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t. This paper is 
on
erned with asymptoti
al stability of traveling 
urved fronts to amean 
urvature 
ow with a 
onstant driving for
e term in the two-dimensional Eu
lidean spa
e. Our�rst result shows that, if a suitable bounded perturbation is added to a traveling 
urved front, it doesnot re
over its shape at any positive time. This fa
t implies that boundedness of given perturbationsis not enough for asymptoti
al stability. Then we prove that, if a given bounded perturbation de
aysat in�nity, the perturbed traveling 
urved fronts always re
over their shapes as time goes on. Thisfa
t holds true for any large perturbation if it de
ays at in�nity.1. Introdu
tion. Pattern formation is one of the most attra
tive �elds in ap-plied mathemati
s. Sin
e traveling waves play important roles on the pattern for-mation, many resear
hers have studied them. Traveling waves in an one-dimensionalmedia or planar traveling fronts in the plane seem to be mainly investigated so far.Fife [6℄ studied 
orner layers in the Allen-Cahn dynami
s, whi
h gives a �rst step tostudy traveling waves with more 
ompli
ated shapes.This paper is 
on
erned with the asymptoti
al stability of traveling 
urved frontsfor a 
urvature 
ow with a 
onstant driving for
e term in R2. Let D(t) be a domain(
onne
ted open set) in R2. De�ne � (t) = �D(t). Let � be the normal ve
tor on � (t)pointing from D(t) to D(t)
. The 
urvature H is given by H = �div �. A pair of(� ;�) is often 
alled an interfa
e or a phase boundary. We study the traveling 
urvedfronts of the following equation(1.1) V = H + k:This equation appears in the several �elds. For example, this equation des
ribes thephase boundary in in the Belousov-Zhabotinsky rea
tion ([1℄, [2℄, [5℄ [8℄), and alsoin the Allen-Cahn model in Chemistry ([6℄, [3℄, [11℄). It also des
ribes the motion of�lamentary vortex of the Ginzburg-Landau model if it is 
on�ned in a plane ([5℄).In this paper we are interested in traveling waves with non-simple shapes, and westudy the stability for the simplest one as a �rst step to study that of more 
ompli
atedones.If � (t) is represented by the graph y = u(x; t) with D(t) = f(x; y) j y < u(x; t)g,(1.1) is rewritten as(1.2) ut = uxx1 + u2x + kp1 + u2x:If the traveling front is represented by u(x; t) = '(x) + 
t for the suitable 
oordinatewhere 
 is a speed of the traveling front. Then ' and 
 satisfy(1.3) 
 = 'xx1 + '2x + kp1 + '2x:This equation (1.3) has a spe
ial solution 
alled V-form waves or traveling 
urvedfronts ([1℄, [2℄, [8℄, [9℄).�Dedi
ated to Professor Norio Shimakura on the o
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bFig. 1.1. The graph of a traveling 
urved front. The dotted lines represents y =(p
2 � k2=k)jxj+ b+ 
t.Proposition 1.1 ([9℄) For 
 > k > 0, there exists a solution '(x; 
) of (1.3)with '(0; 
) = 0, 'x(0; 
) = 0. The graph of y = '(x; 
) 
an be parametrized by� = ar
tan'x(x; 
) asx(�; 
) := �
 + k
p
2 � k2 log ��������1 +r
+ k
� k tan �21�r
+ k
� k tan �2 �������� ;(1.4) y(�; 
) := �1
 log�
 
os � � k
� k � ;(1.5)for � 2 (��0; �0), where �0 := ar
tan(p
2 � k2=k) 2 (0; �=2) (see Fig. 1.1 ).We denote the interfa
e de�ned by ' byTF�(t; 
; x0; y0) := f(x(�; j
j) + x0;�y(�; j
j)� j
jt+ y0) j � �0 < � < �0g:In [9, Theorem 1.2℄, all the traveling waves are 
lassi�ed into the following three types:lines, stationary 
ir
les and traveling 
urved fronts TF�(t; 
; x0; y0). This fa
t suggestthat traveling 
urved fronts play an important role for (1.2).



STABILITY OF TRAVELING CURVED FRONTS 431Hereafter we assume 0 < k < 
:We 
onsider the stability of traveling 
urved fronts. We study (1.2) with an initial
ondition(1.6) u(x; 0) = '(x; 
) +  (x):Here  (x) is a given perturbation. We introdu
eBC1 := � (x) 2 C1(R) j supx j (x)j <1; supx j x(x)j <1� :If the given perturbation is unbounded at in�nity and 
hange the asymptoti
 linesof y = '(x; 
), then the solution may 
onverges to another traveling 
urved fronty = '(x; 
0) with a di�erent speed. For bounded perturbations, it is easily seen thatthe traveling 
urved front y = '(x)+
t is stable in L1(R). So, we 
on
entrate on theasymptoti
al stability for bounded perturbations. If  (x) 2 BC1, then the Cau
hyproblem (1.2){(1.6) is well de�ned and has a unique 
lassi
al solution up to t = +1.For the proof see [9℄. See also [7℄ and [4℄. De
kelni
k, Elliott and Ri
hardson [5℄studied the stability problem in the half plane equipped with a boundary 
onditionon the y-axis. Unfortunately only restri
ted perturbations are studied.We should study more general perturbations in
luding the ones with non-
ompa
tsupports, whi
h gives us a diÆ
ult problem, that is, what perturbations are admissiblefor asymptoti
al stability. This stability problem is not simple. In x4 we present anexample where the given perturbation is bounded in BC1 and the solution u(x; t)does not 
onverges to '(x; 
)+�+ 
t for any �. So we have to add another 
onditionfor  (x). The following is the main assertion in this paper.Theorem 1.1 For any given  (x) 2 BC1 with limjxj!1  (x) = 0, the solutionu(x; t) of (1.2) with an initial datau(x; 0) = '(x; 
) +  (x)
onverges to '(x; 
) + 
t in L1(R) as t ! 1. Namely, for any given " > 0, thereexists a positive 
onstant T su
h thatsup�1<x<1 ju(x; t)� ('(x; 
) + 
t)j < "holds true for all t > T .That is, the traveling 
urved front y = '(x; 
) + 
t is asymptoti
ally stable forall  (x) 2 BC1 whi
h de
ay at in�nity. This implies the asymptoti
al stability ofy = '(x; 
) + 
t globally in spa
e.We also remark that if limx!�1 (x) = p�exist, then u(x; t) 
onverges to '(x � x0; 
) + 
t+ y0, wherex0 := k(p� � p+)2p
2 � k2 ; y0 := p+ + p�2 :



432 H. NINOMIYA AND M. TANIGUCHIThis paper is organized as follows. In x2 we study the asymptoti
al stability fortraveling 
urved fronts lo
ally in spa
e. In x3 we prove the main theorem. In x4we present an example where the given perturbation is bounded in L1(R), and thesolution u(x; t) does not 
onverges to '(x; 
) + �+ 
t for any �.2. Asymptoti
al stability lo
ally in spa
e. Let y = '(x; 
) be the traveling
urved front as in Proposition 1.1. Hereafter we denote it simply by y = '(x). In thisse
tion we study the asymptoti
al stability of y = '(x) lo
ally in spa
e.De�ne L[u℄ := ut � uxx1 + u2x �p1 + u2x:We 
all w+(x; t) a supersolution if L[w+(x; t)℄ � 0 for x 2 R and t > 0. A subsolutionw�(x; t) 
an be de�ned similarly by using L[w�(x; t)℄ � 0 instead of L[w+(x; t)℄ � 0.We sear
h for a supersolution and a subsolution of the following formw�(x; t) = 1��(t)'(��(t)x) + 
t+ ��(t)with suitable ��(t) and ��(t).We begin with several lemmas.Lemma 2.1 The following properties hold true for '(x).(i) The following asymptoti
 estimates'x(x) = �p
2 � k2k +O(e�
p
2�k2jxj=k) as x! �1,'(x) = p
2 � k2k jxj + b+O(jxje�
p
2�k2jxj=k) as x! �1hold (see Fig. 1.1 ), whereb := �p
2 � k2
k ar
tan p
2 � k2k � 1
 log 2(
+ k)
 < 0:(ii) A fun
tion x'x(x)� '(x) is stri
tly monotone in
reasing in jxj with0 � x'x(x) � '(x) < jbj for all x 2 R,fx'x(x)� '(x)gjx=0 = 0;limjxj!1(x'x(x) � '(x)) = jbj:(iii) A fun
tion 
� kp1 + 'x(x)2 is stri
tly monotone de
reasing in jxj withf
� kp1 + 'x(x)2gjx=0 = 
� k;limjxj!1(
� kp1 + 'x(x)2) = 0:(iv) For 0 < � < 1, '(x) � ��1'(�x) is stri
tly monotone in
reasing in jxj with0 � '(x) � 1�'(�x) < jbj� 1� � 1� for 0 < � < 1, x 2 R.For � > 1, ��1'(�x) � '(x) is stri
tly monotone in
reasing in jxj with0 � 1�'(�x) � '(x) < jbj�1� 1�� for � > 1, x 2 R.



STABILITY OF TRAVELING CURVED FRONTS 433Proof. The �rst statement (i) is a dire
t 
onsequen
e from [9, Proposition 2.5℄.For the se
ond statement (ii) we use(x'x(x)� '(x))x = x'xx(x);and 'xx(x) > 0 for x 2 R.See [9℄ for this proof. Then we have(x'x(x) � '(x))x > 0 if x > 0,(x'x(x) � '(x))x = 0 if x = 0,(x'x(x) � '(x))x < 0 if x < 0.Using (i) we obtain (ii). Sin
e j'x(x)j is stri
tly monotone in
reasing in jxj, thestatement (iii) follows. For � > 0, we have'(x) � 1�'(�x) = Z 1� ��� �1� '(�x)� d�= Z 1� 1�2 (�x'x(�x)� '(�x)) d�:Then using (ii) we obtain (iv).We sear
h for a supersolution and a subsolution of the following type:w(x; t) = 1�(t)'(�(t)x) + 
t+ �(t):We set z = �(t)x:Then we haveL[w℄ = wt � wxx1 + w2x � kp1 + w2x= �t�2 (z'z(z)� '(z)) + 
+ �t � �'zz(z)1 + 'z(z)2 � kp1 + 'z(z)2= �t�2nz'z(z)� '(z) + (1� �)�2�t (
� kp1 + 'z(z)2) + �t�2�t o:(2.1)We de�ne w�(x; t) as follows.w+(x; t) = 1�+(t)'(�+(t)x) + �+(t) + 
t;(2.2) w�(x; t) = 1��(t)'(��(t)x) + ��(t) + 
t;(2.3)where �+(t) := 1� Æe�
t;�+(t) := �� 1�+(t) � 1�+ (jbj � �)Æ1� Æ ;��(t) := 1 + Æe�
t;��(t) := �� 1��(t) � 1�� (jbj � �)Æ1 + Æ :



434 H. NINOMIYA AND M. TANIGUCHIWe also de�ne(2.4) �(
; Æ) := inf�1<z<1nz'z(z)� '(z) + (1� Æ)2
 (
� kp1 + 'z(z)2)o:By Lemma 2.1 (ii) and (iii), we have0 < �(
; Æ) � jbj;lim
!+0�(
; Æ) = jbj:Then we have the following assertion.Lemma 2.2 If �; 
; Æ satisfy(2.5) 
 > 0; 0 < � < �(
; Æ); 0 < Æ < 1;then w�(x; t) de�ned in (2.2) and (2.3) are a supersolution and a subsolution to (1.1),respe
tively. Moreover one hasw�(x; 0) < '(x) < w+(x; 0) for all x 2 R,and limjxj!1 jw�(x; 0)� '(x)j = 0:Proof. Substituting ��(t) and ��(t) into (2.1) yieldsL[w�℄ = �
Æe�
t��(t)2 nz'z(z)� '(z) + ��(t)2
 (
� kp1 + 'z(z)2)� �o:By Lemma 2.1 (ii) and (iii), �(
; Æ) > 0. If 0 < � < �(
; Æ),z'z(z)� '(z) + ��(t)2
 (
� kp1 + 'z(z)2)� � � �(
; Æ)� � > 0:Thus w� is a supersolution and a subsolution, respe
tively.Next we study for w+(x; 0)� '(x). We havew+(x; 0)� '(x) = 11� Æ'((1� Æ)x)� '(x) + jbjÆ1� Æ :By Lemma 2.1 (iv), w+(x; 0)� '(x) > 0follows. Similarly, we havew�(x; 0)� '(x) = 11 + Æ'((1 + Æ)x)� '(x) � jbjÆ1 + Æ < 0:The estimate limjxj!1 jw�(x; 0) � '(x)j = 0 is a dire
t 
onsequen
e of Lemma 2.1.



STABILITY OF TRAVELING CURVED FRONTS 435By Lemma 2.1 (iv),0 � w+(x; t)� '(x; t) � 
t � Æ�e�
t1� Æe�
t + (jbj � �)Æ1� Æ ;(2.6) 0 � '(x; t) + 
t� w�(x; t) � Æ�e�
t1 + Æe�
t + (jbj � �)Æ1 + Æ :(2.7)Then we have the following theorem.Theorem 2.1 (asymptoti
al stability lo
ally in spa
e) Let " > 0 bearbitrarily given. If Æ; 
; � satisfy(2.8) 0 < Æ < "2jbj � 2� + " ; 0 < � < �(
; Æ); 
 > 0;and u(x; 0) 2 BC1 satis�esw�(x; 0) � u(x; 0) � w+(x; 0) x 2 R,then there exists T0 > 0 su
h thatsupx ju(x; t)� '(x) � 
tj < "for t > T0.Proof. From the assumption on Æ, 
, �, we havemax� (jbj � �)Æ1� Æ ; (jbj � �)Æ1 + Æ � < "2 :Then Theorem 2.1 follows from Lemma 2.2 and the the Phragm�en-Lindel�of maximumprin
iple [10, Theorem 10, Chap. 3℄.Thus the traveling front TF�(t; 
; x0; y0) is asymptoti
ally stable lo
ally in spa
e.3. Asymptoti
al stability globally in spa
e. In this se
tion, we study thestability of traveling 
urved fronts for more general initial 
ondition, and prove The-orem 1.1. De�neBC10 := � (x) 2 C1(R) j supx j (x)j <1; supx j x(x)j <1; limx!1 (x) = 0� :Lemma 3.1 For any " > 0 and any  (x) 2 BC10 , there exists a 
onstant Æ1 2 (0; 1)su
h that'(x) +  (x) < 11� Æ'((1� Æ)x) + jbjÆ1� Æ + " for all x 2 R and 0 < Æ � Æ1:Proof. From the assumption on  (x), there exists suÆ
iently large R1 > 0 withj (x)j < " for all jxj > R1.



436 H. NINOMIYA AND M. TANIGUCHIWe have 11� Æ'((1� Æ)x) + jbjÆ1� Æ � '(x) > 0 for all x 2 Rfrom Lemma 2.1. Thus we get'(x) +  (x) < 11� Æ'((1� Æ)x) + jbjÆ1� Æ + " for jxj > R1.For jxj � R1, we have11� Æ'((1� Æ)x) + jbjÆ1� Æ � '(x) �  (x)� 11� Æ'((1� Æ)R1) + jbjÆ1� Æ � '(R1)� maxjxj�R1 j (x)jby Lemma 2.1 (iv). The right-hand side goes to +1 as Æ ! 1� 0 by virtue oflimÆ!1�0 11� Æ'((1� Æ)R1) = 0:Thus we 
an 
hoose Æ1 2 (0; 1) suÆ
iently 
lose to 1 su
h that'(x) +  (x) < 11� Æ'((1� Æ)x) + jbjÆ1� Æ for jxj � R1 and Æ 2 (0; Æ1).Combining the two inequalities stated above, we 
omplete the proof.For any given " > 0 and  (x) 2 BC10 , Æ+, �+ and 
+ are 
hosen su
h that(3.1) 0 < Æ+ < min� "2jbj+ "; Æ1� ; 0 < �+ < �(
+; Æ+); 
+ > 0hold true. Let w+(x; t) be de�ned as in (2.2) with (Æ; 
; �) = (Æ+; 
+; �+). By Lem-mas 2.2 and 3.1, w+(x; t) is a supersolution with u(x; 0) < w+(x; 0). Then by the
omparison prin
iple, we have u(x; t) < w+(x; t)where u(x; t) is the solution of (1.2) with u(x; 0) = '(x)+ (x). By (2.6), we see thatthere exists T > 0 satisfying(3.2) u(x; t) � '(x) + 
t+ 2" for x 2 R, t > T .This gives an upper estimate for u(x; t).Next we 
onsider a subsolution, and sear
h for a lower estimate to prove theglobal attra
tivity of the traveling 
urved front. We 
annot obtain a lower estimateby a parallel way to get (3.2) unfortunately. We need the help of another subsolution,whi
h 
onta
ts the y-axis tangentially. For this purpose, we use the following anothertraveling 
urved front.Lemma 3.2 ([9℄) For 
 > k > 0, (1.3) has a unique solution '�(x; 
) that istangential to the y-axis in the half plane fx > 0g with '�(0; 
) = 0. More exa
tly, the
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Fig. 3.1. The graph of y = '�(x; 
). The dotted line represents y = (p
2 � k2=k)x+ b�:graph y = '�(x; 
) is parametrized in terms of � = ar
tan'�x(x; 
) 2 (�0; �=2) asx�(�) := 2� � �2
 + k
p
2 � k2 log  r
+ k
� k tan �2 + 1! r
+ k
� k � 1! r
+ k
� k tan �2 � 1! r
+ k
� k + 1! ;(3.3) y�(�) := �1
 log k � 
 
os �k :(3.4)Here �0 is as in Proposition 1.1.We denote '�(jxj; 
) simply by '�(x). Then it is an even fun
tion de�ned forx 2 R. The fun
tion '�(x) possesses the following properties (see Fig. 3.1).Lemma 3.3 The following properties hold true for '�(x).(i) '�(x) satis�es limx!�0pjxj'�x(x) = �p2k



438 H. NINOMIYA AND M. TANIGUCHIand also'�x(x) = �p
2 � k2k +O(e�
p
2�k2jxj=k) as x! �1,'�(x) = p
2 � k2k jxj+O(jxje�
p
2�k2jxj=k) as x! �1.Hereb� := p
2 � k2
k ��2 � ar
tan p
2 � k2k �+ 1
 log 
(
+p
2 � k2)2(
2 � k2) > 0:(ii) A fun
tion '�(x)�x'�x(x) is stri
tly monotone in
reasing fun
tion in jxj with0 < '�(x) � x'�x(x) < b� for x 2 (�1; 0) [ (0;1),limx!0('�(x) � x'�x(x)) = 0;limjxj!1('� � x'�x(x)) = b�:(iii) A fun
tion kp1 + '�x(x)2 � 
 is stri
tly monotone de
reasing in jxj withlimjxj!0(kp1 + '�x(x)2 � 
) = +1;limjxj!1(kp1 + '�x(x)2 � 
) = 0:(iv) For x 2 R and Æ 2 (0; 1), let F (x; Æ) be de�ned byF (x; Æ) := '(x)� 11� Æ'�((1� Æ)x) + b�1� Æ + jbj:Then F (x; Æ) is stri
tly de
reasing in jxj, and is stri
tly in
reasing in Æ 2(0; 1). It satis�es0 < F (x; Æ) � b�1� Æ + jbj for x 2 R, 0 < Æ < 1and(3.5) limÆ!1�0 minjxj�R2 F (x; Æ) = +1 for any �xed R2 > 0.(i) For x 2 R, � 2 (0; 1℄ and � 2 (0; b�), let G(x; �) be de�ned byG(x; �) = 1�'�(�x) � ��:Then it satis�es�(b� � �)� 1�1 � 1�2� < G(x; �2)�G(x; �1) � �� 1�1 � 1�2�for 0 < �1 < �2 � 1.



STABILITY OF TRAVELING CURVED FRONTS 439Proof. We 
an easily show (i), (ii), (iii) by Proposition 2.5 in [9℄ and the argumentsimilar to the proof of Lemma 2.1. For (iv), it suÆ
es to show it for x � 0, be
auseF (x; Æ) is an even fun
tion in x. We have��ÆF (x; Æ) = 1(1� Æ)2 f(1� Æ)x'�x((1� Æ)x) � '�((1� Æ)x) + b�g > 0for all x � 0 and 0 < Æ < 1. By (ii), F (x; Æ) is stri
tly in
reasing in Æ. Using'�xx(x) > 0 for x > 0,'x(x) < p
2 � k2k < '�x(x) for x > 0,we have Fxx(x; Æ) = 'xx(x) � (1� Æ)'�xx((1� Æ)x) > 0 for x > 0,Fx(x; Æ) = 'x(x)� '�x((1� Æ)x) < 0 for x > 0.Thus F (x; Æ) is stri
tly 
onvex in x > 0, and sin
e it satis�esF (0; Æ) = b�1� Æ + jbj > 0;limjxj!+1F (x; Æ) = 0;we obtain 0 < F (x; Æ) < b�1� Æ + jbj for all x > 0 and 0 < Æ < 1.Sin
e ��ÆF (x; Æ) = 1(1� Æ)2 f(1� Æ)x'�x((1� Æ)x) � '�((1� Æ)x) + b�g� 1(1� Æ)2 fR2'�x(R2)� '�(R2) + b�g > 0for jxj � R2, we haveF (x; Æ) � F (x; 0) + Æ1� Æ fR2'�x(R2)� '�(R2) + b�g for jxj � R2.This yields (3.5), whi
h 
ompletes the proof of (iv).For (v), we have���G(x; �) = � 1�2 ('�(�x) � �x'�x(�x) � �) :Integrating over (�1; �2), we getG(x; �2)�G(x; �1) = � Z �2�1 1�2 ('�(�x) � �x'�x(�x) � �) d�:Combining this equality and (ii), we obtain (v).



440 H. NINOMIYA AND M. TANIGUCHISin
e '�(x) has a singularity in x = 0, the following maximum prin
iple needs aproof.Proposition 3.4 Let u be 
ontinuously di�erentiable in t > 0 and twi
e 
ontin-uously di�erentiable in x 2 R satisfyingL[u℄ � 0; for t > 0; x 2 (�1;1);and let v be 
ontinuously di�erentiable in t > 0 and twi
e 
ontinuously di�erentiablein x 6= 0 satisfying L[v℄ � 0; for t > 0; x 2 (�1; 0) [ (0;1):Assume u(x; 0) � v(x; 0) in x 2 R;and(3.6) supt>0;�1<x<1 jux(x; t)j < +1:and for any � > 0,(3.7) supt>0;jxj�� jvx(x; t)j �M�; and limx!+0 vx(x; t) =1; limx!�0 vx(x; t) = �1with some M� 2 (0;+1). Then one hasu(x; t) � v(x; t) for t > 0 and x 2 R:Proof. We prove by 
ontradi
tion. Assume the 
ontrary. Then there exist 
on-stants T > 0 and x0 2 R with v(x0; T ) > u(x0; T ). De�ne� = infft > 0 j v(�; t) > u(�; t) for some � 2 Rg:The 
ontinuity of u and v implies that there exists � 0 su
h thatv(�t; t) > u(�t; t) for any t 2 (�; � 0) and some �t 2 R:Assume that there exist tn 2 (�; � 0) and xn 2 R su
h thatv(xn; tn) � u(xn; tn); limn!1 tn = �; limn!1xn = 0:Then we have v(0; �) = limn!1 v(xn; tn) � limn!1u(xn; tn) = u(0; �):By the de�nition of � , we havev(0; t) � u(0; t) for t < �:



STABILITY OF TRAVELING CURVED FRONTS 441Then v(0; �) = u(0; �) follows. Using this equality, (3.6) and (3.7), we havev(x; �) > u(x; �) for x 6= 0 and jxj small enough:This 
ontradi
ts the de�nition of � . Thus su
h xn and tn do not exist. This impliesthat there exists a positive 
onstant �0 satisfying(3.8) v(x; t) � u(x; t) for jxj � �0 and t 2 [�; � 0℄.We 
an apply the Phragm�en-Lindel�of maximum prin
iple [10, Theorem 10, Chap. 3℄to u� v in (�1;��0℄ [ [�0;1)� [�; � 0℄. Then we obtain(3.9) v(x; t) � u(x; t) for jxj � �0; � � t � � 0:Combining (3.8) and (3.9), we havev(x; t) � u(x; t) for x 2 R; � � t � � 0:This 
ontradi
t the de�nition of � . This 
ompletes the proof.Note that u(x; t) given by (1.2){(1.6) satis�es the assumption in Proposition 3.4by Theorem 1.4 in [9℄. Now we will 
onstru
t another subsolution as(3.10) w�(x; t) = 1�(t)'�(�(t)x) � ��(t) � b� � �1� Æ � jbj+ 
t:Here we put �(t) = 1� Æe�
twith Æ 2 (0; 1), 
 > 0 and � 2 (0; b�). We 
hoose them with 0 < � < ��(
; Æ), where��(
; Æ) := infx>0�'�(x)� x'�x(x) + (1� Æ)2
 �kp1 + '�x(x)2 � 
�� :Lemma 3.5 If(3.11) 0 < Æ < 1; 
 > 0; 0 < � < ��(
; Æ);then w�(x; t) satis�es L[w�℄ � 0 for all x 2 R, t > 0,and thus it is a subsolution. For any " > 0 and any fun
tion  (x) 2 BC10 , there existsa trio (Æ�; 
�; ��) with (3.11) and11� Æ�'�((1� Æ�)x)� b�1� Æ� � jbj � "4 < '(x) +  (x) for all x 2 R,(3.12) 0 < b� � ��1� Æ� < "4 :(3.13)



442 H. NINOMIYA AND M. TANIGUCHIProof. Set z = �(t)z. Then, by (2.1) we haveL[w�℄ = �Æ
e�
t�(t)2 �'�(z)� z'�z(z) + �(t)2
 �kp1 + '�z(z)2 � 
�� �� :Hen
e we get L[w�℄ � �Æ
e�
t�(t)2 (��(
; Æ)� �) < 0:This implies that w�(x; t) is a subsolution.From limjxj!1  (x) = 0, there exists R3 > 0 with�"4 <  (x) for jxj > R3.Thus (3.12) follows from Lemma 3.3 (iv) for jxj > R3. For jxj � R3, we have'(x) +  (x)� 11� Æ�'�((1� Æ�)x) + b�1� Æ� + jbj+ "4 � F (x; Æ�)� maxjxj�R3 j (x)j+ "4 ;where F (x; Æ) is as in Lemma 3.3. By (3.5), we have (3.12) for jxj � R3 if Æ� > 0 is
lose to 1. Then we 
hoose �� 2 (0; b�) so 
lose to b� that (3.13) is valid. Finally we
hoose 
� > 0 so small that it satis�es ��(
�; Æ�) > ��. We 
omplete the proof.We �x a subsolution w�(x; t) as in (3.10) asso
iated with a trio (Æ�; ��; 
�) whi
hsatis�es (3.11), (3.12) and (3.13) in Lemma 3.5.Proof of Theorem 1.1. From Proposition 3.4 and Lemma 3.5, we havew�(x; t)� "4 � u(x; t) for x 2 R, t > 0,whi
h is equivalent to1��(t)'�(��(t)x) � ����(t) � b� � ��1� Æ� � jbj+ 
t� "4 � u(x; t)for x 2 R and t > 0 where ��(t) := 1� Æ�e�
�t:From Lemma 3.3 (v), we have(b� � ��)� 1��(t) � 11� Æ�� < 1��(t)'�(��(t)x)� ����(t) �� 11� Æ�'�((1� Æ�)x)� ��1� Æ�� :Combining these two inequalities, we obtain(b� � ��)� 1��(t) � 11� Æ��+� 11� Æ�'�((1� Æ�)x) � ��1� Æ���b� � ��1� Æ� � jbj+ 
t� "4 � u(x; t):



STABILITY OF TRAVELING CURVED FRONTS 443From (3.13), we have�"2 +� 11� Æ�'�((1� Æ�)x)� ��1� Æ��� b� � ��1� Æ� � jbj+ 
t � u(x; t):From this inequality and Lemma 3.3 (i) and the fa
t b < 0, there exists R� > 0 thatis large enough and independent of t withp
2 � k2k x+ b+ 
t� " � u(x; t)for jxj > R�, t > 0. Taking R4 > R� that is independent of t > 0 and is large enough,we have(3.14) '(x) + 
t� 2" � u(x; t) for all jxj � R4, t > 0.Taking R4 > 0 larger if ne
essary we 
an assume,j (x)j < " for all jxj � R4.Our aim is to show that there exists T > 0 satisfying'(x) + 
t� 2" � u(x; t) for all jxj < R4, t > T .Put M = �minjxj�R4f (x)g: If M � 2", we have'(x) � 2" � '(x) +  (x) = u(x; 0);and also '(x) + 
t� 2" � u(x; t);whi
h together with (3.2) gives the proof.From now on we assume M > 2". Choose 
 = 
� with��
; 13� > jbj � "2 :Set �� := jbj � "2 ; Æ� := 13 :We �x (�; 
; Æ) = (��; 
�; Æ�), whi
h enjoys (2.8). We also de�ne w�(x; t) by (2.3)with (�; 
; Æ) = (��; 
�; Æ�). De�nem := jbjÆ�1 + Æ� = jbj4 = sup�1<x<1 ('(x) � w�(x; 0)) :There exists suÆ
iently large T0 > 0 withsup�1<x<1 ('(x) + 
t� w�(x; t)) < " for all t � T0by virtue of Theorem 2.1.



444 H. NINOMIYA AND M. TANIGUCHIWe start with�M � (u(x; t)� '(x)� 
t)jt=0 for jxj � R4,whi
h 
ombined with �2" � �M and (3.14) gives'(x) �M � u(x; 0) for x 2 R.Be
ause w�(x; t)�M is a subsolution withw�(x; 0)�M � '(x) �M � u(x; 0);we obtain '(x) + 
t�M + (m� ") � u(x; t) for x 2 R, t � T0.Thus at time t = T0 we start again with a better estimate�M + (m� ") � (u(x; t)� '(x)� 
t)jt=T0 for x 2 R.If �2" � �M + (m � "), then we use (3.14) and this estimate and obtain a furtherestimate.�M + 2(m� ") � (u(x; t)� '(x)� 
t)jt=2T0 for x 2 R, t � 2T0.We 
an repeat this argument until inf jxj�R(u(x; t) � '(x) � 
t) be
omes larger than�2". Namely, we haveminf�M + J(m� ");�2"g � (u(x; t)� '(x)� 
t)jt=JT0for x 2 R and any positive integer J . Here we 
an take J as large as possible, that is,J = �M � 2"m� " �+ 1and thus we have J � M � 2"m� " :Then we obtain �2" � (u(x; t)� '(x) � 
t)jt=JT0 for x 2 R.and thus '(x) + 
t� 2" � u(x; t) for all x 2 Rfor suÆ
iently large t > 0. This lower estimate 
ombined with the upper estimate(3.2) 
ompletes the proof of Theorem 1.1.



STABILITY OF TRAVELING CURVED FRONTS 4454. An example for non-asymptoti
ally stability in BC1. In this se
tion,we always assume  (x) belongs to BC1, and does not de
ay as jxj ! +1. Fix '(x; 
)in Proposition 1.1 and we denote it simply by '(x). We will show that an examplewhere u(x; t) does not 
onverges to '(x) + 
t + � for any �xed � 2 R for suitable
hoi
e of  (x).Let "1 > 0 be any given small number. Take R5 > 0 so large that(4.1) �����'(x) � p
2 � k2k x+ b!����� < "1 for jxj � R5holds true. Fix � 2 �0; 12 minn�0; �2 � �0o�arbitrarily. Let B((x0; y0); r) be a ball with 
enter (x0; y0) and radius r. We will
hoose a sequen
e of positive integers fn(j)g1j=1 withmax� 1k ;R5; 3"1� < n(1) < n(2) < � � � < n(j) < � � � ! +1as follows. Let fDj(0)g1j=1 be de�ned byD2j�1(0) = B((x(2j � 1); y(2j � 1)); n(2j � 1));D2j(0) = B((x(2j); y(2j); n(2j)))
:We put �j(0) = �Dj(0), and 
hoose fn(j)g so that we have(i) �j(0) � f(x; y) jx > 0; y > 0g; �2j�1(0) \ �2j(0) = ; for all j 2 N ,(ii) �2j�1(0) \ fy = k�1p
2 � k2x+ b+ 3"1g 
onsists of one point, and �2j(0) \fy = k�1p
2 � k2x+ b� 3"1g also 
onsists of one point.(iii) The 
enter (x(j); y(j)) satis�esx(2j � 1) = (n(2j � 1)� 3"1) 
os(�0 ��)sin� ;y(2j � 1) = (n(2j � 1)� 3"1) sin(�0 ��)sin� + b;x(2j) = (n(2j)� 3"1) 
os(�0 +�)sin� ;y(2j) = (n(2j)� 3"1) sin(�0 +�)sin� + b;for j 2 N .For x > R5, we take D(0) withD2j�1(0) � D(0) � D2j(0) for all j 2 Nand supx2(�1;1) ju(x; 0)� '(x)j � 4"1:For x � R5, we take D(0) = fy < '(x)g.
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Fig. 4.1. A suitable 
hoi
e of � (0) for non-asymptoti
al stabilityThen we have the following example for non-asymptoti
 stability of a traveling
urved front y = '(x) + 
t.Theorem 4.1 Let "1 > 0 be arbitrarily given. There exists � (t) whi
h satis�essupx2(�1;1) ju(x; 0)� '(x)j � 4"1and � (t) \ fy � '(x) + "1 + 
tg 6= ;;� (t) \ fy � '(x) � "1 + 
tg 6= ;for all t > 0. That is, � (t) does not 
onverges to y = '(x) +�+ 
t in L1(R) for any�xed � 2 R (see Fig. 4.1 ).Let Dj(t) be the solution of (1.1) with an initial state Dj(0). To prove Theo-rem 4.1, the following 
omparison prin
iple is useful.Lemma 4.1 For all t � 0 and all j 2 N , the following in
lusionD2j�1(t) � D(t) � D2j(t)follows from D2j�1(0) � D(0) � D2j(0):



STABILITY OF TRAVELING CURVED FRONTS 447We will present the proof of this lemma later. First we prove Theorem 4.1 using thislemma.Proof of Theorem 4.1. Let rj(t) be the radius of �Dj(t). Then it satis�esdr2j�1dt = � 1r2j�1 + k t > 0,r2j�1(0) = n(2j � 1):We 
ompare r2j�1(t) with s2j�1(t) de�ned byds2j�1dt = k t > 0,s2j�1(0) = n(2j � 1)� 3"1:Then the distan
e between �D2j�1(t) and y = k�1p
2 � k2x + b is larger than orequals r2j�1(t)� s2j�1(t). Let T2j�1 be the time with r2j�1(T2j�1)� s2j�1(T2j�1) =2"1. If t � T2j�1, then D2j�1(t)\ fy � k�1p
2 � k2x+ b+2"1 + 
tg 6= ; follows. ByLemma 4.1, � (t) \ fy � k�1p
2 � k2x + b + 2"1 + 
tg 6= ; also follows if t � T2j�1.We estimate T2j�1 as follows. Integratingddt (r2j�1 � s2j�1) = � 1r2j�1over (0; T2j�1), we get "1 = Z T2j�10 1r2j�1(t) dt:Be
ause n(2j � 1) < r2j�1(t) for t > 0, we have"1 = Z T2j�10 1r2j�1(t) dt < T2j�1n(2j � 1)and hen
e T2j�1 > "1n(2j � 1) for j 2 N .Summing up the argument stated above, we have� (t) \ fy � p
2 � k2k x+ b+ 2"1 + 
tg 6= ; if t < T2j�1for all j 2 N . From (4.1), we have� (t) \ fy � '(x) + "1 + 
tg 6= ;requires at least t > "1n(2j � 1) for all j 2 N .Next, r2j(t) satis�es dr2jdt = � 1r2j � k t > 0,r2j(0) = n(2j):



448 H. NINOMIYA AND M. TANIGUCHIWe 
onsider s2j(t) with ds2jdt = �k t > 0,s2j(0) = n(2j)� 3"1:Then the distan
e between �D2j(t) and y = p
2 � k2k x + b is larger than or equalsr2j(t) � s2j(t). De�ne T2j by r2j(T2j) � s2j(T2j) = 2"1. We estimate T2j as follows.Integrating ddt (r2j � s2j) = � 1r2j t > 0,over (0; T2j), we have "1 = Z T2j0 1r2j dt:For 0 < t < T2j , we have s2j(t) < r2j(t). Using this inequality, we obtain"1 = Z T2j0 1r2j(t) dt < Z T2j0 1s2j(t) dt:Using s2j(t) = n(2j)� 3"1 � kt, we haveT2j > (n(2j)� 3"1) �1� e�k"1�k :If t < T2j , then �D2j(t) \ fy � k�1p
2 � k2x + b � 2"1 + 
tg 6= ; . Using (4.1), weobtain � (t) \ fy � '(x) � "1 + 
tg 6= ; if t < T2j .Thus � (t)\fy � '(x)�"1+
tg 6= ; requires at least t > k�1 �n(2j)� 3"1 �1� e�k"1��for some j 2 N .Combining the arguments stated above, we obtain Theorem 4.1.Now we state the proof of Lemma 4.1.Proof of Lemma 4.1. We only show D2j�1(t) � D(t). The other inequality 
anbe proved similarly.Assume the 
ontrary. Then there exists T > 0 su
h that D2j�1(T ) 6� D(T ).Let (x0(T ); y0(T )) be any one with (x0(T ); y0(T )) 2 �D2j�1(T ) and (x0(T ); y0(T )) =2D(T ).De�ne � = inffT > 0 j there exists (x0(T ); y0(T ))gTaking a subsequen
e, (x0(T ); y0(T )) 
onverges to (x1; y1) as T ! � + 0. This isbe
ause f�D2j�1(T )g��T��+1 is 
ompa
t. We have (x1; y1) 2 �D2j�1(�) \ �D(�).Re
all that � (t) = �D(t) and D(t) = fy < u(x; t)g. In some neighborhood of(x1; y1), D2j�1(t) = fy < w(x; t)g, where w(x; t) is a solution of (1.2). Then there



STABILITY OF TRAVELING CURVED FRONTS 449exist x1 and x2 (x1 < x1 < x2) with w(xj ; �) < u(xj ; �) for j = 1; 2. This is be
ause�D2j�1(�) is a 
ir
le, while ux(x; t) satis�essupx2(�1;1) jux(x; �)j < +1from Theorem 1.4 of [9℄. There exists � 0 > � withw(xj ; t) < u(xj ; t) for t 2 [�; � 0), j = 1; 2From the de�nition of � , we havew(x; �) � u(x; �) for x 2 [x1; x2℄.By the 
omparison prin
iples for paraboli
 equations [10℄, we havew(x; t) � u(x; t) for x 2 [x1; x2℄, t 2 [�; � 0).This 
ontradi
ts the de�nition of � . We 
omplete the proof of Lemma 4.1.A
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