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tion. The purpose of the present paper is to study blowup me
ha-nism for a system of paraboli
 equations. It arises in mathemati
al biology to des
ribethe 
hemota
ti
 feature of slime molds.We take the form proposed by Nanjundiah [20℄, simplifying the one previouslygiven by Keller and Segel [14℄. It is stated as follows, where u = u(x; t) and v = v(x; t)stand the density of slime molds and the 
on
entration 
hemi
al substan
es se
retedby them, respe
tively: ut = r � (ru� urv) in 
� (0; T )�vt = �v � av + u in 
� (0; T )�u=�� = �v=�� = 0 on �
� (0; T )ujt=0 = u0(x) in 
vjt=0 = v0(x) in 
(1.1)Here, 
 � R2 denotes a bounded domain with smooth boundary �
, � is the outernormal unit ve
tor, and � > 0 and a > 0 are 
onstants. The initial values u0(x) andv0(x) are smooth, non-negative, and u0 6� 0.The �rst equation des
ribes the 
onservation of mass; the e�e
t of di�usion, ru,and that of 
hemotaxis, urv, are 
ompeting for u to vary. The se
ond equation islinear and indi
ates that the 
hemi
al mateiral v di�uses by itself, is produ
ed by u,and is destroyed by the rate a > 0. The 
onstant � > 0 is small and shows that thetime s
ales for u and v are di�erent.Alt [2℄ approa
hed the problem of modelling from the mi
ros
opi
 point of view. Asto
hasti
 pro
ess was introdu
ed, and the �rst equation was derived from biophysi
aland bio
hemi
al stru
tures of slime molds. System (1.1) is supposed to explain thepro
ess of the 
on
entration of mass and the formation of spores of slime molds.Behavior of the solution global in time is quite important.Unique existen
e, positivity, and regularity of the 
lassi
al solution of (1.1) areassured lo
ally in time by Yagi [26℄ and Biler [3℄. Hen
eforth, Tmax > 0 denotes themaximal time of existen
e for the 
lassi
al solution (u; v).It is easy to see that the �rst 
omponent u preserves L1 norm. We haveku(t)k1 = ku0k1 � �from the �rst equation. This implies also thatkv(t)k1 = e� a� t kv0k1 + a�1 �1� e� a� t��(1.2)from the se
ond equation.The existen
e of Lyapunov fun
tion is to be noted. We haveddtW (u; v) + � Z
 v2t dx+ Z
 u jr (log u� v)j2 dx = 0;(1.3)�Department of Applied Mathemati
s, Fa
ulty of Engineering, Miyazaki University, Japan.yDepartment of Mathemati
s, Graduate S
hool of S
ien
e, Osaka University, Japan.349



350 T. SENBA AND T. SUZUKIwhere W (u; v) = Z
 u logudx� Z
 uvdx+ 12 Z
 �jrvj2 + av2� dx:This formula was found by Nagai, Senba, and Yoshida [18℄, Gajewski and Za
harias[8℄, and Biler [3℄ independently. As a 
onsequen
e, they were able to show that� = ku0k1 < 4� implies Tmax = +1 in use of a variant of the Trudinger-Moserinequality by Chang and Yang [6℄, and also Moser's iteration s
heme (
.f. Alikakos[1℄). This fa
t is referred to as the threshold of the initial mass.Herrero and Vel�azquez [10℄, [11℄ applied the method of mat
hed asymptoti
expansions. They 
onstru
ted a family of radially symmetri
 solutions on 
 =�x 2 R2 j jxj < 1	, satisfyingu(x; t)dx * 8�Æ0(dx) + f(x)dxas t% Tmax < +1 inM(
), where f 2 C(
nf0g)\L1(
) is a non-negative fun
tion.This fa
t is referred to as the 
hemota
ti
 
ollapse of the solution.Those properties, threshold of the initial mass and 
hemota
ti
 
ollapse of thesolution were suspe
ted by Childress and Per
us [7℄. They are regarded as the 
on-sequen
es of the important phenomenon of biology, formation of spores des
ribedabove.The argument of [7℄ is as follows. Consider the stationary problem of (1.1):r � (rU � UrV ) = 0 in 
�V � aV + U = 0 in 
�U=�� = �V=�� = 0 on �
Writing the �rst equation as r � Ur (logU � V ) = 0;we see that logU�V = log� holds with some 
onstant � > 0. In use of the parameter� = kUk1, this relation is indi
ated asU = �eV = Z
 eV dx:Then the ellipti
 eigenvalue problem with non-lo
al term,��V + aV = �eV = Z
 eV dx in 
; �V�� = 0 on �
(1.4)arises from the se
ond equation.Computing numeri
ally, they observed that only 
onstant solutions are admittedas radially symmetri
 solutions on 
 = �x 2 R2 j jxj < 1	 of (1.4), if � 2 (0; 8�).Those 
onsiderations led them to 
onje
ture that � = ku0k1 < 8� implies Tmax = +1in (1.1), while Tmax < +1 
an o

ur if � > 8�, "be
ause blowup solutions shouldhave radially symmetri
 features around blowup points". Remember that a
tually itis shown that � < 4� implies Tmax = +1.The threshold on � = ku0k1 for Tmax = +1 is expe
ted only when the spa
edimension N is two. If N = 1, we always have Tmax = +1. If N = 3, Tmax < +1 
an
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ur regardless of �, and rather interesting features of the solution 
an be observed.See [15℄ and the referen
es therein for those fa
ts 
on
erning other spa
e dimensions.First, J�ager and Lu
khaus [13℄ approa
hed that 
onje
ture rigorously. For amore simpli�ed system they showed that � = ku0k1 � 1 implies Tmax = +1, whileTmax < +1 
an happen when � � 1. Later Nagai [15℄ proved that the 
onje
tureholds in the aÆrmative for radially symmetri
 solutions ofut = r � (ru� urv) in 
� (0; T )0 = �v � av + u in 
� (0; T )�u=�� = �v=�� = 0 on �
� (0; T )ujt=0 = u0(x) in 
:(1.5)System (1.5) is the limiting 
ase of (1.1) as � & 0 and obeys a similar featuresto the one introdu
ed by [13℄. In this situation, � = ku0k1 < 8� implies Tmax = +1,while Tmax < +1 
an o

ur if � > 8�. However, the dis
repan
y between 8� and 4�in radial and non-radial 
ases is essential as the authors have 
lari�ed in [21℄, [25℄,and [22℄.We began the study by re-examining the stationary problem ([21℄). First obser-vation is that problem (1.4) has a variational stru
ture; the solution is 
hara
terizedas a 
riti
al point of the fun
tionalJ�(v) = 12 Z
 �jrvj2 + av2� dx� � log� 1j
j Z
 evdx�of v 2 H1(
). This implies that the linearized operator around a stationary solutionV is realized as a self-adjoint one in L2(
) asso
iated with the bilinear formA(�; �) = Z
 �jr�j2 + a�2 � p�2� dx+ 1� �Z
 p�dx�2of � 2 H1(
), where p = �eV = R
 eV dx. In parti
ular, the linearized stability of V isintrodu
ed in this sense. We also noti
ed that the methods developed in our formerworks on Diri
hlet problem are still valid for this 
ase.Among others are the appli
ation of the 
omplex fun
tion theory to the blowupanalysis of the family of solutions ([19℄), and the use of the rearrangement te
hniquerelative to a round sphere for spe
tral analysis of the linearized operator ([24℄). Con-sequently, we found that the set of stationary solutions C = f(�; V )g of (1.4) is mu
hri
her than the suspe
ted, and some members are taking signi�
ant roles in the non-stationary problem. Many suggestions were obtained su
h as the behaviors global intime, the blowup me
hanism, the dynami
s, and so forth.For instan
e, as is expe
ted from the numeri
al 
omputation, it is a
tually proventhat if 
 = �x 2 R2 j jxj < 1	 and � 2 (0; 8�), ea
h radially symmetri
 stationarysolution is a 
onstant. On the 
ontrary, there is a family of non-radial solutionsbifur
ation from 
onstant solutions in this 
ase. It is absorbed into the hyperplane� = 4� with the singular limit having one singular point on the boundary up to therotation of x around the origin. That bifur
ation o

urs in � < 4� if 0 < a � 1and the bifur
ated solutions are linearized stable. Also it is shown that any solutionis linearized unstable if 0 < � � 4� � 1. We suspe
ted that only some 
onstant isadmitted as a stationary solution for 0 < a� 1 and � 2 (4�; 8�).Those observations to the stationary problem led us to 
onje
ture that the massof generi
 non-stationary solutions 
on
entrates mostly to a point on the boundary



352 T. SENBA AND T. SUZUKIas t ! +1 if 0 < 4� � � � 1 and 0 < a � 1, where � = ku0k1. Furthermore,the blowup solution of (1.1) should have only one blowup point on the boundary if� = ku0k1 2 (4�; 8�) even in the general 
ase. We suspe
ted that "a half spore" willbe 
reated on the boundary in this 
ase.This 
onje
ture, based on a heuristi
 argument, was supported by [25℄ from theviewpoint of dynami
al systems; any linearized stable stationary solution V (x) of J�is dynami
ally stable in (1.1). More pre
isely, if V (x) is a stri
t lo
al minimum of J�,then the 
onditionsku0k1 = �; ku0 � UkL logL � 1; and kv0 � V kH1 � 1imply Tmax = +1 and limt!1 ku(t)� Uk1 = limt!1 kv(t)� V k1 = 0 in (1.1), where U =�eV = R
 eV dx and k � kL logL denotes the Zygmund norm.Key stru
tures for the proof are the following. First, ea
h term of the Lyapunovfun
tionW (u; v) is regarded as a variant of Zygmund norm of u, the paring between uand v, and the H1 norm of v, respe
tively. Next, there are lo
al isomorphism betweenthe Zygmund spa
e L logL and the Hardy spa
e H1, paring between H1 and BMO,and imbedding H1 � BMO. Of 
ourse, the inequalityW (u(t); v(t)) �W (u0; v0) (t 2 [0; Tmax))is made use of. Another observation is that W and J� are so related asW � �evR
 evdx ; v� = J�(v) + � log (� j
j) :See the original paper [25℄ for more details.The blowup me
hanism of (1.5) is now well understood as is expe
ted by [22℄. IfTmax < +1 the blowup set of u,B = �x 2 
 j there exists xk ! x and tk % Tmaxsatisfying u(xk; tk)! +1g ;is �nite. More pre
isely, we have℄ (B \ �
) + 2℄ (B \ 
) � ku0k1 =(4�):Furthermore, there exist a mapping m : B ! [4�;1) with mjB\
 � 8� and a non-negative fun
tion f 2 C(
 n B) \ L1(
) satisfyingu(x; t)dx * Xx02Bm(x0)Æx0(dx) + f(x)dx(1.6)in M(
) as t % Tmax. Deli
ate analysis is made on many pla
es, but a 
an
ellations
heme of the singularity in a redu
ed integral equation is a key stru
ture. Then,some lo
al behaviors of the Green's fun
tion are made use of.The 
ase � > 0 is more diÆ
ult. Pro�le of the 
hemota
ti
 
ollapse (1.6) is provenwhen the Lyapunov fun
tion W is bounded, or u and v are radially symmetri
, or� = 4� ([17℄, [9℄). Right now we expe
t in�nite blowup sets for other 
ases.Another question is the possibility of m(x0) > 8� for x0 2 B \ 
, or m(x0) > 4�for x0 2 B \ �
 in (1.6). It will be studied in a forth
oming paper of us.
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ient 
onditions for Tmax < +1 have been given mostly for (1.5). Inthe present paper, we re�ne the 
ondition of [16℄ 
on
erning the boundary blowup ofthe solution in a �nite time. Another aim is to give an alternative proof of a theoremby Horstmann and Wang [12℄. It is 
on
erned with the blowup (possibly in the in�nitetime) of the solution of (1.1). We believe that the argument presented here is moredetailed. Applying it to (1.5), we shall show that B = fpg and m(p) = 8� o

ur, ifTmax = +1, u and v are radially symmetri
, and p is the 
enter of 
.Our theorems are stated as follows.First, in [21℄, it is shown that if V�'s are solutions to (1.4), �! �0 2 [0;1), andkV�k1 ! +1, then �0 2 4�N. The number of blowup points of this family satis�es℄ (B \ �
) + 2℄ (B \ 
) = �04� :We have j� � fJ�(v) j v solves (1.4) g > �1if � 2 (0;1) n 4�N. The following theorem shows that the blowup of the non-stationary solution o

urs in a �nite or the in�nite time if u0 and v0 satisfyku0k1 = � and W (u0; v0) < j� + � log (� j
j) :(1.7)It is nothing but the one proven by Horstmann and Wang [12℄, but we shall providedi�erent arguments here.Theorem 1. If (1.7) holds, then the solution of (1.1) satis�eslimt%Tmax ku(t)k1 = +1:(1.8)More pre
isely, we havelimt%Tmax Z
 u logudx = limt%Tmax Z
 uvdx= limt%Tmax Z
 jrvj2 dx = limt%Tmax Z
 e�vdx = +1(1.9)for any � > 1. Here the 
ase Tmax = +1 is admitted.If 
 = �x 2 R2 j jxj < 1	, we havejrad;� � fJ�(v) j v is a radial solution of (1.4)g > �1for � 2 (0;1)nf8�g. We 
an �nd a radial fun
tion u0 satisfyingku0k1 = � and W (u0; v0) < jrad;� + � log (� j
j)(1.10)for v0 = (��+ a)�1 u0 similarly. Then, (1.8) or (1.9) holds to the solution u of (1.5).In use of the argument presented in this paper for the previous theorem, we 
an showthe following fa
t.



354 T. SENBA AND T. SUZUKITheorem 2. Let u0 be radially symmetri
 and satisfy (1.10). Then, the solutionu of (1.5) satis�eslimR&0 lim inft%Tmax Zfjxj<Rg udx = limR&0 lim supt%Tmax Zfjxj<Rg udx = 8�if Tmax = +1.Note that if Tmax < +1 and u0 is radially symmetri
, then ℄B = 1 and further-more (1.6) holds with x0 = 0 for the solution u of (1.5). In both 
ases of Tmax = +1and Tmax < +1, the solution develops a singularity like a delta fun
tion at the origin.The last theorem gives a 
riterion for the boudary blowup of the solution u of (1.5)in a �nite time. It is a re�nement of the result obtained by [16℄. Suppose that �
 issmooth at x0 2 �
 so that there exists a 
onformal mapping sending the interse
tionof �
 and a neighborhood of x0 into the real axis.Theorem 3. There exists � > 0 su
h thatZ
\BR(x0) u0(x)dx > 4�and 1R2 Z
\BR(x0) u0(x) jx� x0j2 dx < �imply Tmax < +1 for the solution u of (1.5), whereBR(x0) = �x 2 R2 j jx� x0j < R	for R > 0.Pre
isely, � is determined by � = ku0k1 and ku0kL1(
\BR(x0)). Note that if� 2 (4�; 8�), there exists exa
tly one blowup point on �
.In proving Theorem 2, we make use of the arguments for the proof of Theorems1 and 3. Theorems 1, 2, and 3 are proven in se
tions 2, 4, and 3, respe
tively.2. A blowup 
riterion. This se
tion is devoted to the proof of Theorem 1. Westudy (1.1) for the general domain, taking a = 1 and � = 1 for simpli
ity.In the previous work [23℄, the authors proved (1.9) for the 
ase of Tmax < +1.The argument developed there is valid even for the 
ase of Tmax = +1 iflimt%+1W (u(t); v(t)) = �1is satis�ed. We have only to show (1.9) for the other 
ase,Tmax = +1 and limt%+1W (u(t); v(t)) > �1:(2.1)A
tually, relation (1.8) follows from (1.9).We shall show that (2.1) and (1.7) implylimt%+1 Z
 u logudx = +1:(2.2)
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aue of Z
 u logudx � Z
 uvdx+W (u; v);(2.3)then limt%+1 Z
 uvdx = +1 follows. In use of Young's inequality we have� Z
 uvdx � Z
 u logudx+ e�1 Z
 e�vdx(2.4) � Z
 uvdx+W (u; v) + e�1 Z
 e�vdxand hen
e limt%+1 Z
 e�v(x;t)dx = +1 holds for � > 1. This implieslimt%+1 Z
 jrv(t)j2 dx = +1by Chang-Yang's inequality (see [23℄). The proof will be 
omplete in this way.Suppose the 
ontrary: lim inft%+1 Z
 u logudx < +1. There exist a 
onstant C� > 0and a sequen
e tk % +1 satisfyingZ
 u(tk) logu(tk)dx � C�:Assumption (2.1) now givesZ 10 Z
 �v2t + u jr (logu� v)j2� dxdt < +1:(2.5)Letting k � 1, we may suppose thatZ 1tk Z
 v2t dxdt < 1:In [23℄, the inequalityddt Z
 u logudx � 2K2 ku0k21 + 14 Z
 v2t dx+4 j
j exp�4K2 Z
 u logudx+ 4K2e�1 j
j�(2.6)is shown with a 
onstant K > 0 determined by 
. Take Æ� > 0 satisfyingÆ� n2K2 ku0k21 + 4 j
j exp �4K2 (C� + 1) + 4K2e�1 j
j�o = 14 :For some ~tk 2 (tk; tk + Æ�) we haveZ
 u(t) logu(t)dx < C� + 1 �tk � t < ~tk� :



356 T. SENBA AND T. SUZUKIThen inequality (2.6) impliesZ
 u(~tk) log u(~tk)dx � 14 Z 1tk Z
 v2t dxdt + Z
 u(tk) logu(tk)dx+�2K2 ku0k21 + 4 j
j exp �4K2 (C� + 1) + 4K2e�1 j
j�� �~tk � tk�� C� + 12 :Be
ause t 2 [tk; tk + Æ�℄ 7! Z
 u(t) logu(t)dx is 
ontinuous, this means thatZ
 u(t) logu(t) dx � C� + 1 (tk � t � tk + Æ�) :(2.7)Here, Æ� > 0 is independent of k. We havelimk!1 inft2(tk;tk+Æ�) Z
 �v2t (t) + u(t) jr (logu(t)� v(t))j2� dx� Æ�1� limk!1 Z tk+Æ�tk Z
 �v2t (t) + u(t) jr (logu(t)� v(t))j2� dxdt= 0by (2.5). With some t̂k 2 [tk; tk + Æ�℄ it holds thatlimk!1 Z
 �v2t (t̂k) + u(t̂k) ��r �logu(t̂k)� v(t̂k)���2� dx = 0:(2.8)We have u jr (logu� v)j2 = 4ev ���r �ue�v� 12 ���2 � 4 ���r �ue�v� 12 ���2and hen
e limk!1 



r�u(t̂k)e�v(t̂k)�1=2



2 = 0follows.On the other hand we have Z
 ue�vdx � kuk1 = �. Passing through a subse-quen
e, we get limk!1 1j
j Z
 �u(t̂k)e�v(t̂k)�1=2 dx = C0with a 
onstant C0 � 0. Therefore, Poin
ar�e-Wirtinger's inequality implies�u(t̂k)e�v(t̂k)�1=2 ! C0 in H1(
), and hen
e we haveu(t̂k)e�v(t̂k) ! C20 in Lp(
)(2.9)for any p > 1.
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vt(t̂k)

2 = 0:(2.10)Noting ku(t)k1 = �, we apply an inequality of Brezis and Merle [4℄ to the se
ondequation of (1.1). With some � > 0 it holds thatsupk Z
 e�v(t̂k)dx < +1:Inequalities (2.4) and (2.7) implysupk Z
 u(t̂k)v(t̂k)dx < +1:The se
ond equation of (1.1) gives thatkrvk22 + kvk22 = Z
 uvdx� Z
 vtvdx � Z
 uvdx+ 12 kvtk22 + 12 kvk22 :Relation (2.10) now implies supk 

v(t̂k)

H1(
) < +1:Passing through a subsequen
e, we havev(t̂k)* v1 in H1(
) and ev(t̂k) ! ev1 in Lp(
)(2.11)with some v1 2 H1(
) for p > 1. The latter 
onvergen
e is a 
onsequen
e of the
ompa
t imbedding H1(
) � Lp(
) and Chang-Yang's inequality and details are leftto the reader.We set t = t̂k and make k ! 1 in the se
ond equation of (1.1). Relations (2.9)and (2.11) implyu(t̂k) = �u(t̂k)e�v(t̂k)� � ev(t̂k) ! C20ev1 in Lp(
)for p > 1. In use of (2.10) and (2.11), we get��v1 + v1 = C20ev1 in 
; �v1�� = 0 on �
:Furthermore, equality (1.2) gives kv1k1 = � and hen
e C20 = �= Z
 ev1dx.Letting u1 = �ev1= Z
 ev1dx, we have u(t̂k)! u1 in Lp(
). This implieslimk!1 Z
 u(t̂k) log u(t̂k)dx = Z
 u1 logu1dx:We also have limk!1 Z
 u(t̂k)v(t̂k)dx = Z
 u1v1dx



358 T. SENBA AND T. SUZUKIand lim infk!1 Z
 ���rv(t̂k)��2 + v(t̂k)2� dx � Z
 �jrv1j2 + v21� dx:Those relations 
ontradi
t assumption (1.7) asW (u0; v0) � limk!1W �u(t̂k); v(t̂k)� �W (u1; v1)= J�(v1) + � log (� j
j) � j� + � log (� j
j) :The proof is 
omplete.For solutions of (1.5), inequality (2.3) is improved asZ
 u logudx � 12 Z
 uvdx+W (u; v):This fa
t implies that � 
an be taken as � > 12 in (1.9) in the 
ase of (1.5). Ex
eptfor this improvement, the results stated in Theorem 1 are still valid for solutions of(1.5). A related result is shown in [9℄ for solutions of (1.1).3. Boundary blowup of the solution. This se
tion is devoted to the proofof Therem 3. We study (1.5) on the general domain 
 with �
 suÆ
iently smootharound x0 2 �
, and u denotes the solution. Theorem 3 is proven by lo
alizing theargument of [15℄.There exists a 
onformal mapping X = (X1; X2) de�ned on 
\BR(x0) satisfyingX : 
 \ BR(x0) ! R2+ � �(x1; x2) 2 R2 j x2 > 0	 and X(�
 \ BR(x0)) � �R2+.We have (�X1) = (��) = 0 on �
. Without loss of generality, we 
an assume x0 = 0,�(x0) = (0;�1), and �X�x (x0) = id:(3.1)Let � be a smooth fun
tion de�ned on 
 satisfying the homogeneous Neumannboundary 
ondition. In [22℄, it is shown that���� ddt Z
 u�dx���� � k��k1 ku0k1 + 12 k�̂kL1(
�
) ku0k21holds, where �̂(x; y) = r�(x) � rxG(x; y)+r�(y) � ryG(x; y) with G = G(x; y) beingthe Green's fun
tion for �4+1 with the homogeneous Neumann boundary 
ondition.The following lemma is a 
onsequen
e of Lemma 6 of [22℄.Lemma 3.1. Letting ��(t) = Z
 u(x; t)�(x)dx;we have ���� ddt������ � Lk�kC2(
)(�2 + �) (t 2 [0; Tmax))with a 
onstant L > 0 determined by 
.
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iently small, we take smooth fun
tions �i (i = 1; 2) de�ned onR2 satisfying 0 � �i � 1, �i(x) = � 1 (x 2 B4iR(0))0 (x 62 B2�4iR(0)) ;and ��i=�� = 0 on �
. Letting  i = �4i and m(x) = jX(x)j2 =2, we 
an show thefollowing.Lemma 3.2. We have�����(x; y)� 1� 1(x) 2(y)����� CR�1 (jxj+ jyj) 1=21 (x) 2(y) + CR�1 jyj 2(y)for �(x; y) = [r(m 1)(x) � rxG(x; y)℄ 2(y) + [r(m 1)(y) � ryG(x; y)℄ 2(x)with a 
onstant C > 0 independent of R.Proof. We set (x1; x2)� = (x1;�x2). From the proof of Lemma 6 of [22℄, we haveG(x; y) = 12� log 1jX(x)�X(y)j + 12� log 1jX(x)�X(y)�j +K(x; y)(3.2)for x; y 2 B32R(0) \ 
 with K 2 C1;�(B32R(0) \ 
� B32R(0) \
) and � 2 (0; 1).First, we take the term asso
iated withG1(x; y) = e1(�; �) = 12� log 1j� � �j ;where � = X(x) and � = X(y). Be
ause X is 
onformal, it holds that��X�x � � t��X�x � = �����X�x ���� � id:Letting 
(�) = ���X�x �� and 	i(�) =  i(x), we have�1(x; y) �  2(y)rx(m 1)(x) � rxG1(x; y)+ 2(x)ry(m 1)(y) � ryG1(x; y)= 12
(�)	2(�)r� �j�j2	1(�)� � r�e1(�; �)+12
(�)	2(�)r� �j�j2	1(�)� � r�e1(�; �)= (� � �)4�j� � �j2 � �
(�)	2(�)(2�	1(�) + j�j2r�	1(�))�
(�)	2(�)(2�	1(�) + j�j2r�	1(�))	 :This implies �1 = I + II + III + IV + V withI = 12� 
(�)	1(�)	2(�)



360 T. SENBA AND T. SUZUKIII = (� � �) � �2� j� � �j2 f
(�)	2(�)	1(�)� 
(�)	2(�)	1(�)gIII = (� � �)2�j� � �j2 � r�	1(�)
(�)	2(�)�j�j2 � j�j2�IV = (� � �)4� j� � �j2 � (r�	1(�)�r�	1(�)) 
(�)	2(�) j�j2V = (� � �)4� j� � �j2 � r�	1(�)(
(�)	2(�)� 
(�)	2(�)) j�j2 :In use of (3.1), we get 
(�) = 1 +O(jxj) and hen
eI = 12� (1 +O(jxj)) 1(x) 2(y)follows. Similarly, we obtainII = (� � �) � �2� j� � �j2 f(
(�)� 
(�))	2(�)	1(�)+
(�)	2(�)(	1(�)�	1(�)) + 
(�)(	2(�)�	2(�))	1(�)g= O(j�j)	2(�)	1(�) +O(j�j)O(R�1)	2(�) +O(j�j)O(R�1)	1(�)= O(jyj) � 2(y) 1(x) +O(R�1) 2(y) +O(R�1) 1(y)�III = (� � �)2�j� � �j2 � r�	1(�)
(�)	2(�)(� � �) � (� + �)= O(j�j + j�j)O(r�	1(�))
(�)	2(�)= O(jxj + jyj)O(R�1) 1(x)1=2 2(y)IV = O(j�j2)O(R�2)	2(�) = O(jyj)O(R�1) 2(y)V = O(j�j2)O(R�1)O(r�	1(�)) = O(jyj)O(R�1) 1(y)1=2:We get j�1(x; y)� 12� 1(x) 2(y)j � CR (jxj+ jyj) 1(x)1=2 2(y) + CR jyj 2(y)by  2 �  1=21 .We turn to the term asso
iated withG2(x; y) = e2(�; �) = 12� log 1j� � ��j :Be
ause of � i=�� = 0 on �
, we get�	i��2 �����2=0 = 0(3.3)for i = 1; 2. We obtain�2(x; y) �  2(y)rx(m 1)(x) � rxG2(x; y) +  2(x)rx(m 1)(y) � ryG2(x; y)= 12
(�)	2(�)r�(j�j2	1(�)) � r�e2(�; �)+12
(�)	2(�)r�(j�j2	1(�)) � r�e2(�; �)= V I + V II + V III + IX



PARABOLIC SYSTEM OF CHEMOTAXIS 361with V I = (�1 � �1)2�j� � ��j2 f
(�)�1	1(�)	2(�)� 
(�)�1	1(�)	2(�)gV II = (�1 � �1)4�j� � ��j2 �
(�)j�j2	1�1(�)	2(�)� 
(�)j�j2	1�1(�)	2(�)	V III = (�2 + �2)2�j� � ��j2 f
(�)�2	1(�)	2(�) + 
(�)�2	1(�)	2(�)gIX = (�2 + �2)4�j� � ��j2 �
(�)j�j2	1�2(�)	2(�) + 
(�)j�j2	1�2(�)	2(�)	 :Similarly to G1, the estimatejV I + V II � (�1 � �1)22�j� � ��j2	1(�)	2(�)j� CR�1(jxj+ jyj) 1(x)1=2 2(y) + CR�1jyj 2(y)holds. On the other hand, we haveV III = (�2 + �2)22�j� � ��j2 
(�)	1(�)	2(�)� (�2 + �2)�22�j� � ��j2 f(
(�)� 
(�))	1(�)	2(�)+
(�)(	1(�)�	1(�))	2(�) + 
(�)	1(�)(	2(�)�	2(�))g= (�2 + �2)22�j� � ��j2 
(�)	1(�)	2(�)+(�2 + �2)�22�j� � ��j2O(j� � �j) �	1(�)	2(�) +O(R�1)	2(�)+O(R�1)	1(�)� :Noting (3.3), supp	i � B32R(0), �2 � 0, �2 � 0, and jD�	ij = O(R�j�j), we get	1�2(�) + 	1�2(�) = �2 �1 +O(R�2)O(j�j)� + �2 �1 +O(R�2)O(j�j)�= (�2 + �2) �1 +O(R�2)O(j�j + j�j)�= O(R�1)(�2 + �2):This impliesIX = (�2 + �2)4�j� � ��j2 �(
(�)� 
(�))j�j2	1�2(�)	2(�)+
(�)(j�j2 � j�j2)	1�2(�)	2(�) + 
(�)j�j2(	1�2(�) + 	1�2(�))	2(�)�
(�)j�j2	1�2(�)(	2(�)�	2(�))	= (�2 + �2)4�j� � ��j2 �O(j� � �j)j�j2	1�2(�)	2(�)+
(�)O(j� � �j)O(j�j + j�j)	1�2(�)	2(�)+
(�)j�j2(�2 + �2)O(R�1)	2(�)+
(�)j�j2	1�2(�)O(R�1)O(j� � �j)	= O(R�1)j�j2	1=21 (�)	2(�) +O(R�1)O(j�j+ j�j)	1=21 (�)	2(�)+O(R�1)j�j2	2(�) +O(R�2)j�j2	1=21 (�):



362 T. SENBA AND T. SUZUKIThose relations are summarized asj�2(x; y)� 12� 1(x) 2(y)j � CR (jxj+ jyj) 1(x)1=2 2(y) + CR jyj 2(y):Finally, be
ause K is a C1;� fun
tion, we have 2(y)r(m 1)(x) � rxK(x; y) +  2(y)r(m 1)(y) � ryK(x; y)=  2(y)�O(1)jxj 1(x) +O(R�1)jxj2 1=21 (x)�+ 2(x)�O(1)jyj 1(y) +O(R�1)jyj2 1=21 (y)�= O(1)�jxj 1(x) 2(y) + jxj 1(x)1=2 2(y)�+O(1)�jyj 1(y) 2(x) + jyj 1(y)1=2 2(x)� :The proof is 
omplete.Now, we are able to give the following.Proof of Theorem 3. Sin
e �X1�� = X2 = 0 on �
, we have�m�� = � ��12r� j�j2 �X�x � = �X�� �X= �X2�� �X2 = 0 on �
:Also (3.1) implies that m(x) = 12 jxj2 + O(jxj3), mxi = xi + O(jxj2), and mxixj =Æij +O(jxj) as jxj ! 0.Let I i(t) = Z
 u(x; t)m(x) i(x)dx:The �rst equation of (1.5) givesddt I 1 = Z
 utm 1dx = � Z
(ru� urv) � r(m 1)dx= Z
 u4(m 1)dx+ Z
 urv � r(m 1)dx= I + II:The inequalities jr ij � CR�1 1=2i and j� ij � CR�2 1=2ihold for  i = �4i . We obtainI = Z
 u f 14m+ 2rm � r 1 +m4 1g dx� 2 Z
 u 1dx+ CR�1 Z
 jxj 1=21 udx� 2� 1 + CR�1�I1=2 1 :



PARABOLIC SYSTEM OF CHEMOTAXIS 363The se
ond equation of (1.5) impliesII = Z
 Z
 u(x; t)rxG(x; y) � rx(m 1)(x)u(y; t)dxdy= Z
 Z
 u(x; t) 2(y)rxG(x; y) � rx(m 1)(x)u(y; t)dxdy+ Z
 Z
 u(x; t)(1�  2(y))rxG(x; y) � rx(m 1)(x)u(y; t)dxdy= III + IV:Here, we havedist(supp(1�  2); supp 1) � dist(R2nB16R(0); B8R(0)) = 8Rand hen
e IV � CR�1 Z
 Z
 jxj 1=21 (x)u(x; t)u(y; t)dxdy� CR�1� Z
 jxj 1(x)1=2u(x; t)dx� CR�1�3=2I1=2 1follows. On the other hand, we haveIII = 12 Z
 Z
 u(x; t)�(x; y)u(y; t)dxdy;and Lemma 3.2 impliesjIII � 12�� 1� 2 j� Z
 Z
 u(x; t)12 j�(x; y)� 1� 1(x) 2(y)ju(y; t)dxdy� CR�1��Z
 jxj 1=21 (x)u(x; t)dx + Z
 jyj 2(y)u(y; t)dx�= CR�1� Z
 jxj( 1(x)1=2 +  1(x))u(x; t)dx+CR�1� Z
 jxj( 2(x) �  1(x))u(x; t)dx� CR�1�3=2I1=2 1 + C� Z
( 2(x) �  1(x))u(x; t)dx:Consequently, we obtainIII � 12��2 1 + CR�1�3=2I1=2 1 + C� Z
( 2(x) �  1(x))u(x; t)dx:Those relations are summarized asddtI 1 � 2� 1 � 12��2 1 + C�R�1�3=2I1=2 1 + C��(� 2 � � 1)(3.4)



364 T. SENBA AND T. SUZUKIfor t 2 [0; Tmax) with a 
onstant C� > 0 independent of R.By Lemma 3.1, there exists a 
onstant L > 0 satisfying���� ddt� i���� � LR�2(�2 + �)for i = 1; 2. Letting Æ = � 1(0)� 4� > 0, we take T1 > 0 inLT1(�2 + �)R�2 + C�LT1(�3 + �2)R�2 < Æ=4:This implies j� i(t)� � i(0)j+ C�� j� i(t)� � i(0)j < Æ4(3.5)in parti
ular, where t 2 [0;min(T1; Tmax)).We suppose that � > 0 is so small thatI 1(0) < ÆT12(3.6)and C�R�1�3=2I1=2 2 (0) + 116C�R�2�I 2 (0) < Æ2hold. In this 
ase we haveC�R�1�3=2I 1(0)1=2 + C��(� 2 (0)� � 1(0))� C�R�1�3=2I 2(0)1=2 + 116C�R�2�I 2(0) < Æ2 :(3.7)The right-hand side of (3.4) at t = 0 is less than�2(4� + Æ) Æ4� + Æ2 < �3Æ2 :For t > 0 suÆ
iently small, I 1(t) is monotone de
reasing.We suppose Tmax = +1 and derive a 
ontradi
tion. For this purpose, �rst weshow that I 1 is monotone de
reasing on [0; T1℄. In fa
t, otherwise we have T0 2 (0; T1)satisfying ddtI 1(T0) = 0with I 1 being monotone de
reasing on [0; T0℄. In use of (3.5) with � 1(0) > 4�, wesee that the right-hand side of (3.4) at t = T0 is less than2�� 1(0)� Æ4�� 12� �� 1(0)� Æ4�2 + C�R�1�3=2I 1(0)1=2+C��(� 2(0)� � 1(0))+C�� (j� 1(T0)� � 1(0)j+ j� 2(T0)� � 2(0)j)� � 3Æ8� �4� + 3Æ4 �+ C�R�1�3=2I 1(0)1=2 + C��(� 2 (0)� � 1(0)) + Æ2 :



PARABOLIC SYSTEM OF CHEMOTAXIS 365This implies ddtI 1(T0) < �Æ2by (3.7), a 
ontradi
tion.At the same time we have proven thatddtI 1(t) < �Æ2 (t 2 [0; T1)) :Therefore, (3.6) implies I 1(T1) < 0. This 
ontradi
ts the positivity of the solution,and hen
e Tmax < +1 has been proven. The proof is 
omplete.The 
ase x0 2 
 is treated similarly. IfZBR(x0) u0(x)dx > 8� and 1R2 ZBR(x0) u0(x)jx � x0j2dx < �holds for suÆ
iently small R > 0, then Tmax < +1 follows. Here, � > 0 is a 
onstantdetermined by � = ku0k1 and ku0kL1(BR(x0)).4. Blowup solution in the in�nite time. This se
tion is devoted to the proofof Theorem 2. We study (1.5) for 
 = �x 2 R2 j jxj < 1	. We set a = 1 for simpli
ityand suppose (1.10) with v0 = (��+ 1)�1 u0 and Tmax = +1. The initial value u0and hen
e the solution u(t) are radially symmetri
.In [15℄, the relations supt2[0;+1) ku(t)kL1(
nBR(0)) < +1(4.1)and supt2[0;+1) kv(t)kL1(
nBR(0)) < +1are shown for this 
ase, where R 2 (0; 1) is arbitrary. From the standard ellipti
 andparaboli
 estimates, this implieskukC2;1((
nBR(0))�[0;+1)) < +1 and kvkC2;1((
nBR(0))�[0;+1)) < +1:The following inequality is proven similarly to Lemma 13 of [9℄. We have only tomake use of the ellipti
 estimate instead of Lemma 12 there: Let w be a solution to�4w + w = f in 
�w�� = 0 on �
:Then, it holds that ZBR(0) ewdx � eCkwkLp(
) � ZB2R(0)� 2jxj�� dxfor p > 1 and � = kf+kL1(B2R(0)) =(2�).Now we give the following.



366 T. SENBA AND T. SUZUKIProof of Theorem 2. As is noted at the end of x2, we have (2.3) with � > 1=2 inthis 
ase. Be
ause of (4.1) this implies thatlimt%+1 ZBR(0) e�v(t)dx = +1for R 2 (0; 1). We also have kv(t)kW 1;q(
) = O(1) for q 2 [1; 2) from the se
ondequation of (1.5) in use of ku(t)k1 = � and the L1 estimate ([5℄). This implieslim inft%+1 ZBR(0) udx � 8�from the above estimate on w = �v. We have only to show thatlimR&0 lim supt%+1 ZBR(0) udx � 8�:(4.2)If this is not the 
ase, we havelimR&0 lim supt%+1 ZBR(0) udx > 8�:There exists tk ! +1 and Æ > 0 su
h thatZBR(0) u(tk)dx > 8� + Æfor R 2 (0; 1℄. Passing through a subsequen
e, we get a non-negative radially sym-metri
 fun
tion f 2 L1(
) \ C(
 n f0g) satisfyingu(tk)! f in Lqlo
(
 n f0g)(4.3)for q � 1. Taking " 2 (0; R), we havelim supk!1 ZBR(0) u(x; tk)jxj2dx� lim supk!1 ZB"(0) u(x; tk)jxj2dx+ lim supk!1 ZBR(0)nB"(0) u(x; tk)jxj2dx� �"2 +R2 ZBR(0) f(x)dx:This implies lim supk!1 ZBR(0) u(x; tk)jxj2 � R2 ZBR(0) f(x)dx:Be
ause of f 2 L1(
), any � > 0 admits R 2 (0; 1℄ and an integer k satisfying1R2 ZBR(0) u(x; tk)jxj2dx < �:However, as is noted at the end of x3, those relations imply Tmax < +1, a 
ontradi
-tioin. We have (4.2) and the proof is 
omplete.
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