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STABILITY OF TRAVELING CURVED FRONTS IN A CURVATURE
FLOW WITH DRIVING FORCE*

HIROKAZU NINOMIYAT AND MASAHARU TANIGUCHI*

Abstract. This paper is concerned with asymptotical stability of traveling curved fronts to a
mean curvature flow with a constant driving force term in the two-dimensional Euclidean space. Our
first result shows that, if a suitable bounded perturbation is added to a traveling curved front, it does
not recover its shape at any positive time. This fact implies that boundedness of given perturbations
is not enough for asymptotical stability. Then we prove that, if a given bounded perturbation decays
at infinity, the perturbed traveling curved fronts always recover their shapes as time goes on. This
fact holds true for any large perturbation if it decays at infinity.

1. Introduction. Pattern formation is one of the most attractive fields in ap-
plied mathematics. Since traveling waves play important roles on the pattern for-
mation, many researchers have studied them. Traveling waves in an one-dimensional
media or planar traveling fronts in the plane seem to be mainly investigated so far.
Fife [6] studied corner layers in the Allen-Cahn dynamics, which gives a first step to
study traveling waves with more complicated shapes.

This paper is concerned with the asymptotical stability of traveling curved fronts
for a curvature flow with a constant driving force term in R?. Let D(t) be a domain
(connected open set) in R?. Define I'(t) = dD(t). Let v be the normal vector on I'(t)
pointing from D(t) to D(¢)¢. The curvature H is given by H = —divv. A pair of
(I",v) is often called an interface or a phase boundary. We study the traveling curved
fronts of the following equation

(1.1) V=H+k

This equation appears in the several fields. For example, this equation describes the
phase boundary in in the Belousov-Zhabotinsky reaction ([1], [2], [5] [8]), and also
in the Allen-Cahn model in Chemistry ([6], [3], [11]). It also describes the motion of
filamentary vortex of the Ginzburg-Landau model if it is confined in a plane ([5]).

In this paper we are interested in traveling waves with non-simple shapes, and we
study the stability for the simplest one as a first step to study that of more complicated
ones.

If I'(t) is represented by the graph y = u(z,t) with D(¢) = {(z,y) |y < u(z,t)},
(1.1) is rewritten as

Ug g G
1.2 = ky/1 2,
(1.2) Uy T+ + k1 +u2

If the traveling front is represented by u(z,t) = ¢(z) + ct for the suitable coordinate
where c is a speed of the traveling front. Then ¢ and c satisfy

(1.3) c= 2T 4 k17 g2

:1+<p§

This equation (1.3) has a special solution called V-form waves or traveling curved

fronts ([1], [2], [8], [9]).
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y

y=¢( X; c) +ct

Fig. 1.1. The graph of a traveling curved front. The dotted lines represents y =
)

(Ve — k2 /k)|z| + b + ct.

PROPOSITION 1.1 ([9]) For ¢ > k > 0, there exists a solution o(x;c) of (1.3)
with p(0;¢) = 0, p.(0;¢) = 0. The graph of y = w(x;¢) can be parametrized by
f = arctan ¢, (x;c) as

14 C+k‘ra 0
0 k )
14 x(0;¢) = —+ lo ,
(14) (6:¢) ¢ eV — k2 & c+k 0
1-— tan —
c—k 2
1 ccosf — k
1.5 f:c) .= —=1 -
(15) y(6:0 Cog( s )

for 6 € (—00,6p), where 6y := arctan(v/c? — k2 /k) € (0,7/2) (see Fig. 1.1).
We denote the interface defined by ¢ by
TF . (¢;¢,20,y0) := {(x(0;]|c|) + zo, £y(8;|c]) £ |c|t +yo) | — 00 < 0 < bp}.

In [9, Theorem 1.2], all the traveling waves are classified into the following three types:
lines, stationary circles and traveling curved fronts TF. (¢; ¢, 2o, yo). This fact suggest
that traveling curved fronts play an important role for (1.2).
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Hereafter we assume
0<k<ec.

We consider the stability of traveling curved fronts. We study (1.2) with an initial
condition

(L6) u(z,0) = p(a;0) + (o).

Here ¢ (x) is a given perturbation. We introduce

BC" = {wla) € CH(R) | sup 0] < ox. sup s (0)] < o0}

If the given perturbation is unbounded at infinity and change the asymptotic lines
of y = ¢(z;c¢), then the solution may converges to another traveling curved front
y = p(x; ') with a different speed. For bounded perturbations, it is easily seen that
the traveling curved front y = ¢(x) + ¢t is stable in L>°(R). So, we concentrate on the
asymptotical stability for bounded perturbations. If ¢)(z) € BC?!, then the Cauchy
problem (1.2) (1.6) is well defined and has a unique classical solution up to t = +oo.
For the proof see [9]. See also [7] and [4]. Deckelnick, Elliott and Richardson [5]
studied the stability problem in the half plane equipped with a boundary condition
on the y-axis. Unfortunately only restricted perturbations are studied.

We should study more general perturbations including the ones with non-compact
supports, which gives us a difficult problem, that is, what perturbations are admissible
for asymptotical stability. This stability problem is not simple. In §4 we present an
example where the given perturbation is bounded in BC! and the solution u(z,t)
does not converges to ¢(z;c) + a + ct for any a. So we have to add another condition
for ¢(z). The following is the main assertion in this paper.

THEOREM 1.1 For any given 1 (x) € BC' with lim,_ ¥ (x) = 0, the solution
u(x,t) of (1.2) with an initial data

u(z,0) = ¢(x;¢) + ()

converges to p(x;c) + ct in L*®(R) as t — oo. Namely, for any given € > 0, there
exists a positive constant T such that

sup u(z, 1) — (p(z;0) +ct)| <e

—oo<r<oo

holds true for all t > T.

That is, the traveling curved front y = @(z;¢) + ¢t is asymptotically stable for
all ¢»(x) € BC! which decay at infinity. This implies the asymptotical stability of
y = p(x;¢) + ¢t globally in space.

We also remark that if

lim ¢(z) =ps

r—r+00

exist, then u(x,t) converges to p(x — xg;c) + ¢t + yo, where

k(p- —p+) _ Dy tp-

we—r T

o =
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This paper is organized as follows. In §2 we study the asymptotical stability for
traveling curved fronts locally in space. In §3 we prove the main theorem. In §4
we present an example where the given perturbation is bounded in L®°(R), and the
solution u(x,t) does not converges to ¢(x;c) + « + ¢t for any a.

2. Asymptotical stability locally in space. Let y = p(z;c¢) be the traveling
curved front as in Proposition 1.1. Hereafter we denote it simply by y = ¢(z). In this
section we study the asymptotical stability of y = ¢(z) locally in space.

Define
Liu] =y — —22 — /T +u2.

1+ u2

We call w, (z,t) a supersolution if L[w, (x,t)] > 0 for z € R and ¢ > 0. A subsolution
w_(x,t) can be defined similarly by using L{w_(z,t)] < 0 instead of L{w, (x,t)] > 0.
We search for a supersolution and a subsolution of the following form

wy () = plas(t)r) + ct + Bo(t)

ay(t)

with suitable g (¢) and S (t).
We begin with several lemmas.

LEMMA 2.1 The following properties hold true for p(z).
(i) The following asymptotic estimates

c? —

k2 [T el ks
— + O(e eV R lzl/ky as v — %oo,

2 __ k2
ve v — o + b+ O(jz|e eV Flal/k)

pu(z) =+

o(z) = as © — oo

hold (see Fig. 1.1 ), where

VER
ck

b:= arctan < 0.

Ve — k2 110g 2(c+ k)
k c c

(ii) A function xp,(x) — p(x) is strictly monotone increasing in |x| with
0 < zp(x) — p(z) < |b] for all x € R,

{wa(2) — p(a)}],_o = 0,
lim (v, (x) — p(2)) = b,

|z]|—00
(iii) A function ¢ — k+/1 + @4 (x)? is strictly monotone decreasing in |x| with

{e = kv 1+ ¢a(2)?}a=o = ¢ — K,
lim (¢ — k14 @gz(2)?) =0.

|z|— 00

(iv) For 0 < a <1, p(z) —ato(ax) is strictly monotone increasing in || with

1 1
Oggo(x)—aap(ax)<|b<a—l> for0<a<l,zeR.

For a > 1, a ty(az) — p(x) is strictly monotone increasing in |z| with

1 1
0< Lo(az) - p(x) < b (1— —) fora>1.aeR.
[0 (0}
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Proof. The first statement (i) is a direct consequence from [9, Proposition 2.5].
For the second statement (ii) we use

(292 (1) — @(7))a = 2Pz (v),
and
Yez(x) >0 for x € R.
See [9] for this proof. Then we have

(rpe(2) — 9(2), > 0 if 2> 0,
(2pa(x) — p(x)), =0 ifz =0,
(wpz(x) —p(x)), <0 ifx<O0.

Using (i) we obtain (ii). Since |z (x)| is strictly monotone increasing in |z|, the
statement (iii) follows. For a@ > 0, we have

o)~ otan) = [ 2 (Loten ) de

- / é(fwz(fﬂﬁ) () de.

Then using (i) we obtain (iv). 0O
We search for a supersolution and a subsolution of the following type:

w(z,t) = Lgo(oz(t)ac) +ct+ 5(t).

a(t)

We set
z = a(t)z.

Then we have

L[w] = Wt — Wez —kvl—l—wé

1+ w2
= a—;(zapz(z) —p(2)+c+ B — %(2)2 kT + 0.(2)
“ 14 ¢.(2)
(2.1) :%{Z‘/’Z(Z)*@(Z)‘F%(kam)_k6;: }

We define wy (z,t) as follows.

(2.2) wa(0.8) = (o (0) + B, (0) + .
(2.3) w_(z,t) = a,l(t) pla_(t)z) + p_(t) + ct,
where
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We also define

(2.4) $(v,0) ;= inf {zwz(z) —p(z) + u 76) (c— k14 ‘Pz(z)2)}

—00<z<00

By Lemma 2.1 (ii) and (iii), we have
0 < (7,4) < b,
Jim 5(y,6) = [b].
Then we have the following assertion.

LEMMA 2.2 If 0,7,d satisfy
(2.5) v>0, 0<o<X(v,9), 0<d<1,

then wy (z,t) defined in (2.2) and (2.3) are a supersolution and a subsolution to (1.1),
respectively. Moreover one has

w_(x,0) < p(z) < wy(x,0) for all x € R,
and
lim |w,(z,0) — ¢(x)] = 0.

|z|— o0

Proof. Substituting a (t) and B4 (t) into (2.1) yields

Pfos] = #2252 L) - o)+ 2 e -k TH ) - o,

By Lemma 2.1 (ii) and (iii), £(v,d) > 0. If 0 < 0 < X(v,9),

ay(t)? ‘
0.(2) = 9l0) + 22 e b TFRTE) — 02 5(00) = 0 >0
Thus w, is a supersolution and a subsolution, respectively.

Next we study for w, (z,0) — ¢(z). We have

1 1b|6

wy(z,0) — p(z) = ﬁ@((l —0)z) — p(z) + 13

By Lemma 2.1 (iv),
wy(2,0) — () >0

follows. Similarly, we have

w_(z,0) = p(z) (1 +0)z) - p(2) = —— <0

T 1147

The estimate lim,| o |ws(2,0) — @(x)] = 0 is a direct consequence of Lemma 2.1.
d
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By Lemma 2.1 (iv),

doe 7t (|b] —o)o
. < — —ct <
2.6 0<wa(et) —plat) —et < 1225 U2

doe 7t (|b] — o)
2.7 0< t t — t) <
( ) — 99(./1:7 )+C w*(x7 ) — 1+667pyt 1+6

Then we have the following theorem.

THEOREM 2.1 (ASYMPTOTICAL STABILITY LOCALLY IN SPACE) Let ¢ > 0 be
arbitrarily given. If §,7,0 satisfy

(2.8) 0<o< 0<o<X(y,0), >0,

.
2[b| — 20 +¢’
and u(z,0) € BC! satisfies

w_(x,0) < u(z,0) <wy(x,0) x € R,
then there exists Ty > 0 such that

sup |u(z,t) — () —ct| < e
xT

fort > Tj.

Proof. From the assumption on §, v, o, we have

(b =00 (B-0)5) =
max{ 15 " 110 J 57

Then Theorem 2.1 follows from Lemma 2.2 and the the Phragmeén-Lindel6f maximum
principle [10, Theorem 10, Chap. 3]. O
Thus the traveling front TF, (¢; ¢, zq, yo) is asymptotically stable locally in space.

3. Asymptotical stability globally in space. In this section, we study the
stability of traveling curved fronts for more general initial condition, and prove The-
orem 1.1. Define

BCj = {1/)(93) € C'(R) | sup | (z)| < oo, sup [¢.(z)| < oo, mlLrQO P(x) = 0} .

LEMMA 3.1 For any e > 0 and any ¢(x) € BC}, there exists a constant §; € (0, 1)
such that

1|b\56 +e  forallzeR and0< 8 <4

1
p(x) +1(z) < m@((l —0)z) +
Proof. From the assumption on v (z), there exists sufficiently large Ry > 0 with

[¥(z)| < e for all |z] > R;.
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We have

b6

(1= 8)2) + 1

T 5% —(x) >0 for all z € R

from Lemma 2.1. Thus we get

[b]6
—+

T T°¢ for |x| > Ry.

o) +9(2) < 75 (1~ 8)a) +

For |z| < Ri, we have

(1 8)) + 12 () — )
> el = R + 15— () - max (o)

by Lemma 2.1 (iv). The right-hand side goes to +00 as § — 1 — 0 by virtue of

. 1
Sim 751 =9k = 0.

Thus we can choose d; € (0,1) sufficiently close to 1 such that

1 blo
o) +¥(z) < ﬁgo((l —d0)z) + % for |x| < Ry and § € (0,4).
Combining the two inequalities stated above, we complete the proof. 0O
For any given ¢ > 0 and ¢(x) € BC{, d,, o, and v, are chosen such that

(3.1) 0<5+<min{26|6ﬁ,61}., 0< 0, <E(14,8,), 7. >0

hold true. Let w,(z,t) be defined as in (2.2) with (,7,0) = (04,74,04). By Lem-
mas 2.2 and 3.1, w,(z,t) is a supersolution with u(z,0) < w,(z,0). Then by the
comparison principle, we have

u(z,t) < wy(z,t)

where u(z,t) is the solution of (1.2) with u(x,0) = ¢(z) + ¢ (z). By (2.6), we see that
there exists T' > 0 satisfying

(3.2) u(z,t) < g(z) +ct + 2¢ forzeR,t>T.

This gives an upper estimate for u(z,t).

Next, we consider a subsolution, and search for a lower estimate to prove the
global attractivity of the traveling curved front. We cannot obtain a lower estimate
by a parallel way to get (3.2) unfortunately. We need the help of another subsolution,
which contacts the y-axis tangentially. For this purpose, we use the following another
traveling curved front.

LEMMA 3.2 ([9]) For ¢ > k > 0, (1.3) has a unique solution ¢*(x;c) that is
tangential to the y-azis in the half plane {x > 0} with p*(0;¢) = 0. More exactly, the
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0 X

F1G. 3.1. The graph of y = ¢*(x;c). The dotted line represents y = (V¢ — k2 /k)x + b*.

graph y = ¢*(x; ¢) is parametrized in terms of § = arctan @i (x;c) € (6o, 7/2) as

c+k 0 c+k
——tan - +1 — =1
2% — & k c—k 2 c—k
(3.3) z%(0) :=

+ lo ,
2 o= R ek 0\ [ [k,
c—kjan§7 c—k+

(3.4) y*(0) := - log

Here 0q is as in Proposition 1.1.

We denote ¢*(|z|;¢) simply by ¢*(z). Then it is an even function defined for
2 € R. The function ¢*(x) possesses the following properties (see Fig. 3.1).

LEMMA 3.3 The following properties hold true for ¢*(x).
(i) ¢*(x) satisfies

lim +/|z|ok(z) = £V2k

z—=+0
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and also
P (T) = i# + Oe— VRl /ky as x — +o0,
¢ (z) = 7“02];]{2|x| + O(|zle eV FI=/EY g5 1 +oo.
Here
pom VIR YR Ly e VIR
ck 2 k c 2(c? — k?)

(ii) A function ¢*(x)—zpk(x) is strictly monotone increasing function in |x| with

0< p™(z) —zpl(z) <b* for x € (—00,0) U (0, 00),
lim (" (2) — 2% (2)) = 0,

z—0
lim (" — o} (2)) = b°.
|z|— o0

(iii) A function k\/1+ pi(x)? — c is strictly monotone decreasing in |x| with

lim (kv/1+ pi(z)? — ¢) = 400,

|z|—0
‘ l‘im (k\/1+ ¢i(x)? —c)=0.
Tr|—00

(iv) For x € R and ¢ € (0,1), let F(x,0) be defined by

F(,8) = pla) — " (1= 8)a) + T

+ [b].

Then F(z,0) is strictly decreasing in |x|, and is strictly increasing in § €
(0,1). It satisfies

B

F <
0< (x76)_176

+ |D] forx e R,0<6<1

and

_ . _— _ ‘ .
(3.5) ,Jim ‘ml“‘ﬂSI%Q (z,0) = +o0 for any fized Ry > 0

(i) Forxz € R, a € (0,1] and o € (0,0*), let G(x, ) be defined by

1, o
G(I.,Oz) = E(p (ax) — E
Then it satisfies
. 11 11
,(b — 0') (Oé_l - O£_2> < G(I./OQ) — G(I7011) S o <a_1 o a_2>

for0 < a; < as <1.
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Proof. We can easily show (i), (ii), (iii) by Proposition 2.5 in [9] and the argument
similar to the proof of Lemma 2.1. For (iv), it suffices to show it for x > 0, because
F(z,4) is an even function in z. We have

S P(,0) = ﬁ {(1 = 8)eg3((1 - 8)2) = "((1 = 8)2) + 17} > 0

for all z > 0 and 0 < 0 < 1. By (ii), F(x,9) is strictly increasing in 0. Using

Yrp(z) >0 forz >0,

2 k2

o (x) < < pi(x) for x>0,

we have
Frn(2,0) = pan(z) — (1 =)l ((1 —6)x) >0 for z > 0,
Fo(z,0) = gz (x) — i ((1 - )x) <0 for x > 0.

Thus F(z,9) is strictly convex in > 0, and since it satisfies

P

b
F(0,0) = 1_6+\b| >0,
lim  F(z,6) =0,

|z| =400
we obtain
0< F(z,9) < 16—6+‘b| forallz >0and 0 < 6 < 1.

Since

O pa.8) = —L (1= 8)egi (1 - 8)z) — 9" (1 - 8)a) + b}

a5 T 52 TPa v-e “

1 S S *
> W{R%D;(Rﬁ — @ (R2)+0"} >0

for |x| < Ry, we have
)
F(z,0) > F(z,0) + T3 {R2¢}(R2) — ¢ (R2) + b*} for |z| < Rs.

This yields (3.5), which completes the proof of (iv).
For (v), we have

9 G(a,0) =~ (¢" (a2) — azp}(az) o)

Integrating over (g, as), we get

Oz21

2

G@ﬂﬁ*G@ang/

a1

- (¢*(az) — azgi(ar) — o) da.

Combining this equality and (ii), we obtain (v). 0O
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Since ¢*(z) has a singularity in x = 0, the following maximum principle needs a
proof.

PROPOSITION 3.4 Let u be continuously differentiable in t > 0 and twice contin-
uwously differentiable in x € R satisfying

Lu] >0, fort>0, z € (—o0,00),

and let v be continuously differentiable in t > 0 and twice continuously differentiable
in x # 0 satisfying

Lv] <0, fort >0, z € (—o0,0) U (0, 00).

Assume

u(z,0) > v(z,0) in z € R,
and
(3.6) sup lug (z,t)] < +0c.

t>0,—oco<z <00

and for any n > 0,

(3.7) sup |vg(z,t)] < M, and lim vi(z,t) =00, lim v,(z,t) = —o0
t>0,]z|>n z—+0 z——0

with some M, € (0,+00). Then one has

w(z,t) > v(x,t)  fort>0 and z € R.

Proof. We prove by contradiction. Assume the contrary. Then there exist con-
stants 7' > 0 and 2o € R with v(z,T") > u(xo,T). Define

7 =inf{t > 0| v({,t) > u(&,t) for some £ € R}.
The continuity of u and v implies that there exists 7' such that
v(&,t) > u(&,t) for any t € (7,7') and some & € R.
Assume that there exist t,, € (1,7') and z,, € R such that
V(Tp, tn) > u(xy, ty), lim t, =7, lim z, =0.
n—oc n—oc

Then we have

v(0,7) = lim v(x,,t,) > lim w(z,,t,) = (0, 7).

n—oQ n— o0

By the definition of 7, we have

v(0,t) < wu(0,t) for t < 7.
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Then v(0,7) = u(0, 7) follows. Using this equality, (3.6) and (3.7), we have
v(x,7) > u(z, ) for © # 0 and |x| small enough.

This contradicts the definition of 7. Thus such z,, and ¢, do not exist. This implies
that there exists a positive constant &, satistying

(3.8) v(z,t) < u(z,t) for |z| < & and t € [1,7'].

We can apply the Phragmen-Lindel6f maximum principle [10, Theorem 10, Chap. 3]
to u — v in (—oo, —&) U [€o, 00) x [, 7']. Then we obtain

(3.9) v(z,t) <wu(z,t) for|z| > &, 1<t < 7.
Combining (3.8) and (3.9), we have

v(z,t) <u(z,t) forzeR, 7<t<7.
This contradict the definition of 7. This completes the proof. 0O

Note that u(z,t) given by (1.2)—(1.6) satisfies the assumption in Proposition 3.4
by Theorem 1.4 in [9]. Now we will construct another subsolution as

(3.10) w(z,t) = —=¢"(a(t)r) — —— — —— — [b] + ct.

Here we put
at) =1—de "

with § € (0,1), v > 0 and o € (0,b*). We choose them with 0 < o < ¥*(,d), where

. : . . 1—6)? —
= (8) o= inf {0 @) — i) + S0 (b TF R - ) |
LEmMA 3.5 If
(3.11) 0<o<l, ¥>0, 0<o<X*(v,9),

then w*(x,t) satisfies
Lw*] <0 forallz e R, t >0,

and thus it is a subsolution. For any e > 0 and any function ¢(x) € BC}, there exists
a trio (0%,v*,0*) with (3.11) and

1 . _

12) ———¢*"((1 = 6" — —|pl== R

(3.12) 175*80(( 6" )z) T 0] 4<go(x)+¢(x) for all z € R,
b* —o* €
1 €
o 0<T 5 <1
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Proof. Set z = a(t)z. Then, by (2.1) we have

dye 7t

L) = -2 ) - e +

a(ﬁtﬁ (h/TT 720 - o) a}.

Hence we get

Oy
a(t)?

Liw’] < (5% (7,8) - o) < 0.

This implies that w*(z,t) is a subsolution.
From lim, |, o ¥(7) = 0, there exists Rz > 0 with

—Z<w@ for |z| > Rj.

Thus (3.12) follows from Lemma 3.3 (iv) for |z| > Rs. For |z| < R3, we have

1—o

o) + () - (1= 87)2) + e b+ S > Fl,6%) = max [h(2)] + 5,

1 —6*@ |z|<Rs

where F(z,d) is as in Lemma 3.3. By (3.5), we have (3.12) for |z| < R3 if 6* > 0 is
close to 1. Then we choose o* € (0, b*) so close to b* that (3.13) is valid. Finally we
choose v* > 0 so small that it satisfies ¥*(v*,6*) > o*. We complete the proof. 0O

We fix a subsolution w*(x,t) as in (3.10) associated with a trio (6%, 0*,7*) which
satisfies (3.11), (3.12) and (3.13) in Lemma 3.5.

Proof of Theorem 1.1. From Proposition 3.4 and Lemma 3.5, we have

w*(x.,t)figu(x.,t) for z € R, £ > 0,
which is equivalent to
1 o* b* —o* €
“(a*(t)z) = —— — ——— — |b| + ¢t — = < u(z,t

for x € R and ¢ > 0 where
af(t) :==1—6% """

From Lemma 3.3 (v), we have

2 | 1.
0 =0 (g - 1) < e 0)

a*(t

Combining these two inequalities, we obtain

b — o

1-6*

—W+d—Z§MLw
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From (3.13), we have

* *

€ 1 o b* —o
— (1= 6%)x) — - - < .
2+(15*¢<<1 5)2) 15*) et < u(e.)

From this inequality and Lemma 3.3 (i) and the fact b < 0, there exists R* > 0 that
is large enough and independent of ¢ with

62_k2

A z+b+ct—e <u(zt)

for |x| > R*, t > 0. Taking Ry, > R* that is independent of ¢ > 0 and is large enough,
we have

(3.14) o(x) + ct — 2e < u(w,t) for all |x| > Ry, t > 0.
Taking R4 > 0 larger if necessary we can assume,
[¥(z)| < e for all |z| > Ry.
Our aim is to show that there exists 7' > 0 satisfying
o(x) + ct — 2e < u(x,t) for all |z| < Ry, t > T.
Put M = —minj, <p, {¢(z)}. If M < 2, we have
p(@) — 22 < o) + () = u(,0),
and also
o(x) + ct — 2e < u(w,t),

which together with (3.2) gives the proof.
From now on we assume M > 2. Choose v = y_ with

1
Y1, b| —
(7:3) >0

DO ™

Set

We fix (0,v,d) = (0_,7_,6_), which enjoys (2.8). We also define w_(z,t) by (2.3)
with (0,7,9) = (0_,v_,d_). Define
JaT—

me=i == msllf@omx) —w_(z,0)).

There exists sufficiently large Ty > 0 with

sup  (p(z) +ct —w_(z,t)) <e for all t > Tg

—oo<r<oo

by virtue of Theorem 2.1.
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We start with
~M < (u(x,t) — @(x) —ct)],_q for || < Ry,
which combined with —2¢ < —M and (3.14) gives
p(z) — M < u(z,0) for x € R.
Because w_(x,t) — M is a subsolution with
w_(z,0) =M < ¢(z) = M < u(z,0),

we obtain

plx)+ct— M+ (m—e¢) <u(z,t) forz € R, t > Tp.
Thus at time t = Ty we start again with a better estimate

—M+ (m —e) < (u(z,t) — p(x) —ct)|,_p, for z € R.

If —2¢ < —M + (m — ¢), then we use (3.14) and this estimate and obtain a further
estimate.

—M +2(m —¢) < (u(z,t) — p(z) — ct)],_yp, for z € R, t > 2T5.

We can repeat this argument until inf |, < g(u(z,t) — ¢(x) — ct) becomes larger than
—2e. Namely, we have

min{—M + J(m —¢), —2¢} < (u(w,t) — p(z) — ct)|,_ 7,

for z € R and any positive integer J. Here we can take .J as large as possible, that is,

M -2
J:[ s]+1
m—¢

and thus we have

M — 2¢
> .
m-—e¢

Then we obtain
—2e < (u(z,t) —p(z) —ct)|,_jp, for x € R.
and thus
o(x) + ct — 2e < u(zx,t) for all z € R

for sufficiently large ¢ > 0. This lower estimate combined with the upper estimate
(3.2) completes the proof of Theorem 1.1. O
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4. An example for non-asymptotically stability in BC'. In this section,
we always assume 1 (z) belongs to BC', and does not decay as |z| — +00. Fix p(x;c)
in Proposition 1.1 and we denote it simply by ¢(z). We will show that an example
where u(z,t) does not converges to ¢(x) + ¢t + « for any fixed @ € R for suitable
choice of ¥ (z).

Let £1 > 0 be any given small number. Take R; > 0 so large that

o(z) — (#x + b)

0c <0.émin {90, g 90}>

arbitrarily. Let B((zo,y0),r) be a ball with center (zg,yo) and radius r. We will
choose a sequence of positive integers {n(j)}72; with

(41) <é& for ‘$‘ Z R5

holds true. Fix

1
max{E,R573£1} <n(l)<n2)<---<n(g) <= 4+

as follows. Let {D;(0)}52, be defined by

D 1(0) = B((2(2) = 1),y(27 = 1)),n(2] = 1)),
D3;(0) = B((=(27),y(27),n(27))) -

We put I5(0) = 9D;(0), and choose {n(j)} so that we have
(i) I;(0) C {(z,y) |z >0,y >0}, Iz_1(0)NI5(0)=0 for all j € N,
(ii) I%j-1(0)N{y =k~ 'Vc? — k%x + b + 321} consists of one point, and I5;(0) N
{y = k7% — k22 + b — 3¢, } also consists of one point.
(iii) The center (z(j),y(j)) satisfies

(n(25 — 1) — 3e1) cos(6p — O)

=2 1) = sin @ ’
yoj 1) = n2i= —Sisngg) sin6o = 0)
#(2)) = (n(2g) — 3;)(;05(90 +0)
y(2)) = (n(2)) — 3;;)311(90 +9) 4y,

for j € N.
For # > Rs, we take D(0) with

D,;_1(0) € D(0) C D;(0) for all j € N
and

sup  |u(z,0) — p(x)] < 4ey.

z€(—00,00)

For # < Rs, we take D(0) = {y < p(x)}.
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Fi1G. 4.1. A suitable choice of I'(0) for non-asymptotical stability

Then we have the following example for non-asymptotic stability of a traveling
curved front y = p(x) + ct.

THEOREM 4.1 Let €1 > 0 be arbitrarily given. There exists I'(t) which satisfies

sup  Ju(e,0) — p(@)] < 421

z€(—00,00)
and

I'(t)n{y > p(x) +er +ct} # 0,
rtyn{y<oeg(x)—c +ct}#0

for allt > 0. That is, I'(t) does not converges toy = p(z) +a+ ct in L>=(R) for any
fized o € R (see Fig. 4.1).

Let D;(t) be the solution of (1.1) with an initial state D;(0). To prove Theo-
rem 4.1, the following comparison principle is useful.

LEMMA 4.1 For all t > 0 and all j € N, the following inclusion

Daj-1(t) C D(t) C Dyy(t)

follows from

D2j,1(0) C D(O) C DQJ'(O).
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We will present the proof of this lemma later. First we prove Theorem 4.1 using this
lemma.

Proof of Theorem 4.1. Let r;(t) be the radius of dD,(t). Then it satisfies

drsja _ 1 +k  t>0
dt r25—1 ’

r2;-1(0) = n(2j - 1).

We compare ro5_1(t) with sq;_1(¢) defined by

dsaj_1
dt
S2j,1(0) = n(2] — ].) — 351.

=k t>0,

Then the distance between 9Dy;_1(t) and y = k=2 — k2x + b is larger than or
equals 7951 (t) — s95_1(t). Let Th;_1 be the time with ro;_1(To;-1) — s25-1(Tj-1) =
2. Ift < T2j,1, then D2j,1(t) N {y > kil\/ 2 —k2x+b+ 2e1 + Ct} ;é 0 follows. By
Lemma 4.1, I'(t) N {y > k= 'V — k22 + b+ 2e1 + ct} # 0 also follows if ¢ < Th;_;.
We estimate T5;_; as follows. Integrating

d 1

E(T2jfl - 52j71) = 77“2%1

Toj_1 1
g = dt.
! /0 raj-1(t)

Because n(2j — 1) < r9;_1(t) for t > 0, we have

Toi_
s Ty
1 :/ dt < 2_J !
0 r2j-1(t) n(2j —1)

over (0,T»;—1), we get

and hence
Toj_1 >en(2j — 1) for y € N.
Summing up the argument stated above, we have

2 2

k
ri)niy > CTHbJrzgl ety A0 ift< Ty,
for all j € N. From (4.1), we have
re)n{y =z ¢(x) + e +ct} # 0

requires at least ¢t > eyn(25 — 1) for all j € N.
Next, 19, (t) satisfies
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We consider sq;(t) with

dS2j
— =k t >0,
dt ’
S2j(0) = 7’1(2]) - 351.
2 _ 2
Then the distance between 0D4;(t) and y = — ¢ + b is larger than or equals

T2 (t) — $2;(t). Define To; by 19;(T2;) — s25(T2;) = 2e1. We estimate Ty; as follows.
Integrating

d 1
oy —go) = £>0
dt(r2j $25) oy >0,

Taj 4
&1 :/ — dt.
o T2

For 0 < t < Ty;, we have s9;(t) < ra;(t). Using this inequality, we obtain

T2] 1 sz 1
g1 = / dt < / dt.
o T2;(t) o S2;(t)

Using sq;(t) = n(25) — 3e1 — kt, we have

over (0,Ty;), we have

(n(2j) — 3e1) (1 —e~ker)
: .

If t < Ty, then 0Dy;() N {y < k™ 'Vc2 —k2x+b—2e +ct} # 0 . Using (4.1), we
obtain

T2j >

rtyn{y<o(x)—e +ct}#0 if t < Ts,.

Thus I'(t)N{y < ¢(x)—e1 +ct} # D requires at least ¢ > k=" (n(25) — 321 (1 — e *1))
for some 5 € N.

Combining the arguments stated above, we obtain Theorem 4.1. 0O

Now we state the proof of Lemma 4.1.

Proof of Lemma 4.1. We only show Dy;_1(t) C D(t). The other inequality can
be proved similarly.

Assume the contrary. Then there exists T > 0 such that Dy;_1(T) ¢ D(T).
Let (zo(T'),yo(T)) be any one with (xo(T'),yo(T)) € 0D2;—1(T) and (zo(T),yo(T)) ¢
D(T).

Define

7 = inf{T > 0| there exists (xo(T"),yo(T))}

Taking a subsequence, (zo(T'),yo(T')) converges to (Too,Yoo) as T — 7+ 0. This is
because {0D2;_1(T)}r<7<r+1 is compact. We have (2o, Yoo) € 0D2;_1(7) N OD(T).
Recall that I'(t) = 0D(t) and D(t) = {y < u(x,t)}. In some neighborhood of
(Too, Yoo); Daj—1(t) = {y < w(z,t)}, where w(z,t) is a solution of (1.2). Then there
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exist 1 and z2 (¥1 < Too < x2) with w(x;,7) < u(z;,7) for j = 1,2. This is because
0Dy;_1(T) is a circle, while ug,(z, t) satisfies

sup  |ug(z,7)] < +00
z€(—00,00)

from Theorem 1.4 of [9]. There exists 7/ > 7 with

3

w(z;, t) <u(zj,t) fort € [r,7'), j=1,2
From the definition of 7, we have
w(z,7) <wulz,7) for z € [z1, 22].
By the comparison principles for parabolic equations [10], we have
w(z,t) < u(x,t) for z € [x1,22], t € [1, 7).

This contradicts the definition of 7. We complete the proof of Lemma 4.1. 0O
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