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t. The generalized Gierer-Meinhardt equation is a paradigm model of two 
oupledrea
tion-di�usion equations in the theory of biologi
al pattern formation. The existen
e of timeindependent, spatially periodi
 patterns of this equation in one spa
e dimension is governed by afour-dimensional singularly perturbed ordinary di�erential equation (ODE). In this paper, we analyzethis ODE and use geometri
 singular perturbation theory to 
onstru
t 
ountably many di�erent one-parameter families of periodi
 solutions. These periodi
 orbits 
onsist of fast segments interspersedwith slow segments, su
h that during the fast segments the 
on
entration of one spe
ies exhibits�nite sequen
es of large amplitude pulses that o

ur in rapid su

ession and that are of one of twofundamental types while the 
on
entration of the other spe
ies is 
onstant. Moreover, during theslow segments, the �rst spe
ies is near equilibrium while the 
on
entration of the se
ond de
reasesslowly. Most signi�
antly, these fast-slow periodi
 orbits are shown to exist for all periodi
 sequen
esof pulses with two re
e
tion symmetries. Hen
e, the Gierer-Meinhardt model possesses a ri
h set ofstationary, spatially periodi
, multi-pulse patterns. We also treat the 
ase of bounded intervals withNeumann boundary 
onditions. We show that, given any random sequen
e of the two pulse types,there exists a stationary, in general aperiodi
, multi-pulse pattern with the pulses ordered pre
iselyas in the random sequen
e on suÆ
iently long intervals.1. Introdu
tion. In this paper, we study the existen
e problem for positive, sta-tionary, spatially periodi
, multi-pulse solutions (Uper(x); V per(x)) of the generalizedGierer-Meinhardt equation� Ut = Uxx � �U + U�1V �1Vt = "2Vxx � V + U�2V �2 ;(1.1)for x 2 R [17, 23, 24, 16, 29, 30℄ (see also [5℄ and Remark 1.2). The unboundedness ofthe domain re
e
ts our 
hoi
e to study a spatially extended system: the spatial s
aleof the patterns is assumed to be mu
h smaller than the length s
ale of the domain.The ratio, "2, of the di�usion 
oeÆ
ients of the two spe
ies, whose 
on
entrations aredenoted U and V , is assumed to be asymptoti
ally small, i.e., 0 < "� 1. Throughoutthis paper, the parameters (�1; �2; �1; �2) and � are assumed to satisfy�1 > 1 + �2�1�2 � 1 ; �2 < 0; �1 > 1; �2 > 1; � > 0(1.2)(
ompare to [17, 23, 24, 16, 29, 30℄). This model 
an be seen as a generalizationof the original model introdu
ed by Gierer and Meinhardt [13℄ in the 
ontext ofmorphogenesis. The spe
ial 
ase �1 = 0; �2 = �1; �1 = 2; �2 = 2 in (1.1) 
orrespondsto the original (biologi
al) values of the parameters in [13℄. We have used this 
hoi
eof parameters in the simulations that generated Figures 1.1a and 1.1b.Multi-pulse solutions of (1.1) will in general have asymptoti
ally large amplitude[5℄. Therefore, we introdu
e the O(1) fun
tions ~U(x; t) and ~V (x; t) and parameters�Korteweg-de Vries Instituut, Universiteit van Amsterdam, Plantage Muidergra
ht 24, 1018 TVAmsterdam, the Netherlands.yDepartment of Mathemati
s, Boston University, 111 Cummington Street, Boston, MA 02215,U.S.A.zKorteweg-de Vries Instituut, Universiteit van Amsterdam, Plantage Muidergra
ht 24, 1018 TVAmsterdam, the Netherlands. 387
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Fig. 1.1. (a) A (�nite part of a) fundamental periodi
 pattern (UperA1 (x); V perA1 (x)) that is (nu-meri
ally) stable as solution of the s
aled PDE (1.4). (b) A (numeri
ally) stable periodi
 patternof `mixed' type: the A1B1-solution (UperA1B1 (x); V perA1B1(x)). Both graphs were obtained by a dire
tnumeri
al integration of (1.4) with �1 = 0, �2 = �1, �1 = �2 = 0 and � = 1 on a bounded domainof length L = 50, using the moving-grid 
ode des
ribed in [1℄. In (a) "2 = 0:0300, in (b) "2 = 0:0206.Note that both patterns 
an be extended to solutions on R by re
e
tion with respe
t to the boundariesof the domain.r; s > 0 by ~U(x; t) = "rU(x; t); r > 0; ~V (x; t) = "sV (x; t); s > 0;and perform a s
aling analysis. It is shown in [5℄ that it is possible to 
onstru
tstationary, multi-pulse homo
lini
 solutions of (1.1) forr = �2 � 1D > 0; s = ��2D > 0; and D = (�1 � 1)(�2 � 1)� �2�1 > 0(1.3)
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aling). Moreover, there generally exists a separation oflength s
ales with the pulses o

upying a narrow region and the intervals on eitherside of the pulse region being long. Hen
e, it is also natural to res
ale the independentvariable as x = p"~x and to 
onsider ~" = p". In terms of this new variable, (1.1) maynow be written in the `normal form':� "2Ut = Uxx �"2�U + U�1V �1Vt = "2Vxx �V + U�2V �2 ;(1.4)where we have dropped the tildes. Equation (1.4) is the subje
t of the analysis in thispaper, and one dire
tly observes that it has the reversibility symmetry x! �x, justlike (1.1) does, whi
h plays a 
ru
ial role in the analysis.Sin
e x 2 R, the existen
e problem for stationary solutions of (1.4) 
an be writtenas a singularly perturbed ordinary di�erential equation in whi
h x plays the role of`time': 8>><>>: u0 = pp0 = �u�1v�1 + "2�u"v0 = q"q0 = v � u�2v�2 ;(1.5)where 0 denotes the derivative with respe
t to the slow spatial variable x. By intro-du
ing the fast variable � = x=", we 
an write the slow system (1.5) in the equivalentfast form 8>><>>: _u = "p_p = "[�u�1v�1 + "2�u℄_v = q_q = v � u�2v�2 ;(1.6)where_denotes the derivative with respe
t to �. Both equations inherit the reversibilitysymmetry of (1.1) and (1.4):x; � ! �x;��; p! �p; q ! �q:(1.7)The systems (1.6)/(1.5) have one �xed point, S, at (0; 0; 0; 0). This �xed point lies onthe boundary of the slow manifold M, the 
entral feature of interest in (1.6)/(1.5):M = f(u; p; v; q) : v = q = 0; u > 0g(1.8)(see Remark 1.4). As may be seen by dire
t inspe
tion, this manifold is invariantunder the 
ow generated by (1.6)/(1.5) (re
all that �1; �2 > 0 (1.2)).We will study the existen
e of periodi
 solutions 
per(�) of (1.6) by the meth-ods of geometri
 singular perturbation theory [10, 11℄. We refer to [18, 20℄ for anintrodu
tion to the general theory and to [26℄ for a general a

ount on the geomet-ri
 theory of periodi
 orbits in singularly perturbed systems. In this paper we usea 
ombination of geometri
al and asymptoti
al te
hniques that has been developedto establish the existen
e of periodi
/homo
lini
/hetero
lini
 orbits in singularly per-turbed ODEs [6℄, [15℄, [27℄, [26℄ and in Hamiltonian systems [21℄, [2℄. These methodshave also been employed to study the existen
e of (multi-pulse) traveling waves in var-ious PDEs: the Ginzburg-Landau equation [3℄, 
oupled Ginzburg-Landau equations[8℄, the Gray-S
ott equation [7℄, and several families of singularly perturbed rea
tion-di�usion equations [5℄, [14℄. We note that this list is far from being exhaustive.
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h for traveling `lo
alized' solutions is one of the �rst steps inthe existen
e analysis of nontrivial solutions of a paraboli
 PDE. When the PDE isde�ned for x 2 R, these lo
alized patterns 
orrespond to homo
lini
 or hetero
lini
 so-lutions of an asso
iated ODE redu
tion ((1.5)/(1.6) in the 
ase of stationary solutionsof (1.4)). The following result on the existen
e of singular, stationary, multi-pulsehomo
lini
 solutions of the generalized Gierer-Meinhardt equations was proven in [5℄:Theorem 1.1: homo
lini
 multi-pulse solutions. Let (�1; �2; �1; �2; �)satisfy (1.2). Then, for any N � 1 with N = O(1) and " > 0 small enough, (1.6)possesses an N-loop orbit 
homN (�) homo
lini
 to S = (0; 0; 0; 0). The u; v 
oordinatesof 
homN (�) are non-negative, and 
homN (�) is exponentially 
lose to M ex
ept for a
onne
ted interval of � values during whi
h it makes N 
ir
uits through the fast �eld,and during whi
h it remains at least O(p") away from M.A solution 
homN (�) 
orresponds to a lo
alized pulse solution (UhomN (x); V homN (x))of the PDE (1.4). When N = 1, V homN (x) 
onsists of only one sharp `pulse' on a narrowspatial region; whereas when N � 2, V homN (x) is a sequen
e of N 
onse
utive narrowpulses that are relatively 
lose to ea
h other on a narrow spatial region. In parti
ular,V homN (x) de
reases to O(p"), but not further, in between any two adja
ent pulses inthis narrow region, while outside of it V homN (x) is exponentially small. Furthermore,the U -
omponent, UhomN (x), is 
onstant, at its maximum value, to leading order insidethe narrow region, and then it de
reases to zero outside of this region on a mu
h longerspatial s
ale (Remark 1.4). Finally, we note that, of 
ourse, the U - and V -
omponentsof (UhomN (x); V homN (x)) are, by 
onstru
tion, O(1) as solutions of the s
aled PDE (1.4).However, the U and V -
omponents of the solution of the original Gierer-Meinhardtequation (1.1) are asymptoti
ally large with respe
t to ". More pre
isely, they are ofO(1="r) and O(1="s), respe
tively, where r and s are given in (1.3).The orbits 
homN (�) are all homo
lini
 to the saddle point S of (1.6). In fa
t,
homN (�) 2 W s(S) \ W u(S), where W s(S) and W u(S) are the stable and unstablemanifolds of S. However, both W s(S) and W u(S) are two-dimensional (see Remark1.4 below, and [5℄), while the phase spa
e of (1.6) is four-dimensional. Thus, oneshould a priori not expe
t to be able to establish the existen
e of the interse
tions
homN (�). Nonetheless, it 
an be shown thatW s(S) andW u(S) do interse
t (
ountablymany times) by the appli
ation of the reversibility or re
e
tion symmetry (1.7) (seese
tion 2 of this paper, as well as [5℄, for the details). In this paper, the symmetrywill be used in a similar way to establish the existen
e of one-parameter families ofsymmetri
 periodi
 patterns.The �rst result of this paper (Theorem 3.1) is a natural extension of Theorem 1.1to spatially periodi
 multi-pulse solutions. In parti
ular, we show that, for any N � 1of O(1), there exist two one-parameter families of `fundamental' periodi
 solutions,
perAN (�;C) and 
perBN (�;C) of (1.4). Orbits in di�erent families are distinguished bythe type of `jump' they make from M to M. During its period, an orbit 
perAN (�),respe
tively 
perBN (�), `takes o�' on
e from M, makes N 
ir
uits through the fast�eld of AN -type, respe
tively BN -type, and again `tou
hes down' on M. The orbits
perAN (�) and 
perBN (�) are exponentially 
lose toM after `tou
h down' up until the next`take o�'. The `jump', `take o�', `tou
h down' terminology and the details of `beingexponentially 
lose toM' are explained in full detail in se
tions 2 and 3 of this paper.In se
tion 2, the take o� and tou
h down 
urves, T o�N and T downN (with T o�;downN �M)are also de�ned and determined. These 
urves, and espe
ially their interse
tions withthe orbits �C of the slow 
ow onM (see se
tion 2.1), determine the di�eren
e betweenthe AN -jumps and the BN -jumps through the fast �eld.
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e between the periodi
 AN - and BN -patterns(UperAN (x); V perAN (x)) and (UperBN (x); V perBN (x)) of the PDE (1.4), whi
h are asso
i-ated to the solutions 
perAN (�) and 
perBN (�), respe
tively, of (1.6), is that the amplitudesof the U and V 
omponents of the AN -type pulses are always larger than the ampli-tudes of the U and V 
omponents of the BN -type pulses (see Figure 1.1). In turn, theamplitudes of the (UperAN (x); V perAN (x)) and (UperBN (x); V perBN (x)) patterns are always lessthan the amplitudes of the 
orresponding homo
lini
 pattern (UhomN (x); V homN (x)).Apart from that, the stru
ture of the V -
omponent of an AN - or BN -pulse is, inessen
e, the same as that of the homo
lini
 pulse in V homN (x), espe
ially in thatV perAN (x) and V perBN (x) are exponentially small outside the narrow region in whi
h
perAN (�) and 
perBN (�), respe
tively, make their 
ir
uits through the fast �eld. TheU -
omponents UperAN (x) and UperBN (x) again vary on a long spatial s
ale. However,unlike the U -
omponent UhomN (x) of a multi-pulse homo
lini
 orbit, the U -
omponentof all of the periodi
 patterns 
onstru
ted in this paper remains bounded away fromzero (see Figures 1.1a, b and 2).Ea
h fundamental periodi
 orbit 
per� (�), where � is any type of the formfAN ; BMgN;M�1, 
an be 
onsidered as a `skeleton' for the 
onstru
tion of pe-riodi
 orbits of `mixed' type. In Figure 1.1b, we show a plot of the pattern(UperA1B1(x); V perA1B1(x)) that was obtained as the time-asymptoti
 state in a simula-tion of the PDE (1.4). This pattern 
orresponds to the most simple periodi
 orbit ofmixed type in that the solution 
perA1B1(�) of (1.6) is a periodi
 orbit that makes twodi�erent `jumps' through the fast �eld, one of A1-type and the other of B1-type. Ourse
ond main result, Theorem 3.3, establishes that, for ea
h N � 1 and M � 1, thereexists a one-parameter family of periodi
 orbits 
per�1�2(�), with �1; �2 2 fAN ; BMg.These orbits are 
alled `of �1�2-type' (see se
tion 3.2 for the details), sin
e the pat-terns (Uper�1�2(x); V per�1�2(x)) asso
iated to these solutions 
onsist of periodi
 sequen
es:::�1�2�1�2�1�2::: of pulses of �1-type and �2-type (Figure 1.1b).It follows from the 
onstru
tion of the `fundamental' orbits of �-type and the`mixed' orbits of �1�2-type that there must be many other families of singular, pe-riodi
, multi-pulse solutions of (1.6), or, equivalently, many other types of singular,spatially periodi
, multi-pulse patterns in the generalized Gierer-Meinhardt equation(1.1).Of 
ourse, these one-parameter families of periodi
 solutions will have to obeythe reversibility (or re
e
tion) symmetry (1.7). Hen
e, an element of su
h a family ofperiodi
 solutions, 
per(�;C), must satisfy (after translation) 
per(0;C) 2 fp = q = 0gand 
per(T2 ;C) 2 fp = q = 0g where T = T (C) is the period, or wave length, of
per(�;C). Thus, 
per(�;C) has two internal symmetries, 
per(��;C) = 
per(�;C)and 
per(T2 � �;C) = 
per(T2 + �;C) (we refer to se
tion 3 for the details). It followsthat one 
an distinguish between three possible types of periodi
 solutions 
per(�;C).An orbit 
per(�;C) might have both 
per(0;C) and 
per(T2 ;C) exponentially 
lose toM, or it might have 
per(0;C) exponentially 
lose to M and 
per(T2 ;C) in the fast�eld (note that one 
an always translate, so that one 
an assume that 
per(0;C) is
lose to M); �nally, 
per(�;C) might have both 
per(0;C) and 
per(T2 ;C) in the fast�eld, i.e. ea
h halfway along a fast �-jump or ~�-jump from M to M.In Theorem 3.4 we give a 
omplete 
hara
terization of all possible one-parameterfamilies of symmetri
 periodi
 solutions. In parti
ular, let � be a `random' sequen
eof �j 's, j = 1; 2; :::; J , where �j represents a jump through the fast �eld of �j-type,i.e. � = �1�2:::�J with �j 2 fAN ; BMgN;M�1, and let ��1 be de�ned by ��1 =�J�J�1:::�1. It is shown in Theorem 3.4 that one 
an 
onstru
t three di�erent one-
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Fig. 1.2. A s
hemati
 illustration of a �nite part of the pattern(UperA1A2A3A2A1 (x); V perA1A2A3A2A1 (x)) asso
iated to an A1A2A3A2A1-orbit of ����1-type(with � = A1A2, � = A3). The `full' pattern 
an again be obtained by re
e
tion with respe
t to theboundaries of the domain. The singular V -pulses are represented by verti
al line segments. TheU-
omponents are, to leading order, 
onstant during the fast ex
ursions of 
perA1A2A3A2A1(�). Notethat the values of U are identi
al at the minima of UperA1A2A3A2A1(x) (up to exponentially small
orre
tions, see se
tion 3).parameter families of singular symmetri
 periodi
 orbits for any � : one of ���1-type,one of ����1-type and one of �� ~���1-type, where � and ~� are arbitrary.The orbits of ���1-type 
orrespond to solutions 
per���1(�;C) of (1.6) that haveboth the points 
per���1(0;C) and 
per���1(T2 ;C) exponentially 
lose toM. The asso
iatedpattern (Uper���1(x); V per���1(x)) in the PDE (1.1)/(1.4) exhibits a periodi
 sequen
e ofsingular pulses of �j -type of the form:::�1�2:::�J�J�J�1:::�1�1�2:::�J�J�J�1:::�1:::;where �j 
an represent any possible jump through the fast �eld of AN - or BM -type.The ����1-orbits 
orrespond to solutions 
per����1(�;C) that have 
per����1(0;C) expo-nentially 
lose toM and 
per����1(T2 ;C) in the fast �eld, halfway along a jump of �-type.In Figure 1.2, a sket
h is given of the pulse pattern :::A1A2A3A2A1A1A2A3A2A1:::generated by (UperA1A2A3A2A1(x); V perA1A2A3A2A1(x)), the solution of (1.4) asso
iatedto the ����1-orbit 
perA1A2A3A2A1(�;C) with � = A1A2, � = A3. Finally, the�� ~���1-orbits 
orrespond to orbits 
per�� ~���1(�;C) that have their interse
tions withfp = q = 0g halfway along their jumps of �- and ~�-type. The 
orresponding patterns(Uper�� ~���1(x); V per�� ~���1(x)) are generated by the following periodi
 sequen
es::::��1�2:::�J ~��J�J�1:::�1��1�2:::�J ~��J�J�1:::�1��1�2:::;with �; ~�; �j 2 fAN ; BMgN;M�1 for j = 1; 2; :::; J .Therefore, we may 
on
lude by Theorem 3.4 that the generalized Gierer-Meinhardt equation (1.1) has an extremely ri
h set of distin
t periodi
 solu-tions/patterns.Finally, we extend the results obtained for periodi
 intervals to the 
ase of theGierer-Meinhardt equation de�ned on a bounded interval with homogeneous Neumannboundary 
onditions. We show that this leads to a very natural distin
tion betweenthe three types of periodi
 orbits des
ribed by Theorem 3.4. Spe
i�
ally, we refor-mulate Theorem 3.4 into a new result, Corollary 4.1, by restri
ting � to a bounded
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e, Corollary 4.1 states that any `random', and thus in general aperi-odi
, multi-pulse pattern of ~J pulses of �j -type, with �j 2 fAN ; BMgN;M�1, exists assolution of (1.4) (and hen
e also of (1.1)) on a bounded interval of suÆ
ient length andwith homogeneous Neumann boundary 
onditions. Moreover, this 
orollary 
learlybrings out why su
h `random' patterns exist.The paper 
on
ludes with a brief dis
ussion se
tion, in whi
h we 
omment on thepossible stability of the spatially periodi
 patterns and on some related issues.Remark 1.2. It is shown in [5℄ that the generalized Gierer-Meinhardt equa-tion 
an be derived, by a s
aling analysis, from a large 
lass of singularly perturbedrea
tion-di�usion equations as the leading order part of a `normal form'. This 
lassis given by � Ut = dUUxx + a11U + a12V + H1(U; V )Vt = dV Vxx + a21U + a22V + H2(U; V )where 0 < dV � dU , aij is su
h that the trivial pattern (U(x; t); V (x; t)) � (0; 0) of thelinear equation (i.e. Hi(U; V ) � 0) is asymptoti
ally stable, and Hi(U; V ) is su
h that
ertain growth 
onditions are satis�ed (see [5℄ for the details). As a 
onsequen
e, allresults on the existen
e of singular, spatially periodi
, multi-pulse patterns obtainedin this paper for the generalized Gierer-Meinhardt equation also hold for this general
lass of rea
tion-di�usion equations.Remark 1.3. The (natural) 
hoi
e to study positive solutions (i.e.U(x; t); V (x; t) > 0) does not have an essential in
uen
e on the analysis. We refer to[5℄ for more details on this issue.Remark 1.4. The fa
t that the �xed point S lies on the boundary of M whereu = 0 introdu
es a te
hni
al diÆ
ulty for the appli
ation of the Feni
hel geometri
singular perturbation theory, sin
e the theory applies for u > 0. Moreover, sin
e�2 < 0 (1.2), there is a singularity in the ve
tor �eld at u = 0 that, a priori, 
ouldprevent the existen
e of orbits homo
lini
 to S. Both these issues are treated andresolved in [5℄. Sin
e the periodi
 solutions studied in this paper remain boundedaway from the hyperplane fu = 0g, we do not have to 
onsider the singular behaviorat u = 0 in this paper.2. Geometri
 preliminaries. In this se
tion, we present the ba
kground ma-terial on whi
h the 
onstru
tion of the periodi
 patterns is based. This approa
hwas in essen
e already developed in [7℄ for the Gray-S
ott model and was general-ized in [5℄ to a large 
lass of singularly perturbed rea
tion-di�usion system, in
ludingthe generalized Gierer-Meinhardt equation. Both [7℄ and [5℄ are mostly restri
ted tohomo
lini
 (i.e. non-periodi
) patterns.2.1. The redu
ed problems and persisten
e. The fast redu
ed limit " # 0of (1.6) is given by �v = v � u�2v�2 ;(2.1)with u � u0 and p � p0, where u0; p0 2 R are 
onstants. System (2.1) is inte-grable and has, for u0 > 0, a saddle �xed point at (v = 0; _v = 0) that has an orbit(vhom(�); qhom(�) = _vhom(�)) homo
lini
 to it. Note that one has to assume that�2 > 1, whi
h is one of the 
onditions expli
itly 
ontained in the hypotheses (1.2).The slow manifold M de�ned in (1.8) is simply the union of the saddle points(0; 0) over all u0 > 0 and all p0 2 R. The slow manifold is normally hyperboli
 relative
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i�
ally, with " = 0,M has three-dimensional stableand unstable manifolds that are the unions of the two-parameter (u0; p0) familiesof one-dimensional stable and unstable manifolds, respe
tively, of the saddle points(v; q) = (0; 0) in (2.1).The Feni
hel persisten
e theory (see [10, 11, 18, 20℄) implies that system (1.6)with 0 < " � 1 has a lo
ally invariant, slow manifold, under the 
ondition that theve
tor �eld is at least C1. Hen
e, we have to impose (1.2). Here, we know even morealready, sin
e the manifold M is also invariant in the full system (1.6) with " 6= 0.In addition, the Feni
hel theory states that, in the system (1.6) with 0 < " � 1, Mhas three-dimensional stable and unstable manifolds, whi
h we denote W s(M) andW u(M), and that these manifolds are O(") 
lose to their " = 0 
ounterparts.Generally, the slow redu
ed problem 
an be obtained by taking the limit "! 0 inthe slow system (1.5). This redu
ed system governs the (slow) 
ow on M. However,taking "! 0 in (1.5) yields u00 � 0, so that we 
on
lude that the 
ow must be superslow on M (see also [7℄). The 
ow on M is obtained by setting v; q = 0 in (1.5):u00 = "2�u;(2.2)thus d=dx = O("), where x is the slow variable.The slow redu
ed problem (2.2) is linear. On M, there are one-dimensionalstable and unstable manifolds (restri
ted to M) that are asymptoti
 to the saddleS = (0; 0; 0; 0) on the boundary of M (see Remark 1.4):`u;s : p = �"p�u:(2.3)The manifolds `u;s are espe
ially important for the 
onstru
tion of homo
lini
 (multi-pulse) solutions.Periodi
 solutions are asso
iated to a family of hyperboli
 solutions of (2.2) thatlie to the right of `u and `s in the u > 0 half-plane. We de�ne the one-parameterfamily of orbits �C := fp2 = "2(�u2 � C)g for C 2 R:(2.4)Note that �C 
orresponds to `s [ `u for C = 0, and that u 
hanges sign on �C forC < 0. Sin
e we fo
us on positive solutions in this paper, we only 
onsider �C withC � 0 (see Figure 2.1 and se
tion 2.4). Solutions on these orbits 
an be expressedexpli
itly asu(x;C;x0) = umin(C) 
osh ("p�(x� x0)) = umin(C) 
osh �"2p�(� � �0)� ;(2.5)so that u(x0;C;x0) = umin(C) andu(x;C;x0) � umin(C) def= sC� > 0:(2.6)2.2. Periodi
 solutions and orbits homo
lini
 to M. Periodi
 solutions of(1.6) 
annot be homo
lini
 to M. However, we now show that any periodi
 solutionof (1.6) must have a singular stru
ture, in the sense that it must 
onsist of `slow' parts
lose to M and `fast' parts that are ex
ursions away from M and ba
k to it.The argument is based on a Poin
ar�e map approa
h. A periodi
 solution 
per(�)of (1.6), with 
per(�) = (uper(�); pper(�); vper(�); qper(�)), and with O(1) period T , is
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losed 
urve in the phase spa
e, so that�p(
per) = Z T=2�T=2 _p(
per(�))d� = 0;by 
onstru
tion. However, it follows from (1.6) that�p(
per) = �"(u0)�1 Z T=2�T=2(v0(�;u0))�1d� +O("2);where u0 > 0 is 
onstant. Hen
e, su
h a periodi
 solution satis�es juper(�)�u0j = O(")for all � and the v-
omponent, v0(�;u0) > 0, is a periodi
 solution of (2.1) that satis�esjvper(�) � v0(�;u0)j = O(") for � 2 (�T=2; T=2). Therefore, �p(
per) 
annot vanishfor "� 1, sin
e the 
oeÆ
ient on the O(") term in the formula for �p must be stri
tlynegative. In turn, this implies that �p(
per) 
annot vanish for �� 1="4. See Remark2.1. Sin
e we 
onsider here 0 < " � 1 and � = O(1), we 
on
lude that periodi
solutions 
annot be 
lose to a periodi
 solution of the fast redu
ed problem and
annot have an O(1) period T . Only solutions that have vper = 0 to leading order formost of the 
ir
uit might be able to satisfy the 
ondition �p = 0. Su
h solutions thushave `slow' 
omponents that are 
lose toM (where v = 0) and `fast' 
omponents thatare 
lose to the homo
lini
 solutions vhom(�;u0) of the fast redu
ed problem.A `fast' ex
ursion away from, and ba
k to, M gives a negative 
ontribution to�p stri
tly of O("). This 
ontribution must be `balan
ed' by the 
omponent +"3�u(2.1) of _p that is the leading order 
ontribution of �p for v = 0. It follows that apotential periodi
 solution must remain 
lose toM for O(1="2) `time' (here `time' =the fast spatial variable �), so that the O("3) 
omponent 
an have a net e�e
t alsostri
tly of O("). Note that this argument also shows that a spatially periodi
 solutionmust have a period of O(1=") in the (slow) spatial variable x of the (s
aled) PDE innormal form (1.4).The slow manifold M is normally hyperboli
, hen
e, a solution 
an remain 
loseto M for O(1="2) time (as measured in �) only if it is exponentially 
lose to Mduring its `passage' near M. Therefore, ea
h segment of a periodi
 solution mustbe exponentially 
lose to either M, or, during a 
ir
uit through the fast �eld, toW s(M)\W u(M) ([19, 27, 26℄ and se
tion 3). This implies that any periodi
 solutionto (2.1) must be exponentially 
lose to a solution homo
lini
 toM. As a 
onsequen
e,it is ne
essary to �rst develop a theory by whi
h solutions homo
lini
 to M 
an be
onstru
ted. The results reviewed below were �rst reported in [5℄.One-
ir
uit orbits homo
lini
 to M in the full system (1.6) with 0 < " � 1 willlie in the transverse interse
tion of W u(M) and W s(M), and their ex
ursions in thefast �eld will lie 
lose to a homo
lini
 orbit of (2.1) for some parti
ular value of u0.In order to dete
t these solutions, we use a Melnikov method for slowly varyingsystems ([25, 7, 5℄) System (2.1) has a 
onserved quantity, or energy, given by:K(�) = 12q2 � 12v2 + 1�2 + 1u�2v�2+1:(2.7)By 
onstru
tion, KjM = 0, and K < 0 for orbits inside the homo
lini
 orbit(vhom(�;u0); qhom(�;u0)) of (2.1), while K > 0 for orbits outside. In addition, adire
t 
al
ulation yields: _K = " �2�2 + 1u�2�1pv�2+1;(2.8)
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e KjM � 0, any orbit 
(�) = (u(�); p(�); v(�); q(�)) of (1.6) thatis homo
lini
 to M must satisfy the 
ondition�K(u0; p0) = Z 1�1 _K(
(�))d� = 0:(2.9)Here, without loss of generality, we assume that the orbits 
(�) homo
lini
 to M, ifthey exist, are parameterized su
h that 
(0) = (u0; p0; v0; 0). Therefore, (2.8) implies:Z 1�1 u�2�1pv�2+1d� = 0:(2.10)The 
ondition (2.10) is exa
t in the sense that we did not introdu
e any approximationsso far. Moreover, as we shall show, if the zero of �K is a simple one, then thehomo
lini
 orbit 
(�) lies in the transverse interse
tion of W s(M) and W u(M).Now, W s(M) and W u(M) are three-dimensional manifolds. Thus, in the four-dimensional phase spa
e of (1.6), one expe
ts that W s(M) \ W u(M) is a two-dimensional manifold, or, equivalently, that there is a one-parameter family of or-bits 
 that are homo
lini
 to M. The analysis 
arried out in the remainder of thissubse
tion reveals that this is indeed the 
ase as long as (1.2) holds.Sin
e W s(M) and W u(M) are O(") 
lose to the (u0; p0)-family of homo
lini
orbits to (2.1), both W s(M) and W u(M) interse
t the three-dimensional hyperplanefq = 0g transversely in two-dimensional manifolds, de�ned as I�1(M) and I+1(M),respe
tively. These manifolds 
an be parameterized by (u0; p0):I�1(M) = f(u0; p0; v0�1(u0; p0); 0); u0 > 0g � fq = 0g:(2.11)Thus, for every u0 > 0 and p0 2 R, there exists a v0�1 su
h that the solution 
(�)of (1.6) with 
(0) = (u0; p0; v0�1; 0) satis�es lim�!1 
(�) 2 M. Similarly, thereexists a v0+1 su
h that the solution 
(�) of (1.6) with 
(0) = (u0; p0; v0+1; 0) satis�eslim�!�1 
(�) 2 M (where the supers
ripts are indi
es, not powers). Note that theuse of the above limits 
onstitutes a slight abuse of notation. The slow manifold Mhas a boundary �M = f(u; p; v; q) : u = v = q = 0g (1.8) and the ve
tor �eld (1.6)
an be singular when u! 0. However, in this paper we are only interested in orbitsthat have positive u-
oordinates for all �, see also se
tion 2.4 (and Remarks 1.3, 1.4).Having established that the sets I�1(M) and I+1(M) are nonempty, we nowshow they interse
t in the hyperplane fp = 0g. We use the homo
lini
 orbit(vhom(�); qhom(�)) of (2.1) to approximate the solutions on W u(M) and W s(M).The exa
t 
ondition (2.10) now implies that, to leading order, one-
ir
uit homo
lini
solutions must satisfy:(u0)�2�1p0 Z 1�1(vhom(�))�2+1d� +O(") = 0:(2.12)The improper integral exists be
ause vhom 
onverges exponentially to zero as � ! �1,and hen
e so does the entire integrand. Then, sin
e the integrand in (2.12) is positiveand sin
e u0 is assumed to be positive, we see that it is only possible to satisfy (2.12)if p0 is O("). In addition, we 
on
lude that�K(u0; p0) = O("2) for p0 = O("):(2.13)Finally, for the one 
ir
uit homo
lini
 orbits to M, we now show that not only is itne
essary that p0 = O("), but it is in fa
t the 
ase that p0 � 0. We go ba
k to the
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t 
ondition (2.10). For any solution 
(�) = (u(�); p(�); v(�); q(�)) 2W u(M) with
(0) = (u0; 0; v0+1(u0; 0); 0) 2 I+1(M), the reversibility symmetry (1.7) implies thatu(��) = u(�); p(��) = �p(�); v(��) = v(�); and q(��) = �q(�);(2.14)and, hen
e also, v0+1 = v0�1. Therefore, along 
(�), the integrand in (2.10) is anodd fun
tion of �, and the integral vanishes identi
ally. This, in turn, implies thatW u(M) \W s(M) pre
isely in the orbit 
(�) and that the set I+1(M) \ I�1(M) �fp = 0g.Remark 2.1. In [22℄ the transition from singular periodi
 orbits to regularperiodi
 orbits (by varying the parameters), and the ultimate `fate' of the familyof periodi
 orbits in a Turing bifur
ation, has been analyzed in full detail for theGray-S
ott model. We also refer to this paper for more details on the `Poin
ar�e mapapproa
h' sket
hed in the beginning of this subse
tion. An analysis similar to thatof [22℄ 
an be done for the generalized Gierer-Meinhardt equation by in
reasing �from O(1) to O(1="4). Note that one has to adapt the s
alings in (1.1) as soon as �be
omes � 1. It then follows that in
reasing � to O(1="4) is equivalent to making "an O(1) parameter. We refer to [9℄ for the details of this s
aling analysis.2.3. Multi-
ir
uit orbits homo
lini
 toM. So far, we have only paid atten-tion to homo
lini
 orbits to M that make a single 
ir
uit through the fast �eld. Inthis subse
tion, we follow [5℄ and establish the possibility of having orbits that takeo� fromM and make N > 1 loops through the fast �eld before tou
hing down againon M.As we shall show below, the global stable and unstable manifolds of M interse
tthe hyperplane fq = 0g many times. The sets I�1(M) de�ned above 
an be seen tobe the �rst interse
tions of W s(M) and W u(M) with fq = 0g: an orbit 
(�) withinitial 
ondition in I�1(M) only follows the redu
ed fast 
ow for half a 
ir
uit and`gets 
aught' by M, i.e., it does not leave an exponentially small neighborhood ofM anymore. Orbits that have their initial 
onditions in the se
ond interse
tions ofW u;s(M) with fq = 0g, whose existen
e we shall show shortly, follow the fast 
ow fortwo half 
ir
uits through the fast �eld before settling down on M. Hen
e, they ea
hmake one full 
ir
uit. We label these sets of initial 
onditions (u0; p0; v0�2(u0; p0); 0)by I�2(M). For initial 
onditions in them, v0�2(u0; p0) are stri
tly O(p").Similar de�nitions 
an be given for the n-th interse
tion sets I�n(M). These setsare also two-dimensional manifolds. For n even, v0�n is stri
tly O(p"), sin
e thesesolutions make n=2 full 
ir
uits in the fast �eld; while, for n odd, v0�n is stri
tly O(1)(and O(") 
lose to the interse
tion of the 
orresponding unperturbed homo
lini
 orbitof (2.1) with fq = 0g), sin
e these solutions make a half-integer number of 
ir
uits inthe fast �eld. Below, we will show that all I�n(M) exist. Finally, we will show thatI�m(M) \ In(M) for all m + n even, and it is pre
isely in these interse
tions thatthe orbits homo
lini
 to M lie that make m+n2 full 
ir
uits through the fast �eld of(1.6). Note that interse
tions with m + n odd are ruled out due to the lo
ations ofv0�m and v0n, sin
e one of these is stri
tly O(p"), while the other is stri
tly O(1).We �rst establish that the 
urves I�n(M) exist for all n > 1 (if (1.2) holds),fo
using on the 
ase of I+n(M), sin
e the 
ase of I�n(M) may be done similarly. Theplane fp0 = 0g separates I+1(M) into two parts. The strategy then is to determinethe fate of initial 
onditions on I+1(M). We will see that there are `wrong' and`right' 
omponents of I+1(M) su
h that orbits with initial 
onditions in the `wrong'part of I+1(M) are `outside' the three-dimensional manifold W s(M) and follow the



398 A. DOELMAN, T. J. KAPER AND H. PLOEGunbounded part of the integrable 
ow (2.1) in forward `time' �. Hen
e, they do notreturn to fq = 0g. On the other hand, orbits with initial 
onditions in the `right'part of I+1(M) are `inside' the three-dimensional manifold W s(M) and follow thebounded part of the integrable 
ow (2.1) in forward `time' �. Therefore, these will bethe ones of interest sin
e there is the possibility that they 
an return to fq = 0g.In order to dedu
e whi
h part of I+1(M) does return to fq = 0g, i.e.,whi
h part of I+1(M) is the `right' part, we 
onsider an orbit 
+1(�) =(u+1(�); p+1(�); v+1(�); q+1(�)) with 
+1(0) = (u0+1; p0+1; v0+1; 0) 2 I+1(M). We as-sume that p0+1 is stri
tly O("), i.e., 
+1(0) is not too 
lose to I�1(M). Thus, 
+1is at its minimal distan
e (stri
tly O(p")) from M when � = � = O(j log "j). Then,sin
e 
+1(�)!M as � ! �1 and sin
e K � 0 on M, we see thatK(
+1(�)) = Z ��1 _K(
(�))d�= " �2�2 + 1(u0+1)�2�1p0+1 Z 1�1(vhom)�2+1d� +O("2)(2.15)(sin
e vhom(�) approa
hes 0 exponentially fast), where we have made the same ap-proximation as in (2.12). Thus, sin
e �2 < 0 (1.2), we haveK(
+1(�)) < 0 () p0+1 > 0:(2.16)Finally, sin
e K < 0, we know from the de�nition (2.7) of K that 
+1(�) is `inside'W s(M); and, also that 
+1(�) interse
ts fq = 0g again, i.e., I+2(M) is nonempty.Correspondingly, the above argument shows that if p0+1 < 0, then K > 0 and theorbit 
+1(�) is `outside' W s(M). Hen
e, it 
annot interse
t the hyperplane fq =0g again. The same argument in ba
kwards `time' yields that orbits 
�1(�) with
�1(0) = (u0�1; p0�1; v0�1; 0) 2 I�1(M) interse
t fq = 0g again when p0�1 < 0 (but notwhen p0�1 > 0). Thus, both I�2(M) exist.The above argument may be extended to show that all I�n(M) exist, and we de-note the points in these sets by (u0�n; p0�n; v0�n(u0�n; p0�n); 0), respe
tively. Moreover,the same argument 
an be applied to any solution of (1.6) with an initial 
onditionin fq = 0g that is at least O(") 
lose to W s(M) or W u(M). Only the orbits withpositive p-
oordinate are `inside' W s(M) and will thus interse
t fq = 0g again inforward `time' (= �); the p-
oordinate must be negative for a next interse
tion withfq = 0g in ba
kward time.Next, we show that the interse
tions I+2(M) \ I�2(M), and their higher orderequivalents, exist. Orbits with initial 
onditions in I�2(M) 
an also be approximatedby vhom(�) (2.1) to leading order, sin
e both 
ir
uits must be O(") 
lose to vhom(�).Thus, to leading order,�K = 2" �2�2 + 1(u0+1)�2�1p0+1 Z 1�1(vhom)�2+1d�;(2.17)and we �nd that the p-
oordinate p0 of the initial 
ondition must also be 0, to leadingorder, for a two-
ir
uit homo
lini
 orbit with initial 
onditions in I+2(M)\I�2(M).Moreover, not only is p0 = 0 to leading order, but p0 � 0 exa
tly, sin
e the reversibilitysymmetry (1.7) implies that the homo
lini
 orbits with initial 
onditions p0 = 0 inI+2(M)\I�2(M) are also symmetri
, just as we saw for the one-
ir
uit orbits. Thatis, we have shown I+2(M) \ I�2(M) � fp = 0g exa
tly :(2.18)
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tively to show thatI+n(M) \ I�n(M) � fp = 0g for all n = O(1) exa
tly :(2.19)So far, however, it is not yet 
lear for whi
h pairs m 6= n with m+ n even,I+n(M) \ fp = 0g 6= ; and I�m(M) \ fp = 0g 6= ;:(2.20)As shown above, only those orbits with initial 
onditions in I+1(M) [ fp > 0g 
an`build' I+2(M). The main question then is: Can (at least) one of these orbits satisfyp(�) = 0 at its se
ond interse
tion with fq = 0g?We begin by 
al
ulating the 
hange in p during the half-
ir
uit from fq = 0gba
k to fq = 0g. Note that a similar 
omputation was already done at the beginningof se
tion 2.2. We 
onsider the orbit 
+1(�) = (u+1(�); p+1(�); v+1(�); q+1(�)) with
+1(0) = (u0+1; p0+1; v0+1; 0) 2 I+1(M), where now p0+1 = "~p0 > 0 with ~p0 stri
tlyO(1). Let � (= O(j log "j)) be su
h that 
+1(�) 2 I+2(M) � fq = 0g. We de�ne �pby p+1(�) def= "~p0 +�p. Hen
e, by the se
ond 
omponent of (1.6),�p+1(u0; "~p0) = �" Z �0 u�1v�1d� +O("3j log "j);(2.21)note that �p+1(u0; "~p0) is �nite (1.2). Thus,�p+1(u0; "~p0) = �"(u0)�1 Z 10 (vhom(�))�1d� +O("2);(2.22)As a 
onsequen
e, the p-
oordinate of 
+1(�) 2 I+2(M) is given to leading order by" �~p0 � (u0)�1 Z 10 (vhom(�))�1d�� with ~p0 > 0:(2.23)This expression 
an 
hange sign (sin
e u0 > 0 and vhom(�) > 0). By a similarargument for the general 
ase, we 
on
lude that all interse
tions I+n(M) \ I�n(M)exist and satisfy (2.19). Moreover, by following the fast 
ow for j half 
ir
uits, we seethat all In+j(M) \ I�n+j(M) exist, although these sets are not subsets of fp = 0g,sin
e �p 6= 0, by (2.22) or its equivalents. Summarizing,I+n(M) \ I�m(M) 6= ; for all n+m even and m;n = O(1):(2.24)2.4. Take o� and tou
h down 
urves. So far, we have fo
used on the dy-nami
s in the fast �eld of (1.6), and for every O(1) N > 0, we have 
onstru
teda one-parameter family of multi-
ir
uit orbits homo
lini
 to M. We now turn ourattention for ea
h N � 1 to lo
ating spe
ial pairs of 
urves on M that are essentialfor determining the slow segments of these same multi-
ir
uit orbits. In parti
ular,we will need the ideas developed in [11℄.Let 
N (�) be an N -
ir
uit orbit homo
lini
 to M, of the type whose existen
ehas been shown in the previous subse
tion, with 
N (0) 2 IN (M) \ I�N (M) �fp = 0g. By geometri
al singular perturbation theory (see [11℄ and [18℄), thereare two orbits 
slow+N = 
slow+N (�; (u0+N ; p0+N)) � M and 
slow�N (�; (u0�N ; p0�N )) �M, respe
tively (where 
�N (0; (u0�N ; p0�N )) = (u0�N ; p0�N ) 2 M), su
h thatk
N(�) � 
slow+N (�; (u0+N ; p0+N))k is exponentially small for � > 0 with � � O( 1" ) and
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N(�) � 
slow�N (�; (u0�N ; p0�N))k is exponentially small for � < 0 with �� � O( 1" ). Asa 
onsequen
e, d(
N (�);M) = O �e�k" � for j�j � O�1"� or larger;(2.25)for some k > 0. The orbits 
slow�N (�; (u0�N ; p0�N)) determine the behavior of 
N(�) nearM. Moreover, 
N (�) satis�es the reversibility symmetry (1.7) by the 
hoi
e of initial
onditions, and thus
slow�N (�; (u0�N ; p0�N)) = 
slow+N (��; (u0+N ;�p0+N)):(2.26)We now de�ne the 
urves T downN �M (`tou
h down') and T o�N �M (`take o�') asT downN = [
N (0)f(u0+N ; p0+N) = 
slowN (0; (u0+N ; p0+N ))g;(2.27) and T o�N = [
N (0)f(u0+N ;�p0+N)g;where the unions are over all 
N (0) 2 IN (M) \ I�N (M) � fp = 0g \ fq = 0g. Forea
h N = 1; 2; :::, the take o� set T o�N (respe
tively, the tou
h down set T downN ) is the
olle
tion of base points of all of the Feni
hel �bers inW u(M) (respe
tively,W s(M))that have points in the transverse interse
tion of W u(M) and W s(M) [10, 11, 18, 19,20℄. Detailed asymptoti
 information about the lo
ations of T o�N and T downN 
an beobtained expli
itly by determining the relations between 
N (0) = (u0; 0; v0; 0) and(u0+N ; p0+N ; 0; 0). First, we observe that _p = O("3) onM (1.6), thus, the p-
oordinateof 
slow+N remains 
onstant to leading order during the fast ex
ursions of 
N (�). There-fore, p0+N is 
ompletely determined (to leading order) by the a

umulated 
hange inp of 
N (�) during its `time' � > 0 in the fast �eld. These 
hanges have already been
al
ulated for N = 1 in (2.21) and (2.22). For N > 1, the 
al
ulation is exa
tly thesame, ex
ept for the fa
t that 
N (�) now makes N half 
ir
uits before `tou
hing down'on M: p0+N = �"N(u0)�1 Z 10 (vhom(�))�1d� +O("2);(2.28)From the �rst 
omponent of (1.6) and the fa
t that p = O("), we also 
on
lude thatu0+N = u0 to leading order. Thus, we �ndT downN : �p def= pdownN (u) = �"Nu�1 Z 10 (vhom(�))�1d� +O("2)�(2.29) and T o�N : �p = �pdownN (u)	 ;where vhom(�) = vhom(�;u), the homo
lini
 solution of (2.1).To more fully determine the behavior of pdownN as a fun
tion of u, we introdu
ewhom = whom(�;�2) � 0, whi
h is the (positive) homo
lini
 solution of a res
aledversion of (2.1): �w = w � w�2 :(2.30)Without loss of generality, we take the solutions to be parameterized su
h thatwhom(�) is symmetri
 with respe
t to � = 0. Thus,vhom(�;u) = vhom(�;u; �2; �2) = (u�2) 11��2 whom(�;�2);(2.31)
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T down2 T down1

�CT o�1T o�2

Fig. 2.1. A representation of the relevant part of the (linear) 
ow on M (for typi
al parametervalues) and the 
urves T o�1 , Tdown1 , T o�2 and Tdown2 . Note that the orbit �C has been 
hosen su
hthat C = CSN2 .whi
h yieldsZ 1�1(vhom(�))�1d� = 2 Z 10 (vhom(�))�1d� = u��2�1�2�1 W (�1; �2);(2.32)where W (�1; �2) = Z 1�1(whom(�;�2))�1d�:(2.33)We 
an now rewrite (2.30) to leading order asT down;o�N : �p = �pdownN (u)	 with pdownN (u) = �12N"u1+ D�2�1W (�1; �2);(2.34)with D > 0 (1.2), (1.3). Note that the higher order 
orre
tions, whi
h are not neededhere, 
an be obtained by a straightforward asymptoti
 approximation s
heme, see [7℄.In Figure 2.1, we have plotted the 
urves T down;o�N for a few values of N superim-posed onto the linear 
ow on M given by (2.2). Sin
e D > 0 and �2 > 1, the 
urveT o�N given by (2.34) to leading order is tangent to the u-axis for ea
h N . Thus, by(2.3), both T o�N \ `u and T downN \ `s 
onsist for all N of one uniquely determined pointin the half-plane fu > 0g-
oordinate. By the symmetry (1.7), both interse
tions haveexa
tly the same u 
oordinate, that is given to leading order byuhomN (�) = � 2p�NW (�1; �2)� �2�1D :(2.35)
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orresponds a unique homo
lini
 orbit 
homN (�) to thesaddle point S to any pair of interse
tions (with positive u-
oordinates) fT downN \`u; T o�N \ `sg = �0 \ (T downN [ T o�N ) (2.4). This result is formulated as Theorem 1.1 inthe Introdu
tion.The periodi
 solutions to be 
onstru
ted in the next se
tion are exponentially 
loseto (parts of) the (multi-pulse) homo
lini
 solutions asso
iated to the interse
tions�C \ (T downN [ T o�N ) with C > 0 (and u > 0). Remark 2.2 below also addresses ourreasons for fo
using on C > 0 here. It is a straightforward 
al
ulation to 
he
k that�C \ (T downN [ T o�N ) 6= ; for 0 � C � CSNN (�) where, to leading order,CSNN (�) = D�2 � 1 +D�(uSNN (�))2 with uSNN (�) = � �2 � 1�2 � 1 +D� �2�12D uhomN (�)(2.36)(2.35). Here, uSNN (�) < uhomN (�) is the u-
oordinate of �C \ (T downN [ T o�N ) atC = CSNN (�), the value of C at whi
h �C is tangent to T downN [ T o�N . Note thatlimN!1 CSNN = 0.We 
on
lude that for 0 < C < CSNN (�), �C \ (T downN [ T o�N ) \ fu > 0g 
onsists of4 points, i.e.,�C \ (T downN [ T o�N ) \ fu > 0g = P�AN (C) [ P�BN (C)= f(uperAN (C);�pperAN (C)); (uperBN (C);�pperBN (C))g;(2.37)where 0 < uperBN (C) < uSNN (C) < uperAN (C) < uhomN ;(2.38)see Figure 2.1. Note that limC#0 uperBN (C) = 0 and limC#0 uperAN (C) = uhomN .Remark 2.2. For C < 0, the interse
tions �C \ (T downN [ T o�N ) 
orrespond tohomo
lini
 orbits to M of whi
h the u-
oordinate be
omes negative and unboundedfor suÆ
iently large j�j. Su
h solutions are unrealisti
 as solutions of the PDE (1.1)and are not 
onsidered in any further detail here.3. Singular, periodi
, multi-pulse solutions.3.1. The fundamental periodi
 solutions. The �rst extension of the exis-ten
e result on homo
lini
 solutions, Theorem 1.1 (originally from [5℄), is a result onthe existen
e of so-
alled `fundamental' periodi
 orbits. For any N � 1 of O(1) thereare two one-parameter families of su
h orbits. The N -pulse homo
lini
 solutions ofTheorem 1.1 
an be interpreted as being on the boundary of one of these families (seeCorollary 3.2).Theorem 3.1: the fundamental periodi
 solutions. Let (�1; �2; �1; �2; �)satisfy (1.2). Then, for any N � 1 with N = O(1) and " > 0 small enough, (1.6)possesses two one-parameter families of periodi
 orbits, 
perAN (�) and 
perBN (�), withpositive u; v 
oordinates. For ea
h N , ea
h solution, 
perAN (�) = 
perAN (�;C), 
perBN (�) =
perBN (�;C), respe
tively, 
onsists of a slow pie
e on whi
h it is exponentially 
lose toa part of an orbit �C (2.4) on M with 0 < C < CSNN (�) (2.36) as well as a fast jumpin whi
h it makes N 
ir
uits through the fast spa
e during whi
h it remains at leastO(p") away from M.In Figure 3.1, two examples of fundamental periodi
 orbits are sket
hed in the4-dimensional phase spa
e of (1.6). The periodi
 patterns (UperAN (x); V perAN (x)) and
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uup p(b)(a)

Fig. 3.1. Two s
hemati
 illustrations of fundamental periodi
 orbits in the four-dimensionalphase spa
e asso
iated to (1.6). Note that the dire
tion perpendi
ular to the fu; pg-plane M isrepresented by v. (a) An orbit 
perA1 (�;C); (b) an orbit 
perA2 (�;C) that makes two 
ir
uits throughthe fast �eld in between take o� from and tou
h down on M.(UperBN (x); V perBN (x)) of the PDE (1.4) asso
iated to the orbits 
perAN (�) and 
perBN (�), re-spe
tively, have the following stru
ture. They 
onsist of long intervals on whi
h theU -
omponents vary slowly and on whi
h the V -
omponents are exponentially small(these parts 
orrespond to the slow pie
es of the orbits 
perAN (�) and 
perBN (�) nearM). Moreover, these long intervals are interspersed with narrow intervals in whi
hthe V -
omponents have N distin
t pulses (the N fast jumps of the orbits 
perAN (�)and 
perBN (�)), and in whi
h the U -
omponents UperAN (x) and UperBN (x) are 
onstant toleading order. See Figure 1.1a for a �nite part of a (numeri
ally) stable pattern(UperA1 (x); V perA1 (x)), i.e., N = 1. The stru
ture of a pattern with pulses of AN -typehas been s
hemati
ally illustrated in Figure 1.2 for N = 2 and N = 3. Note that theamplitudes of both UperAN (x) and V perAN (x) are larger than the amplitudes of UperBN (x)and V perBN (x) by (2.38) and (2.31).The proof of Theorem 3.1 is very similar to the proof of a theorem on the existen
eof (stationary) spatially periodi
 patterns in the Gray-S
ott model (see [7℄; note,however, that only the 
ase N = 1 has been 
onsidered in [7℄). However, in theGray-S
ott the 
ounterpart of the interse
tions �C \ (T downN [ T o�N ) 
onsist of onlytwo (symmetri
al) points: the take o� point of the periodi
 orbit and the tou
h downpoint of the periodi
 orbit. As we have seen in the previous se
tion, for any N � 1 and0 < C < CSNN (2.36) there are two pairs of take o�/tou
h down points in the Gierer-Meinhardt 
ase, (P+AN (C); P�AN (C)); (P+BN (C); P�BN (C)) 2 �C (2.37). This explainsthe existen
e of two families of periodi
 orbits (for ea
h given N). This feature of theGierer-Meinhardt model enables us to 
onstru
t 
ountably many 
lasses of periodi
solutions of `mixed' type, as we shall show in the next subse
tion. The 
onstru
tion ofthese `mixed' solutions is based on the `skeleton' spanned by the fundamental solutionsdes
ribed by Theorem 3.1.Proof of Theorem 3.1. Choose an N > 0 and a C 2 (0; CSNN ) (2.36). We 
onsideran exponentially small interval IA;B on the hal
ine � fp = q = 0g, perpendi
ular toM with u � umin(C) (2.6) and v = v0 2 (b`e�1="2 ; bue�1="2) for 
ertain 
onstants0 < b` < bu. Note that the 
hoi
e of the exponent �1="2 is determined by the unstableeigenvalue � = 1 of the fast redu
ed limit problem (2.1).Any solution 
(�) of (1.6) with initial 
onditions on IA;B , i.e. 
(0) =(umin(C); 0; v0; 0) will remainO(e�1="2) 
lose toM forO(1="2) time �, during whi
h itfollows the solution �C onM (2.4) at an O(e�1="2) distan
e. Hen
e, the u-
oordinateof 
(�) will 
hange by an O(1) amount before 
(�) takes o� from M; 
(�) remains
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lose to W u(M) ([19℄, [27℄, [26℄) after take o�. We 
an even be morepre
ise. De�ne W u(�C) � W u(M) as the two-dimensional submanifold of orbitsasymptoti
 toM (as � ! �1) that take o� from �C (see se
tion 2.4). It follows that
(�) is C1 �O(e�1="2 ) 
lose to W u(�C).The manifoldW u(�C) �W u(M) interse
ts the hyperplane fq = 0g transversally,and W u(�C)\fq = 0g � I+1 (se
tion 2.2). It follows from the �p analysis in se
tion2.3 that the p-
oordinate of the �rst interse
tion (i.e. N = 1) W u(�C) \ fq = 0g ispositive for orbits in W u(�C) that take o� from points on �C in between P+B1(C) andP+A1(C) (2.37) { i.e. the points onM `above' T o�1 (Figure 2.1) { while W u(�C)\fq =0g has negative p-
oordinates for the other orbits in W u(�C). We know by thereversibility symmetry (1.7) that the p-
oordinates 
hange sign exa
tly at the twohomo
lini
 orbits asso
iated to �C\(T down1 [T o�1 ) that interse
t fq = 0g in I+1\I�1.The �p 
al
ulations in se
tion 2.3 also imply that only the orbits that take o� from�C in between P+B1(C) and P+A1(C) will have a se
ond interse
tion with fq = 0g 2 I+2(by de�nition, se
tion 2.3), and that the p-
oordinate of this se
ond interse
tion ofW u(�C) with fq = 0g again 
hanges sign twi
e (where the zeroes again 
orrespond tothe 2 homo
lini
 orbits asso
iated to �C\(T down2 [T o�2 ) and to I+2\I�2). Only thoseorbits that have a positive p-
oordinate at their se
ond interse
tion with fq = 0g willreturn to fq = 0g for a third interse
tion (2 I+3). These are, by 
onstru
tion, theorbits that take o� from M on points of �C in between P+B2(C) and P+A2(C).By the prin
iple of �nite indu
tion, this argument 
an be iterated: the p-
oordinate of the N -th interse
tion of W u(�C) with fq = 0g (2 I+N ) 
hanges signtwi
e. Only orbits that take o� from M on points of �C in between P+BN (C) andP+AN (C) will have an N + 1-th interse
tion with fq = 0g. Note that this iteration is
onsistent: for all N � 1, the part of �C in between P+BN+1(C) and P+AN+1(C) is asubset of that between P+BN (C) and P+AN (C).Now 
onsider the two-dimensional manifold LA;B generated by solutions of (1.6)with initial 
onditions on IA;B . This manifold is, by 
onstru
tion, exponentially 
loseto W u(�C). The 
onstant bu 
an be 
hosen su
h that the orbit through the `upper'boundary of LA;B takes o� from M near a point on �C with a u 
oordinate that issmaller than uperB1 (C), the u 
oordinate of P+B1(C) (2.37); likewise, b` 
an be 
hosensu
h that the `lower' boundary of LA;B takes o� from M near a point on �C witha u 
oordinate that is larger than uperA1 (C) > uperB1 (C) (2.38), the u 
oordinate ofP+A1(C). Sin
e LA;B \ fq = 0g is exponentially 
lose to W u(�C) \ fq = 0g \ I+N ,we may therefore 
on
lude that there are two solutions, 
perAN (�) and 
perBN (�), of (1.6)with initial 
onditions on IA;B that have an N -th interse
tion with fq = 0g with ap-
oordinate that is identi
ally zero. Note that the orbits 
perAN (�;C) and 
perBN (�;C)take o� from M exponentially 
lose to the points P+AN ; P+BN (C) 2 �C , respe
tively.We use on
e again the reversibility symmetry (1.7) to extend the orbits 
perAN (�)and 
perBN (�) to negative � by setting 
perAN (��) = 
perAN (�) and 
perBN (��) = 
perBN (�).Hen
e, we have established that 
perAN (�) and 
perBN (�) are indeed periodi
 solutions of(1.6).We state without further proof (see also se
tion 4.3 of [7℄):Corollary 3.2: a saddle node bifur
ation of periodi
 orbits. Theperiodi
 orbits 
perAN (�;C) and 
perBN (�;C) merge in a saddle node bifur
ation of periodi
orbits as C " CSNN (�). Finally, 
perAN (�;C)! 
homN (�) (Theorem 1.1) and 
perBN (�;C)!(0; 0; 0; 0) as C # 0.
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 solutions of mixed type. The fundamental periodi
 orbits 
on-stru
ted in the previous se
tion only make one ex
ursion through the fast �eld (seeFigure 3.1). In this se
tion we will show that periodi
 orbits 
an also be of `mixedtype' in the sense that a periodi
 orbit may make various di�erent ex
ursions throughthe fast �eld.To distinguish between all possible mixed periodi
 orbits, we de�ne a labeling ofthe possible `jumps' through the fast �eld. A jump of an orbit fromM toM is said tobe of AN -type, respe
tively BM -type, when the orbit takes o� fromM exponentially
lose to a point P+AN (C) 2 �C (respe
tively P+BM (C) 2 �C), makesN (respe
tivelyM)
ir
uits through the fast �eld, and tou
hes down on M 
lose to P�AN (C) (P�BM (C)).The set of all possible jumps through the fast �eld is thus given by fAN ; BMgN;M�1.A singular periodi
 orbit 
per(�;C) is said to be of �1�2:::�J -type, where �j 2fAN ; BMgN;M�1, j = 1; 2; :::; J , when it follows an orbit �C � M at exponentiallysmall distan
e, takes o� at P+�1 (C), makes a jump of �1-type through the fast �eld,tou
hes down on M near P��1(C), follows �C again, takes o� at P+�2(C) for a �2-jump, tou
hes down onM, makes a �3-jump et
.. After the �J -jump, 
per(�) tou
hesdown on M, follows �C and takes o� again at P+�1(C) for identi
ally the same �1-jump as the one that started the series of jumps. Su
h an orbit 
per(�) is denotedby 
per�1�2:::�J (�;C). The solution (Uper�1�2:::�J (x); V per�1�2:::�J (x)) of (1.4) given by theorbit 
per�1�2:::�J (�;C) 
orresponds to a pattern with a periodi
 sequen
e of pulses:::�1�2:::�J�1�2:::�J�1�2:::�J ::: (see Figure 1.2 for a sket
h). Note that a �1�2:::�J -orbit is identi
al to a �2�3:::�J�1-orbit, a �3:::�J�1�2-orbit, et
..The fundamental orbits 
onstru
ted in Theorem 3.1, denoted by 
per� (�;C) with� 2 fAN ; BMgN;M�1, are thus by de�nition of �-type. The simplest periodi
 orbits ofmixed type are the �1�2-orbits. These orbits only make two di�erent jumps throughthe fast spa
e, one of �1 type, the other of �2-type. Note that the orbit redu
es to afundamental orbit when �1 = �2.Theorem 3.3: the �1�2-orbits. Let (�1; �2; �1; �2; �) satisfy (1.2). Choose�1; �2 2 fAN ; BMgN;M�1 for some N and M su
h that �1 6= �2. Then, for any0 < C < CSNmax(N;M) and " > 0 small enough, there exists a periodi
 orbit 
per�1�2(�;C)with positive u; v 
oordinates su
h that 
per�1�2(�;C) 
onsists of two fast jumps awayfrom and ba
k to M and two slow segments near M. Of the fast jumps, one is of �1-type and the other of �2-type; and, of the slow segments, one is exponentially 
lose tothat part of �C �M in between P��1 (C) and P+�2 (C), while the other is exponentially
lose to that part of �C in between P��2 (C) and P+�1 (C).We refer to Figure 1.1b for (a part) of the A1B1-orbit as solution of the PDE(1.4) and to Figure 3.2 for a sket
h of the same orbit in the 4-dimensional phase spa
easso
iated to (1.6).Proof of Theorem 3.3. Choose �1;2 2 fAN ; BMgN;M�1, with �1 6= �2, and C su
hthat 0 < C < CSNmax(N;M), where N is determined by �1 and M by �2. Consider thefundamental periodi
 orbit 
per�1 (�) = (u�1(�); p�1(�); v�1 (�); q�1 (�)) (Theorem 3.1).By a translation in � we 
an assume that 
per�1 (�) has its N -th interse
tion withfq = 0g at � = 0, exponentially 
lose to I+N . It follows from the 
onstru
tion of
per�1 (�) (and the symmetry (1.7)) that 
per�1 (0) = (uextr�1 ; 0; vextr�1 ; 0) so that uextr�1 anduextr�1 are lo
al extrema of u�1(�) and v�1(�). Note that uextr�1 and vextr�1 are absolutemaxima when N = 1 and lo
al minima for N even (see Figures 1.1a, 3.1a and 3.1b).As in the proof of Theorem 3.1 we 
onsider the two-dimensional manifold of orbitsthrough an exponentially small one-dimensional interval, I�1 � fp = q = 0; u = uextr�1 g
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u

A1B1 p

Fig. 3.2. A s
hemati
 illustration of an orbit of `mixed' type, 
perA1B1 (�;C).with 
per�1 (0) 2 I�1 . We know from the 
onstru
tion of 
per�1 (�) that it is O(e�1="2)-
losetoW s(M), and `inside'W s(M) (the v-
oordinate of an orbit that is `outside'W s(M)will be
ome negative). We 
hoose one endpoint, Qs�1 , of I�1 to be at W s(M) \ fp =q = 0; u = uextr�1 g, i.e., Qs�1 2 I�N . Note that Qs�1 has a v-
oordinate that is largerthan vextr�1 when N is odd, and smaller than vextr�1 when N is even. The other endpoint,Qo�1 , of I�1 is assumed to be situated at the other side of 
per�1 (0).Now 
onsider an orbit 
(�) = (u(�); p(�); v(�); q(�) with 
(0) 2 I�1 . This orbitwill follow 
per�1 (�) for N2 
ir
uits, or N `half-
ir
uits', through the fast �eld and willtou
h down on M exponentially 
lose to P��1 (C) 2 �C (2.37). It is asymptoti
 toM when 
(0) = Qs�1 , it will take o� from M at P+�1(C) when 
(0) = 
per�1 (0). If
(0) is too far away from W s(M), 
(�) will again take o� from M `immediately'at the tou
h down point P��1(C). Hen
e, it follows that one 
an 
hoose v(0) = v`,respe
tively v(0) = vu, su
h that 
(�) tou
hes down on M near P��1(C), follows �Cand takes o� again before, respe
tively after, it rea
hes P+�2(C), the take o� pointasso
iated to the �2-jump.We 
an now use similar arguments as in the proof of Theorem 3.1. The manifoldL�1 spanned by orbits with initial 
onditions on I�1 with v-
oordinates between v`and vu is, of 
ourse, exponentially 
lose to W u(�C). The M -th interse
tion of L�1with fq = 0g is exponentially 
lose to the M -th interse
tion of W u(�C) with fq = 0g,i.e. W u(�C)\I+M . The 
urve of the M -th bran
h of L�1 \fq = 0g 
rosses the planefp = 0g (see the proof of Theorem 3.1), whi
h implies that there must be a point inthe M -th interse
tion of L�1 with fq = 0g with p-
oordinate = 0.Hen
e, we have 
onstru
ted an orbit 
per�1�2(�) with initial 
ondition on I�1 � fp =q = 0g that makes N2 
ir
uits through the fast �eld before it tou
hes down onM nearP��1(C). On M, it follows �C until it takes o� near P+�2(C) and makes M2 
ir
uitsthrough the fast �eld, after whi
h it again interse
ts fp = q = 0g. By the symmetry(1.7), we 
an `double' this `half-orbit' into a `full' periodi
 orbit 
per�1�2(�) of �1�2-type.The 
onstru
tion of the 
per�1�2(�) orbits is 
learly based on the existen
e of the`fundamental' 
per�1 (�) orbits. By extending the pro
edure used in the above proof, we
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an 
onstru
t more than just the �1�2-orbits from the fundamental orbits.For instan
e, it is a straightforward pro
edure to 
onstru
t �2n+11 �2-orbits (n � 1)by the methods of the proof of Theorem 3.3. The idea is to again take an interval ofinitial 
onditions � fp = q = 0g exponentially 
lose to I�N and to 
per�1 (0), that istranslated to be � fp = q = 0g `halfway' along the �1-jump of 
per�1 (�), and to 
onsideran orbit 
per(�) that follows 
per�1 (�) for a longer time than 
per�1�2(�). This orbit 
per(�)also remains exponentially 
lose to 
per�1 (�) during the next �1-jump of 
per�1 (�) throughthe fast �eld until 
per�1 (�) tou
hes down again on M. After this full �1-jump we let
per(�) take o� at P+�2(C) in su
h a way that 
per(�) 
rosses fp = q = 0g after M2
ir
uits of �2-type (exponentially 
lose to I+M ). Thus, half of 
per(�) 
onsists ofhalf a �1-jump, followed (after a slow pie
e on M) by a full �1-jump and half a �2-jump. We apply the symmetry (1.7) and 
on
lude that 
per(�) is a periodi
 orbit thatprodu
es a solution of the PDE 
onsisting of the sequen
e :::�1�1�1�2�1�1�1�2�1:::of pulses/jumps, namely 
per(�) = 
per�31�2(�). This is a periodi
 orbit of �31�2-type.For ea
h n � 1, the �2n+11 �2-orbit 
an be 
onstru
ted in a similar fashion.Moreover, we 
an use the existen
e of the �1�2-orbits to 
onstru
t orbits thatmake jumps of 3 di�erent types, �1, �2 and �3 (with �1;2;3 2 fAN ; BMgN;M�1).Again we 
an follow the 
onstru
tion in the proof of Theorem 3.3. We 
onstru
tan orbit 
per(�) that has its initial 
ondition in fp = q = 0g, exponentially 
loseto I�N and to 
per�1�2(�), `halfway' along the �1-jump; 
per(�) follows 
per�1�2(�) alongthe �rst `half' �1-jump, along M, and along the full �2-jump ba
k to M. Then, we
an make 
per(�)-jump at P+�3 (C) and let it make half a �3-jump (of N3=2 
ir
uits,where N3 is determined by �3) to arrive, on
e again, at fp = q = 0g, exponentially
lose to I+N3 . Note that we have to assume that C is small enough, i.e. that �Chas a non-empty interse
tion with the take o� set T o�N3 asso
iated to the �3-jump. Itfollows that half of 
per(�) 
onsists of half a �1-jump, followed by a full �2-jump andhalf a �3-jump: 
per(�) is asso
iated to a pattern with a :::�1�2�3�2�1�2�3�2�1�2:::sequen
e of singular pulses, 
per(�) = 
per�1�2�3�2(�), a �1�2�3�2-orbit.Every family of periodi
 orbits we have so far 
onstru
ted 
an again be used asfoundation for the 
onstru
tion of a next, more 
ompli
ated, family of orbits. Andso on. The main question we need to answer is: What kind of multi-pulse periodi
patterns 
an, and what kind 
annot, be 
onstru
ted?Of 
ourse, the use of the reversibility symmetry (1.7) is 
ru
ial for the 
onstru
tionof the periodi
 orbits. Every orbit is 
onstru
ted by establishing that there is a
onne
tion possible from fp = q = 0g ba
k to fp = q = 0g. This 
onne
tion is`half an orbit', and the symmetry (1.7) makes it into a full, 
losed periodi
 orbit.This implies that any periodi
 orbit 
onstru
ted by this pro
edure has (at least) twointernal re
e
tion symmetries, one at � = 0 (after translation), 
per(��) = 
per(�),and one halfway along the period T of the orbit, 
per(T2 � �) = 
per(T2 + �).A periodi
 orbit 
annot have only one internal re
e
tion symmetry, sin
e the exis-ten
e of the se
ond symmetry 
an be dedu
ed from the �rst symmetry by appli
ationof the periodi
ity of 
per(�):
per(T2 � �) = 
per(�T2 + �) = 
per(T2 + �):(3.1)Moreover, a periodi
 orbit with more than two internal re
e
tion symmetries must
orrespond to a periodi
 orbit with less symmetries and a shorter period: assume that
per( ~T � �) = 
per( ~T + �) for some ~T � T2 , then
per(2 ~T + �) = 
per(��) = 
per(�):(3.2)
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per(�) is 2 ~T -periodi
. Thus, any periodi
 orbit 
per(�) either has exa
tly twointernal re
e
tion symmetries (around 0 and T2 ) or no symmetries.It follows from simple geometri
 
ounting arguments that one 
annot expe
t thatthere exist one-parameter families of periodi
 orbits without an internal re
e
tionsymmetry, sin
e one 
annot use the reversibility symmetry (1.7) to 
onstru
t theseorbits. We do not investigate the possible existen
e of these `degenerate periodi
orbits' in any further detail.Finally, we show that, for every possible periodi
 symbol sequen
e with two in-ternal re
e
tion symmetries, there exists a one-parameter family of singular periodi
orbits that has pre
isely that sequen
e of pulses:Theorem 3.4: the ���1-, ����1- and �� ~���1-orbits. Let (�1; �2; �1; �2; �)satisfy (1.2). Let �; ~�; �j 2 fAN ; BMgN;M�1, j = 1; 2; 3; :::; let � = �1�2:::�J be arandom sequen
e of J �j 's, and de�ne ��1 by ��1 = �J�J�1:::�1; let " > 0 be smallenough. Then there exists one-parameter families of periodi
 solutions of (1.6) of���1-type, of ����1-type, and of �� ~���1-type. Moreover, any possible periodi
 orbitwith internal re
e
tion symmetries is of one of these types.We refer ba
k to Figure 1.2 for a sket
h of an orbit 
perA1A2A3A2A1(�) as solution ofthe PDE. This is an orbit of ����1-type, with � = A1A2 and � = A3. In terms of thenotation of Theorem 3.4, the �1�2-orbits des
ribed in Theorem 3.3 are of �� ~���1-typewith � = �1, � = ; and ~� = �2. Also, the fundamental periodi
 solutions of Theorem3.1 are of ����1-type with, again, � = ;. In se
tion 4, a very natural interpretationis presented of the three di�erent types of periodi
 orbits as multi-pulse patterns ofthe PDE on a bounded domain with homogeneous Neumann boundary 
onditions.Proof of Theorem 3.4. A symmetri
 periodi
 orbit 
per(�) must have its re
e
-tion symmetry points, i.e., its interse
tions with fp = q = 0g, either exponentially
lose to M or in the fast �eld, halfway along a jump of �-type for a 
ertain �, i.e.,exponentially 
lose to an N -th interse
tion I�N of W u;s(M) and fq = 0g, where Nis determined by �. There are three di�erent possible 
onne
tions from fp = q = 0gto fp = q = 0g.In the �rst one, 
per(�) is exponentially (O(e�1="2 )) 
lose to M both at � = 0and at � = T2 . The se
ond one is en
ountered in the proof of Theorem 3.1: at � = 0,
per(�) is exponentially 
lose to M, while at � = T2 , 
per(�) is exponentially 
lose toan IN in the fast �eld. The third one appears in the proof of Theorem 3.3: at � = 0,
per(�) is exponentially 
lose to an I�N , and at � = T2 , 
per(�) is again exponentially
lose to an I+ ~N .We �rst 
onsider the third 
ase. Here, we have to put 
per(0) 2 fp = q = 0ghalfway along a �-jump, exponentially 
lose to I�N ; 
per(T2 ) 2 fp = q = 0g is halfwayalong a ~�-jump, exponentially 
lose to I+ ~N . The behavior of 
per(�) in between the�- and ~�-jumps is pres
ribed by the `random sequen
e' � . Hen
e, by the symmetry,these orbits are of �� ~���1-type.The �rst nontrivial example has already been 
onstru
ted above, just after theproof of Theorem 3.3: 
per�1�2�3�2(�) is an orbit of �� ~���1-type, with � = �1, � = �2and ~� = �3. This orbit is 
onstru
ted from 
per�1�2(�) in the same manner as 
per�1�2(�)has been 
onstru
ted from 
per�1 (�) in the proof of Theorem 3.3. Furthermore, byexa
tly the same methods, it is possible to use 
per�1�2�3�2(�) as the foundation forthe 
onstru
tion of the orbit 
per�1�2�3�4�3�2(�), an orbit of �� ~���1-type with � = �1,� = �2�3 and ~� = �4. Therefore, any �� ~���1-orbit, with � of �nite length, 
an be
onstru
ted by the iteration of this pro
edure.The se
ond 
ase 
orresponds to the periodi
 orbits of ����1-type. As mentioned
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an be 
onstru
ted by the iteration of the pro
edure des
ribedin the proof of Theorem 3.1. The �rst step is the 
onstru
tion of the ����1-orbit
per�1�2�1(�) (i.e. � = �1, � = �2), whi
h follows by 
ombining the ideas of the proofof Theorem 3.1 with the 
onstru
tion of the �1�2�3�2-orbit above. In parti
ular, wepla
e 
per�1�2�1(0) in the exponentially small interval IA;B 2 fp = q = 0g exponen-tially 
lose to M; IA;B was already de�ned in the proof of Theorem 3.1. The orbit
per�1�2�1(�) follows 
per�1 (�) along �C and during the �1-jump through the fast �eld.After 
per�1�2�1(�) has tou
hed down again onM, it follows �C , but eventually divergesfrom 
per�1 (�). We tune the initial 
ondition on IA;B su
h that 
per�1�2�1(�) takes o� nearP+�2 , and so that it makes its N2-th interse
tion at � = T2 with fp = q = 0g, exponen-tially 
lose to I+N2 . Thus, 
per�1�2�1(�) is exa
tly an orbit of �1�2�1-type. Next, weuse 
per�1�2�1(�) to 
onstru
t 
per�1�2�3�2�1(�), the next ����1-orbit with � = �1�2 and� = �3. And so on.So far, we have not yet 
onstru
ted an orbit of ���1-type, des
ribed above as
ase one. The �rst nontrivial example is 
per�1�2�2�1(�), where � = �1�2. This orbit 
anbe 
onstru
ted from the fundamental orbit 
per�1 (�). We again 
onsider the interval ofinitial 
onditions IA;B 2 fp = q = 0g, and again 
onsider a family LA;B of orbits withinitial 
onditions in IA;B (see the proof of Theorem 3.1) that follow 
per�1 (�) along �C ,and during its �rst �1-jump through the fast �eld. By tuning the initial 
onditions, we
an make any orbit 
(�) 2 LA;B take o� near P+�2 and have it make a jump of �2-typethrough the fast �eld. After tou
h down, 
(�) 
an be made to interse
t fp = 0g again,sin
e 
(�) follows the slow 
ow on �C and any �C interse
ts fp = 0g on M (Figure2.1).In order to apply the symmetry (1.7), we need to show that there is a spe
ialorbit 
per�1�2�2�1(�) 2 LA;B that �rst makes the �1- and the �2-jumps, tou
hes downon M and has its q-
oordinate identi
ally 0 at its next interse
tion with fp = 0g.The existen
e of this orbit follows by studying (1.6) nearM in its Feni
hel normalform [18, 19, 26℄. Here, we refrain from presenting all 
omputational details and onlysket
h the main ideas. Sin
e the eigenvalues of the fast redu
ed limit problem (2.1)do not depend on u0, we 
on
lude that the linearized fast 
ow near M is, to leadingorder, not in
uen
ed by the values of u and p. As a 
onsequen
e, it follows from thenormal form analysis that an orbit 
(�) that tou
hes down onM near a point P� at� = �down (approximately) and takes o� again at � = �o� after an O(1="2) amountof time near a point P+, has a minimal v-
oordinate of O(e�1="2 ) at a point that ishalfway between P� and P+ (to leading order), i.e. at �min = 12 (�o� +�down)+h.o.t.Thus, 
(�) interse
ts fq = 0g at �min, by de�nition ((1.6): q = _v).The appli
ation of the Feni
hel normal form analysis to the 
onstru
tion of
per�1�2�2�1(�) yields that an orbit 
(�) 2 LA;B , whi
h tou
hes down onM near P��2 andjumps o� fromM just after it has passed fp = 0g, will rea
h a minimal (exponentiallysmall) distan
e toM halfway between P��2 and fp = 0g, i.e. q = 0 with p < 0 (Figure2.1). An orbit 
(�) that follows �C beyond P+�2 , the take o� point of the �2-jump,spends more time near the fp > 0g-part ofM that near the fp < 0g-halfplane, hen
eit interse
ts fq = 0g with a positive p-
oordinate. It follows that there is a uniquelydetermined orbit 
(�) = 
per�1�2�2�1(�) 2 LA;B that interse
ts fp = q = 0g exponen-tially 
lose to M, after a full �1-jump and a full �2-jump (one need the details ofthe normal form analysis to 
on
lude that 
per�1�2�2�1(�) is uniquely determined). Notethat the normal form arguments also imply that 
per�1�2�2�1(�) takes o� fromM (afterthe �1;2-jumps) near P+�2 . This agrees with the �nal 
onstru
tion of 
per�1�2�2�1(�) bythe appli
ation of the symmetry (1.7).
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ond and third 
ase above, it is a straightforward pro
edureto 
onstru
t the next ���1-orbit 
per�1�2�3�3�2�1(�) by �rst following 
per�1�2�2�1(�) fortwo full jumps. Hen
e, we 
an also 
onstru
t all periodi
 orbits of ���1-type by aniterative pro
ess: the orbit with � = �1�2:::�k�k+1 is based on its prede
essor with� = �1�2:::�k.This 
ompletes the proof of the theorem.Remark 3.5. One 
ould a priori think that an orbit 
per(�) 
ould be both of�� ~���1-type and of ���1-type (these orbits have an even number of jumps throughthe fast �eld, whereas the ����1-orbits make an odd number of jumps). However,su
h orbits would have more than two internal re
e
tion symmetries, and it followsfrom the arguments above (3.2) that one should be able to redu
e these orbits toorbits with a shorter period. A dire
t 
he
k reveals: if 
per(�) is both of ���1- andof �� ~���1-type, then ~���1 should be equal to (��)�1, i.e. with � = �1�2:::�J :~� = �J = �; �1 = �J�1; �2 = �J�2; et
::Hen
e, if J is odd, �� ~���1 = ��(��)�1 = ~� ~��1~� ~��1, with ~� = ��1:::�(J�1)=2. Theorbit 
per(�) with a periodi
 �-jump sequen
e of 2J + 2 elements is in fa
t a ���1orbit with a periodi
 sequen
e of half the number of pulses, J + 1. If J is even,�� ~���1 = (�̂ �̂�̂�1)2 with �̂ = ��1:::�J=2�1, �̂ = �J=2, whi
h implies that 
per(�) is infa
t an orbit of ����1-type, again with a periodi
 sequen
e of J + 1 elements.4. Random, singular, spatial patterns on suÆ
iently large boundedintervals. It is natural to 
onsider solutions of the PDE (1.4) on a bounded interval(0; L) with homogeneous Neumann boundary 
onditions (or with other boundary
onditions, see also Remark 4.2). In the terminology of the dynami
al system (1.6),these boundary 
onditions 
orrespond to p = q = 0 at � = 0 and � = L=". Note thatthis implies that we have to 
onsider L = ~L=", sin
e the distan
e (as measured in �)between su

essive pulses of a multi-pulse pattern of A1; B1-type is of O(1="2). Thus,we 
an take L=", or ~L="2, to be T2 , i.e. half the period of a periodi
 solution 
per(�).The three di�erent types of orbits des
ribed in Theorem 3.4 have a very naturalinterpretation in this 
ontext, sin
e they 
an also be distinguished by their 
hara
ternear � = 0 and � = T2 (se
tion 3.2). An orbit of ���1-type 
orresponds to a multi-pulse pattern (Uper���1(x); V per���1(x)) that has no pulses at the boundaries; V per���1(x)is exponentially small at � = 0 and � = T2 sin
e 
per���1(0) and 
per���1(T2 ) are bothexponentially 
lose to M. Moreover, both Uper���1(x) and V per���1(x) are at a lo
alminimum at the boundaries. The pattern (Uper����1(x); V per����1(x)), that 
orrespondsto a ����1-orbit, has a similar stru
ture near one of the boundaries, say at � = 0,however, 
per����1(�) is halfway along a pulse of �-type at the other boundary, � = T2 .Thus, V per����1(x) generates half a pulse of �-type, i.e. N2 pulses (whereN is determinedby �), at this boundary. The U -
omponent Uper����1(x) is at a lo
al minimum at the� = 0 boundary and exhibits half a (`slow') U -pulse at the � = T2 boundary. The(Uper�� ~���1(x); V per�� ~���1(x)) patterns have `half-pulses' at both boundaries, one of �-typeat � = 0 and one of ~�-type at � = T2 . See Figures 1.1a and 1.1b and Remark 4.3.Now, we 
an reformulate Theorem 3.4 in terms of a result on random, in generalaperiodi
, patterns on bounded intervals:Corollary 4.1: `random' singular patterns on bounded intervals.Let (�1; �2; �1; �2; �) satisfy (1.2). Let ~� be a random sequen
e of ~J �'s, (�j 2fAN ; BMgN;M�1, j = 1; 2; 3; :::; ~J), with �1 and � ~J su
h that they either 
orrespond



PATTERNS IN THE GIERER-MEINHARDT EQUATION 411to a full pulse of �1 or � ~J-type or to half a pulse of �1- or � ~J -type at � = 0 or � = L;let " > 0 be small enough. Then there exists an Lmin > 0 su
h that for all L > Lminthe PDE (1.4) de�ned on the interval (0; L) with homogeneous Neumann boundary
onditions has a `random' multi-pulse pattern of the type des
ribed by the sequen
e ~� .Note that the fa
t that there exist `one-parameter families' in Theorem 3.4 hasbeen translated into the existen
e of a 
ontinuum of allowed intervals (0; L); the limitL!1 
orresponds to 
onsidering orbits �C on M with C # 0.Remark 4.2. The geometri
 singular perturbation approa
h of se
tions 2 and 3
an also be applied to the 
onstru
tion of singular multi-pulse patterns on boundedintervals with other types of boundary 
onditions, su
h as homogeneous Diri
hlet
onditions. We do not go into the details here.Remark 4.3. By 
hoosing the length L of the interval (0; L) su
h that L = kT ,for a �xed integer k = 1; 2; 3; :::, i.e., by taking L su
h that it is equal to an evenmultiple of T2 , a pattern of ����1-type 
an either have no pulses at the boundaryor pulses at both boundaries (here, we of 
ourse assume that the solution satis�eshomogeneous Neumann boundary 
onditions). Thus, for instan
e the fundamentalsolutions (where � is the empty set) 
an be plotted with or without pulses at theboundaries of the domain. See Figure 1.1a, where L = 4T = 8T2 , and 
ompare it to thefundamental periodi
 patterns in the Gray-S
ott model in [4℄ that have been plottedwithout pulses on the boundaries. Solutions of ���1-type, respe
tively �� ~���1-type,
an only be represented on �nite domains (again assuming homogeneous Neumannboundary 
onditions) by patterns without pulses at the boundary, respe
tively withpulses at both boundaries (Figure 1.1b). The most simple `mixed' patterns of �1�2-type des
ribed in Theorem 3.3 are of �� ~���1-type and thus 
annot be plotted withoutpulses at both boundaries (Figure 1.1b). It follows that these solutions have not been
onsidered in [29℄.5. Dis
ussion. We have shown in this paper that the generalized Gierer-Meinhardt equation (1.1)/(1.4) has an extremely ri
h set of distin
t periodi
 andrandom solutions/patterns.A very natural, and important, next question is: Can any of these patterns bestable? Let us fo
us our attention here on the spatially periodi
 patterns. It was shownin [5℄ that the homo
lini
 patterns (UhomN (x); V homN (x)) asso
iated to the solutions
homN (�) of (1.6) 
an only be stable for N = 1 (and � not too 
lose to 0). WhenN � 2, the spe
trum asso
iated to the linearization of (1.4) along (UhomN (x); V homN (x))always has at least one unstable (real) eigenvalue [5℄. The distan
e between su

essive�-pulses in any periodi
 multi-pulse pattern is asymptoti
ally large, therefore therewill be a strong relation between the spe
trum of the linearization along a periodi
pattern and the spe
tra asso
iated to the homo
lini
 
homN (�) pulses (see [12℄ fora general treatment of this issue, and [4℄ for expli
it 
omputations of the spe
traasso
iated to singular periodi
 patterns in the Gray-S
ott model). Hen
e, one 
annotexpe
t a periodi
 multi-pulse pattern that involves �-pulses with � = AN or BMand N;M � 2 to be stable as solution of the PDE. Of 
ourse this result has not yetbeen proved, but it provides a strong motivation to fo
us on the stability analysis ofmulti-pulse patterns that 
onsist only of pulses of either A1- or B1-type. Note thatthese are exa
tly the kind of patterns 
onsidered in [29℄ (see Remark 5.1).Even when one restri
ts the kind of jumps through the fast �eld to the `poten-tially stable' types A1 and B1, the results of se
tion 3 still produ
e a ri
h stru
-ture of spatially periodi
 patterns. It is, for instan
e, not immediately 
lear what
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e ~� of A1's and B1's that is not of one of thesymmetri
al types des
ribed in Theorem 3.4. As an example, we 
onsider the se-quen
e ~� = A1A1B1B1A1 of length 5; ~� 
orresponds to the periodi
 sequen
e ofpulses :::A1A1B1B1A1A1A1B1B1A1:::, i.e. a pattern of ����1-type, with � = B1A1and � = A1. An asymmetri
al sequen
e ~� must be at least of length 6; and,~� = A1B1B1A1A1B1 is one of the �rst examples. Note however, that the fa
t that thesequen
e ~� = A1B1B1A1A1B1 is not symmetri
al does not imply that it is not pos-sible to have a solution with this stru
ture, or a periodi
 iteration of it, on a boundedspatial interval (Corollary 4.1).Finally, we brie
y 
onsider some of the subtleties asso
iated to the distin
tionbetween having established the existen
e of symmetri
 periodi
 orbits in (1.6) inTheorem 3.4 and their interpretation as `random', in general aperiodi
 (or asymmetri
[29℄), patterns on a bounded domain in Corollary 4.1. For instan
e, Corollary 4.1establishes the existen
e of a pattern asso
iated to the `periodi
' sequen
e of pulses~� = (A1B1B1A1A1B1)K without pulses on the boundary, for any K � 1 (on intervals(0; L) of suÆ
ient length). Here, A1B1B1A1A1B1 is the above mentioned example ofan asymmetri
 sequen
e of A1 and B1 pulses, hen
e, there is no one-parameter familyof periodi
 orbits 
perA1B1B1A1A1B1(�). Of 
ourse, the ~� -pattern on (0; L) is asso
iatedto a symmetri
 periodi
 solution 
per(~�)K (~�)�K (�) of (1.6) of ���1-type. This impliesthat there is neither periodi
ity nor symmetry in this pattern on (0; L) = (0; T2 ),although it will de�nitely look as if the `blo
k' A1B1B1A1A1B1 is repeated K timesin the output of a numeri
al simulation of the PDE. Moreover, the maxima of theU and V pulses 
annot 
oin
ide, although that's again 
ertainly not obvious from asimulation (see also [29℄). A 
lose inspe
tion will show that there are asymptoti
allysmall di�eren
es between ea
h of these K `blo
ks', and that the maxima of the U andV pulses have slightly di�erent x-
oordinates. This latter observation is espe
ially
lear, sin
e 
oin
iding maxima 
orrespond to an interse
tion of the asso
iated solutionof (1.6) with fp = q = 0g in phase spa
e. This would imply, by the symmetry (1.7),that the pattern should be symmetri
 around this point, whi
h 
annot be the 
ase.This perhaps subtle distin
tion 
an be expe
ted to have a signi�
ant in
uen
eon the stability of the patterns on bounded intervals, sin
e the asso
iated linearizedstability problem will, in general, have asymptoti
ally small eigenvalues [29℄, see alsoRemark 5.1. This issue will be dis
ussed in more detail in [28℄.Remark 5.1. In [29℄ bounded domain patterns without pulses at the boundary ofthe type ~� = �1�2:::� ~J , with �j 2 fA1; B1g, have been analyzed, by a 
ombination of(formal) asymptoti
 methods and numeri
al 
omputations, as solutions of a simpli�edversion of the generalized Gierer-Meinhardt equation (1.1). This simpli�ed versionof (1.1) has no expli
it Ut term, as a 
onsequen
e the stability analysis simpli�es
onsiderably (for instan
e, the spe
trum asso
iated to the stability of these patterns isreal; this is not the 
ase in the `full' equation [5℄). In [28℄, the stability of the periodi
patterns (Uper�̂ (x); V per�̂ (x)), with �̂ = ���1; ����1 or �� ~���1, will be analyzed assolution of (1.1) on R.A
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