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 2001 International PressVol. 8, No. 2, pp. 369{386, June 2001 010PATTERN FORMATION IN THE NONLOCAL BISTABLEEQUATIONADAM J. J. CHMAJ� AND XIAOFENG RENyAbstra
t. We study the nonlo
al bistable equation that arises from a variational problem forbinary materials with nonlo
al 
onstitutive relations. Using the singular perturbation �-
onvergen
eapproa
h we prove the existen
e of 1-, 2-, and 3-layer lo
al minimizers in one dimension for \mexi
anhat" nonlo
alities. For some other nonlo
alities we show the non-existen
e of non-
onstant stablesolutions. We also present some numeri
al simulations of the equation in two dimensions.1. Introdu
tion. The theory of 
ontinuum me
hani
s postulates a set of 
on-stitutive relations when a parti
ular material is studied. These relations give theinter-dependen
es among various phase �elds that des
ribe the material. They turnthe mass, energy, momentum 
onservation laws to well posed evolution equations.In the 
lassi
al 
ontinuum me
hani
s theory, the 
onstitutive relations are as-sumed to be lo
al. One phase �eld variable at a pla
e and a time depends on theother variables and/or their derivatives at the same pla
e and the same time. Ex-amples of su
h relations are pointwise linear (or nonlinear) strain-stress relations ofelasti
 solids and pressure-density-temperature relations of the ideal, Abel and vander Walls gases.This 
lassi
al theory is however inadequate when more 
omplex materials, su
has martensites and di-blo
k 
opolymers, are studied. These materials often have �nemi
rostru
tures. The study of su
h materials require that we extend the 
lassi
altheory to let nonlo
al expressions enter their 
onstitutive relations. In an earlierpaper [7℄, we 
onsidered a single nonlo
al 
onstitutive relation, whi
h 
an serve as aprototype for more sophisti
ated models. There we had two phase �elds, the energydensity of the 
ontinuum denoted by e and a general phase �eld u.The general phase �eld u 
hara
terizes the state of the material. For two-
omponent 
omposite materials like 
opolymers, u is often the relative 
on
entrationof one of the two 
omponents. The total energy of the material is de�ned to beI = Z
 e(x) dx:(1.1)where 
 is the domain of the Euler or Lagrange 
oordinate x.In order to see the 
onstitutive relation between e and u, we �rst re
all theexpression for the total energy in terms of the phase �eld u from [7℄I(u) = 14 Z
 Z
 J(x; y)(u(x) � u(y))2dxdy + Z
W (u(x)) dx:(1.2)We refer to [4, 5℄ for a derivation of this model by a statisti
al me
hani
s argument.The pro
ess is also summarized in [7℄.We then rewrite (1.2) in an alternative formI(u) = Z
[�12J [u℄u+ j2u2 +W (u)℄ dx(1.3)�Department of Mathemati
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370 A. J. J. CHMAJ AND X. RENwhere J [u℄(x) = Z
 J(x; y)u(y) dy; j(x) = Z
 J(x; y) dy:(1.4)Mathemati
ally J behaves as a kernel and J [�℄ is an integral operator. Comparing(1.1) and (1.3) we �nd the nonlo
al 
onstitutive relatione = �12J [u℄u+ j2u2 +W (u):(1.5)We now treat (1.2) or (1.3) as a variational problem. Stable 
on�gurations of thematerial are to be found as lo
al minimizers of I . They satisfy the Euler-Lagrangeequation �J [u℄ + ju+ f(u) = 0;(1.6)where f = W 0. The dynami
 
ounterpart of this model studied in this paper willsimply be the negative L2 gradient 
ow of Iut = J [u℄� ju� f(u):(1.7)At this point we make a 
omparison to a lo
al theory of Allen-Cahn [2℄ where thetotal energy is set to be Z
[ 12 jru(x)j2 +W (u(x))℄ dx;(1.8)and whose 
orresponding negative L2 gradient 
ow isut = �u� f(u) in 
; �u�� = 0 on �
:(1.9)There is some resemblan
e between our nonlo
al model (1.2)-(1.7) and the lo
al Allen-Cahn model (1.8)-(1.9). At a formal level one 
an see (1.8) as a limiting 
ase of I asa non-negative, translationally invariant J shrinks to a delta fun
tion (see e.g. [7℄).We will often point out similarities and di�eren
es between these two models in thispaper.The 
hoi
e of J andW in I di
tate the behaviors of the lo
al minimizers of I andthe solutions of (1.7). Several 
hoi
es of J are possible. Regarding the sign of J , thesimplest 
ase is that J(x; y) � 0 for all x; y 2 
. As was derived in [4℄, it also makessense to study the J 's that 
hange sign on 
� 
. The latter 
ase is used e.g., whenwe apply this theory to di-blo
k 
opolymers (see [12℄).J is always symmetri
, in the sense J(x; y) = J(y; x) for all x; y 2 
. Howeverthere is �rst the 
ase where J is translationally invariant, i.e. J(x; y) = J(x � y),whi
h 
orresponds to the situation where the environment outside the boundary hasno e�e
t on the behavior of the energy density e, and the se
ond 
ase where J is nottranslationally invariant, whi
h 
orresponds to the situation where the environmentoutside the boundary intera
ts with the material and brings some 
ontribution to e.The lo
al part of the energy,W , is non-
onvex in this paper. One parti
ular 
ase ofinterest is whenW has two global minima at, say�1 and 1, su
h thatW (�1) =W (1).In this paper we will only 
onsider small perturbations of this spe
ial 
ase.The study of equation (1.7) on the whole line was initiated by Bates, Fife, Ren andWang in [3℄. Assuming J � 0, traveling waves were 
onstru
ted, and it was dis
overed
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an be dis
ontinuous. Later in [6℄, we found unstable stationarysolutions of homo
lini
 type for J � 0 and J(x) de
reasing for x 2 (0;1). In [4℄,Bates and Chmaj studied the 
ase in whi
h the e�e
t of J is mu
h weaker than thatof W and found stable stationary solutions whi
h are \pinned" to the zeros of f anddis
ontinuous a
ross arbitrarily pres
ribed interfa
es. They also studied a dis
reteanalogy of I in [5℄.This paper 
ontinues the work started in [7℄. We assume that J 
an be roughlyseparated into two s
ales. When jx� yj is at a smaller s
ale, say of magnitude �, J ispositive and of order 1=�d, where d is the dimension of 
. When jx� yj is at a s
alelarger than �, J is of order �. This separation of s
ales enables us to take up a singularperturbation approa
h to the variational problem I . We base our work on the theoryof �-
onvergen
e of De Giorgi [9℄. This type of 
onvergen
e for I was established inthe work of Alberti and Bellettini [1℄. Physi
ally, the behavior of J for small jx� yjpenalizes os
illations for any 
on�guration u. But the unspe
i�ed behavior of J forlarger jx � yj leads to various interesting patterns of u. Lo
al minima 
onstru
tedthis way all take values near the two minima of W , and often os
illate between thesetwo values, therefore having transitional regions. In one dimension su
h regions are
hara
terized by a �nite set of points. In a neighborhood whose width is of order �,around su
h a point a lo
al minimum of I sees its value 
hange from one minimumvalue to another minimum value ofW . In two dimensions our numeri
al 
omputationoften �nds the transitional regions to be a set of 
urves whose width is of order �.Again a lo
al minimum of I 
hanges its value from one minimum value to anotherminimum value of W as it 
rosses su
h a 
urve.For more spe
i�
 examples of materials modeled by fun
tionals of type (1.2) werefer to the papers of Ren and Truskinovsky [11℄ that studied martensites, and of Renand Wei [12℄ that studied di-blo
k 
opolymers.This paper is organized as follows. In Se
tion 2 we summarize the main resultsobtained in [7℄ and indi
ate where we will go from there. In Se
tion 3 we rigorously
onstru
t stable solutions of (1.6) in one dimension. Then in Se
tion 4 we presentsome numeri
al simulations of (1.7) in two dimensions.2. A review of the �-
onvergen
e approa
h. We �rst pre
isely formulatethe two s
ales in J . Assume thatJ(x; y) = Js� (jx � yj)� �J l(x; y) = 1�dJs� jx� yj� �� �J l(x; y);(2.1)where � > 0 and Js� (jx�yj) = 1�dJs� jx�yj� � des
ribes the behavior of J at jx�yj = O(�)and �J l(x; y) the behavior of J at jx � yj = O(1). Four 
onditions on Js and J l areimposed.H1 The short range e�e
t is translationally invariant, even and penalizes os
illation,i.e. Js(�r) = Js(r) � 0, RRd Js(jxj) dx > 0.H2 On the growth of Js we assume RR Js(r) dr <1, RR jrjJs(r) dr <1.H3 J l is symmetri
, i.e. J l(x; y) = J l(y; x). The fun
tion jl(x) = R
 J l(x; y) dy is inL1(
).H4 The operator J : u ! J [u℄ is 
ompa
t from L2(
) to itself. This 
ondition issatis�ed if, e.g., J 2 L2(
� 
).Note that at this point the sign of J l is not spe
i�ed. The lo
al term f is 
ontin-uous and allowed to have an expansion in �, f = f0 + �f1. Let W (s) = R s�1 f(r) dr.In terms of �, W =W0 + �W1, where W0(s) = R s�1 f0(r) dr and W1(s) = R s�1 f1(r) dr.The 
onditions on f are imposed on W .



372 A. J. J. CHMAJ AND X. RENH5 W0 is a double well fun
tion of equal depth. So W0(s) � 0 for all s 2 R, andonly when s = �1, W0(s) = 0, i.e. R 1�1 f0(r) dr = 0.H6 The growth rate of W0 is at least quadrati
, i.e., there exists C > 0 su
h thatW0(s) � Cs2 � C for all s 2 R.H7 The growth rate of W1 is at most quadrati
, i.e., there exists C > 0 su
h thatjW1(s)j � Cjsj2 + C for all s 2 R.H8 For small �, j(x)s22 +W (s) is 
onvex in s for all x.The 
onditions H1-8 will hold throughout this paper. The last 
ondition, H8,may seem strange. It is a
tually quite important, for it provides the well-posednessof I . For example only under this 
ondition the fun
tional I is weakly lower semi-
ontinuous. It also guarantees that solutions of (1.6) are 
ontinuous.In 
onne
tion with the form of J set in (2.1), we denote the fun
tional I de�nedin (1.2) by I� to stress the dependen
e on the perturbation parameter �.Proposition 2.1. I� of (1.2) de�nes a fun
tional: L2(
)! R, with the followingproperties.1. There exists a 
onstant 
 independent of small � so that for every u 2 L2(0; 1),I�(u) � 
�.2. There exists C > 0, independent of small �, so that kuk2 � CI�(u) + C.3. For small �, I� is weakly lower semi-
ontinuous on L2(
).4. I� has a global minimum if � is small.5. On any 
onvex X � L2(
), for small � there exists uX 2 X su
h thatI�(uX) = infu2X I�(u).Proof. See [7℄, Proposition 2.1.Under this setting, we 
an take a singular perturbation approa
h to the study ofI�. It turns out that the fun
tional ��1I� has a well de�ned singular limit K + I l.This limit is de�ned on L2(
), though only for u 2 BV (
; f�1; 1g) (K + I l)(u) is�nite. Here BV (
; f�1; 1g) is the spa
e of fun
tions of �nite variation with the rangef�1; 1g. The formal de�nition of K isK(u) = � 
0 kDuk(0;1)2 if u 2 BV (
; f�1; 1g)1 otherwise :(2.2)I l is the � perturbation part of of I�. For u 2 L2(
),I l(u) = �14 Z 10 Z 10 J l(x; y)(u(x) � u(y))2 dxdy + Z 10 W1(u) dx(2.3) = Z
[ 12J l[u℄u� jlu22 +W1(u)℄ dx:Here kDuk is the absolute value of the distributional derivative Du of u, regardedas a �nite nonnegative measure on 
. kDuk(
) is the size of 
 under this measure.Intuitively this is twi
e the 
ombined area of the hyper-surfa
es in 
 that divide theregion fx 2 
 : u(x) = �1g from the region fx 2 
 : u(x) = 1g.The 
onstant 
0 depends on the solution of�Js � U + (ZR Js(r) dr)U + f0(U) = 0 in R; U(�1) = �1:
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e and uniqueness, up to translation, of su
h a solution is shown in [3℄.Then 
0 is a positive number equal to14 ZR ZR Js(y; r)(U(y)� U(r))2 dydr + ZRW0(U(r)) dr:The next proposition des
ribes the 
onvergen
e of ��1I� to K + I l.Proposition 2.2. ��1I� �-
onverges to K + I l as �! 0 in the following sense.1. For every fu�g � L2(
) with lim�!0 u� = u in L2(
),lim inf�!0 ��1I�(u�) � (K + I l)(u);2. For every u 2 L2(
) \ BV ((
); f�1; 1g), there exists a family fu�g � L2(
)su
h that lim�!0 u� = u in L2(
), andlim sup�!0 ��1I�(u�) � (K + I l)(u):Proof. See [7℄, Proposition 2.2. and [1℄.The most important property we use from the �-
onvergen
e theory is that aroundevery stri
t lo
al minimum of K+I l there exists a lo
al minimum of I�. Let us denotean open ball in L2(
) of radius Æ around a fun
tion u0 by BÆ(u0).Proposition 2.3. Let Æ > 0 and u0 2 L2(
) be su
h that (K + I l)(u0) <(K+I l)(u) for all u 2 BÆ(u0) with u 6= u0. Then for small � there exists u� 2 BÆ=2(u0)with I�(u�) � I�(u) for all u 2 BÆ=2(u0). In addition lim�!0 ku� � u0k2 = 0.Proof. See [7℄, Proposition 2.4 and [13℄. The proof relies on Proposition 2.2above and a 
oer
ivity property of I�, holding for Js � 0 [1℄: If �n is a sequen
eof positive numbers 
onverging to 0, fung a sequen
e in L2(0; 1) and ��1n I�n(un) arebounded above in n, then fung is relatively 
ompa
t in L2(0; 1).In [7℄ after establishing the general �-
onvergen
e theory for I�, we turned ourattention to the 
ase 
 = (0; 1). Then every member u in BV ((0; 1); f�1; 1g) 
an beidenti�ed by a set of points where u jumps between �1 and 1. More pre
isely, letAN = fu 2 BV ((0; 1); f�1; 1g) : kDuk(0; 1)2 = Ng;(2.4)the set of fun
tions with N jumps. This set 
an be further divided into A�1N and A1N .A�1N = fu 2 AN : u(x) = �1; if x is between 0and the �rst jump point of ug�= f(�1; �2; :::; �N ) : 0 < �1 < �2 < ::: < �N < 1gA1N = fu 2 AN : u(x) = 1; if x is between 0and the �rst jump point of ug�= f(�1; �2; :::; �N ) : 0 < �1 < �2 < ::: < �N < 1g :(2.5)Note A�10 = f�1g and A10 = f1g. Now we have a mutually disjoint de
ompositionBV ((0; 1); f�1; 1g) = [1N=0(A�1N [A1N ):(2.6)



374 A. J. J. CHMAJ AND X. RENThe next proposition shows that every lo
al minimum of I l restri
ted on one ofthe A�1N 's is also a lo
al minimum of K + I l on L2(0; 1). Therefore �nding lo
alminima of K + I l be
omes a minimization problem on a union of �nite dimensionalspa
es A�1N .Proposition 2.4. If � 2 A�1N is a stri
t lo
al minimum of I l restri
ted on A�1N ,then u is a stri
t lo
al minimum of K + I l de�ned on L2(0; 1).Proof. We only 
onsider the 
ase � 2 A�1N . Take a fun
tion u 2 BÆ(�) � L2(0; 1),u 6= �, Æ to be spe
i�ed later. If u 2 A�1N , then (K + I l)(u) > (K + I l)(�)by the assumption of this proposition. If u 2 L2(0; 1)nBV ((0; 1); f�1; 1g), then1 = (K + I l)(u) > (K + I l)(�). We now 
onsider the remaining 
ase u 2BV ((0; 1); f�1; 1g)nA�1N . In this 
ase kDuk2 , the number of jumps u has, is ei-ther � N + 1 or � N � 1. The sub-
ase kDuk2 � N � 1 does not happen bya property of BV-fun
tions (see [10℄ Theorem 1, p. 172): If un ! � in L1 thenlim infn!1 kDunk(0; 1) � kD�k(0; 1) = 2N . So if we 
hoose Æ small, kDuk(0;1)2 
annot be less than or equal to N � 1. In the sub-
ase kDuk2 � N + 1,(K + I l)(u) � 
0(N + 1) + I l(u)= (K + I l)(�) + I l(u)� I l(�) + 
0> (K + I l)(�)if Æ is 
hosen small enough, by the 
ontinuity of I l.This proposition is used in 
ombination with Proposition 2.3 to �nd lo
al minimaof I� near members of A�1N . Sin
e a member of A�1N jumps between �1 and 1 N times,any lo
al minimum of I� found near su
h a member must haveN layers lo
ated aroundthe jump points of the member of A�1NIn A�10 the lone element element �1 is a lo
al minimum. To �nd lo
al minimain other A�1N , we identify every u 2 A�1N , N � 1 by its jump points, �1, �2, ..., �N .Then (K + I l)(u) = 
0N + I l(u) 
an be expressed as a fun
tion of �i. The partialderivatives of this fun
tion 
an be 
al
ulated as in [7℄ to obtain�I l(u)��i = ( (�1)i2J l[u℄(�i) + (�1)i R 1�1 f1(r) dr; u 2 A�1N�(�1)i2J l[u℄(�i)� (�1)i R 1�1 f1(r) dr; u 2 A1N :(2.7)However solving �I l(u)=��i = 0 for general J l is by no means easy. In [7℄ we onlytook a very spe
ial J l, whi
h was used e.g., in the work of Ren and Truskinovsky [11℄.We assumedJ l(x; y) = 1
(e 1
 � e� 1
 )h
osh�x+ y � 1
 �+ 
osh� jx� yj � 1
 �i; 
 > 0(2.8)whi
h is Green's fun
tion of the linear di�erential equation �
2v00 + v = u, v0(0) =v0(1) = 0. We also needed the 
ondition�2 < Z 1�1 f1(r) dr < 2:(2.9)Then we proved (Theorem 2.7 in [7℄)Theorem 2.5. Let J l be de�ned by (2.8) and f1 satisfy (2.9). For ea
h positiveinteger � we 
an �nd Æ > 0 and ��1N 2 A�1N , N = 1; 2; :::; �, su
h that



PATTERN FORMATION IN THE NONLOCAL BISTABLE EQUATION 3751. fBÆ(��1N ); BÆ(�1N ) : N = 1; 2; :::; �g is a family of 2� mutually disjoint openballs in L2(0; 1);2. for small �, there exist a lo
al minimum u�1N;� of I� in BÆ(��1N ) and a lo
al min-imum u1N;� in BÆ(�1N ), for N = 0; 1; :::�, satisfying lim�!0 ku�1N;����1N k2 = 0and lim�!0 ku1N;� � �1Nk2 = 0.Here ��1N in A�1N are the lo
al minima of I l. Be
ause of the spe
ialty of J l, it wasproved in [7℄ Se
tion 2, that the N jump points �i of ��1N are regularly distributed on(0; 1), in the sense that2�1 = �3 � �2 = �5 � �4 = :::; �2 � �1 = �4 � �3 = �6 � �5 = :::(2.10)The �1 of ��1N is the unique solution of[1� 12 Z 1�1 f1(r) dr℄ tanh(�1
 ) = [1 + 12 Z 1�1 f1(r) dr℄ tanh( 1
N � �1
 );(2.11)and the �1 of �1N is the unique solution of[1 + 12 Z 1�1 f1(r) dr℄ tanh(�1
 ) = [1� 12 Z 1�1 f1(r) dr℄ tanh( 1
N � �1
 ):(2.12)In the next se
tion we 
onsider J l more general than (2.8). We 
an not expe
tthe jump points of the lo
al minima of I l to be regularly distributed as in (2.10).The fun
tion J l de�ned in (2.8) is positive on (0; 1)� (0; 1). In the next se
tion we
onsider both the 
ase where J l � 0 and the 
ase where J l 
hanges sign.3. Stationary solutions on (0,1). In this se
tion we 
onsider a 
lass of moregeneral J l's. First is the rather trivial 
ase of the existen
e of almost 
onstant lo
alminima of I�.Theorem 3.1. For suÆ
iently small �, I� has a lo
al minimum 
lose to �1 anda lo
al minimum 
lose to 1.Proof. In A�10 the lone element u = �1 is trivially a lo
al minimum. Thetheorem then follows from Propositions 2.4 and 2.3.However lo
al minima of I� with layers, i.e., lo
al minima 
lose to some membersof A�1N , N � 1, are mu
h harder to �nd. To make the problem more tra
table, weassume that J l is translationally invariant, in the sense J l(x; y) = J l(x�y) = J l(y�x).This ex
ludes any in
uen
e to u from the outside of the region 
. We also need a
ounterpart of (2.9), whi
h here isj Z 1�1 f1(r)drj < 2jl(0) = 2 Z 10 J l(x)dx:(3.1)Using the spe
ial J l in (2.7), we were able to solve �I l(u)=��i = 0 in A�1N toobtain a unique solution ��1N . Then this uniqueness was used to show stability [7℄.For general J l(x � y), we expe
t a similar uniqueness result to be hard to obtain.Therefore, after solving �I l(u)=��i = 0 we �nd it ne
essary to analyze the se
ondderivative (the Hessian matrix) of I l with respe
t to �i. Following (2.7) we �nd12 �2I l(u)��i��j =8>><>>: (�1)i[�J l(�i) +Xk 6=i(�1)k+12J l(�k � �i) + (�1)NJ l(1� �i)℄;if i = j2(�1)i+jJ l(�i � �j); if i 6= j :(3.2)



376 A. J. J. CHMAJ AND X. RENWe �rst 
onsider the 
ase that J l � 0. Therefore the entire kernel J = Js� � �J l
hanges sign on
e for small �. If J l is de
reasing, J takes the form whi
h is known inthe literature (e.g. [14℄) as the \mexi
an hat".Theorem 3.2. Let J l be 
ontinuous, with J l � 0 on (�1; 1), and J l > 0 on[�1=2; 1=2℄. If (3.1) holds, then for small � I� has a lo
al minimum near a uniquemember of A�11 and a lo
al minimum near a unique member of A11.Proof. Based on Propositions 2.4 and 2.3, we need only to �nd zeros of (2.7)that make (3.2) positive de�nite. In A�11 �I l(u)=��1 = 0 be
omesZ �10 J l(y)dy = Z 1��10 J l(y)dy + 12 Z 1�1 f1(r)dr:(3.3)Denote the left side of (3.3) by l1(�1), the right side by r1(�1). Note that by (3.1)0 = l1(0) < r1(0) = jl(0) + 12 Z 1�1 f1(r)dr;jl(0) = l1(1) > r1(1) = 12 Z 1�1 f1(r)dr:l1 and r1 are 
ontinuous fun
tions, with l1 non-de
reasing and r1 non-in
reasing.Moreover on interval [0; 1=2℄ l1 is stri
tly in
reasing and on [1=2; 1℄ r1 is stri
tlyde
reasing. There is a unique �1 su
h that l1(�1) = r1(�1). The Hessian (3.2) at �1 isJ l(�1)+J l(1��1) > 0 sin
e at least one of J l(�1) and J l(1��1) is positive. Therefore�1 is a lo
al minimum. Thus there is a 
riti
al point 
orresponding to �1. Note thatif R 1�1 f1(r)dr = 0, then �1 = 12 . The same argument applies to the 
ase A11.Theorem 3.3. In addition to the assumptions on J l in Theorem 3.2 if we assumethat J l(x) is de
reasing on (0; 1) with J lx(1=2) < 0, then for small � I� has a lo
alminimum near a unique member of A�12 and a lo
al minimum near a unique memberof A12.Proof. First we establish uniqueness, i.e., we show that any solution to theequations �I l(u)=��i = 0, i = 1; 2, must be su
h that �1 = 1 � �2. Note that theseequations 
an be written as� Z �10 J l(y)dy + Z �2��10 J l(y)dy � Z 1��1�2��1 J l(y)dy = �12 Z 1�1 f1(r)dr;� Z 1��20 J l(y)dy + Z �2��10 J l(y)dy � Z �2�2��1 J l(y)dy = �12 Z 1�1 f1(r)dr:Without loss of generality assume that �1 < 1=2, �2 > 1=2 and 1��2 > �1. Subtra
tingthe �rst equation from the se
ond, we getZ 1��2��10 J l(y)dy = Z 1��1�2 J l(y)dy:
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e we assumed that J lx(1=2) < 0, we obtain a 
ontradi
tion. Thus �1 = 1� �2, andthe above two equations redu
e to one� Z �10 J l(y)dy + Z 1�2�10 J l(y)dy � Z 1��11�2�1 J l(y)dy = �12 Z 1�1 f1(r)dr:(3.4)Denote the left side of (3.4) by l2(�1). Then l2(0) = jl(0),l2(12) = �2 Z 1=20 J l(y)dy < �jl(0);sin
e J l being de
reasing on (0; 1) with J lx(1=2) < 0 implies that R 1=20 J l > R 11=2 J l.Thus by (3.1) (3.4) has a solution �1 2 (0; 1=2). The Hessian (3.2) for the 
riti
alpoint ��12 is� J l(�1) + 2J l(�2 � �1)� J l(1� �1) �2J l(�2 � �1)�2J l(�2 � �1) J l(1� �2) + 2J l(�2 � �1)� J l(�2) � :(3.5)It is easily veri�ed that J lx(1=2) < 0 implies that (3.5) is positive de�nite, thus ��12 isa lo
al minimum.Theorem 3.4. In addition to the assumptions in Theorem 3.3 we assume thatR 1�1 f1(r)dr = 0 and J l(1=4) > 2J l(1=2). Then for small � I� has a lo
al minimumnear a member of A�13 , and a lo
al minimum near a member of A13.Proof. We 
onsider the 
ase A�13 . Look for a zero of (2.7) in the form �1 2(0; 1=2), �2 = 1=2, �3 = 1� �1. The three equations �I l(u)=��i = 0; i = 1; 2; 3, redu
eto one� Z �10 J l(y)dy + Z 12��10 J l(y)dy � Z 1�2�112��1 J l(y)dy + Z 1��11�2�1 J l(y)dy = 0:(3.6)Denote the left side of (3.6) by l3(�1). Then l3(0) = R 120 J l � R 112 J l > 0 and l3( 14 ) =� R 1214 J l + R 3412 J l < 0. Thus there exists a solution �1 < 14 . Note that the assumptionJ l(1=4) > 2J l(1=2) is not needed for this existen
e.The Hessian (3.2) at this solution is24 a �b 
�b �2J l(�2) + 2b �b
 �b a 35 ;(3.7)where a = J l(�1) + J l(�3) + b� 
, b = 2J l(�2 � �1), 
 = 2J l(�3 � �1). To verify that(3.7) is positive de�nite, we show that the determinants of the three nested (at a)prin
ipal minors are positive. Sin
e b > 
, a > 0. The se
ond determinant is equal toa[�2J l(�2)+2b℄� b2 > ab� b2. Note that a� b = J l(�1)+J l(�3)�2J l(�3� �1). Sin
e�1 < 14 and J l( 14 ) > 2J l( 12 ), the se
ond determinant is positive. The third is equal to(a� 
)[(�2J l(�2) + 2b)(a+ 
)� 2b2℄= (a� 
)[(�2J l(�2) + 2b)(J l(�1) + J l(�3))� 2bJ l(�2)℄= (a� 
)2J l(�2 � �1)[J l(�1)� 2J l(�2) + J l(�3)℄:
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e J l( 14 ) > 2J l( 12 ), a� 
 and J l(�1)� 2J l(�2) + J l(�3) are both positive, so is thisdeterminant. Thus (3.7) is positive de�nite and ��13 is a lo
al minimum.For J l(x) = b�mjxj, b � m, it 
an be easily 
al
ulated that �1 = 1=6, �2 = 1=2,�3 = 5=6 and that this solution is stable, even though the 
ondition J l(1=4) > 2J l(1=2)does not hold.It is likely that for J l as in Theorem 3.2, A�13 has a unique solution, whi
h is ofthe form �1 2 (0; 1=2), �2 = 1=2, �3 = 1 � �1. If this is the 
ase, then the following
ounterexample shows that not for all de
reasing J l's the three layer solution is stable,and one 
an in general expe
t minimizers with up to only two layers.Let J l(x) = 1 � x6 (note that for this J l the 
ondition J l(1=4) > 2J l(1=2) doesnot hold). Then �I l(u)=��i, i = 1; 2; 3, is a system of three quadrati
 equations for�1; �2; �3. It is easy to solve it numeri
ally using e.g., Maple. We �nd the solution tobe �1 = :08530529970, �2 = :5, �3 = :9146947003. Then we get a � 
 = :7061520272and J l(�1)�2J l(�2)+J l(�3) = �:5544257772, making the determinant of the Hessian(3.7) negative, thus the solution is unstable.We next 
onsider the situation where J l 
hanges sign on
e on (0; 1). Sin
e we areinterested in 
ases where J = Js� � �J l is of mexi
an hat type, we fo
us our attentionon the 
ase where �J l also has a mexi
an hat shape. Note the di�eren
e from theprevious 
ase: if J l is de
reasing on (0; 1), the zero of J tends to 0 as � ! 0. If �J lhas a mexi
an hat shape, the zero of J tends to the zero of J l as �! 0. In Theorem3.7 below we show that I does not admit lo
al minimizers for J(x) = b �mjxj withb;m > 0 and b � 3m=4. This J 
an 
hange sign, but always its zero is � 3=4. Thissuggests that for J 
hanging sign the existen
e of lo
al minimizers may depend onthe lo
ation of the zero of J . This is indeed the 
ase in what follows. For simpli
itywe study only solutions in A�11 .Theorem 3.5. Let R 10 f1(r)dr = 0. Suppose J l(x) < 0 for 0 � x < x0 andJ l(x) > 0 for x > x0. Then, the following holds:If x0 > 1=2 and R 10 J l < 0, there exists one unstable 
riti
al point �1 = 1=2 of K + I lin A�11 .If x0 > 1=2 and R 10 J l > 0, there exist three 
riti
al points �̂1 < �1 = 1=2; 1� �̂1 ofK + I l in A�11 , su
h that �̂1 and 1� �̂1 are stable and �1 is unstable.If x0 < 1=2 and R 10 J l > 0, there exists one stable 
riti
al point �1 = 1=2 of K + I l inA�11 .If x0 < 1=2 and R 10 J l < 0, there exist three 
riti
al points �̂1 < �1 = 1=2; 1� �̂1 ofK + I l, su
h that �1 is stable and �̂1 and 1� �̂1 are unstable.Proof. As in the proof of Theorem 3.2, existen
e of the above solutions isdetermined from the equationZ �10 J l(y)dy = Z 1��10 J l(y)dy:(3.8)Stability and instability then follows from the sign of the Hessian J l(�1) + J l(1� �1).We leave the details to the reader. Note that the �-
onvergen
e method implies thatfor small � I� has lo
al minima near stable members of A�11 . Whether I� has, say,mountain-pass solutions near unstable members of A�11 is an open problem.
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lose this se
tion with a dis
ussion of non-existen
e results. We re
all thatthe Allen-Cahn equation (1.9) with the Neumann boundary 
ondition has no non-
onstant stable steady states on (0; 1). A natural question is whether J � 0 (notethat J is the entire kernel) and the 
onvexity of ju22 +W (u) (
ondition H8) implythat there are no non
onstant lo
al minimizers of I .Theorem 3.6. Let J(x; y) = J(x � y) and j(s) + f 0(s) > 0 for s 2 [�1; 1℄. LetJ 0(x) � 0 for x 2 (0; 1) and J(1) � 0. Then any non
onstant solution of (1.6) isunstable, in the sense that it is not a lo
al minimum of I.Proof. With the regularity of J and f we 
an 
ompute the se
ond variation ofI . For every w; � 2 L2(0; 1)d2I(w + ��)d�2 ����=0 = Z 10 [�J [�℄�+ j�2 + f 0(w)�2℄dx:(3.9)It suÆ
es to show that the right side of (3.9) is < 0 for w = u and a parti
ular 
hoi
eof �. Let us assume that u is a 
riti
al point of I , i.e., a solution of (1.6). Then (1.6)
an be rewritten as u = (j �+f(�))�1(J [u℄):The regularity of J and f imply that u is in C1. Di�erentiating (1.6) with respe
t tox, we dedu
e�J [u0℄ + ju0 + f 0(u)u0 = J(x� 1)(u(x)� u(1))� J(x)(u(x) � u(0)):We now 
hoose � = u0. Multiplying the last equation by u0 and integrating over (0; 1),we obtaind2I(u+ �u0)d�2 ����=0 = Z 10 [J(x� 1)(u(x)� u(1))� J(x)(u(x) � u(0))℄u0(x)dx:We break up this expression into four integrals and integrate by parts ea
h one ofthem to getZ 10 J(x� 1)u(x)u0(x)dx = 12[J(0)u(1)2 � J(1)u(0)2℄� 12 Z 10 J 0(x� 1)u(x)2dx;Z 10 J(x� 1)u(1)u0(x)dx = J(0)u(1)2 � J(1)u(1)u(0)� Z 10 J 0(x � 1)u(1)u(x)dx;Z 10 J(x)u(x)u0(x)dx = 12[J(1)u(1)2 � J(0)u(0)2℄� 12 Z 10 J 0(x)u(x)2dx;Z 10 J(x)u(0)u0(x)dx = J(1)u(0)u(1)� J(0)u(0)2 � Z 10 J 0(x)u(0)u(x)dx:By 
ompleting the squares in the multiples of J 0(x) and J 0(x� 1) we �nally getd2I(u+ �u0)d�2 ����=0 � R(u0) = �J(1)(u(1)� u(0))2(3.10) �12 Z 10 J 0(x� 1)[u(x)� u(1)℄2dx+12 Z 10 J 0(x)[u(x) � u(0)℄2dx � 0:
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tually R(u0) < 0. Assume that R(u0) = 0. Then also R(ju0j) =0 (R 10 R 10 J(x � y)ju0(x)jju0(y)jdxdy � R 10 R 10 J(x � y)u0(x)u0(y)dxdy). Consider thevariational problem inf jj�jj2=1R(�). If this inf is less than 0, then there exists some�0 for whi
h R(�0) < 0, thus u is unstable. If it is equal to 0, then sin
e it is a
hievedat �1 � ju0j=jju0jj2 we have�J [ju0j℄ + jju0j+ f 0(u)ju0j = �ju0j:If ju0j = 0 at some x0, then �J [ju0j℄(x0)+j(x0)ju0(x0)j = 0, whi
h implies that ju0j � 0(an indu
tive argument is used if jsuppJj < 2), a 
ontradi
tion. So ju0j > 0. But thenit is easily seen that R(u0) < 0.The following example shows that 
ondition J � 0 might be relaxed somewhat.Theorem 3.7. If in Theorem 3.6 we set J(x) = b�mjxj, b;m > 0, and b � 3m=4,then any non
onstant solution of (1.6) is unstable.Proof. Let u be a solution of (1.6). In (3.10) we break up �(b�m)(u(1)�u(0))2and use m4 (u(1)� u(0))2 together with the other two terms in (3.10) to 
omplete thesquare. We getd2I(u+ �u0)d�2 ����=0 = ��= b� 3m4 �[u(1)� u(0)℄2�m Z 10 �u(x)� 12(u(1) + u(0))�2dx < 0:Note that J 
hanges sign on (�1; 1) if 3m4 � b < m.For some other results in the 
ase J � 0 we refer the reader to [8℄.4. Dynami
 solutions in two dimensions. Theorem 2.5 and the existen
etheorems in Se
tion 3 showed the existen
e of layered, stable steady solutions of (1.7).Su
h results should 
arry over to higher dimensions. However when our approa
h isused in higher dimensions, layers be
ome hyper-surfa
es. The redu
ed problem of the�-
onvergen
e theory, shown in Proposition 2.2, is still an in�nitely dimensional prob-lem, whi
h is also sensitive to the shape of the domain 
. In this se
tion we presentsome numeri
al 
al
ulation of (1.7) in two dimensions. We solve (1.7) numeri
ally forlarge time periods. We again assume that J have the form (2.1) with J l invariant,i.e., J l(x; y) = J l(x�y). We only 
onsider the 
ase J l � 0. We hope to see that somesolutions u(x; t) that develop multiple layers as t!1. Then we want to understandhow the dire
tions of the layers are a�e
ted by J and the domain 
. Let us �rstexplain the numeri
al method used here.We pla
e the domain 
 inside a square [0; d℄ � [0; d℄. Dis
retize this square intoa M �M latti
e f(l;m) : l = 1; 2; :::;M; m = 1; 2; :::;Mg with � = d=(M � 1) beingthe grid size. Let D = f(l;m) : ((l� 1)�; (m� 1)�) 2 
g be the subset of the latti
epoints that are inside 
. Setunl;m = u((l � 1)�; (m� 1)�; n�t); (l;m) 2 D:(4.1)to be the value of u(x1; x2; t) at (x1; x2) = ((l�1)�; (m�1)�) and t = n�t. Dis
retizethe equation (1.7) toun+1l;m � unl;m�t = X(p;q)2D Jl;m;p;qunp;q�2 � jl;munl;m � f(unl;m)(4.2)
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heme from un to un+1un+1l;m = unl;m +�t[ X(p;q)2D Jl;m;p;qunp;q�2 � jl;munl;m � f(unl;m)℄;(4.3)Next we address the stability of this s
heme. It appears from our numeri
alexperiments that the stability depends mainly on the linear part of the s
heme. Weuse the von Neumann 
riterion on the linear part of the iteration. Repla
e D by theentire latti
e in plane sin
e the 
riterion is a lo
al analysis. On the entire plane jl;mbe
omes a 
onstant independent of (l;m) sin
e Jl;m;p;q = Jl�p;m�q depends on l � pand m� q only. Let unl;m = �n exp(i(k1; k2) � (l;m)�2) be a solution ofun+1l;m = unl;m +�t[ 1Xp;q=�1 Jl�p;m�qunp;q�2 � junl;m℄:(4.4)Here �n exp(i(k1; k2) � (l;m)�2) is thought as a wave of the wave ve
tor (k1; k2) andmagnitude �n. Insert this expression to (4.4) to obtain�n+1ei(k1;k2)�(l;m)�2= �nei(k1;k2)�(l;m)�2 +�t[ 1Xp;q=�1 Jl�p;m�q�ne(k1;k2)�(p;q)�2�2�j�nei(k1;k2)�(l;m)�2 ℄;whi
h is simpli�ed to� = 1� 2�t 1Xp;q=�1Jp;q sin2( (k1; k2) � (p; q)�22 )�2:(4.5)The von Neumann stability 
riterion states that a s
heme is stable if j�j � 1 forany (k1; k2). Applying this to (4.5), we obtainj1� 2�t 1Xp;q=�1 Jp;q sin2( (k1; k2) � (p; q)�22 )�2j � 1:(4.6)It turns out that (4.6) 
an be met even for rather large �t. For example, whenJp;q � 0, 1� 2�t 1Xp;q=�1 Jp;q�2 � � � 1:So the s
heme is stable provided �tP1p;q=�1 Jp;q�2 � 1. Also note thatP1p;q=�1 Jp;q�2 is the dis
retization of RR2 J , so (4.6) is like�t � 1RR2 J(x; y) :(4.7)Interestingly �, the grid size, does not enter (4.7). We will use (4.7) as a guideline toset �t, even if J is not everywhere non-negative.
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Fig. 4.1. An isotropi
 J on a disk.In this paper, RR2 J is of order 1, so (4.7) is easily satis�ed. The stability of theiteration s
heme (4.3) will not be an issue. We will make �t � � only to ensurea

ura
y of the iteration.As a 
omparison we point out that the 
orresponding expli
it s
heme for thelo
al bistable equation (1.9) requires a mu
h harder to meet von Neumann stability
ondition 2�t�2 � 1.As in the rest of this paper, we have taken the kernel J(x; y) to have the formJ(x� y) = J(x1� y1; x2� y2) for 2-dimensional ve
tors x = (x1; x2) and y = (y1; y2),so no in
uen
e 
omes from the boundary or the exterior of 
. Before we presentany simulation we note that J 
an be either isotropi
 or anisotropi
. J is isotropi
if J(x) = J(x1; x2) depends on the magnitude of (x1; x2) only, and anisotropi
 ifJ(x1; x2) depends on both the magnitude and the dire
tion of (x1; x2).The lo
al term in all the simulations is taken to be W (u) = 14 (u2 � 1)2, so itis a balan
ed double well fun
tion without any �-perturbation, and f(u) = u3 � u.The size of perturbation is set to be � = 0:1. For (4.3) the grid size is � = 0:1, and�t = 0:1.We �rst 
onsider the isotropi
 
ase. The �rst simulation is on the disk 
 =f(x1; x2) : x21 + x22 < 102g. The kernel isJ(x1; x2) = 1�2 exp(�px21 + x22� )� � exp(�q0:5x21 + 0:5x22):(4.8)It has the form of (2.1) as in Se
tion 2. It 
hanges sign, is positive for (x1; x2) 
loseto (0; 0), and negative otherwise. We take the initial data to be a small perturbation
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Fig. 4.2. An isotropi
 J on an ellipse.of u = 0. Figure 4.1 is a simulation of u(x; t) at approximately t = 0; 4; 100; 1000,whi
h shows the formation of a labyrinthine pattern. The 
olorbar next to the �rstplot gives the gray s
ale from �1:5 to 1:5, whi
h represents the values of u in the fourplots. The initial state that u � 0 is quite unstable, so u(x; t) soon tends to �1 or 1for most x. The ex
eption to su
h behavior is when x happens to be on the regionwhere u transits between �1 and 1. Su
h x's qui
kly form a number of 
urves whosewidth is of order �. Gradually these 
urves be
ome more and more straight. Near theboundary the 
urves tend to be perpendi
ular to the boundary of 
. However awayfrom the boundary they do not lie along the same dire
tion. This is be
ause neither Jnor the 
ir
ular domain 
 prefers any parti
ular overall dire
tion for the layers. Thewidth of a subdomain where u � �1 is about the same as the width of a subdomainwhere u � 1, due to the fa
t that W is perfe
tly balan
ed.The se
ond simulation explores the in
uen
e of the shape of the domain on thedire
tion of the interfa
es. We take 
 = f(x1; x2) : (x1=20)2+(x2=10)2 < 1g to be anellipse, and the same J of (4.8). Figure 4.2 shows a simulation of (1.7) whose initialdata is again u(x; 0) � 0, for 500 time units. This time we also �nd a labyrinthinepattern. Again the layers tend to be perpendi
ular to the boundary of 
 over there.The uneven nature of the boundary of 
 for
es more layers to be in the x2- dire
tionthan in the x1-dire
tion.Finally we 
onsider the anisotropi
 
ase. This time we take 
 = f(x1; x2) :x21 + x22 < 102g, so the geometry of 
 does not prefer any parti
ular dire
tion. Thenwe take J(x1; x2) = 1�2 exp(�px21 + x22� )� � exp(�qx21 + 0:5x22);(4.9)
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Fig. 4.3. An anisotropi
 J on a disk.with the anisotropy built in the se
ond term. We again take the initial data to beu(x; 0) � 0 and 
ompute for 1000 time units. As shown in Figure 4.3 after thelabyrinthine pattern is stabilized, the interfa
es in x1 dire
tion tend to be longerthan the interfa
es in x2 dire
tion. In other words the anisotropi
 J in (4.9) prefersos
illation in x2-dire
tion more than in x1 dire
tion. This is 
onsistent with the fa
tthat in (4.9) J l(x1; x2) = exp(�qx21 + 0:5x22);so J l de
reases slower in x2 dire
tion than in x1 dire
tion, and J l is largely responsiblefor the os
illatory behavior of the solution, in whi
h x2 dire
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