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t. We study the Ginzburg-Landau equation, ut = �u+ (1=�2)(1� juj2)u; u = (u1; u2);in a planar 
ontra
tible domain with Neumann boundary 
ondition, where � > 0 is a small parameter.We 
onstru
t a �nite-dimensional manifold of a family of approximate solutions and 
onsider thedynami
s near the manifold. If a solution lies in a suÆ
iently small neighborhood of the manifold,we 
an derive the dynami
s proje
ted on the manifold. Then the equation des
ribing this dynami
sprovides a motion law of zeros to the approximate solutions and it approximates the dynami
s ofzeros (
alled vorti
es) of the original solution.1. Introdu
tion. We devote to the Ginzburg-Landau equation in a boundeddomain 
 of R2 with the Neumann boundary 
ondition:ut = �u+ 1�2 (1� juj2)u = 0; (x; t) 2 
� (0;1);(1.1) �u�� = 0; (x; t) 2 �
� (0;1);(1.2)where u = (u1(x; t); u2(x; t))T , � is a small positive parameter and �=�� denotes theouter normal derivative on the smooth boundary �
. This equation is a gradientequation of the following energy fun
tionalE�(u) := 12 Z
�jruj2 + 12�2 (1� juj2)2� dx(1.3)in H1(
;R2 ). Moreover the Euler equation of E�(u) is a system of ellipti
 equationswith the Neumann boundary 
ondition�u+ 1�2 (1� juj2)u = 0; x 2 
;(1.4) �u�� = 0; x 2 �
;(1.5)whose solution gives an equilibrium state of (1.1). Throughout the paper we assumethat the domain 
 is 
ontra
tible. We also allow the 
omplex expression u = u1(x; t)+iu2(x; t) for a solution u = (u1(x; t); u2(x; t))T to (1.1).Sin
e a solution u(x; t) of (1.1) has two 
omponents, a ve
tor �eld on 
 
an bede�ned by the solution for ea
h time t > 0 and the zero set of the solution at timet is 
onsist of dis
rete points in generi
. Note that the degree of ea
h zero y 
anbe de�ned by deg(y; �B�(y)), where B�(y) is a disk with a small radius �. Zerosof the equation (1.1) (or (1.4)) are 
alled vorti
es whi
h play an important role for
hara
terizing some dynami
al behavior of the solution (refer to the introdu
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452 S. JIMBO AND Y. MORITA[16℄). Therefore the dynami
s of vorti
es has been extensively studied by physi
istsand mathemati
ians, for instan
e see [6℄, [12℄, [19℄, [20℄, [21℄, [22℄, [23℄, [26℄.Among other things, as for the equation (1.1) with the Diri
hlet boundary datau = g(x); x 2 �
; jgj = 1; deg(g; �
) = d; d 2 Zn f0g(1.6)(hereafter we assume d > 0 for simpli
ity of notation), elaborate results were proved byLin ([19, 20℄) and Jerrard-Soner ([12℄). They derived, taking a limit of a subsequen
e�n ! 0 after time s
aling s = t= log(1=�), a limit equation des
ribing the motion lawof the vorti
es. If we let (a1; � � � ;ad) be a 
on�guration of the vorti
es, the limitequation is written as dds (a1; � � � ;ad) = � 1� grad W (a1; : : : ;ad);(1.7)where W (a1; : : : ;ad) is the renormalized energy given by [2℄. (Note that Rubinstein-Sternberg [26℄ �rst showed rigorously that the s
aling s = t= log(1=�) works in thestudy of vortex dynami
s.)On the other hand for the Neumann problem, (1.1)-(1.2), Lin [21℄ derived thelimit equation as done for the Diri
hlet 
ase by de�ning the renormalized energy ap-propriately. Although the renormalized energy is not expli
itly given there (ex
ept forthe spe
ial 
ase, 
 = fjxj < 1g and d=1), it suggests important dynami
al propertiesof vorti
es, for example, the annihilation of two vorti
es with opposite signs of degree.To investigate the dynami
s of the limit equation extensively, we need more infor-mation on the limit equation. A re
ent study in [16℄ provides an expli
it form of thelimit equation for the Neumann problem. In fa
t, after deriving the limit equation byapplying the argument of [12℄ to the Neumann 
ase, we su

eeded to rewrite it witha Green fun
tion and Robin fun
tion of it. We present it here. Let the 
on�gurationof m-vorti
es be denoted by(y(1)(s); � � � ; y(m)(s)) 2 
̂m := 
� � � � �
:Then the limit equation 
an be written as follows:ddsy(j) = rS(y(j)) + 2 mXk 6=j djdkrxG(y(j); y(k)) (j = 1; : : : ;m);(1.8)where time s is s
aled as in (1.7), dj (= 1 or � 1) denotes degree of the vortex y(j),G(x; y) is the Green fun
tion of � with Diri
hlet 
ondition and S(x) is the Robinfun
tion of it. With the aid of this form some dynami
al properties (existen
e ornonexisten
e of equilibria, 
ollision of vorti
es et
.) of the limit equation are alsoshown in [16℄.In this paper we study the dynami
s of solutions to (1.1)-(1.2) for suÆ
iently smallbut positive � and show that the motion law of the vorti
es 
an be approximated bythe limit equation under an appropriate 
ondition. In fa
t given positive �0 > 0, we
onstru
t a family of approximate solutionsu = u�(x;y); y = (y(1); � � � ; y(m)) 2 Y;Y := fy 2 
̂m : jy(j) � y(k)j � 2�0; j 6= k; dist(y(j); �
) � 32�0g:(1.9)Then we obtain a 2m-dimensional submanifoldM� := fu = u(�;y) : y 2 Y g;



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 453in the spa
e of 
ontinuous fun
tions C0(
;R2 ). We will prove that for a positivefun
tion Æ(�) = o(�), there is a C1 fun
tion y�(�) from the neighborhood of M�U(M�) = fu 2 C0(
;R2 ) : ku� u�(�;y)kC0(
) < Æ(�); y 2 Y ginto Y su
h that for a solution u(x; t) 2 U(M�), y(t) = y�(u(�; t)) satis�eslog(1=�) ddty(j) = � 1� ��y(j)V (y) + o(1);(1.10) V (y) := �� mXk=1S(y(k))� � mXk=1Xj 6=kG(y(j); y(k)):(1.11)Hen
e by s
aling s = t= log(1=�), the leading term of this equation agrees with (1.8).To obtain the above result, we need to verifyE�(u�(�;y)) = �� mXk=1S(y(k))� � mXk=1Xj 6=kG(y(j); y(k)) + o(1);(1.12) ��y(j)E�(u�(�;y)) = � ��y(j)V (y) + o(1):(1.13)In fa
t on
e we obtained these relations, we 
an derive the above motion law near themanifold by applying the idea found in [7℄.We note that one 
an �nd many papers on the dynami
s of interfa
es and spikesfor a 
lass of rea
tion-di�usion equations in
luding Allen-Cahn equation and Gierer-Meinhardt equation (for instan
e see [1℄, [4℄, [9℄, [8℄, [10℄, and the referen
es therein).It is also interesting that a similar form of the energy (1.12) is addressed in [27℄,where it is shown that a 
riti
al point of the energy gives a lo
us of spikes to a spikesolution. In many 
ases of the rea
tion-di�usion equations it 
an be proved thatnormal dire
tion of manifolds for approximate solutions possesses the attra
tivity;thus the dynami
s near the manifold is 
ontrolled by that on the manifold. Su
hattra
tivity 
ould be proved by solving eigenvalue problem of the linearized operatorat the approximate solutions or the 
omparison method for the s
alar equation.On the other hand for the Ginzburg-Landau equation it is not so easy to handlethe eigenvalue problem of the linearized operator for vortex solutions. A
tually weonly have a few results for it (see [15℄, [23℄, [24℄) and we 
an't apply them to thepresent 
ase. Therefore we need to study further to prove that the solution remainin a neighborhood of the manifold for a long time. Although the study developed inthis arti
le is not 
omplete for this reason, we believe that it would work in the futurestudy.This paper is organized as follows. In x2 given pres
ribed distin
t points y(j); 1 �j � m, we 
onsider a harmoni
 map from 
 n fy(1); � � � ; y(m)g into S1 � C withNeumann 
ondition. This map has singularity at ea
h y(j). We 
ompute the energyof the map in a domain with holes around the points y(j); 1 � j � m. On the otherhand in x3 we 
ompute the energy of the symmetri
 vortex solution in a small disk
entered at the zero of the solution. In x4 and x5 we investigate an approximatesolution parametrized by fy(1); � � � ; y(m)g, whi
h denote the lo
us of zeros, and obtain(1.12) and (1.13). By 
ombination of those results we derive (1.10)-(1.11) des
ribingthe dynami
s near the manifold of the approximate solution in x6.



454 S. JIMBO AND Y. MORITA2. Energy of the harmoni
 map with singularity. Given p 2 
, let '(x; p)be a solution of 8>><>>: �x' = 0; x 2 
;�'��x = �h�x;rxArg(x� p)i; x 2 �
;(2.1)where h�; �i denotes the inner produ
t of ve
tors in R2 . Although Arg(x� p) is multi-valued fun
tion with a singularity at x = p, ea
h representative satis�esrxArg(x� p) = (x� p)?jx� pj2 ; (x � p)? := (�(x2 � p2); (x1 � p1)):(2.2)In fa
t rxArg(x � p) is well-de�ned as a single-valued ve
tor fun
tion (see [17℄). Bythe 
ondition Z�
h�x;rxArg(x� p)idS = 0;(2.3)(2.1) has a solution whi
h is unique up to additive 
onstants (see [16℄).We denote a disk with radius � 
entered at x = a byB�(a) := fjx� aj < �g;and denote the degree of a fun
tion u = (u1(x); u2(x))T around x = a bydeg(u(�); �B�(a)). Let
̂m := f(y(1); : : : ; y(m)) 2 R2m : y(j) 2 
 (1 � j � m); y(j) 6= y(k) (j 6= k)g:(2.4)Given y = (y(1); : : : ; y(m)) 2 
̂m, de�ne�(x;y) := mXj=1 dj(Arg(x� y(j)) + '(x; y(j)));(2.5)and uh(x;y) = exp(i�(x;y));(2.6)where dj = 1 or � 1. Note that dj = deg(uh(x;y); �B�(y(j))). We easily 
he
k thatdiv(r�) = 0; x 2 
; x 6= y(j)(1 � j � m); ���� = 0; x 2 �
;(2.7) �uh + jruhj2uh = 0; x 2 
; x 6= y(j)(1 � j � m); �uh�� = 0; x 2 �
:(2.8)Hen
e uh is a harmoni
 map from 
nfy(1); � � � ; y(m)g into S1 � C , having singularityat x = y(j); j = 1; : : : ;m.We introdu
e the 
onjugate harmoni
 fun
tion S(x; p) to '(x; p). The Cau
hy-Riemann equation implies rxS(x; p)? = rx'(x; p):(2.9)



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 455Then a solution to the ellipti
 equation�xS = 0; x 2 
; S = � log jx� pj; x 2 �
(2.10)gives the 
onjugate harmoni
 fun
tion. Indeed it follows from the fa
ts that thedomain is 
ontra
tible and that the solution S = S(x; p) to (2.10) admits the boundary
ondition ���xS? = �h�;rxSi = h�; (x � p)ijx� pj2 = �h�; (x� p)?ijx� pj2 = ���x';where � denotes the unit tangential ve
tor on �
.Set H(x; p) := Arg(x � p) + '(x; p):(2.11)Then we have the following lemma:Lemma 2.1. Given p 2 
, de�neG(x; p) := log jx� pj+ S(x; p); x 6= p; x 2 
:(2.12)Then rxG(x; p)? = rxH(x; p); x 6= p; x 2 
;(2.13)and with an appropriate additive 
onstant to G(x; p),8>>>><>>>>: �xG = 0; x 2 
 n fpg;G = 0; x 2 �
;G(x; p) � log jx� pj+O(1); x � p; x 6= p(2.14)hold, namely G(x; p) is the Green fun
tion of the Lapla
ian � with Diri
hlet (zero)boundary 
ondition.The next proposition is the main result of the present se
tion.Proposition 2.2. Let � be a positive number satisfying� < minf12 min1�j�m dist(�
; y(j)); 13 min1�j;k�m;j 6=k jy(j) � y(k)jg:Set 
� := 
 n ([mi=1B�(y(j))) andE�(uh) := 12 Z
� jrxuh(x;y)j2dx:(2.15)Then E�(uh) = �m� log �+ V (y) +O(�)(2.16)where V (y) := �� mXj=1 S(y(j); y(j))� � mXk=1Xj 6=k djdkG(y(j); y(k))(2.17)To prove this proposition we prepare two lemmas.Lemma 2.3.



456 S. JIMBO AND Y. MORITA(i) E�(uh) in (2:15) satis�esE�(uh) = �12 mXk=1(Z�B�(y(k))G(x; y(k)) ���xG(x; y(k))d�+Xj;` 0djd`Z�B�(y(k))G(x; y(j)) ���xG(x; y(`))d�9=; ;(2.18)where P0j;` denotes the summation over indi
es, 1 � j; ` � m; j 6= k or ` 6= k.(ii) De�ne F (k)� := 12 ZB�(y(k))�jruhj2 � 1jx� y(k)j2� dx:(2.19)Then F (k)� = ��S(y(k); y(k))� �Xj 6=kdkdjG(y(j); y(k))(2.20)+12 (Z�B�(y(k))S(x; y(k)) ���x log jx� y(k)jd� +G(x; y(k)) ���xS(x; y(k))d�)+Xj;` 0djd`Z�B�(y(k))G(x; y(j)) ���xG(x; y(`))d�;where P0j;k is as in (i).Lemma 2.4. The identityE�(uh) + mXk=1F (k)� = �m� log �+ V (y)(2.21)holds.Before proving Lemmas 2.3, 2.4, we prove Proposition 2.2 with the aid of Lemma 2.4.Proof of Proposition 2.2 : We see that there is a positive 
onstant su
h that����jruhj2 � 1jx� y(k)j2 ���� � C1jx� y(k)j ; x 2 B�(y(k));where C1 is independent of �. Therefore we obtainZB�(y(k)) ����jruhj2 � 1jx� y(k)j2 ���� � 2�C1 Z �0 1r rdr = 2�C1�from whi
h jF (k)� j � C�follows. Hen
e we obtain the assertion of the proposition by Lemma 2.4.



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 457Now we prove Lemmas 2.3 and 2.4 in the rest of this se
tion. We �rst proveLemma 2.4.Proof of Lemma 2.4 : We 
an verifyZ�B�(y(k))G(x; y(k)) ���xG(x; y(k))d�= Z�B�(y(k))�log jx� y(k)j ���x log jx� y(k)j+ S(x; y(k)) ���x log jx� y(k)j� d�+Z�B�(y(k))G(x; y(k)) ���xS(x; y(k))d�;= 2� log �+ Z�B�(y(k))S(x; y(k)) ���x log jx� y(k)jd�+Z�B�(y(k))G(x; y(k)) ���xS(x; y(k))d�:Here we 
omputedZ�B�(y(k)) log jx� y(k)j ���x log jx� y(k)jd� = Z 2�0 log �� �d� = 2� log �:Using (2.18),(2.19) and the above indentity, we obtain (2.21).Proof of Lemma 2.3: We �rst prove (2.18). Put (j) := dj(Arg(x � y(j)) + '(x; y(j))):Then E�(uh) = 12Z
� ������ mXj=1rx (j)������2 dx = 12Z
� mXj=1 mX̀=1rx (j) � rx (`)dxBy Lemma 2.1 we haverx (j) � rx (`) = djd`rxG(x; y(j)) � rxG(x; y(`));thereforeE�(uh) = 12 mXj=1 mX̀=1djd`Z
�rxG(x; y(j)) � rxG(x; y(`))dx(2.22) = 12 mXj=1 mX̀=1djd` � mXk=1Z�B�(y(k))G(x; y(j)) ���xG(x; y(`))d�!= �12 mXk=1 mXj=1 mX̀=1Z�B�(y(k))G(x; y(j)) ���xG(x; y(`))d�whi
h agrees with (2.18).



458 S. JIMBO AND Y. MORITANext we prove (2.20). We put8>>>>>>>><>>>>>>>>:
F (k)� = J (k)1 + J (k)2 ;J (k)1 := 12ZB�(y(k))f2rxArg(x� y(k)) � r'(x; y(k)) + jrx'(x; y(k))j2gdx;J (k)2 := 12ZB�(y(k))(jrx�j2 � jrx (k)j2)dx(2.23)In terms of (2.2) and (2.9) we 
an writeJ (k)1 = 12ZB�(y(k))f2rx log jx� y(k)j � rxS(x; y(k)) + jrxS(x; y(k))j2gdx= 12ZB�(y(k))frx log jx� y(k)j � rxS(x; y(k)) +rxG(x; y(k)) � rxS(x; y(k))gdx:We easily 
he
kJ (k)1 = ��S(y(k); y(k)) + 12 (Z�B�(y(k))S(x; y(k)) ���x log jx� y(k)jd�(2.24) +Z�B�(y(k))G(x; y(k)) ���xS(x; y(k))d�) :Next we 
ompute J (k)2 . Let 	(k) :=Xj 6=k  (j):Then J (k)2 = 12ZB�(y(k))(2rx (k) � rx	(k) + jrx	(k)j2)dx(2.25) = 12ZB�(y(k))Xj 6=k2dkdjrxG(x; y(k)) � rxG(x; y(j))dx+12ZB�(y(k))Xj 6=kX̀6=kdjd`rxG(x; y(j)) � rxG(x; y(`))dxNote that ZB�(y(k))rxG(x; y(k)) � rxG(x; y(j))dx(2.26) = �2�G(y(k); y(j)) + Z�B�(y(k)) ���xG(x; y(k))G(x; y(j))d�;ZB�(y(k))rxG(x; y(k)) � rxG(x; y(j))dx = Z�B�(y(k))G(x; y(k)) ���xG(x; y(j))d�;(2.27)



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 459and for j; ` 6= k,ZB�(y(k))rxG(x; y(j)) � rxG(x; y(`))dx = Z�B�(y(k))G(x; y(j)) ���xG(x; y(`))d�(2.28)holds. Applying (2.26), (2.27) and (2.28) to (2.25) yieldsJ (k)2 = ��Xj 6=kdkdjG(y(j); y(k))(2.29) +12Xj;` 0djd`Z�B�(y(k))G(x; y(j)) ���xG(x; y(`))d�Adding (2.24) to (2.29), we obtain (2.20).Remark 2.5. Re
all that the fun
tion S(x) := S(x; x) is 
alled a Robin fun
tion.Hen
e in the expressions of (2.17) and (2.20) we 
an use this Robin fun
tion.3. Energy of the symmetri
 vortex solution. We let f1(s) be a uniquesolution to 8>><>>: d2ds2 f + 1s ddsf � 1s2 f + (1� f2)f = 0; 0 < s <1;f(0) = 0; f(1) = 1; 0 < f(s) < 1 (0 < s <1):(3.1)It has the asymptoti
s su
h that for a suÆ
iently large number R1 > 0,8>><>>: f1(s) = 1� 12s2 +O(1=s4); s > R1;f1(s) = a1s+O(s3); s < 1=R1;(3.2)where a1 is a positive 
onstant (see [5℄ or [18℄). De�nef�(r) := f1(r=�):(3.3)Then ~u� = f�(r)ei� gives a symmetri
 vortex solution to�u+ 1�2 (1� juj2)u = 0; x 2 R2 :Note that by (3.2)8>>>>>>>>>><>>>>>>>>>>:
f�(r) = 1� �22r2 +O(�4=r4);f 0�(r) = �2r3 +O(�4=r5); r > �R1;f 00� (r) = �2r4 +O(�4=r6)(3.4)



460 S. JIMBO AND Y. MORITA( 0 = d=dr; 00 = d2=dr2). Given � > 0, de�neI�(�) := 12 ZB�(0)�jr~u�j2 + 12(1� j~u�j2)2� dx:Then we easily verifyI�(�) = � Z �0 fjf 0�j2 + 1r2 f2� + 1�2 (1� f2� )2grdr:(3.5)Proposition 3.1. Let R1 be as in (3:2) and let � satisfy�R1 < � < 1:Then I�(�) of (3:5) admitsI�(�) = � log(1=�) + � log �+ C0 +O(�2=�2);(3.6)where C0 = C0(R1) is a 
onstant independent of � and �.Proof. Sin
e f� satis�esf 00� + 1r f 0� � 1r2 f� + 1�2 (1� f2� )f� = 0; f�(0) = 0;(3.7)we obtain Z �0 (jf 0�j2 + 1r2 f2� )rdr = 1�2 Z �0 (1� f2� )f2� rdr +O(�2=�2);(3.8)where we used [rf 0�f�℄�r=0 = �f 0�(�)f�(�) = O(�2=�2)(re
all (3.4)). By virtue of (3.8)I�(�) = �Z �0 f 1�2 (1� f2� )f2� + 12�2 (1� f2� )2grdr +O(�2=�2)= �2�2Z �0 (1� f2� )(1 + f2� )rdr +O(�2=�2):Put 8>>>>>>>><>>>>>>>>:
I�(�) = I(1)� + I(2)� +O(�2=�2);I(1) := �2�2Z �R10 (1� f2� )(1 + f2� )rdr;I(2) := �2�2Z ��R1(1� f2� )(1 + f2� )rdr:(3.9)We 
ompute I(1) and I(2). By (3.3)I(1) = �2 Z R10 (1� ff1(s)g2)(1 + ff1(s)g2)sds(3.10)



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 461whi
h is independent of � and �. On the other hand we 
an 
omputeI(2) = �Z ��R1f 1�2 (1� f2� )(1 + f2� )=2grdr= �Z ��R1 1�2 (1� f�)(1 + f�)(1� �2=2r2 +O(�4=r4))rdr= �Z ��R1 1r dr + � Z ��R1 O(�2=r3)dr:Thus I(2) = � log �� � log �� � logR1 +O(1=R1) +O(�2=�2):(3.11)Using (3.10) and (3.11) in (3.9), we obtain the desired (3.6).4. An approximate solution. Given �0, setY := fy 2 
̂m : jy(j) � y(k)j � 2�0; j 6= k; dist(y(j); �
) � 32�0g:(4.1)We take �0 small so that the set Y is nonempty. Throughout this se
tion, we assumethat �(�) is a positive fun
tion satisfyinglim�!0 �(�) = 0; lim�!0 ��(�) = 0:(4.2)We note that Propositions 2.2, 3.1 in the previous two se
tions still hold for putting� = 2�(�).Let � be a fun
tion in C1(R) satisfying�(s) = � 1; s � 0;0; s � 1and de�ne ��(r) := �(r=�(�)� 1):Then ��(r) = � 1; r � �(�);0; 2�(�) � r:Set 
�(�) = 
 n [mj=1B�(�)(y(j)); 
2�(�) = 
 n [mj=1B2�(�)(y(j))(4.3)and for y 2 Y de�ne a positive fun
tion with zeros at y = y(j); 1 � j � m, as follows:w�(x;y) := 8>>>>>><>>>>>>: g� := 1� �22 jr�j2; x 2 
2�(�);g� + �(j)� (f (j)� � g�); �(�) � jx� y(j)j � 2�(�); 1 � j � m;f (j)� ; x 2 B�(�)(y(j)); 1 � j � m;(4.4)



462 S. JIMBO AND Y. MORITAwhere � = �(x;y) is de�ned by (2.5) andf (j)� (x) := f�(jx� y(j)j); �(j)� := ��(jx� y(j)j):(4.5)We write F(u) := �u+ 1�2 (1� juj2)u:(4.6)With uh = uh(x;y) in (2.6), de�neu�(x;y) := w�(x;y)uh(x;y):(4.7)Then F(u�) = [�w� + f�jr�j2 + 1�2 (1� w2� )gw� + 2irw� � r�℄uh:(4.8)Here we used (2.8) andruh = i(r�)uh; jruhj2 = jr�j2; x 6= y(j) (1 � j � m):Lemma 4.1. There exist a 
onstant C1 > 0 and a small number �1 > 0 su
h thatfor � 2 (0; �1),jF(u�)j � 8>>>>>>>>><>>>>>>>>>:
C1�28<:1 + mXj=1 1jx� y(j)j49=; ; x 2 
2�(�);C1� 1jx� y(j)j + �2jx� y(j)j4� ; �(�) � jx� y(j)j � 2�(�); 1 � j � m;C1( f (j)�jx� y(j)j + jf 0�(jx� y(j)j)j) ; x 2 B�(�)(y(j)); 1 � j � m:(4.9)Before proving this lemma, we estimate L1-norm of F(u�). Sin
eZ �(�)0 jf 0�(r)jrdr = � Z �(�)=�0 ddsf1(s)sds = O(�(�));and Z �(�)0 f�(r)r rdr � �(�)hold, by (4.9) of Lemma 4.1 we easily 
he
k that there is a 
onstant C1 > 0 su
h thatZ
�(�) jF(u�)jdx � C1�2=(�(�))2;and ZB�(�)(y(j)) jF(u�)jdx � C1�(�);
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h j. Moreover we 
an similarly estimate the derivative of F(u�) with respe
tto y(k)p to obtain Z
 ����� ��y(k)p F(u�)����� dx � C1maxflog(1=�); �2=�(�)3g:Hen
e we haveLemma 4.2. Let �1 be a number as in Lemma 4:1. Then there is a 
onstant C1su
h that for � 2 (0; �1),Z
 jF(u�)jdx � C1maxf�(�); �2=�(�)2g;(4.10) Z
 ����� ��y(k)p F(u�)����� dx � C1maxflog(1=�); �2=�(�)3g:(4.11)Proof of Lemma 4.1 : Hen
eforth we often simply write � for �(�) if there is no
onfusion.First we 
he
k jr�j2 � j mXj=1 djrx(Arg(x� y(j)) + '(x; y(j)))j2� C18<:1 + mXj=1 1jx� y(j)j29=; ;(4.12) j�jr�j2j � C18<:1 + mXj=1 1jx� y(j)j49=; ;(4.13) ����jr�j2 � 1jx� y(j)j2 ���� � C18<:1 + mXj=1 1jx� y(j)j9=; ; x 2 B�(y(j)):(4.14)For � � jx� y(j)j � 2�, by (3.4)f (j)� � g� = �22 (jr�j2 � 1=jx� y(j)j2) +O(�4=jx� y(j)j4);thus jf (j)� � g�j � C1�2jx� y(j)j ; � � jx� y(j)j � 2�:(4.15)We also see that �jr�j2 + 1�2 (1� g2� ) = ��24 jr�j2; x 2 
2�;



464 S. JIMBO AND Y. MORITAand �jr�j2 + 1�2 (1� w2� )= �jr�j2 + 1�2 (1� g2� )� �(j)� (1 + g�)(f (j)� � g�)=�2+�(j)� (1� g�)(f (j)� � g�)=�2 � (�(j)� )2(f (j)� � g�)2=�2; � � jx� y(j)j � 2�;from whi
h�����jr�j2 + 1�2 (1� w2� )���� � 8>>>>>>>><>>>>>>>>: C1�28<:1 + mXj=1 1jx� y(j)j49=; ; x 2 
2�;C1 � 1jx� y(j)j + �2jx� y(j)j4� ;� � jx� y(j)j � 2�(4.16)follows. By (4.13) and (4.16), we obtainj�w�+f�jr�j2+ 1�2 (1�w2� )gw�j � C1�28<:1 + mXj=1 1jx� y(j)j49=; ; x 2 
2�:(4.17)Moreover 
ombining (4.16) withj�w�j � j�g�j+ j��(j)� jjf (j)� � g�j+ 2jr�(j)� jjr(f (j)� � g�)j+ j�(f (j)� � g�)j� C1�2jx� y(j)j4 + C1�2�2jx� y(j)j + C1�2�jx� y(j)j2 + C1�2jx� y(j)j3� C1�2jx� y(j)j4 ; � � jx� y(j)j � 2�;we get j�w� + f�jr�j2 + 1�2 (1� w2� )gw�j � C1 � 1jx� y(j)j + �2jx� y(j)j4� ;(4.18)for � � jx� y(j)j � 2�.On the other hand we 
an 
omputerw� � r� = 8>>>><>>>>: rg� � r� = ��22 r(jr�j2) � r�; x 2 
2�;frg� + (f (j)� � g�)r�(j)� + �(j)� r(f (j)� � g�)g � r�;� � jx� y(j)j � 2�:Thus we obtainjrw� � r�j � �2C18<:1 + mXj=1 1jx� y(j)j49=; ; x 2 
2�:(4.19)



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 465Furthermore, with the aid ofrxjx� y(j)j � Argx(x� y(j)) = 0we 
an show jr�(j)� � r�j � C1=�:Hen
e we havejrw� � r�j � C1� �2jx� y(j)j4 + �2�jx� y(j)j + �2jx� y(j)j3�� C1�2jx� y(j)j4 ; � � jx� y(j)j � 2�:(4.20)Finally we 
omputeF(u�) = f�f (j)� � jr�j2f (j)� + 1�2 (1� (f (j)� )2)f (j)� + 2irf (j)� � r�gei�= ���jr�j2 � 1jx� y(j)j2� f (j)� + 2irf (j)� � r�� ei�; x 2 B�(y(j)):Sin
e rf (j)� � r� = f 0�(jx� y(j)j) x� y(j)jx� y(j)j ��r�� (x� y(j))?jx� y(j)j2 � ;we obtain jF(u�)j � C1ff (j)� =jx� y(j)j+ jf 0�(jx� y(j)j)jg; x 2 B�(y(j)):(4.21)In terms of (4.17) (4.18), (4.19), (4.20) and (4.21) we get to the desired estimate (4.9).Next we show some estimates for derivatives of the approximate solution for laterarguments. Let hu; vi denoteshu; viL2 = ReZ
 u(x)v(x)dx(4.22)for u; v 2 L2(
; C ). Re
all that C is identi�ed with R2 , therefore this is the innerprodu
t in L2(
;R2 ).Lemma 4.3. Z
 ����� �u��y(k)p ����� dx = O(1);(4.23) * �u��y(k)p ; �u��y(j)q +L2 = 8<: � log(1=�) +O(1); k = j and p = q;O(1); k 6= j or p 6= q;(4.24)



466 S. JIMBO AND Y. MORITAand Z
 ����� �2u��y(k)p y(j)q ����� dx = O(log(1=�)); 1 � k; j � m; 1 � p; q � 2:(4.25)Proof. The estimate (4.23) is easily veri�ed, therefore we prove (4.24).First we write* �u��y(k)p ; �u��y(j)q +L2 = Z
 �w��y(k)p �w��y(j)q + w2� ���y(k)p ���y(j)q ! dxSin
e
�w��y(k)p =

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
��22 ��y(k)p jr�j2; x 2 
2�;��22 ��y(k)p jr�j2 + ��y(k)p �(j)� (f (j)� � g�)+�(j)� ��y(k)p (f (j)� � g�); � � jx� y(j)j � 2�;��y(k)p f (j)� ; x 2 B�(y(j));we obtainZ
 ����� �w��y(k)p �����2 dx � C1 Z
� �4jx� y(j)j6 + ZB�(y(k)) jf 0�(jx� y(j)j)j2dx+ O(1):Therefore from a simple 
omputation we 
an seeZ
 ����� �w��y(k)p �����2 dx = O(1):(4.26)We also easily 
he
k Z
 �w��y(k)p �w��y(j)q dx = O(1):(4.27)Next we 
ompute Z
 w2� ���y(k)p ���y(j)q dx:First 
onsider the 
ase for k = j and p = q = 1. Then���y(k)1 = dk(� (x2 � y(k)2 )jx� y(k)j2 + ��y(k)1 '(x; y(k))) ;



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 467by whi
h Z
�w2� ����� ���y(k)1 �����2 dx = Z 2�0 Z �0� r2 sin2 �r4 rdrd� +O(1)= �(log �0 � log �) +O(1);and ZB�(y(k))(f (k)� )2 ����� ���y(k)1 �����2 dx = Z 2�0 Z �0 (f�(r))2 sin2 �r drd� +O(1)= �Z �=�0 (f1(s))2s ds+O(1)= �(log �� log �) +O(1):Thus re
alling that � = �(�) satisfying (4.2) and �0 is a �xed number, we obtainZ
 w2� ����� ���y(k)1 �����2 dx = � log(1=�) +O(1):(4.28)It follows from (4.26) and (4.28) thatZ
 ����� �u��y(k)1 �����2 dx = � log(1=�) +O(1):(4.29)Similarly we obtain the same estimate for k = j and p = q = 2.Next we 
onsider the 
ase for k = j and p 6= q. For simpli
ity, we set p = 1; q = 2.Then ���y(k)1 ���y(k)2 = � (x2 � y(k)2 )jx� y(k)j2 (x1 � y(k)1 )jx� y(k)j2 +O(1=jx� y(k)j); x � y(k):Be
ause ofZB�(f (k)� )2 � (x2 � y(k)2 )jx� y(k)j2 (x1 � y(k)1 )jx� y(k)j2 dx = Z 2�0 Z �0 � sin � 
os �r f2� drd� = 0;one 
an easily 
he
k Z
 w2� ���y(k)1 ���y(k)2 = O(1):(4.30)As for the remaining 
ases, k 6= j, we easily verify���y(k)p ���y(j)q = O(1=jx� y(j)j); x � y(j);from whi
h Z
 w2� ���y(k)p ���y(j)q = O(1)follows. This 
on
ludes the proof of (4.24).To prove (4.25), we repeat the similar 
omputations done for (4.24). We leave itto the readers.



468 S. JIMBO AND Y. MORITA5. Energy for the approximate solution. The following lemma involves the
loseness between the energy of u� and the renormalized energy V (y):Lemma 5.1. Let E�(u) be the energy de�ned by (1:3). Assume (4:2). Then forsmall � > 0, E�(u�(�;y)) is C1 in y andE�(u�) = m� log(1=�) + C0 + V (y) +O(�(�)) +O(�2=�(�)2):(5.1)Moreovery if �2=�(�)3 ! 0 as �! 0, then��y(j)p E�(u�) = ��y(j)p V (y) + O(�(�)) +O(�2=�(�)3):(5.2)holds.Proof. Sin
e the proof of the former part is simple, we fo
us on (5.2). Forsimpli
ity of notation we simply write � for �(�) again. Sete�(u�) := jrw�j2 + w2� jruhj2 + 12�2 (1� w2� )2:Then ��y(j)p E�(u�) = 12Z
 ��y(j)p e�(u�)dx= 12Z
� ��y(j)p e�(u�)dx + 12 mXk=1ZB�(y(k)) ��y(j)p e�(u�)dx:We write e�(u�) = jruhj2 +W�; x 2 
�W� := jrw�j2 + (1� w2� )f�jruhj2 + 12�2 (1� w2� )g; x 2 
�;(5.3)ande�(u�) = jrf (k)� j2 + (f (k)� )2jruhj2 + 12�2 (1� (f (k)� )2))2= e�(f (k)� eiArg(x�y(k))) + jruhj2 � 1jx� y(k)j2 +R(k)� ; x 2 B�(y(k));(5.4)where we put R(k)� := ((f (k)� )2 � 1)�jruhj2 � 1jx� y(k)j2� :(5.5)Note thate�(f (k)� eiArg(x�y(k))) = jrf (k)� j2 + (f (k)� )2=jx� y(k)j2 + 12�2 (1� (f (k)� )2)2:



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 469If we prove ZB�(y(k)) ��y(j)p e�(f (k)� eiArg(x�y(k)))dx = 0;(5.6) ����� mXk=1ZB�(y(k)) ��y(j)p R(k)� dx����� = O(�2=�2) +O(�);(5.7) �����Z
� ��y(j)p W�dx����� = O(�2=�3);(5.8)and 12Z
� ��y(j)p jruhj2dx+ 12 mXk=1ZB�(y(k)) ��y(j)p �jruhj2 � 1jx� y(k)j2� dx(5.9) = ��y(j)p V (y) +O(�);then it is 
lear that the desired (5.2) follows. Hen
eforth we �x p = 1. For p = 2 thesame 
omputation works, so omit it.First 
onsider (5.6). It is trivial that it holds for k 6= j. For k = j it follows fromZB�(y(j)) ��y(j)1 e�(f (j)� eiArg(x�y(j)))dx= ZB�(y(j))� ��x(j)1 e�(f (j)� eiArg(x�y(j)))dx= Z 2�0 � fjf 0�(�)j2 + f�(�)2=�2 + 12�2 (1� f�(�)2)2g� 
os �d� = 0:Se
ond we prove (5.7). For k 6= j,ZB�(y(k)) ������R(k)��y(j)1 ����� dx � ZB�(y(k)) C1jx� y(k)jdx = O(�):On the other hand for k = j we need a more 
areful 
omputation. Let~R(j)� := 2((f (j)� )2 � 1)X̀6=jrx log jx� y(j)j � rxS(x; y(`));R̂(j)� := R(j)� � ~R(j)� :(5.10)Then we easily see��y(j)1 ~R(j)� = � ��x(j)1 ~R(j)� + 2((f (j)� )2 � 1)X̀6=j rx log jx� y(j)j � rx ��x(j)1 S(x; y(`)):With the aid of this identity we 
omputeZB�(y(j)) ��y(j)1 R(j)� dx(5.11)



470 S. JIMBO AND Y. MORITA= ZB�(y(j)) � ��x(j)1 ~R(j)� dx+O(�)= 2Z 2�0 8<:(f�(�))2 � 1)X̀6=j(
os �; sin �) � rxS(y(j) + �ei�)9=; d� +O(�)= O(�2=�2) +O(�)(we used (3.4)).As for (5.8), we verify that leading terms of W� are as follows:W� = C1 mXk=1� �4jx� y(k)j6 + �2jx� y(k)j4�+ � � � ; x 2 
�:Thus ����� ��y(j)1 W������ � C1�2jx� y(j)j5 ;whi
h yields (5.8).Finally we prove (5.9). Re
alljruhj2 = mXj=1 mX̀=1rxG(x; y(j)) � rxG(x; y(`))(see (2.22)). We obtain��y(j)1 jruhj2 = 2rx ��y(j)1 G(x; y(j)) � rxG(x; y(j))(5.12) +2X̀6=jdjd`rx ��y(j)1 G(x; y(j)) � rxG(x; y(`)):We use the similar 
omputation done in Lemma 2.3. In fa
t12Z
� ��y(j)1 jruhj2dx(5.13) = � mXk=1 Z�B�(y(k)) ��y(j)1 G(x; y(j)) ���xG(x; y(j))d�x�X̀6=j djd` mXk=1 Z�B�(y(k)) ��y(j)1 G(x; y(j)) ���xG(x; y(`))d�x;where we noti
ed ��y(j)1 G(x; y(j)) = 0; x 2 �
:Moreover sin
eZ�B�(y(k)) ��y(j)1 log jx� y(j)j ���x log jx� y(j)jd�x = � Z 2�0 
os �� d� = 0;



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 471we have 12Z
� ��y(j)1 jruhj2dx(5.14)= � mXk=1 Z�B�(y(k))( ��y(j)1 log jx� y(j)j ���xS(x; y(j)) + ��y(j)1 S(x; y(j)) ���xG(x; y(j))) d�x� mXk=1X̀6=j djd` Z�B�(y(k)) ��y(j)1 G(x; y(j)) ���xG(x; y(`))d�x:Similarly we 
an 
ompute12ZB�(y(j)) ��y(j)1 �jruhj2 � 1jx� y(j)j2� dx = �2� ��y(j)1 S(y(j); y(j))(5.15)+Z�B�(y(k))( ��y(j)1 log jx� y(j)j ���xS(x; y(j)) + ��y(j)1 S(x; y(j)) ���xG(x; y(j))) d�x+X̀6=j djd` Zjx�y(j)j=� ��y(j)1 G(x; y(j)) ���xG(x; y(`))d�x:On the other hand for k 6= j, be
ause of��y(j)1 �jruhj2 � 1jx� y(j)j2�= ��y(j)1 8<:jrxG(x; y(j))j2 + 2X̀6=jdjd`rxG(x; y(j)) � rxG(x; y(`))9=;and 
onsidering jrxG(x; y(j))j2 is smooth in B�(y(k)), one 
an 
he
k12ZB�(y(k)) ��y(k)1 �jruhj2 � 1jx� y(j)j2� dx(5.16) = X̀6=j ZB�(y(k))djd`rx ��y(j)1 G(x; y(j)) � rxG(x; y(`))dx+O(�)= X̀6=j Z�B�(y(k))djd` ��y(j)1 G(x; y(j)) ���xG(x; y(`))d�x�2�djdk ��y(j)1 G(y(k); y(j)) +O(�):Combining (5.15) with (5.16) yields12 mXk=1 ZB�(y(k)) ��y(k)1 �jruhj2 � 1jx� y(j)j2� dx(5.17)= Z�B�(y(k))( ��y(j)1 log jx� y(j)j ���xS(x; y(j)) + ��y(j)1 S(x; y(j)) ���xG(x; y(j))) d�x+ mXk=1X̀6=j Z�B�(y(k))djd` ��y(j)1 G(x; y(j)) � rxG(x; y(`))dx



472 S. JIMBO AND Y. MORITA�2� ��y(j)1 S(y(j); y(j))� 2�Xk 6=jdjdk ��y(j)1 G(y(k); y(j)) +O(�)Sin
e ��y(j)1 V (y) = �2� ��y(j)1 S(y(j); y(j))� 2�Xk 6=jdjdk ��y(j)1 G(y(k); y(j));adding (5.14) to (5.17), we obtain the desired result (5.9).6. Dynami
s for the vortex solution. Given small �0 > 0, we letY0 := fy 2 
̂m : jy(j) � y(k)j > 52�0; dist(y(j); �
) > 2�0g � Y(6.1)(Y is de�ned by (4.1)) andM� := fu = u�(�;y) : y 2 Y0g:(6.2)We denote a Bana
h spa
e of 
ontinuous fun
tions byX := C0(
; C ) with norm kuk0 := supx2
 ju(x)j:(6.3)Then M� is a 2m-dimensional submanifold of X . We dis
uss the dynami
s of thesolution to (1.1) in a neighborhood of the manifold M�. We derive the motion lawproje
ted on M�. To 
arry out it, we borrow the idea from x2 of [7℄. We, however,need a more 
areful 
onsideration be
ause our approximate solution is not so ni
e asin [7℄, where their approximate solution has exponentially small error.De�ne an operator K� : Y0 �X 7�! R2m byK�(y; u) = (K(1)1 ;K(1)2 ; � � � ;K(j)1 ;K(j)2 ; � � � ;K(m)1 ;K(m)2 );(6.4) K(j)q = K(j)q (y; u) := *u� u�(�;y); �u��y(j)q (�;y)+L2 ; q = 1; 2:Note that K�(y; u�(�;y)) = 0:We �rst showLemma 6.1. K�(y; u) is a C1 fun
tion in (y; u) and the derivative with respe
tto y at (y; u) = (y; u�(�;y)) 
an be written as��yK�(y; u�(�;y)) = �� log(1=�)I�; I� = I2m +O(1= log(1=�));(6.5)where I2m is the 2m� 2m-identity matrix. Moreover for any y0 2 Y0,���� ��yK�(y; u)� ��yK�(y0; u�(�;y0))���� � C1f1 + log(1=�)ku� u�(�;y)k0g(6.6)holds.



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 473Proof. It is easy to see that K�(y; u) is C1. Sin
e�K(j)q�y(k)p (y; u�(�;y)) = �* �u��y(k)p (�;y); �u��y(j)q (�;y)+L2 ;(6.5) immediately follows from (4.24) of Lemma 4.3. To prove (6.6), we use (4.25) inaddition to (4.24). In fa
t�K(j)q�y(k)p (y; u) = �* �u��y(k)p (�;y); �u��y(j)q (�;y)+L2 +*u� u�(�;y); �2u��y(k)p �y(j)q (�;y)+L2 :Noti
ing that (4.24) holds for y and y0, we easily get to (6.6) by (4.24) and (4.25).Next for arbitrarily given y0 2 Y0, we de�neH�(y; u) := y �A�(y0)�1K�(y; u); A�(y0) := ��yK�(y0; u�(�;y0)):(6.7)Put V�(y0) := fy 2 Y : jy�y0j � �g; XÆ(y0) := fu 2 X : ku�u�(�;y0)k0 � Æg:(6.8)Then H� : V�(y0)�XÆ(y0)! R2m andH�(y; u) = y , K�(y; u) = 0; H�(y0; u�(�;y0)) = y0hold. We prove that H� is a 
ontra
tion mapping.Lemma 6.2. There exist small Æ1 > 0 and �1 > 0 su
h that if Æ 2 (0; Æ1) and� 2 (0; �1), for any y0 2 Y0 there exists an � = �(y0; �) > 0 for whi
h the map H� of(6:7) 
arries V�(y0)�XÆ(y0) into V�(y0) andjH�(y1; u)�H�(y2; u)j � 12 jy1 � y2j; yj 2 V�(y0) (j = 1; 2):(6.9)Proof. By the de�nition of H� we 
an 
omputejH�(y1; u)�H�(y2; u)j(6.10) = jA�(y0)�1fA�(y0)(y1 � y2)� (K�(y1; u)�K�(y2; u))gj� jI�1� jop� log(1=�) ����A�(y0)� Z 10 ��yK(y2 + t(y1 � y2); u)dt����op jy1 � y2jwhere j � jop denotes the operater norm for linear maps from R2m into itself. Weestimate ����A�(y0)� Z 10 ��yK(y2 + t(y1 � y2); u)dt����op(6.11) = Z 10 ���� ��yK(y0; u�(�;y0))� ��yK(y2 + t(y1 � y2); u)����op dt� C1f1 + (log 1� )ku� u�(�; ~y)k0g� C1[1 + (log 1� )fku� u�(�;y0)k0 + ku�(�;y0)� u�(�; ~y)k0g℄:



474 S. JIMBO AND Y. MORITAwhere we put ~y = y2 + t(y1 � y2) and used (6.6) of Lemma 6.1. Let Æ1 > 0 be anumber satisfying Æ1 < �=6 and take � = �(y0; �) so thatku�(�;y0)� u�(�;y)k0 � �6holds for jy � y0j < �(y0; �). Then inserting (6.11) into (6.10) yields (6.9).To prove H� : V�(y0)�XÆ(y0) 7�! V�(y0);we noti
ejH�(y; u)� y0j = jH�(y; u)�H�(y0; u�(�;y0))j � 12 jy � y0j � 12�:We 
on
luded the proof.By the above lemma, we 
an use the uniform 
ontra
tion mapping prin
iple (seeChap.1, 1.2.6 of [11℄) to obtain the following lemma:Lemma 6.3. For ea
h u 2 XÆ(y0) there is a �xed point of H�, y = y�(u) 2 V�(y0)su
h that y�(u) is a C1 fun
tion satisfying y�(u�(y0)) = y0, where �(= �(y0; �)) is asin Lemma 6:2.We 
an extend the fun
tion y�(u) to the one de�ned in a neighborhood of M�.Lemma 6.4. Let Y be as in (4:1) and Æ1 be a number as in Lemma 6:2. For anyÆ 2 (0; Æ1), de�ne UÆ(M�) := fu 2 X : miny2Y0 ku� u�(�;y)k0 < Æg;(6.12)where M� is de�ned by (6:2). Then there is a C1 mapping y� : UÆ(M�)! Y su
h thatK�(y�(u); u) = 0. Moreover for u 2 UÆ(M�), y�(u) minimizes ku� u�(�;y)kL2(
).Proof. By virtue of the 
ompa
tness of Y0 and that Æ1 
an be taken uniformlyfor y0 2 Y0, the former assertion of the lemma immediately follows. To prove thelatter part, put �(�) := ku� u�(�;y�(u) + �)k2L2(
):Then one 
an easily verify ����(0) = K�(y�(u); u) = 0;and �2��(k)p ��(j)q �(0) = �* �u��y(k)p (�;y�(u)); �u��y(j)q (�;y�(u))+L2+*u� u�(�;y�(u)); �2u��y(k)p �y(j)q (�;y�(u))+L2 :



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 475By Lemma 4.3 there is a small Æ1 > 0 su
h that if Æ 2 (0; Æ1), every prin
ipal 
urvatureof �(�) at � = 0 is positive for any small � > 0. This proved the lemma.We have the main result on the dynami
s of vortex solutions.Theorem 6.5. Assume that �(�) is a positive fun
tion satisfyinglim�!+0 �(�) = 0; lim�!+0 ��(�)3=2 = 0;(6.13)and that u�(x;y);y 2 Y are the fun
tions de�ned by (4:7), where Y is as in (4:1). Lety� : UÆ(M�)! Y be a C1 fun
tion appearing in Lemma 6:4. If for a positive T > 0,a solution u�(x; t) of (1:1) in UÆ(M�) satis�esku�(�; t)� u�(�;y�(u�(�; t)))k0 = o(�); t 2 [0; T ℄;(6.14)then there is a �1 > 0 su
h that y = y�(u�(�; t)) admitslog(1=�) ddty = � 1�rV (y) + o(1):(6.15)Proof. For simpli
ity of notation, we drop � in the solution u�(x; t) and writey(t) = y�(u(�; t)). We also simply write h�; �i for h�; �iL2 . Lemma 6.4 tells thatK�(y(t); u(�; t)) = 0;whi
h implies*u(�; t)� u�(�;y(t)); ��y(j)q u�(�;y(t))+ = 0; q = 1; 2; 1 � j � m:(6.16)Di�erentiating (6.16) with respe
t to t yields*ut �Xp;k �u��y(k)p _y(k)p ; �u��y(j)q ++*u(�; t)� u�(�;y(t));Xp;k �2u��y(k)p �y(j)q _y(k)p += *F(u(�; t)); �u��y(j)q +�Xp;k (* �u��y(k)p ; �u��y(j)q +�*u(�; t)� u�(�;y(t)); �2u��y(k)p �y(j)q +) _y(k)p = 0;where _y = dy=dt. By puttingv�(x; t) := u(x; t)� u�(x;y(t));we obtain Xp;k (* �u��y(k)p ; �u��y(j)q +�*v�(�; t); �2u��y(k)p �y(j)q +) _y(k)p(6.17) = *F(u� + v�(�; t)); �u��y(j)q +



476 S. JIMBO AND Y. MORITA(u� = u�(�;y(t))). We writeF(u� + v�) = F(u�) + L(v�) +N(v�)L(v�) := �v� + 1�2 (1� ju�j2)v� � 2�2Re(u�v�)u�;N(v�) := 1�2 fjv�j2u� + 2Re(u�v�)v� + jv�j2v�g:(6.18)We 
an easily verify by integration by part that*F(u�); �u��y(j)q + = �12Z
 ��y(j)q fjru�j2 + 12(1� ju�j2)2gdx+O(�2)(6.19) = � ��y(j)q E�(u�) +O(�2);*L(v�); �u��y(j)q + = Z�
 �v��� �u��y(j)q d� � Z�
v� ��� �u��y(j)q d� + Dv�;L(�u�=�y(j)q )E :Re
all �v��� = ��u��� = O(�2); x 2 �
:Moreover applying Lemmas 4.2 and 5.1, we obtain���hv�;L(�u�=�y(j)q )i��� = �����*v�; ��y(j)q F(u�)+����� � C1maxflog(1=�); �2=�2gkv�k0;and �����*N(v�); �u��y(j)q +����� � C1 1�2 kv�k20:Hen
e from the assumption (6.14)*F(u� + v�); �u��y(j)q + = � ��y(j)q E�(u�) + o(1)(6.20)follows.We apply Lemma 4.3 to the left hand side of (6.17) and use (5.2) of Lemma 5.1in (6.20) to obtain log(1=�) _y(j)q = � 1� ��y(j)q V (y) + o(1);(6.21)whi
h is the desired equation.
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