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VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION
WITH NEUMANN CONDITION

SHUICHI JIMBO* AND YOSHIHISA MORITAY

Abstract. We study the Ginzburg-Landau equation, us = Au+ (1/€2)(1 — |u|?)u,u = (u1, uz),
in a planar contractible domain with Neumann boundary condition, where e > 0 is a small parameter.
We construct a finite-dimensional manifold of a family of approximate solutions and consider the
dynamics near the manifold. If a solution lies in a sufficiently small neighborhood of the manifold,
we can derive the dynamics projected on the manifold. Then the equation describing this dynamics
provides a motion law of zeros to the approximate solutions and it approximates the dynamics of
zeros (called vortices) of the original solution.

1. Introduction. We devote to the Ginzburg-Landau equation in a bounded
domain Q of R? with the Neumann boundary condition:

1 .
(1.1) u = Au + 6—2(1 —|u)u=0, (z,t) € Qx(0,00),
(1.2) g _y (z,t) € 99 x (0, 0)
. al/ - b x? '/CX)'/

where u = (uy(z,t),uz(z,t))T, € is a small positive parameter and d/dv denotes the
outer normal derivative on the smooth boundary 9€Q). This equation is a gradient
equation of the following energy functional

(1.3) E.(u) = %/Q {|Vu|2 + %(1 - |u2)2} dx

in H'(Q; R?). Moreover the Euler equation of E.(u) is a system of elliptic equations
with the Neumann boundary condition

1 .
(1.4) Au+€—2(1—|u\2)u:07 z €,
ou
(1.5) = 0, x € 08,

whose solution gives an equilibrium state of (1.1). Throughout the paper we assume
that the domain €2 is contractible. We also allow the complex expression v = uy (z,t)+
iuy(z,t) for a solution u = (uy(z,t), us(z,1))" to (1.1).

Since a solution u(z,t) of (1.1) has two components, a vector field on 2 can be
defined by the solution for each time ¢ > 0 and the zero set of the solution at time
t is consist of discrete points in generic. Note that the degree of each zero y can
be defined by deg(y,dB,(y)), where B,(y) is a disk with a small radius p. Zeros
of the equation (1.1) (or (1.4)) are called vortices which play an important role for
characterizing some dynamical behavior of the solution (refer to the introduction of
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452 S. JIMBO AND Y. MORITA

[16]). Therefore the dynamics of vortices has been extensively studied by physicists
and mathematicians, for instance see [6], [12], [19], [20], [21], [22], [23], [26].
Among other things, as for the equation (1.1) with the Dirichlet boundary data

(1.6) u=g(z), z€d, |g|=1, deg(g;00)=d, deZ\{0}

(hereafter we assume d > 0 for simplicity of notation), elaborate results were proved by
Lin ([19, 20]) and Jerrard-Soner ([12]). They derived, taking a limit of a subsequence
€, — 0 after time scaling s = t/log(1/¢), a limit equation describing the motion law

of the vortices. If we let (a1, --,a4) be a configuration of the vortices, the limit
equation is written as
d 1
(1.7 —(a1, - -,aq) = ——grad W(a,...,ay),
ds m
where W (ay,...,aq) is the renormalized energy given by [2]. (Note that Rubinstein-

Sternberg [26] first showed rigorously that the scaling s = ¢/log(1/¢) works in the
study of vortex dynamics.)

On the other hand for the Neumann problem, (1.1)-(1.2), Lin [21] derived the
limit equation as done for the Dirichlet case by defining the renormalized energy ap-
propriately. Although the renormalized energy is not explicitly given there (except for
the special case, Q = {|z| < 1} and d=1), it suggests important dynamical properties
of vortices, for example, the annihilation of two vortices with opposite signs of degree.

To investigate the dynamics of the limit equation extensively, we need more infor-
mation on the limit equation. A recent study in [16] provides an explicit form of the
limit equation for the Neumann problem. In fact, after deriving the limit equation by
applying the argument of [12] to the Neumann case, we succeeded to rewrite it with
a Green function and Robin function of it. We present it here. Let the configuration
of m-vortices be denoted by

(y(l)(3)77y(m)(s)) € O™ = Qx---x Q.

Then the limit equation can be written as follows:

d .. . m . :
(18) -y =VS@Y) +23 dde V.GV ") =1, m),
k#j

where time s is scaled as in (1.7), d; (= 1 or — 1) denotes degree of the vortex y/),
G(z,y) is the Green function of A with Dirichlet condition and S(z) is the Robin
function of it. With the aid of this form some dynamical properties (existence or
nonexistence of equilibria, collision of vortices etc.) of the limit equation are also
shown in [16].

In this paper we study the dynamics of solutions to (1.1)-(1.2) for sufficiently small
but positive ¢ and show that the motion law of the vortices can be approximated by
the limit equation under an appropriate condition. In fact given positive pg > 0, we
construct a family of approximate solutions

U:UE(x;y)7 y:(y(1)77y(m))€Y7
(1.9)
Vi={yeQm: [yl —y®| >2p, j#k, dist(y"),09) > Zpo}.

Then we obtain a 2m-dimensional submanifold

Mo i={u=u(;y):yeY}
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in the space of continuous functions C°(Q;R?). We will prove that for a positive
function §(e) = o(e), there is a C' function y,(-) from the neighborhood of M,

UM.) = {u € COTBR?) ¢ u— el y)llgom < 3(e), € V)
into Y such that for a solution u(z,t) € U(M,), y(t) =y (u(-,t)) satisfies

1 0

*;Wv(y) +o(1),

d ..
1.1 log(1/€)—y¥) =
(1.10) og( /e)dty

(1.11) V(y) = —WZS(y(’“)) _ ”Z ZG(y(g‘%y(/ﬂ)).
k=1

k=1 j#k

Hence by scaling s = t/log(1/€), the leading term of this equation agrees with (1.8).
To obtain the above result, we need to verify

(1.12) E(uc(y)) = -7y _Su™) -7 > Gy, y") +o(1),
k=1 k=1 j#£k

0 0

(1.13) WEE(UE('-,?J)) = *W

V(y) + o(1).
In fact once we obtained these relations, we can derive the above motion law near the
manifold by applying the idea found in [7].

We note that one can find many papers on the dynamics of interfaces and spikes
for a class of reaction-diffusion equations including Allen-Cahn equation and Gierer-
Meinhardt equation (for instance see [1], [4], [9], [8], [10], and the references therein).
It is also interesting that a similar form of the energy (1.12) is addressed in [27],
where it is shown that a critical point of the energy gives a locus of spikes to a spike
solution. In many cases of the reaction-diffusion equations it can be proved that
normal direction of manifolds for approximate solutions possesses the attractivity;
thus the dynamics near the manifold is controlled by that on the manifold. Such
attractivity could be proved by solving eigenvalue problem of the linearized operator
at the approximate solutions or the comparison method for the scalar equation.

On the other hand for the Ginzburg-Landau equation it is not so easy to handle
the eigenvalue problem of the linearized operator for vortex solutions. Actually we
only have a few results for it (see [15], [23], [24]) and we can’t apply them to the
present case. Therefore we need to study further to prove that the solution remain
in a neighborhood of the manifold for a long time. Although the study developed in
this article is not complete for this reason, we believe that it would work in the future
study.

This paper is organized as follows. In §2 given prescribed distinct points y(), 1 <
j < m, we consider a harmonic map from Q \ {y(l),-~-7y(m)} into ! ¢ C with
Neumann condition. This map has singularity at each y¥). We compute the energy
of the map in a domain with holes around the points y),1 < j < m. On the other
hand in §3 we compute the energy of the symmetric vortex solution in a small disk
centered at the zero of the solution. In §4 and §5 we investigate an approximate
solution parametrized by {y(l)7 s y(m)}, which denote the locus of zeros, and obtain
(1.12) and (1.13). By combination of those results we derive (1.10)-(1.11) describing
the dynamics near the manifold of the approximate solution in §6.
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2. Energy of the harmonic map with singularity. Given p € Q, let p(z;p)
be a solution of

Az@ =0, z €,
2.1
(2.1) Dy
vy

= —(vg, Vi Arg(z — p)), =€ 09,

where (-,-) denotes the inner product of vectors in R2. Although Arg(z — p) is multi-
valued function with a singularity at @ = p, each representative satisfies

T — 1
22 Vohistep) = UEE = (e (),

In fact V, Arg(z — p) is well-defined as a single-valued vector function (see [17]). By
the condition

(2.3) /m%’ V. Arg(z — p))dS = 0,

(2.1) has a solution which is unique up to additive constants (see [16]).
We denote a disk with radius p centered at x = a by

B(a) := {|v - a| < p}.

and denote the degree of a function u = (ui(z),us(z))? around z = a hy
deg(u(-); 0B,(a)). Let

2.4) Q™ ={@", ..y eR™ YD e (1<j<m), y¥ £y® (G £k}

Given y = (y,...,y(™) € O™, define

(2.5) O(r:y) =D dy(Arg(e — y) + p(a:y"),
and
(2.6) up(2;y) = exp(iO(z;y)),

where d; = 1 or — 1. Note that d; = deg(up(z;y),0B,(y"7))). We easily check that

@:07 x € 09,

(2.7) div(VO) =0, z €z #yP(1<j<m), 5
14

‘ 4 0
(2.8) Aup + [Vup|>up =0, 7€ Q2 # y(’)(l <j<m), % =0, z €.
v
Hence uy, is a harmonic map from Q\ {y"),--- 4™} into S' C C, having singularity
at =y, j=1,... m.
We introduce the conjugate harmonic function S(z,p) to ¢(x;p). The Cauchy-
Riemann equation implies

(29) VmS(I./p)J‘ = Vzw(ﬂﬁ;p)-
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Then a solution to the elliptic equation
(2.10) A S =0, €0, S=—loglz —p|, =€

gives the conjugate harmonic function. Indeed it follows from the facts that the
domain is contractible and that the solution S = S(x, p) to (2.10) admits the boundary
condition

0 g1 _ (1 V,S) = (r(@=p) __(wm@-p") 0

v e PR
where 7 denotes the unit tangential vector on 0f2.
Set
(2.11) H(z,p) := Arg(z — p) + ¢(x:p).

Then we have the following lemma:

LEMMA 2.1. Given p € Q, define

(2.12) G(z,p) :=log|x — p| + S(z,p), x#p, €
Then
(2.13) V.G(z,p)t = V. H(z,p), z#p, €,
and with an appropriate additive constant to G(x,p),

A,G =0, z € Q\{p},
(2.14) G=0, x € 09Q,

G(z,p) ~logle —p[+ O(1), zmpx#p
hold, namely G(x,p) is the Green function of the Laplacian A with Dirichlet (zero)
boundary condition.
The next proposition is the main result of the present section.
PROPOSITION 2.2. Let p be a positive number satisfying

min |y -y},

1 :
in{> min dist(dQ.4@)). =
p < mln{2  fnin dist(0Q2, y"’), 31

J<

Set Q, :=Q '\ (U;ipr(y(j))) and

(2.15) By(w) =3 [ Van(asy) e

Then

(2.16) Ey(up) = —mmlogp +V(y) + O(p)

where

(2.17) V(y) :=—= zm: Sy yy — g zm: > didi Gy, y ™)
j=1 k=1 j#k

To prove this proposition we prepare two lemmas.

LEMMA 2.3.
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(i) Ey(up) in (2.15) satisfies

1 & ) :
Ew)= 531 [ Gl Glay s
k=1 (/9B (y™) Vg
(2.18)
/ N0
+ d'd[/ Gx.,y(j) Gx.,y(z) do p ,
St Gt Gl

where Z;,z denotes the summation over indices, 1 < 73,0 < m,j # k or { # k.
(ii) Define

1 . 1
2.19 F(k) ::—/ Vup|? — ——— | da.
( ) ’ 2 B/)(y“")) | Uh‘ ‘I 7y(k)‘2 !

Then

(220)  FM =-xS@u®,y®) — 1> dpd; Gy, y ™M)

7k

+l / S, y™) 0 log |z — y™®|do + Gz, y™) 0 S(x,y™)do

2 aBp(y(I.)) ’ 8l/m ’ 81/35 ’

/ L0

43 [ Gl )Gl o

sz: " on, w) vy
where Z;A is as in (i).

LEMMA 2.4. The identity
(2.21) Ey(up) + Y FP = —mrlogp+V(y)
k=1

holds.

Before proving Lemmas 2.3, 2.4, we prove Proposition 2.2 with the aid of Lemma 2.4.
Proof of Proposition 2.2 : We see that there is a positive constant such that

1
z —y M2

<G
e —y®|

|Vup|? — z € B,(y™),

where (' is independent of p. Therefore we obtain

/Bp(y“‘))

\Vuh|2 —

1
< 2nCh / —rdr =27Cip
0

1
v — ™I :

from which
[FM| < Cp

follows. Hence we obtain the assertion of the proposition by Lemma 2.4. 0
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Now we prove Lemmas 2.3 and 2.4 in the rest of this section. We first prove

Lemma 2.4.
Proof of Lemma 2.4 : We can verify

/ G2,y ™) 2 G(a,y™®)do
9B, (y! 61/13

L8 1 N 1
_ / <log o =y |5 Tog o =y + S(z,y™) 5 log |z — y ) do
9B, (y™) Va

Vy

s Gl oSy
9B, (y*) vy

= 27r10gp+/ S(x,y™) 0 log |z — y™®|do
9B, (y(*) Ovq

+/ G(x.,y(k))iS(:r,y(’“))da.
9B, (y(*) Ove
Here we computed

S, ,
/ 10g|x—y(l‘)|a—log\x—y(k)|d0 = /
9B, (y™*) Vo 0

Using (2.18),(2.19) and the above indentity, we obtain (2.21). O

3

27 lng

pdf = 27 log p.

Proof of Lemma 2.3: We first prove (2.18). Put
YU = d;(Arg(x — y9) + p(a,yD)).

Then

2
m m
1

1 i ‘ ‘
E,(up) = 5/ > V.| dr = 5/ SN V) vy Oda
Q2 |j=1 Qpj=1 =1
By Lemma 2.1 we have

Vo0 v = djdszG(x.,y(j)) . VIG(x.,y(Z)),

therefore

1 m m ]
222 Bym) =33 > s [ V.Glay) - V.Gl s

which agrees with (2.18).
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Next we prove (2.20). We put
‘ Fﬂgk) _ Jl(k) +J2(k)7

; 1 ;
=3[ T ) Vel ) £ Vel )
B, (y*

(2.23) 2

; 1 ;
B =3 [ (9.6 V)
. Bﬂ(y(k))

In terms of (2.2) and (2.9) we can write

N
TR = —/ {2V, log |z — y®W |-V, S(x,y™) + |V, S(x,y ")) |*}da
B, (y)

1
:—/ (V. log |z — y ™| - V.S (@, y™) + Vo Gz, y™) - Vo S(z,y®) ) de.
2) B, )

We easily check

y(k)\da

: : ; 1 N O
224) P = xs@®,y#) - / S(x,y™)
2 BB,,( ) ﬁyz

+/ G,y ™) 28w,y ®)do |
33/}( L)) 81@

Next we compute J2(k). Let

— Zw(]’)

J#k

Then
(2.25) S =1 / 2V V0™ 4 [V, 00 P de

2B, (™)

= 1/ Z2dkdszG(:r,y(k)) V.G (z,y9))de
®)) i
/ ZdeNny ) - VoG(x,y'9)dx
)) i#k 1k
Note that
(2.26) / VoG(z,y™) - V,.G(z,y")dx
B, (y(*)

! . 0 ’ ;
= —21G(y™, ) +/ 5 G(z,yM)G(x,y)do,
dB Vg

(2.27) / V.G(a,y™®) - V,G(x,yD)da / G2,y ™) 2 Gz, yP)do,
B, (y™) 9B, (yh) vy
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and for j,( # k,

(2.28) / V.G, y) - V.G, y©)dr / G2y )L G,y D) do
B, (y¥) 9B, (y™) vy

holds. Applying (2.26), (2.27) and (2.28) to (2.25) yields

3

(229) SV = 1 did; Gy, y W)
7k

1 N0
+= dvd/ G(z,y ) =—G(z,y")do
g2 didef Gy g Gry)

Adding (2.24) to (2.29), we obtain (2.20). O
REMARK 2.5. Recall that the function S(z) := S(z, z) is called a Robin function.

Hence in the expressions of (2.17) and (2.20) we can use this Robin function.

3. Energy of the symmetric vortex solution. We let fo(s) be a unique
solution to

d? 1d

1 2
pf"‘;@f—?f—f-(l—f)f—o, 0<s< oo,

(3.1)
f(0)=0, f(oo)=1, 0< f(s) <1 (0< s < 0).

It has the asymptotics such that for a sufficiently large number R; > 0,

52 foo(s):1—$—|—0(1/54)7 s> Ry,
3.2

foo(8) = a1s + O(s?), s < 1/Ry,
where a; is a positive constant (see [5] or [18]). Define
(3.3) fe(r) == foo(r/e)

Then i, = f.(r)e gives a symmetric vortex solution to

1 . .
Au+e—2(1—\u|2)u:0, TR
Note that by (3.2)
¢ 2 o
fe(r)y=1- Y] + O(e* /1),
2
(3.4) fl(r)y = 3 + O(e* 1), r > €eRy,
€2
fil(r) = — + O(e* /)
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("=d/dr, " = d?*/dr?). Given p > 0, define

1 _ 1 -
Ie(p) ::5/ {VUE|2+§(1UE2)2}dI.
B, (0)

Then we easily verify
P 12 1 2 1 2\2
(35) L) =7 [ SR+ 3£+ (0= 2P
0

PROPOSITION 3.1. Let Ry be as in (3.2) and let p satisfy
eR1 <p<1.
Then I.(p) of (3.5) admits
(36) I.(p) = nlog(1/e) + mlog p + Co + O(E/4?),

where Co = Co(Ry) is a constant independent of € and p.
Proof. Since f, satisfies

" 1 ! 1 1 2 _ _
(37) fe +;fefr_2fe+6_2(17fe)fﬁ—0, fe(O)_Ov
we obtain
° . 1 . 1 P oo . o,
(38) [+ prtar = < [T )+ 0@ ),

where we used

[rf =0 = pfi(p) fe(p) = O(*/p?)
(recall (3.4)). By virtue of (3.8)

L) =7 [0 7 + 5= 2P + 06 /)

— o [ g S+ 0 ).
0
Put
1(p) = 1) + 17 + O(¢ ),
(1) L 2 2
39) 1= [ )
@ .- " ["q 2
I T 2 (]' fe )(1 + fe )’I"d’l".
26 eR1

We compute (") and I?). By (3.3)

r [H
(3.10) e / (1= {fao (1)1 + {fools)}?)s1ls
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which is independent of € and p. On the other hand we can compute

L —— ERI{E%(l — )1+ £2)/2)rdr

= 7r/p %(1 —f)+ fO)(1 = €2)2r% + O(e* Jr*))rar

R, €

71 ! 2,3
=7 —dr+m O(e” /r)dr.

erR, T eRy

Thus
(3.11) I® = wlogp — wloge — wlog Ry + O(1/Ry) + O(e2/p?).

Using (3.10) and (3.11) in (3.9), we obtain the desired (3.6).

4. An approximate solution. Given pg, set
— A ¢ () — ) : ist(y) 3
1) YVi={y e Q" |y =y > 2p0, j# K, dist(y”, 0Q) > Fpo}.

We take pg small so that the set Y is nonempty. Throughout this section, we assume
that p(e€) is a positive function satisfying

. . €
(4.2) E11_1% p(e) =0, Ell_lr)% Eoh 0.

We note that Propositions 2.2; 3.1 in the previous two sections still hold for putting

p=2p(e).
Let x be a function in C*°(R) satisfying

w={y 5}
and define
Xe(r) == x(r/p(e) — 1).
Then
v ={ g 5,
Set
(4.3) Do) = QNUL Booy (D), Qape) = Q\NUL Bay(o) (y19)

and for y € Y define a positive function with zeros at y =y, 1 < j < m, as follows:
€ 9
[/ ::1—5|VG)‘ s $€Q2p(e)7

4.4) we(z;y) = j j ; .
A we@y) =9 0 DD gy ple) <o -y < 2p(e), 1<) <m,

F9, 7 € ByoyY), 1<j<m,
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where @ = O(x;y) is defined by (2.5) and

(45) FO @)= Flle =y, A = v — ).
We write
1
(4.6) Flu) := Au + 6—2(1 — |ul*)u.

With uj, = up(x;y) in (2.6), define

(4.7) ue(z;y) = we(z: Y)un(z:y).
Then
(4.8) Flu.) = [Aw, + {—|VO|* + ;2(1 —w?)}w, + 2iVw, - VOuy,.

Here we used (2.8) and

Vu, =i(VO)uy, |Vuy?>=|VO]2,  z#y" (1<j<m).

LEMMA 4.1. There exist a constant C7 > 0 and a small number e; > 0 such that
for e € (0,¢1),

. - 1
Clez{l—kzlm}, JCEQQP(E),
Jj=

1 2 )
[Fludl < § ¢ b p(0) <z —yD[ < 2p(e), 1< <m,
|z =y o=y

7 - . .
Cr§ gy + 1fllx —y Do, 2 €By(y?), 1<j<m.
=y

(4.9)

Before proving this lemma, we estimate L'-norm of F(u,). Since

(€) (e)/e
[ e =e [T 2 pasds = 0060,

and

[ 5 < o

r

hold, by (4.9) of Lemma 4.1 we easily check that there is a constant C; > 0 such that
[ 1wl < e
)

and

[ 1wl < Cupto)
By (¥7)
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for each j. Moreover we can similarly estimate the derivative of F(u.) with respect

(k)
J

to yp ~ to obtain

9 Fu

- dr < Oy max{log(1/e),€?/p(e)?}.
Ay
P

Hence we have

LEMMA 4.2. Let €1 be a number as in Lemma 4.1. Then there is a constant Cq
such that for e € (0,€1),

(4.10) | 1P < Cymax{p(e). ¢ /p(e),
0 2 3
(4.11) /Q m}—(ue) dx < Cy max{log(1/e),e*/p(e)° }.

Proof of Lemma 4.1 : Henceforth we often simply write p for p(e) if there is no
confusion.
First we check

IVOI? < | > d;Va(Arg(a — yD) + p(a;y9))) 2

j=1
- 1
(4.12) <Ci{l+ JZ:; iz — y0)|2
. = 1
2 e
(4.13) IAIVO? < ¢y 1+Z P—IT
Jj=1
(4.14) |ve\2—; <Oy 1+§:¥ z € B,(y")
' |z —y@[2] = — |z —y W[ [ ’ '
]:

For p < |z —yW| < 2p, by (3.4)
2 .
19 = ge = S(VOP =1/ =y P) + O/l =y,
thus
0162

(4.15) If9 — gl < ——, p<lz—yV <2
=y

We also see that

1 €2
V0P + (1 g2) =~ TIVOR, remy,
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and
. 1 .
—‘V®|Z + 6_2(1 — ’LUf)
1 . _
=-|Ve + == 92) =X+ g)(f9 — go) /€

(1 =g (f9 = g0/ = () (F9 =g [, p <o =y < 2p,

from which

m 1
2
Cre2 {1+ 2 o, € Oy,
=

1 €2
C . .
1{|xw> i zy<]>|4}’

follows. By (4.13) and (4.16), we obtain

1
(4.16) |—|VO* + S0~ w?)| <

1 < 1
2 2 2
(4.17)  |Awe+{-|VO| —|—62(1—w6)}w6\ <Cref 1+ El Ty [ x € Q.
iz

Moreover combining (4.16) with
1Aw,| < [Ag] + AN — g | + 2DV (D — gl + 1A — g0

< 0162 + 0162 + 0162 + 0162
Tyt e =y ple —yD P e =y

Cl 62

va PS‘-T*y(j)|§2ﬂv

we get

, 1 : 1 <
2 2

for p < |z —yV)| < 2p.
On the other hand we can compute

2
Vg, VO = f%que\?) VO, €0,

Vw, - VO = ‘ ‘ , ,
(Vo + (9 = g0V + X9 (19 = go)

Thus we obtain

. - 1
2
(4.19) |Vw, -VO| <e“Cr ¢ 1+ El 7‘$_y(j)|4 ,
iz



VORTEX DYNAMICS FOR THE GINZBURG-LANDAU EQUATION 465
Furthermore, with the aid of
Velz =y Arg, (z —yY)) =0
we can show
vy - Vel < Ci/p.

Hence we have

Vuw,-VO| <C € _,_€< 4, ¢
wo0) f = e O 7 ple —y O T o=y O3
20
Ce? )
Sm-, p<lz—y?|<2p

Finally we compute

Flu) ={Af7 —VOPY + 51— (1)) + 2V 1Y) - VO}e’

. 1 ) . ) . |
Since

— g — Nt
D) .v6 = f(le -y ==Y [ge_ E=y)"
VfE V@—fe(|x Yy D|I*y(j)| {VG |I*y(j)|2 ’

we obtain
(4.21)  |F(u) < O {f e~y D[+ [fl(|z —y DD}, 2 € B,(y).

In terms of (4.17) (4.18), (4.19), (4.20) and (4.21) we get to the desired estimate (4.9).
d

Next we show some estimates for derivatives of the approximate solution for later
arguments. Let (u,v) denotes

(4.22) (u,v) 2 = Re/ﬂu(x)mdx

for u,v € L%(;C). Recall that C is identified with R?, therefore this is the inner
product in L?(Q;R?).

LEMMA 4.3.
Jdu
(4.23) / |z _ o,
a |ays"
(4.24) <% %> - wlog(l/e) + O(1), k=7 and p=gq,
oy oy [, | o), ktiorpta
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and

(4.25) /Q

Proof. The estimate (4.23) is easily verified, therefore we prove (4.24).
First we write

Ju, Ou, ﬁwe ﬁwe , 00 00
W a Ftwe—m o | ¢
Oyp ' Oyq L2 8y 3y Ayp’ Oyq

GRTR
(4)

— | dr=0(log(1/e)), 1<k, j<m, 1<pqg<2
ay( )y
P q

Since
2
€
— |v@\2 x € Qyp,
2 5yz() ’
2 o , ,
_e + YD (D) = g0)
1\4 k € €
owe 2 gy, ay"”
oyl R :
+x5])a w9 =g, p<lz—yP <2,
Yp
a .
(7) z € B,(yY),
ays" ’
we obtain

ow,

2

64 . .
: dxgc/ 7_+/ f1(jx =y 2dz + 0(1).
8y£k) 1 0, ‘I* (])|6 B,,(y(k))‘ ‘ | ‘

Y

J

Therefore from a simple computation we can see

2
(4.26) / % dz = O(1).
Q | Jyy
We also easily check
(4.27) / awf O e dr = O(1),
o ayl") oy

Next we compute
/ 86 00
w dx
Q 3yp ayq
First consider the case for k = j and p = ¢ = 1. Then

90 (02— 0 "
— =d{ - 2+ ——p(z;yM)) ¢,
8y(k) { |z — y(")|2 8y£k)

1
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by which
2
27 PO .2 o3.2
/we2 8_(3 dx :/ / r Slil 9rdrd9+0(1)
Q, 8y§ ) 0 P r
= n(log po —log p) + O(1),
and
00 [ 2 o in? 6
/ (fN? | — dx:/ /(ﬁ(ﬂ)2 drdf + O(1)
B, (y*) 83/5 ) o Jo r
/e 2
:71'/ o504 0q1)
0 S

= m(logp —loge) + O(1).
Thus recalling that p = p(e€) satisfying (4.2) and pq is a fixed number, we obtain

(4.28) / w?
Q
It follows from (4.26) and (4.28) that

(4.20) /Q 2

dx = mlog(1l/e) + O(1).
Similarly we obtain the same estimate for £k = 7 and p = ¢ = 2.
Next we consider the case for k = j and p # ¢. For simplicity, we set p = 1,q = 2.
Then

dx = mlog(1/e) + O(1).

00
8y(k)

1

Oou,
oy,

00 90 — (22— y") (@ — 91" " A
- 5 = = L~ +0(1/]z —y™)), x ey,
oy oy e =y o =y O
Because of

(k) (k) 2m p :
e — (@2 =y ) (@1 -y )d :/ / —sinfcost o, 0 g
/B () o=y @ e —y@ TS, r fedr 7

P

one can easily check

(4.30) /wf%% = 0(1).
Q Oy’ Oy,

As for the remaining cases, k # j, we easily verify

00 00 , .
WT:O(UW—?JU)\% zmyY,
Ayp* yq

/wS 82» 82) = o)
Q Oy’ Jyq

follows. This concludes the proof of (4.24).
To prove (4.25), we repeat the similar computations done for (4.24). We leave it
to the readers. O

from which
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5. Energy for the approximate solution. The following lemma involves the
closeness between the energy of u. and the renormalized energy V(y):

LEMMA 5.1. Let E.(u) be the energy defined by (1.3). Assume (4.2). Then for
small € >0, E.(u.(:;y)) is C! iny and

(5.1) E.(u.) = mrlog(1/e) + Co + V(y) + O(p()) + O(e*/p(e)2).

Moreovery if € /p(e)® — 0 as € — 0, then

9] 0 ‘
(5.2) S B ) = =7V () + 0(p(e)) + O /p(e)?).
Oyp oYy
holds.
Proof. Since the proof of the former part is simple, we focus on (5.2). For

simplicity of notation we simply write p for p(e) again. Set

. . . 1 o\
ec(ue) == |Vw|? + w?|Vup|* + ﬁ(l —w?)?.

Then
0 1 0
TEe(ue) = 5/ Tee(ue)dax
Oyyp Q Yy
1/ 0 R )
== | ——=e(u)dr+ = / ——ec(u.)dz.
2Ja, 8y 2; B, (y) Dy
We write
ec(ue) = [Vup|? + W, xz €8,
(5.3) 1
W, = |Vw|? + (1 — w?){—|Vun|* + P(l —w?)}, z€ Q,,
and

i) = VIO + GO Va4 5y (1 (10))?

(5.4)
0 iAra(s_d 1 , 1
= e A 4 [V oy + Y € By,
where we put
) ’ 1
(5.5) RM = ((fM)? —1) {Vuh|2 - m} :

Note that

2 i R0 ' ' ' 1 '
e (F e ATEED) = (02 (F0)2 o — y B2 4+ (1 (£,
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If we prove
(5.6) / ieﬁ(f(’ﬂeiAfg(z*y‘“))dx =0,
B,y dys) ’
- 9 o
5.7 — —RWdz| = 0(?/p*) + O
a 2 3
» yp
and
1 G, . 1 G, . 1
5.9 ~ | ——|Vu|*dz + = / —.{V,Zi}d
(5.9) 2-/9,,8%(})' up|“dx 2}; Bl)(y(“)ayz()j) |Vup| EEIGIE x
9
=—=V(y) + O(p),
ayy)

then it is clear that the desired (5.2) follows. Henceforth we fix p = 1. For p = 2 the
same computation works, so omit it.
First consider (5.6). It is trivial that it holds for k # j. For k = j it follows from

/ %ee(fﬁ(j)eiArg(m’ym))dx
B,(y0) yy’

(4
L1

- / —ijee(fe(j)eiArg(z’ym))dx
B,y O

= [ AP + 26157 + 550 £ bpcosds =

Second we prove (5.7). For k # j,

dzx < Lﬂdm = O(p).
, |z —y®)|
B,(y*) By(y™) Y

On the other hand for £ = 5 we need a more careful computation. Let

oRr"
ayt)

RO = 2((f7)? = )Y _Valogle —yP| - V.S (w.y),
(5.10) 77

RY .~ R _ R,
Then we easily see

d = o e : 9
——RY = - ——RY 1 2((f)* - 1) Y V,loglz — yI| - Vo —=S(z,y").
aygj) axgj) Py axgj)

With the aid of this identity we compute

9 .
(5.11) / TREJ)CZI
B,(y) Jy;
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RYdz + O(p)

/ B
B,y Ozl

=2 [ () - DY (cosbsin) - V.S + pe) § a0+ O
0 #j

= 0(e/p*) + O(p)
(we used (3.4)).

As for (5.8), we verify that leading terms of W, are as follows:

e et €2
Wezclz{xy(k)|6+Iy(k)|4}+-~-7 z€N,.
k=1
Thus
8 0162
ayy) ‘x—y(j)|57

which yields (5.8).
Finally we prove (5.9). Recall

|vuhu|2 = Z szG(x7y(])) : sz(x7y(é))

j=11=1

(see (2.22)). We obtain

a . .
(5.12) quh\? =2V, G(z,y) - V,G(z,y?)
Y1

9
oyt

0 )
+22djd4vzma(x., YY) VLG (x,y").
0] Y

We use the similar computation done in Lemma 2.3. In fact

1 0
(5.13) —/ T|Vuh|2dx
2/, aylj

m

0

) .
=— — G,y =—GC(z,y)do,
; /aBFW)) ay\” vy

m 0 o0
“Sdyds / 9 G, y)-2G(r.y")do,
; ,; 2B, (y+) Ay’ v

where we noticed

Moreover since

27
. . 0

/ L]ng,y(J)|i10g|x,y(J)|daz :7/ cosf g o,

aBl)(y(k}) ayg‘]) a’/w 0 p
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we have

1 9] .
(514) —/ T|VU}1‘2d$
2 Q, aylj

0 5, 0 ; 0 a0 ‘
=— ——log |z — y Sz, yDy + —=S(z,y ) =—GC(z,y) } do,
S/ { o o8~ o) ¢ () Gl

k=1 1

0 o0
*sz d// TG(I’y(]))aym G(z,y")do,.

k=1 (2] *)) Qyy

Similarly we can compute

1 8 1 0 , ,
(5.15) _/ {|V1 W% — 7} dz = —2r——S(yD,y))
2/, 5) Oy} [z — y ]2 ayt)

1

0 NG, ; 0 NG, 4
+ ——log |z — y D |=—8(z,y") + —=8(x,y")=—GC(z,y") } do,
/ BFW{ 5,7 10812 9508w a) + o5 S(a ) Gl )

0 0
+Z djd[/ G(x Yy =—G(z,y"Y)do,.
i#£] lz—y@)|= Pay Ova

On the other hand for k # j, because of

0 { 5 1 }
ay” Vel z—yW)|?

0 {|v G,y +2) d;d,V.G(a,y")) - sz(x.,y“))}

8 § L#£5

and considering |V, G(z,y))[? is smooth in B,(y*)), one can check

1 ) 1
5.16 - % V- —— Y4
(5.16) 2/;3((*')8y§‘“){| o x—y“”} !

_Z/ ddN ya G(x,y") - V,.G(z,y?)dz + O(p)

t5 7 Boly™ 1

N0
E dp—— (4) ()
= /BB ) (j)G($uy )6U$G(x 'Y )daz
l#£] Y1

0
ay(j)

1

—27d;dy, Gy® 4Dy + 0(p).

Combining (5.15) with (5.16) yields
1
2
(5.17) Z/ S0 {Vuh| m}dm
0 N, 0 ; 0 G ,
= ——log |z — yD|=—S8(x,y) + —=5(z,yV)=—GC(x,y?) } do,
~/E)B Ly () {6y§]) | |8um ( ) oy ( )aym ( )

S [ Gl G

k=1 (#£]
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9 g () 4 0) 9 k) ()
21 —5Syy )*Qﬂzdjdk«WG(y y77) + O(p)
Oyy k#j 9y;

Since

0 0 N 0 ,
—V(y) = —2r——=8(yW, y)) - QNZdjdk—.G(y(k).,y(j)),
aygj) Byy) k#j Byy)

adding (5.14) to (5.17), we obtain the desired result (5.9). O

6. Dynamics for the vortex solution. Given small py > 0, we let
(6.1) Yo :={yeQm : [y —y®| > gpo, dist(y),00) > 2pp} C Y
(Y is defined by (4.1)) and
(6.2) M, = {u=u(y) : yeYolh
We denote a Banach space of continuous functions by

(6.3) X :=C%Q;C)  with norm ||ul|o := sup |u(x)].
z€Q

Then M, is a 2m-dimensional submanifold of X. We discuss the dynamics of the
solution to (1.1) in a neighborhood of the manifold M.. We derive the motion law
projected on M,. To carry out it, we borrow the idea from §2 of [7]. We, however,
need a more careful consideration because our approximate solution is not so nice as
in [7], where their approximate solution has exponentially small error.

Define an operator K, : Yy x X — R?™ by

64)  K(y,u) = (K" K,

Note that

Rye(yfue('u y)) =0.
We first show

LEMMA 6.1. K (y,u) is a C! function in (y,u) and the derivative with respect
toy at (y,u) = (y,u.(;y)) can be written as

(6.5) %Ke(we(-;y)) — rlog(1/L, I = Iy +O(1/log(1/€),

where Iy, is the 2m x 2m-identity matriz. Moreover for any y, € Yo,

(6.6) %Az(w) - %I«'e<yo,ue<~7yo>> < Co{1 +1og(1/6)Ju — ue- ) o}

holds.
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Proof. It is easy to see that K (y,u) is C'. Since
K Ju, ou,
—7 W ue(5y)) = - <W(-,y)7 —-(ny)> 7
Ayp dyp L2

(6.5) immediately follows from (4.24) of Lemma 4.3. To prove (6.6), we use (4.25) in
addition to (4.24). In fact

oK O O 02,
—(y7u):— —(/y)v—(vy) + U*Tl,e(',y)./%('7y) .
ay," ay," dys) 12 ayy" oyy” 12

Noticing that (4.24) holds for y and y,, we easily get to (6.6) by (4.24) and (4.25). O

Next for arbitrarily given y, € Yy, we define
g a .
(6.7) He(y,u) =y — Ac(yo) 1AE(y,u)7 Ac(yo) == %AE(yOvUE(HyO))'

Put
(6.8) Vilyo) :={y €Y :ly—yol <n}, Xs(yo) :={ue X: [lu—uc-,yo)llo <0}
Then H, : V,(y,) x Xs(yo) = R*™ and
He(y,u) =y & K (y,u) =0, He(Yo, ue(-,90)) = Yo
hold. We prove that H, is a contraction mapping.
LEMMA 6.2. There exist small 61 > 0 and e1 > 0 such that if § € (0,61) and

€ (0,€1), for any y, € Yo there exists an n = n(yy,€) > 0 for which the map H. of

(6.7) carries Viy(yo) x X5(yq) into Viy(y,) and
1 .

(69) |He(y17u‘) - He(y2vu)‘ S §|y1 - yQ‘v yj € Vn(yo) (] = 172)

Proof. By the definition of H, we can compute

(6.10) [He(yr,u) = He(yz,u )\
= [Ac(yo) " {AYo) (Y1 — y2) — (Ke(yy,u) — Ke(yy,u))}
M op /
t(y Y, ), u)dt — Y.
< oa(1/0) gy W2+t —y2) ) Op\yl Yo
where | - |,, denotes the operater norm for linear maps from R*™ into itself. We
estimate
o)
(6.11) o) [ 5K s+ s ).
o %Y op
/1 O ot )) — e K (g, + 1y, — y2)ow)| i
= -_— s Uel -, - A - U
0 ay 0 0 ay 2 1 2 o

§0ﬂ1+wglmu—mt”mﬂ

< i1 + (log = ){Ilu—ue(,yo)lloJrllue( o) = ue(-Y)llo}]-
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where we put § = y, + t(y, — y,) and used (6.6) of Lemma 6.1. Let §; > 0 be a
number satisfying §; < 7/6 and take n = n(y,, €) so that

m
lue(y0) —ucy)llo < =

-6
holds for |y — yo| < n(yg,€). Then inserting (6.11) into (6.10) yields (6.9).
To prove
He: Vilyo) x Xs(yo) — Va(yo).
we notice

1 1
‘He(yvu) - y0| = ‘He(yvu‘) 7%E(y07u6(.;y0))| S §|y 7y0| S 577

We concluded the proof. O

By the above lemma, we can use the uniform contraction mapping principle (see
Chap.1, 1.2.6 of [11]) to obtain the following lemma:

LEMMA 6.3. For each u € X;(yq) there is a fized point of He, y = y.(u) € V;(y)
such that y_(u) is a C' function satisfying y.(uc(yy)) = yq, where n(= n(yq, €)) is as
in Lemma 6.2.

We can extend the function y,(u) to the one defined in a neighborhood of M..

LEMMA 6.4. LetY be as in (4.1) and d1 be a number as in Lemma 6.2. For any
0 € (0,61), define

(6.12) Us(Me):={u e X : min |Ju—uc(y)llo <},
Yyevy

where M. is defined by (6.2). Then there is a C* mapping y. : Us(M.) — Y such that
K (y.(u),u) = 0. Moreover for u € Us(M.), y (u) minimizes [[u — uc(-;y)| L2(0)-

Proof. By virtue of the compactness of Y; and that §; can be taken uniformly
for y, € Yy, the former assertion of the lemma immediately follows. To prove the
latter part, put

a(€) = |lu —ue(iy.(u) + )l 2(q)-

Then one can easily verify

and
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By Lemma 4.3 there is a small §; > 0 such that if § € (0, d;), every principal curvature
of a(€) at € = 0 is positive for any small € > 0. This proved the lemma. O
We have the main result on the dynamics of vortex solutions.

THEOREM 6.5. Assume that p(€) is a positive function satisfying

(6.13) Jmple) =0, lim Zo =

b

and that u.(z;y),y € Y are the functions defined by (4.7), where Y is as in (4.1). Let
Yy, :Us(M.) =Y be a C' function appearing in Lemma 6.4. If for a positive T > 0,
a solution u(z,t) of (1.1) in Us(M.) satisfies

(6.14) w5 8) —ue(5y (w (- 0)llo = o(e).  t€[0,T],

then there is a €; > 0 such that y =y (u(-,t)) admits

(6.15) log(l/e)%y = —%VV(y) +o(1).

Proof. For simplicity of notation, we drop € in the solution u¢(x,t) and write
y(t) =y (u(-,t)). We also simply write (-,-) for (-,-) ;2. Lemma 6.4 tells that

which implies

(6.16) <U(~-,t)ue(-;y(t)) avue(~;y(t))>= ;o q=12 1<j<m,

oy

Differentiating (6.16) with respect to ¢ yields

Oue .y Oue Pue
<Ut - ZWZ/; ), W> + <U('7t) - Ue(ﬁy(t)%ZWy,g )>

p,k 9Yp q p,k 9Yp OYq

odu,

Ou. Ou 0%u
> W) - u(-,t)—ue(~;y(t)),%’>}y<k>:07
>y {<8y§f‘) 3y§”> < ayPayD [ |77

where y = dy/dt. By putting

’Ue(l‘7t) = u(xvt) - ue(x;y(t))7

we obtain

du.  Ou 0*u
(L AN A
7 W\ oyl oy oy oy [ ]

ou,
= ( Flue +ve(-, 1)), :
< et e ayy>>
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Flue +ve) = F(ue) + L(ve) + N(ve)

1 2
L(ve) = Ave + 6—2(1 - ‘Ue‘2)ve - e_zRe(uEU_E)uf’

(6.18)
1

N(ve) = S{|v?uc + 2Re(u ;) ve + v >0}
€

We can easily verify by integration by part that

ou 1 0 . 1 o .
(6.19) { Flue), —— ) = ——/ ——{|Vu® + = (1 = |ue?)?Ydx + O(€?)
8y§j) 2 Qayéj) | 2 Jue )™}
0
= ———FE.(u.) + O(?),
ayy”
ou v, Ou 0 Ju -
L(ve), —= ) = - < daf/ Ve ——do + (v, L(Oue 6y(]) .
< v 5y§”> o0 O dyf)) oo OV gy (v 10104
Recall
ove  Ou. N
ay—faU—O(e), x € 0.

Moreover applying Lemmas 4.2 and 5.1, we obtain

< Cy max{log(1/6),¢*/p} [vell.

(ve,ﬁ(aue/ayy)))‘ = ‘<UE7%T(UE)>

and

Hence from the assumption (6.14)

Oou, ad
(6.20) <}—(ue+vﬁ)7w> = fWEE(uE)+o(1)
9yq 9yq

follows.
We apply Lemma 4.3 to the left hand side of (6.17) and use (5.2) of Lemma 5.1
in (6.20) to obtain

(6.21) log(l/e)yéj) -

which is the desired equation. O
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