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V OR TEX D YNAMICS F OR THE GINZBUR G-LAND A U EQUA TION

WITH NEUMANN CONDITION

SHUICHI JIMBO

�

AND YOSHIHISA MORIT A

y

Abstract. W e study the Ginzburg-Landau equation, u

t

= � u + (1 =�

2

)(1 � j u j

2

) u; u = ( u

1

; u

2

) ;

in a planar con tractible domain with Neumann b oundary condition, where � > 0 is a small parameter.

W e construct a �nite-dimensional manifold of a family of appro ximate solutions and consider the

dynamics near the manifold. If a solution lies in a su�cien tly small neigh b orho o d of the manifold,

w e can deriv e the dynamics pro jected on the manifold. Then the equation describing this dynamics

pro vides a motion la w of zeros to the appro ximate solutions and it appro ximates the dynamics of

zeros (called v ortices) of the original solution.

1. In tro duction. W e dev ote to the Ginzburg-Landau equation in a b ounded

domain 
 of R

2

with the Neumann b oundary condition:

u

t

= � u +

1

�

2

(1 � j u j

2

) u = 0 ; ( x; t ) 2 
 � (0 ; 1 ) ;(1.1)

@ u

@ �

= 0 ; ( x; t ) 2 @ 
 � (0 ; 1 ) ;(1.2)

where u = ( u

1

( x; t ) ; u

2

( x; t ))

T

, � is a small p ositiv e parameter and @ =@ � denotes the

outer normal deriv ativ e on the smo oth b oundary @ 
. This equation is a gradien t

equation of the follo wing energy functional

E

�

( u ) :=

1

2

Z




�

jr u j

2

+

1

2 �

2

(1 � j u j

2

)

2

�

dx(1.3)

in H

1

(
; R

2

). Moreo v er the Euler equation of E

�

( u ) is a system of elliptic equations

with the Neumann b oundary condition

� u +

1

�

2

(1 � j u j

2

) u = 0 ; x 2 
 ;(1.4)

@ u

@ �

= 0 ; x 2 @ 
 ;(1.5)

whose solution giv es an equilibrium state of (1.1). Throughout the pap er w e assume

that the domain 
 is con tractible. W e also allo w the complex expression u = u

1

( x; t ) +

iu

2

( x; t ) for a solution u = ( u

1

( x; t ) ; u

2

( x; t ))

T

to (1.1).

Since a solution u ( x; t ) of (1.1) has t w o comp onen ts, a v ector �eld on 
 can b e

de�ned b y the solution for eac h time t > 0 and the zero set of the solution at time

t is consist of discrete p oin ts in generic. Note that the degree of eac h zero y can

b e de�ned b y deg( y ; @ B

�

( y )), where B

�

( y ) is a disk with a small radius � . Zeros

of the equation (1.1) (or (1.4)) are called v ortices whic h pla y an imp ortan t role for

c haracterizing some dynamical b eha vior of the solution (refer to the in tro duction of

�
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[16 ]). Therefore the dynamics of v ortices has b een extensiv ely studied b y ph ysicists

and mathematicians, for instance see [6], [12 ], [19], [20 ], [21 ], [22 ], [23 ], [26 ].

Among other things, as for the equation (1.1) with the Diric hlet b oundary data

u = g ( x ) ; x 2 @ 
 ; j g j = 1 ; deg ( g ; @ 
) = d; d 2 Z n f 0 g(1.6)

(hereafter w e assume d > 0 for simplicit y of notation), elab orate results w ere pro v ed b y

Lin ([19 , 20 ]) and Jerrard-Soner ([12 ]). They deriv ed, taking a limit of a subsequence

�

n

! 0 after time scaling s = t= log (1 =� ), a limit equation describing the motion la w

of the v ortices. If w e let ( a

1

; � � � ; a

d

) b e a con�guration of the v ortices, the limit

equation is written as

d

ds

( a

1

; � � � ; a

d

) = �

1

�

grad W ( a

1

; : : : ; a

d

) ;(1.7)

where W ( a

1

; : : : ; a

d

) is the renormalized energy giv en b y [2]. (Note that Rubinstein-

Stern b erg [26 ] �rst sho w ed rigorously that the scaling s = t= log(1 =� ) w orks in the

study of v ortex dynamics.)

On the other hand for the Neumann problem, (1.1)-(1.2), Lin [21 ] deriv ed the

limit equation as done for the Diric hlet case b y de�ning the renormalized energy ap-

propriately . Although the renormalized energy is not explicitly giv en there (except for

the sp ecial case, 
 = fj x j < 1 g and d=1), it suggests imp ortan t dynamical prop erties

of v ortices, for example, the annihilation of t w o v ortices with opp osite signs of degree.

T o in v estigate the dynamics of the limit equation extensiv ely , w e need more infor-

mation on the limit equation. A recen t study in [16 ] pro vides an explicit form of the

limit equation for the Neumann problem. In fact, after deriving the limit equation b y

applying the argumen t of [12 ] to the Neumann case, w e succeeded to rewrite it with

a Green function and Robin function of it. W e presen t it here. Let the con�guration

of m -v ortices b e denoted b y

( y

(1)

( s ) ; � � � ; y

( m )

( s )) 2

^




m

:= 
 � � � � � 
 :

Then the limit equation can b e written as follo ws:

d

ds

y

( j )

= r S ( y

( j )

) + 2

m

X

k 6= j

d

j

d

k

r

x

G ( y

( j )

; y

( k )

) ( j = 1 ; : : : ; m ) ;(1.8)

where time s is scaled as in (1.7), d

j

(= 1 or � 1) denotes degree of the v ortex y

( j )

,

G ( x; y ) is the Green function of � with Diric hlet condition and S ( x ) is the Robin

function of it. With the aid of this form some dynamical prop erties (existence or

nonexistence of equilibria, collision of v ortices etc.) of the limit equation are also

sho wn in [16 ].

In this pap er w e study the dynamics of solutions to (1.1)-(1.2) for su�cien tly small

but p ositiv e � and sho w that the motion la w of the v ortices can b e appro ximated b y

the limit equation under an appropriate condition. In fact giv en p ositiv e �

0

> 0, w e

construct a family of appro ximate solutions

u = u

�

( x ; y ) ; y = ( y

(1)

; � � � ; y

( m )

) 2 Y ;

Y := f y 2

^




m

: j y

( j )

� y

( k )

j � 2 �

0

; j 6= k ; dist( y

( j )

; @ 
) �

3

2

�

0

g :

(1.9)

Then w e obtain a 2 m -dimensional submanifold

M

�

:= f u = u ( � ; y ) : y 2 Y g ;
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in the space of con tin uous functions C

0

( 
; R

2

). W e will pro v e that for a p ositiv e

function � ( � ) = o ( � ), there is a C

1

function y

�

( � ) from the neigh b orho o d of M

�

U ( M

�

) = f u 2 C

0

( 
; R

2

) : k u � u

�

( � ; y ) k

C

0

( 
)

< � ( � ) ; y 2 Y g

in to Y suc h that for a solution u ( x; t ) 2 U ( M

�

), y ( t ) = y

�

( u ( � ; t )) satis�es

log (1 =� )

d

dt

y

( j )

= �

1

�

@

@ y

( j )

V ( y ) + o (1) ;(1.10)

V ( y ) := � �

m

X

k =1

S ( y

( k )

) � �

m

X

k =1

X

j 6= k

G ( y

( j )

; y

( k )

) :(1.11)

Hence b y scaling s = t= log (1 =� ), the leading term of this equation agrees with (1.8).

T o obtain the ab o v e result, w e need to v erify

E

�

( u

�

( � ; y )) = � �

m

X

k =1

S ( y

( k )

) � �

m

X

k =1

X

j 6= k

G ( y

( j )

; y

( k )

) + o (1) ;(1.12)

@

@ y

( j )

E

�

( u

�

( � ; y )) = �

@

@ y

( j )

V ( y ) + o (1) :(1.13)

In fact once w e obtained these relations, w e can deriv e the ab o v e motion la w near the

manifold b y applying the idea found in [7].

W e note that one can �nd man y pap ers on the dynamics of in terfaces and spik es

for a class of reaction-di�usion equations including Allen-Cahn equation and Gierer-

Meinhardt equation (for instance see [1 ], [4], [9], [8], [10 ], and the references therein).

It is also in teresting that a similar form of the energy (1.12) is addressed in [27 ],

where it is sho wn that a critical p oin t of the energy giv es a lo cus of spik es to a spik e

solution. In man y cases of the reaction-di�usion equations it can b e pro v ed that

normal direction of manifolds for appro ximate solutions p ossesses the attractivit y;

th us the dynamics near the manifold is con trolled b y that on the manifold. Suc h

attractivit y could b e pro v ed b y solving eigen v alue problem of the linearized op erator

at the appro ximate solutions or the comparison metho d for the scalar equation.

On the other hand for the Ginzburg-Landau equation it is not so easy to handle

the eigen v alue problem of the linearized op erator for v ortex solutions. Actually w e

only ha v e a few results for it (see [15 ], [23 ], [24 ]) and w e can't apply them to the

presen t case. Therefore w e need to study further to pro v e that the solution remain

in a neigh b orho o d of the manifold for a long time. Although the study dev elop ed in

this article is not complete for this reason, w e b eliev e that it w ould w ork in the future

study .

This pap er is organized as follo ws. In x 2 giv en prescrib ed distinct p oin ts y

( j )

; 1 �

j � m , w e consider a harmonic map from 
 n f y

(1)

; � � � ; y

( m )

g in to S

1

� C with

Neumann condition. This map has singularit y at eac h y

( j )

. W e compute the energy

of the map in a domain with holes around the p oin ts y

( j )

; 1 � j � m . On the other

hand in x 3 w e compute the energy of the symmetric v ortex solution in a small disk

cen tered at the zero of the solution. In x 4 and x 5 w e in v estigate an appro ximate

solution parametrized b y f y

(1)

; � � � ; y

( m )

g , whic h denote the lo cus of zeros, and obtain

(1.12) and (1.13). By com bination of those results w e deriv e (1.10)-(1.11) describing

the dynamics near the manifold of the appro ximate solution in x 6.
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2. Energy of the harmonic map with singularit y . Giv en p 2 
, let ' ( x ; p )

b e a solution of

8

>

>

<

>

>

:

�

x

' = 0 ; x 2 
 ;

@ '

@ �

x

= �h �

x

; r

x

Arg ( x � p ) i ; x 2 @ 
 ;

(2.1)

where h� ; �i denotes the inner pro duct of v ectors in R

2

. Although Arg ( x � p ) is m ulti-

v alued function with a singularit y at x = p , eac h represen tativ e satis�es

r

x

Arg ( x � p ) =

( x � p )

?

j x � p j

2

; ( x � p )

?

:= ( � ( x

2

� p

2

) ; ( x

1

� p

1

)) :(2.2)

In fact r

x

Arg ( x � p ) is w ell-de�ned as a single-v alued v ector function (see [17 ]). By

the condition

Z

@ 


h �

x

; r

x

Arg( x � p ) i dS = 0 ;(2.3)

(2.1) has a solution whic h is unique up to additiv e constan ts (see [16 ]).

W e denote a disk with radius � cen tered at x = a b y

B

�

( a ) := fj x � a j < � g ;

and denote the degree of a function u = ( u

1

( x ) ; u

2

( x ))

T

around x = a b y

deg ( u ( � ); @ B

�

( a )). Let

^




m

:= f ( y

(1)

; : : : ; y

( m )

) 2 R

2 m

: y

( j )

2 
 (1 � j � m ) ; y

( j )

6= y

( k )

( j 6= k ) g :(2.4)

Giv en y = ( y

(1)

; : : : ; y

( m )

) 2

^




m

, de�ne

�( x ; y ) :=

m

X

j =1

d

j

(Arg ( x � y

( j )

) + ' ( x ; y

( j )

)) ;(2.5)

and

u

h

( x ; y ) = exp( i �( x ; y )) ;(2.6)

where d

j

= 1 or � 1. Note that d

j

= deg( u

h

( x ; y ) ; @ B

�

( y

( j )

)). W e easily c hec k that

div( r �) = 0 ; x 2 
 ; x 6= y

( j )

(1 � j � m ) ;

@ �

@ �

= 0 ; x 2 @ 
 ;(2.7)

� u

h

+ jr u

h

j

2

u

h

= 0 ; x 2 
 ; x 6= y

( j )

(1 � j � m ) ;

@ u

h

@ �

= 0 ; x 2 @ 
 :(2.8)

Hence u

h

is a harmonic map from 
 n f y

(1)

; � � � ; y

( m )

g in to S

1

� C , ha ving singularit y

at x = y

( j )

; j = 1 ; : : : ; m .

W e in tro duce the conjugate harmonic function S ( x; p ) to ' ( x ; p ). The Cauc h y-

Riemann equation implies

r

x

S ( x; p )

?

= r

x

' ( x ; p ) :(2.9)
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Then a solution to the elliptic equation

�

x

S = 0 ; x 2 
 ; S = � log j x � p j ; x 2 @ 
(2.10)

giv es the conjugate harmonic function. Indeed it follo ws from the facts that the

domain is con tractible and that the solution S = S ( x; p ) to (2.10) admits the b oundary

condition

@

@ �

x

S

?

= �h � ; r

x

S i =

h � ; ( x � p ) i

j x � p j

2

= �

h � ; ( x � p )

?

i

j x � p j

2

=

@

@ �

x

';

where � denotes the unit tangen tial v ector on @ 
.

Set

H ( x; p ) := Arg ( x � p ) + ' ( x ; p ) :(2.11)

Then w e ha v e the follo wing lemma:

Lemma 2.1. Given p 2 
 , de�ne

G ( x; p ) := log j x � p j + S ( x; p ) ; x 6= p; x 2 
 :(2.12)

Then

r

x

G ( x; p )

?

= r

x

H ( x; p ) ; x 6= p; x 2 
 ;(2.13)

and with an appr opriate additive c onstant to G ( x; p ) ,

8

>

>

>

>

<

>

>

>

>

:

�

x

G = 0 ; x 2 
 n f p g ;

G = 0 ; x 2 @ 
 ;

G ( x; p ) � log j x � p j + O (1) ; x � p; x 6= p

(2.14)

hold, namely G ( x; p ) is the Gr e en function of the L aplacian � with Dirichlet (zer o)

b oundary c ondition.

The next prop osition is the main result of the presen t section.

Pr oposition 2.2. L et � b e a p ositive numb er satisfying

� < min f

1

2

min

1 � j � m

dist( @ 
 ; y

( j )

) ;

1

3

min

1 � j;k � m;j 6= k

j y

( j )

� y

( k )

jg :

Set 


�

:= 
 n ( [

m

i =1

B

�

( y

( j )

)) and

E

�

( u

h

) :=

1

2

Z




�

jr

x

u

h

( x ; y ) j

2

dx:(2.15)

Then

E

�

( u

h

) = � m� log � + V ( y ) + O ( � )(2.16)

wher e

V ( y ) := � �

m

X

j =1

S ( y

( j )

; y

( j )

) � �

m

X

k =1

X

j 6= k

d

j

d

k

G ( y

( j )

; y

( k )

)(2.17)

T o pro v e this prop osition w e prepare t w o lemmas.

Lemma 2.3.
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(i) E

�

( u

h

) in (2 : 15) satis�es

E

�

( u

h

) = �

1

2

m

X

k =1

(

Z

@ B

�

( y

( k )

)

G ( x; y

( k )

)

@

@ �

x

G ( x; y

( k )

) d�

+

X

j;`

0

d

j

d

`

Z

@ B

�

( y

( k )

)

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�

9

=

;

;

(2.18)

wher e

P

0

j;`

denotes the summation over indic es, 1 � j; ` � m; j 6= k or ` 6= k .

(ii) De�ne

F

( k )

�

:=

1

2

Z

B

�

( y

( k )

)

�

jr u

h

j

2

�

1

j x � y

( k )

j

2

�

dx:(2.19)

Then

F

( k )

�

= � � S ( y

( k )

; y

( k )

) � �

X

j 6= k

d

k

d

j

G ( y

( j )

; y

( k )

)(2.20)

+

1

2

(

Z

@ B

�

( y

( k )

)

S ( x; y

( k )

)

@

@ �

x

log j x � y

( k )

j d� + G ( x; y

( k )

)

@

@ �

x

S ( x; y

( k )

) d�

)

+

X

j;`

0

d

j

d

`

Z

@ B

�

( y

( k )

)

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d� ;

wher e

P

0

j;k

is as in (i) .

Lemma 2.4. The identity

E

�

( u

h

) +

m

X

k =1

F

( k )

�

= � m� log � + V ( y )(2.21)

holds.

Before pro ving Lemmas 2.3, 2.4, w e pro v e Prop osition 2.2 with the aid of Lemma 2.4.

Pr o of of Pr op osition 2.2 : W e see that there is a p ositiv e constan t suc h that

�

�

�

�

jr u

h

j

2

�

1

j x � y

( k )

j

2

�

�

�

�

�

C

1

j x � y

( k )

j

; x 2 B

�

( y

( k )

) ;

where C

1

is indep enden t of � . Therefore w e obtain

Z

B

�

( y

( k )

)

�

�

�

�

jr u

h

j

2

�

1

j x � y

( k )

j

2

�

�

�

�

� 2 � C

1

Z

�

0

1

r

r dr = 2 � C

1

�

from whic h

j F

( k )

�

j � C �

follo ws. Hence w e obtain the assertion of the prop osition b y Lemma 2.4.
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No w w e pro v e Lemmas 2.3 and 2.4 in the rest of this section. W e �rst pro v e

Lemma 2.4.

Pr o of of L emma 2.4 : W e can v erify

Z

@ B

�

( y

( k )

)

G ( x; y

( k )

)

@

@ �

x

G ( x; y

( k )

) d�

=

Z

@ B

�

( y

( k )

)

�

log j x � y

( k )

j

@

@ �

x

log j x � y

( k )

j + S ( x; y

( k )

)

@

@ �

x

log j x � y

( k )

j

�

d�

+

Z

@ B

�

( y

( k )

)

G ( x; y

( k )

)

@

@ �

x

S ( x; y

( k )

) d� ;

= 2 � log � +

Z

@ B

�

( y

( k )

)

S ( x; y

( k )

)

@

@ �

x

log j x � y

( k )

j d�

+

Z

@ B

�

( y

( k )

)

G ( x; y

( k )

)

@

@ �

x

S ( x; y

( k )

) d� :

Here w e computed

Z

@ B

�

( y

( k )

)

log j x � y

( k )

j

@

@ �

x

log j x � y

( k )

j d� =

Z

2 �

0

log �

�

�d� = 2 � log �:

Using (2.18),(2.19) and the ab o v e inden tit y , w e obtain (2.21).

Pr o of of L emma 2.3 : W e �rst pro v e (2.18). Put

 

( j )

:= d

j

(Arg ( x � y

( j )

) + ' ( x; y

( j )

)) :

Then

E

�

( u

h

) =

1

2

Z




�

�

�

�

�

�

�

m

X

j =1

r

x

 

( j )

�

�

�

�

�

�

2

dx =

1

2

Z




�

m

X

j =1

m

X

` =1

r

x

 

( j )

� r

x

 

( ` )

dx

By Lemma 2.1 w e ha v e

r

x

 

( j )

� r

x

 

( ` )

= d

j

d

`

r

x

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

) ;

therefore

E

�

( u

h

) =

1

2

m

X

j =1

m

X

` =1

d

j

d

`

Z




�

r

x

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

) dx(2.22)

=

1

2

m

X

j =1

m

X

` =1

d

j

d

`

 

�

m

X

k =1

Z

@ B

�

( y

( k )

)

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�

!

= �

1

2

m

X

k =1

m

X

j =1

m

X

` =1

Z

@ B

�

( y

( k )

)

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�

whic h agrees with (2.18).
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Next w e pro v e (2.20). W e put

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

F

( k )

�

= J

( k )

1

+ J

( k )

2

;

J

( k )

1

:=

1

2

Z

B

�

( y

( k )

)

f 2 r

x

Arg( x � y

( k )

) � r ' ( x ; y

( k )

) + jr

x

' ( x ; y

( k )

) j

2

g dx;

J

( k )

2

:=

1

2

Z

B

�

( y

( k )

)

( jr

x

� j

2

� jr

x

 

( k )

j

2

) dx

(2.23)

In terms of (2.2) and (2.9) w e can write

J

( k )

1

=

1

2

Z

B

�

( y

( k )

)

f 2 r

x

log j x � y

( k )

j � r

x

S ( x; y

( k )

) + jr

x

S ( x; y

( k )

) j

2

g dx

=

1

2

Z

B

�

( y

( k )

)

fr

x

log j x � y

( k )

j � r

x

S ( x; y

( k )

) + r

x

G ( x; y

( k )

) � r

x

S ( x; y

( k )

) g dx:

W e easily c hec k

J

( k )

1

= � � S ( y

( k )

; y

( k )

) +

1

2

(

Z

@ B

�

( y

( k )

)

S ( x; y

( k )

)

@

@ �

x

log j x � y

( k )

j d�(2.24)

+

Z

@ B

�

( y

( k )

)

G ( x; y

( k )

)

@

@ �

x

S ( x; y

( k )

) d�

)

:

Next w e compute J

( k )

2

. Let

	

( k )

:=

X

j 6= k

 

( j )

:

Then

J

( k )

2

=

1

2

Z

B

�

( y

( k )

)

(2 r

x

 

( k )

� r

x

	

( k )

+ jr

x

	

( k )

j

2

) dx(2.25)

=

1

2

Z

B

�

( y

( k )

)

X

j 6= k

2 d

k

d

j

r

x

G ( x; y

( k )

) � r

x

G ( x; y

( j )

) dx

+

1

2

Z

B

�

( y

( k )

)

X

j 6= k

X

`6 = k

d

j

d

`

r

x

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

) dx

Note that

Z

B

�

( y

( k )

)

r

x

G ( x; y

( k )

) � r

x

G ( x; y

( j )

) dx(2.26)

= � 2 � G ( y

( k )

; y

( j )

) +

Z

@ B

�

( y

( k )

)

@

@ �

x

G ( x; y

( k )

) G ( x; y

( j )

) d� ;

Z

B

�

( y

( k )

)

r

x

G ( x; y

( k )

) � r

x

G ( x; y

( j )

) dx =

Z

@ B

�

( y

( k )

)

G ( x; y

( k )

)

@

@ �

x

G ( x; y

( j )

) d� ;(2.27)
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and for j; ` 6= k ,

Z

B

�

( y

( k )

)

r

x

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

) dx =

Z

@ B

�

( y

( k )

)

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�(2.28)

holds. Applying (2.26), (2.27) and (2.28) to (2.25) yields

J

( k )

2

= � �

X

j 6= k

d

k

d

j

G ( y

( j )

; y

( k )

)(2.29)

+

1

2

X

j;`

0

d

j

d

`

Z

@ B

�

( y

( k )

)

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�

Adding (2.24) to (2.29), w e obtain (2.20).

Remark 2.5. Recall that the function S ( x ) := S ( x; x ) is called a Robin function.

Hence in the expressions of (2.17) and (2.20) w e can use this Robin function.

3. Energy of the symmetric v ortex solution. W e let f

1

( s ) b e a unique

solution to

8

>

>

<

>

>

:

d

2

ds

2

f +

1

s

d

ds

f �

1

s

2

f + (1 � f

2

) f = 0 ; 0 < s < 1 ;

f (0) = 0 ; f ( 1 ) = 1 ; 0 < f ( s ) < 1 (0 < s < 1 ) :

(3.1)

It has the asymptotics suc h that for a su�cien tly large n um b er R

1

> 0,

8

>

>

<

>

>

:

f

1

( s ) = 1 �

1

2 s

2

+ O (1 =s

4

) ; s > R

1

;

f

1

( s ) = a

1

s + O ( s

3

) ; s < 1 =R

1

;

(3.2)

where a

1

is a p ositiv e constan t (see [5] or [18 ]). De�ne

f

�

( r ) := f

1

( r =� ) :(3.3)

Then ~u

�

= f

�

( r ) e

i�

giv es a symmetric v ortex solution to

� u +

1

�

2

(1 � j u j

2

) u = 0 ; x 2 R

2

:

Note that b y (3.2)

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

f

�

( r ) = 1 �

�

2

2 r

2

+ O ( �

4

=r

4

) ;

f

0

�

( r ) =

�

2

r

3

+ O ( �

4

=r

5

) ; r > �R

1

;

f

00

�

( r ) =

�

2

r

4

+ O ( �

4

=r

6

)

(3.4)
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(

0

= d=dr ;

00

= d

2

=dr

2

). Giv en � > 0, de�ne

I

�

( � ) :=

1

2

Z

B

�

(0)

�

jr ~u

�

j

2

+

1

2

(1 � j ~u

�

j

2

)

2

�

dx:

Then w e easily v erify

I

�

( � ) = �

Z

�

0

fj f

0

�

j

2

+

1

r

2

f

2

�

+

1

�

2

(1 � f

2

�

)

2

g r dr :(3.5)

Pr oposition 3.1. L et R

1

b e as in (3 : 2) and let � satisfy

�R

1

< � < 1 :

Then I

�

( � ) of (3 : 5) admits

I

�

( � ) = � log(1 =� ) + � log � + C

0

+ O ( �

2

=�

2

) ;(3.6)

wher e C

0

= C

0

( R

1

) is a c onstant indep endent of � and � .

Pr o of. Since f

�

satis�es

f

00

�

+

1

r

f

0

�

�

1

r

2

f

�

+

1

�

2

(1 � f

2

�

) f

�

= 0 ; f

�

(0) = 0 ;(3.7)

w e obtain

Z

�

0

( j f

0

�

j

2

+

1

r

2

f

2

�

) r dr =

1

�

2

Z

�

0

(1 � f

2

�

) f

2

�

r dr + O ( �

2

=�

2

) ;(3.8)

where w e used

[ r f

0

�

f

�

]

�

r =0

= �f

0

�

( � ) f

�

( � ) = O ( �

2

=�

2

)

(recall (3.4)). By virtue of (3.8)

I

�

( � ) = �

Z

�

0

f

1

�

2

(1 � f

2

�

) f

2

�

+

1

2 �

2

(1 � f

2

�

)

2

g r dr + O ( �

2

=�

2

)

=

�

2 �

2

Z

�

0

(1 � f

2

�

)(1 + f

2

�

) r dr + O ( �

2

=�

2

) :

Put

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

I

�

( � ) = I

(1)

�

+ I

(2)

�

+ O ( �

2

=�

2

) ;

I

(1)

:=

�

2 �

2

Z

�R

1

0

(1 � f

2

�

)(1 + f

2

�

) r dr ;

I

(2)

:=

�

2 �

2

Z

�

�R

1

(1 � f

2

�

)(1 + f

2

�

) r dr :

(3.9)

W e compute I

(1)

and I

(2)

. By (3.3)

I

(1)

=

�

2

Z

R

1

0

(1 � f f

1

( s ) g

2

)(1 + f f

1

( s ) g

2

) sds(3.10)
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whic h is indep enden t of � and � . On the other hand w e can compute

I

(2)

= �

Z

�

�R

1

f

1

�

2

(1 � f

2

�

)(1 + f

2

�

) = 2 g r dr

= �

Z

�

�R

1

1

�

2

(1 � f

�

)(1 + f

�

)(1 � �

2

= 2 r

2

+ O ( �

4

=r

4

)) r dr

= �

Z

�

�R

1

1

r

dr + �

Z

�

�R

1

O ( �

2

=r

3

) dr :

Th us

I

(2)

= � log � � � log � � � log R

1

+ O (1 =R

1

) + O ( �

2

=�

2

) :(3.11)

Using (3.10) and (3.11) in (3.9), w e obtain the desired (3.6).

4. An appro ximate solution. Giv en �

0

, set

Y := f y 2

^




m

: j y

( j )

� y

( k )

j � 2 �

0

; j 6= k ; dist( y

( j )

; @ 
) �

3

2

�

0

g :(4.1)

W e tak e �

0

small so that the set Y is nonempt y . Throughout this section, w e assume

that � ( � ) is a p ositiv e function satisfying

lim

� ! 0

� ( � ) = 0 ; lim

� ! 0

�

� ( � )

= 0 :(4.2)

W e note that Prop ositions 2.2, 3.1 in the previous t w o sections still hold for putting

� = 2 � ( � ).

Let � b e a function in C

1

( R ) satisfying

� ( s ) =

�

1 ; s � 0 ;

0 ; s � 1

and de�ne

�

�

( r ) := � ( r =� ( � ) � 1) :

Then

�

�

( r ) =

�

1 ; r � � ( � ) ;

0 ; 2 � ( � ) � r :

Set




� ( � )

= 
 n [

m

j =1

B

� ( � )

( y

( j )

) ; 


2 � ( � )

= 
 n [

m

j =1

B

2 � ( � )

( y

( j )

)(4.3)

and for y 2 Y de�ne a p ositiv e function with zeros at y = y

( j )

; 1 � j � m , as follo ws:

w

�

( x ; y ) :=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

g

�

:= 1 �

�

2

2

jr � j

2

; x 2 


2 � ( � )

;

g

�

+ �

( j )

�

( f

( j )

�

� g

�

) ; � ( � ) � j x � y

( j )

j � 2 � ( � ) ; 1 � j � m;

f

( j )

�

; x 2 B

� ( � )

( y

( j )

) ; 1 � j � m;

(4.4)
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where � = �( x ; y ) is de�ned b y (2.5) and

f

( j )

�

( x ) := f

�

( j x � y

( j )

j ) ; �

( j )

�

:= �

�

( j x � y

( j )

j ) :(4.5)

W e write

F ( u ) := � u +

1

�

2

(1 � j u j

2

) u:(4.6)

With u

h

= u

h

( x ; y ) in (2.6), de�ne

u

�

( x ; y ) := w

�

( x ; y ) u

h

( x ; y ) :(4.7)

Then

F ( u

�

) = [� w

�

+ f�jr � j

2

+

1

�

2

(1 � w

2

�

) g w

�

+ 2 i r w

�

� r �] u

h

:(4.8)

Here w e used (2.8) and

r u

h

= i ( r �) u

h

; jr u

h

j

2

= jr � j

2

; x 6= y

( j )

(1 � j � m ) :

Lemma 4.1. Ther e exist a c onstant C

1

> 0 and a smal l numb er �

1

> 0 such that

for � 2 (0 ; �

1

) ,

jF ( u

�

) j �

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

C

1

�

2

8

<

:

1 +

m

X

j =1

1

j x � y

( j )

j

4

9

=

;

; x 2 


2 � ( � )

;

C

1

�

1

j x � y

( j )

j

+

�

2

j x � y

( j )

j

4

�

; � ( � ) � j x � y

( j )

j � 2 � ( � ) ; 1 � j � m;

C

1

(

f

( j )

�

j x � y

( j )

j

+ j f

0

�

( j x � y

( j )

j ) j

)

; x 2 B

� ( � )

( y

( j )

) ; 1 � j � m:

(4.9)

Before pro ving this lemma, w e estimate L

1

-norm of F ( u

�

). Since

Z

� ( � )

0

j f

0

�

( r ) j r dr = �

Z

� ( � ) =�

0

d

ds

f

1

( s ) sds = O ( � ( � )) ;

and

Z

� ( � )

0

f

�

( r )

r

r dr � � ( � )

hold, b y (4.9) of Lemma 4.1 w e easily c hec k that there is a constan t C

1

> 0 suc h that

Z




� ( � )

jF ( u

�

) j dx � C

1

�

2

= ( � ( � ))

2

;

and

Z

B

� ( � )

( y

( j )

)

jF ( u

�

) j dx � C

1

� ( � ) ;



V OR TEX D YNAMICS F OR THE GINZBUR G-LAND A U EQUA TION 463

for eac h j . Moreo v er w e can similarly estimate the deriv ativ e of F ( u

�

) with resp ect

to y

( k )

p

to obtain

Z




�

�

�

�

�

@

@ y

( k )

p

F ( u

�

)

�

�

�

�

�

dx � C

1

max f log(1 =� ) ; �

2

=� ( � )

3

g :

Hence w e ha v e

Lemma 4.2. L et �

1

b e a numb er as in L emma 4 : 1 . Then ther e is a c onstant C

1

such that for � 2 (0 ; �

1

) ,

Z




jF ( u

�

) j dx � C

1

max f � ( � ) ; �

2

=� ( � )

2

g ;(4.10)

Z




�

�

�

�

�

@

@ y

( k )

p

F ( u

�

)

�

�

�

�

�

dx � C

1

max f log(1 =� ) ; �

2

=� ( � )

3

g :(4.11)

Pr o of of L emma 4.1 : Henceforth w e often simply write � for � ( � ) if there is no

confusion.

First w e c hec k

jr � j

2

� j

m

X

j =1

d

j

r

x

(Arg( x � y

( j )

) + ' ( x ; y

( j )

)) j

2

� C

1

8

<

:

1 +

m

X

j =1

1

j x � y

( j )

j

2

9

=

;

;(4.12)

j � jr � j

2

j � C

1

8

<

:

1 +

m

X

j =1

1

j x � y

( j )

j

4

9

=

;

;(4.13)

�

�

�

�

jr � j

2

�

1

j x � y

( j )

j

2

�

�

�

�

� C

1

8

<

:

1 +

m

X

j =1

1

j x � y

( j )

j

9

=

;

; x 2 B

�

( y

( j )

) :(4.14)

F or � � j x � y

( j )

j � 2 � , b y (3.4)

f

( j )

�

� g

�

=

�

2

2

( jr � j

2

� 1 = j x � y

( j )

j

2

) + O ( �

4

= j x � y

( j )

j

4

) ;

th us

j f

( j )

�

� g

�

j �

C

1

�

2

j x � y

( j )

j

; � � j x � y

( j )

j � 2 �:(4.15)

W e also see that

�jr � j

2

+

1

�

2

(1 � g

2

�

) = �

�

2

4

jr � j

2

; x 2 


2 �

;
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and

�jr � j

2

+

1

�

2

(1 � w

2

�

)

= �jr � j

2

+

1

�

2

(1 � g

2

�

) � �

( j )

�

(1 + g

�

)( f

( j )

�

� g

�

) =�

2

+ �

( j )

�

(1 � g

�

)( f

( j )

�

� g

�

) =�

2

� ( �

( j )

�

)

2

( f

( j )

�

� g

�

)

2

=�

2

; � � j x � y

( j )

j � 2 �;

from whic h

�

�

�

�

�jr � j

2

+

1

�

2

(1 � w

2

�

)

�

�

�

�

�

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

C

1

�

2

8

<

:

1 +

m

X

j =1

1

j x � y

( j )

j

4

9

=

;

; x 2 


2 �

;

C

1

�

1

j x � y

( j )

j

+

�

2

j x � y

( j )

j

4

�

;

� � j x � y

( j )

j � 2 �

(4.16)

follo ws. By (4.13) and (4.16), w e obtain

j � w

�

+ f�jr � j

2

+

1

�

2

(1 � w

2

�

) g w

�

j � C

1

�

2

8

<

:

1 +

m

X

j =1

1

j x � y

( j )

j

4

9

=

;

; x 2 


2 �

:(4.17)

Moreo v er com bining (4.16) with

j � w

�

j � j � g

�

j + j � �

( j )

�

jj f

( j )

�

� g

�

j + 2 jr �

( j )

�

jjr ( f

( j )

�

� g

�

) j + j �( f

( j )

�

� g

�

) j

�

C

1

�

2

j x � y

( j )

j

4

+

C

1

�

2

�

2

j x � y

( j )

j

+

C

1

�

2

� j x � y

( j )

j

2

+

C

1

�

2

j x � y

( j )

j

3

�

C

1

�

2

j x � y

( j )

j

4

; � � j x � y

( j )

j � 2 �;

w e get

j � w

�

+ f�jr � j

2

+

1

�

2

(1 � w

2

�

) g w

�

j � C

1

�

1

j x � y

( j )

j

+

�

2

j x � y

( j )

j

4

�

;(4.18)

for � � j x � y

( j )

j � 2 � .

On the other hand w e can compute

r w

�

� r � =

8

>

>

>

>

<

>

>

>

>

:

r g

�

� r � = �

�

2

2

r ( jr � j

2

) � r � ; x 2 


2 �

;

fr g

�

+ ( f

( j )

�

� g

�

) r �

( j )

�

+ �

( j )

�

r ( f

( j )

�

� g

�

) g � r � ;

� � j x � y

( j )

j � 2 �:

Th us w e obtain

jr w

�

� r � j � �

2

C

1

8

<

:

1 +

m

X

j =1

1

j x � y

( j )

j

4

9

=

;

; x 2 


2 �

:(4.19)
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F urthermore, with the aid of

r

x

j x � y

( j )

j � Arg

x

( x � y

( j )

) = 0

w e can sho w

jr �

( j )

�

� r � j � C

1

=�:

Hence w e ha v e

jr w

�

� r � j � C

1

�

�

2

j x � y

( j )

j

4

+

�

2

� j x � y

( j )

j

+

�

2

j x � y

( j )

j

3

�

�

C

1

�

2

j x � y

( j )

j

4

; � � j x � y

( j )

j � 2 �:

(4.20)

Finally w e compute

F ( u

�

) = f � f

( j )

�

� jr � j

2

f

( j )

�

+

1

�

2

(1 � ( f

( j )

�

)

2

) f

( j )

�

+ 2 i r f

( j )

�

� r � g e

i �

= �

��

jr � j

2

�

1

j x � y

( j )

j

2

�

f

( j )

�

+ 2 i r f

( j )

�

� r �

�

e

i �

; x 2 B

�

( y

( j )

) :

Since

r f

( j )

�

� r � = f

0

�

( j x � y

( j )

j )

x � y

( j )

j x � y

( j )

j

�

�

r � �

( x � y

( j )

)

?

j x � y

( j )

j

2

�

;

w e obtain

jF ( u

�

) j � C

1

f f

( j )

�

= j x � y

( j )

j + j f

0

�

( j x � y

( j )

j ) jg ; x 2 B

�

( y

( j )

) :(4.21)

In terms of (4.17) (4.18), (4.19), (4.20) and (4.21) w e get to the desired estimate (4.9).

Next w e sho w some estimates for deriv ativ es of the appro ximate solution for later

argumen ts. Let h u; v i denotes

h u; v i

L

2
= Re

Z




u ( x ) v ( x ) dx(4.22)

for u; v 2 L

2

(
; C ) . Recall that C is iden ti�ed with R

2

, therefore this is the inner

pro duct in L

2

(
; R

2

).

Lemma 4.3.

Z




�

�

�

�

�

@ u

�

@ y

( k )

p

�

�

�

�

�

dx = O (1) ;(4.23)

*

@ u

�

@ y

( k )

p

;

@ u

�

@ y

( j )

q

+

L

2

=

8

<

:

� log (1 =� ) + O (1) ; k = j and p = q ;

O (1) ; k 6= j or p 6= q ;

(4.24)
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and

Z




�

�

�

�

�

@

2

u

�

@ y

( k )

p

y

( j )

q

�

�

�

�

�

dx = O (log (1 =� )) ; 1 � k ; j � m; 1 � p; q � 2 :(4.25)

Pr o of. The estimate (4.23) is easily v eri�ed, therefore w e pro v e (4.24).

First w e write

*

@ u

�

@ y

( k )

p

;

@ u

�

@ y

( j )

q

+

L

2

=

Z




 

@ w

�

@ y

( k )

p

@ w

�

@ y

( j )

q

+ w

2

�

@ �

@ y

( k )

p

@ �

@ y

( j )

q

!

dx

Since

@ w

�

@ y

( k )

p

=

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

�

�

2

2

@

@ y

( k )

p

jr � j

2

; x 2 


2 �

;

�

�

2

2

@

@ y

( k )

p

jr � j

2

+

@

@ y

( k )

p

�

( j )

�

( f

( j )

�

� g

�

)

+ �

( j )

�

@

@ y

( k )

p

( f

( j )

�

� g

�

) ; � � j x � y

( j )

j � 2 �;

@

@ y

( k )

p

f

( j )

�

; x 2 B

�

( y

( j )

) ;

w e obtain

Z




�

�

�

�

�

@ w

�

@ y

( k )

p

�

�

�

�

�

2

dx � C

1

Z




�

�

4

j x � y

( j )

j

6

+

Z

B

�

( y

( k )

)

j f

0

�

( j x � y

( j )

j ) j

2

dx + O (1) :

Therefore from a simple computation w e can see

Z




�

�

�

�

�

@ w

�

@ y

( k )

p

�

�

�

�

�

2

dx = O (1) :(4.26)

W e also easily c hec k

Z




@ w

�

@ y

( k )

p

@ w

�

@ y

( j )

q

dx = O (1) :(4.27)

Next w e compute

Z




w

2

�

@ �

@ y

( k )

p

@ �

@ y

( j )

q

dx:

First consider the case for k = j and p = q = 1. Then

@ �

@ y

( k )

1

= d

k

(

�

( x

2

� y

( k )

2

)

j x � y

( k )

j

2

+

@

@ y

( k )

1

' ( x ; y

( k )

)

)

;
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b y whic h

Z




�

w

2

�

�

�

�

�

�

@ �

@ y

( k )

1

�

�

�

�

�

2

dx =

Z

2 �

0

Z

�

0

�

r

2

sin

2

�

r

4

r dr d� + O (1)

= � (log �

0

� log � ) + O (1) ;

and

Z

B

�

( y

( k )

)

( f

( k )

�

)

2

�

�

�

�

�

@ �

@ y

( k )

1

�

�

�

�

�

2

dx =

Z

2 �

0

Z

�

0

( f

�

( r ))

2

sin

2

�

r

dr d� + O (1)

= �

Z

�=�

0

( f

1

( s ))

2

s

ds + O (1)

= � (log � � log � ) + O (1) :

Th us recalling that � = � ( � ) satisfying (4.2) and �

0

is a �xed n um b er, w e obtain

Z




w

2

�

�

�

�

�

�

@ �

@ y

( k )

1

�

�

�

�

�

2

dx = � log(1 =� ) + O (1) :(4.28)

It follo ws from (4.26) and (4.28) that

Z




�

�

�

�

�

@ u

�

@ y

( k )

1

�

�

�

�

�

2

dx = � log (1 =� ) + O (1) :(4.29)

Similarly w e obtain the same estimate for k = j and p = q = 2.

Next w e consider the case for k = j and p 6= q . F or simplicit y , w e set p = 1 ; q = 2.

Then

@ �

@ y

( k )

1

@ �

@ y

( k )

2

=

� ( x

2

� y

( k )

2

)

j x � y

( k )

j

2

( x

1

� y

( k )

1

)

j x � y

( k )

j

2

+ O (1 = j x � y

( k )

j ) ; x � y

( k )

:

Because of

Z

B

�

( f

( k )

�

)

2

� ( x

2

� y

( k )

2

)

j x � y

( k )

j

2

( x

1

� y

( k )

1

)

j x � y

( k )

j

2

dx =

Z

2 �

0

Z

�

0

� sin � cos �

r

f

2

�

dr d� = 0 ;

one can easily c hec k

Z




w

2

�

@ �

@ y

( k )

1

@ �

@ y

( k )

2

= O (1) :(4.30)

As for the remaining cases, k 6= j , w e easily v erify

@ �

@ y

( k )

p

@ �

@ y

( j )

q

= O (1 = j x � y

( j )

j ) ; x � y

( j )

;

from whic h

Z




w

2

�

@ �

@ y

( k )

p

@ �

@ y

( j )

q

= O (1)

follo ws. This concludes the pro of of (4.24).

T o pro v e (4.25), w e rep eat the similar computations done for (4.24). W e lea v e it

to the readers.
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5. Energy for the appro ximate solution. The follo wing lemma in v olv es the

closeness b et w een the energy of u

�

and the renormalized energy V ( y ):

Lemma 5.1. L et E

�

( u ) b e the ener gy de�ne d by (1 : 3) . Assume (4 : 2) . Then for

smal l � > 0 , E

�

( u

�

( � ; y )) is C

1

in y and

E

�

( u

�

) = m� log(1 =� ) + C

0

+ V ( y ) + O ( � ( � )) + O ( �

2

=� ( � )

2

) :(5.1)

Mor e overy if �

2

=� ( � )

3

! 0 as � ! 0 , then

@

@ y

( j )

p

E

�

( u

�

) =

@

@ y

( j )

p

V ( y ) + O ( � ( � )) + O ( �

2

=� ( � )

3

) :(5.2)

holds.

Pr o of. Since the pro of of the former part is simple, w e fo cus on (5.2). F or

simplicit y of notation w e simply write � for � ( � ) again. Set

e

�

( u

�

) := jr w

�

j

2

+ w

2

�

jr u

h

j

2

+

1

2 �

2

(1 � w

2

�

)

2

:

Then

@

@ y

( j )

p

E

�

( u

�

) =

1

2

Z




@

@ y

( j )

p

e

�

( u

�

) dx

=

1

2

Z




�

@

@ y

( j )

p

e

�

( u

�

) dx +

1

2

m

X

k =1

Z

B

�

( y

( k )

)

@

@ y

( j )

p

e

�

( u

�

) dx:

W e write

e

�

( u

�

) = jr u

h

j

2

+ W

�

; x 2 


�

W

�

:= jr w

�

j

2

+ (1 � w

2

�

) f�jr u

h

j

2

+

1

2 �

2

(1 � w

2

�

) g ; x 2 


�

;

(5.3)

and

e

�

( u

�

) = jr f

( k )

�

j

2

+ ( f

( k )

�

)

2

jr u

h

j

2

+

1

2 �

2

(1 � ( f

( k )

�

)

2

))

2

= e

�

( f

( k )

�

e

i Arg ( x � y

( k )

)

) + jr u

h

j

2

�

1

j x � y

( k )

j

2

+ R

( k )

�

; x 2 B

�

( y

( k )

) ;

(5.4)

where w e put

R

( k )

�

:= (( f

( k )

�

)

2

� 1)

�

jr u

h

j

2

�

1

j x � y

( k )

j

2

�

:(5.5)

Note that

e

�

( f

( k )

�

e

i Arg ( x � y

( k )

)

) = jr f

( k )

�

j

2

+ ( f

( k )

�

)

2

= j x � y

( k )

j

2

+

1

2 �

2

(1 � ( f

( k )

�

)

2

)

2

:
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If w e pro v e

Z

B

�

( y

( k )

)

@

@ y

( j )

p

e

�

( f

( k )

�

e

i Arg ( x � y

( k )

)

) dx = 0 ;(5.6)

�

�

�

�

�

m

X

k =1

Z

B

�

( y

( k )

)

@

@ y

( j )

p

R

( k )

�

dx

�

�

�

�

�

= O ( �

2

=�

2

) + O ( � ) ;(5.7)

�

�

�

�

�

Z




�

@

@ y

( j )

p

W

�

dx

�

�

�

�

�

= O ( �

2

=�

3

) ;(5.8)

and

1

2

Z




�

@

@ y

( j )

p

jr u

h

j

2

dx +

1

2

m

X

k =1

Z

B

�

( y

( k )

)

@

@ y

( j )

p

�

jr u

h

j

2

�

1

j x � y

( k )

j

2

�

dx(5.9)

=

@

@ y

( j )

p

V ( y ) + O ( � ) ;

then it is clear that the desired (5.2) follo ws. Henceforth w e �x p = 1. F or p = 2 the

same computation w orks, so omit it.

First consider (5.6). It is trivial that it holds for k 6= j . F or k = j it follo ws from

Z

B

�

( y

( j )

)

@

@ y

( j )

1

e

�

( f

( j )

�

e

i Arg ( x � y

( j )

)

) dx

=

Z

B

�

( y

( j )

)

�

@

@ x

( j )

1

e

�

( f

( j )

�

e

i Arg ( x � y

( j )

)

) dx

=

Z

2 �

0

� fj f

0

�

( � ) j

2

+ f

�

( � )

2

=�

2

+

1

2 �

2

(1 � f

�

( � )

2

)

2

g � cos � d� = 0 :

Second w e pro v e (5.7). F or k 6= j ,

Z

B

�

( y

( k )

)

�

�

�

�

�

@ R

( k )

�

@ y

( j )

1

�

�

�

�

�

dx �

Z

B

�

( y

( k )

)

C

1

j x � y

( k )

j

dx = O ( � ) :

On the other hand for k = j w e need a more careful computation. Let

~

R

( j )

�

:= 2(( f

( j )

�

)

2

� 1)

X

`6 = j

r

x

log j x � y

( j )

j � r

x

S ( x; y

( ` )

) ;

^

R

( j )

�

:= R

( j )

�

�

~

R

( j )

�

:

(5.10)

Then w e easily see

@

@ y

( j )

1

~

R

( j )

�

= �

@

@ x

( j )

1

~

R

( j )

�

+ 2(( f

( j )

�

)

2

� 1)

X

`6 = j

r

x

log j x � y

( j )

j � r

x

@

@ x

( j )

1

S ( x; y

( ` )

) :

With the aid of this iden tit y w e compute

Z

B

�

( y

( j )

)

@

@ y

( j )

1

R

( j )

�

dx(5.11)
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=

Z

B

�

( y

( j )

)

�

@

@ x

( j )

1

~

R

( j )

�

dx + O ( � )

= 2

Z

2 �

0

8

<

:

( f

�

( � ))

2

� 1)

X

`6 = j

(cos � ; sin � ) � r

x

S ( y

( j )

+ �e

i�

)

9

=

;

d� + O ( � )

= O ( �

2

=�

2

) + O ( � )

(w e used (3.4)).

As for (5.8), w e v erify that leading terms of W

�

are as follo ws:

W

�

= C

1

m

X

k =1

�

�

4

j x � y

( k )

j

6

+

�

2

j x � y

( k )

j

4

�

+ � � � ; x 2 


�

:

Th us

�

�

�

�

�

@

@ y

( j )

1

W

�

�

�

�

�

�

�

C

1

�

2

j x � y

( j )

j

5

;

whic h yields (5.8).

Finally w e pro v e (5.9). Recall

jr u

h

j

2

=

m

X

j =1

m

X

` =1

r

x

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

)

(see (2.22)). W e obtain

@

@ y

( j )

1

jr u

h

j

2

= 2 r

x

@

@ y

( j )

1

G ( x; y

( j )

) � r

x

G ( x; y

( j )

)(5.12)

+2

X

`6 = j

d

j

d

`

r

x

@

@ y

( j )

1

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

) :

W e use the similar computation done in Lemma 2.3. In fact

1

2

Z




�

@

@ y

( j )

1

jr u

h

j

2

dx(5.13)

= �

m

X

k =1

Z

@ B

�

( y

( k )

)

@

@ y

( j )

1

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( j )

) d�

x

�

X

`6 = j

d

j

d

`

m

X

k =1

Z

@ B

�

( y

( k )

)

@

@ y

( j )

1

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�

x

;

where w e noticed

@

@ y

( j )

1

G ( x; y

( j )

) = 0 ; x 2 @ 
 :

Moreo v er since

Z

@ B

�

( y

( k )

)

@

@ y

( j )

1

log j x � y

( j )

j

@

@ �

x

log j x � y

( j )

j d�

x

= �

Z

2 �

0

cos �

�

d� = 0 ;
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w e ha v e

1

2

Z




�

@

@ y

( j )

1

jr u

h

j

2

dx(5.14)

= �

m

X

k =1

Z

@ B

�

( y

( k )

)

(

@

@ y

( j )

1

log j x � y

( j )

j

@

@ �

x

S ( x; y

( j )

) +

@

@ y

( j )

1

S ( x; y

( j )

)

@

@ �

x

G ( x; y

( j )

)

)

d�

x

�

m

X

k =1

X

`6 = j

d

j

d

`

Z

@ B

�

( y

( k )

)

@

@ y

( j )

1

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�

x

:

Similarly w e can compute

1

2

Z

B

�

( y

( j )

)

@

@ y

( j )

1

�

jr u

h

j

2

�

1

j x � y

( j )

j

2

�

dx = � 2 �

@

@ y

( j )

1

S ( y

( j )

; y

( j )

)(5.15)

+

Z

@ B

�

( y

( k )

)

(

@

@ y

( j )

1

log j x � y

( j )

j

@

@ �

x

S ( x; y

( j )

) +

@

@ y

( j )

1

S ( x; y

( j )

)

@

@ �

x

G ( x; y

( j )

)

)

d�

x

+

X

`6 = j

d

j

d

`

Z

j x � y

( j )

j = �

@

@ y

( j )

1

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�

x

:

On the other hand for k 6= j , b ecause of

@

@ y

( j )

1

�

jr u

h

j

2

�

1

j x � y

( j )

j

2

�

=

@

@ y

( j )

1

8

<

:

jr

x

G ( x; y

( j )

) j

2

+ 2

X

`6 = j

d

j

d

`

r

x

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

)

9

=

;

and considering jr

x

G ( x; y

( j )

) j

2

is smo oth in B

�

( y

( k )

), one can c hec k

1

2

Z

B

�

( y

( k )

)

@

@ y

( k )

1

�

jr u

h

j

2

�

1

j x � y

( j )

j

2

�

dx(5.16)

=

X

`6 = j

Z

B

�

( y

( k )

)

d

j

d

`

r

x

@

@ y

( j )

1

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

) dx + O ( � )

=

X

`6 = j

Z

@ B

�

( y

( k )

)

d

j

d

`

@

@ y

( j )

1

G ( x; y

( j )

)

@

@ �

x

G ( x; y

( ` )

) d�

x

� 2 � d

j

d

k

@

@ y

( j )

1

G ( y

( k )

; y

( j )

) + O ( � ) :

Com bining (5.15) with (5.16) yields

1

2

m

X

k =1

Z

B

�

( y

( k )

)

@

@ y

( k )

1

�

jr u

h

j

2

�

1

j x � y

( j )

j

2

�

dx(5.17)

=

Z

@ B

�

( y

( k )

)

(

@

@ y

( j )

1

log j x � y

( j )

j

@

@ �

x

S ( x; y

( j )

) +

@

@ y

( j )

1

S ( x; y

( j )

)

@

@ �

x

G ( x; y

( j )

)

)

d�

x

+

m

X

k =1

X

`6 = j

Z

@ B

�

( y

( k )

)

d

j

d

`

@

@ y

( j )

1

G ( x; y

( j )

) � r

x

G ( x; y

( ` )

) dx
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� 2 �

@

@ y

( j )

1

S ( y

( j )

; y

( j )

) � 2 �

X

k 6= j

d

j

d

k

@

@ y

( j )

1

G ( y

( k )

; y

( j )

) + O ( � )

Since

@

@ y

( j )

1

V ( y ) = � 2 �

@

@ y

( j )

1

S ( y

( j )

; y

( j )

) � 2 �

X

k 6= j

d

j

d

k

@

@ y

( j )

1

G ( y

( k )

; y

( j )

) ;

adding (5.14) to (5.17), w e obtain the desired result (5.9).

6. Dynamics for the v ortex solution. Giv en small �

0

> 0, w e let

Y

0

:= f y 2

^




m

: j y

( j )

� y

( k )

j >

5

2

�

0

; dist( y

( j )

; @ 
) > 2 �

0

g � Y(6.1)

( Y is de�ned b y (4.1)) and

M

�

:= f u = u

�

( � ; y ) : y 2 Y

0

g :(6.2)

W e denote a Banac h space of con tin uous functions b y

X := C

0

( 
 ; C ) with norm k u k

0

:= sup

x 2 


j u ( x ) j :(6.3)

Then M

�

is a 2 m -dimensional submanifold of X . W e discuss the dynamics of the

solution to (1.1) in a neigh b orho o d of the manifold M

�

. W e deriv e the motion la w

pro jected on M

�

. T o carry out it, w e b orro w the idea from x 2 of [7]. W e, ho w ev er,

need a more careful consideration b ecause our appro ximate solution is not so nice as

in [7 ], where their appro ximate solution has exp onen tially small error.

De�ne an op erator K

�

: Y

0

� X 7� ! R

2 m

b y

K

�

( y ; u ) = ( K

(1)

1

; K

(1)

2

; � � � ; K

( j )

1

; K

( j )

2

; � � � ; K

( m )

1

; K

( m )

2

) ;(6.4)

K

( j )

q

= K

( j )

q

( y ; u ) :=

*

u � u

�

( � ; y ) ;

@ u

�

@ y

( j )

q

( � ; y )

+

L

2

; q = 1 ; 2 :

Note that

K

�

( y ; u

�

( � ; y )) = 0 :

W e �rst sho w

Lemma 6.1. K

�

( y ; u ) is a C

1

function in ( y ; u ) and the derivative with r esp e ct

to y at ( y ; u ) = ( y ; u

�

( � ; y )) c an b e written as

@

@ y

K

�

( y ; u

�

( � ; y )) = � � log(1 =� ) I

�

; I

�

= I

2 m

+ O (1 = log(1 =� )) ;(6.5)

wher e I

2 m

is the 2 m � 2 m -identity matrix. Mor e over for any y

0

2 Y

0

,

�

�

�

�

@

@ y

K

�

( y ; u ) �

@

@ y

K

�

( y

0

; u

�

( � ; y

0

))

�

�

�

�

� C

1

f 1 + log(1 =� ) k u � u

�

( � ; y ) k

0

g(6.6)

holds.
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Pr o of. It is easy to see that K

�

( y ; u ) is C

1

. Since

@ K

( j )

q

@ y

( k )

p

( y ; u

�

( � ; y )) = �

*

@ u

�

@ y

( k )

p

( � ; y ) ;

@ u

�

@ y

( j )

q

( � ; y )

+

L

2

;

(6.5) immediately follo ws from (4.24) of Lemma 4.3. T o pro v e (6.6), w e use (4.25) in

addition to (4.24). In fact

@ K

( j )

q

@ y

( k )

p

( y ; u ) = �

*

@ u

�

@ y

( k )

p

( � ; y ) ;

@ u

�

@ y

( j )

q

( � ; y )

+

L

2

+

*

u � u

�

( � ; y ) ;

@

2

u

�

@ y

( k )

p

@ y

( j )

q

( � ; y )

+

L

2

:

Noticing that (4.24) holds for y and y

0

, w e easily get to (6.6) b y (4.24) and (4.25).

Next for arbitrarily giv en y

0

2 Y

0

, w e de�ne

H

�

( y ; u ) := y � A

�

( y

0

)

� 1

K

�

( y ; u ) ; A

�

( y

0

) :=

@

@ y

K

�

( y

0

; u

�

( � ; y

0

)) :(6.7)

Put

V

�

( y

0

) := f y 2 Y : j y � y

0

j � � g ; X

�

( y

0

) := f u 2 X : k u � u

�

( � ; y

0

) k

0

� � g :(6.8)

Then H

�

: V

�

( y

0

) � X

�

( y

0

) ! R

2 m

and

H

�

( y ; u ) = y , K

�

( y ; u ) = 0 ; H

�

( y

0

; u

�

( � ; y

0

)) = y

0

hold. W e pro v e that H

�

is a con traction mapping.

Lemma 6.2. Ther e exist smal l �

1

> 0 and �

1

> 0 such that if � 2 (0 ; �

1

) and

� 2 (0 ; �

1

) , for any y

0

2 Y

0

ther e exists an � = � ( y

0

; � ) > 0 for which the map H

�

of

(6 : 7) c arries V

�

( y

0

) � X

�

( y

0

) into V

�

( y

0

) and

jH

�

( y

1

; u ) � H

�

( y

2

; u ) j �

1

2

j y

1

� y

2

j ; y

j

2 V

�

( y

0

) ( j = 1 ; 2) :(6.9)

Pr o of. By the de�nition of H

�

w e can compute

jH

�

( y

1

; u ) � H

�

( y

2

; u ) j(6.10)

= j A

�

( y

0

)

� 1

f A

�

( y

0

)( y

1

� y

2

) � ( K

�

( y

1

; u ) � K

�

( y

2

; u )) gj

�

j I

� 1

�

j

op

� log(1 =� )

�

�

�

�

A

�

( y

0

) �

Z

1

0

@

@ y

K ( y

2

+ t ( y

1

� y

2

) ; u ) dt

�

�

�

�

op

j y

1

� y

2

j

where j � j

op

denotes the op erater norm for linear maps from R

2 m

in to itself. W e

estimate

�

�

�

�

A

�

( y

0

) �

Z

1

0

@

@ y

K ( y

2

+ t ( y

1

� y

2

) ; u ) dt

�

�

�

�

op

(6.11)

=

Z

1

0

�

�

�

�

@

@ y

K ( y

0

; u

�

( � ; y

0

)) �

@

@ y

K ( y

2

+ t ( y

1

� y

2

) ; u )

�

�

�

�

op

dt

� C

1

f 1 + (log

1

�

) k u � u

�

( � ;
~

y ) k

0

g

� C

1

[1 + (log

1

�

) fk u � u

�

( � ; y

0

) k

0

+ k u

�

( � ; y

0

) � u

�

( � ;
~

y ) k

0

g ] :
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where w e put
~

y = y

2

+ t ( y

1

� y

2

) and used (6.6) of Lemma 6.1. Let �

1

> 0 b e a

n um b er satisfying �

1

< � = 6 and tak e � = � ( y

0

; � ) so that

k u

�

( � ; y

0

) � u

�

( � ; y ) k

0

�

�

6

holds for j y � y

0

j < � ( y

0

; � ). Then inserting (6.11) in to (6.10) yields (6.9).

T o pro v e

H

�

: V

�

( y

0

) � X

�

( y

0

) 7� ! V

�

( y

0

) ;

w e notice

jH

�

( y ; u ) � y

0

j = jH

�

( y ; u ) � H

�

( y

0

; u

�

( � ; y

0

)) j �

1

2

j y � y

0

j �

1

2

� :

W e concluded the pro of.

By the ab o v e lemma, w e can use the uniform con traction mapping principle (see

Chap.1, 1.2.6 of [11 ]) to obtain the follo wing lemma:

Lemma 6.3. F or e ach u 2 X

�

( y

0

) ther e is a �xe d p oint of H

�

, y = y

�

( u ) 2 V

�

( y

0

)

such that y

�

( u ) is a C

1

function satisfying y

�

( u

�

( y

0

)) = y

0

, wher e � (= � ( y

0

; � )) is as

in L emma 6 : 2 .

W e can extend the function y

�

( u ) to the one de�ned in a neigh b orho o d of M

�

.

Lemma 6.4. L et Y b e as in (4 : 1) and �

1

b e a numb er as in L emma 6 : 2 . F or any

� 2 (0 ; �

1

) , de�ne

U

�

( M

�

) := f u 2 X : min

y 2 Y

0

k u � u

�

( � ; y ) k

0

< � g ;(6.12)

wher e M

�

is de�ne d by (6 : 2) . Then ther e is a C

1

mapping y

�

: U

�

( M

�

) ! Y such that

K

�

( y

�

( u ) ; u ) = 0 . Mor e over for u 2 U

�

( M

�

) , y

�

( u ) minimizes k u � u

�

( � ; y ) k

L

2

(
)

.

Pr o of. By virtue of the compactness of Y

0

and that �

1

can b e tak en uniformly

for y

0

2 Y

0

, the former assertion of the lemma immediately follo ws. T o pro v e the

latter part, put

� ( � ) := k u � u

�

( � ; y

�

( u ) + � ) k

2

L

2

(
)

:

Then one can easily v erify

@

@ �

� (0) = K

�

( y

�

( u ) ; u ) = 0 ;

and

@

2

@ �

( k )

p

@ �

( j )

q

� (0) = �

*

@ u

�

@ y

( k )

p

( � ; y

�

( u )) ;

@ u

�

@ y

( j )

q

( � ; y

�

( u ))

+

L

2

+

*

u � u

�

( � ; y

�

( u )) ;

@

2

u

�

@ y

( k )

p

@ y

( j )

q

( � ; y

�

( u ))

+

L

2

:
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By Lemma 4.3 there is a small �

1

> 0 suc h that if � 2 (0 ; �

1

), ev ery principal curv ature

of � ( � ) at � = 0 is p ositiv e for an y small � > 0. This pro v ed the lemma.

W e ha v e the main result on the dynamics of v ortex solutions.

Theorem 6.5. Assume that � ( � ) is a p ositive function satisfying

lim

� ! +0

� ( � ) = 0 ; lim

� ! +0

�

� ( � )

3 = 2

= 0 ;(6.13)

and that u

�

( x ; y ) ; y 2 Y ar e the functions de�ne d by (4 : 7) , wher e Y is as in (4 : 1) . L et

y

�

: U

�

( M

�

) ! Y b e a C

1

function app e aring in L emma 6 : 4 . If for a p ositive T > 0 ,

a solution u

�

( x; t ) of (1 : 1) in U

�

( M

�

) satis�es

k u

�

( � ; t ) � u

�

( � ; y

�

( u

�

( � ; t ))) k

0

= o ( � ) ; t 2 [0 ; T ] ;(6.14)

then ther e is a �

1

> 0 such that y = y

�

( u

�

( � ; t )) admits

log(1 =� )

d

dt

y = �

1

�

r V ( y ) + o (1) :(6.15)

Pr o of. F or simplicit y of notation, w e drop � in the solution u

�

( x; t ) and write

y ( t ) = y

�

( u ( � ; t )). W e also simply write h� ; �i for h� ; �i

L

2

. Lemma 6.4 tells that

K

�

( y ( t ) ; u ( � ; t )) = 0 ;

whic h implies

*

u ( � ; t ) � u

�

( � ; y ( t )) ;

@

@ y

( j )

q

u

�

( � ; y ( t ))

+

= 0 ; q = 1 ; 2 ; 1 � j � m:(6.16)

Di�eren tiating (6.16) with resp ect to t yields

*

u

t

�

X

p;k

@ u

�

@ y

( k )

p

_y

( k )

p

;

@ u

�

@ y

( j )

q

+

+

*

u ( � ; t ) � u

�

( � ; y ( t )) ;

X

p;k

@

2

u

�

@ y

( k )

p

@ y

( j )

q

_y

( k )

p

+

=

*

F ( u ( � ; t )) ;

@ u

�

@ y

( j )

q

+

�

X

p;k

(*

@ u

�

@ y

( k )

p

;

@ u

�

@ y

( j )

q

+

�

*

u ( � ; t ) � u

�

( � ; y ( t )) ;

@

2

u

�

@ y

( k )

p

@ y

( j )

q

+)

_y

( k )

p

= 0 ;

where _y = dy =dt . By putting

v

�

( x; t ) := u ( x; t ) � u

�

( x ; y ( t )) ;

w e obtain

X

p;k

(*

@ u

�

@ y

( k )

p

;

@ u

�

@ y

( j )

q

+

�

*

v

�

( � ; t ) ;

@

2

u

�

@ y

( k )

p

@ y

( j )

q

+)

_y

( k )

p

(6.17)

=

*

F ( u

�

+ v

�

( � ; t )) ;

@ u

�

@ y

( j )

q

+
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( u

�

= u

�

( � ; y ( t ))). W e write

F ( u

�

+ v

�

) = F ( u

�

) + L ( v

�

) + N ( v

�

)

L ( v

�

) := � v

�

+

1

�

2

(1 � j u

�

j

2

) v

�

�

2

�

2

Re( u

�

v

�

) u

�

;

N ( v

�

) :=

1

�

2

fj v

�

j

2

u

�

+ 2Re( u

�

v

�

) v

�

+ j v

�

j

2

v

�

g :

(6.18)

W e can easily v erify b y in tegration b y part that

*

F ( u

�

) ;

@ u

�

@ y

( j )

q

+

= �

1

2

Z




@

@ y

( j )

q

fjr u

�

j

2

+

1

2

(1 � j u

�

j

2

)

2

g dx + O ( �

2

)(6.19)

= �

@

@ y

( j )

q

E

�

( u

�

) + O ( �

2

) ;

*

L ( v

�

) ;

@ u

�

@ y

( j )

q

+

=

Z

@ 


@ v

�

@ �

@ u

�

@ y

( j )

q

d� �

Z

@ 


v

�

@

@ �

@ u

�

@ y

( j )

q

d� +

D

v

�

; L ( @ u

�

=@ y

( j )

q

)

E

:

Recall

@ v

�

@ �

= �

@ u

�

@ �

= O ( �

2

) ; x 2 @ 
 :

Moreo v er applying Lemmas 4.2 and 5.1, w e obtain

�

�

�

h v

�

; L ( @ u

�

=@ y

( j )

q

) i

�

�

�

=

�

�

�

�

�

*

v

�

;

@

@ y

( j )

q

F ( u

�

)

+

�

�

�

�

�

� C

1

max f log (1 =� ) ; �

2

=�

2

gk v

�

k

0

;

and

�

�

�

�

�

*

N ( v

�

) ;

@ u

�

@ y

( j )

q

+

�

�

�

�

�

� C

1

1

�

2

k v

�

k

2

0

:

Hence from the assumption (6.14)

*

F ( u

�

+ v

�

) ;

@ u

�

@ y

( j )

q

+

= �

@

@ y

( j )

q

E

�

( u

�

) + o (1)(6.20)

follo ws.

W e apply Lemma 4.3 to the left hand side of (6.17) and use (5.2) of Lemma 5.1

in (6.20) to obtain

log (1 =� ) _ y

( j )

q

= �

1

�

@

@ y

( j )

q

V ( y ) + o (1) ;(6.21)

whic h is the desired equation.
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