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DIRICHLET PROBLEMS FOR A NONSTATIONARY
LINEARIZED SYSTEM OF NAVIER-STOKES
EQUATIONS IN NON-CYLINDRICAL DOMAINS

Steve Hofmann Y and Kaj Nystr em?

Abstract.  In this paper we consider the solvability of L 2-boundary value problems for a non-
stationary linearized system of Navier-Stokes in the time- varying cylinders of Hofmann and Lewis
[19], i.e., we consider the problem

— = dr pin
divea =0in
in a class of time-varying, in nite cylinders
= f(xo;xt)2R R" ! Rixeo>A(xt)g;

with Dirichlet and Neumann type boundary conditions.

0. Introduction. Let D R" be an open set. The Navier-Stokes equations is a
n+1 by n+1 system of equations for the unknownsu; (x;t); :::; u, (x; t) representing a
velocity vector and p(x; t) representing speci ¢ pressure. The variablesxX;t) 2 D R}
represent position and time. The equations are,

1) %? H+4d rd+rp=F,
(2) diva=0:

The coecient > 0 is called the kinematic viscosity coe cient and F(x;t) is the
speci ¢ body force. The equations are supplemented with boundary conditions and
in the initial boundary value problem #(x;t) is assumed to be known fort = 0. For
the fundamentals on the Navier-Stokes equation we refer the reader to the book of
Constantin-Foias [6]. It is of interest to study linearized versions of the egation in
(). In this paper we consider a nonstationary linearized version of the Navier-Sikes
equations and we are interested in solvability of this system using the relevat single
and double layer potentials. To be precise we consider,

%?: Hr pin 0)
dive=0in ;

with L2-boundary data and the main novelty is that we consider this problem in a
class of nonsmooth time-varying domains . It is a well known principle in the study
of nonstationary nonlinear partial di erential equations that a careful study of a n
associated linear problem quite often yields information for the nonlinear probém at
least for some time interval [Q Tp). This is also true in the case of Navier-Stokes
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equations, see [12] where the Navier-Stokes equations are studied in smooth #m
independent cylinders and where the solvability of the system in () plays an important
role. The stationary version of the system in () is often referred to as the Stokes
system. In recent years solvability and regularity results for the Stokes sgtem have
been established in as non smooth domains as Lipschitz, see [10][14][31heBe results
have also proven useful in the study of long-time behaviour of solutions to inital
boundary value problems for the Navier-Stokes equations in in nite time-independent
Lipschitz cylinders, see [11][3].

The nonstationary linearized system of Navier-Stokes, i.e. the system in () was
studied by Shen [32] in time-independent Lipschitz cylinders and this paper general-
izes to a certain extent the results of Shen to the setting of nonsmooth time-dependent
cylinders. This should not be misunderstood in the sense that this is not a straigh
forward generalization.

Before proceeding we would shortly like to describe some of the development of
partial di erential equations in as nonsmooth domains as Lipschitz in order to put
our paper in perspective. In fact, in the last 20 years there has been a considerable
amount of activity in the study of boundary value problems in Lipschitz domains with
LP boundary data. For the Laplace operator the Dirichlet and Neumann problems
are well understood (see [24][30]). The initial Dirichlet and Neumann problemsor
the heat operator in nonsmooth time-independent cylinders have also been analyzed
in depth (see [1][2]). Also, as mentioned above in case of the Stokes systethe
theory of systems has reached a considerable level of maturity. In [10] and [14]*-
solvability for boundary value problems in Lipschitz domains for the Stokes gstem
and the systems of elastostatics are considered. Parabolic versions of thessults are
proved in [32]. There are furthermore several other important contributions to the
study of linear systems of partial di erential equations on domains as nonsmoth as
Lipschitz, see e.g. [9][17].

In [19] Hofmann and Lewis were able to nd the optimal condition on a time-
varying cylinder in order to garantee the solvability of L2-boundary value problems for
the heat operator in the time-varying cylinder. In [20], [21] these problems arestuding
in the setting of LP-boundary data. This is an impressive achievement and concludes
a development to which several researchers have contributed (see [18][19][23][26]).
In [27] Nystrem studied the solvability of L?-boundary value problems for the so called
parabolic Lane system in the time-varying cylinders of Hofmann and Lewis.

In order to formulate the results of this paper we have to introduce some notaibn
and give a description of our time-varying cylinders.

Our geometric set up is graph domains of the form

= f(xo;xt)2R R" 1 R: xo>A(xt)g

wheren 2. We have to impose restrictions onA(x;t) and in order to do so we need
to introduce some parabolic concepts.
Let z=(x;t) 2 R" ' R and we let kzk denote the parabolic norm ofz. Note that
k(x; 2t)k = k(x;t)k. Recall that parabolic BMO is the space of locally integrable
functions modulo constants satisfying

z

kbk ::supi jb(z) mghdz<1
B JBJB
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where z = ( x;t) and B denotes the parabolic ball
B=B(z)=fz2R":kz zk<rg
1 4
mgb= EB b(z)dz

iBj = jB(z0)j = c(n)rY where d=n+1:

Let ~;_ be the Fourier and the inverse Fourier transform onR", and let ; denote
the phase variables. Following Fabes-Riviere[15] we de ne a parabolic half-der time

derivative by |

DhA(X;t) = WA‘(; ) (xt):
De ne
kAkcomm = kr XAkl + anAk
where
R - S @
) @x TT@% 1

and kr yAk; :=sup; kr yA(;t)ki . The basic geometric restriction we impose on our
domains is that

kAkcomm = kr xAk; + kDpAk < 1:

The main reasons why we consider domains de ned by a functiorA(x;t) satisfying
such a smoothness condition are the results of S. Hofmann[18] on singular inteds
on these domains and Hofmann-Lewis[19] results on boundary value problems for the
heat equation in these domains. In fact, as explained in [18, p.213] the notatio
kAKeomm re ects tr]g fact that this quantity is equivalent to the operator norm of the
rst commutator [ @=@t;]A Since this commutator is the parabolic analogue
of the rst Calderon commutator, the present condition is, at least from the point of
singular integrals the appropriate parabolic analogue of the Lipschitz donmains which
have been considered in the elliptic theory. In particular, one can not expect to relax
the condition on A to Lip .-, in the time variable [22]. We de ne a surface measure
on @as d dt, whered  is the naturally de ned surface measure on the Lipschitz
graph @, (= (Xo;x;t)2 R R" 1 f tg;xg>A(x;t) . The unit outer normal
to ¢ is denoted byN; = (N2 ;N 1.

We de ne LP(@) to be LP-spaces w.r.t. the measured dt and following Fabes and
Jodeit[13] we de ne a parabolic Sobolev space in the following way. Let : @ ! R"
be the projection A(x;t);x;t = (x;t) and setf = f L Lg;m(@) consists
of equivalence classes of function$ with distributional derivatives in x satisfying
kf kLE;m(@) < 1, where

kf kLE;J_:z(@) = kWL?;lzz(Rn) = kkap:

Here,

(ON(; )= k(; K )
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=D !; 2 LP(RM);
where D ! is a parabolic Riesz potential. If p=2 we have, by applying Plancherel's

theorem, that
kDfk, k D‘lzzf’kz + kr 4 fko:

Here Dt1=2 denotes the one-dimensional one half fractional derivative of in the time
variable.

Recall that for 0 < 2 andg 2 C} (R) the fractional di erentiation operators D
are de ned by

(O 9" ():=1jja)

It is well-known that if 0 < < 1 then

Y4
_ 9(s) 9() ..
D g(s)=¢ s ¢ d;
whenevers 2 R: | = cD !, wherel (s)=jsj ! fors2 R is the one-dimensional

Riesz transform of order and c is a universal constant. Ifh 2 C} (R") then by
D'h:R"! R we will meanD h(x; ) de ned a.e. for eachx 2 R" 1. In [19] it is
proved that

and that given "> 0; 0<"< land ; 0< < 1 thereexists = (", )> 0s.t.
if kr yAky < 1 then
min kD}_,Ak ; kDnAk ) max kD)_,Ak ; kD,Ak "
l.e. the smallness ofkD, Ak could equivalently be stated as a smallness condition on
kD{_,Ak .
One may also prove that kKAKcomm < 1 implies that A(x;t) is parabolically

Lipschitz in the following sense,
JACGE)  A(y:s)i  (x v+t §7P) xy2R" ts2R

As mentioned above we are interested in solvability of the system in () using the
relevant single and double layer potentials. As our cylinders are non smooth @/can not
expect to use the Fredholm theory of compact operators to prove invertibility of the
boundary operators that naturally appear. Instead we follow the by now "standard"
approach on domains of Lipschitz type as laid out in Verchota[30]. l.e usg the
relevant Rellich-type equalities we try to relate the L2-norm of conormal derivatives
of our singular layer potential to a L2-regularity norm on the boundary. In this paper
we do carry out all the necessary steps in order to prove the relevant Rellich-type
inequalities for the system in (') on smooth approximating domains  de ned below.
The constants of our inequalities are independent of. As the reader will notice this
is a nontrivial task in the case of our nonsmooth time-dependent domains. Equipped
with these inequalities we then approach questions of invertibility and existencdor the
Dirichlet-, Neumann-, and regularity-type problems on the approximating domains
and on the limiting domain =  ©.
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Let B(z) 2 Cd (R"). We furthermore assume thatP (z) is a non-negative function
andthat ., P(z)dz =1. l.e. we assume thatP (z) is a parabolic approximate identity.
Let d= n+1 and dene

P@= %P 2= L)

For a locally integrabel function f we let P f (z) be the naturally de ned convolution
operator. The \parabolic" liting (;x;t ) from R!** = R, R" ! Ronto =
f(xo;x;t) 2R R"™ 1 R: xo>A(X;t)g de ned in the following way,

Gxt)=(C +P ANt (0t) = (AKX 1);
plays, as described in Section 1, an important role in our paper. Let for > 0
=f(xg;xt) 2R R" 1 R:ixg> + P A(xt)g
Z

LZ(@ )=ff2L%@ ): HW;N.d,=0 foramostalltg
@,
We de ne a regularity space on@ in the following way,

R(@ )= g2Li,,(@ )\ Li(@ );h%?Ntiz L2(1 ;1;[L3@ 1)

where L2(@ ,)] is the dual space ofL?(@,). For eacht, L?(@ ) consists of
functions with distributional derivatives in x satisfying kf kLg(@ ) < 1, where

kf kL%(@t) = kr 4fk, and 7= f L (A(xt);x;t) = (x;t). The norm of an
elementg2 R(@ ) is de ned as
A 1=2
@g .2 .
1

For more details on this space we refer to Section 9. In Section 8 the relevant Ralh-
type inequalities containing the regularity norm of R(@ ) are proved on @ with
constants independent of provided kAKgomm < 1, thlzzAk o < 1 with

o = o(kr xAk; ) small enough. These inequalities enable us to prove solvability
for the regularity problem in @ . One may then hope to use this result to study a
regularity problem in the nonsmooth cylinder = %= f(xg;x;t)2R R" ! R:
Xo > A (x;t)g by some approximation argument. To us this seems to be a delicate
and subtle point and we have decided to treat the issue separately in an other paper.
One resonable thing to do in order to handle the regularity problem is to make use of
the ordinary Dirichlet problem and in particular the double layer potential to ext end
the data into the domain in a way adapted to the problem and then hope that the
restriction to @ of the extension belongs toR(@ ) and that the R(@ )-norm of
the restriction is bounded with a constant independent of . In the case of the system
in () the relevant double layer potential of f~ 2 L?(@) is de ned in the following
way,

t
2t Z @

¥(X;t)= Df(X;t) := @NQ)
@S

(X Qit 9f(Q;s)d s(Q)ds
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A

_Q X

WhjX  Qj"
@

For more details we refer the reader to Section 2. What we want to point out is hat
formally Df™ solves the equation in () with associated pressure given by

@t W (Q:t);N¢(Q)id (Q);
@ ¢

i.e. the double layer is not a classical solution and weak solutions has to be de ned.
The fact that one has to resort to weak solutions complicate matters both in te
Dirichlet problem and in the regularity problem in the nonsmooth time-dependent
cylinder and we have decided (as mentioned above) to return to the regularity problem
in an other paper. We feel that leaving that issue to a separate paper serves to
emphasize that our results are non trivial generalizations of the results of Shen .

We are now ready to formulate our theorems. Apart from these theorem many
other results are proved in the bulk of the paper. Let in the following the symbobk
N, N .. refer to non tangential maximal function operators de ned in the bulk of the
paper. The goal in case of the Dirichlet problem is to prove the following theoem,
Theorem A. For the de nition of weak solutions we refer to Section 9.

Theorem A. (The Dirichlet problem) Let = f(xg;x;t)2R R" ! R:xo>
A(x;t)g where kAKgomm < 1 and kD‘lzzAk 0<1.1If g= o(kr yAky ) is

small enough then the following is true. Giverf-2 L2 (@) there exists a unique weak
solution ¢ solving,

H(Q:t); Nt(Q)i d (Q):

@y_
@t

divd=0 in

4r p in

4= aeon @;
kKN e(t)ko < 1 :

There furthermore existsg2 L?(@) such thatt can be represented as a double layer
potential, 4= Dg, and
kKN «(Dg)k, C kfks:

In the following two theorems p is unique modulo a function just depending on
time and HD!_, is the composition of the half time derivative operator described
above and the Hilbert transform in t. The following Neumann problem is treated.

Theorem B. (Neumann problem) Let = f(xg;x;t) 2 R R" ! R :xo>
A(x;t)g where kAkcomm < 1 andkD}_,Ak 0< 1. If o= o(kr xAks )
is small enough then the following is true. Iff"2 L?(@) then there exists a unique
solution (t; p) to the problem,

@4_
at”
dive=0 in

%ﬂz(r )N pN =fon @

H4r pin
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kN (t)ky + KN (r t)ko + KN o(p)ka < 1 :

Furthermore there existsg2 L2(@) such thatt can be represented as a single layer
potential, 4= S¢ and

KN (t)ko + KN' (r )kp + KN (HD I_,t)ko + KN o(p)ky  Ckfko:

We have the following result on the regularity problem.
Theorem C. (Dirichlet regularity problem on the smooth approximating do-
mains) Let = f(Xg;x;t) 2R R" 1 R:xo> + P A(x;t)g where kAKcomm
< 1 and thlzzAk o< 1. 1If o= o(kr yAky ) is small enough then the

following is true. If 72 R(@ ) then there exists a unique solution(t;p) to the
problem,

@Y .
ot 4r pin
divd=0 in
4= fon @

KN (t)ka + KN (1 t)ko + KN o(p)ko < 1

Furthermore there existsg2 L?(@ ) such thatt can be represented as a single layer
potential, = S¢ and a constant C independent of such that

KN (t)ko + KN (1 t)ko + KN (HD ! yt)ky + KN o(p)ka  Ckfkr(@ ):

The paper is divided into the following sections,

Carleson measures and maximal functions.

Layer potentials for a nonstationary linearized system Navier-Stokes equten.
Estimates of square functions.

Smallness of commutators and more Carleson measures.

. Estimates of the L2-norms of certain fractional derivatives of the single layer po-
tential.

6. The estimate of a di cult term involving the pressure.

7. Estimates of the pressure.

8. Inequalities based on Rellich identities.

9. Invertibility of the single layer potential and existence results.

10. Proof of the uniqueness statements.

In Section 1 we introduce the relevant nontangential maximal functions. We ale
state an important result which shows how the condition imposed onA(x;t) shows up
in the framework of Carleson measures. In Section 2 the relevant potentialéor the
linearized system of Navier-Stokes equations are introduced. Mapping properties for
the potentials are deduced using the results of Hofmann [18] and traces to the boundgar
of our potentials are considered. Some fundamental non tangential maximal functin
estimates for our potentials are also proved. The main purpose of Section ¥ ito
prove certain square function estimates for the single layer potential (Theoem 3.1).
The approach is via integration by parts in "good" directions and estimates using
the Carleson measure descriptions of our geometry as outlined in Section 1. Section
4 contains certain technical estimates of commutators and Carleson measures.n |
Section 5 we prove Theorem 5.1 which states estimates of fractional time deiives

apwNR
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of the single layer potential. This kind of estimates play an important role both
in the work of Shen[32], Hofmann-Lewis[19] and Nystem[27]. In [32] theestimates
are less complicated as the set up of [32] is time-independent cylinders. In our case
we try to redo the calculations of Shen [32] but as our domains are time-dependent
the nice cancellations used in [32] do not appear and we get complicated corrector
terms. The main focus is then to prove that these corrector terms are small ikD, Ak

is su cently small. The main tools are partial integration, Carleson measures and
estimates of certain commutators. This is combined with the estimates derivedrn the
previous sections. In estimating the corrector terms just described one term turns
out to be particularly hard. This term contains the pressure and the main obstacle
is that the pressure does not behave well with respect to the parabolic nontangerdl
maximal function. Section 6 is devoted entirely to this term. Section 7 contains sme
inequalities for the pressure and in Section 8 Rellich identities are explored. The
de nition of weak solutions and the proof of invertability of our potentials can found
in Section 9. In that section the existence results of Theorem A, B and C are also
treated. The proof of invertibility of the singular layer potential follo ws, after some
additional arguments, from the inequalities proved in Section 8. In Section 10 we
prove the uniqueness part of Theorem A, B and C.

1. Carleson measures and maximal functions. Our geometric set up is, as
described in the intoduction, graph domains of the form

= f(xo;xt) 2R R"™ 1 R: xo>A(xt)g
wheren 2 and the basic geometric restriction we impose on our domains is that
kAkcomm = kr xAk; + kDpAk < 1:

In the introduction we introduced D! _,, the one-dimensional one half fractional deriva-

tion operator in the time variable and we mentioned that the smallness ofkD, Ak
could equivalently be stated as a smallness condition okD}_,Ak .

We also mentioned that kAKcomm < 1 implies that A(x;t) is parabolically
Lipschitz in the following sense,

JACGE)  A(y:s)i  (x v+t s xy2R" ts2R

In this section we will now state an important result which shows how the cadition
imposed onA(x;t) shows up in the framework of Carleson measures.

Let P4z) 2 Cé (R"). We furthermore assume thatP (z) is a non-negative function and
that ., P(2)dz = 1. l.e. we assume thatP(z) is a parabolic approximate identity.
Let d= n+1 and dene

P@= %( 2= P&l

For a locally integrabel function f we introduce the convolution operator
z

P f(z)= P (z wvf(v)dv:
Rn
Following Dahlberg[7] and Hofmann-Lewis [19] we use a construction of Kenig-Steito
de ne a\parabolic" lifting  (;x;t )fromR?™ = R, R" ! Ronto = f(xg;x;t) 2
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R R" ! R: x¢>A(x;t)gin the following way,
Gxt)=( +P AXt);xt)  (O:xt) = (AX1);xt):

Here is a small parameter at our disposial and we may adjust , askr yAk; <1,
so that,

2 @
The following lemma is crucial and incorporates the geometrical informationin an
analytic and quantitative way (for a proof see [19, p.365-366]).

1 1+ M 3=2:

Lemma 1.1. Let ; be non-negative integers and let = ( 1;:::; n 1) be a
multindex. Dene "= +j j+ . If KAKcomm < 1 and if we de ne measures
in the following way,

|
X 2
@P  A(x;t) 242 3
dv= ————= dxdtd ;
@ a@x@t
then this is a Carleson measure orR"*? if either + lorjj 2with

(Vv B, (z) (0;r) cCr4 @ 21 I+ )2

whereb= kD,Ak if landb=1,if =0.
Moreover if = 1 then

L @P A a1
(i) =—=<7 c, 412 b1+ )
@ @xet |
while if either + lorjj 2then
!
(i) fim - a@P AL,

Ciyis ) (Oxit) @ @y@s

for a.e. (x;t) 2 R".

It is a well known fact that Carleson measures and maximal functions play an
important role in harmonic analysis. In our case the important maximal function is
the non tangential maximal function operator that we now intend to introduce. L et
a>0and P;t)=(po;p;t) 2 @ Welet T P;t) = ~a(P;t) be the parabolic cone

TPiY)= (®:;9;92 @ kip it sk<ajo A(p;t) :
We also introduce an elliptic cone,
Te(Pit)= (a2 1 jp dg<ajop AP :

If his a function de ned on we de ne the non-tangential maximal function N h :
@ ! Rby
N h(P;t)= sup  jhj(Q;s):
(Qs)27T Pit)
If (P;t) 2 @then by (Qlir)p ® )h(Q;s) we mean the limitas (Q;s) ! (P;t)in T P;t).
S it
We furthermore de ne an elliptic non-tangential maximal function N .ch: @ ! Riin
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the following way,
N eh(Pit)=  sup  jhj(Q;t):
(Qit)27e(Pit)

e
And if (P;t) 2 @ then by - ;ilm(P_t) h(Q;t) we mean the limit as (Q;t) ! (P;t) in

“e(P;1).
For a function g de ned on R?*! and fora 1 xed we also introduce the following
maximal function N g: R?* I R,
N g(x;t) = sup jgiGyss);
> 0i(y;s)2Ba (xit)
where B, (x;t) is the parabolic ball described in the introduction. If we let
a(x;t) = f(;y;8); > 0;(y;s) 2 Ba (x;t)g one may easily proved that
~z( (0;x;1)) ( a(x;1)), for a suciently small depending on a and kAkcomm -
Given a 1 we will by lim(.y.s yi ©xt) Mean that (;y;s) ! (0;xt) in a(x;t).
Again we de ne an elliptic counterpart in the following way,
N eg(xt) = sup jgiCyit):
> 0i(y;it)2Ba (xit)
If, as in the statement of Lemma 1.1,d is a Carleson measure orR?™ and g :
R?*1 I R then it is well known that,
Z z
jgid  C N (g)j°dxdt; ()

1
RE + RN

where C is the Carleson norm of the measure . l.e., C is the smallest constantC
such that

(B, (x;t) (O;r)) Cr¢%

for all (x;t) 2 R" andr > 0. We refer the reader to Stein [29] for more information
on Carleson measures. The version of | that we will make use of in our paper is

the following. We let u be function de ned on . If either  + lorjj 2then
according to Lemma 1.1 the following is true,
I
AZ X )
; 2 @P A(xt) 2+2 3
u - dxdtd
: @ @x@t
0 Rn
z
C @21 4@+ ) N (u )j?dxdt
Rn
whereb= kD,Ak if landb=1,if =0.
2. Layer potentials for a nonstationary linearized system of Navie r-
Stokes equations. Let in the following (X;t) = (Xo;Xz1;:5Xn 1;1),

(x;t) = (X155 Xn 1;1). Let W(X;t) be the fundamental solution to the heat equa-
tion and let (t) be the Dirac delta function concentrated att = 0. w, denotes the
surface measure on the unit sphere iR". Let ( X;t) = f j (X;t)g, n» denote the
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Oseen's tensor and let @°(X;t);:; " 1(X;t)) denote the corresponding "pressure”
vector. l.e.,

A
W (X;
KGO = WG + %ds;
ey (0%
9O = G

Then is a fundamental solution to the linearized Navier-Stokes equation. For f~2
L2(@) we introduce,

zt Z
H(X;t) = SF(X;t) = (X Qt 9)f(Q;s)d s(Q)ds;
1 @
z X Q;f(Q;t)i
p(X;t) = WX o d +«(Q):

@ ¢

The pair (d; p) solves the system,
8
< @4_

@t Hr p
divt = 0;

in R"*1 n@. Note that for each xed t, p;(X) = p(X;t) is a harmonic function in
. We introduce the following conormal derivative
@d

@ =(r &)N pN:

We rst state two important results on LP- continuity of potentials.

Theorem 2.1. Let kAKcomm < 1 andletf 2 LPF(@) withl<p< 1.
Denefor (P;t)2 @ andj =0;1:::;n 1 the following operators
zt Z @
KI(P;t):= pv @—}((P Q;t s)f(Q;s)d s(Q)ds:
1

@ s

Then
kKIifkp, C.p kikp:

Proof. Using the argument of Coifman-David-Meyer [4] the theorem is a conse-
quence of [18,Theorem 1], i.e. a consequence of the results of Hofmann on parabolic
singular integrals. In case of the parabolic Lane system the arguments presented in
[27]. We only need to slightly modify that argument in order to cover the proof of
Theorem 2.1.

A consequence of the theorem is thaK I f7(P;t) exists for a.e. P;t) 2 @w.r.t. d dt.
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We now consider continuity of Syf™ in the regularity space Lilzz(@). By de nition,

Zt Z

Sef(P;t) = (P Qit 9f(Q;s)d s(Q)ds:

1 @s
for all (P;t) 2 @ for which this expression makes sense. Recall thatLilzz(@)
consists of functions with distributional derivatives in x satisfying kf ka-lzz(@> <1,
where kf kLi_m(@) = kDfk, and f~= f 1 (A(xt);x;t) = (x;t). We have, by
applying Plancherel's theorem, that

kDfk, k Di_,fky + kr «fkz;

whereD!_, denotes the one-dimensional one half fractional derivative of~in the time
variable.

Using [18, Theorem 2] of Hofmann and standard arguments one may prove the folv-
ing continuity result for Spf~in the spaceLilzz(@). Again the argument is presented
in case of the parabolic Lane system in [27].

Theorem 2.2. Let kAKcomm < 1 andletf 2 L?(@) . Then
ksbﬂ("i;lzz(@) C kﬁ(zi
We will frequently make use of the following interior regularity estimate.

Lemma 2.3. Let the pair (¢;p) solve the linearized system of Navier-Stokes in
the parabolic cylinder B, (0) ( 4r?;4r?). Then
VA Z

ir 2 dxdt r% (jti2 + jpi?) dxdt
Br-2(0) ( %r2;3r?) Br(0) ( r2yr2)
Proof. Let r =1 by rescaling and let' 2 C} B;(0) ( 1,1),° 1
onBz=4(0) ( ($)%(3)%). Then
Z VA VA
he; i ' 2dXdt = h ;4" 2dXdt hr p;ti' 2 dXdt:
B1(0) ( 1;1) B1(0) ( L1) B1(0) ( 11
Integrating by parts we have
., 2 @ Z
- . .2' ~ X - . .2| 2 X
5 I @td dt jro et < dXdt
B1(0) ( L;1) B1(0) ( L1
[)( 1 Z ) ) Z
+2 hru';r ' iu" dXdt hr p; 4" 2 dXdt:
=B (1) B1(0) ( L)
As divd = 0,
VA Z
hr p; i 2dXdt = hr* 2; i pdXdt:

Bi(0) ( L1 B1(0) ( LD
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The conclusion now follows from simple manipulations.
We now de ne the relevant double layer potential of f~2 L?(@) in the following

way,
zZt Z @
¥(X;t) = DF(X;t) := W(Q)(x Q;it 9)f(Q;s)d s(Q)ds
@ s
Q X . - .
WW‘(QJ),NI(Q)I d «(Q):

t

The following lemma contains crucial estimates that will be used frequently inthe
forthcoming sections.

Lemma 2.4. Let kAKcomm and letf~2 L?(@) . Then
()kN ;e(Df" k2 C kfk;
(kN (r ST= )k, C kfky;
(i )JkN HDI_ (ST ) ka C(L+ kDpAk )kfky:

Proof. (i) and (ii) are proved by standard arguments. Left to prove is (iii). The
following is an adaption of the argument of Hofmann-Lewis [19,p.367-371] At one
important step the argument below is fundamentally di erent from the argument in
[19] as well as the argument in [27]. The reason for this is the poor comtuity of the

pressure in the time-direction.
Let(x;t) 2 R". Fixa 1,K 2, > Oandlet(xt)2 B, (x;t). Let u= Sf~. Then,

. sign(t s
HD (s ) %= im. SnC D ) xs)ds
o J LN
"<js f<1="
o sign(t  s) o
= |||I’n0 W(ﬂ )( ;X S)dS
f*j s ti<(Ka )2g
: sign(t  s) o
+ |,,|!m0 W(ﬂ )(5 % s)ds
f(Ka )2j s ti<l="g
=a( X0+ g(; k1)
Note that if we de ne
B(; %)= sup jm ) Gox )i
f i t (2Ka )2g
then
Z
jmi(; %D ge(; XD js tj ?ds CaKgs(; x0:
js t (2aK )2
Furthermore, if ( t) (2Ka )?,thenat (; x ),
@P A

(@ ) = )*+(8 =g
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and by applying Lemma 1.1 we have

@P A
@

whereN is the nontangential maximal function de ned relative to ¢, ka (X;t), where

ciis solargethat (; % )2 ¢ ka (X t).

We need to estimatejt (; % )j. Using the equation as in Hofmann-Lewis[19] and
Nystrem[27] we will run into trouble because of the poor continuity of the pressure
in the time-direction. Instead we use the homogenity of the kernel ofSf7, i.e. the

homogenity of ( X;t). Recall that

(% ) Cak () 'KDhAK N (th, )(X1);

(u*o )

(X )= "(Xt)= T (Xt):
I.e, the kernel is homogenous of degreg 1. The kernel ofd is therefore homogenous
of degreed + 1. Using this we get, after some fairly standard arguments that,
g (k)i C IM(P)(x):
Here M is a parabolic Hardy-Littlewood maximal function.
Summarizing we have proved the following estimate ofiz( ; x; t) when (¢ t) 2 B, (X;t).

jBs(; %D Cax: () KDhAK N (8, )(xt)+ M®)(xt) :

Using part (ii) of the lemma and continuity of the maximal function we may conclude
that

kN (gi)ks Ckfko[1+ kDnAK J:

We therefore have the desired estimate fog;.
To estimate g( ; x; t) we do study the function

sign(t s

7,9 (_ - )(u
0 jt sj%2
f(ka )2<js tj<1="g

(X 0) = lim )(0;X; s)ds:

From Sobolev type estimates we conclude thatu( ; X;t) is well de ned for a.e. (X;t) 2
R". Arguing as in [19, p.368] we have, agx xj+ jt 2 ca,
1%0; X0 s(ixt)
K 1
C KT My N (@ )y )+ M@ (8 ) (XD ;
i=0
where M, denotes the one-dimensional Hardy-Littlewood maximal function in the
t-variable, while the other variable is held constant anerﬁz) = M,y My,. With the
same deductions as above, in particularly noting the estimate oy, we get
X1
( )e(;xt+ ) o MP)xt+ )+ 'kDyAk N (8 DOGt+ )
i=0
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whereN is de ned relative to 5. Note againthatfor0 i n 1,

@P A
@x

Using Lemma 1.1 once again and the inequality above we deduce

(8 )x; = (i, ) +(ty, )

X 1 o
N g(xt) supgs(;xit)+ K 'Cqy (1+ 'kDoAk)  MP N (8, ) (xt)
>0 i=0

+K 1Cy MP (M (M)(x1)
Dene (x;t) =supjgs(;x;t)j whenever k;t) 2 R". We have from Part (ii) of our
lemma and the H>ar0dy—LittIewood maximal function theorem that
kKN goko K 1Ca (1+ kDnAk )kfko + k ko
It therefore su cies to prove the estimate
k ko Ca kfky:

But this estimate follows from the argument presented in [19, p.369-370].The proof
is therefore complete.

We will now consider traces to the boundary of @ of the potentials under con-
sideration. Recall that N¢{(P;t) is the unit outer normalto @ at (P;t) 2 @ ;. The
normal exists a.e w.r.t the projective surface measure.

Lemma 2.5. Let 2 L?(@) ,a> Oandj;k 2f0; n 1g. Letu = (SfH).
Then for a.e. (x;t) 2 R",

i O ov= LNkl KNI
Ciyss I)I!m(O;x;t)@)% (yis)= ZfN‘f NeNg NG g
Zt Z
. @jr . r . .
TPV (P Qit s)f'(Q;s)d s(Q)ds;
@x
1 @
and
z :

P Gyit)= SMNGF+ p d (Q):

lim . -
Gyt ) (Oxt) whjP  Qj"

t

In the rst terms in these two expressions f~ is evaluated at the point
(P;t) = (A(X;t);x;t). Nyt is the unit normal at (A(x;t);x;t).

Proof. The proof follows from standard arguments. See [25] in case of the heat
operator.

We know that there exists a basis for the tangent space of@ ; at (P;t). Let
T, gj“:ll = fT; (P;t)gjr‘:ll be such a basis. Using Lemma 2.4 and following [19,25] one
may prove the following for appropriate operatorsK and K .
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Lemma2.6. Letf "2 L?(@) .Fixa>0.1 j n 1 Thenfora.e. (x;t)2R"
we have

()
(i)

Cdm (S GythiNe @xD i (o Gyit) (N (@xt)
iyt )P (O5xt)

1
li Df VY = f+K T vt )
Cyit )I!m(O;x;t) Gyit) 2 0; x;1);

1

= Ef + K O; x; 1);
(ii ) lim ~hr(SF)  (Gy;s) Ty (Oixt)i = (SF)  (O;xt) |

(iyis )b (Ot ) i
(iv) lim HD!,(SF )(;y;s)= HDI_,(SF )(©O;xt):

(iyis )b (Ot )

Now let (;x;t)= ( :;x;t)when(;x;t)2R" =f(;x;t)= < Oand

(x;t) 2 R"g. Then mapsR"*? onto R"*! n and extends continuously to the
closure of R"*! by putting = on the boundary of the domain. Non-tangential

cones and maximal functions are naturally de ned. In the same way as the lemmas
above are proved one may prove the following

Lemma 2.7. Let 2 L?(@ andletd =Sfj .Fixa>0.1 j n 1
Then for a.e. (x;t) 2 R" we have

e

(1
(i)

1
(it ;Ilm(O;x;t)(Dr) (iyis)= Ef + K f 0;x;1);

Cdmhrw) GyitiNe ©@xti ( Gyit) (N (0x)
(ARG

= %f +K f 0; x;1);
(iii ) (s I)|!m(o;x;t)hr (") (;y;8 )T, O;x;t)i = (¢) (0;x;t) X
(iv) lim HD!_ (¢ )(;y;s)= HD (¢ )(0; x; t):
(iyis )b (Oxit)
3. Estimates of square functions. This section is devoted to the proof of the

following two results.

Theorem 3.1. Let kAKcomm < 1 andf 2 L?(@) . Let Sf be the single
layer potential associated to the linearized system of Nagr-Stokes. Assume that
1=2 and b= kD, Ak o= 84 Then

27

(i) jtx, J°dzd ckfks O §j n 1
0 R
A7

(i) jtt j23dzd ckfks O i on 1
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27
(iii ) jDi (1, )j* dzd ckfk3: 0 j n L
0 R?

Corollary 3.2. Let kAKcomm < 1 andf 2 L?(@) . Let v = Df be the
double layer potential off™. Then,
A7
jvy, j? dzd ckfk3 0 j n L
0 Rn

Proof. Df"= D;f"+ D,f  where D,f7, for eacht, is the gradient of a single layer
potential associated to the Laplace operator.D1f" is treated using Theorem 3.1 and
D,f"is treated using square function estimates for the single layer potential aciated
to the Laplace operator in an argument similar to the one carried out in the proof of
Lemma 3.3 below.

Recall that the pressure

X Q;f(Q;t)i

wix g @9

p(X;t) =
@ ¢

is harmonic as a function of the space variables for xed t. We will need the follaving
lemma,

Lemma 3.3. Let the pressure be de ned as above witir 2 L2(@) . Then

A7 Z Z
jrp j2dzd C jp (Oxt)’dz C jfj’d .dt:
0 Rn R" @
Proof.
27 22 7
jrp j*dzd = jr p j? dxddt
0 R" 1 0 R 1
2z Z
C ( jrpi® (xo;x); @ ¢)dxedx)dt C jp (0;x;1)j*dz:
1 t RN

Here we have used the result of [8][30] on the solvability of the Dirichlet poblem for
the Laplace operator on Lipschitz domains as well as a square function estinba

Lemma 3.4. letr;i 2f0;:un 19, E = (1 + %)2=(1+ ir xP Aj?) and
#= St with "2 L?(@) . Let p be the associated pressure. De ne,
27

@p
A = E(u" dzd:
rl ( Xi )( @x@x )
0 Rn
There exits a constantC = C such that,
X 1K 1 x1 272 12
jAr]  C kK3 + kfk, juy,y, % dzd

r=0 i=0 ri;j =0 0 R"



30 s. hofmann and k. nystr  em

Proof. Recall that for xed t, p;(X) = p(X;t) is harmonic. Let i 6 0. Then,

(&P ) (@ @PA, G
@x @xQ@x @x @x@x
(Qp )y = @p )@PA+( @p )
@y 7 @% @x @x@y
l.e.,
(@p , @PAGP , G , Gp GPAGPA
@x " @x @y ' @x@x @% @x @x

Using this identity to express (@@o;p ) we have fori 60, r 6 0,

% @X
27
' @p
Ari = E (u,. e X
; (uy, )(@x )x; dzd
0 Rn
27
r @P A @p
E(uy, ) a@x (@zs )x, dzd
0 Rn
27
; @ ,@PA@PA
+ . E(ux, )( @g ) @X @X dzd
27
_ r @p
= (E(uy, ))Xi(@x ) dzd
0 Rn
27
. ,@PA  @p
+ (E(Uxi ) @X )Xr(@ﬁ )Xr dzd
0 Rn
27
; @p @PA@PA _
+ E (uy, )(@3 ) ax  @x dzd:
0 Rn
Obviously by de nition,
A7
@p
— 0 P i
Ao = o E(uy, X @3 ) dzd:

We now leti =0 and r 6 0. We need to manipulate (% ). But

_,@p @PA @p

' @% ) @x +(@x@zs ):

@p
(@zs 2
We therefore have,

A Z @
Aco=  E(U, x@—;’ )x, dzd
0 Rn
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27

, @p ,@PA
E (ul, )(@z’s ) gy 92
0 R"
27z
- r @p
= (E(uy, ))x,(@x ) dzd
0 R"
2z
‘ @ \@PA :
- E(ul, )(@8 ) gy 92d:

i.e., using the Carleson measure characterizations of Lemma 1.1 we have

K 1 27 1=2
JAri]  C kN (uy, ko jrp j° dzd
ri =0 0 R"
x 12 Z 1=2 &2 Z 1=2
jui,y, j? dzd jrp j?dzd
170 o gn 0 R
D( 1 Z‘ Z
" E(u )(SQ )EELEEE dzd
ni =0 X X
y 0 Rn
r)( 1 Z‘ Z @
p @P A
+ E(Uf — ———— dzd
o - ( Xo )(@8 ) @x
A7
@
+ E (0, )(@—%’ ) dzd
0 Rn

Using Lemma 2.4 and Lemma 3.3 the rst two products are controlled. We therefore
have to handle terms of the form,

27
@p
F (U}, — dzd;
(ux, X @3 )
0 R"
where F is a function containing derivatives of the de ning function for the domain.

Using that p is harmonic for each xedt we have

@ _ X'@p
@3 i @f
X' @p . @PA ,@p . L, @p
= - (@ )x; @x (@ ), I P Aj (@73 ):
l.e.,
. . X1 PA
a+rirp AR(ER - Gp , @PA,  GP

@ ' ., @ U @x ex
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Therefore,
A7
@p
F (U} — dzd
(U, )(@8 )
0 Rn
A7
_ Fup, ) X' @p L @PA_ @
(1+jr P Aj2) _ @y Y @ @x 9
0 R =1
A7
_ X 1 F(uy, ) @p ) dzd
i=1 g gn (L+jr P A X; @3(
D(]_Z‘Z

F(u, ) @PA @p .
" 1+jr P AP?) @x @ ) dzd:

i=1 0 R"

Now all the terms in this expansion can be handled using Lemma 1.1, Lemma 2.4 and
Lemma 3.3.

Proof of Theorem 3.1. We start by proving (i). Integrating by parts twice in
we have,

1Z A Z
| = > (uf,  )?dz= (0, Nuy, ) dzd
Rn 0 R"
A Z A Z
= j(uf, ) j? dzd (U, Nu, ) dzd:
0 Rn 0 R"
Using that
@P A
(U, ) =(Ugy, )L+ @ );
@P A @P A
we have that
Z A Z
1 @P A
> (U, )?dz= (Ux, )21+ @ )? dzd
R 0 R"
A Z
@P A
(U g A+ =g—)* dzd
0 Rn
A Z
@P A
(U NUw,  N—gz) dzd
0 R"

=T+ T+ Ta:
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Asuf = Uu" px, we have that U)r(lt = u;, Px, x; - Let,
X 1 @P A
K = (u;ix )Xk (u)r(iX )Xk :
- ° @x ‘
Then,
@p - : :
K + u;it @X@X = (1+ Jr xP AJZ)(u;ix% )

Substituting this into T, and introducing E = (1+ 252)2=(1+ jr \P Aj?),

A7 1
X @ @P A
T2 = o1 @—K E(u;. ) (ug(|Xo ) @K (u;|Xk ) dZd
0 Rn K=
AZ 1
X
bOEM ) (e )ZER
0 R k=1 o%
AZ
E(uy, )(uy, )¢ dzd
0 RO
AZ
@P A
R (U, )T gy dzd
0 RO
A7
@p
E (ul, dzd:
0 RO
Using that
AZ
@P A,
(U x, )21+ )° dzd
0 R0 @
A7 1
Xt @ @P A
+ . @x E(uy, ) (Ux, ) @x (Ug,x, ) dzd
0 RN K=
Z‘ Z D( 1
= E  jul, j*dzd
0 RN KO
A7 1
@E X @P A
@ u{(i ) - (u)r(iXO ) @K (u;ixk ) dZd
0 R0 =

and collecting the expressions we have derived so far,
Z‘ Z D( 1
| = E juf j2 dzd

Xi Xk
0oR K7L

33
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AZ D4 1

@E @P A
—(u! r —_ r dzd
C gl ) G TGS G )
0 Rn
A Z D(l
FOEW ) . A
0 Rn k=1 @3
A7
E(u, U, ) dzd
0 Rn
A7
r r @P A
P, M, P50 dd
0 Rn
A7
‘ @p
B, Ngogy ) dzd
0 Rn
A7
P A
(U, U, )(%) dzd
0 Rn

l.e.,
| =S+ S+ S3+ S5+ S5+ S+ Sy

by denition. S; is the expression we want to estimate. S; S3;Ss and S; can be
handled using Lemma 1.1 and Lemma 2.4. This gives,

X 1Z- Z 1=2
]S2j + [Ssj + [Ssj + jS7j  Ckfke juy,y, % dzd
i=0 0 R"
We therefore need to consider
A7
Sy = E(uy, )(uy, )idzd:
0 R"
A7
@p
Sg = E (ul. dzd:
6 - ( Xj )( @X@X )

We rst consider S4. Integrating by parts w.r.t  we have,

AZ AZ E
Sy = E (u, )uy, )i 2dzd + E[(U;i )%} 2dzd:

Xij Xi
0 Rn 0 R"

Integrating by parts w.r.t. to t in the last term we may continue,

27 27
= E (u, )u, ) dzd Ee(ul, )(u}, ) ?dzd
0 R" 0 Rn

= S41+ S
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Calculating E; and using Lemma 1.1, Lemma 2.4 we have

x1x 122 1=2
jSa2j Ckfks jul,y, J? dzd
r=0 j=0 g gn
27
Sa= B, Ny, ) Zar Az
0 R"
22z
+ E (U, )u, ) 2dzd
0 R"
= S411 + Saro:

Again using Lemma 1.1 and Lemma 2.4 we have,

X 1x 12 Z 1=2
JSa11j  Ckfkp Juy j? dzd
r=0 j=0 ¢ gu

The same estimate is true forS,1» using the interior regularity estimate in Lemma
2.3.
We now turn to Sg. But by Lemma 3.4,

x 1 124 Z 1=2
jSsi C kfk3+ kfko jul,y, J?dzd
r=0 j=0 ¢ gn

Combining our estimates and using Cauchy Schwarz with we may conclude the proof
of part (i) of the theorem.

Part (ii) is an immediate consequence of part (i), the interior regularity estimate of

Lemma 2.3 and the estimate in Lemma 3.3. To prove (iii) we integrate byparts w.r.t

227 227
jDi-p(th, )j* dzd =2 Dio(th, )Diol(ty, )] *dzd
0 R" 0 R"
227
=2c (4, Di(ty, ) *dzd:
0 R"

(i ) now follows from (i), (ii), Lemma 1.1 and Lemma 2.4.

4. Smallness of commutators and more Carleson measures. In this sec-
tion we collect a few estimates of commutators frequently used in the forthconig
sections. ByM, we denote the Hardy- Littlewood maximal function in the n-variable.
We also de ne a truncated maximal function in the following way. Let > 0. Then,

1 2
M, (h(x; ))(t) :== sup %a jh(x;zn + t)jdzy:

O<a 2
a
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The kernel of HD | _, is k(t) = csgn(t)jtj 3=2. Let

ki(t) = k(1) fsijsj R2 2g(t); ka(t) = k(1) fs:jsj>R 2 2g(t);

whereR; > 0 andletD; and D, be the associated operators. The following lemma
is essentially Lemma 5.16 in [19]. We only spell it out in a more generalofm as it
will be used frequently in the forthcoming sections.

Lemma 4.1. LetR 2andletj 2f0;::;;n 1g. Then,

0 Dl;@gx’* git) ¢ R 2KDpAk Mo (g(x )(1);
(i) Dz;@@;?(A gixt) ¢ TR M (g% ))(b);
@rP A R @P A(X) -
(iii ) Dl,i@}(@ g(x;t) ¢ RM | 7@?(@ 02 t) r 9(x )(1);
i .@P A 1R 1 L\ @P AKX )
(iv) Dy @@ gx;t) ¢ 'R My g(x) @@ (t)
_— v @GP A
+c "R g oo )(Y) @@

where r (t)=(R ) %jtj 2 ¢gjs r )2g(1), r (1) = Rk 2(t).

Proof.
Z
@P A @P A(x;s) @P A(x;t)
Dq; X;t) = k(t s X;s) ds:
L@y g(x;t) (t s @x @x g(x;s)
fsijs tj R2 2g
Using the mean-value theorem and Lemma 1.1,
@P A
Dq; X;t
1 @x g(x; t)
Z1 Z
@rP A
= k(t s)(t s X;s+ (t s))g(x;s)dsd
S (t s)(t s) @X@K( (t s)a(x;s)
fsijs tj R g 7
c 2kD,Ak 2 it sj ¥?jg(x;s)jds

fs;js tj R2 2g
¢ 2RKkDh Ak M (g(x; ))(1):
Also,
@P A
Z@?(
= k(t S)

fsijs tj>R 2 2g

Dy; a(x;t)

@P A(x;s) @P A(x;t)
@x @x

g(x;s)ds:
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Applying part (i) of Lemma 1.1 we immediately get the estimate stated in part (ii)
of the lemma.

@P A
Dl,z@?(@ a(x;t)
. g GPAKS)  GP AKD g g,

@x@ @x@

fsijs tj R2 2g
Again using the mean value theorem as well as the truncated maximal function de ned
above we have the following estimate,
@P A(x;s) @P A(xt) @GP A(x;)
@x@ @x@ @ @x@xg

The inequality stated in part (iii) of the lemma is a consequence of this estimateand
standard arguments.

cijs tiMR (t):

@ A
Dz,z@}(@ g(x;t)
_ @P A(xs) @P A(xt) o o
= k(t s) @x@ @x@ g(x;s) ds:
fsijs tj>R 2 2g
As in the estimate of Dj; @@;A a(x;t),
z
@P A(Xx;s) ,
k(t 5)7@}(@ o(x;s) ds
fsijs tj>R 2 2g
@GP A(x )
1 1 . .
c R "My g(x )7@}(@ (t):
Also using Lemma 1.1,
z
@GP A(xt)
k = N7 .
(t s) @r@ g(x;s) ds
fsijs tj>R 2 2g
P A(x
¢ O AN (L g R Y

@x@
where  (t) = Rk »(t).
Letin the following r () =(R ) %jtj ¥ tqjsj (R )2g(t).

Lemma 4.2. The following measures are Carleson measures dR}*! having Car-
leson norms stated below.

@P AC) sy
eear Y

. 2
Croar © T

(i) di(;xt)= MR

(i) da(xt)= v MR
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2

(iii) das(;xt)= an @—@KP A(x; ) (b) dzd—;
2

(V) daCxt)= S0 P A dz3

(i)  1((0;r) B.(x;t)) C  *kD,Ak?RYr¢;
(i)  2(0;r) B(xt)) C  “*kD,Ak*RYr¢;
(i) 3(0;r) Bi(x;t)) C  2kD,AK?
(iv)  4(0;r) Br(xit)) C  2kAKcomm:

Proof. The estimates of the measures in part i) and (ii) can be found in [19,
p.394-395]. The estimates in (iii) and (iv) are proved by similar argunents.

Lemma 4.3. Let 4 = Sfwith 2 L?(@) . Let < 1=2 and kD,Ak 8+d,
Then the following is true for all tripples (j; k;r ),
27" # 2
HD,; @@Lf uy, dzd . Z2kfks:

0 R"

Proof. Integrating by parts with respect to  and using Cauchy-Schwarz with
we have

27" " ,
_@P A
HDtlzz,@i?( U;k dzd
0 RN " #
27 5
HD i-; @g?(A Uy, *dzd
0 Rn " 4
A7 2
a@arP A
+ HD!_,; u' 3dzd
1=2 @?(@ Xk
0 Rn
= N1+ Noj:
Using part (i) and (i) of Lemma 4.1 with R = ! Lemma 1.1, Lemma 2.4 and
Theorem 3.1 we haveN; . 2kfk3. Using Lemma 4.1 we have
AZ 2
1 @P A(x )
N, . R "My, U, W (t) dzd
0 RN
2 Z 2
@P A(x;t)
+ R? u? t) ——~ dzd
[ R Xk ]( ) @?(@
0 Rn
AZ 2
@P A(x )
+ RMR = 227 (¢ u Sdzd:
" ex@a@r VR
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Noting that [ U, (x; )I(t) is non tangentially bounded by My N uj, ,

letting R = 1, using Lemma 2.4, Lemma 1.1 and continuity of the Hardy-Littlewood
maximal function we have,
A7 2
N 21,4,2 R @P A(X) 5 .
JNZ] . krkz + R R Mn m (t) u;k dZd .
0 R"
ChoosingR = ! and using Lemma 4.2 on Carleson measures as well as Lemma 2.4

we may conclude that,jN,j .  2kfk3. This completes the proof of Lemma 4.3.

5. Estimates of the LZ?-norms of certain fractional derivatives of the
single layer potential. This section is devoted to the proof of the following theorem.

Theorem 5.1. Let kAKcomm < 1 andf 2 L?(@) . Let 4 = Sf be the
single layer potential associated to the linearized systemf Navier-Stokes. Assume
that 1=2 and b= kD, Ak o= 89 Then,

27
iDiL(tx, )(;z)j?dzd 5 C kfK3;
0 R
27 @
iDL, (¢ )(:z)dzd 5C KFKG+ k@‘ﬂzksbrk%lzz(@)
0 R
Proof.
A7
jDia(uy,  )(;z)j?dzd = (partial integration in )
0 R
27
= 2 Diog(u,  )Di4((u5, ) ) dzd
0 R
A7
= 2 Diop(uy  Nuy, ) dzd
0 R"
A7 A7
( jug, ) jPdzd )? ( jDi(uy  )jf dzd )
0 R" 0 R"
AZ A7
(e DiFdzd )2 jDi,(uy )i dzd )R
0 Rn 0 R"

Using Theorem 3.1 our estimate follows. We now turn to the other estimate inthe
theorem. Dene w" = HD!{_,(u" ):
x 2Z x 2Z
jDi4(u"  )j*dzd = w'(u" ) dzd

" onrn " o rn
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A Z A Z
X PA X PA
= w(u )@+ @ ) dzd w' (ug )@ dzd
r @ r @
0 Rn 0 Rn
AZ
X @P A@P A
+ r Wr(u;o )WT dzd = Tl + Tz + T3:
0 R"
We rst focus on T;. Recall the de nition of the conormal derivative
@4
— =(r ¥)N N:
@ (ro)N p
If wis a vector and if (4; p) solves the linearized Navier-Stokes then,
Z

w%?dxdt = w ddXdt wr pdXdt:

But, d Z Z
w ou"dXdt=  w'r u"N;d dt r wr u" dXxdt:
@
We now let w= w'e, wherew' = w' and g is the unit vector in the X, -direction.
ie.,
Z Z Z
w'@dth =  wru N;d dt r wr u" dXdt w' deth
@t @x
C4 z
= W (ruNg pN/)d.dt rw'r u" dXdt
2 ‘  @p
+  WpN/d dt w' —— dXdt:
PRy €t @x
@
As Z Z
@p @Ww
w pN/ d dt w ——dXdt = =—pdXdt
p t t @X @xp
@
we have
A7
X
Ty = w(u )@+ @P A)dzd
r n
5 z Z ow
= w'(r Ny pN{)d .dt rwru dXdt+ ——pdXdt :
; @x
@
To estimate T; we therefore have to consider terms of the following forms,
Z 1Z
@w@u X @w
A = ————dXdt B = ——pdXdt:
K @x @x . @’

We postpone the proof of Lemma 5.2 and Lemma 5.3 below in order to complete the
proof of Theorem 5.1. Lemma 5.2 is proved at the end of this section. All of Sectiof
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is devoted to the proof of Lemma 5.3. As diw = 0 the term B would be zero if we were
studing a time independent cylinder. Now we want to prove that this term is small
in an appropriate sense. This turns out to be highly non trivial and for expositure
reasons we have devoted a whole section to that term.

Lemma 5.2. Assume that 1=2 and b= kD, Ak o= 8494 Then, A
kfk3:

Lemma 5.3. Assume that 1=2 and b= kD, Ak o= 89 Then, jBj.
kfk3:

Using Lemma 5.2 and Lemma 5.3 we have now proved the following estimate fdr,

. @
i C k& + k@'ﬁzksbrk%:z(@)

Recall our main objective, i.e to estimate,
x 22
jD5=4(Ur )szZd =T+ T+ T3:
Y
T, and T3 are left to treat. In the following we use the summation convention. Triv-
ially,
27Z = 27z =
jT.j C jwjz(—@P A)23 dzd - j i+ =" j?dzd -
0 Ro @ 0 Ro
C(1+ ‘'bkfks. kfk3;

by Lemma 1.1, Lemma 2.4, Lemma 3.3 and Theorem 3.1.

Left is therefore to manipulate Ts. Integrating by parts w.r.t. we have that the
following formula is valid for Ts.
27 27
_ @P A _ @P A
Ts = whouy, ) ot dzd = wou ) ot dzd
0 Rn 0 Rn
27 27
@P A @P A ]
wou, ) ot dzd Wy ) o@ dzd:
0 Rn 0 Rn
Using this formula for T3 we have
|
A7 2 f1=2 A7 2 1=2
. 2 @P A
iTaj . Di, (U ) dzd (U, ) ot dzd
0 Rn 0 R |
A Z 2 1=2 A Z L)
PA
+ HD LU )2 % dzd (W, ) %dzd
0 R? 0 R
A Z
+ Wr ur )w dzd
0 R" " @t@

=M; N;+ M, N+ A:
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Applying Lemma 1.1, Lemma 2.4 and Theorem 3.1 we have
jNzj . Tbkfky  jMgj. tbkfkp

]sz krkz Jsz kf‘k2:

jTaj. kK3 + A

To estimate A remains. Integrating by parts w.r.t t in A we have
27
@P A
—_ t r r
A= HD j_,(u ) Uy, ) @@ dzd
0 Rn
27
@P A
= [HD (U™ )k Uy, ) dzd
0 Rn
27
P A
HDi,(u" )uy, X @ dzd
0 Rn
27
@P A @P A
= HD'., (uf, )WHU{ ) U, ) dzd
0 R"
27
@P A @P A
HD iU ) (e )= g * (Ut ) dzd
0 R"
27
@P A @P A
=, )Tgp t(u ) HDi, (1, ) dzd
0 R"
27
@P A@P A
HDL,(U ) Uiy )= gr @ 920
0 R"
27
HD 1,(u" ) uj, )% dzd = Ap+ Az + Ag:
0 R"

Using Lemma 2.4, Theorem 3.1 and Lemma 1.1 one may conclude that

A2+ jAsl  C kK3

P A P A
A, 8RR ) DLy OE
0 Rn
A Z
P A
+ow, )2 A ) HDLL, )]

(u;0

@P A
@

) dzd

dzd:
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Applying Lemma 4.3, Lemma 1.1, Lemma 2.4, Theorem 3.1 and Lemma 3.3 in a by
now familar way we may conclude that,jA;j C kf k3. Putting it all together we
have proved thatjTsj . kf k3: This proves Theorem 5.1 modulo Lemma 5.2 and 5.3.
We now turn to the proof of Lemma 5.2. First we will derive an expansion ofA;

from which we will able to handle all terms. Such an expansion was presented in a

similar way in [27].

Lemma 5.4. Letr,j 2f0;::;;n  1g. Then
A7
P A
Ag = o HDL(, )2, )
0 R"
22z h i
@ o) HDI, uy ) u @P A 44
0 R" " 4 |
A7
+(1  jo) HDE:Z;@(;(A U, uy, ) dzd
0 R" " 4 |
AZ
+(1 o) HDtlzz;@(;(A U, uy, )dzd
0 R" N 4
A7
P A
+(1 o) HD i, %}(@ uy, uy, ) dzd
0 R"
27 h i
@P A
1 jo) @x@ HDi,, (uy, ) (u, )dzd
0 R" N
22 @P A# @P A
1 o)  HDY, (u ) “ex (U, )=g dzd
0 R" N 4
A7
@P A @P A
1 o)  HDi, (u, ) ax (u, =g dzd
0 R"
Proof of Lemma 5.4.
Z Z
@w@u @P A
AI’;O = @75@75 dXd'[ = Wr (U;O )(1+ @ )dZd
@
A7z
@P A
= HD iop((uf, ) Nug, )@+ g ) o
0 Rn
A7z
@P A
= (HDiop(uf,  M(uy, )L+ g ) oz
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A7
@P A @P A
HD i, (U, ) @ Mug, )@+ @ )dzd
0 Rn
AZ
@P A
= HDtl:z((U;o )T)(U;O )dzd;
0 R?
by anti-symmetry. Let j 6 0. Then
27
@P A
Ar;i = (WXj ) u>r(j 1+ @ dzd
0 R"
Ifwedene D=1+ @';@—A then,
r — r @P A 1
WXJ‘ WXJ‘ w @?( 1+ @P@A
@P A1l
= W;j w @ 5:
But
#
@P A
W, = HDi,(u), )+ HDji., (ug, )@—?(
w' = HD i,[(u}, )DI
l.e.
#
@P A
W, = HDtlzz(U;j )+ HD 1, (uj, )@—?(
1@P A ]
5@—}(HD5:2[(U;0 )DI:
l.e.
27
A = HDi, (u, ) (u;, )Ddzd
0 Rn . "
27
@P A
HD -, (ug, )@—}( (uy, )dzd
0 Rn
27
@P A
+ @—}(HDE:Z (Ui, D (uy, )dzd
0 Rn
27
= HD i, (uf, ) (u, )dzd
0 Rn
27
WD, )y, )25 Pdzd

@
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" #
A7
@P A
t
HD 1o —=—— @x (Ui, )(U;j )dzd
0 Rn " #
A7
£ HDL, W, ) 28R, )8 Bz

@x

0 R"

Integrating by parts in  we have

a7 " # !
@P A
HD i.,; @x (U, ) (u, )dzd
oR 4 |
A7 :
@P A
= HD ioy; @x (U, ) (u, ) dzd
oR " |
A7 :
@P A
+ HD,; —— “@x (U, ) (u, )dzd
oR |
A7 :
@P A
+ HD!.,; @}(@ (uy, ) (u;j ) dzd
0 R

Note that by the anti-symmetry of HD|_, we have

A7
HDi., (u, ) (u, )dzd =0;

0 R"
27 ) #
. ) @P A @P A
., HD i, U, @ Uy, @x dzd
27 ) #
PA PA
= HDi., u} @ : @P A za:

= Xj @}( uXo @

0 R"

Collecting we get the formula stated in the lemma.

Proof oiaLemma 5.2. We intend to estimate jA.; j. Using Lemma 5.4 we have
that Ay; = Mk where M are the expressions stated in the lemma. Using the
antisymmetry of HD |_, and the self-adjointness of the commutator all of these terms
can be expressed on one of the following forms for relevant indiciesj;m and k,

AZ h i
P A
Ny = HDi, u, ) uj @@ dzd
0oR " |
A7
_ @P A
N, = HD!.,; ax . u, ) dzd
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@P A
N3 = @x@ ———(u;,  )HDi,(u} ~ )dzd
0 R ) "
A Z
@P A @P A
Ny = HD i (uy, )—=— (ug, )szd:
0 R

Applying Lemma 1.1 and Theorem 3.1 we have,

27 h i 2 1=2 27 2 1=2
N3 HDY, uf, dzd N
0 R" 0 Rn
kfk3:
Using Theorem 3.1 and Lemma 4.3 we get,
" #
27 2 1=2
iN2j . kfk, HD‘lzz;@@'.;(A uy, dzd . kfK3:
0 R"

Integrating by parts w.r.t. x; in N3 we have

27
@P A
N3 = (U, I HDi(u; ) dzd
0 Rn
27
@P A
@ (u;(k )HD 2[(uxm )xj ] dZd
0 Rn
27
PA
- @@ (U, )x HDi,(uf ) dzd
0 R"
27
PA
+ HDi_,; @@ (U, (Ul )y dzd
0 R"
27
@P A
* @ ——=—[HD} Uy, Uy, )x dzd:
0 R"

As abovejNsj . kfk3. The same estimate is true forjN4j. This is proven by similar
manipulations.

6. The estimate of a di cult term involving the pressure. This section
is devoted to the proof of Lemma 5.3 in the previous section. l.e., de new~ =
HD!_,(u" ) whereu" is componentr of the single layer potential associated to the
system of linearized Navier-Stokes. We want to estimate

9(12 aw

B := ——pdXdt
r=0 @
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where w' = w'. As divd = 0 the sum under consideration would be zero if we
were considering a time-independent cylinder. We will prove that in our situation B
is small in the sense that if < 1=2 is small enough and ifo = kD, Ak 8+d then

jBj. kfk3. Changing coordinates,
D( 12‘ Z

QW @P A
B = —_— 1+ dzd
. (@x p X @ )
0 Rn
Recall that if we dene D =1+ @?@ A then for r 6 0,
@P A 1 @P A1
w, =(w' w' =(w' w' —
Xr ( )Xr ( ) @X 1+ @p@ A ( )Xr ( ) @X D
1
we,  =(wl ) D
Using this we may write,
AZ
B = w° ) (p )dzd
0 RO
D( 1 Z‘ Z
+ W e )+ ZEB)dzd
r=1 0 R"
A7
@P A
w' dzd
( ) (P ) @x
0 Rn
Using that div+ = 0 we can derive the following equality,
X1 PA
HDLIW )1+ HDL, 0 ) @ ) ZLE -0
r=1 X

Combining these identities with the facts that,

HD1,[(u® ) 1= HDi,[(uy, )DI;

@P A
HD tlzz[(ur x| = HDt1=2 (U;, )+ ( U>r<0 ) @x ;
we have the following equality,
X 1
HDS.:Z[(UO ) ]+ HD'EI.:Z[(Ur )Xr]
r=1
Xt @P A @P A
= HD i, (U, ) @ (U, ) ax

r=1

Continuing the derivation started above we may therefore conclude, after somena-
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nipulations,
D( 1 Z‘ Z
B = iDL, P A W ) (p )dzd
- @x
0 R"
27
@P A
HD 1: @ (u )x(p )dzd
0 R"
We have to prove that this term is small. For simplicity we just consider the term
AZ
@P A
T:= HD!_; u’ dzd;
1= " @y ( ) (P )
0 R"
the other one being treated similarly. Integrating by parts w.rt  we have,
AZ
@P A
T= HD 1ot =gy (U ) (P ) dzd
0 R"
AZ
@P A
+ HD! ; —— (U dzd
1= “@x ( ) (P )
0 R"
27
@P A
+ HD! ,;——— (U dzd
1=2 @x@ ( ) (p )
0 R"
=T+ T+ T3:
T, can be easily handled using Cauchy-Schwarz giving,
27 2 1=2 27 1=2
. PA . .
iTij C HD i-; OP A (w ) dzd jrp j?dzd
@x
0 R" 0 R"
Using Lemma 3.3 and Lemma 4.3 and 89 we may conclude thatjT;j. k3.

We now have to estimate T, and Ts. The problem here is that we have no
good estimates for the parabolic nhon-tangential maximal function ofp . Let in the
following P , as usual, be a smooth parabolic approximation to the identity. We now
decompose the pressure in the following way,

(P )Gxt)=P (e )+(1 P)p )
The following is true (the proof is given at the end of the section),
Lemma 6.1.
KN (P (P DOXGOKL2(roaxat)  CKFKL2(g)

Using the decomposition of the pressure we can write,

A7
T, = HD'[ @P A
; =2 @x

(u ) P(p )dzd
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A7
P A
+ HD‘l_z'@

_,W(U ) (I P)(p )dz

0 Rn
=To+ T

Using Theorem 3.1, Lemma 1.1 and Lemma 2.4 we have

A Z 2 1=2
T . Ko HDLZ;@@’;’XA P( ) dzd

0 Rn

Integrating by parts w.r.t x, in T3 we have

A Z
Ty = HD L, 8P A W ) (0 ) dad
@
0 Rn
AZ
P A
i Co 8 () (b ) dad
0 Rn
= Ta1 + Taz:

Using Lemma 3.3 and slightly adjusting the argument in the proof of Lemma 43,
jTs2j . kfk3. Decomposing the pressure ifz; we have

A7
P A
Ta = HDL C2A (W ) P (p ) dzd
0 Rn
A7
@P A
HDloi=g— (" Jx (I P)(p ) dzd
0 Rn
= Ta11 + Tago:
As above
AZ 2 1=2
. . P A
jTa11j . kfks HD!.,; @@ P(p ) dzd
0 Rn
We may therefore conclude that
AZ 2 1=2
— P A
jToj + jTaj . kFK3 + kfko HD ., @@X P(p ) dzd
0 Rn
AZ 2 1=2
+ kfks HD!_,; @(P@A P(p ) dzd
0 R
A7
@P A
+ HD! ,;,——— (U | P dzd
1= " @y ( ) ( p )
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A Z

+ HDL S22 W ) (1 PP ) dad
0 R"
We rst treat the term
A7 2
— ¢ .@PA .
A= . HD_,; @x P(p ) dzd:
@P A @P A

The term containing =— instead of is treated in the same way. Integrating
the expression in A w.rt we have after some simple manipulations that,

27 2
@P A @
A. HD!_; —(P 3 dzd
1=2 @X @( (p ))
0 Rn
27 )
@P A
+ HD! ,;=—— P 8 dzd
12 @x@ P )
0 Rn
= AL+ Ao
Using Lemma 4.1 withR = ! and kD, Ak 8+d e have that
27 @ )
A;. (R 2+ R? “kD,AK?) @(P (p ) dzd
0 Rn

AZ 2

@

—(P dzd:

@( (P )
0 Rn

From now on we letP have the following product structure, P (x;t) = pW (x)P(Z) (1)

whereP® (x) = "1 (jxj= )and P@(t)= 2 (jtj= ). Here 2 C ( 1;1) and
=1. Then

@P 1

i

where Q(i) is an approximation to the zero operator. I.e.,Q(i) denotes the operator
of convolution with a generic kernel of the form QW)= 4QW(= i)whereQ® 2

Ci(R")and QW(z)dz=0. Hered;=n 1, 1=n 1,m=n 1,d,=2,
RMi

QW)2p@ 1 1o@y2pw.

2=2, n2=1.
Now
@@(P P )Gxt)=P ) )Gxt)+(2@Wyp@ + Lg@yzpwyp ).
Using this,
27 @ 2 27 2
SP@® ) dd . P(p )) dd

0 R 0 R"
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27 24 27 24
QPP ) Zdzd + @QP)PY(p ) =dzd
0 R" 0 R"
= All + A12 + A13:

A1 is treated by using the square function estimate of Lemma 3.3A;; . Iﬂ‘k% We

now estimate A;;. Let  (x) be the convolution kernel of (Q(l))z. Then =0
and

j(g“’)z(p )X
x yip Gy;t) p o (Gxt)ldy

RN 1
2z
= X X Yy Irx(e Gy + (X y);t)dyd
0 R 1
Z z
= (hh [rx(p HI(;x (@ )h;t)dhd
0 R 1

cM O x(p MCxt);

whereM @ s the Hardy-Littlewood maximal function in the x-variable. Using square
function estimates for the pressure, i.e. Lemma 3.3, as well as continuity of aximal
functions we may conclude thatAj, . kfk3. Using an argument identical to the one
in the proof of Lemma 6.2 below one may prove that
27 2
Az . Q)20 H(:x:t) axdd © kK2
0 Rn

Put together, A; .  kfk3. Using Lemma 4.1 we have

AZ 2
o @P A(x;)
1
A7 2

RN s P Mx) FPAKD

@x@ dzd

@P A(x;) 2

R . 5 .
+ RM @x@ @7 M) r (P NXxt) dzd:

Notingthat ; (P (p )) is nontangentially bounded by MyN (P (p )), letting
R = 1, using Lemma 6.1, Lemma 1.1 and continuity of the Hardy-Littlewood
maximal function we have,

A7 2

jAsj . KkFK3+ Rr MR %D}@A(C;rz) (P (p N(x; )(t) °dzd:
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ChoosingR = ! and using Lemma 4.2 on Carleson measures as well as Lemma 6.1
we may conclude that,jA,j .  Kkfk3.
We may therefore conclude thatjTj. kfk3+ jBj+ jCj, where
27
@P A
B = HDtl:ziﬁ (u ) (" P)p )dzd
0 Rn
AZ
c= iRt W ) 1 PR ) dea:
0 Rn

We just treat B asC is treated analogously. Using the notation introduced above,

z d z d
(I PXp )= POQYZpE )T+ PUQDEE ()
0 0

In estimating the expression in B we therefore have to consider

A7 7
@P A d
Bi= HD i ax ) P@Q@M*p ) —dzd;
OR O
AZ 7
B, = WDt 8P A () PO@Q@)2p ) Ldzd:
@x
OR O
Note that as above,
Z
IQM)2(p (sxit)j= x yp Gyt) p o (Gxt)ldy

cM@@rx(p INGxt);

where M @) s the Hardy-Littlewood maximal function in the x-variable. Using this
observation, the selfadjointness of the commutator and Lemma 4.1 we have

22727

Baj = W ) HDL,@PA paQwyeE ) Ldu
@x
OR O

AZ Z d

o(R ?+R? “kDpAk) ) M@ EEQW)A(p ) —dzd
OR O
A7 Z

R 2+ R? “KD,AK) W) IMOMOMD G (p ))(ixit)d dzd
OR O

c(R 2+ R? kD, Ak )kfk3. kfk3

by the continuity of the maximal functions, the square function estimates of Theorem
3.1 and Lemma 3.3 and the choicdk = 1. Leftis to treat the term B,. Let in the
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following =1=2.
A7 Z 2 1=2
o @P A d
B @ HD!_;=—— (U -) dz— 3d
1B2] Q 122 @y ( ) (-)
OR O
AZ 7 1=2
PR ) (1) L
OR" O
Note that,
AZZ AZZ
L 6@ dd W (@ dd
P Q¥ (p )()dZ—— c M (Q™ (p ))()dZ——
0RO 0RO
A7 Z
c Q@@ ) (o) a2
0RO
l.e., what we have to do is to estimate the terms,
A7ZZ 2 A7 2 2
d d d d
Boi = QY ) (=) —dz—= Q¥ ) (=) —dz—
0OR O 0 R
227 Z7Z 2
P A d
By = @ HD! ,—@ u’ -) dz— °3d:
22 o Q 122~ Gx ( ) ()

We rst consider By;. Integrating by parts w.r.t

AZ
821:2
0 RN
22727
+4 Q@ (p

0RO

Q¥ X

Using Cauchy-Schwarz we have,

AZ 7
jB212]

OR O

AZ Z

0RO

)Q®@ (p

we have ( = 1=2),

2
X t) dzd—

_ d
) (-)¥?ddz — = B + B

1=2

2
Qe ) (=2t

2 1=2

Qe ) () Ldzd

Using Cauchy-Schwarz with and standard arguments we have,

A7 7 2

iB211j +
0

iB2ij .

Qe ) (2 %Ldzd

R" 0
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AZ
CBauj+ (P ) P ddz . jBauj+ kFKS:

0 R

Lemma 6.2.
27 2 4
Q@(p )(;xit) dz— C kfK3:

0 R"
Using lemma 6.2 we may conclude thaiB,;j . kfk3. Left is therefore to estimate

AZZ 2
@P A
Boo = Q(Z) HDtlzz; @7}(

0RO

) (- dzd— %d:
But the relevant estimate of this term is stated in the following lemma.
Lemma 6.3. Let R 2. Then there exist integersm; and m, such that,
jB2j C (R 2+ RM  M2)kiks:
By an appropriate choice of R we may therefore conclude that,
jBj j Bij+ Baj. kfka+(Ba Bo)'™2. kik+ kfky >  kikg >, ki3

The proof of Lemma 5.3 of the previous section is therefore complete modulo Lemma
6.1-6.3.

We now end the section with the proof of Lemma 6.1, 6.2 and 6.3.

Proof of Lemma 6.1. Recall that

z
pX;t)= r (X QFf(Q;t)d «(Q);
@
where in this context is the fundamental solution of Laplace operator. Let
Z
g(;x;t)=(p )(xt)= K(xy;t)ey;t) dy;
Rn 1

wherekeK 2 (rnaxdt) K TKiz@ andK(;xyst)=1 ( +P A(xt) A(y;t);x y).
We may without loss of generality assume thatgis non negative. Let be a smooth
function of (y;s). Let > 0 and (x;t) 2 B; (Xp;to). Assume that = 1on
Bca (Xo;to) and = 0 on the complement of Boca (Xo; to) for some constantc >> 1.
We decompose,

"y;s)=  ®y;s)+(1 YNY;S) = au(y:s) + &(y;9):

Then g(;x;t )= a(;x;t )+ go(;x;t) and one easily derives that

_ X
P aa(ixt )] c

r

X
d jgi(y;s)j dyds cM (g")(Xo; to);

Bca (Xosto)
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where M is a parabolic Hardy-Littlewood maximal function. We now consider
P a(;xt).

P Xt

g g%( )

X zt s
— dP( .

i —)(K(:ziy;s)  K(0:xo;Y;s))e(y;s) dydzds

X zt S
+ dp(22_< ;02

RN Rn 1

YK (0; Xo0;Y; S)ee(y; s) dydzds= M1 + M3:

Obviously,
M2 cM® (gx(0;x0; ))(to);
where againM @ is a Hardy-Littlewood maximal function with respect to t with good
continuity in LP. We now focus onM;.
K(;ziy;s) K(0:xo;y:s)
=K(Gziyis) K(Gxoyis)+ K(Gxoyis)  K(0ixory;s):

IK(;zyyis) K(:Xo01Y;9)]
=jr ( +P A(zis) Aly;s);z y) r ( +P A(xois) A(Y;s)iXo Y)i

n.

cixo yi " jP A(z;s) P A(x;8)jitjz Xof CiXo Vi

Analogously
JK(ix 0;y;8)  K(0;x0;y;8)i ¢ jxo yj "
l.e,

iP g(xt)i M@ (g(0; xo0; ))(to)
Z Z

X X [y
;S
+ d 7_920/ .)n dsdydz
ri=0 v _ Xo Yl
! 2 j xo yi<2* jxo zj<c jto sj<c 2

M@ (g2(0;x0; N(to) + MDD (M@ (g5( ;5 )(to))(Xo):

r

Again, the desired continuity follows by continuity of maximal functions and as p
(0; x; t) is continous in L2(R"; dxdt).
Proof of Lemma 6.2. Recall once again that
Z
pX;t)= r (X Q) (Q;t)d (Q);
@

where in this context is the fundamental solution of Laplace operator and
Z

(P )Oixt)= K(xy t)e(y;t) dy;

RN 1
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wherekeK 2(rnaxdt) K TKLz(@ andK (Gxiy;t) =71 ( +P A(Xt) A(y;t);x y).

We de ne Z
T gx;t) = K(xyst)e(y;t) dy:
RH 1
Thenp (;xt)=T gXxt)and
kT ‘g(LZ(Rn) CkWLZ(@)

with a C independent of . We intend to prove that,

A7 2 q
QDT gx;t) dxdt—  CkekZogn):
0 Rn
Note that Q¥ T =T Q@ [T ;Q@]and trivially
27 5 q 27 5 q
T Q@ gx;t) dxdt— C Q@ g(x;t) dxdt—  Ckek?s(gn):
0 Rn 0 Ro
We are therefore left with the commutator. Let ©® be the kernel on(Z) .
Z Z
T:Q%lgxt)= @t ) (KGxyit) K(xy:s))gy;:s)dyds:
R Rn 1
Let K(;x;y;t;8)= K(;xy;t) K(;x;y;s) and decomposeg(y;s), for xed
the following way,
z d
oy;9)= P ay;9+(1 P)Hy;s)= P oy;9)+ Q°ey;s)—;

0

,in

where P is a nice parabolic approximation to the identity. l.e., we have to consider

Z Z
My = @t 9K (;xy:ts)P y;s)dyds;
R R 1
Z 7Z Z
_ @ g e 2 afny d .
M2 - (t S)K( 5Xiy!tas )Q dyls) dyd37
0 R RN 1
De ne, 7 7
A. (xt):= @t s)K(;xy;t;s )Q%¢y;s) dyds:
RR 1!

We now use the following lemma. The proof is postponed for now.

Lemma 6.4.
KA. Keoroaxdt) C(—)KQ eKiz(rn)
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for some C > 0 independent ofg, , |,
Using the orthogonality statement in Lemma 6 4 and Littlewood-Paley theory we have,

27 ) g 27 27 g
[T ;Q@1g(x;t) dxdt— jM1j2 dxdt — + jMj? dxdt —
0 R" 0 R" 0 R"
27

jM1j2 dxdtd—+ k@k,_z(Rn
0 Rn
We now focus onM;. De ne
HOxyt)=r ( +P A P Ay 0)xy)
HOxyts)= HGxyt) HOxy:s):

Then M1 = M1 + M1 where,
Z Z

M1 = @t sH(;xY:ts )P y;s)dyds;
2Rz’
My, = @@t S(K(xy:ts) H(xy;ts))P oy;s)dyds:
R Rn 1
Using calculus we may expres$/ 11 in the following way,
Z Z Z1

My = @@ s)(t s @@KH(;x;y;s + (t s)d P gy;s)dyds:
R RN 1 0
Obviously
@ @

@—KH(;x;y;t)=r w( P A(Xt) P A(Y:);x y) @‘P A(xt) P A(y:t):

Asj@ =@x@xj cjxj " we may conclude that

Z Z . . .
Myuj C i @@ it s
( +ijx yj)n
RR” 1
71
@ , @ , . N
J@P A(x;s+ (t S))J+J@P A(y;s+ (t s)jd P jgy;s)jdyds:

0

Here &7 denotes the derivative in the t-direction. Assume without loss of generality
t s>0 jt sj<r?2. Then

z @
OJ@P A(;s (t s)jd
iy si
_~ j=P A(;s )jd M, @, AC ) (9):
tos e ’ " @z
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z ) . @
o™ gt Ak ) O i ©
2 z 2 2 @
- WMn @z Aly; ) (P jely; idy (1)
2 (1) . Y 2 Q .
cM, M Pig(: )i (M, @z’ Al ) () (M)
@

+eM,” MO M’ " AG ) OP e (9 ()

Using this estimate of M1; and continuity of maximal functions we have,
27

iM 11j2dxdtd—
0 R"
27 5
C MO Pt M, @b A ) @) dxadtd
o e @z
27 2
+C M® M, ° @o A ) @P g0 () dxdtd
0 R" @K
Using this estimate, the fact that according to Lemma 4.2 part (iii) the measure
2
M n2 @P Alx ) ) dxdtd—

@z

is a Carleson measure with norm no larger thanc 2kD,Ak?, the fact that
MO P (g ;t)))(x) P (MWD (g)(x;t) we get asP g has good continuity with re-

specttoN ,
27

. . d
jM11j?dxdt—  Ckegks:
0 Rn
We now focus onM 5. ZReczall that

M = @t 9)( ;xy;ts)P gy;s)dyds;
RR 1
where
(xy:ts)

=r ( +P A(t) A(y;thx y) r ( +P At) P A(yit);x )

+r (+P AKXs) P A(y;six y) r (+POAKXS) A(y;s);x  Y):
l.e., by the mean-value theorem,
I P OA:DI i P )AY:S),

( +jx yj)n ( +ix y)n -

J(sxyits)
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Therefore,
iM 12] £ m i1 P OAW:Dj+j0 P A(Y;s)j P je(y;s)jdyds
lejR l(+jxyj)”j yiDi+i y;s)i P je(y;s)idy
R 1 Z
cM® Zj P OAGH] | @t 9)iP jg(;s)ids ()
R

soMy M@ L0 P O)AG P ) () (©)= Mz + Myz:

But
2

Lo P oA dxdtd

is a Carleson measure with norm no greater thatt 2kAkcomm . This is statement (iv)
of Lemma 4.2. Therefore by continuity of maximal functions we have the desired
estimate for M 15,. Left to estima%e is

Mfﬂdxdtd—:
R R"
But
Z Z 1 Z 2
MZ dxdt C  Zj( P H)AXH)] | @(t s)jP je(x;s)jds dxdt

RN RN R

Z L 2

C j @ Zj0 P A jP jgj?dxdt:

Rn
Again, as is easily seen, the measure

2
i@ Yoop oA edatd

is a Carleson measure with norm ¢ 2kAkeomm . Using this and the fact that the
non-tangential maximal function of P j¢ is good we may complete the proof. l.e., the
proof of Lemma 6.2 is complete modulo Lemma 6.4.

Proof of Lemma 6.4. Set
Vxysts)= @ s)K(ixyits)
= @@ 9r ( +P A AW;x y)r ( +P AXS) A(y;s);x Y
Using that if k(y;s) (¥; 9k then,
1

V(xy;ts) VXK¥Es) € — — grosi< 2g(t) (v X ;

we may conclude that
Z Z

AL (1) = @t 9K(;xy:ts)QHy;s) dyds

R R 1
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zZ Z
= Q V (xy;t;s)Q #y;s)dyds
R Rn 1
C —Ma(MD(Q &(; )ON(D):
Continuity of maximal functions now completes the proof.

Proof of Lemma 6.3. Again the kernel of HD {_, is k(t) = csgn(t)jtj 3=2. Let

ki(t) = k(t) fsijsj R2 g(t); Ko(t) = k(t) fsijsj>R 2 g(t);
whereR; ; > 0 and let D; and D, be the associated operators. Using part (i) of
Lemma 4.1 we have withR replaced with R such that R> 2= R2
.@P A

. 2 .
Da; @x g(x;t) ¢ R “kDnAk Mn(g(x; ))(1)

c R 2kD,Ak (=)¥2M,(g(x; ))(1):

Again M, is the Hardy-Littlewood maximal function in the t-variable. As

@P A @P A
) . r Cye . r Cye .
Q Dlx @X (U ) (,X,t ) CMI’] Dlu @X (U ) (,X, ) (t),
we have,
2722 2
@P A d
QY Dy; (u ) (=) dz— 3d
OR O @X
2722 2 d
R?  4kD,Ak? Ma((u" ) () (=)' dz—d . kfk3;
OR O

with an appropriate choice of R and an application of Lemma 1.1, Lemma 2.4 and
Theorem 3.1. Next we consider the part ofB,, coming from the operator D .

P A @P A @PA @P A
@ p ;@ = 0@p + @p,+ Q@¥.: =" p
Q" Dai—gy Q@ P2"gx @x 2 Pzt QUiTgy Pe
=S+ S+ Ss:

Let us consider an expression of the formQ @ D,g. Standard deductions give,
iQ@Dag(xt)j  CR 3(—)"Mn(g(x; )(b):

l.e., the contribution from the operators S; and S, to expression under consideration
can be handled. We now focus on the commutator part and we let in the following
@ pe the kernel on(Z).

@P A(x;s) @P A(x;t)

- @)
t s @x @x

o(x;s) ds
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1 z
P A(x;s+ (t 9))
- @i )t s @ X; s) dsd
R U ST 90x;)
fsijs tj g 7
c? ZkDyAk ? i @t s)ig(x;s)ids

fsijs tj 2g
o(—)*"2 2kDn Ak My (g(x; ))():
Furthermore
iD2gi R Y(-)? Rz g cR Y(=)TPMa(g(x; ));

where
R 1=2 1=2

R 1=2 1:2(t): JI’_]T

>R 2 g(t):

Combining these estimates and appealing to the continuity ofM, we have completed
the proof of the estimate stated in the lemma.

7. Estimates for the pressure. The main identity explored in this section
and stated in Lemma 7.4 below was, as far as we know, rst discovered and used i
this context by Shen [32]. Let in the following,

= f(xo;xt) i x> + P A(Xt)g;
to = \f t=tog=f(Xg;X): Xog> + P A(Xto)o:
Note that if > < jthen 1+ P A(Xitg) > 2+ P ,A(Xto). lLe., to and
to, %0 1, for eachto as ! 0. Obviously we also have that, % as ! 0. N,

is the unit outer normal to @ ;. Nt;j is the j-te component of N, . Let S;f be the
singular layer potential associated to the Laplace operator in the domain ,. The rst
result is the following and is essentially due to Shen[30],

Lemma 7.1. Let ¥2 C2(R"*' n@) and div¥=0 in R"" n@ . Then,
kS (h( ¥iNii)kie@,) Ckr wKiz(@ ,):

Here C is independent oft and .
In order to formulate the other two results we need to introduce some more notabn.
De ne for > 0,

f(Xxo;xt):xo> + + P A(x;t)g;

f(Xo;X;t) @ Xo < + + P A(xt)g:

In the following we let S;  denote the singular layer potential associated to the

Laplace operator on ;| . N,/ is the unit outer normalto @, . We also intro-
duce the maps,

SGxt)y=( + +P AXtE);xt) o Gxt)=( + + P OAXE);xL):

We will prove the following two lemmas,
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Lemma 7.2. Let in the following (#;p) = (S fip ) = (Sfip) be the singular
layer potential and pressure de ned with  as the domain of reference and lef™ 2
Cd (R"1). Then the following inequalities are valid with a constantC independent
of andf,

(i) kp: KL2(@ )

A Z @u 1=2
H Qo . boiyi2 ) .
C kr thki2@ )+ !mO]+ ISt (h@th i)jod ; dt ;
1 @‘;
(ll) kp kLZ(@ )
A Z @4 1=2
C kr ¢ kizq@ )+ !irgk iS¢ (h@t;N; ij2d ; dt ;
. 1 @‘i
A Z 1=2
, o @ o
(iii ) !mg IS (h@th i)jd ¢ dt

1 ;
t

C kp k|_2(@ y T kr o k|_2(@ )y -
Lemma 7.3. Let in the following (t;p) = (S fip ) = (Sfip) be the singular

layer potential and pressure de ned with as the domain of reference and lef™ 2
Cd (R"1). Then,

A Z @ 2 Z @
im, iS¢ (hggN¢ DZd  dt= lim iS¢ (hggNe DI ¢ dt
1 @t; 1 @t;
and
A Z A Z
. s @Y . . @y, ...
!IFBL iS¢ (h@t; N, i)j2d ; dt= jSt(h@t; N,i)j’d ,dt:
1 @t: 1 @t

Let in the following (#;p) = (S fip ) = ( Sfip) be the singular layer potential
and pressure de ned with as the domain of reference and lef" 2 L?(@ ). Let
fj 2 C (R"1) besuchthatfj ! fin L2(@ ). Using Lemma 7.2 and 7.3 we de ne,
@ \ v ¢ Q% | .

@,Nt i)= J.Illrln St(h@,Ntl),
with convergence inL2(@ ). Obviously the de nition is independent of the sequence

f;. The quantity S; (h@@sz; N, i) is therefore well de ned for every f~2 L2(@ ).
We end the section with the proof of Lemma 7.1-7.3.

S, (h

P R
Proof of Lemma 7.1. h %;N;i = ir':ol VIN,' . Here ,

N, = @P A iforiZfl;:::;n 1g; N/%= —

@x  jN¢j IN¢]
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Note that on @ ; we havexg = + P A(x;tp). Let
@P A -
T, = 10;555,0:150;:::0)5 N s

where we have placed the number 1 at positioj. Herej 2 f1;::;;n 1g. Note that
T; is tangent to @ ,. A direct calculation using that div ©=0 shows that the following

formula is true.
Lemma 7.4.

X! @ @y@PA @ @Y@P A
h . H ': _=(=" = (="
ViINN @JT(@X @x ) @I(@X @x

)

ik =1

X1 g, X! L
(e 2SN

j=1 ! X' o @T @

Using Lemma 7.4 we now consider the singular integrals we want to estimate,d.,

Si(h v, N i)(P;t)
h v;N;i(Q;t)

TPV e e g 209
x1? 1 @ @Y@PA @ @Y@PA
‘rk:l@ wa(2 NP Q" 2 @7 @x @x ' @F @x @ ‘
K 1Z 1 Q(@_g)d
a, W@ WP QM Zerex
9(12 1 @ @b .
* w@ miP QF 2@t es
k=lg n J Qj @t @y

Using integration by parts along @ ; and regularity estimates for the Dirichlet problem
on Lipschitz domains, see e.g. [30], we may conclude that,

kSt(h ‘V;NtikLZ(@t) Ckr 'VkLZ(@t);
with C as in the statement of the Lemma.

Proof of Lemma 7.2. We start out by proving (i). As p is harmonic and @ ; is
smooth we have using the Gauss Green formula that

Z )
ey R X;N¢ (Q)i(Q;t) ;
@,
z —8p (Q;t) _
N d/ (Q:

wa(2 n)jx  Qn 2
@
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Hered ; , N,/ are naturally de ned. Let S; be the singular layer potential op-
erators for the Laplace operator on ; . Ifwelet X | P 2 @, we have the
relation

PP = ZBPiD* K/ (IPI+ S (o PP

Here,
z
Ky (p)(P;t) := piv

@

P Q;Ny (Q)i(Q;t)
wnjP - Qj"

pQ:t)d ¢ (Q):

le., S/ (ﬁ)(P;t) =(5 K¢ )p)(P;t). Therefore,

. -
k(* Kt’ )(p)kLZ(@ t; ): kStY (@N’ L2(@ t; )

2
; N L @d .
CkS! (h uiN{ Dz )+ kST (RGN Dkiag

As | is an unbounded Lipschitz domain it follows from the invertibility of L K

that,

I .
kpk o ;) Ck(5 K{ )PKog; )

l.e. by continuity and Lemma 7.1,
2 . @4 . 1=2
kpkLZ(@ ) C kr tlk|_2(@ y T |I'mO kSt (h@f Nt’ I)k2 dt .

L@ )
1

All of the constants in these inequalities are independent of and .

The proof of (ii) follows the same lines as the proof of part (i) with the modi cation
that we instead work with domains,

= f(Xo;X;t) : Xo < + + P A(xt)o:

We now prove (iii). We choose to consider the case of © . Then
2
; @ 2
kS, (h@t,Nt |)kL2(@ ; )dt
1
A Z A Z @p
iS¢ (h wNy D)jPd ¢ di+ iS¢ (=-—)ifd (¢ dt
1 H 1 @N

| .
Ckr ¢ k2@ )+ k(é Ky )XPkize )
C(kl’ H kLz(@ oy T kp kL2(@ : )):

Arguing as above we may complete the proof.
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Proof of Lemma 7.3.

Zt Z
S f(X;t) := (X Y;t s)f(Y;9d 4(Y)ds
1 @,
Zt Z
= (xo (+P A(y;9)):x yit s)f( +P A(y;s)y;s)
1 Rn 1

1+jr P A(y;s)j?2dyds:

Zt Z
@g?(x;tp %t(xO (+P AGS)X yit 9gy;s) dyds;
1 Rn 1

where, q
®y;s)= f( + P A(y;s);y;s) 1+jr P A(y;9)j%

But,

@@S(xo ( +P A(y;9);x yt s)

_ @ . . @P A(y;s)
= @(Xo (+P A(y;9);x y;t S)T
%‘XO (+P AWS)ix yit o)

Therefore,

@S(f)
@t
zt Z
_ @ . _ @P A(y;s)
= @(Xo (+P A(y;s);x vyt S)T

1 Rn 1

zt Z @

@S(Xo (+P A(y;s):x vyt s)gy;s)dyds

1 RN 1

2t Z
- RM%(XO (+P AS)ix it )%@xy s) dyds

2t Z @
+ (xo (+P AWS)X yit ) G’S)ol ds:

1 Rn 1

(X;t)

&y, s) dyds

We introduce the following notation,

q .
fu( + P A(y;s);y;s) 1+jr P A(y;s)j? = %@(V?Sﬁ

65
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@ 9)
@s

q
fo( + P A(y;s);y;s) 1+jr P A(y;9)j? =

We may therefore conclude that,
Q3D (xoixit) = 22S (Ma)(xaixit) + S (Ra)(xoiXi0):
We are interested in
YA @S(M) .\ 5 irA-
. h Ny it
si XNy iy = e T Q0 4
@t wn(2 n)iP Qj" 2
@,

(Q);

forP2 @, .But,

h%?m i=h @L?gs (ML);Ng i+ 1S (M) Ny i

We need to examine the rst term on the right hand side a bit more closely. Using
the trace result of Lemma 2.5 we have

B @ j |
im (S M) N,

= ENtVJ fhjl Nt'J H’il;Nt IgNt'] + Kj;O(hl)Nt'] :
l.e.,

@ XY

lim h@s (1)) . SNy i= Kjo(Mo)Ng s

j=0

and we may therefore conclude thath@s@(f) N, i is a continuous function in all of
R"*1 | The conclusion in the statement of the lemma now follows from the smoothness

of @ and the continuity of S, .

8. Inequalities based on Rellich identities. In this section we focus on
inequalities based on Rellich identities. Let * =, = R" n :We also de ne
Hy = Sfj «,°4 =S ,ps:=p .,,p =p . Then the following identities are
valid,

2 Z 2 Z

.. . . @u @u

h:N 2d ds=2 (=) (=)"d s

N sijr 4 ] S (@x)(@)d ds
1 @ 1 @s
2 Z 2z . 4

o @' eot@t @' @l

div~ 2dxds 2 = ——_—=— =_="p dxd
) (div=)ir " dxds ) @x @x @x @x@xp Xas

2 Z
j@@dxds:

@x @s
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A Z A Z
. . L@u @u . @u
h:N ijr 4 j°d sds=2 TZ—(==N! ==NXd .ds
SJ J S @X(@X S @}( s) S
1 @, 1 @s
A 7
. @u . @u
+2 ! — NI =—NMd ds
p (@X S @?( S) S
1 @s
A 7 A 7

@ et@t @'eb

div~)jr tj2dxds 2 ~_=——=—— =_="p dxd
(div)ir " dxds @x @x @x @x@xp Xas

A Z
2 j@uel dxds:

@x @s

s

To simplify notation we introduce the following,

Definition.  For eachf 2 L?(@ ) we letd = Sf™ be the singular layer potential
with as the domain of reference. We de ne

2z )
At) = St(h%?Nti) d dt
1 e,

The main results are Lemma 8.1 and Lemma 8.2 belowr 1 denotes the naturally
de ned tangential derivatives.

Lemma 8.1. Let in the following (4;p) = ( Sf;p) be the singular layer potential
and pressure de ned with as the domain of reference and lef~2 L2(@ ). Then
the following inequalities are valid with a constantC independent off~and .

(i)  krt kg )t kp Kzg )

x1Z @t @t
C kr 14k?, + A(t) + ———_dXdt ;
T 2@ ) (t) . @y @t
Z
i} @Y , X1% a@u@u
(i) krrtkiz @ )+ A(t) C k——klzg )+ —— = dXdt
@ ., @y @t
Proof. Using the second Rellich identity we have
kr 4 kEz(@ ) C kr d kLZ(@ )kr T‘HkLz(@ )
X1 % @ueu
+ kp k|_2(@ )kr T’UkLZ(@ y @@dth

r=0
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Using part (i),(ii) of Lemma 7.2 as well as Lemma 7.3 we have,
kr ¢ k2@ )+ kp ki@ ) C krd kizg )+ At) :

Combining these estimates we get the conclusion in (i). To prove the second inequayit
we use the rst Rellich identity. This gives us,

@u X% @uau

k + —— —— dxdt
@ @) = @y et

kr ¢ kfz@ y C kr# kiz )k
r=0

Using Lemma 7.2 part (iii) we have
kit k2@ )+ A(t) C kp kiz@ y*+ krt Ko y

As furthermore,

2 @4, 2
kp kiz@ ) K “gkize )+ Kt kize )

we get the following,
@+
kr ¢ kf2g )+ A(t) C(k@kfz(@ yHkr b kg )
Z
@y X7 euat

k + —— —— dxdt
@ L2(@ ) o ¥

C k%kLZ(@ )kr H k|_2(@ y T k

From this we get (ii).

Lemma 8.2. Let in the following (t; p) = ( Sf;p) be the single layer potential and
the pressure de ned with as the domain of reference and lef"2 L?(@) . Then the
following inequalities are valid with a constantC independent off"and if < 1=2
and kD, Ak o 8 9is small enough.

K 1Z @U@ @u 2
Gias X C KKK kS, o k@?@ :

r=0
Z @ 1=2
iDi,(u )0:2)i?dz C  KkfiG+ kfk, KSufkiz (g k@ﬁz :

Rn

Proof.
4 A7
@iu@u _ ; . @P A
@@dth = (uy, Mup A+ ) dzd
0 Rn
Using that
P A
W ye=(u, 12 ALy

@t
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we have,
27
@0 @b ; ; @P A
@@—dth (ul, (U ) @ dzd
0 R"
27 27
, »PEoldd + (W, ) )z
0 R" 0 R"
=li+ 1+ 13

Integrating by parts w.r.t  in 1, we have

AZ AZ
@P A 2@P A
= 2(uy,  Nuy, ) dzd + (ug ) dzd
t 0 t
@ o @@

= partial integration w.r.t t in the second term =

2z 2z
@P A @P A
2, NUygwy N —g;) dzd 2uy,  NUyer ) —gz— dzd
0 R

0 RN
Distributing the t-derivative in the term |3 we have proved the following identity,

2z
* euat dXxdt = Wy )Y@ A g

@t@y X @
0 Rn
27
@
+ 2(u)r(o )(ug(o)(o )
0 R"
27
@P A

2065, WU ) =g dzd

0 R"

27
+c HDS ,(u" )Di_,(uy, )dzd:
0 R"
l.e,
@U @u
—— —— dXdt
@t@x
can be estimated with the following sum of products.
A7 1=2 27 1=2
@P A, dzd
(U, (%) — ( u" )+(px, ))?*dazd
0 RN 0 R
27 1=2 A7 1=2
@P A
+ (U, V(7 )2 dzd (U, )? dzd
0 R"

0 R"
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AZ 1=2 A7 1=2

o, )Z(%)2 dzd (U, )2 *dzd

0 Rn 0 Rn

27 =2 A4Z 1=2
+ DL, )i?dzd iDL (U )i dzd

0 Rn 0 R"

Using Lemma 1.1, Lemma 2.3, Lemma 2.4, Theorem 3.1 in an by now familar anner
we may conclude that,

Z 27 122
%ﬁtg—s dxdt . kfks + jDig(uy,  )j?dzd
0 R"
AZ 1=2
jD,(u" )j*dzd
0 R"

Applying Theorem 5.1 completes the proof.
We now manipulate the second quantity in the lemma.

Z 2 Z
jDi (U )(0;2)j?dz = @@iDR:z(Ur )(;z)j* dzd
R" 0 R?
AZ
= 2 D, (U )Dtlzz(uio ) dzd
0 Rn
A Z
2 Dl )Pl ) g td;
0 Rn
where we have used that
@ o) =, ax 22,
Using the self-adjointness and the fact thatD!{_, D}_, = cH & we have
Z AZ
jDis, (U )0;2)j*dz= 2 D3-g(u" )Di,(uy, )dzd
R 0 RN
AZ
2c HUu" (g, )@P A dzd:
0 RN
l.e,
VA
jDi,(u" )(0;2)j*dz
&n
Y A 1=2 27 1=2
jDia(uy,  )j?dzd jDa(u"  )j?dzd

0 R 0 R
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27 1= 27 1=2
£, &R (U ) dzd
0 Rn 0 R"
But
@ =(u, OEREeu =, CSReC ) +h
l.e,
Z
Di,(u" )0;2)j%dz
.
AZ 1=2 A7 1=2
Di(u, )i2dzd iDL )j2dzd
0 Rn 0 Rn
27 =2 27 1=2
fw, A i u) )+(py )P dzd
0 R" 0 R"
A7
N (U,XD ) (@P A)2 dzd :
0 Rn

The estimates stated in the corollary now follow from Lemma 1.1,Lemma 23, Lemma
2.4, Theorem 3.1 and Theorem 5.1.

Lemma 8.3. Let in the following (t; p) = ( Sf7p) be the single layer potential and
the pressure de ned with  as the domain of reference and let"2 L?(@ ). Then the
following inequalities are valid with a constantC independent of , f"and if < 1=2

and if kD, Ak o % dis small enough.
. @ @4, , 1
(i) maxtk "2 K2 k= o Gy ZKIE+C kSl (g )+ ACH) ;
(i) KSfKZ; o )+ A(H) KIE+C minfk %“ kz,k@@u 2g;
where ! 0askD,Ak ! O.
Proof. Using Lemma 8.1 and 8.2 we have,
Z
@4, ) X1 @ueu
k—k2 c karkL%;1:2(@ )+ A(tj)+ r=0 @_K@d dt
@'H 1=2

C kaf“kEilzz(@ )t A+ kS + kSofki2 (@ k- @ ko  kfky

This gives the rst inequality after some simple manipulations.
Again using Lemma 8.1 and Lemma 8.2 we have

kakaz_ @)t AR

1=2
O k@ kg kMG + KT kSuTk: (@) kKo

C minfk @ @ @
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Again this gives the inequality after some simple manipulations.

9. Invertability of the single layer potential and existence resu Its. We
will now prove the existence part of Theorem A-C. First we will state an appropriate
de nition of weak solutions for the Dirichlet problem. Let as usual = f(Xo; X;t) :
Xo > + P A(x;t)g. Recall the de nition of the regularity space R(@ ).

_ 2 2 NN 2 caqp 2
R(@ )= 82L71;,(@ )\ Ly(@ ),h@thIZ L(1 ;1;[Li(@)])
where L3(@ ,)] is the dual space ofL3(@ ,) and
Z
LZ(@ )=ff2L%@ ): HIN,id,=0 foralmostalltg:
@,

Recall that for each t, L#(@ ,) consists of functions with distributional derivatives
in x satisfying kf kLg(@ ) < 1 , where kf kL%(@[) = kr 4k, and f~ = f 1
(A(X;t);x;t) = (x;t). The norm of an elementg2 R(@ ) is de ned as

A 1=2

@9, . >
Kz @)t KhgNikize y dt

Definition 9.1.  We call (7q) a pair of admissible test functions in  if the
following is true,

(i) “2¢*( ) q2ct ()

(i) divT=0 in

(ii) 7= on @ in R(@ )

(iv) For all 2 N and all multiindices , ~ satis es the following decay estimate
for (jXj+ jtj*™?) suciently large :j@ @ ~(X;t)j C(;; )(Xj+jtj?) " 21}

(v) For almost everyt and every multindex there exists a constantC such that
for jXj suciently large : j@q(X;t)j C(;q)jxj* " I

Definition 9.2. We say that ¢ is a weak solution to the problem
Q@4
@t
divd=0 in
4=f2L3(@ aeon @

Hr p in = f(XeXxt):xo>A((X1t)g;

if and only if it is true that for for almost every t, N .o(t) 2 L?(@ ), and for almost
every (Xo;X) 2 @ ¢ w.r.t d
e

lim t(Yo; y;t) = F(Xo;x;t):
(Yoyit)! (xoixit)
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Furthermore, for every > 0 and every pair of admissible test functiong5q) in
the following should be true,

4 z @ 4
ha; s+ ~+r gdYds= m;@i d (ds+ hy;Ngigd (ds:
@ @

Let us for clarity prove that the double layer potential 4 = Df”is a weak solution.
We want to prove that the di erence

Y4 Y4 4

ht;"s+ ~+rgdYds hu;@@lr\éid <ds ht; Ngigd ¢ds
@ @
is zero. Ashy;r gi = div( 40 we have using decay properties ofs and q that
Z Z
he;r gi dY ds ht; Ngigd (ds=0:
@

Therefore we have to focus on the di erence,

Z Z
- . @ .
hu; s + idYds ht; —id .ds
S . @N S

which by integration by parts equals

ha; i + h ;7 dYds:

Recall that the double layer by de nition is,

Zt Z @
H(X;t) = DF(X;t):= W(Q)(X Q;t 9)f(Q;s)d s(Q)ds
@ s
Q . , .
WW(Q,t),Nt(Q)I d +(Q):

t

l.e., 4= H; + tp with ¢, harmonic. Therefore,
Z

ha; i + h 4;7idYds

Z
= huy i+ h b7+ htp; idYds
Z Z
= h%i H1; Tsi +  htp; TsidYds:

As #; essentially can be written as a sum of derivatives of single layer potergis we

essentially have% 1 = r px, for some harmonic pressurg. Again using the
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divergence theorem and the fact that our test function ~ is zero on the boundary we

have Z @
d .
h@s Hy; sl =0:
Left to prove is that, 7
hty; ~sidY ds=0:

But ¢, = r Sg for an appropriate g. Here Sg is the single layer potential associated

to the Laplace operator. Therefore as™= 0 in R(@ ) we have,
Z z Z

ht,; “sidYds= hr Sg;sidYds= h~s;NsiSgd sds=0:
@

One also easily veri es that the double layer potential Df*, f~2 L?(@), has boundary
values =2 + KT).

We will now prove the relevant invertibility results on the approximating do mains
with > 0 small. In the case of the Dirichlet and Neumann problems we can then
easily pass to the limiting domain ( see the remark after Theorem 9.2). Comlriing
the inequalities of Lemma 8.3 we have that there exists a constan€ independent of
2 L?(@ ) and such thatif 4= Sf"= S f~then,

Kk 2@ ) C minfk %kLZ(@ );k%kLZ(@ 0 1

A Z 1=2
Kk C kuk + is, W8N D)2 d | dt 2):
L2@ ) K2 @) ISt ( ot (D7 d 2):

1 @,

Now assumef 2 L?(@ ). Then @4=@ =( =2+ K )f"=( =2+ K. ) a.eon
@ by Lemma 2.6 and 2.7.

Theorem 9.1. Let =1f(xo;x;t)2R R" ! R:xp> + P A(x;t)gwhere
KAKcomm < 1 and thlzzAk o< 1. 1If o= o(kr yAky ) is small enough
then( 11 + K )=( 3l + K ) is an invertible operator from L?(@ ) to L%(@ ).

Proof. We want to prove that ! (1=2+ K )f"is 1-1 and ontoL?(@ ). We
know that the map isinto L2(@ ). Let T (x;t) =((1=2+K )f) (0;x;t) whereK
is the operator we get if A(x;t) is replaced with A (x;t), 2 [0;1]. Then obviously
T :L3R")! L?%R")with normindependentof andkf™ ki zgn) CKT fkiz(rey;
where C is independent of . The last inequality is the inequality stated in (1). Using
arguments similar to the ones needed in the proof of Theorem 2.1, i.e. the results
on singular integrals of Hofmann[18], one can prove thatddL L2(R™M I L2(RM).
Invertibility now follows from the method of continuity as described in [2 3,p.150].

Theorem 9.2. Let =1f(xg;x;t)2R R" ! R:xg> + P A(x;t)gwhere
kAKcomm < 1 and kD}_,Ak 0< 1. 1If o= o(kr yAk; ) is small enough
then( 31 + K, )=( 3l +K,) is an invertible operator from L?(@ ) to L3 (@ ).
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Proof. Note that if (4(X;t); p(X;t)) solves the system of linearized Navier-Stokes
inf(X;t):xo> +P A(x;t)gthen (1(X; t);p(X; t)) solves the adjoint system in
f(X;t):xo> +P A(x; t)g. Obviously, A(x; t)hasthe same properties ag\(x;t).
Let K be the boundary operator associated to the adjoint single layer potentialon
f(X;t):xo> + P A(x; t)g. Invertibility of %I + K then follows from Theorem
9.1. The invertibility of %I + K now follows by duality.

Remark. That Theorem 9.1 and 9.2 remain valid with  replaced with  follows
from a simple approximation argument.

Theorem 9.3. Let =1f(xg;x;t)2R R" ! R:xg> + P A(x;t)g where
KAKcomm < 1 and kD}_,Ak 0<1.If o= o(kr xAks ) is small enough

then the mapf~! S f = Sf from L?(@ ) to R(@ ) is one-to-one and onto, i.e.
invertible.

Proof. Let -2 L?(@ ) and let 4 = Sf~. Consider S;, the single layer potential
operator associated to the Laplace operator on ;. Using elliptic theory we know that
S, ! exists and is continuous fromL3(@ ,) to L?(@,). For 2 L%(@,) we de ne
the functional,

2 Z
. @y, .
Nyi( )= St(h@t;Ntl)St Y()d dt
1 @,

@4

hi.

ot

Using Lemma 7.2 and Lemma 7.3 it then follows thatt 2 R(@ ) and
k‘tilkR(@ ) CkrkLZ(@ ).

Therefore the mapf™! SfTis into R(@ ). Using inequality (2) above we also have
the opposite inequality. Furthermore, using the results of Section 7 we have,

2 @y .o
ktk: (@ )+ kh@thlk[L%(@‘n dt
1
2 Z
. @4y, ...
ktjkﬁim(@ )+ Jst(h@t;Nt|)12d Ldt:
1 @,

I.e we may consider the latter an equivalent norm.
We will now use a continuity type argument to prove invertibility. We hav e chosen
to present our argument as it is, because of the complexity of the regularity norm
nontrivial.
In the following we will not as before all the time indicate that our quanti ties depend
on . Let 2][0;1]. De ne,

xt)=( + P A(xt);x;t)

(+ P AXt);xt)=(xt)

@ =f(+ P AXt);xt): (xt)2R"g

Let the regularity space, R (@ ), be de ned with the equivalent norm

R (@ )
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A Z @u 1=2
=fu2 L3(@ ): ktkiz (@ )+ iS, (h@t;Nt i)j2d , dt <1g:
1 @,
In the following we will assume that S ! exists for su ciently small values of . This

can be proved using an argument similar to the one presented below and the fact that
we have invertibility {5 the halfplane f(xo;X;t) : Xo > 0g. Recall thatif # 2 R (@ )

then by de nition t N, d , =0 for almost every t. All the s indicate that
@,
things are dened w.rt @ . Giventy 2 R (@ ) we dene a vector ¥o on @ in
the following way. For | 2|le; znn 1g, v = —(u) ), and v = (uo ).
Then for almost every t, ¥ N d, =0.
@,

Suppose thatty 2 R (@ ) and suppose thatS ! exists. Construct % as above.
Then % 2 R (@ ). Therefore there exists¢ 2 L?(@ ) such that S ¢ = . l.e.,
& =S 5. Dene f 2 L2(@ ) in the following way,

fo=(® ):
Let A. denote ann n matrix having all o diagonal elements equal to zero and
(A. J)uu=1,(A. )j = —forj2f1u;n  1g. Then,
®=S =8 'A; ):
l.e.,
A; to=S (fo )

We hope that S fy is a good rst approximation of 5. Dene t; = tp S fo.
Repeating the argument above in an iterative fashion we can construct two sagences
of vectors ¢ and fj in such a way that

R
tj+1 =t S, th= S fk:
k=1
P L . . .
We want to prove that ,_, fi converges inL<(@ ) if is su ciently small.
As above,
fi=(& );
=S m=S YA, & )
A. -1=A. 9 A. STp=S (o ) A. S fou
Using our Rellich inequality in (2),
kfikie@ ) k tkiz@ ) KA, & kr (@ )
=kS(fB ) A; Sfb kR(@ ):

Dene, T. fo=S (fo ) A. ST
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We want to estimate the operator norm of this operator in R (@ ). For simplicity
we surpress the index offp. We considerT. . Then

2 — 2
kT; rkl‘ij:z(@ ) - kD(-l—Y r )kLZ(Rn)

and
T. £ =S(f ) A. Sf
2z q
= ( (xt) ;s (y;s) 1+ 2r P A(y;s)j?dyds
1 R0t
2 z q

( %) ;s (y;s) 1+ 2jr P A(y;s)j?dyds:
1 Rn 1

De ne a kernel in the following way,
K. (xty;s)
q . .
=0 () (yis) 1+ 2 P OA(y;s)?
q
( (xt)  (y;s) 1+ 2jr P A(y;s))?

q
= ( (xt) (y;s)  ( (xt) (y;s) 1+ 2jr P A(y;9s)j?

q q
+ (0 (xt) (yis) 1+ 2jr P A(y;9)j? 1+ 2jr P A(y:9)i® -

Obviously, q
1+ 2r P A(y;9)j2 1+ 2r P A(y;9)j? =
( )+ )ir P A(y; s)j? :
PT5 5P Awior+ | I+ P AGSP
De ne,

K (xtyis)= ( (6t) (i) ( (6t)  (v;9) ;
K2 (xxty;s)=( (xt) g (y;9));
Fly;s9)= 1 (vis) 1+ 2r P A(y;9)i%
(_+ )ir P Ay:9)j? .
1+ 2r P A(y;9)j2+ P 1+ 2r P A(y;s)j? |

Gly;s)=1  (v;9)

Let T‘; be the operator corresponding to the kerneK ‘; (x;t;y;s). Then,

T. F (xt)=T! F(xt) ( )T2 G(x;t):
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Using the results of Hofmann[18] we immediately get,
kD(T’2 G)kEZ(R”) . kf‘k,_z(@ ):
The fundamental theorem of calculus gives,
K1 (xty;s)

‘e
@( P A(xt) P A(y;s);x vyt s)d

xo( (P AGE) P A(y;9);x yit s)(P A(xit) P A(y;s)d:
Again the continuity of the operator T;1 follows from the result of Hofmann[18] and
we may conclude that,

KT. f‘kfilzz(@ y  C( Kfki2@ s

where C is a constant independent of and
We now have to consider the rest of the norm, i.e.,

2 Z
. @T ... )
iSt (hW1Nt )j*d ,dt:
1 @,
Recall that
T. =S (f ) A. ST
Let p andp be the pressures associated t8 (f~ )and S f respectively. By
de nition if ( P;t) 2 @
Z @T f .
@T . e L hW;Nt i(Q;t)
St (hWINt |)(P,t) - pV Wi (2 n)JP QJn 2 d t (Q)
@,
A .
h@s (f ); N, i(Q;t)
- n @t 'Vt '
e e gz 1@
@,
z .
h&A, ST TN, i(Q;t
oV olA; . ). ¢ 1(Q )OI Q)
wh(2 n)jp  Qjn 2
@,

= 11(P; ) + 15(P;1):

We now want to spell out these expression in graph coordinates or® . Let for

e moment v = S (f° ) and consider S; (h w;N; i(P;t). h ¥ N i =
"5 VNG . Here,
1

erA 1 fori 2f1;:n 1g; Ny %= ;

N, = :
t @x N, j iNg j
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Note that on @ ; we havexo = + P A(x;t). Let

— @PA o eemaiN -
T =( @7?(,0,,,,,0,1,0,...0)—1Nt],

where we have placed the number 1 at positiop. Herej 2f1;::;;n 1g. Note that
T; is tangent to @ ;. Using the formula of Shen stated in Lemma 7.4 and partial
integration,
St (h ¥ Ny i(P;t)
h( v N 1)(Q;t)

TPV w@ mp qr2tQ
@,

_ X! z @ @@pA) @ @@PA) g
-1 W@ miP Q" 2 @F @x @x @] @x @x ‘
Kelg
K 1 Z 1 @ (@)d
4 W@ P Q" ?@T @x
K 1 Z 1 @ @b

+ : n 2 (7)d t
w1 W@ miP Q" 2@ @

@,
.t e (QYeP A,
K- @T W@ miP Q" 2T@x @x "
X142 @ @Y @P A

+ ( 2 iP n 2)(——)d t
o @ Wa2 miP Qj @x @x
K 1 Z @ 1 @t

. : =)d

* =1 @jT(wn(Z nip - Qj" 2)(@x) ‘

1 @7 w2 njP Q" 2" @y’ "'

t

Changing to graph coordinates and introducing,

KOxyst)=( (P AXt) P A(y;1);x y)

S (h %;N; i (y;t) =

X1 4 @PAP A(yt) P Az, Y 3 @P A @¥
@x  wahjK(sy;zit)jn whlK (5y;zit)i"  @x% @x

(z;t)dz

j;k =1 RN 1
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N X1 “ 2@PAP A(yit) P A(z;t) Yk Z @P A @Y
g @x  whjK(y;zit)jn wnjK (jy;zit)in  @x @x

X1 % @PAP A(yit) P A@Y |

Yi

]

+ - - - -
i1 g s @x WK (iy;zt)j" WhjK (;y;z;t)jn
X1% ,@PAP A P AGYD, v z @Y
- @x  waK(Gy;z;t)n WK (Gy;Z )" @y
R" 1

We also recall that S; (@@—Q)(P;t) =( '5 K )(p )(P;t) where

z

P QN (Q)i(Q:t)

K¢ (p )(P;t) := piv
@,

whjP - Qj"

Using the formulas just developed we will write down a formula forl
(po; p;t) = (p;t). Consider

But rst we focus on I,. If (po;p;t) 2 @ ; then

)

@¥ .
(@) (z;t)dz

(z;t)dz:

p (Qit)d ( (Q):

(y;t) below.

VA .
h@A. S f ) 5N id , ,
THY — [EI t . .
l2 (x,t)_Rn W@ ] D R 1+ 2jr P A(y;t)j2dy:
LetH:=A. S f bedenedon@ . Then H =A. ST and,
@ _ @P A,
@{H )— H’[ + H Xo —@t :
l.e.,
@ _ @
@{A; S f ) —@‘A; sf )
@ @P A
—(A. -
@zs( S ) @t
_ A @Sf (@SF )@PA
- ot @¥ @t
@P A
@ .
@
But
@ _ @Sf” @P A
@(A; St )=(A; @5 )+ @ ):
We may therefore conclude that,
@ _ @sf @sf~ @P A
@{A; Sf ) =A; ot + A (@5 ) ot
@PA(L+ @P@A)(A @sr
@t 1+ @g)—/'\) G '

(z;t)dz
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Using these calculations we see that the expression,

z .
H&A, s ) Ny ) , .
L= : 1+ 2jr P A(y;t)j2d
W@ M (K0 0 2 P Al dy
Rn
equals
z .
hA\- @S “N. i q
S ot 1+ 2jr P A(y:t)j2d
W@ M (0 (0 2 Ir P AGit=dy
Rn 1
7 W %5 AL @S N
.\ - @P@A) ; @x » Nt @PAq1+ 2 p A( -t)'Zd
W@ mi k) iR 2 et : e
RI‘I
= (1o + 122) (x;t)
Note that,
1+ @pP A
( 1+ @F@A)=1+ @P A"
@ @
Therefore,
2 Z
(I (xt))%2dxdt  C( kr S k2@ ) C( KK 2@ y:
1 RN 1

We now focus onl ,;. Retreating to ordinary coordinates and again using the formula

of Shen we have

1 21(Po; P 1)
VA .
h%;NH
= : d
PV @ i wr(— Dyp agr 2o @
:xlz @(@Sr)k@PA)d
weig W@ MiR —m+(- D)p Qi 2@ @ @
X1~ @ @s N @PA,
eig W@ M —e+(- D)p af 2@T @x @
e : @@ )y
g W@ Ml —m+(- D)p af 2@T @ T
XL 1 @ @s "
1 Wa Mil(p -%+(- 1 )p Q" 2@T @y
. hrp ;N i q
PV @ i wr(— Dyp agr 2@

t
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X1 4 @, (@S N eP A
g O@F W@ Mo —m+(- 1)ip )" 27 @x  Ox

x 1 Z

)d

@ @s N @rA

+ ( : — )d
g @F Wn@ Milo —m+(- 1)p )" 27 @x  @x
e OF W Miltpe —p+(- 1))ip )it 27 @

K 1 z @( 1 )(@S f—)k)d
e @ wa2 ni(po —m+(— 1))p q)r 27 @y "
pv hrp Tt d .\ (Q)

Wn(2 n)j((po -%+(- 1) )p Qj" 2

By arguments similar to those used in the proof of Lemma 7.2 we have
hrp ;N;i
W2 n)j((po —G+(- 1))p qj"?

t

d(Q)=

2 Npo —m+(~ 1))p 9N, (Q)i

1
= P:t :
2P (B0 PY e —mr(— D)ip QF

@,

p (Qt)d  (Q):

Changing to graph coordinates

I21 (y:t) =
xtZ  @PAP A P A@Y, i 7
ik =1 @x  wnjK(yizt)jn WajK (;y;Z;t)jn
’ R 1
PA@S Mk
@@K @@:) (z;t)dz
XN S L@PAP AW P AGD, v a
o @x  waK(5y;zit)j" waK (3y;Z3 )
Jvk_an
k
@@;(A@S@;) (z;t)dz
Xt L@PAP AW P AGY,  y 3
T @x WK (iyizit)pn wajK (i z3t)n
@s n°
= 7 ;1) d
] Cax ) @ve
X 1 ,@P AP A(y;t) P A(Z;t)+ Yk Zk
- @x  waK(;y;z;t)in Wa K (5y;Zt)i"



linearized navier-stokes equations in non-cylindrical do mains 83

@as -

( @y
H(po -G+(- 1))p ;N (Qi
Wnj((Po - +(- 1));p Qj"

) (z;t)dz

p (Qit)d ( (Q):

%p (P;t) + piv
@,
Before continuing we have to summarize what we have achieved so far. Recall tha
T, F=S(F ) A, ST
and that our main objective is to prove the estimate
KT, Tkr (@ ) C( Kk 2@ ):

But
2 Zz
. @T T . . _
KT, k& @ ) KT ﬁ‘fim(@ )+ iS (hW,Ntl)jzd . dt:

1 @,
Above we have proved that,

kT; rkEi;l:z(@ ) C( )kf"k,_z(@ ),

where C is a constant independent of and . We have also derived a decomposition

@T f .
St (h———=—iN¢i)=11 lan lz;
@t
and we have proved that
2 Z
(122 (x;1))%dxdt  C( )kf‘kEZ(@ X
1 Rn 1
We therefore just have to focus onl; o, Let w= S (f° ). p andp be
the pressures associated t& (f~ ) and S f~respectively. We have derived the

following formula for this di erence.

I1 (y;t) 12 (y;t) =
Z
Xt 2@PAP Alyit) P A@zt) | Vi %
@x WK (y;z;t)jn wnjK (y;zit)jn

ik =lpn 1
@ngg—: (z;t)dz
N X1 Z 2@PAP A(yit) P A@zY vz
g @x  whK(;yizit)jn WnjK (Gy;zit)j"
@P A @S M)~ (0 dz

@x @x
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+ X ! z ,@P AP A(y;t) P A(zt) Yk Zk
ik =1 @x  wajK(iy;z;t)j" WnjK (;y;zit)jn
’ Rn 1
@@;;\g{; (z;t)dz
X1 % @PAP Ay P AZY , W &
ik =1 @x  wajK(;y;z;t)jn wajK (Gy;zit)in
, R" 1
k
@Cfl,;}(A @%? (z;t)dz
+’(1 z ,@P AP A(y;t) P A(z;t)+ Vi Z
1, @ WKGYiZOT o waiK(Gyizit))”
(g—i) (z;t)dz
X1Z  _@PAP A(yit) P Az, v 3
s, . @ wWKGyizp wnjK (Gyiz;t)j"
0
(%) (z:t) dz
X1%  @PAP A(y:t) P AZD , Wz
L s @x  wajK(iy;zt)j" wWnjK (5y;zit)jn
Z (22) (z:1) dz
X ;@PAP A(yit) P A@D ., vk %
Lo s @x  waK(iy;zt)j" wWnjK (5y;zit)jn
k
e L
l -
5P (y;t)
z rPA(y 2 (P A(y;t) P A(z;1)
+Rn ) whjK (y;zt)jn P (z:1) dz
1 .
+ ép (y,t)
z rP A (y 2 (P A(y;t) P A(z;t)
p (z;t)dz:

whj(K(;y;z;t)j"
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Introduce the following notation,
2@P AP Alyit) P Azf) | Yi % .
@x  WhjK(:y;z;t)jn WajK (y;z;t)in
Using this and summation convention we can rewrite the formula above in ashorter
form,

Aj(y;zit) =

l1 (y;t) I (y;t) =
Z

k
Aj(:y;z;t)@ng@S@? (z:1) Aj(;y;z;t)@nggi (z;t)dz
Rn 1
Z
+ Ak(;y;Z;t)@((;(Agi (z;1) Ak(;y;z;t)@g;@%?k (z;t) dz
anl
vy @8 . ey @S N)° .
+RnlAJ(:y,Zat)(@¥) (z;) Azt )( @x ) (z;t)dz
Z
oL@k @
+Rn 1 Ak(,y,Z,t)( @& ) (th) Ak(vy!z!t)(@x) (Zrt)dz
1 z rP A (y 2 (P A(y;t) P A(z;t)
P WaiK (Gyiz;t)jn P (Zhdz

RN 1

Z rP A (y 2 (P A(y;t) P A(z;t)

1 . . .
ME WK Gy zi0F P e

RN 1

We need to estimatel ; (y;t) I (y;t) in L?(R";dydt). Obviously in order
to do so we only have to consider the following operators for relevant indicies.

@as n- @y @P A

T.f(y;t) = @x (z;1) @x (z;t) Aj(y;zit) ax dz
Rﬂ 1
Z m

Tzf*(y;t):m Azt (%—‘;) 1) (@S@? ) @y dz

THD= 5P i) b (i)

z rP A (y 20 (P A(y;t) P A(z:t)

Tuf(y;t) = WKy Z ) p (z;t)dz
n 1 Y &

RN 1

z rP A (y 2 (P A(y;t) P A(z;t)

- . z;t)dz:
Whj(K(;y;z;t)jn P (z:1)
R" 1
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We will now treat each of these operators. RewritingT;f~ we get,
z

1y = gy @S DX n @PA
Tlr(yat) - . ( )A]( 1yazat) @?( (Zyt) @X dZ
gz @D @Y @A
+ AJ(!yrzrt) @}( (Zrt) @}( (Zrt) @X dz

RN 1
= Tuf(y;t) + Tf(y;t):
As T1; essentially is an elliptic singular integral operator of the type consideed by
Coifman-Macintosh and Meyer[5] we deduce using the usual nontangential estimate
that
lelrkLZ(Rn .dydt ) C( )krkLZ(@ ):
In the same way,
2 Z

@s @Y R,
KT12f k¢ 2 (re ayar) Cl o @) Gy (@ det
But,
K D(]_Z' Z )
LI - K((P AZD P AWz wit 9)
?( i:01 R 1
fi (w;s) 1+ 2jr P A(w;s)j?dwds
D(]_Z' Z )
% (z;t) = x( (P Aty P AWs);z wt s)
}( i:01 RN 1

fi (W;ss)q 1+ 2jr P A(w;s)j2dwds
Using the fundamental theorem of calculus we have,
X ( (P Az P AWs);z wt )
x( (P Az:t) P AWs);z wt s)

Z
= kK ( (P A(z;t) P AWw;s);z w;t s)(P A(z;t) P A(w;s)d

Xj Xo

Again using the results of Hofmann[18] on parabolic singular integrals w may conclude
that,

@ 2

k
@s N* ox (z;t) dzdt C( KKz @ ):

@x (z;1)

RN 1

This completes the estimate of T:f~. By a similar argument we see that
KTof KL 2(rogyar)  C( )kfK 2 . Introducing, K(; ;y;z;t )=( P A(y;t)
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P A(z;t);y z) and rewriting Tsf™ we get,
z

h ity (i i

1 : , 1+ 2jr P A(z;t)j%dz
2 WK (5 5yt )jn
RN 1

Taf(y;t) =

h ;)  (ztr i . s
Wa K (y;z5t)jn 1+ AP Alzydz

NI =

Rn 1
1% h i @it

2 WK (5 5y;z;t )jn
Rn 1
: . i2
5 ( )+ )erP A(y;s)] dz
1+ 2r P A(y;9)j2+ 1+ 2r P A(y;s)j?

z . . - q
S @ @D T e e dz
2 WK (5 5y;z;t )jn
Rn lz
L L 1 1
2wy, iK(;qy,z;t)jn KOGy zt)n

RN 1

h  (y;t) (z;1); 1 iq 1+ 2r P A(z;t)j2dz
= Taaf(y;t) + Taof(y;t) + Taaf(y;t)
Using the theory of elliptic singular integrals we immediately see that,
KT31f KL 2(roaydt) + KTa2f KL z(roayary  C( YkfKLz( e

After some thought we realize that the same is true for the integral ofT33f™.
Rewriting T4f~ we get,

T4t (y; )
VAR ( P A (y 2

- WK (yszit)jn P (z:1) dz

RI’\ 1
z rP A(y 2z (P A(y;t) P A(z:b)

Wnj(K (;y;z;t)jn [p p 1(z;t) dz

RN 1
= Taf(y;t) + Taxf(y;t)

Again by elliptic theory, KT41fKi 2(rn aydt) C( )kfk 2@ . Also by elliptic
singular integrals we get,
2 Z 5
kT2 2o gyat)  C [p p I(z;t) dzdt:
1 R 1
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Now,

[p P 1(z;1)

h ;)  (zt;r il : .
= - _ 1+ 2jr P A(z;1)j2dz
Whj(K (;y;z;t)j" : (z:1)]

h ity (e i

WK Gyizityp L Or P AEDRd
n 1 Y1 &y

_ h (y;t) (z;0); i ( )+ )jr P OA(Y;9)j2 4z
- whj(K (;y;z;t)jn p : P . .
R 1 " e 1+ 2r P A(y;9)i2+ 1+ Zr P A(y;9)?
Z
HC )P () P (zp);05f i , ;
+ - - 1+ 2r P A(z;t)j2dz
whj(K (;y;z;t)jn : (z:0)
R” 1 Z
L L 1 1
wan ) KOGy, t)n J(K(y zt)n
q
h  (y;t) (z;1); 1 i 1+ 2jr P A(z;t)j2dz

= Taoa ™+ Taoof™+ Taoaf?
Obviously
KTa21TK 2 (R0 aydt ) + KTa22f K 2(roayar)y  C( k2@ -

That the same estimate is true for the term determined by T4,3 follows from elliptic
theory. Adding our estimates we may conclude that

2 Z

I (i) lar (y;)]Pdydt  C( KK 2@ o

1 g1

Looking back and adding estimates we have proved that,

KT, Tk (@ ) C( KK 2@ )
where C is a constant independent of and and
T =8 (f ) A. ST

By construgion we formally have 4y = P &:1 S fx and our main objective was to
prove that ﬁzl fk converges inL?(@ ). But the estimate we have proved implies
that,

kfikiz@ ) CH( )¥kfokiz(@ ):

If ( ) C =2 we may therefore conclude that we have the desired convergence.
As mentioned in the beginning of the proof one may prove, in an argument similar

to the one presented above, thatS ! exists if is small enough by considering@

as a perturbation of the halfplane f (xo; x;t) : Xo > 0g. We have therefore completed

our continuity argument and therefore the proof of Theorem 9.3.
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10. Proof of uniqueness. In this section we prove the uniqueness statements
of Theorem A, B and C.

Proof of uniqueness in the Dirichlet Problem. Assume that ¢ is a weak solution
of the linearized Navier-Stokes equations and assume that

(i) N.(8)2L%@

e
(i) lim H(Yo;y;t) = O non-tangentially for almost every t and for
(Yoryit)! (xo:xit)

almost every(xg; X;t) 2 @ ¢:

We want to prove that d 0. As kD,P Ak ckD,Ak and kP AKcomm
ckAkeomm Where c is a constant independent of the existence results of the pre-
vious section are valid on . Furthermore the inequalities of the previous sections
are valid on  with constants independent of . In addition to this isaC! -smooth
domain.
Let 4 be the weak solution(given by the existence proof) to the Dirichlet problem in
with data on @ given by the restriction of o @ . As N (t) 2 L%(@) this
restriction is well de ned. Then 4 = D f~ for somef” 2 L?(@ ) where D is the
double layer potential operator on . This follows from the existence results of the
previous section asN ¢ (t) 2 L?(@).

We now claim that 4 din forall > 0. Let us assume the claim for now
and let N° be the non tangential maximal function operator on . Similarly de ne
N .. Then trivially, N () N .(t). By the existence results in  we have that
the following inequality is valid with a constant c independent of :

kN ;e(ﬂ)kLz(@ ) CkaLZ(@ )

As N o(t) 2 L?(@ ) for almost every t we get by dominated convergence that
N e(d)=0Oaeon@. le. N .(¢) Oforevery andalmosteveryt. l.e.,d O.

Left is now to prove the claim. Let w := 4  din the closure of . Then w is
a weak solution in  and w is zero on the boundary of . We want to prove that
w 0. To prove this it is enough to prove that for all F 2 C} () the following is
true, 7

hw ;FidY ds=0:

le., given F 2 C} () we want to prove that there exist an admissible pair of test
functions (7q) in such that

s+ T+rg=F:

Let ("%;q) solve the problem 1+ ~1+ 7y ¢ = F; div™? =0 in the whole of R".
We postpone the proof of the following lemma for now.

Lemma 10.1. The restriction of ~* to @ is in the spaceR(@ ).

We now consider the problem,™2 + 2+ r g = F; div2=0in with
boundary data ~? = ~. Using lemma 10.1 we notice that we are solving the Dirichlet
problem with data in our regularity space R(@ ). Using our existence result from
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the previous section we may conclude that™ can be represented using the single layer
potential. Dene ~= "1 2 gq=q . Then (7q) is an admissible pair of test
functions in reproducing F 2 C§ ().

This completes the proof of uniqueness in the Dirichlet problem modulo the lemma.

Proof Lemma 10.1. We have that

Zt Z

1(X;t) = (X Y;t s)F(Y;s)dYds;
1 Rn
Z X Q:F(Y:Di

q(X;t) = WX Y dy:

Rn

We want to verify that the restriction of > to @ isin R(@ ). Let (;y;s) =
( + + P A(y;s);y;s). Then as the support of F is contained in

2z 7
(X)) = (Xit)  (Gy;s)F  (;y;s)dydsd
1 1 Rt
ZF )zt Z
= ((X51) (;y;s)F (;y;s)dydsd
0 1 Rn 1
ZF)
= S. F(X;t)d:

0

Here S. F is the single layer potential with f(xg;x;t) : X0 = + + P A(X;t)g
as the underlying boundary. Now using the estimates of maximal functions outlined
in Section 2 as well as the arguments of Section 7 we may conclude that indeed the
restriction of ~* to @ isin R(@ ).

Proof of Uniqueness in the regularity problem.We assume thattd = 0in R(@ °),
N (r 4), N o(p) 2 L2(@ °) and that (4;p) solves the equation under consideration.
We want to prove that 4 0. Fix (X%t9 2 @ © and (X;t) 2 ©°. Chooser > 0 so
large and > g so small that (X;t)2 \ Q,(X%t9 with

Qr(X%tY = f(yoiy;s) 1 jt° sj<rZjxg yoj+jx° yji<rg

Let w = & where 2 C} (Qz(X%t9) is such that 1 on the closure of
Q31-2(X %19. We furthermore assume that

X 1 X 1
k tkl + k Xi kl + k X Xj kl cr 2:
i=0 i;j =0
Let 2(@©O;1)andlets2 (1 ;t ). Let (Y;9=( X Y;t s)bethe matrix of

fundamental solutions. Let ; be thei-te row in that matrix. The vector i solves the
adjoint system of linearized Navier-Stokes equations with pressurgp = ¢ according
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to Section 2. Using integration by parts we have,

v z

|I;( (Wk ik )s dY ds

v Z v z
- @ « @t . @«
= 1 @s deS+1 (@S ik + @s" ydY ds
z Z Z Z
= %Su ik dY dS+ ( uk ik %) ik ) dY ds
1 R 1 s
r Z )
1 ( wuk %uk)des
Z Z v Z
_ @ k . @'!fl ) @ik k
= @Su ik dY ds+ (@—N ik @—Nu )d Sds
1 s 1 @
r z
+ (ru*r ( w) r wr (u<))dyds
1 S
v z .
@y, « @p .
+ (@K u’) @X( ik ) dY ds:

1 S
But a simple calculation shows that,
rufr ( a)r wr@)=rudr g or wrouk

Furthermore,

div(q4) div(p i)=hrg;di+dhr ;ai hr p; i phr; ji:

91

Noting that terms containing g make no contribution to I';‘ we may conclude that,

D(l D(]_Z Z
||.( = —u" ik dY ds
k=0 k=0 1 @s

¥ Z

+D(l (@ o kg ds

s

D(]_Z Z

+ (I’ ukr ik T ikl Uk)deS

k=0 1

s
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x1Z Z
P ik NS;k d SdS
k=01 @
x1Z Z @
+ — k dYds
o ; p@)g ik
K 1
= A+ B+ Cc + Dy + Ex:
k=0
By standard arguments we get,
K 1
JAK + (Ckj+ JEki  Cr® MZ(kN (jr ti)ka + kN e(p)k2) ! 0
k=0

asr!1 . Now consider the second term in the expressioBy, i.e.

v Z
@ik
——u“d .ds:
@N s

1

S

As KAKgomm andt( o+ P ,A(Yy;S);y;S) = O we have

j"i( + P A(y;s);y:s) ¢ (o IN(rd)( o+ P ,A(y;S):Y:9):

Using this and dominated convergence we nd that the term under consideration tends

to zero as 0, ! 0. We have therefore proved that the absolute value of,
X 1 X 1 x1Z 2 a4 ,
ri;( = II’( @—N pNS’k ik d SdS
k=0 k=0 k=0 4 .
tends to zero ifr !'1  and 0, ! 0in an appropriate manner. Now,
@ pNS;k = @ pNs;k uk g
@N @N @N

Arguing as above the integral over the third term in this expression will disappear as
we pass to the limit with respect tor.
Let FX(Y;9 = wKk 4 and (;y;s)=( + + P A(y;s);y;s). Then,

v z v z 2
Ik = FEdY ds= F&  ddyds

1, 1 Ro10O

yr z 2

PA
- (F* e FF ) E2Bydayes

1 R 10

Z 2

= F*  (Gyt )ddy
R 1 0
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v z
@P A
" k -
F O;y;t s) @s dyds
1 Rn 1
=11+ 15
P .
By standard arguments we get 1K1 U (X;t)as ! 0. Using dominated conver-
gence and Lemma 1.1 we have
v Z
Lo ... @PA
I N !
jlaj ¢ (r #)j j=g¢dsdst 0
1 @,
as oand tendstoO. Lettingr!1 and o, ! 0in an appropriate manner

we may therefore conclude that
@
H(Xx;t) = S(=)(x;1):
(6t) = S(gIoxt)

Using inequality (2) of Section 9 we may therefore conclude that%“: Daeon@ °.
This completes the proof of uniqueness in the regularity problem.

Uniqueness in the Neumann type problemWe assume thatd solves the linearized
system of Navier-Stokes in with associated pressurep and that %” =Daeon@
in the sense of non tangential convergence. We furthermore assume th&t (jr 4j),
N o(p) 2 L?(@). We want to prove that + 0 if 4(X;t) = 0 for some point
(X;t) 2 . Following the argument used in [19] we will prove that

ktkr(@ )< 1; ()

where is de ned as above and > 0. Assuming this we may use the uniqueness
in the regularity problem to conclude that 4 = S¢ for someq 2 L?(@ ). Using
inequality (1) of Section 9,

@
kﬂkLZ(@ ) Ck@‘iLZ(@ )! 0

by dominated convergence as! 0. It therefore follows that 4 0in if d(X;t)=0
for some point (X;t) 2 and the proof is nished.
We therefore have to prove (). Using Lemma 7.2 we may conclude that

a o
kh%t;Ntlk[Lf(@x)] dt  C(KN (ir ti)k+ kN e(p)k)%;

1

and in order to prove ( ) all we have to prove is that
kﬂkLi;lzz(@ ) < 1 , ( ):
Dene :R: R"! in the following way:
Gxt)=( + +P () )AX)Xt) = (Xo; X t):

For xed andaweputw=4d4 ,p=p and let N (w)(x;t) be the non tangential
maximal function of w de ned relative to 4(x;t) where & is chosen so small that
N (w) N (4) at points corresponding under the transformation (x;t) ! (0; x;1).
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N . is similarly adjusted to the situation at hand. By the de nition of the space
L%,-,(@ )andsinceN (jr +j) 2 L?(@ ) all we have to prove, in order to prove ( )
is to prove that the restriction of D{_,w to R" has nite L2-norm. We now intend to
demonstrate the latter.

For a given R > 0 we set

Qr = f(;xt) 2R R™ < 2Ri(X1) 2 Bor(0;0)g;
Z
1
W= —— w(x;t) dXdt:
: JQRJQ Gt

Mq

Adjusting the proof of Lemma 6.12 in [19], using the appropriate interior regilarity
result stated in Lemma 2.3, one may prove the following.

Lemma 10.22.
R 3 jw mg.wiZdXdt c (kN (ir w)k3+ kN ,o(p)k3):
Qr
Let' 2 C} (( 2R;2R) Br(0;0)) with ' lin( R;R) Bgr(0;0)and
K'tky +kr?k CcR?

where

i =1 i=1
We will need the following lemma,

Lemma 10.3. LetR:=(w mg.w)" . If z=(x;t) then,

22

(i) jr %Rj? dzd ¢ (KN (ir t)kiz@ )+ KN o(D)ki2(@ )
0 Rn
27z

(i) jRij? dzd  c (KN (jr t)kl 2@ )+ KN (DK 2@ ));
0 R
27

(iii ) jr DI,Rj® dzdC (KN (jr t)k?2 @ )+ kN o(P)kP2(@ )):
0 Rn

Proof of Lemma 10.3. We rst consider (i). Let K = (w mg.,w)' , R =
(k% k" 1), For eachi 2 f0;:;n  1g recall that w' = Ul . At the point
(;x;t) we have

2 22+, )3 2P (ARG W [P mo, wiPir 2 2

where we also have used Lemma 1.1. In order to prove the main estimates we need to
prove one auxillary estimate. AsN (jr +j) 2 L?(@ ) we may fori;j 2f0;::;n  1g
represent@b:@?( as a double layer potentialDf"= D f~ with "=~ 2 L?(@ ). We
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may assume thatf~ and @U=@x have comparableL?(@ )-norms. This conclusion
follows from the existence results of Section 9. Using Corollary 3.2 we thefore have

A7

U x,  (52)j?dzd N (r #)k?2(q )
0 Rn

Using this estimate and familar arguments one may therefore easily provehat

27
jr 2k'j? dzd ~ C KN (jr tik.2(@ )
0 R"
27
(i Wit P W mouw'i?r ) dzd
0 Rn
But
27

. '.2. 1 .2 . . 2 .
jr w'jéjr ' j© dzd kN (jr ti)K2(@ )
0 Rn

by familar arguments. As' 0 on the complement ofQg we may use the inequality
stated in Lemma 10.2 to conclude that

A Z
W mo WA 2 j2dzd  o(kN (ir wik?:g )+ kN (P)K2(@ )
c (KN (jr t)kiz(@ )+ kN o(P)K 2@ )

We now treat part (i) of the lemma. At the point ( ;x;t ) we have

. . . P A . .
2. juijz (Ul )2j@(T+t)j2+jW' Moy W% 1j%:
As
27 27 27 ap
jul i2 dzd i u i2 dzd + i— j? dzd
ju j j J@x J
0 Rn 0 R" 0 R"

c (kN (ir t)k?2(@ )+ kN o(D)KE2(@ )

by case (i) and elliptic theory, case (ii) can be handled by the same argument am

case (i).
To consider (i) note that
A7 A7
jr DI_,K'j? dzd = hr D!_,k';r D}_,k'i ?dzd
0 R 0 RN
27z _ 1=2 27 _ 1=2
jr k'j? dzd jr kij* 3dzd
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The rst factor in this product is handled using part (i) of the lemma. We are left
with the second factor. But at the point ( ;x;t ) we have

i o 2. @PC )AL
L A

o2 i 2

o T =P i WP R B mo Wi

+juy, Jr ot

Using part (i), (ii) of the lemma as well as the argument in the proof of part (i) and
(i) we have,

272 27
jr kij2 3dzd . jrwj? 2dzd + kN (r t)kzg )+ KN (DK 2@
0 R" 0 Rn
But,
272
ir wj® ®dzd  C (KN (ir ti)k?:(g )+ KN o(P)kP2(@ )
0 R"

using interior regularity and elliptic estimates.
Using the same deductions as in [19,p.403] one may prove that

kD! _,Rjrn k3
27 27 , 2Z

c jk j? ddz jDi_K j? ddz jK:j? d dz
0 RN 0 RN 0 R?

Plugging the estimates of Lemma 10.3 into this inequality we may conclude that,
kDg_zZRjRn ko C(kN (]I’ tlj)kLZ(@ ) + kN ;e(p)kLZ(@ )) <1:

To prove the same statement forw one proceeds as follows. Note that
227 Z

. . 2
kD izzvijn k% (W(Xl S) W(Xl t))

is 12 dxdsdt:

R RR 1

But as, by de nition, k=w <€on( R;R) Bg(0;0) for some constante,

RR Z _ o RR Z _ 2
(WOGS)  WOGt)? (o (ROGS)  ROGSO)™ ydsat
is  tj2 js 1
R RRv ! R RRn 1
Z7Z Z

(R(x;s) R(x;1))?

s 1° dxdsdt

R RRn 1
k Di,Rjrn k3 C(KN (jr ti)kiz(@ )+ KN o(P)ki2@ )) < 1:

Letting R!1 we getthe estimate we wanted. This completes the proof of uniqueness
in the Neumann problem.
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