exists a neighbourhood U of the boundary of MK(
)su
h that 0 62 �DK(X) for any X 2 U \MK(
):Proof. We prove that if X" is a sequen
e in MK(
) su
h that lim"!0X" = X0 andX0 2 �MK(
); then there exists "0 > 0 and C > 0 su
h that for any " 2 (0; "0)j�"(X")j � C > 0 8 �"(X") 2 �DK(X"):We pro
eed by indu
tion on the number K:Let K = 1 and let x" be a sequen
e in 
 su
h that x0 = lim" x" 2 �
: By Remark(3.3) and Remark (3.4) it follows that for " small enough �D1(x") = f�(i)��(x")�gand the 
laim follows.Suppose the 
laim to be true for any integer 1 � H � K � 1: Let us prove the
laim for K:



308 A. PISTOIALet X" be a sequen
e in MK(
) su
h that lim"!0X" = X0 and X0 2 �MK(
):Then we have either(i) 9 i; j 2 f1; : : : ;Kg s:t: xi0 6= xj0;or(ii) x10 = : : : = xK0 2 �
;or(iii) x10 = : : : = xK0 2 
:By using Lemma (3.6) and indu
tive assumptions the 
laim easily follows.Next results allows us to lo
alize some spe
ial 
riti
al points of the fun
tion DK :Proposition 3.8. Let (x1; : : : ; xK) 2MK(
) be a 
riti
al point of DK : Assumethat for any integer 1 � H � K�1 and for any set of indi
es fi1; : : : ; iHg � f1; : : : ;Kg(xi1 ; : : : ; xiH ) is not a 
riti
al point of DH : Then d�
(xi) = jxl�xhj2 for any i; l; h and0 2 
of�(xi) j �(xi) 2 �d�
(xi); i = 1; : : : ;Kg:Proof. We argue by 
ontradi
tion. Then we have either(i) 9 i; j 2 f1; : : : ;Kg s:t: DK(X) < jxi�xj j2 ;or(ii) 8 l; h 2 f1; : : : ;Kg DK(X) = jxl�xhj2 and 9 i 2 f1; : : : ;Kg s.t.DK(X) < d�
(xi):By using Lemma (3.6) a 
ontradi
tion arises in both 
ases.In parti
ular by Proposition (3.8) and by Remark (3.3) we dedu
e the following
hara
terization of the 
riti
al points of D2:Corollary 3.9. Let (x1; x2) 2 M2(
) be a 
riti
al point of D2 su
h that thedistan
e fun
tion is di�erentiable at x1 and x2: Then d�
(x1) = d�
(x2) = jx1�x2j2and �(i) ��(x1)� = ��(i) ��(x2)� = x2�x1jx2�x1j .4. Some preliminary results. Let us introdu
e the ground state solution U:We re
all the following results (see, for example, [6℄, [19℄ and [26℄).Theorem 4.1. The equation:8<:��u+ u = up in IRNu(x)! 0 for jxj ! +1(4.1)possesses a unique non trivial regular solution U with the following properties:(i) U(x) > 0 8 x 2 IRN ;(ii) U is spheri
ally symmetri
, i.e. U(x) = U(r) where r = jxj; and U de
reaseswith respe
t to r;(iii) U 2 C2(IRN );(iv) U together with its derivatives up to order 2 have exponential de
ay at in�nity,that is there exist C > 0 and Æ > 0 su
h that jD�U(x)j � Ce�Æjxj 8 x 2 IRNand j�j � 2:(v) there exists � > 0 su
h that limr!1 r n�12 erU(r) = � > 0:Let us introdu
e some notation. Set 
" = fy j "y 2 
g and for x 2 
 
";x =fy j "y + x 2 
g: Of 
ourse solving problem (0.1) is equivalent to solve the res
aled



THE ROLE OF THE DISTANCE FUNCTION IN SOME ELLIPTIC PROBLEMS 309problem 8<:��u+ u = up in 
"u = 0 or �u�� = 0 in �
":(4.2)We set P
";xU to be the unique solution of the problem8<:��u+ u = Up in 
";xu = 0 or �u�� = 0 in �
";x:(4.3)P
";xU is the proje
tion of the ground state U into H10(
";x) in the Diri
hlet 
aseor into H1(
";x) in the Neumann 
ase. The idea of proje
tions has been introdu
edin [1℄.Set '";x(z) = U(y)�P
";xU(y) with z = "y + x; x 2 
; z 2 
:The following estimate plays a fondamental role (see [41℄, Se
tion 2 and [34℄,Se
tion 4).Lemma 4.2. For x 2 
 set "(x) = �" log �'";x(x)� in the Diri
hlet 
ase,(4.4)or  "(x) = �" log �� '";x(x)� in the Neumann 
ase,(4.5)Then lim"!0 "(x) = 2d�
(x) uniformly in 
:(4.6)By Lemma (4.2) and by (v) of Theorem (4.1) we easily dedu
e thatLemma 4.3. Let for X 2 MK(
)�"(X) = �" log264� KXi=1 '";xi(xi) + KXj;l=1j 6=l U � jxj � xlj" �375 :(4.7)Then in the Neumann 
aselim"!0�"(X) = 2DK(X) uniformly in MK(
):



310 A. PISTOIA5. Existen
e of one-peak solutions. Let H" be the Hilbert spa
eH" = H2(
") \ H10(
") in the Diri
hlet 
aseor H" = �u 2 H2(
") ��� �u��" = 0 on �
"� in the Neumann 
aseDe�ne S"(u) = �u� u+ (u+)p for u 2 H":Then solving equation (0.1) or equation (4.2) is equivalent to solve the following oneS"(u) = 0; u 2 H":Let us 
onsider the linearized operator L" : H" �! L2(
") given byL"(v) = �v � v + pP
";xUp�1v:It is easy to see that the 
okernel of L" 
oin
ides with its kernel. Choose approximate
okernel and kernel asK";x = span ��P
";xU�xi j i = 1; : : : ; N� � H2(
");C";x = span ��P
";xU�xi j i = 1; : : : ; N� � L2(
"):Now we state the following lemmas, whi
h allow us to redu
e problem (4.2) to a �nitedimensional problem.Lemma 5.1. For any 
ompa
t set K � 
 there exists "0 > 0 su
h that for any" 2 (0; "0) and x 2 K there exists a unique �";x 2 K?";x su
h thatS"(P
";xU +�";x) 2 C";x:Moreover �";x is C1 in x andk�";xkH2(
") � Ce�(1+�) d�
" ;(5.1)where C is a positive 
onstant and � = minf1; p� 1g:Proof. The proof relies on a 
ontra
tion mapping argument. The 
laim 
an beproved by 
olle
ting some results obtained in [41℄ and [42℄.Now we de�ne the fun
tion K" : 
 �! IRK"(x) = J"(P
";xU +�";x);(5.2)where the \res
aled" energy fun
tional J" : H1(
") �! IR is de�ned byJ"(u) = 2412 Z
" �jruj2 + u2�� 1p+ 1 Z
" �u+�p+135 :(5.3)
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 expansion of K":Proposition 5.2. x" is a 
riti
al point of K" if and only if u" = P
";x"U+�";x"is a solution of 4.2. Moreover the following estimates hold uniformly on 
ompa
t setsof 
 K"(x) = A+ 12
e� "(x)" + o�e� "(x)" � in the Diri
hlet 
ase(5.4)or K"(x) = A� 12
e� "(x)" + o�e� "(x)" � in the Neumann 
ase;(5.5)where A = 12 ZIRN �jrU j2 + U2�� 1p+ 1 ZIRN Up+1; 
 = ZIRN Up(y)e�y1dy:Proof. See [20℄, [23℄, [41℄ and [42℄.The next results play a 
ru
ial role in 
onne
ting the topologi
al stru
ture of thesublevels of the distan
e fun
tion with the topologi
al stru
ture of the sublevels ofthe fun
tion K":Lemma 5.3. Let x"1; x"2 be sequen
es in 
 be su
h that lim"!0 x"1 = x1 2 
; lim"!0 x"2 =x2 2 
 and d�
(x1) < d�
(x2): Then there exists "0 > 0 su
h that for any " 2 (0; "0)K"(x"1) > K"(x"2) in the Diri
hlet 
ase(5.6)or K"(x"1) < K"(x"2) in the Neumann 
ase:(5.7)Proof. We prove (5.7). The proof of (5.6) is the same. By the expansion of K"given in (5.5) of Proposition (5.2) we haveK"(x"2)�K"(x"1) = 12
 �e� "(x"1)" � e� "(x"2)" �+o�e� "(x"1)" �+ o�e� "(x"2)" � :(5.8)Sin
e d�
(x1) < d�
(x2); by Lemma (4.2) we dedu
e that for " small enough  "(x"1) < "(x"2): Then by (5.8) we gete "(x"1)" [K"(x"2)�K"(x"1)℄ = 12
 �1� e� "(x"2)� "(x"1)" �+ o(1)and the 
laim follows.Lemma 5.4. Let C1; C2 be two 
ompa
t subsets of 
: Ifminx2C1 d�
(x) > maxx2C2 d�
(x)



312 A. PISTOIAthen there exists "0 > 0 su
h that for any " 2 (0; "0)minx2C1(�K")(x) > maxx2C2(�K")(x) in the Diri
hlet 
ase;(5.9)or minx2C1K"(x) > maxx2C2K"(x) in the Neumann 
ase:(5.10)Now we prove that a suitable 
riti
al point of the distan
e fun
tion generates a
riti
al point of K":Theorem 5.5. Let 
 be a 
riti
al value topologi
ally nontrivial of the distan
efun
tion (see De�nition (2.4)). Then there exists a sequen
e (x") of 
riti
al points ofK" su
h that lim"!0 x" = x0 and d�
(x0) = 
:Proof. We prove the 
laim in Neumann 
ase. In the Diri
hlet 
ase we 
onsiderthe fun
tion �K" and we argue in the same way. By De�nition (2.4) there exist afamily of subsets �QÆ; QÆ; AÆ and SÆ of 
 whi
h satisfy (2.1), (2.2), (2.5) and (2.6) ,that is: maxx2�QÆ d�
(x) < minx2SÆ d�
(x) � 
 � maxx2QÆ d�
(x) < minx2AÆ d�
(x):(5.11)Then by (5.9) of Lemma (5.4) there exists "0 > 0 su
h that for any " 2 (0; "0)a";Æ = maxx2�QÆK"(x) < minx2SÆK"(x) � maxx2QÆK"(x) < minx2AÆK"(x) = b";Æ:(5.12)It is not diÆ
ult to prove that for " and Æ small enough the set fx 2 
 j a";Æ �K"(x) � b";Æg is 
omplete. Now by (5.12) and Theorem (2.3) there exists x";Æ 
riti
alpoint of K" in 
 su
h that:minx2SÆK"(x) � K"(x";Æ) � maxx2QÆK"(x):(5.13)Up to a subsequen
e we 
an assume that x";Æ goes to x0 as " and Æ go to 0: It is easyto show that d�
(x0) = 
 > 0: Therefore the 
laim is proved.Finally we want to show that a family of 
riti
al points of K" 
onverges to a
riti
al point of the distan
e fun
tion. Firstly we have to 
ompute the asymptoti
expansion of the gradient of K":Proposition 5.6. Let x" be a sequen
e in 
 su
h that lim"!0 x" = x0 2 
: ThenrK"(x") = �1"
�(x0)e� "(x")" + o�1"e� "(x")" � ; in the Diri
hlet 
ase;(5.14)or rK"(x") = 1"
�(x0)e� "(x")" + o�1"e� "(x")" � ; in the Neumann 
ase;(5.15)where �(x0) 2 �d�
(x0) (see (3.1)) and 
 is a positive 
onstant (see Proposition 5.2).Proof. See Lemma (4.1) of [20℄.
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riti
al point of K" su
h that x0 = lim"!0x" 2 
: Thenx0 is a 
riti
al point of the distan
e fun
tion.Proof. Sin
e x" is a 
riti
al point of K" by Proposition (5.6) we get0 = rK"(x") = 1"
�(x0)e� "(x")" + o�1"e� "(x")" � ;(5.16)where �(x0) 2 �d�
(x0) and 
 is a positive 
onstant. By (5.16) we dedu
e
�(x0) + o(1) = 0;whi
h implies �(x0) = 0: Then x0 is a 
riti
al point of the distan
e fun
tion sin
e0 2 �d�
(x0) (see De�nition (1.7)).Proof of Theorem (0.1). It follow by Proposition (5.2) and Theorem (5.5).Proof of Theorem (0.2). It follow by Proposition (5.2) and Theorem (5.7).6. Existen
e of multi-peak solutions. Let H" be the Hilbert spa
eH" = �u 2 H2(
") ��� �u��" = 0 on �
"� in the Neumann 
aseDe�ne S"(u) = �u� u+ (u+)p for u 2 H":Then solving equation (0.1) or equation (4.2) is equivalent to solve the following oneS"(u) = 0; u 2 H":Fix X = (x1; : : : ; xK) 2 MK(
): Let us 
onsider the linearized operator L" :H" �! L2(
") given byL"(v) = �v � v + p KX1 P
";xiU!p�1 v:It is easy to see that the 
okernel of L" 
oin
ides with its kernel. Choose approximate
okernel and kernel asK";X = span (�P
";xiU�xij j i = 1; : : : ;K; j = 1; : : : ; N) � H";C";X = span (�P
";xiU�xij j i = 1; : : : ;K; j = 1; : : : ; N) � L2(
"):Now we state the following lemmas, whi
h allow us to redu
e problem (4.2) to a�nite dimensional problem.Lemma 6.1. For any 
ompa
t set C �MK(
) there exists "0 > 0 su
h that forany " 2 (0; "0) and X 2 C there exists a unique �";X 2 K?";X su
h thatS"( KXi=1 P
";xiU +�";X ) 2 C";X :



314 A. PISTOIAMoreover �";X is C1 in X andk�";XkH2(
") � Ce�(1+�)DK (X)" ;(6.1)where C is a positive 
onstant, � = minf1; p� 1g and DK is de�ned in (3.3).Proof. The proof relies on a 
ontra
tion mapping argument. The 
laim 
an beproved by 
olle
ting some results obtained in [9℄ and [23℄.We now de�ne the fun
tion K" :MK(
) �! IR byK"(x1; : : : ; xK) = J"( KXi=1 P
";xiU +�";X);(6.2)where the \res
aled" energy fun
tional J" : H1(
") �! IR is de�ned in (5.3).Firstly we 
ompute the asymptoti
 expansion of K":Proposition 6.2. X" = (x1" ; : : : ; xK" ) is a 
riti
al point of K" if and only ifu" = KPi=1P
";xi"U+�";X" is a solution of (4.2). Moreover the following estimate holdsuniformly on 
ompa
t sets of MK(
)K"(x) = KA� 12
e��"(X)" + o�e� "(x)" � ;(6.3)where A = 12 ZIRN �jrU j2 + U2�� 1p+ 1 ZIRN Up+1; 
 = ZIRN Up(y)e�y1dy:Proof. See [9℄ and [23℄).The next results play a 
ru
ial role in 
onne
ting the topologi
al stru
ture of thesublevels of the fun
tion DK with the topologi
al stru
ture of the sublevels of thefun
tion K":Lemma 6.3. Let X"1 ; X"2 be sequen
es in MK(
) su
h that lim"!0X"1 = X1 2MK(
); lim"!0X"2 = X2 2 MK(
) and DK(X1) < DK(X2): Then there exists "0 > 0su
h that for any " 2 (0; "0) K"(X"1) < K"(X"2):(6.4)Proof. We argue as in the proof of Lemma (5.3) using asymptoti
 expansion (6.3).Lemma 6.4. Let C1; C2 be two 
ompa
t subsets of MK(
): IfminX2C1DK(X) > maxX2C2DK(X)then there exists "0 > 0 su
h that for any " 2 (0; "0)minX2C1K"(X) > maxX2C2K"(X):(6.5)
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riti
al point of the fun
tion DK generates a 
riti
alpoint of K":Theorem 6.5. Let 
 be a 
riti
al value topologi
ally nontrivial of the fun
tionDK (see De�nition (2.4)). Then there exists a sequen
e (X") of 
riti
al points of K"su
h that lim"!0X" = X0; DK(X0) = 
 and X0 2 MK(
):Proof. By de�nition (2.4) there exist a family of �QÆ; QÆ; AÆ and SÆ of MK(
);whi
h satisfy (2.1), (2.2), (2.3) and (2.6), namely:maxX2�QÆDK(X) < minX2SÆDK(X) � 
 � maxX2QÆ DK(X) < minX2AÆDK(X)(6.6)and limÆ!0 minX2SÆDK(X) = limÆ!0 maxX2QÆDK(X) = 
:(6.7)Then by (6.5) of Lemma (6.4) for any Æ small enough there exists "0(Æ) > 0 su
h thatfor any " 2 (0; "0)maxX2�QÆK"(X) < minX2SÆK"(X) � maxX2QÆK"(X) < minX2AÆK"(X):(6.8)Finally we want to show that a family of 
riti
al points ofK" 
onverges to a 
riti
alpoint of the fun
tion DK : Firstly we have to 
ompute the asymptoti
 expansion ofthe gradient of K":First of all we have to 
ompute the expansion of the gradient of K":Proposition 6.6. For any X 2 MK(
)rK"(X) = 
" �"(X)e��"(X)" + o(e��"(X)" );(6.9)where �"(X) 2 �DK(X) (see Lemma sottodi��k)) and 
 is a positive 
onstant (seeTheorem (6.2)).Proof. See Lemma (5.1) of [21℄.Theorem 6.7. Let X" = (x1" ; : : : ; xK" ) be a 
riti
al point of K" su
h that fori = 1; : : : ;K xi0 = lim"!0xi" 2 
: Then X0 = (x10; : : : ; xK0 ) 2 MK(
) and X0 is a
riti
al point of the fun
tion DK :Proof. First of all we prove that (x10; : : : ; xK0 ) 2 MK(
); namely xi0 6= xj0 if i 6= j(see [21℄, Theorem (6.1)).Se
ondly we show that X0 is a 
riti
al point of the fun
tion DK : Sin
e X" is a
riti
al point of K" by Proposition (6.6) we get0 = rK"(X") = 1"
�(X")e��"(X")" + o�1" e��"(X")" � ;(6.10)where �(X") 2 �DK(X") and 
 is a positive 
onstant. By (6.10) we dedu
e�(X") + o(1) = 0:(6.11)Let X0 = lim"!0X": By using Remark (1.4) we get lim"!0 �(X") = �(X0) 2 �DK(X0) andby (6.11) we dedu
e that �(X0) = 0: Then X0 is a 
riti
al point of the fun
tion DKsin
e 0 2 �DK(X0) (see De�nition (1.7)).Proof of Theorem (0.3). It follow by Proposition (6.2) and Theorem (6.5).Proof of Theorem (0.4). It follow by Proposition (6.2) and Theorem (6.7).



316 A. PISTOIA7. Examples.Example 7.1. (A domain with one hole) Let 
 = � n � where � � � areopen sets. Assume max
 d�
 > 12dist (��; ��): Then 
1 = d�
(x1) = max
 d�
 and
2 = d�
(x2) = 12dist (��; ��) are two 
riti
al values topologi
ally nontrivial of thedistan
e fun
tion.Proof. The existen
e of 
1 is trivial. Let us prove the existen
e of 
2: Let y0 2 ��and z0 2 �� su
h that jy0 � z0j = dist (��; ��): Set x0 = y0+z02 : Then d�
(x0) =12 jy0 � z0j: Let: S = fx 2 � j dist (x; ��) = d�
(x0)gand Q = fty0 + (1� t)z0 j t 2 [Æ; 1� Æ℄g for some Æ > 0:Then it is easy to prove that the sets Q and S satis�es assumptions (2.1), (2.2) and(2.3): maxx2�Qd�
(x) < minx2S d�
(x) = d�
(x0) = maxx2Q d�
(x):That proves that d�
(x0) is a 
riti
al value topologi
ally nontrivial of the distan
efun
tion in the sense of De�nition (2.4).Example 7.2. (A domain with two holes) Let 
 = � n (�1 [ �2) where �i � �are open sets, �1 and �2 are stri
tly 
onvex and �1 \ �2 = ;: Assumedist (��1; ��) < dist (��2; ��) < dist (��1; ��2)(7.1)Then 
1 = d�
(x1) = max
 d�
; 
2 = d�
(x2) = 12dist (��1; ��); 
3 = d�
(x3) =12dist (��2; ��) and 
4 = d�
(x4) = 12dist (��1; ��2) are four 
riti
al values topolog-i
ally nontrivial of the distan
e fun
tion.Proof. The existen
e of 
1 is trivial. First of all we prove the existen
e of 
2 and
3: Let i = 1; 2: Let yi0 2 �� and zi0 2 ��i su
h that jyi0 � zi0j = dist (��i; ��): Setxi0 = yi0+zi02 : Then d�
(xi0) = 12 jyi0 � zi0j: Let:Si = �x 2 � j dist (x; ��i) = d�
(xi0)	and Qi = �tyi0 + (1� t)zi0 j t 2 [Æ; 1� Æ℄	 for some Æ > 0:We point out that (7.1) ensures that d�
(x) = dist (x; ��i) 8 x 2 Si: Then it is easyto prove that the sets Qi and Si satis�es assumptions (2.1), (2.2) and (2.3):maxx2�Qi d�
(x) < minx2Si d�
(x) = d�
(xi0) = maxx2Qi d�
(x):That proves that d�
(xi0) is a 
riti
al value topologi
ally nontrivial of the distan
efun
tion in the sense of De�nition (2.4).
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e of 
4: Sin
e �1 and �2 are stri
tly 
onvex there existexa
tly two points z1 2 ��1 and z2 2 ��2 su
h that jz1 � z2j = dist (��1; ��2): Setx0 = z1+z22 : Then d�
(x0) = 12 jz1 � z2j: Let for some Æ > 0Q = ftz1 + (1� t)z2 j t 2 [Æ; 1� Æ℄g ;S = fhyperplane perpendi
ular to Q 
rossing the point x0g \ B(x0; Æ):and A = fhyperplane perpendi
ular to Q 
rossing the point x0g \ �B(x0; Æ):Then it is easy to prove that the sets Q; S and A satis�es assumptions (2.1), (2.2)and (2.3):maxx2�Q d�
(x) < minx2S d�
(x) = d�
(x0) = maxx2Q d�
(x) < minx2A d�
(x):That proves that d�
(x0) is a 
riti
al value topologi
ally nontrivial of the distan
efun
tion in the sense of De�nition (2.4).If the domain has a lot of holes the existen
e of many 
riti
al values topologi
allynontrivial of the distan
e fun
tion strongly depends on the geometry of the holes.Example 7.3. (A domain with k handles) Let 
 be a domain with k handles.Then there exist at least 2k + 1 distin
t 
riti
al values topologi
ally nontrivial of thedistan
e fun
tion: k + 1 lo
al maxima of d�
 and k lo
al saddle levels.Note that we 
an have more than a 
riti
al point at the same level.Example 7.4. Let 
 be the dumbell. Then d is a 
riti
al value topologi
ally nontrivial of D2: Moreover one 
an 
hoose the dumbell so that (0; d; 0;�d) is the unique
riti
al point of D2 at level d:We prove that the point (0; d; 0;�d) is a \lo
al saddle point" of D2: Fix " > 0and set Q" = f(0; x12) 2 
k jx12 � dj � "g � f(0; x22) 2 
k jx22 + dj � "g�Q" = �f(0; d� ")g � f(0; x22) 2 
k jx22 + dj � "g�[f(0; x12) 2 
k jx12 � dj � "g � f(0;�d� ")gFor Æ > 0 and � > 0 setCÆ = fx 2 
 j d�
(x) = d+ ÆgSÆ = �B�(0; d); �� \ CÆ�� �B�(0;�d); �� \ CÆ�AÆ = ��B�(0; d); �� \ CÆ�� �B�(0;�d); �� \ CÆ�[�B�(0; d); �� \ CÆ�� ��B�(0;�d); �� \ CÆ� :Then by using Remark (2.2) it is easy to 
he
k that if we 
hoose Æ and � small enough�QÆ; QÆ ; AÆ and SÆ are subsets of 
�
 whi
h satisfy (2.1), (2.2) and (2.3) andmax�QÆ D2 = d� " < minSÆ D2 = d� Æ < d = maxQÆ D2 < minAÆ D2 = d+ Æ:



318 A. PISTOIAMoreover limÆ!0minSÆ D2 = d: By Lemma (3.7) we dedu
e that the sets fX 2MK(
) s:t: 
 � DK(X)g are 
omplete for any 
 > 0: Therefore d is a 
riti
al valueof D2:Finally by using Remark (3.4) and Remark (3.3) one 
an 
onstru
t a dumbell insu
h a way the distan
e fun
tion is di�erentiable at any x with d�
(x) = d and byusing Corollary (3.9) one 
an 
he
k that (0; d; 0;�d) is the unique 
riti
al point of D2at level d:Remark 7.5. We note that in the dumbell the points (a; r; a;�r) and (b; R; b;�R)are two lo
al maximum points of the fun
tion D2 at di�erent levels D2(a; r; a;�r) = rand D2(b; R; b;�R) = R:However we point out that su
h points are not isolated 
riti
al points of D2 atlevels r and R; respe
tively. In fa
t if x1 is a point 
lose enough to the point (a; r);whi
h belongs to the sphere 
entered at (a; 0) with radius r and x2 is the pointdiametri
ally opposite, it is easy to 
he
k that (x1; x2) is a lo
al maximum point ofthe fun
tion D2 at level r: REFERENCES[1℄ A. Bahri, Criti
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