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t. The phenomenon of dynami
 metastability is analyzed for a 
lass of singularlyperturbed linear 
onve
tion-di�usion equation in both a one-dimensional and a two-dimensionaldomain. The extreme sensitivity, known as a supersensitivity, of the time-dependent and steady-state solutions to exponentially small 
hanges in the 
oeÆ
ient of the di�erential operator is alsoexamined. Finally, some numeri
al experiments are performed in the one-dimensional 
ase thatindi
ate that it is possible to use standard �nite di�eren
e methods to 
ompute an exponentiallyill-
onditioned steady-state solution provided that quadruple pre
ision arithmeti
 is used in thenumeri
al 
omputations.1. Introdu
tion. Certain linear time-dependent 
onve
tion-di�usion equationswith small di�usivity " exhibit the phenomenon of dynami
 metastability whereby thetime-dependent solution approa
hes a steady-state limit only over an asymptoti
allyexponentially long time interval. In the limit "! 0, this metastable behavior and the
orresponding steady-state limit 
an have an O(1) sensitivity (i. e. a supersensitivity)to asymptoti
ally exponentially small 
hanges in the 
oeÆ
ient of the di�erentialoperator. This metastability, and the resulting supersensitivity, is analyzed for a
ertain 
lass of linear singularly perturbed 
onve
tion-di�usion equation in both aone and a two-dimensional spatial domain. In x2 we 
onsider the one-dimensional
ase and in x4 we treat the 
orresponding two-dimensional problem. Some of theresults for the one-dimensional problem have been given previously in [21℄.For an exponentially ill-
onditioned problem, an exponentially small 
hange inthe 
oeÆ
ient of the di�erential operator 
an have an O(1) e�e
t on the solution.Therefore, it is natural to expe
t that we might require that the trun
ation errorasso
iated with a numeri
al s
heme for an exponentially ill-
onditioned problem mustbe smaller than the magnitude of the exponentially small eigenvalue in order to ensurethat the numeri
al solution resembles its 
ontinuous 
ounterpart. With this heuris-ti
 reasoning, we might believe that high-order or spe
tral-type numeri
al methodsare preferred for solving exponentially ill-
onditioned problems. Su
h an approa
h,involving a high-order integral equation s
heme, was implemented in [16℄ to 
omputeboundary value resonan
e solutions, and a Galerkin spe
tral method was employedin [4℄ to 
ompute metastable behavior for the vis
ous Cahn-Hilliard equation.On the other hand, many 
onventional s
hemes have also been used to 
om-pute the solution to exponentially ill-
onditioned problems. For instan
e, Elliott andFren
h [9℄ studied metastable dynami
s for the Cahn-Hilliard equation by applyingthe Galerkin �nite element method, and Carr and Pego [7℄ 
omputed the metastableevolution of a transition layer for the Allen-Cahn equation using the method of linessubroutine LSODI of the NAG library [20℄ with 801 grid points. In addition, astandard fourth-order �nite di�eren
e s
heme was employed to 
ompute metastabledynami
s for the vis
ous Cahn-Hilliard equation in [23℄. However, the implementa-tion in [23℄ was non-standard in that quadruple pre
ision arithmeti
 was used in theirnumeri
al 
omputations.The main question that we 
onsider is whether it is possible to a

urately 
omputethe solution to an exponentially ill-
onditioned problem using a standard �nite di�er-en
e s
heme employing quadruple rather than double pre
ision arithmeti
, or whether�Department of Mathemati
s, University of British Columbia, Van
ouver, B.C. V6T 1Z2, Canada.333



334 X. SUN AND M. J. WARDwe must use a high order spe
tral method that ensures that the trun
ation error issmaller than the order of the exponentially small eigenvalue. In x3 we investigate thisissue for a simple boundary layer resonan
e problem.The study of metastability here 
omplements previous studies of metastability fornonlinear rea
tion-di�usion problems undertaken in [2℄, [6℄, [7℄, [10℄, [14℄, [22℄, [23℄,[28℄, [29℄, and [30℄.2. Ill-Conditioned Conve
tion-Di�usion: One Dimension. In this se
tionanalyze an exponentially ill-
onditioned linear 
onve
tion-di�usion equation exhibit-ing metastable behavior in one dimension. The sensitivity of the steady-state solutionto exponentially small 
hanges in the 
oeÆ
ient of the di�erential operator is also ex-amined. A related problem of this type was 
onsidered in [21℄.We 
onsider the following 
onve
tion-di�usion equation for u = u(x; t):ut = "uxx �	0(x)ux + "�g(x)e�a="u ; �1 < x < 1 ; t > 0 ;(2.1a) u(�1; t) = ul ; u(1; t) = ur ; u(x; 0) = u0(x) :(2.1b)Here a > 0, �, ul and ur are 
onstants, "! 0+ and g(x), 	(x) and u0(x) are smooth.We assume that the potential 	(x) has a global minimum on [�1; 1℄ at x = 0 with	(0) = 0, 	0(0) = 0 and 	00(0) > 0. Thus, the spatial operator in (2.1a) has a simpleturning point at x = 0. We also assume that 	0(x) 6= 0 for x 6= 0 and thus 	0(1) > 0and 	0(�1) < 0. Prototypi
al is 	(x) = x2=2.When g(x) = 0, the equilibrium problem 
orresponding to (2.1) and its asso
iatedeigenvalue problem arises in determining the exit time distribution for a Brownianparti
le 
on�ned by the potential well 	. Su
h problems have been well-studiedin [17℄, [18℄, and [19℄ (see the referen
es therein).When g(x) = 0, the eigenvalue problem asso
iated with (2.1) isL"� � "�xx �	0(x)�x = ��� ; �1 < x < 1 ; �(�1) = 0 ;(2.2a) (�; �)w � Z 1�1 �2w dx = 1 ; w � e�	=" :(2.2b)The eigenvalues �j for j � 0 are real with �j > 0 and the orthogonality relations(�j ; �k)w = Æjk for j; k = 0; 1; :: ; hold. It is well-known (
f. [8℄, [17℄, [16℄) that �0 isexponentially small as "! 0 and has the asymptoti
 estimate�0 �  	00(0)2�" !1=2 h	0(1)br(")e�	(1)=" �	0(�1)bl(")e�	(�1)="i :(2.3)Here br(") and bl(") have asymptoti
 expansions in powers of " with leading termsbr(0) = bl(0) = 1. To leading order, the 
orresponding eigenfun
tion �0 has theboundary layer form�0 �M0 �1� e�	0 (1)(1+x)=" � e	0 (�1)(1�x)="� ;(2.4)where M0 is a normalization 
onstant. Noti
e that, as " ! 0, �0 is a 
onstant awayfrom the boundary layer regions.We �rst 
onsider the equilibrium problem for (2.1). For " ! 0, a leading orderboundary layer analysis for the equilibrium solution U(x; ") shows that U(x; ") �~u" [x;A0e℄, where~u" [x;A0e℄ � A0e + (ur �A0e) e�	0 (1)(1�x)=" + (ul �A0e) e	0 (�1)(1+x)=" ;(2.5)



EXPONENTIALLY ILL-CONDITIONED CONVECTION-DIFFUSION EQUATIONS 335for some undetermined 
onstant A0e. Singular perturbation problems of this type,where a 
onventional appli
ation of the method of mat
hed asymptoti
 expansionsfails to sele
t 
ertain 
onstants uniquely, were �rst identi�ed in [1℄ and later studiedextensively in [8℄, [11℄, [16℄, [26℄, and [32℄ (and the referen
es therein). The relation-ship between this apparent indetermina
y and the ill-
onditioning of the underlyingoperator is emphasized in [8℄ and [16℄. More spe
i�
ally, sin
e (2.2a) has an expo-nentially small eigenvalue, and L"~u" is exponentially small away from the boundarylayer regions near x = �1 for any 
hoi
e of A0e, it follows that the 
orre
t value ofA0e 
an only be determined by in
orporating the e�e
t of exponentially small termsinto the asymptoti
 analysis. Methods for 
al
ulating A0e are given in [11℄, [16℄, [19℄,and [26℄. Sin
e the equilibrium problem is exponentially ill-
onditioned, it is naturalto expe
t that it will be extremely sensitive to the exponentially small term in (2.1a).This aspe
t has been studied in [16℄, [26℄ and [32℄.For the time-dependent problem for (2.1), we note that sin
e �0 > 0, the equilib-rium solution is stable when a is suÆ
iently large. However, sin
e �0 is exponentiallysmall, the evolution of an arbitrary initial 
ondition u0(x) to the equilibrium solutionis exponentially slow. This metastable motion 
an be studied by using the proje
tionmethod as developed in [21℄.We now outline this method and some of the results obtained from it. Following[21℄, we seek a solution to (2.1) in the formu(x; t) = ~u" [x;A0(t)℄ + v(x; t) ;(2.6)where ~u" is de�ned in (2.5). Substituting (2.6) into (2.2), we obtain that v(x; t)satis�es vt = L"v � ~u"t + L"~u" + "�g(x)e�a="(~u" + v) ; �1 < x < 1 ; t > 0 ;(2.7a) v(�1; t) = ul � ~u" [�1;A0(t)℄ ; v(1; t) = ur � ~u" [1;A0(t)℄ ;(2.7b)together with the initial 
ondition v(x; 0) = u0(x) � ~u" [x;A0(0)℄. We then expandv(x; t) in terms of the eigenfun
tions �j of (2.2a)-(2.2b) asv(x; t) = 1Xj=0 
j(t)�j(x) :(2.8)Using the orthogonality property of the eigenfun
tions, we �nd that 
j(t) satis�es thedi�erential equation
0j + �j
j = (�j ; L"~u")w � "wv�0j ���1�1 � (�j ; ~u"t )w + "�e�a=" (g�j ; ~u" + v)w ;(2.9)and has the initial value
j(0) = Z 1�1 (u0(x) � ~u"[x;A0(0)℄)�jw dx :(2.10)Sin
e �0 > 0 and is exponentially small, it is ne
essary that 
0(t) � 0 in order toensure that v � ~u" over exponentially long time intervals . Therefore, the right-handsides of (2.9) and (2.10) must vanish when j = 0. Then, upon using v � ~u" to simplifythe last term on the right-hand side of (2.9), we obtain(�0; ~u"t )w � (�0; L"~u")w � "wv�00 ���1�1 +"�e�a=" (g�0; ~u")w ;(2.11)



336 X. SUN AND M. J. WARDtogether with Z 1�1 ~u"[x;A0(0)℄�0w dx = Z 1�1 u0(x)�0w dx :(2.12)Equation (2.11) is a di�erential equation for A0(t) and (2.12) determines the initialvalue A0(0).To obtain an expli
it di�erential equation for A0 we use the form for �0 given in(2.4) to evaluate the various terms in (2.11)-(2.12) asymptoti
ally for "! 0 (see [21℄for details). To leading order as "! 0, the analysis in [21℄ shows that A0(t) satis�esthe limiting di�erential equationA00 � ���0 � "�g(0)e�a="�A0 + � hur	0(1)e�	(1)=" � ul	0(�1)e�	(�1)="i ;(2.13a)with A0(0) � u0(0) ; where � � h	00(0)=(2�")i1=2 :(2.13b)In (2.13a) �0 is given in (2.3). The metastable dynami
s for u(x; t) is then given byu(x; t) � ~u" [x;A0(t)℄, where ~u" is de�ned in (2.5). If a is suÆ
iently large, it followsthat A0(t) ! A0e as t ! 1, where A0e is obtained by setting A00 = 0 in (2.13a).Higher order 
orre
tions to the asymptoti
 di�erential equation for A0(t) are given in[21℄.2.1. An Example. We let 	(x) = x2=2, g(x) = g0e�x2=2, and � = �1=2. Then,from (2.3) we 
al
ulate that �0 � � 2�"�1=2 e�"�1=2 :(2.14)From (2.5), (2.6), and (2.13a), we obtain that for t� 1,u(x; t) � A0(t) + [ur �A0(t)℄ e�(1�x)=" + [ul �A0(t)℄ e�(1+x)=" ;(2.15)where A0(t) satis�es the asymptoti
 di�erential equationA00 � �� 2�"�1=2 e�"�1=2 ��1� ��2�1=2 g0e�(a�1=2)="�A0 � (ul + ur)2 � :(2.16)Now, from (2.16) we observe that when��2�1=2 g0e�(a�1=2)=" < 1 ;(2.17)then A0(t)! A0e as t!1, whereA0e = (ul + ur)2 �1� ��2�1=2 g0e�(a�1=2)="��1 :(2.18)Thus, if a > 1=2, so that the order of the exponentially small perturbing term"�g(x)e�a=" is smaller than that of the exponentially small eigenvalue, then A0(t)!



EXPONENTIALLY ILL-CONDITIONED CONVECTION-DIFFUSION EQUATIONS 337A0e as t ! 1 for any A0(0). However, if 0 < a < 1=2, then A0(t) ! A0e as t ! 1only when g0 � 0. In the borderline 
ase where a = 1=2, thenlimt!1A0(t) = A0e ; when g0 < (2=�)1=2 ;(2.19)and A0(t) ! 1 as t ! 1 when g0 > (2=�)1=2. This example 
learly shows thee�e
t of supersensitivity, whereby the exponentially small perturbing term 
an havean O(1) e�e
t on both the time-dependent and the steady-state solutions.3. Some Numeri
al Experiments in One Dimension. In this se
tion wenumeri
ally study the 
onvergen
e properties of a few numeri
al s
hemes to 
omputesolutions to an exponentially ill-
onditioned boundary value problem. Our goal is togive some guidelines in designing numeri
al s
hemes to treat ill-
onditioned problems.The main question we would like to address is whether it is possible to a

urately 
om-pute the solution to an exponentially ill-
onditioned problem using a standard �nitedi�eren
e method employing quadruple, or extended, pre
ision arithmeti
, instead ofusing a higher order spe
tral method.For simpli
ity, we investigate this numeri
al issue for the following singularlyperturbed boundary value resonan
e problemL"u � "uxx � x2m+1p(x)ux = 0 ; �1 < x < 1 ;(3.1a) u(�1) = ul ; u(1) = ur :(3.1b)Here " > 0 is a small parameter,m � 0 is an integer and p(x) > 0 on [�1; 1℄. One mainreason to 
onsider (3.1) is that it is linear and its solution 
an be found analyti
ally.Thus, we 
an easily 
ompute the errors asso
iated with the �nite di�eren
e s
hemes.We now introdu
e the three �nite di�eren
e s
hemes used to 
ompute solutions to(3.1). The mesh is denoted by Ih = fxi : �1 = xN < x�N+1 < : : : < xN�1 < xN = 1gwith mesh widths hi = xi � xi�1 and h = maxi hi . Two meshes will be used in the
omputations.� An equidistant mesh Ihe = fxi = ih : i = �N; : : : ; N; Nh = 1g .� A non-equidistant mesh Ihn = fxi : i = �N; : : : ; Ng , where with h = 1=N ,xi = � �(ih+ 1)� 1 ; i = �N; : : : ; 0 ;1� �(1� ih) ; i = 1; : : : ; N :(3.2)Here the mesh generating fun
tion �(t) is de�ned by�(t) = �  (t) := �a" ln(1� t=q) ; t 2 [0; �℄ ;�(t) :=  (�) +  0(�)(t� �) ; t 2 (�; 1℄ ;(3.3)where q 2 (0; 1) and a > 0 are 
onstants, and � 2 (0; q) is determined uniquely by�(1) = 1 . In the 
omputations below we 
hose a = 2, q = 0:5, for whi
h � = 0:4618.This mesh is also 
alled the Bakhvalov mesh [3℄, and it allows for more mesh pointsnear the endpoints to resolve boundary layers. Using the usual notation for divideddi�eren
es,D+ui = (ui+1 � ui)=hi+1 ; D�ui = (ui � ui�1)=hi ;D0ui = (ui+1 � ui�1)=(hi + hi+1) ; D+D�ui = 2(D+ui �D�ui)=(hi + hi+1) ;we de�ne the following three �nite di�eren
e s
hemes:



338 X. SUN AND M. J. WARD� The upwind s
heme on the non-equidistant mesh Ihn ,Lh1ui = "D+D�ui + PiD0ui = 0 ; �N < i < N ; u�N = ul ; uN = ur ;(3.4)where Pi = �x2m+1i p(xi) , andD0ui = � D+ui ; if Pi � 0 ;D�ui ; if Pi < 0 ;� The 
oupled s
heme on the non-equidistant mesh Ihn ,Lh2ui = � Lh
ui = 0 ; if �i � 1 ;Lhaui = 0 ; if �i > 1 ; �N < i < N(3.5a) u�N = ul ; uN = ur ;(3.5b)where �i = � hiPi=2" ; if Pi � 0 ;�hi+1Pi=2" ; if Pi < 0 ;Lh
ui = "D+D�ui + PiD0ui ; (
entral s
heme [24℄);(3.5
)Lhaui = "D+D�ui + Pi� 12D�ui ; (Gush
hin-Sh
hennikow s
heme [12℄) :(3.5d)Here we use the plus sign (minus sign) in D� if Pi is positive (negative).� The Il'in s
heme on the equidistant mesh Ihe ,Lh3ui = "�iD+D�ui + PiD0ui = 0 ; �N < i < N ; u�N = ul ; uN = ur ;(3.6)where the �tting fa
tor �i is �i � Pih2" 
oth Pih2" .The ba
kground and motivation behind these �nite di�eren
e s
hemes and meshes
an be found in [3℄, [13℄, [15℄, [24℄, [25℄, [31℄, and the referen
es therein.Numeri
al results for the 
oupled s
heme 
omputed using double pre
ision arith-meti
 when p(x) = 1, m = 0, ul = �3 and ur = 1 are shown in Table 3.1. Sin
e theexa
t solution u(x) to (3.1) is known we 
an easily 
ompute the error for di�erent val-ues of h and ". The results in this table indi
ate that the 
oupled s
heme is uniformlyse
ond order 
onvergent in the parameter " only when the number N of mesh pointsis not too large. On the 
ontrary, for large N the 
onvergen
e property of the s
hemedeteriorates, 
ontradi
ting 
lassi
al 
onvergen
e theory that states that the numeri
alerror of a 
onvergent s
heme will tend to zero as the mesh size h! 0. Our explana-tion of this paradox is that the three s
hemes do 
onverge uniformly in ", but thatthe degeneration for large N is 
aused by the round-o� errors of a 
omputer due tothe exponential ill-
onditioning of the �nite di�eren
e operators. To verify this expla-nation, we show the numeri
ally 
omputed minimum and maximum eigenvalues andthe 
ondition numbers of the 
oeÆ
ient matrixes of the 
oupled s
heme in Table 3.2for " = 0:02 and for di�erent mesh size h. Comparing the results in Table 3.2 withTable 3.1, we noti
e that the numeri
al 
onvergen
e order 
 begins to deviate fromthe analyti
al value of 2 only when the 
ondition number rea
hes O(1015) , whi
h isapproximately the re
ipro
al of the (double) ma
hine pre
ision. Thus, we believe that
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 Eh1 
 Eh1 
12 .2545e-1 2.41 .2184e-1 1.89 .1900e-1 2.0424 .4789e-2 2.00 .5872e-2 2.15 .4615e-2 -7.7748 .1199e-2 1.99 .1319e-2 1.87 1.01 -96 .3017e-3 1.98 .3598e-3 0.22 - -192 .7659e-4 1.99 .3088e-3 -0.25 - -384 .1925e-4 1.79 .1466e-2 -1.10 - -768 .5558e-5 -0.76 .3136e-2 -0.97 - -1536 .9406e-5 - .6162e-2 - - -Table 3.1Numeri
al results of the 
oupled s
heme for (3.1) with p(x) = 1, m = 0, ul = �3, andur = 1, using double pre
ision arithmeti
. Here, Eh1 � maxi ju(xi)� uij is the maximum error ofthe numeri
al solution on a mesh with h = 1=N ; 
 is the numeri
al 
onvergen
e order de�ned by
 = (logEh1�logEh=21 )= log 2 . Note that from (2.3), the prin
ipal eigenvalue of the operator in (3.1)satis�es �0 � 2:662� 10�7 for " = 0:03 , �0 � 7:835� 10�11 for " = 0:02 , and �0 � 1:539� 10�21for " = 0:01 . N �min �max Cond12 3.633e-7 778.0 4.866e924 3.116e-10 4.414e3 3.199e1348 8.186e-11 2.141e4 6.314e1496 4.450e-11 9.595e4 4.483e15192 7.193e-11 4.113e5 1.159e16384 1.068e-11 1.717e6 5.003e16Table 3.2Numeri
al results (using Matlab) of the minimum eigenvalue �min , the maximum eigenvalue�max, and the 
ondition number Cond of the 
oeÆ
ient matrix of the 
oupled s
heme (3.5) when" = 0:02 . The other parameters are the same as in Table 3.1.this degeneration of the 
onvergen
e 
an be avoided if we 
an 
al
ulate the dis
retes
heme more a

urately. Based on this explanation, it is anti
ipated that numeri
al
omputations with quadruple pre
ision arithmeti
 will yield better results than thosewith double pre
ision. This is veri�ed in Table 3.3, where �rst order 
onvergen
e forthe upwind s
heme and se
ond order 
onvergen
e for the 
oupled s
heme and Il'ins
heme are obtained using quadruple pre
ision arithmeti
 even for mu
h larger Nthan those in Table 3.1.In summary, these numeri
al experiments indi
ate that for an exponentially ill-
onditioned problem, a trun
ation error �h may not lead to very large errors in thenumeri
al solution uh and a s
heme may still be uniformly 
onvergent with respe
tto " . A rigorous analyti
al proof of the uniform 
onvergen
e of the three s
hemesdes
ribed above for (3.1) is given in [27℄. However, a numeri
al method will usuallyinherit the ill-
onditioning asso
iated with the underlying 
ontinuous problem. This
auses the pe
uliar phenomenon observed in the 
omputations above that a small gridsize N may give better numeri
al results than a larger value of N . To minimize thee�e
ts of round-o� errors whi
h may pollute the a

ura
y of a s
heme, higher (su
has quadruple) pre
ision arithmeti
 is preferred in solving the dis
rete s
hemes. Thisheuristi
 explanation perhaps suggests why the quadruple pre
ision 
omputations ofmetastability in the vis
ous Cahn-Hilliard done in [23℄, while employing a standard



340 X. SUN AND M. J. WARDN Upwind s
heme (3.4) Coupled s
heme (3.5) Il'in s
heme (3.6)Eh1 
 Eh1 
 Eh1 
48 .8204e-1 0.98 .1225e-2 1.89 .1815e-2 1.4596 .4153e-1 0.99 .3310e-3 2.00 .6603e-3 1.97192 .2084e-1 1.00 .8265e-4 2.00 .1675e-3 1.99384 .1044e-1 1.00 .2064e-4 2.00 .4221e-4 1.97768 .5222e-2 1.00 .5154e-5 2.00 .1075e-4 1.901536 .2611e-2 - .1286e-5 - .2875e-5 -Table 3.3Numeri
al results of the three s
hemes using quadruple pre
ision arithmeti
. Here, " = 0:01 ,and the other parameters are the same as in Table 3.1.�nite di�eren
e s
heme, was su

essful.4. Ill-Conditioned Conve
tion-Di�usion: Two Dimensions. We now gen-eralize (2.1) to the 
ase of two spatial dimensions. To this end we 
onsider the following
onve
tion-di�usion equation in a bounded two-dimensional domain D with a smoothboundary �D:ut = "4u�r	 � ru+ "�g(x)e�a="u ; x 2 D ; t > 0 ;(4.1a) u = ub(x) ; x 2 �D ; u(x; 0) = u0(x) :(4.1b)Here u = u(x; t) with x = (x1; x2), � and a > 0 are 
onstants, " ! 0+, and g(x),ub(x) and u0(x) are smooth. Let �D = D [ �D. We assume that the potential 	(x)has a unique global minimum on �D at some interior point x0 2 D. At this minimumpoint we assume that	(x0) = 0 ; r	(x0) = 0 ; H [	(x0)℄ > 0 ;(4.2)where H(	) � 	x1x1	x2x2 �	2x1x2 is the Hessian. We also assume that r	(x) 6= 0for x 6= x0 and that r	 � n̂ > 0 on �D, where n̂ is the unit outward normal to �D.In pla
e of (2.2), the eigenvalue problem asso
iated with (4.1) when g(x) � 0 isL"� � "4��r	 � r� = ��� ; x 2 D ; � = 0 ; x 2 �D ;(4.3a) (�; �)w � ZD �2w dx = 1 ; w � e�	=" :(4.3b)The eigenvalues �j for j � 0 are real with �j > 0 and (�j ; �k)w = Æjk for j; k = 0; 1; :: .4.1. Cal
ulation of the Prin
ipal Eigenvalue. We now asymptoti
ally 
al-
ulate the prin
ipal eigenvalue �0 as "! 0 for three di�erent 
ases. The 
orrespondingeigenfun
tion has the boundary layer form�0 �M0 �1� e
�="� ; where 
 = 
(s) � r	 � n̂ ����D> 0 ;(4.4)and M0 is a normalization 
onstant. Here s denotes ar
length along �D, �� is thedistan
e from x 2 D to �D, and n̂ is the unit outward normal to �D. Sin
e 
 > 0,then �0 ! M0 as �=" ! �1. To 
al
ulate �0, we integrate by parts to obtain thefollowing key identity valid for any u and v:(L"u; v)w � (u; L"v)w = Z�D "ve�	="�nu ds� Z�D "ue�	="�nv ds :(4.5)



EXPONENTIALLY ILL-CONDITIONED CONVECTION-DIFFUSION EQUATIONS 341Here �n denotes the outward normal derivative. Substituting u = �0 and v = 1 into(4.5), we obtain �0 (�0; 1) = � Z�D "e�	="�n�0 ds :(4.6)Next, sin
e the dominant 
ontribution to the left-hand side of (4.6) arises from theregion near x = x0 where 	 has a non-degenerate minimum, we obtain for "! 0 that(�0; 1)w � 2�"M0 (H [	(x0)℄)�1=2 :(4.7)Here H is the Hessian of 	 at x0 de�ned following (4.2) above. Substituting (4.4)and (4.7) into (4.6), we obtain the following estimate for �0 as "! 0:�0 � (H [	(x0)℄)1=22�" Z�D e�	="r	 � n̂ ds :(4.8)Equation (4.8) shows that �0 is determined by the pre
ise behavior of 	 on �D.Let (x1; x2) = (x1(s); x2(s)) be a parametri
 representation of �D where s denotesar
length on �D and ~	(s) = 	(x1(s); x2(s)). In 
al
ulating �0 asymptoti
ally, wedistinguish three 
ases:Case 1: Suppose that the minimum value of ~	 on �D is taken at N distin
t pointsyj 2 �D, with ar
length 
oordinate sj , for j = 1; ::; N . Assume that these minimaare non-degenerate. Then, the prin
ipal eigenvalue �0 of (4.3) is exponentially smallas "! 0 and has the asymptoti
 estimate�0 � �H [	(x0)℄2�" �1=2 e�	�=" NXj=1 jr	(yj)j�~	00(sj)��1=2 :(4.9a)Here 	� � 	(yj) for j = 1; ::; N , and~	00(sj) � jr	j�2 �	x1x1	2x2 � 2	x1x2	x1	x2 +	x2x2	2x1 + �j jr	j3� ���x=yj ;(4.9b)where �j < 0 is the 
urvature of �D at yj .Case 2: Suppose that the minimum value 	? of ~	 on �D is a
hieved at the pointss1; s2; : : : ; sN and that ~	(s) � ~	(sj) = d�2pj (s � sj)2p(1 + o(1)) as s ! sj wheredj > 0 (j = 1; 2; : : : ; N) and p is a positive integer. Then, in this 
ase where weallow for the minima to be degenerate, we get for "! 0 that�0 � �( 12p )2�p " 12p�1 (H [	(x0)℄) 12 e�	?=" NXj=1 dj j5	(xj)j :(4.10)Here xj = (x1(sj); x2(sj)) for j = 1; 2; : : : ; N .Case 3: Suppose that the maximum value 	? of 	 on �D is a
hieved on a set S � �D,with a nonempty interior S0 and that the measure of S�S0 in �D is zero. Then, for"! 0, we have the asymptoti
 estimate�0 � 12�" (H [	(x0)℄) 12 e�	?=" ZS j 5	jds :(4.11)



342 X. SUN AND M. J. WARD4.2. Derivation of the Metastability Result. For " ! 0, a leading orderboundary layer approximation for the equilibrium solution U(x; ") to (4.1) is given byU(x; ") � ~u"[x;A0e℄ � A0e + [ub(s)�A0e℄ e
�=" ;(4.12)in an O(") neighborhood near �D. Here we have written the boundary data ub interms of an ar
length 
oordinate s. The 
onstant A0e in (4.12) is undetermined. Thisindetermina
y is 
aused by the exponential ill-
onditioning of the ellipti
 operator in(4.1).For the spe
ial 
ase g(x) = 0, methods to 
al
ulate A0e were given in [11℄ and[18℄. In this 
ase, sin
e the prin
ipal eigenvalue �0 is positive, the equilibrium solutionto (4.1) is stable. Starting from any initial value u0(x), a quasi-equilibrium solutionto (4.1) of the spatial form (4.12) will be obtained on an O(1) time s
ale. On
e thisquasi-equilibrium solution has been formed, it will approa
h its stable equilibriumsolution over an exponentially long time s
ale.To study this metastable motion analyti
ally for an arbitrary g(x) we set u(x; t) =~u"[x; A0(t)℄ + v(x; t) in (4.1) and obtain that v(x; t) satis�esvt = L"v � ~u"t + L"~u" + "�g(x)e�a="(~u" + v) ; x 2 D; t > 0 ;(4.13a) v = ub � ~u" ; x 2 �D ; v(x; 0) = u0(x)� ~u"[x;A0(0)℄ ; x 2 D :(4.13b)We then expand v in terms of the eigenfun
tions �j of (4.3) asv(x; t) = 1Xj=0 
j(t)�j(x) :(4.14)Using the othogonality properties of the eigenfun
tions, we obtain that 
j(t) satis�es
0j + �j
j = (�j ; L"~u")w � Z�D "wv �n�j ds� (�j ; ~u"t )w + "�e�a="(g�j ; ~u" + v)w ;(4.15a)with the initial value 
j(0) = ZD(u0(x) � ~u"[x;A0(0)℄)�jw dx :(4.15b)Here �n denotes the outward normal derivative to �D. Sin
e �0 > 0 and is ex-ponentially small, it is ne
essary that 
0(t) � 0 in order to ensure that v � ~u" overexponentially long time intervals. Thus we require that the right-hand sides of (4.15a)and (4.15b) vanish when j = 0. This leads to the following di�erential equation forA0(t) (�0; ~u"t )w � (�0; L"~u")w � Z�D "wv �n�0 ds+ "�e�a="(g�0; ~u")w ;(4.16a)together with the initial 
onditionZD ~u"[x;A0(0)℄�0wdx = ZD u0(x)�0w dx :(4.16b)
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it ordinary di�erential equation for A0(t), we use the form(4.12) to asymptoti
ally evaluate the various terms in (4.16) for "! 0 . We �rst usethe identity (4.5) to 
al
ulate(�0; L"~u")w = ��0(~u"; �0)w � Z�D "~u"w �n�0 ds :(4.17)Substituting (4.17) into (4.16a), we obtain(�0; ~u"t )w � ��0(~u"; �0)w + "�e�a="(~u"; g�0)w � Z�D "e�	="ub �n�0 ds :(4.18)Next, the inner produ
ts over D are readily evaluated using Lapla
e's method sin
ethe dominant 
ontribution to ea
h of them arises from the region near x = x0. For"! 0, we 
al
ulate that(�0; ~u"t )w � 2�"A00 (H [	(x0)℄)�1=2 ;(4.19a) (~u"; �0)w � 2�"A0 (H [	(x0)℄)�1=2 ;(4.19b) (~u"; g�0)w � 2�"A0g(x0) (H [	(x0)℄)�1=2 :(4.19
)Here A00 � dA0=dt. Substituting (4.19) into (4.18), and 
al
ulating the boundaryintegral in (4.18) asymptoti
ally (as in the 
al
ulation of �0), we obtain that A0(t)satis�es the following limiting di�erential equation for "! 0:A00 � �(�0 � "�g(x0)e�a=")A0(4.20a) +�1e�	?=" NXj=1 ub(sj)j 5	(xj)j�~	00(sj)��1=2 ; in Case 1;A00 � �(�0 � "�g(x0)e�a=")A0 + �2e�	?=" NXj=1 ub(sj)j 5	(xj)jdj ; in Case 2;(4.20b) A00 � �(�0 � "�g(x0)e�a=")A0 + �3e�	?=" ZS ub(s)j 5	j ds ; in Case 3 ;(4.20
)with initial value A0(0) � u0(x0) . The three 
ases are pre
isely those des
ribed inx4.1. Here, x0 is the global minimum of 	 in D[�D , ~	00(sj) is de�ned in (4.9b), and�0 is given in (4.9), (4.10) and (4.11) in Cases 1, 2, and 3, respe
tively. In addition,we have labeled�1 � �H [	(x0)℄2�" �1=2 ; �2 � �( 12p )2�p " 12p�1 (H [	(x0)℄)1=2 ; �3 � (H [	(x0)℄)1=22�" ;(4.21)where H is the Hessian. Moreover, xj 2 �D for j = 1; 2; : : : ; N are those pointswhere 	 is minimized on �D with minimum value 	? � 	(xj) for j = 1; 2; : : : ; N ,and dj de�ned by ~	(s) � ~	(sj) = d�2pj (1 + o(1)) as s ! sj is a 
oeÆ
ient of theTaylor expansion of ~	(s) = 	(x1(s); x2(s)) at a degenerate minimum xj .In summary, for " ! 0 and t� 1, the metastable dynami
s for (4.1) is given byu(x; t) � ~u"[x;A0(t)℄ where ~u"(x;A0) is de�ned by (4.12) and A0(t) satis�es (4.20).
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iently large so that "�g(x0)e� a" < �0, then we obtain from (4.20) thatA0(t)! A0e as t!1 , whereA0e � NXj=1 ub(sj) j 5	(xj)jh~	00(sj)i1=2 0B� NXj=1 j 5	(xj)jh~	00(sj)i1=2 � "�g(x0)�1 e�(a�	?)="1CA�1 in Case 1 ;(4.22a)
A0e � NXj=1 ub(sj)dj j 5	(xj j0� NXj=1 dj j 5	(xj)j � "�g(x0)�2 e�(a�	?)="1A�1 in Case 2 ;(4.22b)

A0e � ZS ub(s)j 5	j ds�ZS j 5	jds� "�g(x0)�3 e�(a�	?)="��1 in Case 3 :(4.22
)From (4.22) it is 
lear that A0e is very sensitive with respe
t to 
hanges in the valueof a when a � 	? .When g(x) � 0 these results for A0e were obtaned in [18℄ using the formal vari-ational method of [11℄ (see also [11℄ for spe
i�
 examples). The results for the time-dependent and steady-state problems given in (4.20) and (4.22) when g(x) 6= 0 arenew.4.3. Two Examples. We now 
onsider two examples of the theory of x4.1 andx4.2.Example 4.1: Let x = (x; y) and let D be the ellipse x2=4 + y2 = 1. Let	(x) = x2 + y2. Then, the minimum of 	 over �D o

urs at x0 = 0. At this point,we 
al
ulate H [	(x0)℄ = 4 so that from (4.21) we get �1 = [2=(�")℄1=2.For this example, there are two points on �D that are 
losest to x0 = 0. Theyare lo
ated at y1 = (0; 1) and y2 = (0;�1). At these points, the 
urvatures �1 and�2 are �1 = �2 = �1=4. Then, from (4.9b), we 
al
ulate ~	00(sj) = 3=2 for j = 1; 2.Sin
e 	� = 1, the estimate (4.9a) for �0 when "� 1 redu
es to�0 � 8 (3�")�1=2 e�1=" :(4.23)For t� 1, we obtain from (4.12) and (4.20) thatu(x; t) � A0(t) + [ub(s)�A0(t)℄ e
�=" ; 
 = 
(s) � r	 � n̂ ����D> 0 ;(4.24)where A0(t) satis�es the limiting di�erential equationA00 � �8 (3�")�1=2 e�1=" "1� p3�8 ! "�+1=2g(0)e�(a�1)="# (A0 �A0e) :(4.25)From (4.22a), the steady-state solution isA0e � 12 [ub(y1) + ub(y2)℄"1� p3�8 ! "�+1=2g(0)e�(a�1)="#�1 :(4.26)Now, from (4.25), we observe that A0(t)! A0e as t!1 if and only if p3�8 ! "�+1=2g(0)e�(a�1)=" < 1 :(4.27)



EXPONENTIALLY ILL-CONDITIONED CONVECTION-DIFFUSION EQUATIONS 345Thus, if � = �1=2 and a > 1, then for "! 0 we have that A0(t)! A0e as t!1 forany initial 
ondition A0(0). However, if � = �1=2 and 0 < a < 1, then A0(t) ! A0eas t ! 1 only when g(0) � 0. In the borderline 
ase where a = 1 and � = �1=2,then limt!1A0(t) = A0e ; when g(0) < 8 (3�)�1=2 ;(4.28)and A0(t)!1 as t!1 when g(0) > 8 (3�)�1=2. Noti
e that when a > 1, thenA0e � 12 [ub(y1) + ub(y2)℄ ;(4.29)is the average of the boundary data at the two 
losest points. This example 
learlyshows that A0(t) and A0e depend supersensitively on a when a � 1 and � = �1=2." A0e (asympoti
s) A0e (numeri
s)0.15 0.47179 0.374960.14 0.47179 0.377270.13 0.47179 0.380610.12 0.47179 0.384360.11 0.47179 0.388790.10 0.47179 0.394310.09 0.47179 0.399430.08 0.47179 0.404210.07 0.47179 0.412400.06 0.47179 0.412740.05 0.47179 0.43011Table 4.1Numeri
al results (using PLTMG) of the 
onstant A0e for Example 4.2 for various " whena = 1=2. The other parameter values are as given in Example 4.2.Example 4.2: Let x = (x; y) and D be the square �1 < x < 1, �1 < y < 1.We let 	 = (x2 + y2)=2, g(x) � �1, and � = �1=2. Then, there are four points on�D that are 
losest to the minimum point x0 = 0 of 	. These points are labeledby y1 = (1; 0), y2 = (�1; 0), y3 = (0; 1), and y4 = (0;�1). We 
al
ulate jr	j and~	00(sj) = 1 at ea
h of these boundary points. Also, 	� = 1=2 and H [	(0)℄ = 1, sothat from (4.21), �1 = (2�")�1=2. Thus, from (4.9a), (4.20), and (4.22a), we obtainthat �0 � 4 (2�")�1=2 e�"�1=2 ;(4.30a) A0e � P4j=1 ub(yj)4 "1 + p2�4 e�(a�1=2)="# ;(4.30b) A00 � �4 (2�")�1=2 e�"�1=2 "1 + p2�4 e�(a�1=2)="# (A0 �A0e) :(4.30
)Finally, we took the boundary data ub = sin2 (2x+ y).For this example, we used the �nite element pa
kage PLTMG [5℄ to obtain fullnumeri
al results for the steady-state value A0e. When a = 1=2, the numeri
al results
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omputed from PLTMG are 
ompared in Table 4 for various values of " withthe 
orresponding asymptoti
 result (4.30b). We observe that the asymptoti
 andnumeri
al results be
ome 
loser only when " is rather small. We expe
t that when" < 0:05 the asymptoti
 and numeri
al results for A0e would 
ompare more favorablythan for the larger values of " shown in Table 4. However, we were unable to verify thispredi
tion 
on
lusively sin
e, due to the exponentially small eigenvalue �0, PLTMGfailed to 
onverge when " < 0:05. Finally, in Table 5, where we 
hose " = 0:07, theasymptoti
 and numeri
al results for A0e are 
ompared for di�erent values of � and a.We would expe
t a more favorable agreement between the asymptoti
 and numeri
alresults if we were able to 
ompute solutions with PLTMG at a smaller value of ".However, Table 5 does indeed show the supersensitivity of A0e to � and a when " issmall. (�; a) A0e (asympoti
s) A0e (numeri
s)(-0.5,.75) 0.754160 0.687259(-0.5,1.0) 0.767067 0.701080(-0.5,1.25) 0.767437 0.701101(-0.5,2.0) 0.767448 0.701112(-0.5,4.0) 0.767448 0.701138(-.25,0.5) 0.580374 0.512519(0.0, 0.5) 0.658303 0.589825(0.5, 0.5) 0.735197 0.667597(1.0, 0.5) 0.758643 0.691938(2.0, 0.5) 0.766825 0.701273(4.0, 0.5) 0.767445 0.701261Table 4.2Numeri
al results (using PLTMG) of the 
onstant A0e for Example 4.2 for various a and �when " = 0:7. The other parameter values are as given in Example 4.2.A
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