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tion-di�usion systems. In order to understand spatio-temporal patterns arising in di�using medium, rea
tion-di�usion (RD) equation mod-els have been dis
ussed not only in applied s
ien
es but also in mathemati
s: In mostappli
ations, the models are simply des
ribed byUt = D�U + F (U) t0; x 2 
;(1-1)where U = (u1; u2; � � � ; uN), D is the diagonal di�usion matrix with elements fdigwhere di is non-negative 
onsasnt (i = 1; 2; � � � ; N). 
 is a bounded domain in Rn. �is the Lapla
ian operator in Rn. F (U) = (F1(U); F2(U); � � � ; FN (U)). In the absen
eof the rea
tion terms F (U), (1-1) is de
oupled so that ea
h of the variables redu
esto the heat equation for a s
alar unknown uut = d�u t0; x 2 
:(1-2)For a fundamental result on (1-1) with the Neumann boundary 
onditions, we have thefollowing result: Suppose that there is a 
ompa
t positively invariant set S su
h thatU(0; x) is in S for any x 2 
. Then any solution U(t; x) tends to be asymptoti
allyhomogeneous if the di�usion matrix D is suitably large[1℄.This result is intuitively obvious, be
ause the dynami
s of solutions is dominantlygoverned by large di�usion. It indi
ates that the asymptoti
 behavior of solutions of(1-1) 
an be known by the analysis of the 
orresponding ODEsUt = F (U) t0:(1-3)Therefore, the essential problem of (1-1) should be the 
ase when D is not ne
essarilylarge. Along this line, let us �rst 
onsider the s
alar 
ase (N = 1) of (1-1), that isut = d�u+ f(u) t0; x 2 
:(1-4)Some qualitative properties of solutions of (1-4) with the Neumann boundary 
ondi-tion are known as follows:(i) Stable attra
tors 
onsist only of equilibrium solutions only[2℄;(ii) When the domain 
 is 
onvex, any non-
onstant equilibrium solutions areunstable, even if they possibly exist[3℄,[4℄;(iii) There are some non-
onvex domain 
 and f(u) su
h that there are stablenon-
onstant equilibrium solutions[4℄.�Department of Mathemati
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498 M. MIMURAThe results of (i) and (ii) indi
ate that if 
 is restri
ted to be 
onvex, any boundedsolution of (1-4) generi
ally approa
hes one of the stable spatially 
onstant equilibriumsolutions whi
h are given by stable 
rti
al points of the di�usinless equation of (1-4)ut = f(u) t0:(1-5)This result also seems to be obvious, be
ause the equation (1-4) is still a di�usionequation. For this reason, it had long believed that RD systems of the form (1-1) areless interesting from the viewpoints of qualitative properties of solutions, 
omparingwith other types of PDEs in
lding the Navier-Stokes equation, MHD equations andso on.1.1. Paradox of di�usion. In 1952, two surprising paradoxi
al eviden
es of"di�usion" were demonstrated by using RD models. The �rst 
ontributor is a mathe-mati
ian, A. Turing[5℄ who stated that di�usion enhan
es spatial inhomogeneities. Inorder to show this paradox, he proposed a one-dimensional rea
tion-di�usion systemfor two unknowns (a; i)(t; x) in the interval Iat = daaxx + f(a; i)it = diixx + g(a; i); t0; x 2 I(1-6)where a and i are the 
on
entrations of 
hemi
al spe
ies, whi
h play arole of an a
ti-vator and its inhibitor, respe
tively. Both spe
ies are di�usive. For the inetera
tionof a and i, f and g are spe
i�ed by the follwing ansatz:(a1) A
tivator in
reases in an auto
atalyti
 way;(a2) A
tivator produ
es Inhbitor at the same time;(a3) Inhibitor inhibits the in
reasing of A
tivator.One spe
i�
 form of thefun
tions f and g to in
lude the intera
tion (a1)�(a3) isf(a; i) = a(1� a)(a� a0)� Ig(a; i) = a� pi+ q;(1-7)where a0 (0 < a0 < 1), p (p0) and q are all 
onstants. Turing's 
laim is that If Inhibitordi�uses mu
h faster than A
tivator does (da < di), then spatial inhomogeneites of aand i is enhan
ed by di�usion. The mathemati
al tool is the instability argument onthe spatially 
onstant equilibrium solution of (1-6).The se
ond 
ontributors are two neurophysilogists, A. L. Hodgkin and A. F.Huxley. They observed in experiments that nerve impulse propagates with 
onstantshape and 
onstant speed along the axon, as if it were a pulse wave. In 1952, theyproposed a PDE model of the squid axon whi
h des
ribes ex
itation and propagationof the impulse. It is given by the following single RD equation supplemented withthree ODEs: Vt = dVxx + f(V;m; n; h);mt = M(m;V )ht = H(h; V )nt = N(n; V );(1-8)



DYNAMICS OF PATTERNS AND INTERFACES 499where V is the membrane potential and m;h and n are 
ondu
tan
e variables. Thenonlinearities f;M;H and N are suitable fun
tional forms (see[6℄). In those days,it had not been believed that di�usion equations 
ould generate su
h propagatingwaves. However, it was numeri
ally demonstrated that the system (1-8) generated atravelling pulse, whi
h 
ould predi
t a wave form of the normal propagating impulseand its velo
ity in good agreement with experimental measurements.Around 10 years later, FitzHugh[7℄ and independently Nagumo[8℄ derived a sim-pli�ed version of the H-H equation without loosing qualitative by essential propertiesof solutions. It is des
ribed byut = duxx + u(1� u)(u� a)� vvt = "�1(u� pv + q);(1-9)where u 
orresponds to the membrane potential V and " is a small positive 
onstant.(1-9) is 
alled the FitzHugh-Nagumo (FHN) equation. Here we emphasize that (1-6)with (1-7) and (1-9) are exa
tly the same nonlinear forms in a sense that u and v playa role of a
tivator and its inhivitor, respe
tively.We thus �nd that two paradoxes of di�usion su
h as(i) Di�usion enhan
es spatial inhomogeneity;(ii) Di�usion 
auses a lo
alized pulse wave whi
h moves with 
on-stant velo
ity
an be explained by the two 
omponent a
tivator-inhibitor RD systems.Therefore, I would like to say that RD systems were born in 1952 from patternformation viewpoints. Sin
e then, RD systems of the form (1-1) have been dis
ussednot only in applied s
ien
es but also in mathemati
s. Espe
ially, One main problemon (1-1) is to understand what kind of unexpe
ted patterns 
an be generated by theinterplay of di�usion and rea
tion. In this le
ture, we restri
t ourselves to a spe
ial
lass of RD systems and 
onsider this problem.2. Resour
e-
onsumer RD systems. Among several 
lasses of RD systemsfrom pattern formation viewpoints, we will dis
uss a 
lass of systems whi
h des
ribethe intera
tion between "
onsumer" and "its resour
e" su
h as ba
teria-nutirient and
ombustion-
hemi
al rea
tant. They are generally of the formut = du�u+ h(u)f(v)vt = dv�v � h(u)f(v); t0; x 2 
(2-1)where u and v denote respe
tively the densities of a 
onsumer and its resour
e.h(u)f(v) is the growth term of the 
onsumer, where f(v) and h(u) are respe
tivelypositive fun
tions with v and u. One easily noti
es that u is always 
osumed, while valways grows. One typi
al feature of this system is that it has the same nonlinearityh(u)f(v) is in
luded so that there is the balan
e law of the total density of u and v.(2-1) may be slightly modi�ed asut = du�u+ h(u)f(v)� 
uvt = dv�v � h(u)f(v); t0; x 2 
(2-2)where 
 is the death ( or removal ) rate whi
h is a positive 
onstant. We will introdu
esome models whi
h are des
ribed by (2-1) or (2-2).



500 M. MIMURA2.1. A di�usion model of ba
terial 
olonies. The diversity and 
omplexityof spatio-temporal patterns arising in biologi
al systems often take pla
e through theintertwinement of 
omplex biologi
al fa
tors and environmental 
onditions. Intensiveinvestigations have shown that the growth of ba
terial 
olonies produ
es various 
om-plex patterns, depending on the spe
ies and environmental 
onditions. For instan
e,the ba
terial spe
ies 
alled Ba
illus subtilis is known to exhibit qualitatively di�erenttwo-dimensional 
olony patterns as a result of growth and 
ell division on the surfa
eof thin agar plates by feeding on nutrients[9℄(Fig. 1). Colony patterns 
hange drasti-
ally when the 
on
entrations of agar and nutrient, say Ca and Cn, are globally varied.They are 
lassi�ed qualitatively into �ve types, ea
h of whi
h is observed in the re-gions labeled A - E in the (Ca; C�1n ) -plane. In the region A (hard agar medium withpoor nutrient), 
olony patterns exhibit tip-splitting growth with 
hara
teristi
allybran
hed stru
tures(Fig. 2). These patterns are similar to those observed in di�u-sion limited pro
esses in solidi�
ation from a supersaturated solution, solidi�
ationfrom an under
ooled liquid, and ele
tro-
hemi
al deposition. Also, the stru
tures are
learly reminis
ent of two-dimensional di�usion-limited aggregation (DLA) 
lusters,whi
h 
an be generated by a simple parti
le model for randomly bran
hed patternsgrown through di�usion-limited pro
esses. In
reasing Cn with high �xed Ca values(
orresponding to the 
hange from the region A to B), the bran
h thi
kness of the
olony in
reases gradually and 
olony patterns eventually be
ome Eden-like. For highCn and low Ca (soft agar medium with ri
h nutrient) in the region D, 
olony pat-terns drasti
ally 
hange to be spread homogeneously, whi
h look ma
ros
opi
ally likea perfe
t disk. It is likely that the movement of ba
terial 
ells inside a 
olony 
an bedes
ribed in terms of di�usion, and there is no mi
ros
opi
 bran
hing at all. In theregion E, between the regions A and D, there emerge 
olony patterns 
learly remi-nis
ent of the so-
alled dense-bran
hing morphology (DBM). Though the bran
hingis very dense, the advan
ing envelope looks 
hara
teristi
ally smooth 
ompared withDLA-like 
olonies in the region A. Finally, in the region C, between the regions Band D, 
olonies spread and rest alternately, leaving stationary 
on
entri
 ring-likepatterns. The above experimental observations lead to the following naive question:Is the diversity of 
olony patterns observed in experiments 
aused bydi�erent e�e
ts or governed by the same underlying me
hanisms?For modelling of ba
terial 
olonies, RD equation models for nutrient-limitedgrowth of ba
teria have been proposed. Let b(t; x); n(t; x) be the population den-sity of ba
terial 
ells and the 
on
entration of nutrients at time t and position x. The�rst model is des
ribed bybt = d�b+ !g(n)b;nt = �n� g(n)b; t0; x 2 
(2-3)where g(n) is the growth rate[20℄. A simple form is the Malthusian rate g(n) = n. !is the 
onversion rate of growth. Without loss of generality, we may put ! = 1. Theinitial 
onditions to (2-3) areb(0; x) = b0(x);n(0; x) = n0; t0; x 2 �
(2-4)where, from the biologi
al requirement, b0(x) is a delta fun
tion-like distribution ofthe initial density of the ba
teria and n0 is the initial 
on
entration of nutrient whi
h
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e. We remark that Ca and Cn 
orrespond to d�1 andn0, respe
tively. When d�1 and n0 are globally varied, what kind of patterns do theproblem (2-3), (2-4) generate ? It is numeri
ally shown that the resulting patternof (2-3), (2-4) exhibit two 
ases, depending on the values of n0 only: One is theextin
tion of ba
teria for small n0 and the other is that 
olony expands uniformly,taking a disk shape, for large n0. This pattern is similar to the one in the region D.In order to modify the model (2-3), we propose a phenomenologi
al time-spa
e
ontinuum model for the density of ba
terial 
ells and the 
on
entration of nutrientat the ma
ros
opi
 level[10℄. The essential ansatz in our modelling is the introdu
tionof the internal state in ea
h 
ell, so that if this state variable is in
reasing, then theba
teria a
tively move, grow and perform 
ell-division, while if it is de
reasing, thenit does nothing at all. In order to model this situation in a simple way, we assumethat the ba
terial 
ells 
onsist of two types; a
tive 
ells and ina
tive ones. In fa
t, agroup of a
tively moving 
ells 
learly are observed in the tip of ea
h growing �ngerin the region E, as if they were a �nger nail. They seem to drive the growth of the�nger tip, leaving ina
tive 
ells behind. Let b(t; x) and w(t; x) be the densities of thea
tive and ina
tive 
ells, respe
tively, (hen
e the sum b(t; x) + w(t; x) is the densityof total ba
terial 
ells) and n(t; x) be the 
on
entration of nutrients. The model forb; n and w is given bybt = r(drb) + nb� a(b; n)b;nt = �n� nbwt = a(b; n)b; t0; x 2 
(2-5)where d = d(k) is the ratio of the di�usion rates of the ba
terial 
ells and the nutrient.Here k is the parameter 
orresponding to the inverse of the agar 
on
entration. Wemake a plausible assumption that d(k) is monotone in
reasing with k. Here we takea simple form of d(k) is d(k) = d0k for some positive
onstant d0. The rate of 
hangefrom the a
tive 
ells to the ina
tive ones is a(b; n), whi
h has to be spe
i�ed andis 
aused by the me
hanism of the internal state. We negle
t the rate of 
hangefrom the ina
tive 
ells to the a
tive ones, be
ause it is observed that on
e a
tive 
ellsbe
ome ina
tive, they never be
ome a
tive again unless food is added arti�
ially. It isplausible that a(:; n) de
reases with an in
rease in nutrient 
on
entration n. However,the dependen
y of the a
tive 
ell population b on a(b; :) is un
lear. We observe that ifthe 
ell population b be
omes quite small, ea
h 
ell is not very a
tive. It is thereforeassumed that a(b; :) is a de
reasing fun
tion of b. Hereafter for 
on
reteness andsimpli
ity, we adopt the fun
tional form a(b; n) = a0(1+ b)�1(1+n)�1 with 
onstanta0. It should be stressed, however, that this parti
ular form is not essential to our
on
lusion below, and other fun
tions whi
h de
rease with b and n well work as well.The �rst two equations of (2-5) are 
losed for b and n, so, the unknown variable w
an be obtained in terms of them.The initial and boundary 
onditions for (2-5) areb(0; x) = b0(x);n(0; x) = n0;w(0; x) = 0; t0; x 2 
(2-6)



502 M. MIMURAwhere b0(x) is a delta fun
tion-like distribution of the initial 
on
entration of the a
tive
ells, and n0 is the initial 
on
entration of nutrient whi
h is distributed uniformly inspa
e and �b�� = �n�� = 0 t0; x 2 �
:(2-7)We note that the parameters (n0; k) in the model (2-5), (2-6) 
orrespond to (Cn; C�1a )in the experiments. We �rst show the result on asymptotit
 behavior of solutions of(2-5)�(2-7).Theorem 1. Consider the problem (2-5)�(2-7). There is some 
onstant n10and some fun
tion w1(x) � 0 su
h thatlimt!1(n; b; w)(t; x) = (u1; 0; w1(x)):This thorem implies that u and v be
ome spatially homogeneous asymptoti
ally.From a biologi
al viewpoint, we needs to know the spatio-temporal behavior of thetotal ba
terial 
ells b + w. We therefore �nd limt!1(b + w)(t; x) = w1(x). Itindi
ates that what we should know is the spatial pro�le of w1(x). However, wehave not yet provide any analyti
al method for this problem, so that we have torelay on numeri
al pro
edures. Let us numeri
ally 
onsider (2-5) � (2-7) in two-dimensions. For quite small n0 and k (hard and poor environment), it is shown thatb(t; x) 
onsists of many spots, ea
h of whi
h splits into two smaller ones as timegoes on. This pro
ess implies the tip-splitting phenomenon. The resulting pattern ofv + w exhbits DLA-like stru
utre(Fig. 3). In
reasing d with approximately the samevalue of n0, the pattern 
hanges to a DBM-like one. On the other hand, for large kand n0 (soft and ri
h environment), b exhibits an expanding ring pattern where nounstable me
hanism o

urs so that the pattern of b + w simply forms an expandingdisk whi
h is similar to the ones in region D. If k is de
reasing with �xed large n0,a pattern of growth and no growth o

ur alternately and the ever-expanding diskpattern 
hanges to an immobilized 
on
entri
-ring pattern. In spite of the simpli
ityof the system, one �nds that the model (2-5)�(2-7) reprodu
es four of the di�erentpatterns 
orresponding to those in the regions A, C, D, and E, depending on values ofk and n0. Thus, summarizing the above results, our rea
tion-di�usion model exhibitsthe phase diagram of 
olony patterns ex
ept fro the region B.For Eden-like patterns in the region B (hard agar medium with ri
h nutrient),experimental observations indi
ate that ba
terial 
ells hardly move, but 
ells growmoderately be
ause of an adequate supply of nutrient, so that the resulting 
olonypattern expands due to a me
hanism di�erent from the others. In order to modelthis situation, we have to repla
e d(k) with a ba
terial population-dependent di�usionterm d = d1k(b+w) with positive 
onstant d1. The resulting modi�ed system exhibitsEden-like pattern.We thus �nd that a simple RD system model (2-9) 
an reprodu
e �ve di�erenttypes of patterns whi
h seem to be similar the ones observed in experiments whenthe parameters are varied globally. Here it should be emphasized that patterns areformed by the ina
tive 
ells w, whi
h re
ord the history of the a
tive 
ells u.2.2. Auto
atalyti
 rea
tion-di�usion model. Motivated by the ba
terial
olony model, we 
onsider the following auto
atalyti
 
hemi
al rea
tion pro
esses:



DYNAMICS OF PATTERNS AND INTERFACES 503mV + U ! (m+ 1)VnV !W;where m and n are positive intergers. Let u; v and w be the 
on
entrations of thespe
ies U; V and W . Although this system does not possess resour
e-
onsumer inter-a
tion, the model 
an be des
ribed byut = du�u� uvmvt = dv�v + uvm � avn; t0; x 2 
;(2-8)where du and dv are di�usion rates of the 
hemi
al spe
ies u and v, respe
tively anda is a positive 
onstant. However, When m = 2 and n = 1, (2-8) is 
alled the Gray-S
ott model without feed pro
ess[11℄. If the spe
ies W is immobile, it is analogous tothe ina
tive 
ells in ba
terial 
olony model so that the 
on
entration of W , say w, issimply given by wt = av t0; x 2 �
:(2-9)The boundary 
onditions are�u�� = �v�� = 0 t0; x 2 �
;(2-10)where � is the outerward normal unit ve
tor on the boundary �
. In a similar wayto (2-6), the initial 
onditions areu(0; x) = u00; v(0; x) = v0(x) � 0; w(0; x) � 0 x 2 
:(2-11)The �rst implies that the initial rea
tant of u is uniformly distributed in the vessel 
.Be
ause of no feeding pro
ess, we may say that (2-8) falls into the framework of 
losedsystems, whi
h are quite di�erent from open systems (3-12) with feeding pro
ess. One
ould expe
t that any 
losed systems do not generally exhibit any spatial patternsasymptoti
ally. This expe
tation is true for the problem (2-8) � (2-11). The result isshown as follows:Theorem 2[12℄. Consider the problem (2-8), (2-10), (2-11).(i) For n � m, limt!1(u(t; x); v(t; x)) = (0; 0);(ii) For n < m, there is some 
onstant u10, depending on both u0 and v0(x),su
h thatlimt!1(u(t; x); v(t; x)) = (u1; 0).By this theorem, we had 
o
luded that the problem (2-8), (2-10), (2-11) is lessinteresting from patttern formation viewpoints. However, we address teh followingquestion: how is the behavior of the thrid variable w whi
h is given byw(t; x) = a Z t u(s; x)ds; t0; x 2 
;(2-12)



504 M. MIMURAthat is, the time-history of u. It is also proved that there is an equlibirium state su
hthat limt!1w(t; x) = w1(x) � 0:(2-13)However, we do not obtain any information on the spatial patterns of w1(x). Takingd and u0 as free parameters, we numeri
ally 
onsider the behavior of solutions (u; v; w)to the problem (2-8)�(2-11) with m = 2 and n = 1 in a re
tangular domain. When dand u0 are both suitably large, v(t; x) exhibits a ring pattern whi
h expands uniformlyand the 
orresponding w(t; x) exhibits an expanding disk-like pattern. As d and u0de
reases, the ring pattern of v is no more persist so that it splits into several pie
es ofspots and ea
h small spot moves outerward, splitting into two smaller spots, and theresulting w(t; x) exhibits a bran
hed pattern. It is interesting that splitting pro
essof one spot into two in v implies that tip-splitting of bran
hes in w. Of 
ourse, afterlarge time, as was noted before, all of the spots dissapear but the history of v, that is,w 
learly re
ords a pattern with bran
hed stru
ture. As d de
reases further, keepingu0 �xed, splitting of spots in v o

urs very irregularly and the resulting bran
hedpattern of w bo
omes more 
omplex and exhibits a DLA-like ones(Fig. 4). Finally,when d and u0 are small, v does neither grow nor split and fades out and w forms asmall patterns with sparse �ngers.The above numeri
al results indi
ate that even if v be
omes extin
tion after largetime, w given by (2-9) exhibits very 
omplexspatial pattern. In ordert to analyzeit, we need the information of the whole time-histroy of v. One noti
es that thisis the similar phenomenon to the ba
terial 
olny patterns. Quite re
ently it hasbeen reported that similar 
omplex patterns to the aboves also appear in 
ombustionunder mi
rogravity. Unfortunately, any analyti
 methods have not been developed toundeerstand this problem. This is a future study for us.3. Competition-di�usion systems and singular limits. Understandingof spatial and/or temporal behaviors of e
ologi
ally intera
ting spe
ies is a 
entralproblem in population e
ology. As for 
ompetitive intera
tion of e
ologi
al spe
ies,problems of 
oexisten
e and ex
lusion have been theoreti
ally investigated by usingdi�erent types of mathemati
al models. Espe
ially, a variety of RD equations havebeen proposed to study spatial segregation of 
ompeting spe
ies. Quite re
ently,in order to understand the evolutional behavior of spatially segregating regions of
ompeting spe
ies, the methods whi
h are 
alled spatial segregation limits have beensu

essfully developed. These enable us to derive evolutional equations des
ribing theboundaries of spatially segregating patterns of 
ompeting spe
ies. In some situations,the derived equations are des
ribed by new types of free boundary problems.As a well known model in mathemati
al e
ology, we are 
on
erned with a RDsystem of Gause-Lotka-Volterra type. Let ui(t; x) be the population density of thei-th spe
ies Ui (i = 1; 2; � � � ; N) at time t0 and the position x 2 
, where 
 is abounded domain in R2. The resulting system for ui (i = 1; 2; � � � ; N) is given byuit = di�ui + fi(u1; u2; � � � ; uN ) (i = 1; 2; � � � ; N) t0; x 2 
:(3-1)Here di is the di�usion rate of ui and fi = (ri �PNi;j=1 aijuj)ui, where ri is theintrinsi
 growth rate, aii and aij are respe
tively the intraspe
i�
 and the interspe
�
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ompetition rates (i; j = 1; 2; � � � ; N) . All of the rates are positive 
onstants. Weimpose the zero-
ux boundary 
onditions to (3-1)�ui�� = 0 (i = 1; 2; � � � ; n) t0; x 2 �
;(3-2)where � is the outerward normal unit ve
tor on �
. The initial 
onditions areui(0; x) = u0i(x) (i = 1; 2; � � � ; N); x 2 
:(3-3)The simplest system of (3-1) is the 
ase with N = 2, that is,u1t = d1�u1 + (r1 � a1u1 � b1u2)u1u2t = d2�u2 + (r2 � b2u1 � a2u2)u2 t0; x 2 
(3-4)With the same boundary and initial 
onditions as (3-2), (3-3), qualitative proper-ties of non-negative solutions of (3-4) have been intensively studied by many authors.The �rst remark is that the stable attra
tor of (3-4) 
onsists of equilibrium solutionsonly[2℄. By this information, for the study of asymptoti
 behavior of solutions, wemay be 
on
erned with existen
e and stability of non-negative equilibrium solutions.In order to study the asymptoti
 behavior of solutions, we e
ologi
ally assumethe situation where two spe
ies are strongly 
ompeting, that is,a1b2 < r1r2 < b1a2 ;(3-5)whi
h indi
ates that stable 
onstant equilibrium solutions are (u1; u2) = (r1=a1; 0)and (0; r2=a2) only. These solutions mean that only one of the 
ompeting spe
iessurvives and the other is extin
t. When the domain 
 is 
onvex, any non-
onstantequilibrium solutions are unstable, even if they exist[13℄. In other words, stable equi-libria are only (r1=a1; 0) and (0; r2=a2), whi
h e
ologi
ally indi
ates that two strongly
ompeting spe
ies 
an never 
oexist in any 
onvex habitats. This is 
alled Gause's
ompetitive ex
lusive prin
iple in e
ology. On the other hand, if 
 is not 
onvex,the stru
ture of equilibrium solutions is not so simple but depends on the shape of
. If 
 takes suitable dumb-bell shape, for instan
e, there exist stable non-
onstantequilibrium solutions, whi
h exhibit spatial segregation of the two 
ompeting spe
iesin a sense that one region is nearly o

upied by the spe
ies U1, while the otheris by U2, that is, two 
ompeting spe
ies possibly 
oexist, if the habitat is suitablynon
onvex[14℄. Integrating the aboves, one noti
es that there o

urs bifur
ation phe-nomenon of equlibrium solutions when the domain-shape 
hanges. We do not tou
hwith this topi
 here but the reader should refer to [15℄.On the other hand, for multi-
ompeting spe
ies 
ase, the situation drasti
ally
hanges. Even if we restri
t ourselves to the di�usionless system of (3-1), the solutionstru
tures of the resulting ODE system are 
ompli
ated, where a variety of periodi
allyand aperiodi
ally solutions 
oexist, in addition to equilibria, depending on parametersri and aij ([16℄ and the referen
es therein). There has been little work for the RDsystem (3-1) with N � 3, ex
ept for some results[17℄.
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ompeting spe
ies model. For(3-4), we already know the asymptoti
 behavior of solution (u1(t; x); u2(t; x)), if thedomain is 
onvex, that is, the solution tends to either (r1=a1; 0) and (0; r2=a2). Evenso, from the viewpoint of e
oligi
al appli
ation, it is required to know the transientbehavior of solutions. For this purpose, the methods whi
h are 
alled spatial segre-gation limits have been developed. Let the di�usion rates d1 and d2 be suÆ
ientlysmall or all of the other rates ri, ai and bi (i = 1; 2) be suÆ
iently large and satisfy(3-5). Then (3-4) is rewritten asu1t = "2�u1 + (r1 � a1u1 � b1u2)u1u2t = d"2�u2 + (r2 � b2u1 � a2u2)u2 t0; x 2 
(3-6)in whi
h " is a small parameter. It is expe
ted that there o

ur internal layers whi
hdivide the subregions 
1(t) = fx 2 
 j (u1(t; x); u2(t; x)) � (r1=a1; 0)g and 
2(t) =fx 2 
 j (u1(t; x); u2(t; x)) � (0; r2=a2)g, whi
h e
ologi
ally mean segregating regionsof 
ompeting spe
ies. To study the time evolution of 
i(t) (i = 1; 2), we take the limit" # 0 in (3-6) so that the initernal layers be
ome sharp interfa
es, say �(t). Usingthe singular limit analysis, we obtain the following evolution equation to des
ribe themotion of the interfa
e �(t) 
an be derived as follows[18℄:V (t) = 
� "L(d)�(3-7)where V is the normal velo
ity of the interfa
e. L(d) is some positive
onstant depend-ing on d su
h that L(1) = 1 and 
 is the velo
ity of the one dimensional travellingfront solution (u1; u2)(x� 
t) ofu1t = u1xx + (r1 � a1u1 � b1u2)u1u2t = du2xx + (r2 � b2u1 � a2u2)u2 t0; �1 < x <1(3-8)with the boundary 
onditions(u1; u2)(t;�1) = (r1=a1; 0) and (u1; u2)(t;1) = (0; r2=a2):(3-9)The velo
ity 
 of the travelling front solution of (3-8), (3-9) is unique for �xed valuesof ri; ai and bi(i = 1; 2)[19℄. Quite re
ently, expli
it forms of su
h travelling frontsolutions have been found where the dependen
y of parameters on velo
ity 
an beexpli
itly obtained[20℄.Another spatial segregating limit 
an be dis
ussed where the interspe
i�
 
ompe-tition rates b1 and b2 are very large[21℄. To study this situation, it is 
onvenient torewrite (3-4) asu1t = d1�u1 + r1(1� u1)u1 � bu1u2u2t = d2�u2 + r2(1� u2)u2 � �bu1u2 t0; x 2 
(3-10)where b and � are positive 
onstants. We assume that b is very large and all otherparameters are of order O(1). The 
oe�
ient � is the 
ompetition rates between two
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ies u1 and u2. If �1, then u1 has 
ompetitive advantage over u2. while if � < 1,the situation is reversed. When b is suÆ
iently large, in other words, the interspe
i�

ompetiton is very strong, one 
an expe
t that u1 and u2 have disjoint supports(habitats) with only 
urves whi
h separate the habitats of the 
ompeting spe
ies. Wenow derive the time evolution equation of the supports of u1 and u2, taking the limitb " 1. The limiting system 
an be des
ribed by a free boundary problem whi
his a 
lassi
al two phase Stefan-like problem with rea
tion terms. Let �(t) be theinterfa
e whi
h separates the two subregions 
1(t) = fx 2 
ju1(t; x)0; u2(t; x) = 0gand 
2(t) = fx 2 
ju1(t; x) = 0; u2(t; x)0g in 
: Then u1 and u2 satisfyu1t = d1�u1 + r1(1� u1)u1 t0; x 2 
1(t)u2t = d2�u2 + r2(1� u2)u2 t0; x 2 
2(t)(3-11) �ui�� = 0 (i = 1; 2) t0; x 2 �
:(3-12)On the interfa
e, u1(t; x) = 0; u2(t; x) = 0 t0; x 2 �(t)(3-13)and 0 = ��d1 �u1�� � d2 �u2�� ; t0; x 2 �(t);(3-14)where � is a unit ve
tor normal to �(t). The initial 
onditions are given byui(0; x) = ui0(x) (i = 1; 2) x 2 
:(3-15)and their supports are separated by �(0) = �0:(3-16)The problem is to �nd unknown fun
tions (u1(t; x); u2(t; x)) and �(t) whi
h satisfy(3-11) �(3-16). If this problem 
an be solved, the interfa
e �(t) determines thesegregating patterns between the two strongly 
ompeting spe
ies.3.2. Dynami
s of triple jun
tions arising in the three 
ompeting spe
iesmodel[22℄. We 
onsider (3-1) with N = 3 in two dimensions, that is,uit = di�ui + fi(u1; u2; u3) t0; x 2 
 in R2(3-17)where fi(u1; u2; u3) = (ri � ai1u1 � ai2u2 � ai3u3)ui (i = 1; 2; 3). We simply write itas Ut = D�U + F (U) t0; x 2 
:(3-18)



508 M. MIMURAwhere U = (u1; u2; u3); D is the 3� 3 diagonal matirx with elements fdig (i = 1; 2; 3)and F = (f1; f2; f3). We �rst 
onsider the di�usionless system of (3-17)Ut = F (U) t0;(3-19)Assume that (i 6= j) are large 
omparing with others aii to require that P1 =(r1=a11; 0; 0), P2 = (0; r2=a22; 0) and P3 = (0; 0; r3=a33) are stable and other 
riti
alpoints are all unstable, that is, three spe
ies are in strong 
ompetition. It is thus shownthat almost all non-negative solutions U(t) of (3-20) tend to one of Pi (i = 1; 2; 3)[23℄.This e
ologi
ally implies that one of the 
ompeting spe
ies 
an survive and the othertwo are extin
t. We remark that the dynami
s of U(t) is extremely simple. Underthe non-
oexisten
e situation stated above, we 
onsider what kind of patterns RDsystem (3-17) generates by the interplay of di�usion and rea
tion. In order to studythis problem, we assume that the di�usion rates D is so suÆ
iently small, that is,D = "D with a suÆ
iently small parameter ", where D is a diagonal matrix withelements fdig (i = 1; 2; 3). The resulting system from (3-17) is written asUt = "2D�U + F (U) t0; x 2 
;(3-20)where we wrote D as the original D. The initial and boundary 
onditions areU(0; x) = U0(x) x 2 
;(3-21) �U�� = 0 t0; x 2 �
;(3-22)where � is the outward normal unit ve
tor on �
. Sin
e " is suÆ
iently small,one 
an expe
t that the behavior of solutions of (3-4)�(3-6) essentially 
onsists oftwo stages; The �rst stage is the o

urren
e of internal layer regions (when " tends tozero, they be
ome interfa
ial 
urves), whi
h generally divide the domain 
 into threesubdomains 
1;
2 and 
3 where the solution U(t; x) is 
lose to one of Pi (i = 1; 2; 3).This indi
ates the appearan
e of spatial segregation of three 
ompeting spe
ies withtriple jun
tions where three interfa
ial 
urves meet. The se
ond stage is the motion ofinterfa
ial 
urves with triple jun
tions, that is,the dynami
s of segregating patterns.We numeri
ally 
onsider (3-20)�(3-22) in a re
tangular domain 
. The �rststage is the o

urren
e of segregating patterns of (u1; u2; u3) so that the domain
 is 
learly divided into three subdomains 
1;
2 and 
3, whi
h are separated byinterfa
ial 
urves with triple jun
tions. Consider the se
ond stage. The �rst is the
ompletely symmetri
 
ase where di = d; aii = a; aij = b (i = 1; 2; 3). The dynami
sof segregating pattern 
hanges slowly. We note the following two points:(i) if interfa
ial 
urves are almost straight, they move very slowly;(ii) angles between any two neighboring interfa
ial 
urves are equal.This angle 
ondition of interfa
es 
an be intuitively understood by the fa
t that three
ompeting spe
ies possess 
ompletely symmetri
 property.The next 
ases are non-symmetri
. The �rst example is a semi-symmetri
 
asewhere di = d (i = 1; 2; 3); a12 = a21 = b1; a23 = a32 = b2; a31 = a13 = b3; but b1; b2and b3 are not ne
essarily equal. The dynami
s of segregating pattern is qualitatively
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ase ex
ept for the angles of interfa
es at triple jun
tionareas, whi
h seem to be not ne
essarily equal.The se
ond is the 
ase with ordering property where a12 < a21; a13 < a31 anda23 < a32, that is, the spe
ies U1 is the strongest of the three. The resulting dynami
sof pattern is mu
h faster than the previous two 
ases and, as is easily expe
ted, thedomain is gradually o

upied by the strongest spe
ies U1.The third is a symmetri
ally 
y
li
 
ase where a12 = a23 = a31 = b and a21 =a32 = a13 = b0 with b 6= b0. As the 
y
li
 property suggests, one 
an expe
t that thereappear stationary rotating spiral patterns with three arms(Fig. 5).Finally, the fourth is a general 
ase with 
y
li
 property where a12 < a21; a23 <a32 and a31 < a13. There is no longer any stationary rotating spirals but 
omplexspatio-temporal patterns with several 
lustering spirals, where ea
h spiral seems tobe steadily rotating in a vi
inity of triple jun
tion areas(Fig. 6).We have observed that segregating patterns of three 
ompeting spe
ies are dras-ti
ally di�erent from the ones of two 
ompeting spe
ies, that is, even if 
 is 
onvexdomain in R2, it is possible for the three spe
ies to 
oexist but the resulting patternis not stationary but very dynami
.4. Co
luding remarks. We have spe
i�ed two types of systems among manyRD ones. One is the auto
atalyti
 rea
tion model without feeding pro
ess wherethe rea
tants be
omes spatially homogenoeus for large time, and the other is a
ompetetion-di�usion system where the two 
ompeting spe
ies model possess no sta-ble spatially non-
onstant equilibrium solutions For these reasons, these two systemshad been left from pattern formation viewpoints. However, we emphasize in this le
-ture that for the former system, transient behaviors of solutions is very importantand its re
ord exhibits 
ompelx spatial patterns, and for the latter, the three spe
iesmodel exhibits spatio-temporal pattern with triple jun
tion dynami
s. Unfortunately,the analysis of these systems have not been developed and it is a future study to us.A
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