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P ARABOLIC SYSTEM OF CHEMOT AXIS: BLO WUP IN A FINITE

AND THE INFINITE TIME
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�

AND T AKASHI SUZUKI
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1. In tro duction. The purp ose of the presen t pap er is to study blo wup mec ha-

nism for a system of parab olic equations. It arises in mathematical biology to describ e

the c hemotactic feature of slime molds.

W e tak e the form prop osed b y Nanjundiah [20 ], simplifying the one previously

giv en b y Keller and Segel [14 ]. It is stated as follo ws, where u = u ( x; t ) and v = v ( x; t )

stand the densit y of slime molds and the concen tration c hemical substances secreted

b y them, resp ectiv ely:

u

t

= r � ( r u � u r v ) in 
 � (0 ; T )

� v

t

= � v � av + u in 
 � (0 ; T )

@ u=@ � = @ v =@ � = 0 on @ 
 � (0 ; T )

u j

t =0

= u

0

( x ) in 


v j

t =0

= v

0

( x ) in 
(1.1)

Here, 
 � R

2

denotes a b ounded domain with smo oth b oundary @ 
, � is the outer

normal unit v ector, and � > 0 and a > 0 are constan ts. The initial v alues u

0

( x ) and

v

0

( x ) are smo oth, non-negativ e, and u

0

6� 0.

The �rst equation describ es the conserv ation of mass; the e�ect of di�usion, r u ,

and that of c hemotaxis, u r v , are comp eting for u to v ary . The second equation is

linear and indicates that the c hemical mateiral v di�uses b y itself, is pro duced b y u ,

and is destro y ed b y the rate a > 0. The constan t � > 0 is small and sho ws that the

time scales for u and v are di�eren t.

Alt [2] approac hed the problem of mo delling from the microscopic p oin t of view. A

sto c hastic pro cess w as in tro duced, and the �rst equation w as deriv ed from bioph ysical

and bio c hemical structures of slime molds. System (1.1) is supp osed to explain the

pro cess of the concen tration of mass and the formation of sp ores of slime molds.

Beha vior of the solution global in time is quite imp ortan t.

Unique existence, p ositivit y , and regularit y of the classical solution of (1.1) are

assured lo cally in time b y Y agi [26 ] and Biler [3 ]. Henceforth, T

max

> 0 denotes the

maximal time of existence for the classical solution ( u; v ).

It is easy to see that the �rst comp onen t u preserv es L

1

norm. W e ha v e

k u ( t ) k

1

= k u

0

k

1

� �

from the �rst equation. This implies also that

k v ( t ) k

1

= e

�

a

�

t

k v

0

k

1

+ a

� 1

�

1 � e

�

a

�

t

�

�(1.2)

from the second equation.

The existence of Ly apuno v function is to b e noted. W e ha v e

d

dt

W ( u; v ) + �

Z




v

2

t

dx +

Z




u j r (log u � v ) j

2

dx = 0 ;(1.3)

�
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where

W ( u; v ) =

Z




u log udx �

Z




uv dx +

1

2

Z




�

jr v j

2

+ av

2

�

dx:

This form ula w as found b y Nagai, Sen ba, and Y oshida [18 ], Ga jewski and Zac harias

[8], and Biler [3] indep enden tly . As a consequence, they w ere able to sho w that

� = k u

0

k

1

< 4 � implies T

max

= + 1 in use of a v arian t of the T rudinger-Moser

inequalit y b y Chang and Y ang [6 ], and also Moser's iteration sc heme (c.f. Alik ak os

[1]). This fact is referred to as the thr eshold of the initial mass.

Herrero and V el� azquez [10 ], [11 ] applied the metho d of matc hed asymptotic

expansions. They constructed a family of radially symmetric solutions on 
 =

�

x 2 R

2

j j x j < 1

	

, satisfying

u ( x; t ) dx * 8 � �

0

( dx ) + f ( x ) dx

as t % T

max

< + 1 in M ( 
), where f 2 C ( 
 n f 0 g ) \ L

1

(
) is a non-negativ e function.

This fact is referred to as the chemotactic c ol lapse of the solution.

Those prop erties, threshold of the initial mass and c hemotactic collapse of the

solution w ere susp ected b y Childress and P ercus [7 ]. They are regarded as the con-

sequences of the imp ortan t phenomenon of biology , formation of sp ores describ ed

ab o v e.

The argumen t of [7 ] is as follo ws. Consider the stationary problem of (1.1):

r � ( r U � U r V ) = 0 in 


� V � aV + U = 0 in 


@ U =@ � = @ V =@ � = 0 on @ 


W riting the �rst equation as

r � U r (log U � V ) = 0 ;

w e see that log U � V = log � holds with some constan t � > 0. In use of the parameter

� = k U k

1

, this relation is indicated as

U = �e

V

=

Z




e

V

dx:

Then the elliptic eigen v alue problem with non-lo cal term,

� � V + aV = �e

V

=

Z




e

V

dx in 
 ;

@ V

@ �

= 0 on @ 
(1.4)

arises from the second equation.

Computing n umerically , they observ ed that only constan t solutions are admitted

as radially symmetric solutions on 
 =

�

x 2 R

2

j j x j < 1

	

of (1.4), if � 2 (0 ; 8 � ).

Those considerations led them to conjecture that � = k u

0

k

1

< 8 � implies T

max

= + 1

in (1.1), while T

max

< + 1 can o ccur if � > 8 � , "b ecause blo wup solutions should

ha v e radially symmetric features around blo wup p oin ts". Remem b er that actually it

is sho wn that � < 4 � implies T

max

= + 1 .

The threshold on � = k u

0

k

1

for T

max

= + 1 is exp ected only when the space

dimension N is t w o. If N = 1, w e alw a ys ha v e T

max

= + 1 . If N = 3, T

max

< + 1 can
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o ccur regardless of � , and rather in teresting features of the solution can b e observ ed.

See [15 ] and the references therein for those facts concerning other space dimensions.

First, J• ager and Luc khaus [13 ] approac hed that conjecture rigorously . F or a

more simpli�ed system they sho w ed that � = k u

0

k

1

� 1 implies T

max

= + 1 , while

T

max

< + 1 can happ en when � � 1. Later Nagai [15 ] pro v ed that the conjecture

holds in the a�rmativ e for radially symmetric solutions of

u

t

= r � ( r u � u r v ) in 
 � (0 ; T )

0 = � v � av + u in 
 � (0 ; T )

@ u=@ � = @ v =@ � = 0 on @ 
 � (0 ; T )

u j

t =0

= u

0

( x ) in 
 :(1.5)

System (1.5) is the limiting case of (1.1) as � & 0 and ob eys a similar features

to the one in tro duced b y [13 ]. In this situation, � = k u

0

k

1

< 8 � implies T

max

= + 1 ,

while T

max

< + 1 can o ccur if � > 8 � . Ho w ev er, the discrepancy b et w een 8 � and 4 �

in radial and non-radial cases is essen tial as the authors ha v e clari�ed in [21 ], [25 ],

and [22].

W e b egan the study b y re-examining the stationary problem ([21 ]). First obser-

v ation is that problem (1.4) has a v ariational structure; the solution is c haracterized

as a critical p oin t of the functional

J

�

( v ) =

1

2

Z




�

jr v j

2

+ av

2

�

dx � � log

�

1

j 
 j

Z




e

v

dx

�

of v 2 H

1

(
). This implies that the linearized op erator around a stationary solution

V is realized as a self-adjoin t one in L

2

(
) asso ciated with the bilinear form

A ( �; � ) =

Z




�

jr � j

2

+ a�

2

� p�

2

�

dx +

1

�

�

Z




p�dx

�

2

of � 2 H

1

(
), where p = �e

V

=

R




e

V

dx . In particular, the linearized stabilit y of V is

in tro duced in this sense. W e also noticed that the metho ds dev elop ed in our former

w orks on Diric hlet problem are still v alid for this case.

Among others are the application of the complex function theory to the blo wup

analysis of the family of solutions ([19 ]), and the use of the rearrangemen t tec hnique

relativ e to a round sphere for sp ectral analysis of the linearized op erator ([24 ]). Con-

sequen tly , w e found that the set of stationary solutions C = f ( �; V ) g of (1.4) is m uc h

ric her than the susp ected, and some mem b ers are taking signi�can t roles in the non-

stationary problem. Man y suggestions w ere obtained suc h as the b eha viors global in

time, the blo wup mec hanism, the dynamics, and so forth.

F or instance, as is exp ected from the n umerical computation, it is actually pro v en

that if 
 =

�

x 2 R

2

j j x j < 1

	

and � 2 (0 ; 8 � ), eac h radially symmetric stationary

solution is a constan t. On the con trary , there is a family of non-radial solutions

bifurcation from constan t solutions in this case. It is absorb ed in to the h yp erplane

� = 4 � with the singular limit ha ving one singular p oin t on the b oundary up to the

rotation of x around the origin. That bifurcation o ccurs in � < 4 � if 0 < a � 1

and the bifurcated solutions are linearized stable. Also it is sho wn that an y solution

is linearized unstable if 0 < � � 4 � � 1. W e susp ected that only some constan t is

admitted as a stationary solution for 0 < a � 1 and � 2 (4 � ; 8 � ).

Those observ ations to the stationary problem led us to conjecture that the mass

of generic non-stationary solutions concen trates mostly to a p oin t on the b oundary
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as t ! + 1 if 0 < 4 � � � � 1 and 0 < a � 1, where � = k u

0

k

1

. F urthermore,

the blo wup solution of (1.1) should ha v e only one blo wup p oin t on the b oundary if

� = k u

0

k

1

2 (4 � ; 8 � ) ev en in the general case. W e susp ected that "a half sp ore" will

b e created on the b oundary in this case.

This conjecture, based on a heuristic argumen t, w as supp orted b y [25 ] from the

viewp oin t of dynamical systems; an y linearized stable stationary solution V ( x ) of J

�

is dynamically stable in (1.1). More precisely , if V ( x ) is a strict lo cal minim um of J

�

,

then the conditions

k u

0

k

1

= �; k u

0

� U k

L log L

� 1 ; and k v

0

� V k

H

1

� 1

imply T

max

= + 1 and lim

t !1

k u ( t ) � U k

1

= lim

t !1

k v ( t ) � V k

1

= 0 in (1.1), where U =

�e

V

=

R




e

V

dx and k � k

L log L

denotes the Zygm und norm.

Key structures for the pro of are the follo wing. First, eac h term of the Ly apuno v

function W ( u; v ) is regarded as a v arian t of Zygm und norm of u , the paring b et w een u

and v , and the H

1

norm of v , resp ectiv ely . Next, there are lo cal isomorphism b et w een

the Zygm und space L log L and the Hardy space H

1

, paring b et w een H

1

and BMO,

and im b edding H

1

� BMO . Of course, the inequalit y

W ( u ( t ) ; v ( t )) � W ( u

0

; v

0

) ( t 2 [0 ; T

max

))

is made use of. Another observ ation is that W and J

�

are so related as

W

�

�e

v

R




e

v

dx

; v

�

= J

�

( v ) + � log ( � j 
 j ) :

See the original pap er [25 ] for more details.

The blo wup mec hanism of (1.5) is no w w ell understo o d as is exp ected b y [22 ]. If

T

max

< + 1 the blo wup set of u ,

B =

�

x 2 
 j there exists x

k

! x and t

k

% T

max

satisfying u ( x

k

; t

k

) ! + 1g ;

is �nite. More precisely , w e ha v e

] ( B \ @ 
) + 2 ] ( B \ 
) � k u

0

k

1

= (4 � ) :

F urthermore, there exist a mapping m : B ! [4 � ; 1 ) with m j

B \ 


� 8 � and a non-

negativ e function f 2 C ( 
 n B ) \ L

1

(
) satisfying

u ( x; t ) dx *

X

x

0

2B

m ( x

0

) �

x

0

( dx ) + f ( x ) dx(1.6)

in M ( 
) as t % T

max

. Delicate analysis is made on man y places, but a cancellation

sc heme of the singularit y in a reduced in tegral equation is a k ey structure. Then,

some lo cal b eha viors of the Green's function are made use of.

The case � > 0 is more di�cult. Pro�le of the c hemotactic collapse (1.6) is pro v en

when the Ly apuno v function W is b ounded, or u and v are radially symmetric, or

� = 4 � ([17 ], [9 ]). Righ t no w w e exp ect in�nite blo wup sets for other cases.

Another question is the p ossibilit y of m ( x

0

) > 8 � for x

0

2 B \ 
, or m ( x

0

) > 4 �

for x

0

2 B \ @ 
 in (1.6). It will b e studied in a forthcoming pap er of us.
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So far, su�cien t conditions for T

max

< + 1 ha v e b een giv en mostly for (1.5). In

the presen t pap er, w e re�ne the condition of [16 ] concerning the b oundary blo wup of

the solution in a �nite time. Another aim is to giv e an alternativ e pro of of a theorem

b y Horstmann and W ang [12 ]. It is concerned with the blo wup (p ossibly in the in�nite

time) of the solution of (1.1). W e b eliev e that the argumen t presen ted here is more

detailed. Applying it to (1.5), w e shall sho w that B = f p g and m ( p ) = 8 � o ccur, if

T

max

= + 1 , u and v are radially symmetric, and p is the cen ter of 
.

Our theorems are stated as follo ws.

First, in [21 ], it is sho wn that if V

�

's are solutions to (1.4), � ! �

0

2 [0 ; 1 ), and

k V

�

k

1

! + 1 , then �

0

2 4 � N . The n um b er of blo wup p oin ts of this family satis�es

] ( B \ @ 
) + 2 ] ( B \ 
) =

�

0

4 �

:

W e ha v e

j

�

� f J

�

( v ) j v solv es (1.4) g > �1

if � 2 (0 ; 1 ) n 4 � N . The follo wing theorem sho ws that the blo wup of the non-

stationary solution o ccurs in a �nite or the in�nite time if u

0

and v

0

satisfy

k u

0

k

1

= � and W ( u

0

; v

0

) < j

�

+ � log ( � j 
 j ) :(1.7)

It is nothing but the one pro v en b y Horstmann and W ang [12 ], but w e shall pro vide

di�eren t argumen ts here.

Theorem 1. If (1.7) holds, then the solution of (1.1) satis�es

lim

t % T

max

k u ( t ) k

1

= + 1 :(1.8)

Mor e pr e cisely, we have

lim

t % T

max

Z




u log udx = lim

t % T

max

Z




uv dx

= lim

t % T

max

Z




jr v j

2

dx = lim

t % T

max

Z




e

�v

dx = + 1(1.9)

for any � > 1 . Her e the c ase T

max

= + 1 is admitte d.

If 
 =

�

x 2 R

2

j j x j < 1

	

, w e ha v e

j

r ad;�

� f J

�

( v ) j v is a radial solution of (1.4) g > �1

for � 2 (0 ; 1 ) nf 8 � g . W e can �nd a radial function u

0

satisfying

k u

0

k

1

= � and W ( u

0

; v

0

) < j

r ad;�

+ � log ( � j 
 j )(1.10)

for v

0

= ( � � + a )

� 1

u

0

similarly . Then, (1.8) or (1.9) holds to the solution u of (1.5).

In use of the argumen t presen ted in this pap er for the previous theorem, w e can sho w

the follo wing fact.
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Theorem 2. L et u

0

b e r adial ly symmetric and satisfy (1.10). Then, the solution

u of (1.5) satis�es

lim

R & 0

lim inf

t % T

max

Z

fj x j <R g

udx = lim

R & 0

lim sup

t % T

max

Z

fj x j <R g

udx = 8 �

if T

max

= + 1 .

Note that if T

max

< + 1 and u

0

is radially symmetric, then ] B = 1 and further-

more (1.6) holds with x

0

= 0 for the solution u of (1.5). In b oth cases of T

max

= + 1

and T

max

< + 1 , the solution dev elops a singularit y lik e a delta function at the origin.

The last theorem giv es a criterion for the b oudary blo wup of the solution u of (1.5)

in a �nite time. It is a re�nemen t of the result obtained b y [16 ]. Supp ose that @ 
 is

smo oth at x

0

2 @ 
 so that there exists a conformal mapping sending the in tersection

of @ 
 and a neigh b orho o d of x

0

in to the real axis.

Theorem 3. Ther e exists � > 0 such that

Z


 \ B

R

( x

0

)

u

0

( x ) dx > 4 �

and

1

R

2

Z


 \ B

R

( x

0

)

u

0

( x ) j x � x

0

j

2

dx < �

imply T

max

< + 1 for the solution u of (1.5), wher e

B

R

( x

0

) =

�

x 2 R

2

j j x � x

0

j < R

	

for R > 0 .

Precisely , � is determined b y � = k u

0

k

1

and k u

0

k

L

1

(
 \ B

R

( x

0

))

. Note that if

� 2 (4 � ; 8 � ), there exists exactly one blo wup p oin t on @ 
.

In pro ving Theorem 2, w e mak e use of the argumen ts for the pro of of Theorems

1 and 3. Theorems 1, 2, and 3 are pro v en in sections 2, 4, and 3, resp ectiv ely .

2. A blo wup criterion. This section is dev oted to the pro of of Theorem 1. W e

study (1.1) for the general domain, taking a = 1 and � = 1 for simplicit y .

In the previous w ork [23 ], the authors pro v ed (1.9) for the case of T

max

< + 1 .

The argumen t dev elop ed there is v alid ev en for the case of T

max

= + 1 if

lim

t % + 1

W ( u ( t ) ; v ( t )) = �1

is satis�ed. W e ha v e only to sho w (1.9) for the other case,

T

max

= + 1 and lim

t % + 1

W ( u ( t ) ; v ( t )) > �1 :(2.1)

Actually , relation (1.8) follo ws from (1.9).

W e shall sho w that (2.1) and (1.7) imply

lim

t % + 1

Z




u log udx = + 1 :(2.2)
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Becaue of

Z




u log udx �

Z




uv dx + W ( u; v ) ;(2.3)

then lim

t % + 1

Z




uv dx = + 1 follo ws. In use of Y oung's inequalit y w e ha v e

�

Z




uv dx �

Z




u log udx + e

� 1

Z




e

�v

dx(2.4)

�

Z




uv dx + W ( u; v ) + e

� 1

Z




e

�v

dx

and hence lim

t % + 1

Z




e

�v ( x;t )

dx = + 1 holds for � > 1. This implies

lim

t % + 1

Z




jr v ( t ) j

2

dx = + 1

b y Chang-Y ang's inequalit y (see [23 ]). The pro of will b e complete in this w a y .

Supp ose the con trary: lim inf

t % + 1

Z




u log udx < + 1 . There exist a constan t C

�

> 0

and a sequence t

k

% + 1 satisfying

Z




u ( t

k

) log u ( t

k

) dx � C

�

:

Assumption (2.1) no w giv es

Z

1

0

Z




�

v

2

t

+ u jr (log u � v ) j

2

�

dxdt < + 1 :(2.5)

Letting k � 1, w e ma y supp ose that

Z

1

t

k

Z




v

2

t

dxdt < 1 :

In [23 ], the inequalit y

d

dt

Z




u log udx � 2 K

2

k u

0

k

2

1

+

1

4

Z




v

2

t

dx

+4 j 
 j exp

�

4 K

2

Z




u log udx + 4 K

2

e

� 1

j 
 j

�

(2.6)

is sho wn with a constan t K > 0 determined b y 
. T ak e �

�

> 0 satisfying

�

�

n

2 K

2

k u

0

k

2

1

+ 4 j 
 j exp

�

4 K

2

( C

�

+ 1) + 4 K

2

e

� 1

j 
 j

�

o

=

1

4

:

F or some

~

t

k

2 ( t

k

; t

k

+ �

�

) w e ha v e

Z




u ( t ) log u ( t ) dx < C

�

+ 1

�

t

k

� t <

~

t

k

�

:
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Then inequalit y (2.6) implies

Z




u (

~

t

k

) log u (

~

t

k

) dx �

1

4

Z

1

t

k

Z




v

2

t

dxdt +

Z




u ( t

k

) log u ( t

k

) dx

+

�

2 K

2

k u

0

k

2

1

+ 4 j 
 j exp

�

4 K

2

( C

�

+ 1) + 4 K

2

e

� 1

j 
 j

�

�

�

~

t

k

� t

k

�

� C

�

+

1

2

:

Because t 2 [ t

k

; t

k

+ �

�

] 7!

Z




u ( t ) log u ( t ) dx is con tin uous, this means that

Z




u ( t ) log u ( t ) dx � C

�

+ 1 ( t

k

� t � t

k

+ �

�

) :(2.7)

Here, �

�

> 0 is indep enden t of k . W e ha v e

lim

k !1

inf

t 2 ( t

k

;t

k

+ �

�

)

Z




�

v

2

t

( t ) + u ( t ) jr ( log u ( t ) � v ( t )) j

2

�

dx

� �

� 1

�

lim

k !1

Z

t

k

+ �

�

t

k

Z




�

v

2

t

( t ) + u ( t ) jr ( log u ( t ) � v ( t )) j

2

�

dxdt

= 0

b y (2.5). With some

^

t

k

2 [ t

k

; t

k

+ �

�

] it holds that

lim

k !1

Z




�

v

2

t

(

^

t

k

) + u (

^

t

k

)

�

�

r

�

log u (

^

t

k

) � v (

^

t

k

)

�

�

�

2

�

dx = 0 :(2.8)

W e ha v e

u j r ( log u � v ) j

2

= 4 e

v

�

�

�

r

�

ue

� v

�

1

2

�

�

�

2

� 4

�

�

�

r

�

ue

� v

�

1

2

�

�

�

2

and hence

lim

k !1













r

�

u (

^

t

k

) e

� v (

^

t

k

)

�

1 = 2













2

= 0

follo ws.

On the other hand w e ha v e

Z




ue

� v

dx � k u k

1

= � . P assing through a subse-

quence, w e get

lim

k !1

1

j 
 j

Z




�

u (

^

t

k

) e

� v (

^

t

k

)

�

1 = 2

dx = C

0

with a constan t C

0

� 0. Therefore, P oincar � e-Wirtinger's inequalit y implies

�

u (

^

t

k

) e

� v (

^

t

k

)

�

1 = 2

! C

0

in H

1

(
), and hence w e ha v e

u (

^

t

k

) e

� v (

^

t

k

)

! C

2

0

in L

p

(
)(2.9)

for an y p > 1.
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Relation (2.8) giv es

lim

k !1







v

t

(

^

t

k

)







2

= 0 :(2.10)

Noting k u ( t ) k

1

= � , w e apply an inequalit y of Brezis and Merle [4 ] to the second

equation of (1.1). With some � > 0 it holds that

sup

k

Z




e

�v (

^

t

k

)

dx < + 1 :

Inequalities (2.4) and (2.7) imply

sup

k

Z




u (

^

t

k

) v (

^

t

k

) dx < + 1 :

The second equation of (1.1) giv es that

kr v k

2

2

+ k v k

2

2

=

Z




uv dx �

Z




v

t

v dx �

Z




uv dx +

1

2

k v

t

k

2

2

+

1

2

k v k

2

2

:

Relation (2.10) no w implies

sup

k







v (

^

t

k

)







H

1

(
)

< + 1 :

P assing through a subsequence, w e ha v e

v (

^

t

k

) * v

1

in H

1

(
) and e

v (

^

t

k

)

! e

v

1

in L

p

(
)(2.11)

with some v

1

2 H

1

(
) for p > 1. The latter con v ergence is a consequence of the

compact im b edding H

1

(
) � L

p

(
) and Chang-Y ang's inequalit y and details are left

to the reader.

W e set t =

^

t

k

and mak e k ! 1 in the second equation of (1.1). Relations (2.9)

and (2.11) imply

u (

^

t

k

) =

�

u (

^

t

k

) e

� v (

^

t

k

)

�

� e

v (

^

t

k

)

! C

2

0

e

v

1

in L

p

(
)

for p > 1. In use of (2.10) and (2.11), w e get

� � v

1

+ v

1

= C

2

0

e

v

1

in 
 ;

@ v

1

@ �

= 0 on @ 
 :

F urthermore, equalit y (1.2) giv es k v

1

k

1

= � and hence C

2

0

= �=

Z




e

v

1

dx .

Letting u

1

= �e

v

1

=

Z




e

v

1

dx , w e ha v e u (

^

t

k

) ! u

1

in L

p

(
). This implies

lim

k !1

Z




u (

^

t

k

) log u (

^

t

k

) dx =

Z




u

1

log u

1

dx:

W e also ha v e

lim

k !1

Z




u (

^

t

k

) v (

^

t

k

) dx =

Z




u

1

v

1

dx
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and

lim inf

k !1

Z




�

�

�

r v (

^

t

k

)

�

�

2

+ v (

^

t

k

)

2

�

dx �

Z




�

jr v

1

j

2

+ v

2

1

�

dx:

Those relations con tradict assumption (1.7) as

W ( u

0

; v

0

) � lim

k !1

W

�

u (

^

t

k

) ; v (

^

t

k

)

�

� W ( u

1

; v

1

)

= J

�

( v

1

) + � log ( � j 
 j ) � j

�

+ � log ( � j 
 j ) :

The pro of is complete.

F or solutions of (1.5), inequalit y (2.3) is impro v ed as

Z




u log udx �

1

2

Z




uv dx + W ( u; v ) :

This fact implies that � can b e tak en as � >

1

2

in (1.9) in the case of (1.5). Except

for this impro v emen t, the results stated in Theorem 1 are still v alid for solutions of

(1.5). A related result is sho wn in [9] for solutions of (1.1).

3. Boundary blo wup of the solution. This section is dev oted to the pro of

of Therem 3. W e study (1.5) on the general domain 
 with @ 
 su�cien tly smo oth

around x

0

2 @ 
, and u denotes the solution. Theorem 3 is pro v en b y lo calizing the

argumen t of [15 ].

There exists a conformal mapping X = ( X

1

; X

2

) de�ned on 
 \ B

R

( x

0

) satisfying

X : 
 \ B

R

( x

0

) ! R

2

+

�

�

( x

1

; x

2

) 2 R

2

j x

2

> 0

	

and X ( @ 
 \ B

R

( x

0

)) � @ R

2

+

.

W e ha v e ( @ X

1

) = ( @ � ) = 0 on @ 
. Without loss of generalit y , w e can assume x

0

= 0,

� ( x

0

) = (0 ; � 1), and

@ X

@ x

( x

0

) = id :(3.1)

Let � b e a smo oth function de�ned on 
 satisfying the homogeneous Neumann

b oundary condition. In [22 ], it is sho wn that

�

�

�

�

d

dt

Z




u�dx

�

�

�

�

� k � � k

1

k u

0

k

1

+

1

2

k ^� k

L

1

(
 � 
)

k u

0

k

2

1

holds, where ^� ( x; y ) = r � ( x ) � r

x

G ( x; y ) + r � ( y ) � r

y

G ( x; y ) with G = G ( x; y ) b eing

the Green's function for �4 + 1 with the homogeneous Neumann b oundary condition.

The follo wing lemma is a consequence of Lemma 6 of [22 ].

Lemma 3.1. L etting

�

�

( t ) =

Z




u ( x; t ) � ( x ) dx;

we have

�

�

�

�

d

dt

�

�

�

�

�

�

� L k � k

C

2

(
)

( �

2

+ � ) ( t 2 [0 ; T

max

))

with a c onstant L > 0 determine d by 
 .
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Giv en R > 0 su�cien tly small, w e tak e smo oth functions �

i

( i = 1 ; 2) de�ned on

R

2

satisfying 0 � �

i

� 1,

�

i

( x ) =

�

1 ( x 2 B

4

i

R

(0))

0 ( x 62 B

2 � 4

i

R

(0)) ;

and @ �

i

=@ � = 0 on @ 
. Letting  

i

= �

4

i

and m ( x ) = j X ( x ) j

2

= 2, w e can sho w the

follo wing.

Lemma 3.2. We have

�

�

�

�

� ( x; y ) �

1

�

 

1

( x )  

2

( y )

�

�

�

�

� C R

� 1

( j x j + j y j )  

1 = 2

1

( x )  

2

( y ) + C R

� 1

j y j  

2

( y )

for

� ( x; y ) = [ r ( m 

1

)( x ) � r

x

G ( x; y )]  

2

( y ) + [ r ( m 

1

)( y ) � r

y

G ( x; y )]  

2

( x )

with a c onstant C > 0 indep endent of R .

Pr o of. W e set ( x

1

; x

2

)

�

= ( x

1

; � x

2

). F rom the pro of of Lemma 6 of [22 ], w e ha v e

G ( x; y ) =

1

2 �

log

1

j X ( x ) � X ( y ) j

+

1

2 �

log

1

j X ( x ) � X ( y )

�

j

+ K ( x; y )(3.2)

for x; y 2 B

32 R

(0) \ 
 with K 2 C

1 ;�

( B

32 R

(0) \ 
 � B

32 R

(0) \ 
) and � 2 (0 ; 1).

First, w e tak e the term asso ciated with

G

1

( x; y ) = e

1

( � ; � ) =

1

2 �

log

1

j � � � j

;

where � = X ( x ) and � = X ( y ). Because X is conformal, it holds that

�

@ X

@ x

�

�

t

�

@ X

@ x

�

=

�

�

�

�

@ X

@ x

�

�

�

�

� id :

Letting c ( � ) =

�

�

@ X

@ x

�

�

and 	

i

( � ) =  

i

( x ), w e ha v e

�

1

( x; y ) �  

2

( y ) r

x

( m 

1

)( x ) � r

x

G

1

( x; y )

+  

2

( x ) r

y

( m 

1

)( y ) � r

y

G

1

( x; y )

=

1

2

c ( � )	

2

( � ) r

�

�

j � j

2

	

1

( � )

�

� r

�

e

1

( � ; � )

+

1

2

c ( � )	

2

( � ) r

�

�

j � j

2

	

1

( � )

�

� r

�

e

1

( � ; � )

=

( � � � )

4 � j � � � j

2

�

�

c ( � )	

2

( � )(2 � 	

1

( � ) + j � j

2

r

�

	

1

( � ))

� c ( � )	

2

( � )(2 � 	

1

( � ) + j � j

2

r

�

	

1

( � ))

	

:

This implies �

1

= I + I I + I I I + I V + V with

I =

1

2 �

c ( � )	

1

( � )	

2

( � )
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I I =

( � � � ) � �

2 � j � � � j

2

f c ( � )	

2

( � )	

1

( � ) � c ( � )	

2

( � )	

1

( � ) g

I I I =

( � � � )

2 � j � � � j

2

� r

�

	

1

( � ) c ( � )	

2

( � )

�

j � j

2

� j � j

2

�

I V =

( � � � )

4 � j � � � j

2

� ( r

�

	

1

( � ) � r

�

	

1

( � )) c ( � )	

2

( � ) j � j

2

V =

( � � � )

4 � j � � � j

2

� r

�

	

1

( � )( c ( � )	

2

( � ) � c ( � )	

2

( � )) j � j

2

:

In use of (3.1), w e get c ( � ) = 1 + O ( j x j ) and hence

I =

1

2 �

(1 + O ( j x j ))  

1

( x )  

2

( y )

follo ws. Similarly , w e obtain

I I =

( � � � ) � �

2 � j � � � j

2

f ( c ( � ) � c ( � ))	

2

( � )	

1

( � )

+ c ( � )	

2

( � )(	

1

( � ) � 	

1

( � )) + c ( � )(	

2

( � ) � 	

2

( � ))	

1

( � ) g

= O ( j � j )	

2

( � )	

1

( � ) + O ( j � j ) O ( R

� 1

)	

2

( � ) + O ( j � j ) O ( R

� 1

)	

1

( � )

= O ( j y j )

�

 

2

( y )  

1

( x ) + O ( R

� 1

)  

2

( y ) + O ( R

� 1

)  

1

( y )

�

I I I =

( � � � )

2 � j � � � j

2

� r

�

	

1

( � ) c ( � )	

2

( � )( � � � ) � ( � + � )

= O ( j � j + j � j ) O ( r

�

	

1

( � )) c ( � )	

2

( � )

= O ( j x j + j y j ) O ( R

� 1

)  

1

( x )

1 = 2

 

2

( y )

I V = O ( j � j

2

) O ( R

� 2

)	

2

( � ) = O ( j y j ) O ( R

� 1

)  

2

( y )

V = O ( j � j

2

) O ( R

� 1

) O ( r

�

	

1

( � )) = O ( j y j ) O ( R

� 1

)  

1

( y )

1 = 2

:

W e get

j �

1

( x; y ) �

1

2 �

 

1

( x )  

2

( y ) j �

C

R

( j x j + j y j )  

1

( x )

1 = 2

 

2

( y ) +

C

R

j y j  

2

( y )

b y  

2

�  

1 = 2

1

.

W e turn to the term asso ciated with

G

2

( x; y ) = e

2

( � ; � ) =

1

2 �

log

1

j � � �

�

j

:

Because of @  

i

=@ � = 0 on @ 
, w e get

@ 	

i

@ �

2

�

�

�

�

�

2

=0

= 0(3.3)

for i = 1 ; 2. W e obtain

�

2

( x; y ) �  

2

( y ) r

x

( m 

1

)( x ) � r

x

G

2

( x; y ) +  

2

( x ) r

x

( m 

1

)( y ) � r

y

G

2

( x; y )

=

1

2

c ( � )	

2

( � ) r

�

( j � j

2

	

1

( � )) � r

�

e

2

( � ; � )

+

1

2

c ( � )	

2

( � ) r

�

( j � j

2

	

1

( � )) � r

�

e

2

( � ; � )

= V I + V I I + V I I I + I X
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with

V I =

( �

1

� �

1

)

2 � j � � �

�

j

2

f c ( � ) �

1

	

1

( � )	

2

( � ) � c ( � ) �

1

	

1

( � )	

2

( � ) g

V I I =

( �

1

� �

1

)

4 � j � � �

�

j

2

�

c ( � ) j � j

2

	

1 �

1

( � )	

2

( � ) � c ( � ) j � j

2

	

1 �

1

( � )	

2

( � )

	

V I I I =

( �

2

+ �

2

)

2 � j � � �

�

j

2

f c ( � ) �

2

	

1

( � )	

2

( � ) + c ( � ) �

2

	

1

( � )	

2

( � ) g

I X =

( �

2

+ �

2

)

4 � j � � �

�

j

2

�

c ( � ) j � j

2

	

1 �

2

( � )	

2

( � ) + c ( � ) j � j

2

	

1 �

2

( � )	

2

( � )

	

:

Similarly to G

1

, the estimate

j V I + V I I �

( �

1

� �

1

)

2

2 � j � � �

�

j

2

	

1

( � )	

2

( � ) j

� C R

� 1

( j x j + j y j )  

1

( x )

1 = 2

 

2

( y ) + C R

� 1

j y j  

2

( y )

holds. On the other hand, w e ha v e

V I I I =

( �

2

+ �

2

)

2

2 � j � � �

�

j

2

c ( � )	

1

( � )	

2

( � )

�

( �

2

+ �

2

) �

2

2 � j � � �

�

j

2

f ( c ( � ) � c ( � ))	

1

( � )	

2

( � )

+ c ( � )(	

1

( � ) � 	

1

( � ))	

2

( � ) + c ( � )	

1

( � )(	

2

( � ) � 	

2

( � )) g

=

( �

2

+ �

2

)

2

2 � j � � �

�

j

2

c ( � )	

1

( � )	

2

( � )

+

( �

2

+ �

2

) �

2

2 � j � � �

�

j

2

O ( j � � � j )

�

	

1

( � )	

2

( � ) + O ( R

� 1

)	

2

( � )

+ O ( R

� 1

)	

1

( � )

�

:

Noting (3.3), supp	

i

� B

32 R

(0), �

2

� 0, �

2

� 0, and j D

�

	

i

j = O ( R

�j � j

), w e get

	

1 �

2

( � ) + 	

1 �

2

( � ) = �

2

�

1 + O ( R

� 2

) O ( j � j )

�

+ �

2

�

1 + O ( R

� 2

) O ( j � j )

�

= ( �

2

+ �

2

)

�

1 + O ( R

� 2

) O ( j � j + j � j )

�

= O ( R

� 1

)( �

2

+ �

2

) :

This implies

I X =

( �

2

+ �

2

)

4 � j � � �

�

j

2

�

( c ( � ) � c ( � )) j � j

2

	

1 �

2

( � )	

2

( � )

+ c ( � )( j � j

2

� j � j

2

)	

1 �

2

( � )	

2

( � ) + c ( � ) j � j

2

(	

1 �

2

( � ) + 	

1 �

2

( � ))	

2

( � )

� c ( � ) j � j

2

	

1 �

2

( � )(	

2

( � ) � 	

2

( � ))

	

=

( �

2

+ �

2

)

4 � j � � �

�

j

2

�

O ( j � � � j ) j � j

2

	

1 �

2

( � )	

2

( � )

+ c ( � ) O ( j � � � j ) O ( j � j + j � j )	

1 �

2

( � )	

2

( � )

+ c ( � ) j � j

2

( �

2

+ �

2

) O ( R

� 1

)	

2

( � )

+ c ( � ) j � j

2

	

1 �

2

( � ) O ( R

� 1

) O ( j � � � j )

	

= O ( R

� 1

) j � j

2

	

1 = 2

1

( � )	

2

( � ) + O ( R

� 1

) O ( j � j + j � j )	

1 = 2

1

( � )	

2

( � )

+ O ( R

� 1

) j � j

2

	

2

( � ) + O ( R

� 2

) j � j

2

	

1 = 2

1

( � ) :
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Those relations are summarized as

j �

2

( x; y ) �

1

2 �

 

1

( x )  

2

( y ) j �

C

R

( j x j + j y j )  

1

( x )

1 = 2

 

2

( y ) +

C

R

j y j  

2

( y ) :

Finally , b ecause K is a C

1 ;�

function, w e ha v e

 

2

( y ) r ( m 

1

)( x ) � r

x

K ( x; y ) +  

2

( y ) r ( m 

1

)( y ) � r

y

K ( x; y )

=  

2

( y )

�

O (1) j x j  

1

( x ) + O ( R

� 1

) j x j

2

 

1 = 2

1

( x )

�

+  

2

( x )

�

O (1) j y j  

1

( y ) + O ( R

� 1

) j y j

2

 

1 = 2

1

( y )

�

= O (1)

�

j x j  

1

( x )  

2

( y ) + j x j  

1

( x )

1 = 2

 

2

( y )

�

+ O (1)

�

j y j  

1

( y )  

2

( x ) + j y j  

1

( y )

1 = 2

 

2

( x )

�

:

The pro of is complete.

No w, w e are able to giv e the follo wing.

Pr o of of The or em 3. Since

@ X

1

@ �

= X

2

= 0 on @ 
, w e ha v e

@ m

@ �

= � �

�

1

2

r

�

j � j

2

@ X

@ x

�

=

@ X

@ �

� X

=

@ X

2

@ �

� X

2

= 0 on @ 
 :

Also (3.1) implies that m ( x ) =

1

2

j x j

2

+ O ( j x j

3

), m

x

i

= x

i

+ O ( j x j

2

), and m

x

i

x

j

=

�

ij

+ O ( j x j ) as j x j ! 0.

Let

I

 

i

( t ) =

Z




u ( x; t ) m ( x )  

i

( x ) dx:

The �rst equation of (1.5) giv es

d

dt

I

 

1

=

Z




u

t

m 

1

dx = �

Z




( r u � u r v ) � r ( m 

1

) dx

=

Z




u 4 ( m 

1

) dx +

Z




u r v � r ( m 

1

) dx

= I + I I :

The inequalities

jr  

i

j � C R

� 1

 

1 = 2

i

and j �  

i

j � C R

� 2

 

1 = 2

i

hold for  

i

= �

4

i

. W e obtain

I =

Z




u f  

1

4 m + 2 r m � r  

1

+ m 4  

1

g dx

� 2

Z




u 

1

dx + C R

� 1

Z




j x j  

1 = 2

1

udx

� 2 �

 

1

+ C R

� 1

�I

1 = 2

 

1

:
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The second equation of (1.5) implies

I I =

Z




Z




u ( x; t ) r

x

G ( x; y ) � r

x

( m 

1

)( x ) u ( y ; t ) dxdy

=

Z




Z




u ( x; t )  

2

( y ) r

x

G ( x; y ) � r

x

( m 

1

)( x ) u ( y ; t ) dxdy

+

Z




Z




u ( x; t )(1 �  

2

( y )) r

x

G ( x; y ) � r

x

( m 

1

)( x ) u ( y ; t ) dxdy

= I I I + I V :

Here, w e ha v e

dist(supp (1 �  

2

) ; supp  

1

) � dist( R

2

n B

16 R

(0) ; B

8 R

(0)) = 8 R

and hence

I V � C R

� 1

Z




Z




j x j  

1 = 2

1

( x ) u ( x; t ) u ( y ; t ) dxdy

� C R

� 1

�

Z




j x j  

1

( x )

1 = 2

u ( x; t ) dx

� C R

� 1

�

3 = 2

I

1 = 2

 

1

follo ws. On the other hand, w e ha v e

I I I =

1

2

Z




Z




u ( x; t ) � ( x; y ) u ( y ; t ) dxdy ;

and Lemma 3.2 implies

j I I I �

1

2 �

�

 

1

�

 

2

j

�

Z




Z




u ( x; t )

1

2

j � ( x; y ) �

1

�

 

1

( x )  

2

( y ) j u ( y ; t ) dxdy

� C R

� 1

�

�

Z




j x j  

1 = 2

1

( x ) u ( x; t ) dx +

Z




j y j  

2

( y ) u ( y ; t ) dx

�

= C R

� 1

�

Z




j x j (  

1

( x )

1 = 2

+  

1

( x )) u ( x; t ) dx

+ C R

� 1

�

Z




j x j (  

2

( x ) �  

1

( x )) u ( x; t ) dx

� C R

� 1

�

3 = 2

I

1 = 2

 

1

+ C �

Z




(  

2

( x ) �  

1

( x )) u ( x; t ) dx:

Consequen tly , w e obtain

I I I �

1

2 �

�

2

 

1

+ C R

� 1

�

3 = 2

I

1 = 2

 

1

+ C �

Z




(  

2

( x ) �  

1

( x )) u ( x; t ) dx:

Those relations are summarized as

d

dt

I

 

1

� 2 �

 

1

�

1

2 �

�

2

 

1

+ C

�

R

� 1

�

3 = 2

I

1 = 2

 

1

+ C

�

� ( �

 

2

� �

 

1

)(3.4)
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for t 2 [0 ; T

max

) with a constan t C

�

> 0 indep enden t of R .

By Lemma 3.1, there exists a constan t L > 0 satisfying

�

�

�

�

d

dt

�

 

i

�

�

�

�

� LR

� 2

( �

2

+ � )

for i = 1 ; 2. Letting � = �

 

1

(0) � 4 � > 0, w e tak e T

1

> 0 in

LT

1

( �

2

+ � ) R

� 2

+ C

�

LT

1

( �

3

+ �

2

) R

� 2

< � = 4 :

This implies

j �

 

i

( t ) � �

 

i

(0) j + C

�

� j �

 

i

( t ) � �

 

i

(0) j <

�

4

(3.5)

in particular, where t 2 [0 ; min( T

1

; T

max

)).

W e supp ose that � > 0 is so small that

I

 

1

(0) <

� T

1

2

(3.6)

and

C

�

R

� 1

�

3 = 2

I

1 = 2

 

2

(0) +

1

16

C

�

R

� 2

�I

 

2

(0) <

�

2

hold. In this case w e ha v e

C

�

R

� 1

�

3 = 2

I

 

1

(0)

1 = 2

+ C

�

� ( �

 

2

(0) � �

 

1

(0))

� C

�

R

� 1

�

3 = 2

I

 

2

(0)

1 = 2

+

1

16

C

�

R

� 2

�I

 

2

(0) <

�

2

:(3.7)

The righ t-hand side of (3.4) at t = 0 is less than

� 2(4 � + � )

�

4 �

+

�

2

< �

3 �

2

:

F or t > 0 su�cien tly small, I

 

1

( t ) is monotone decreasing.

W e supp ose T

max

= + 1 and deriv e a con tradiction. F or this purp ose, �rst w e

sho w that I

 

1

is monotone decreasing on [0 ; T

1

]. In fact, otherwise w e ha v e T

0

2 (0 ; T

1

)

satisfying

d

dt

I

 

1

( T

0

) = 0

with I

 

1

b eing monotone decreasing on [0 ; T

0

]. In use of (3.5) with �

 

1

(0) > 4 � , w e

see that the righ t-hand side of (3.4) at t = T

0

is less than

2

�

�

 

1

(0) �

�

4

�

�

1

2 �

�

�

 

1

(0) �

�

4

�

2

+ C

�

R

� 1

�

3 = 2

I

 

1

(0)

1 = 2

+ C

�

� ( �

 

2

(0) � �

 

1

(0))

+ C

�

� ( j �

 

1

( T

0

) � �

 

1

(0) j + j �

 

2

( T

0

) � �

 

2

(0) j )

� �

3 �

8 �

�

4 � +

3 �

4

�

+ C

�

R

� 1

�

3 = 2

I

 

1

(0)

1 = 2

+ C

�

� ( �

 

2

(0) � �

 

1

(0)) +

�

2

:
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This implies

d

dt

I

 

1

( T

0

) < �

�

2

b y (3.7), a con tradiction.

A t the same time w e ha v e pro v en that

d

dt

I

 

1

( t ) < �

�

2

( t 2 [0 ; T

1

)) :

Therefore, (3.6) implies I

 

1

( T

1

) < 0. This con tradicts the p ositivit y of the solution,

and hence T

max

< + 1 has b een pro v en. The pro of is complete.

The case x

0

2 
 is treated similarly . If

Z

B

R

( x

0

)

u

0

( x ) dx > 8 � and

1

R

2

Z

B

R

( x

0

)

u

0

( x ) j x � x

0

j

2

dx < �

holds for su�cien tly small R > 0, then T

max

< + 1 follo ws. Here, � > 0 is a constan t

determined b y � = k u

0

k

1

and k u

0

k

L

1

( B

R

( x

0

))

.

4. Blo wup solution in the in�nite time. This section is dev oted to the pro of

of Theorem 2. W e study (1.5) for 
 =

�

x 2 R

2

j j x j < 1

	

. W e set a = 1 for simplicit y

and supp ose (1.10) with v

0

= ( � � + 1)

� 1

u

0

and T

max

= + 1 . The initial v alue u

0

and hence the solution u ( t ) are radially symmetric.

In [15 ], the relations

sup

t 2 [0 ; + 1 )

k u ( t ) k

L

1

(
 n B

R

(0))

< + 1(4.1)

and

sup

t 2 [0 ; + 1 )

k v ( t ) k

L

1

(
 n B

R

(0))

< + 1

are sho wn for this case, where R 2 (0 ; 1) is arbitrary . F rom the standard elliptic and

parab olic estimates, this implies

k u k

C

2 ; 1

((
 n B

R

(0)) � [0 ; + 1 ))

< + 1 and k v k

C

2 ; 1

((
 n B

R

(0)) � [0 ; + 1 ))

< + 1 :

The follo wing inequalit y is pro v en similarly to Lemma 13 of [9 ]. W e ha v e only to

mak e use of the elliptic estimate instead of Lemma 12 there: Let w b e a solution to

�4 w + w = f in 


@ w

@ �

= 0 on @ 
 :

Then, it holds that

Z

B

R

(0)

e

w

dx � e

C k w k

L

p

(
)

�

Z

B

2 R

(0)

�

2

j x j

�

�

dx

for p > 1 and � = k f

+

k

L

1

( B

2 R

(0))

= (2 � ).

No w w e giv e the follo wing.
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Pr o of of The or em 2. As is noted at the end of x 2, w e ha v e (2.3) with � > 1 = 2 in

this case. Because of (4.1) this implies that

lim

t % + 1

Z

B

R

(0)

e

�v ( t )

dx = + 1

for R 2 (0 ; 1). W e also ha v e k v ( t ) k

W

1 ;q

(
)

= O (1) for q 2 [1 ; 2) from the second

equation of (1.5) in use of k u ( t ) k

1

= � and the L

1

estimate ([5]). This implies

lim inf

t % + 1

Z

B

R

(0)

udx � 8 �

from the ab o v e estimate on w = �v . W e ha v e only to sho w that

lim

R & 0

lim sup

t % + 1

Z

B

R

(0)

udx � 8 � :(4.2)

If this is not the case, w e ha v e

lim

R & 0

lim sup

t % + 1

Z

B

R

(0)

udx > 8 � :

There exists t

k

! + 1 and � > 0 suc h that

Z

B

R

(0)

u ( t

k

) dx > 8 � + �

for R 2 (0 ; 1]. P assing through a subsequence, w e get a non-negativ e radially sym-

metric function f 2 L

1

(
) \ C ( 
 n f 0 g ) satisfying

u ( t

k

) ! f in L

q

loc

( 
 n f 0 g )(4.3)

for q � 1. T aking " 2 (0 ; R ), w e ha v e

lim sup

k !1

Z

B

R

(0)

u ( x; t

k

) j x j

2

dx

� lim sup

k !1

Z

B

"

(0)

u ( x; t

k

) j x j

2

dx + lim sup

k !1

Z

B

R

(0) n B

"

(0)

u ( x; t

k

) j x j

2

dx

� �"

2

+ R

2

Z

B

R

(0)

f ( x ) dx:

This implies

lim sup

k !1

Z

B

R

(0)

u ( x; t

k

) j x j

2

� R

2

Z

B

R

(0)

f ( x ) dx:

Because of f 2 L

1

(
), an y � > 0 admits R 2 (0 ; 1] and an in teger k satisfying

1

R

2

Z

B

R

(0)

u ( x; t

k

) j x j

2

dx < � :

Ho w ev er, as is noted at the end of x 3, those relations imply T

max

< + 1 , a con tradic-

tioin. W e ha v e (4.2) and the pro of is complete.
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