METHODS AND APPLICATIONS OF ANALYSIS. €2002 International Press
Vol. 9, No. 2, pp. 177-238, June 2002 001

DETERMINANTS OF PSEUDODIFFERENTIAL OPERATORS AND
COMPLEX DEFORMATIONS OF PHASE SPACE*

A. MELIN Y AND J. SJ OSTRAND Z

Abstract.  Consider an h-pseudodi erential operator, whose symbol p extends holomorphically
to a tubular neighborhood of the real phase space and converg es su ciently fast to 1, so that the
determinant is wellde ned. We show that the logarithm of the modulus of this determinant is bounded
by (2 h) "(I( ;p)+ o(1)), h! 0, wherel( ;p)is the integral of log jpj over and belongs to a
class of deformations of the real phase space on which the restriction of the symplectic form is real
and non-degenerate. We show that | is a Lipschitz function of and we study its di erential and
sometimes its Hessian. Under weak additional assumptions, we show that critical "points" of the
functional | are in nitesimal minima to in nite order.

0. Introduction. In the theory of non-selfadjoint operators, determinants play
an important role (see for instance [GoKr], [MaMa]) and recent developmentsn the
theory of resonances have brought new interest in operator determinants (see for
instance [Me], [Zw3], [Vo], for the use of determinants in getting upper bounds orthe
density of resonances, and [GuZw], [Zw1], [Sj4] for the use in getting traceforutae).

There does not seem to be many works devoted to estimates and asymptotics
of determinants by direct microlocal methods, and the present work is an attempt
in that direction. An interesting feature is that the determinant of an operator is
independent of the choice of norm of the Hilbert space where the operator acts, and
sometimes to some extent even of the space itself. In the study of resonances the
possibility of changing the ambient Hilbert space has played an important ple since
the beginning of the method of complex scaling and many variants of that method
have been used, including phase space versions (see [AgCo], [BaCo], [HeSj], [SjZw])
To get optimal estimates, one often has to choose a Hilbert space norm adapteat
the problem (see for instance [HeSj], [Sj5], [Ze]) and this choice is often the resudf
phase space analysis.

The work [Da] gives examples of paradoxes encountered when not looking for the
optimal Hilbert space. In that work, Davies considers a non-selfadjoint Schmdnger
operator on R with a complex valued potential and shows that one can obtain open
sets of "pseudo spectral" valuesz 2 C for which the norm of the resolvent (when it
exists) is exponentially large, while for this class of operators, the tue spectrum is
discrete and con ned to a smaller h-independent set. The explanation of this (see
also [Zw2]) is quite obvious to specialists in partial di erential equations: If we con-
sider more generally anh-pseudodi erential operator p(x;hD ) on R" with symbol
p(x; ) in a suitable class, and if ¢ = (Xo; 0) 2 R2" is a point where the Poisson
bracket satis es %f p;PY( o) > O, then if zo = p( o), we can construct a WKB-solution
u(x;h) = a(x;h)e )=h with Im (x) O with equality precisely at xo and wherea
is an amplitude, such that kuk_ . =1, k(P  zp)uk_ 2 = O(h=) (i.e. Oy (hN) for every
N). (See [He2] for this result in the high frequency setting. The modi cations for the
proof in the semi-classical framework are obvious. Also, ip(x;hD) is an analytic h-
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pseudodi erential operator in a suitable class, for instance a di erential operator with
analytic coe cients, then O(h=) can be sharpened toO(e~1=(ch)) for some C > 0.
See [Sj1] for the additional information needed about the WKB method with analytic
symbols.) While the closure of the setp(R2n) will contain all limit points of the spec-
trum, when h ! 0, there is no reason to expect equality in general. In the case of
an analytic h-pseudodi erential operator, say whenp extends to a bounded holomor-
phic function in a tubular neighborhood of R2", one is tempted (as in the method of
complex scaling and its variants) to look for some other Hilbert space nornfor which
the pseudo-spectrum becomes smaller. There are ways of doing such modi cations
of the space that are associated to deformations of the real phase space. (See [Sj1]
[HeSj] and the works on complex scaling already cited). Instead dR 2", we are led to
consider some other closed IR-manifold C2n j.e. a manifold of real dimension

2n such that the restriction to of the complex symplectic form

1
= d;~rdxj; (x; )2Can=C} CM; (0:1)
1

is real and non-degenerate (so that is I-Lagrangian, i.e. Lagrangian for Im and R-
symplectic, i.e. symplectic with respect to the restriction of Re ). If is close to R2n
or has some suitable transversality property (as in Theorem 3.6 below), @ can nd a
naturally associated Hilbert space, on whichp(x; hD x) acts a bounded operator and
it turns out that the principal symbol is now p, rather than p,,,. The idea would
then be totry to nd such that p() is as small as possible. The problem of nding
such an optimal is probably very di cult and very deep, and it is not excluded that
one gets some more complicated set than a smooth manifold. Nevertheless, wenhi
that the problem should be attacked even though a complete success may be remote
or even out of reach.

Recent uses of Carleman estimates in semi-classical problems by Lebeau-Robbiano
[LeRo] and N. Burg [Bu] are somewhat related to the ideas developed here. Carleman
estimates are weighted estimates and when proving such estimates, one e ectively
replacesp(x;hD) by a conjugation e ()=hp(x; hD )e~ X)=h with symbol p (x; ) =
p(x; + i Hx)) for some real-valued function (x). Geometrically, this amounts to
replacing the real phase space by the IR-manifold = f(x; + i ¥x));(x; ) 2
R2ng. When proving such estimates one exploits the negativity of the Poisson braei
ilf p ;P g on the characteristic setp (x; ) =0 or equivalently on the set p=1(0)\

(This method is originally due to Hermander in a di erent context.) This look s rst
somewhat contradictary with what we shall do in the present paper, namely look ér
IR-manifolds on which the Poisson bracket vanishes wher@ does, but if we consider
how the Carleman estimates are used for instance in [Bu], we see that the sharges
results will be obtained in some kind of a limiting case where the bracket abee would
be close to 0.

In this paper we do not try to study the spectral problem, but we apply the same
philosophy to determinants of h-pseudodi erential operators p(x; hD) for which the
symbol tends to 1 su ciently fast when (x; ) ! 1 , so that the operator is of the
form | + q(x; hD), with q(x; hD) of trace class (and so that detp(x; hD ) is well-de ned
([GoKr])). It should be noticed that in practice the condition that p! 1 su ently fast
at in nity can be replaced by an ellipticity assumption near in nity. Then one chooses
some reference operatop(xt hD ) which is elliptic everywhere (and hence invertible
for su ciently small h) and with the property that p(x; )=t ) ! 1 su ciently
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fast when (x; ) ! 1 , and the discussion will apply to the relative determinant
det(p(x; hD )j(xt hD )—1).

In section 1 and 3 we develop the geometrical and analytical framework for our
results. We de ne a class of IR-manifolds contained in a tubular neighborhood of
R2n (or of some other xed linear IR-manifold.) If is such a manifold, we de ne a
correspondingh-dependent Hilbert spaceH () where for simplicity we have imposed
conditions at in nity that imply that the space coincides with L2(R"), while the norm
will in general, be equivalent to the standard L2 norm only up to exponentially large
factors. If pis a bounded holomorphic function in a su ciently large tube, containing
R2n and , we show that p(x;hD) (in Weyl quantization) acts as a uniformly bounded
operator in H(). If p(x; ) 1= 0(x; )im), m< 2n, then p(x;hD) 1 is of
trace class and dep(x;hD) is well-de ned and independent of whether we consider
p(x;hD) as an operator inL2(R") or in H(). In sections 2, 3 we show that

logjdetp(x;hD)j (2h)™"(I( ;p)+ o(1)); h! O (0:2)

where 1 1
HCip) =5 log(p( )p()) (d): (0:3)
Here (d )= j "j=(n!) is the symplectic volume element on . When p is elliptic on

in the sense that p( ) 60, 2 , we have equality in (0.2) and in that case it is
easy to see directly thatl ( ;p) remains unchanged under small deformations of (as
long as the global ellipticity is conserved). The major problem is then to choose
so that I ( ;p) becomes as small as possible and this is the subject of the remainder
of the paper. As already pointed out we do not solve this major problem but obtain
several results of some independent interest. The discussion also applies to the disn
frameworks developed in [HeSj] (see [Ze] for corresponding trace class considéras)
and [Sj2].

As reviewed in section 1, to smooth deformationd 3 t 7! of IR-manifolds
(where | is some bounded open interval containing 0), we have an associated smooth
family of functions | 3t 7! f 2 C=( ¢;R) well-de ned up to a t-dependent constant,
such that if we let f also denote an almost holomorphic extension to a neighborhood of

randdenea ow ¢, by @ ()= iHr)ith H;, denoting the complex Hamilton

eld, de ned with the help of the complex linear part of the di erential of f; and the
complex symplectic form, and whereHy—=—ii ; + iH, denotes the corresponding real
vector eld,then = ( o). The ow  is nota complex canonical transformation,
because of lack of holomorphy, but the restriction  : o ! t becomes a real
canonical transformation. In the case of deformations of the class of manifds used in
this paper, the correspondingf: belong to the spaceCg°( t;R) of smooth functions
on  which are bounded at in nity together with all their derivatives.

In section 4, we show thatl ( ;p) is a Lipschitz function with respect to such
deformations (where the deformation parameter may also be multi-dimensionalf 2
neigh (0; R¥) (=some neighborhood of 0 inRk)), and that the corresponding derivative
(de ned for almost all t) is given by

1 1
"@( Pt = Hdargp] .;H¢i (d )= HHagp] ;i (d): (0:4)
t

t

Here a step in the proof is to see that the di erential form dargp , and the Hamilton
eld Hagp ,, Wherep , = p o haveL1! coe cients (in a suitable sense). By [dargp] |,



180 A. MELIN AND J. SJ OSTRAND

and [Hargp] , We denote theL! extensions from ¢ n p_tl(O) to all of . The last
expression in (0.4) can also be written as

1
div[Hagp] (()fe() (d); (0:5)

t

where
div[Harg p] . (0:6)

is a distribution of order 1 with support in p_tl(O) and with integral 0. (The
divergence of a Hamilton eld is zero.) The problem of minimizing | ( ;p) can be
thought of as a variational problem, and we are then interested in critical pants, i.e
we would like to nd an IR-manifold, such that the distribution (0.6) is zero.

We do not solve the variational problem in this paper, but in section 7, we show
under some additional fairly weak assumptions on = o, thatif | 3t7! isa
smooth deformation such that ¢ is critical (in the sense that (0.6) vanishes), then for
every N 2 N, there is a constantCy such that

LC P 1 osp) CnijtiM: (0:7)

So, the critical points (with some weak additional assumptions) are in nitesimal min-
ima. This result depends on two observations. The rst one is that iff is independent
of t and extends to a bounded holomorphic function in a tube, then we can de ne
the IR-manifolds ; = exp(tif3OJor t 2 neigh(0;C), and it is quite easy to see
that 1( ;p) becomes a subharmonic function oft. But if f is real, then we see
that  only depends on Rd, sol( t;p) becomes a convex function ot. Hence, if

o is critical, 1 ( o;p) has to be a minimum for the particular family I ( ¢;p). The
above observation can be partially extended to the case wheh is only C= on o,
and we use it in section 5 to compute second derivatives df( ;p) with respect to
the deformation parameter, for more general deformations. The second observati is
that for a general deformation| 3t 7!  of IR-manifolds, we can approximate : to
in nite order when t! 0 by the result of an autonomous deformation acting on o.
(The deformation will depend ont but will be approximately autonomous.) Another
more technical ingredient in the proof is the approximation of I ( ;p) by

| -
2
Cip= s togPOROE

(d); (0:8)
when & 0. This approximation is used at many places, and some more re ned
considerations are developed in section 6.

In section 8, we consider the case when the di erentials of the real and imaginary
parts of p are linearly independent at every point of p~1(0). In this case we see that
| (L:$) becomes a smooth function oflirla neighborhood of and the di erential is
now a Radon measure acting orf:

1 1

i
@( ;p)=2 ftéfpt:rﬁg t(d)=2
tnp 1(0)

1

fr———— n—1: (0:9
(np 1(0) t(n 1)' ( )

Here :(d ) denotes the Liouville measure onp_tl(O). From this result we see that
is critical i %fp ;P g 0onp 10). Notice that this property implies that if
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we let p(x; hD ) “denote the adjoint with respect to the scalar product of H (), then
there exist h-pseudodi erential operators A;B;C of order O in h, such that for the
commutator of p and pt-

%[p(x;hD);p(x;hD)qu Ap(x;hD )+ Bp(x;hD )™+ hC: (0:10)

In other words, in order to minimize | ( ;p) (and the corresponding determinant in
view of (0.2)), we should choose so thatp(x;hD): H() ! H() tends to be a
normal operator.

In section 8, we also consider the case whep depends holomorphically on a
spectral parameter, and investigate the minimization problem on an in nitesimal level.
(In a future paper we return to this situation in the case of dimension 2, and getmuch
more complete results, including the determination of all eigenvalues of the operar
in some xed h-independent domain in the complex plane.)

In section 9, we make some further considerations in the case whem is of
principal type (dp 6 0 on p~1(0)). On one hand we see that there are situations
when @I ( ¢;p) is not a Radon measure inft, and in the case whenp , is real, we
see thatl( t;p) is in general not di erentiable at t = 0, because of a jump in the
derivative at that point. We compute the amount of the jump.

In section 10, we consider two examples of bounds for relative determinants with
a spectral parameter

det((p(x;hD) z)(R¢hD) 2)~1); (0:11)

i.e. we study I ( ;(p 2z)(fidz)~1). If z varies in a region wheref{xt hD ) has no
spectrum then @@ applied to the determinant (0.11) is a constant times the positive
measure obtained by putting a Dirac measure at each eigenvalue gi(x;hD). It is
therefore of interest to consider@@! ( ;(p z)(jh_1z)~1) which is easily seen to be
0. (In this section we let be constant, while at the end of section 7, we givean
argument that indicates that we still have positivity if we let = z depend onz in
such way that , becomes a minimizer.) The rst example is whenp is real, we see
here that @@! behaves in good agreement with what can be obtained for (0.11) from
the Weyl asymptotics of the real eigenvalues. The second example concerns the case
whenp vanishes to precisely the second order at a point. This is related to resonances
for a semi-classical Schredinger operator, generated by a non-degenerate critical ipo
of the potential. Here we also get good agreement with the known exactly coputable
case of harmonic oscillators.

Many estimates in the case when is of limited regularity, did not get room in
the present paper and we plan to collect these results in a separate work (di erent
from the one mentioned above).

The contents of the paper is:

. IR manifolds and their deformations.

. Determinants of h-pseudodi erential operators on R".

. h-pseudodi erential operators and IR deformations of R2".

. Helder properties of I ( ;p), | ( ;p), the dierential w.r.t. .

. Second derivative under non-autonomous ows.

. Continuity and convergence for the di erential of 7! 1 ( ;p).
. Minimality to in nite order of critical points.

. The codimension 2 case.

O~NOOUOT R WNPE
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9. The case wherp , is of principal type.
10. Examples.

Acknowledgement: The authors are greatly indepted to N. Lerner for inter-
esting comments.

1. IR manifolds and their deformations. In this section we recall some more
or less well-known facts. Consider rst locally in R2" a smooth family ,t21 R of
smooth Lagrangian manifolds, so that : is Lagrangian for everyt in the interval | and
of the form ((R"), where (y) is smooth in (t;y) and has injective y-di erential. Let

t( t(y)) = @( t)(y) be the corresponding deformation eld, rst de ned as a section
of T(R2), r If [is a second family with the same properties relative to the family
and [ the corresponding vector eld, then ¢ [ 2 T( t), SO we can de ne invariantly
a deformationl_e_Ld_I t as a section of the normal bundleN ( ¢) = ( T(R2"), t):T( t).

Let = d;~dx; be the canonical 2 form onR2". We addt as a variable and
consider

L=1f(tx );(x; )2 (g R R2;

Di erential forms on R 2" will be considered also as di erential forms onR  R?2" in
the natural way. be a smooth one form onR2n with d! = . (We can for
instance take! = jdxj.) Sinced!| =0, we have! = d locallyon , wheref,
is smooth and well de ned up to at dependent constant. Adjusting the constants we
may assume thatf (t;x; )= fi(x; )is smooth onL. On L we see that the restriction
of I to each submanifoldt = const: is equal to the corresponding restriction ofd and
hence

= d +a(x )dt (1:2)

for some function q = q(x; ) which is smooth on L. If we replace! by another
primitive I—af , then ' * ! + dw for some smooth functionw, and f above is
replaced byfmith i f, + (w I). This does not changeq, so we get a function

& (x; ) on L which is well de ned up to some arbitrary smooth function C(t). We x
such a choice ofy and de ne

= ft:x ) )2 ¢ = ax)g
Then
(dt+1) " ( qdt+!)) =d
S0
(d Adt+ ) =d(dt+!) =0:

Hence is Lagrangian. Let q(flx; ) be an extension ofg(x; )to R R2". Then
+ dvhnishes on so its Hamilton eld @@t+ H —is tangent to . This means that
Hd:f ¢ is the deformation eld de ned earlier. Notice that the choice of extension

d_of g a ects the Hamilton eld only by a component which is tangentto ¢, so with
some slight abuse of notation, we can say that

t = Hg: (1:2)

Here it is understood that the RHS is de ned only as a section of the normal bundle
of . We formulate the main result so far as a lemma:
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Lemma 1.1. Let ¢ R"™ R, t 2 neigh(0;R), be a smooth family of La-
grangian manifolds, in the sense that. above is a smooth submanifold. Therocally
we can nd a smooth real-valued functiong(x; ), (x; ) 2 + (on L) such that if
& (X; ) is any smooth real extension ofgy to R R" R", then @@t+ Hd:'fp tangent
to dened earlier. In other words, des a local representative for the deforma-
tion eld of the family f {g. Moreover, ¢ is uniquely determined on each ; up to a
t-dependent constant.

If  are de ned globally as closed manifolds oR" R" and simply connected,
then the g can be de ned globally on ; and are unique up to at-dependent constant.

We shall apply this discussion tol -Lagrangian submanifolds ofC2n = C} C"
and we rst review some di erential-geometric and symplectic notions. On this space
we have the complex symplectic 2-form:

—1
= dj™dx; (1:3)

which is a non-degenerate closed (2,0)-form. The corresponding real 2-forms Re=

%( + ), Im = % ~) are closed and non-degenerate and hence give rise to real
symplectic structures on C2n. A general vector eld of type (1,0) is a vector eld of
the type

1
- >£+h(x: >§j>; (1:4)

wherea; and by are complex functions de ned on some open subset &22". To we
associate the real vector eld

CF2Re = + (1:5)

which is simply the vector (ai;:;an;by;:;by) when identifying C® Cn with the
underlying real manifold R2n R2n, Notice that [13 the unique real vector eld with
the property that (f) = [{fl) at every point where the function f is di erentiable
and satises @f = 0. (Here we use the standard notation: & = @f+ @f where
@f and @f denote the complex linear and antilinear parts of the dierential.) If
&, b are suciently smooth, then locally and for t small enough, we can de ne

t( ) =exp(tDQd) and we notice that the components ( «( ))x,, ( «( )) ; solve the
system of ODEs

d

gt =& () %( () =80 of)=: (1:6)

Let f be a complex-valuedC!-function on some open subset o2, We de ne
the complex Hamilton eld of f, to be the unique complex vector eld of type (1,0)
which satis es the pointwise relation

h;H; ~Mti = h @f;i; t2T(C2n) C: a:7)
We have the usual formula:

_Tefle efae,

T lerex exe’

(1:8)
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If gis a real-valuedC? function on an open subset ofC2", we de ne the real Hamilton
elds Hg, for =Re ,Im , by the usual relation:

h;H g ~ti = hdg;ti; t2 T(C2n): (1:9)
There are some useful relations between the three types of Hamilton elds, when

we have some additional information aboutf. The most important case is the one
when df is complex linear at some given point o:

@f{ 0)=0; (1:10)

and in the following calculations, we restrict the attention to that point . Since is of
type (2,0) and H; is of type (0,1), we have

h; Hf ~ti=0;t2T,(C2) C: (1:11)
From (1.7), (1.10), we get
h;H: " ti= hd;ti; t2T ,(C2") C: (1:12)
Restrict the relations to real tangent vectors (t 2 T ,(C2")) and take sums and dif-
ferences:
h; 2ReH; ~ ti = h df;ti; (2:13)
h; 2ImH;: A ti = i}hal‘;ti: (2:14)

Taking the real and imaginary parts of these relations, we get

hRe; 2Re(H:) " ti = h dRef;ti; (1:15)
Hm ; 2ReH¢) " ti = hdimf;ti; (1:16)
hRe ; 2Im(H;)~ti = hdimf;ti; (2:17)
Am ; 2Im(H¢) " ti = dRef;ti; (1:18)
so at points where @f= 0:
Hr—=2ReH; = HRS, = H™, (1:19)

Hir—=—RIimH; = HIM, = HPRe,:

Later, it will be useful to have a relation also in the case whend ( o) is real.
From (1.7) we getfort 2 T ,(C2"):

h;iH s M ti= hi@;ti;
h; iH; ~ti =0;
2h; Re(iH;) " ti = hi@f;t;
2hT Re(H¢) " ti = H@f;1;
Hm ; 4Re({H;:) ™ ti = h d;ti;
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SO

HIm =4Re(iH)=2iH— (1:20)

at every point where df is real.

A smooth submanifold C2n is called I-Lagrangian if it is Lagrangian (and
hence of real dimension 8) with respect to Im . It is called R-symplectic if it is
a symplectic manifold with respect to the restriction Re | , i.e. if this 2-form is
non-degenerate. We say that is an IR-manifold if is both I-Lagrangian and R-
symplectic. It is easy to see that an IR-manifold is totally real of maximal dimension
(m.t.r from now on, see [HeWe]) and for such a manifold we know that every
f 2 Ce<() has a smooth extension fLtb some neighborhood of such that @
vanishes to in nite order on . Moreover this extension is unique modulo functions
which vanish to in nite order on . We say that fLid almost holomorphic (a.h.) at
. We recall that the notion of almost holomorphic extensions was introduced by L.
Hermander [Hel].

Let  be a smooth family of IR-manifolds. Let g be the corresponding smooth
family as in Lemma 1.1, now with Im as the real symplectic form. Letf; = d_# ir
be an a.h. extension ofg, so that d_is a smooth real extension ofgq. Then (1.19)
applies and we get at the points of ; a corresponding deformation eld,

¢ = ih'T[—T4=|(',km:I = HRe : (1:21)

Since the dierential of f; is uniquely determined by that of g at every point of
t, we see that (1.21) gives a unique section i (C2n), t and not just a normal
vector. Integrating ¢, we get local di eomorphisms s : s! t and from the last
expression in (1.21), it follows that {S{Re | )— Re | ,so s are real canonical
transformations, i.e. canonical transformations between tﬁe real symplectienanifolds
sand .
Finally we notice that ¢ in (1.21) is the realization of the deformation eld
as a section inJT( ), where J denotes the mapping of TC" into itself, induced by
multiplication by the imaginary unit i. Indeed,il-2 J for every (1,0)-type vector eld

and sincef, is real on  , we see thatHk—is-tHe vector eld tangent to , given
by
. :
I—Ft:ij E (1:22)
2. Determinants of pseudodi erential operators on R n,

If m2 C=(R2n;]0;1 [), we denote by S(m) the space of alla 2 C=(R2") such
that

@@a(x; )= 0; (m(x; )); (2:1)

uniformly on R2n for all multindices and . We will always assume thatm is an
order function in the sense thatm(x; ) Coh(x; ) (y; )iNem(y; ) for some xed
positive constants Co; Ng, where we use the notationh(x; )i = (1 + j(x; )j2)¥2. For
a symbol a = a(x; ;h) depending onh 2]0; ho], ho > 0, we say thata 2 S(m), if
(2.1) holds uniformly w.r.t. h. Most of the time such symbols will be of the type
a= ag(x; )+ hr(x; ;h)with ag;r 2 S(m). We then call ag the principal part or the
principal symbol of a.
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If a2 S(m), we denote by Op (@) the corresponding h-Weyl quantization:
1

et (x=y)- a(x Ty

2

Op (a)u(x) = ; sh)u(y)dyd ; (2:2)

(2h)n

and recall (see for instance [DiSj]) that Op@) is continuous S(R") ! S (R"),
S{Rn) I SYR"). If m = 1, then Op(a) is O(1) : L2 ! L2, If m is inte-
grable, then Op (a) is of trace class and the corresponding trace class norm satis es
kOp (a)ky = O(1)h—". The trace is given by

M

1 a(x; ;h)dxd: (2:3)

trOp(a) = W

Let m 2 S(m) be integrable and letp 2 S(1) be of the form
p=1+ a; a2 S(m); (2:4)

with principal symbol pp = 1+ ag, where ap is the principal symbol of a. Then
det(Op (p)) is well de ned, and if | 3t 7! at 2 S(m) is a mapping of classC! de ned
on some intervall , and we put pt =1+ at, then we have

@detOp (p') _ - .. .
~detop(p) tr(Op( p')~1Op(@p')); (2:5)
whenever Op () has anL2 bounded inverse (Op ft)) 1. See also the remark at the
end of this section for some related observations. If we assume thatin (2.4) is elliptic
in the sense thatpo(x; ) 6 0 on R2", then we can nd a map as above withl =[0; 1],
such that pt is elliptic for all t and with p® =1, p! = p. In fact, we only have to notice
that log po is globally well de ned in S(m), and put pt = ph+ t(p po), p, = et'ogpo,
For h > 0 small enough, we then know that Op ') is invertible with inverse Op (qt),
whereqt =1+ b, b 2 S(m), ¢ = 1=p. Combining this with (2.5), (2.3) and standard
h-pseudodi erential calculus, we get

111
@detOp(pt) 1 @pt .
detop (p) (Zh)n(IIDpBded + O(h)) (2:6)
= Gy @ogh)dd + O(h)):
Integrating, we get
111
logdetOp (p) = W( log(po)dxd + O(h)): 2:7)

In this identity, we use the natural branch of the logarithm obtained by contin uous
deformation with log(1) = 0. In the RHS, we have a natural deformation from (x; ) =
1 , while a priori, we need to use the speci ¢ deformation Op ') in order to de ne
the LHS. It is clear however that these two branches of logfo) coincide.

We now drop the ellipticity assumption, and derive an upper bound on

log; detOp (p); = 2 log det(Op (1) O (5);
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where Op (p) “dlenotes the adjoint operator. If > 0, the preceding discussion applies

with Op (p) replaced by Op (p)™@p (p) + 20p(q), if g2 S(m), Op(qd) 0, qp >0
near pgl(O). We get for h > 0 small enough:

logj detOp (p)j % log det(Op (p) *@p (p) + 20p(0)) (2:8)

(2;),1( %Iog(jIOoj2+ 2gp)dxd + O (h)):

For later convenience, we observe that ifqp = 1 near po_l(O) or if log jpoj is
integrable, then

[ [
_ jpoj2 + 2 : , .
log(jpoj2 + 2qp)dxd Iog(ﬁ)dxd 1o ! O (2:9)
Notice that
[EEN 1l
Iim0 log(jpoj2 + 2qp)dxd = logjpo(x; )j2dxd 2 [1 ;+1[: (2:10)
From (2.8), (2.10), we get
[
logj det Op (p)j ( logjpo(x; )jdxd +o(1)); h! O (2:12)

(2h)r

provided that the integral to the rightis 6 1 . (It is easy to see that so is the case
when po never vanishes to in nite order at any point. See Lemma 4.2 below.) Note
that in the elliptic case, we get by taking real parts in (2.7):

111
( logjpojdxd + O(h)):

logj detOp (p)j = @h)n

Remark. Let T; denote the space of trace class operators ol = L2(R"). The

mapping
A7 (A)=(det( I + A)(I + A)—1

which is de ned near 02 T; extends to an analytic mapping
Tl (H)

where the space to the right is the space of continuous linear operators oH. (The
analyticity of at Ap 2 T, follows easily from the corresponding property in the
nite-dimensional situation if one approximates Ao in T; by a nite rank element.) It

is natural to consider L(H) as the dual of T; obtained via the pairing Ty L (H) 3
(A;B) 7V tr(AB). Since (A)(I + A) = (1 + A) (A) =det(l + A) 1 it follows in

particular that det( | + A) is analytic in T;. Its dierential at Ap is an element in
L(H), and we claim that it is equal to (Ao) (cf. (2.5)). For reasons of analyticity
in Ap it su ces to verify this when | + Ag is invertible. Replacing A by (I + Ag)A
in our considerations and using the multiplicative property of the determinant we se
that our assertion follows from the fact that tr( A) is the linear part in the Taylor

expansion of det{ + A) at the origin.
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If A denotes the Banach space of all functions(x; ) in R2" such that

j@@a(x; )jdxd < 1;

[ 1+] =N

whereN is a su ciently large positive integer, then the Weyl quantization a 7! Op (a)
is a continuous linear mapping fromA to T;. It follows that log jdet(Op (p))j, where
p=1+ a, is a plurisubharmonic function in A. Therequality (2.11) provides us with
a bound from above for that function in terms of  logjp(x; )jdxd , which is also a
plurisubharmonic function of a.

3. h-pseudodi erential operators and IR deformations of R n, Let o(x)
be a real quadratic form onC" which is strictly plurisubharmonic (st.pl.s.h.). Let

H , =Hol(C")\ L2(Cn;e=2 o=h|(dx));

where L (dx) denotes the Lebesgue measure 08" ' R2n and Hol (C") is the space
of all holomorphic functions on C". We recall (see for instance the beginning of [Sj2])
that there exists a unitary operator (a generalized Bargman transform)W : L2(R") !

H ,, given by .
Wu(x) = Ch=3n=4 i o(¥)y(y)dy; (3:1)

where ¢ is quadratic and holomorphic onC?  C§ with
det@@ o(x;y)60; Im@ o> 0; (3:2)

and such that the complex canonical tranformation

wi(y; @ o(xy) 7 (%@ o(XY)) (3:3)
maps R2" onto
o o= T (X %@é(::)); x2 Chg:
If we de ne R2" 3 (y(x); (x)) = \X,l(x; %@ 0(Xx)), then it follows that
(@ IxyON= )i (@ Y= 2@ o(x) (3.4
Im o y(x) = o(x); o(X)+Im o(xy) +jy y(X)j2 (3:5)

We also recall that if a 2 C$°( ,) (meaning that a 2 C=( ) is bounded
together with all its derivatives to all orders), then
[11]

Op (@)u(x) = ert a2 Yu(y)ayd (3:6)

(2h)r

can be de ned as a bounded operatoH ,(C") ! H ,(Cn), by choosing the only
possible integration contour: = 2@ o(*3%). More generally, if m 2 R and
a 2 S(h(x; )im) in the sense thath(x; )i—™r ka is bounded for everyk 2 N, then
we can still de ne Op (a) by the oscillatory integral (3.6) to be a bounded operator
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H ,(lxik)! H  (hxik—m)whereH ,(lxik)=Hol( Cn)\ L2(Cn;hi2ke=2 o= (dx))
is equipped with the natural norm. (We have bounds on the operator nhorms which
are uniform in h. See [Sj2].) The standard metaplectic invariance for the Weyl quan-
tization holds in this setting and we get

W-10p(a)W =Op(b); b=a w: (3:7)

We also recall that the orthogonal projection ¢ : L20 I H , is given by
c 1
ou(x) = (T ef CNu(y)eh oL (dy); (3:8)

where o(x;y) is the unique quadratic form on C} CY{ which is holomorphic in x
and anti-holomorphic in y (from now on hol-a-hol) and satis es

o(x;x) = o(x): (3:9)

(We recall from [Sj1,2] that this is obtained by writing the identity operat or as an
h-pseudodi erential operator

u7! o efF( o(x )— o(y:f))u(y)dyd;

and choosing the integration contour = y.)

Let W—1 w Cn be convex open neighborhoods of 0. Let 2 C=(C";R)
with r (x) r o(x)2 Cg°(Cn):= S(Cn;1), so that r r o and its derivatives
are all bounded. De ne

_ . 2@ n
= f(x,i—@x(x)),xzc g

and assume that

%%)gx) %%((x) 2 Wixl2 cn; (3:10)

so that ,+fog W1
Let p(x; ) be holomorphicin ,+f0g W with p(x; )= O(hXx; )i™) for some
m 2 R. We de ne Op(p) as in (3.6) and get a uniformly bounded operator

Op(p): H (hxik) ! H (hxik—m); (3:11)
where we recall that
H ,(hxik) :=Hol( CM)\ L2(Cn;hxi2ke=2 o(Xx)=| (dx)): (3:12)

This only requires that p = pj 2 S( ,;hx; im). We now exploit the
0
holomorphy assumtion and make contour deformations. Let
)
o 2@ :
(xy)= . T@)g(l t)x + ty)dt;
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and notice that
2@ X+Yy

o(Xy) = i @x 2 );
so that 2@ .
. £@o Xty n- .
(xy) : @X( 3 )2 Wiy 2 Cn: (3:13)
As in [Sj1,2], we can replace the contour =  ,(X;y) in (3.6) (with a= p) by
_ : Xy, :
= G+ s i (3:14)
where C > 0 is large enough. It follows that
Op(p)= O(1): H (ik)! H (txik—m); (3:15)
uniformly in h, whereH (hxik) is de ned as in (3.12).
Now add the assumption that
@@ Const: > 0; (3:16)

sothat isan IR manifold. We shall describe Op ) as a kind of Toeplitz operator in
the spirit of [BoSj] and start by studying the asymptotics of the orthogonal projection

cL2(e72 =) 1 H (1): (3:17)

Let (x;y) 2 C=(C}® C}) be almost holomorphic inx and almost anti-holomorphic
in y at the diagonal diag (C" Cn), such that

(xx)=( x); @:@ =On(x yN)8N; (3:18)
rz 2Ce, @;@ 2Cg: (3:19)
For the last part of (3.19), we write = o+ f, wherer f 2 Cg° and take =

o+ flowhere flid an almost holomorphic-anti-holomorphic extension off (viewed as

a function on diag (C"  Cn)) with @ft@flL2!Cee. Itis wellknown and easy to check
that

(x)+(y) 2Re (x3y) jx Vi3 (3:20)

uniformly for jx yj 1=C, if C > 0 is large enough.
Put

Z=h@ +@ 2% h@+@ :Z = h@ +@ ;:Z{*h@ +@
IFFEOcy)=2 (xy) (x) () weget
Zi(x;hDy) €F0y)=h = gF(xy)=h  (h@ +2@, (XY));
ZH,hDy) e =& ( h@ +2@ (( x) ));
Z;(y;hDy) &= ( h@ +2@ ((y) )
Z ;hDy) &= = &F=h (h@, +2@, ):
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We will use these relations only in a regiorix yj 1=C, where we notice that the Oth
order coe cients of the operators in the right most factors, 2@, , 2@, (( X) )
etc) all belong to Cg°.

De nition. Let m(x) be an order function onC" (as after (2.1)). An integral operator
1
Ku(x)=  k(x;y;h)u(y)dy (3:21)
will be called m-negligible if k is negligible in the sense that

iZx (25 (Zy) (tzﬁ k(x;y;h)j Cn:...  hNhx  yi=Nm(x); (x;y) 2 C2n (3:22)

forall N 2 N and all multiindices ; ; ; 2 Nn. Here we use the subscriptx, y to
indicate in which variables the operatorsZ; Z “étc should act.

Exemple. Let a(x;y) be smooth with support in a su ciently small neighborhood of
diag (C2n) of the form jx yj 1=0(1) and satisfy r xr ya= On (I)m(x)(jx yjN +
hN) for all N and all multiindices ; , wherem is an order function. Then
k(x;y;h) = er@ )= ()=(y) g(x;y)
is m-negligible. In fact, the preceding computations show that
Z (28 (2Zy) (Z9) (k(x;y;h) = er@ ()= (0=(Ma,;,

wherea...  satis es the same estimates as above. It then su ces to use that

jehl(Z 06y )= ()= (YD) e ok Ix=yl*-

Lemma 3.1. Let K be an integral operator as in (3.21). ThenK is m-negligible

m—ladkZ (ZHKzZ (Zz5 =O(hN):L2! LZ (3:23)
forall ; ; ;; 2N" N 2N.
Proof. The kernel of the operator in (3.23) is
M) ~1(x Y) Zx (ZD (Zy) (Z9) (k(y;h); (3:24)

and if K is m-negligible, this kernel isO(hNhx yi—N)forall N 0, so (3.23) follows.
For the opposite implication, let xo 2 C" and put o = 2i@ ( Xo). Then with
fi=@ (x) @ (Xo) weget

Zj = eiRe(o(D=h (h@, + fj(x)) eRe(o()=h;

ZE emiRe( 0D ( h@, + fj(x)) €Re(o(D=h:

Notice that f; and all its derivatives with respect to x are uniformly bounded with
respect toxg, in a domain jx Xxoj O ().
Similarly, put o= 2i@ ( yo). Then we get

Z) = emiRe( (D= ( h@, +fj(y) eRel (D=,
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ZL eiRe( o(D=n (h@, + T;(y) eRe( o(N=h;

Now assume (3.23). Then for Xo;yo) 2 C"  C",jX Xoj;jyY VYoj 1, we reduce
Z, Z%1.. as above and conclude by letting rstj j+j j+jj+jj 4n+1, that
m(x)~leRe( ox)=hk(x;y;h)gRe( oy)=h = Q(hN), i.e. m(x)~tk(x;y;h) = O(hN). In
fact, we multiply k(x;y;h)by (x xg)eReCoX)=h (y yg)eRe( o¥)=h where 2 C§°.
Since thef; are uniformly bounded, the corresponding operator will then satisfy (3.23)
with the Z; replaced by their leading parts. Repeating this argument withK replaced
by adyZ (ZH Kz (Z9, we see that

(X Y) Zx (ZH' (Zy) (Zy)'k(x;y) = O(hN):

m(x)

(We rst get this for jx Xoj;jy VYoj 1, but uniformly with respect to Xo; Yo, which
are arbitrary.) (3.22) follows. O

As a second example of negligible operators, we look at the o -diagonal coritr
bution to Op ( p) above, with the contour (3.14). Along this contour we have

@ ey L Hl

ddy = d a dydy = J(x;y)L(dy): (3:25)
It is clear that J 2 Cg°. The realization of e~ ="Op (p)e =" becomes
1 L1 o
1 . —1]x Y]
e MOop(pe U0 = iy e IR acy u(y)L(dy);  (3:26)
where -
@
Fxy)= (x)+( y)+2 . @)5(1 t)x + ty)dt (x y); (3:27)
e Y — . Xty, . Xy, )
axiysh) = JeyIp(—= XY+ & yi)- (3:28)
We notice that
X+Y.
rxryagxy;h)= 0. (h 5 im): (3:29)

F is purely imaginary, and if we let Fo denote the corresponding function, de ned
with ¢ instead of , then Fg is quadratic and

r K(F  Fo)= O(hx i)
for every k. (Recall that r ( 0) 2 Cg°.) It follows that
re(r F)ay)  (r F)Osx));rk(r FOGy) 1o F(y;y)) = O(hx yi): (3:31)
We compute forx = vy:
@QF=@ ;@F= @ ;QF= @ ; @QF =@ ; (3:32)

so ifG(x;y) = F(xy) & 'g_yy';is the exponent in (3.26), we get

@G(xy)= @ ( x)+ ri(xy); @G(xy)= @ (x)+raxy);  (3:33)
QG(xy)= @ (y)* ra(xy); @G(xy)= @ (y)+ ra(xy);
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with
rkri(xy)= O(lx yi): (3:34)
Consequently
Zjx (eC0¥)=hg) = eSY)=N(h@ + r2; (X;y))a; (3:35)
z].;lxi'(eG(x:y)=hq) = eC0Y)=( h@, ryj(xy))a;
Z.y (€80xy)=hq) = eGlxy)=h( h@j raj (5y));
tzj?(ee(x;y):hQ) = eG(X;y):h(h@j + T35 (xy )
Now (3.29), (3.34) give

X+y

Zx (ZD (Zy) (Z4) (evC0¥)g) = enCO(L)x il IF1 I+1 I+1 1h im:
Using nally that jerS(¥)j = e_ﬁi':x 5 , we conclude that
1 2
1 ) — X Yi©
u7! Zh enFOVI=ERT) (1 (x  y))ax;y; hyu(y)L(dy) (3:36)

is him-negligible, if 2 C§°(C") is equal to 1 near 0.

Formal construction of the orthogonal projection . Let be as in (3.18{20). Let
a(x;y;h) 2 S(C2n;1) have its support in jx yj 1=C, with C large enough, and
such that

@a(x;y;h); @a(x;y;h) = O(x  yj= + he): (3:37)
Consider the operator
1
Au(x)=( h)=n el C¥a(x;y;h)u(y)e2( V=L (dy); (3:38)

which is O(1) : L2(e 2 =hL(dx)) ! L2(e2 =hL(dx)) and satises @ A = O(h*):
L2(e=2 =h) | L2(e=2 =h), Equivalently for the reduced operators, we have

e” “hAe *h = O(1):L2! L2 Zje= *"Ae =" = O(h~):L2! Lz
The calculations in the rst example above show that
Z (ZY e hAe =hz (ZzB = O(hl FI FI 1y L2 L2 (3:39)

and applying adx to this operator, we gain another power h=2 in the estimates
(3.39). Notice that the composition of e =hAe =" with an m-negligible operator is
m-negligible in view of Lemma 3.1.

Formally A is a pseudodi erential operator, for if we put Ldy) = (xy),
ax;y) = a(x;y), then L& are almost holomorphic on the anti-diagonal : y = X,
and i
2h

i
2h

111
;o ek Cedn— Lo g v hyu(y)dydy
111
)" ef(led)-Tedy g s hyu(y)dyd :
y

Au(x) = (

=(
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With this in mind, we compute

1
(e= Ae =M2u(x)=( h)=" 1(xy;h)u(y)L(dy); (3:40)
1
I(x;y;h)y=( h)=n e=(x+2 (xz)=2( 2)*2 (zy)=(¥)=hg(x;z;h)a(z;y; h)L(dz):

(3:41)
Because of the support property ofa, the support of | is contained in a set where
X yjis small.
We have

Re( (x)+2 (x2) 2(2+2 (z;y) (y)  (x zZ?+jz yj?): (342
Further, when x = vy, the function
z7' (xX)+2 (x52) 2(2)+2 (z;y) () (3:43)

has the non-degenerate critical pointz = x = y. We then know from [MeSj] that

I (x;¥;h) has an asymptotic expansion, wherh ! 0 and to understand the exponent
appearing there, we should look for the critical point of the almost holomophic ex-
tension to the complexi cation of CZ2. For that, it is convenient to identify C} with

the anti-diagonal f (z;w) 2 C2n; w = Zg and write the function (3.43) as

27 (0+2 6z 2 +2 Ey) () (3:44)
A natural choice of almost holomorphic extension is then
w7 (0+2edw) 2w +2 Gy (y): (3:45)

We get the critical point z = x, w = y (mod O(jx yj=)) and the corresponding
critical value

(0+25edy) (y)= (0+2 (xy) () (3:46)
The stationary phase method gives
L (x;y;h) = en(—( 02 )= (M px;y;h) + r(x;y;h); (3:47)

wherer = O(h®) and b  Ip(x;y) + bi(x;y)h + 2 in S(1), and each term in this
asymptotic expansion is determined by the behaviour of ¢;w) 7! &X; w; h)a(3a;y; h)
near the critical point w =y, z= x, so@b; @0= O(jx yj° + h*), and bo(x;y) =
f (x;y)ao(x;y)?, where

1

- f(x C: 3:48

c fex) (3:48)
We also notice that if a ag+ hag + ::i, then b =2faoa + ¢, whereq depends on
ao;::;; @ —1 only. If we choose such that (x;y) = (y;x), as we may, and assume

that a(x;y;h) = a(y; x; h) we achieve thatl (x;y;h) = 1 (y; x;h).
From (3.39), (3.45), the symbol properties ofb and (3.47), we deduce that

Zy (ZHNZy(Z ' r(xy;h)= O(hN G )): (3:49)
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Combining this with the fact that r = O(h°°), we get
Zx (ZYZy(Zy)' r(x;y; h) = O(h=): (3:50)

In fact, using the reduction in the second part of the proof of Lemma 3.1, we see that
for j)x  Xoj;jy Yoj 1,Xo= Yo, we have:

@@@@(e#(Re( 0-X+ o-y))r): O(hl\lﬂ;; )); (3;@

while (3.50) is equivalent to
@@ @@(eﬁ(Re( ox+ o)) = O(he): (350)_1

By interpolation inequalities for derivatives, (3:89)-anll the fact that r = O(h=°), we
get (350)-anl hence (350) as claimed.
The result (3.50) can be reformulated, as saying that

(e= Ae ™)2u(x) = (3:51)
(h)=n er(=(0%2 )= () p(x;y: hyu(y)L(dy) + e= ="Re =hu(x);

where e~ =hRe =" is 1-negligible and
- 1
Ru(x)=( h)™ r(xy;hu(y)L(dy); supp() f (Xy);ix Vi om? (3:52)
We can now constructa as above witha(x; x;h) real, 1=C  ap(x;x) C, such

that b= a+ O(jx yj< + h~). Let L1be the correponding operator as in (3.38).

Then
2= L1+ R; (3:53)

for a new operatorR with e~ =hRe =h 1-negligible. Further, we may arrange so that
(y;x) = (xy), aly;x) = a(x;y),

(Oe L] (3:54)

where the star indicates that we take the adjoint in L2(e=2 =hL (dx)).

We pause in order to recall some general estimates for by means of the @
operator, and we will follow the appendix of [Sj2] with some routin@wﬂons. Put
Xj = h™1%2Z; = 2@ + h™12@ , @ = e "h'=2@e™ = X; dg-'where
I Ldenotes the operation of left exterior multiplication by the 1-form ! . Then @ is
a complex and we put

_ _ 1 1
=@ +@@=( X)) 1+ XX Jax dk

ik

where X;j; X ,H= 2@ @, 2 Cg° and! HHenotes the transpose of left exterior mul-
tiplication by ! EHere we use the scalar productx;yi = %Rex y on C" extended
to the complexi ed space, so thathdx;; dxxi = hoX;;dXyxi = 0, hdxj;dXxi = ik .
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conserves the degree of di erential forms and if we identify (0,1)-forms withfunctions
with values in C", the restriction to such forms is given by

@ = %‘-) 1+2 I

- A XX -

Let HO = L2 (here in the vector-valued versionL2(C";Cn)) and let H1 L2 be the
Hilbert space with norm

L1 1
kukZ, = kXjuk2+  KkXuk? + kuk?:

(More precisely, we de neH 1 as the closure of the Schwartz spacg for the norm above
and check that this space coincides withfu 2 L2; X u; Xj'%' 2 L2g.) By construction,
the map

H13u 7! ((Xju)j; (X ;u) 2 (L2)2n+

is an isometry. LetH—1 S Ube the dual of H1. Then the adjoint map

[ [ m—
(L2241 3 ()55 (v)isUo) 7P v=Uo+  Xjup+ XV 2H-?

is surjective of norm 1 with a right inverse of norm 1. In particular,

I 1 I
kvk . = Cimf] 1 kuok? + ku; k2 +

V=Uuog+ Xjuj+ X v

1
kv k2:

We haveH1 HO? H~1 with corresponding inequalities for the norms.
An easy calculation shows that

1 %
[ (1);Xj]= fkXk+ 95 [ (1);Xj¢‘= X g (3:55)

with f;fhksb;@Dounded in Ce° whenh! 0.
In [Sj2] we recalled the estimate

kukg: O (Dk Puky 1; u2S:;

implying that W H1 H-1is bijective with a uniformly bounded inverse for
small h. Applying this to Xju we get

kXjuky: O (L)(kX; Puky ++ k[ P;XjJuky 1)

Using (3.55) and the fact that multiplication by a Cg° function is boundedHi ! Hi,
j = 1,0;1, we get

kXjuky: O (1)(k “uk+ O@)kuky:) O 1)k P uk:
Similarly,
kX dky: O (Dk P uk:

For s2 N, let Hs be the Hilbert space ofL2 functions for which the norm

1
Kuk?, = kX (X Y uk? (3:56)

[ 1+] I=s
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is nite. (Again one checks that S is a dense subspace.) LeH —s S Ube the dual
space. Then
H2 H HO H-1 H-2

with corresponding inequalities for the norms. The last estimates show that
kukyz O (L)k Puk: (3:57)
Continuing this argument, we get
kukyse O (L)k Pukys; (3:58)

for 1 s2 Z. By regularization and bijectivity for s =1, we see that @D sz
H s is bijective with a uniformly bounded inverse for s 1. By duality this extends
to all s2 Z. (It helps to use that ( (1))—1 :S 1S , as we recalled in [Sj2].)

We have adc @ = O(h%®2) : Hs*t | Hs, a2 @ : O(h) : Hs | Hs,
add @ =0, k 3. It follows that ad,( @)=t = ( P)-1ad,( Py P)-1=
O(h%=2): Hs ! Hs*3; and more generally,

ad{( M)~1= O(hk=2): Hs 1 Hs+2r k: (3:59)
Recall also (see for instance [Sj2]), that
e =h e=h=1 7@? D-1@: (3:60)
Since@ e~ =" [k = is 1-negligible, we see from (3.59), (3.60) that
e =h e =he= =h [k =h = = =h Lk =h + negligible:
By duality,
e =h Lk =he= =h ¢ =h = g= =h Lk =h + negligible:

Here "negligible” means some (1-)negligible operator. Put

so that
e- =h [k =h = ¢= =h Lk =h 4 negligible: (3:62)
Then
L= 0@1):L2(e 2 =hL(dx))! H ; O ] (3:63)

[2]= [+ e =h(negligible)e— =h:

It follows from (3.63) that the spectrum of is concentrated to an O(h=) neigh-

borhood of f0;1g. Let be the spectral projection associated to the part of the
spectrum close to 1: .
1
= — (z [3-1dz; (3:64)

2i
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where s the positively oriented boundary of the discD (1; 1=2).
Proposition 3.2. = [+ e = (negligible)e— =h:

Proof. As an approximation for (z 31, we try

R@= 0 )+ ]

Then, dropping the subscript ,
1 1
(z ﬂi(z) =1 (E ﬁ) @ p (3:65)

Here 11 }3 e =(negligible)e= =", and we next verify that if K is of the form
e ="(negligible)e~ =h,then (1 K)~! =1+ L, whereL has the same property. Indeed,
L=K+K2+K3+:= K+K(1 K)~1K and we see thatL has the required property.
It follows that uniformly for z 2

1

— B HI=R@+ e M (negligible)e~ =

@ FH=rR@L (

Plugging this into (3.64), we get the proposition. O

Notice that we also have

= L1+ e =h(negl)e= =n; (3:66)
and that by construction, is an orthogonal projection in L2(e=2 =hL(dx)) with
image contained inH , so that in the sense thatR( ) R ( ). In
particular, is an orthogonal projection.

Proposition 3.3. =

Proof. Inthe case = o,wehave =, + O(he), since our construction
will reproduce the explicitly known ;. Hence = .

Assume rst that o is bounded so that 02 Cge. Put ¢ =t +

(1 t) o. ThenL2(e=2 +=h);H | are independent oft as spaces and the norms vary
continously with t. It is therefore clear that | is norm-continuous int in the sense
that k k! 0,s! t. We can make the construction of , so that this
operator also becomes norm-continous in. We then have a norm-continous family of
orthogonal projections . Which vanishes fort = 0, and hence for allt. Hence
we get the proposition when o is bounded.

In the general case, letR(t) be a smooth increasing function: [Q1]! [R(0);+1 [

with R(0) O,R(t)!1 ,t! 1, and put
X
t(x) = + —); t 1 .67
()= o0+ X o0 ()i O , (3:67)
with the convention that 1 = . Here 2 C3°(B(0;2);[0,1]), (x) =1 for x 2
B(0;1). Thenr 2 tbelongstoaboundedsetirC>®,r tr gisuniformly bounded.
t is uniformly st.pl.sh. also with respect to t. Moreoverr k  !r k t1 1
uniformly on every compact, and t o is bounded for every xedt< 1. We then

know that = t fort< 1.

t
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On the other hand, the projectionse~ ‘=h (e '=h e~ '=h e "=h are strongly
continuous on [Q 1], in the rst case by examining the construction and restricting to
S, in the second case by looking at the representation (3.60), that we also ra&t to
S. It follows that the two operators coincide also fort = 1, so we get the proposition
in the general casel

The proposition and (3.66) imply that
= [+ e =h(negligible)e— =h; (3:68)

which completes the promised asymptotic study of
We next prepare for trace computations. Write (3.38) for [
(|

Choo = e e 0N ON Gy U)LY (3:69)
where f I%J.(x;y)hi in S(1), suppf f (Xy);jx i 1=Cg, @xy)f =
O(jx vyj=), and put [edy) =  (x;y), fledy:h) = f(x;y;h). Recall that ]
is formally the identity operator viewed as a pseudodi erential operator, and that
L(dy) = (i=2)"dydy:

1

w() = (5 e = ied Shyuy)yd

Use the Kuranishi trick:

1
2(6d ) b n=ix y) edy; ) ledx )= ?%)gx );

and 1 1
= i*(X_Y)' 1
W= Gy e uty)dya!
to see that
inflock; Ydxd = dxddx; ):
Put = X:

infbgk; X)dxdx = dxd |

since [d x; ) = 2@ (x). This can also be written

i @x
if (x;x)L(dx) = ;dxd ; (3:70)
n OV T @hy b '
where we identify C% with by means of the natural projections anddxd | =
(d(x; )) is the symplectic volume form on
Consider the operator Op () in (3.11), (3.15). Noticing that , Hact as
bounded operators onH (hxik), we write Op(p) =Op(p) , recall that S

e =h(neglk)e— =", and develop Op @) =1by means of stationary phase (after pealing
o negligible o -diagonal parts), to see that

Op(p) =top( @) + e ="(him-negl)e™ ="; (3:71)
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]

1 er( (xy)—( YD (x;y; h)a(x; y; hu(y)L(dy): (3:72)

(h)n

H L . . . . _ IR
ere q(x;y;h) 2 S(him) has its support in jx yj 1=C, q o G (X y)hi in

S(him), @y)q = O(x  yj=hxim), and do(x;x) = p(x; 2 3;(x)).

Let $¢(Him) be the space ofg(x;y;h) 2 S(him) with support in jx yj 1=C,
suchlfhfc_ﬁ@;yq = O((jx yj~ + h®)xim). Let $fhim) be the subspace ofy with
q o G (xy)hi in S(him), where @y g = O(jx yjehim).

If g(x;y) 2 C=(C2n), we de ne q¥X;y) = q(y;X). The self-adjointness of Lis
equivalent to f 0+ f (assuming that we have chosen with &+ ). We have

top (q)u(x) =

top (g) == top ( g5 (3:73)

Moreover, by stationary phase,
top (q) %ép (q) =top(r) + e =h(hi2m-negl.)e~ =h; (3:74)
wherer 2 S(hi2m), r r, r I%,-Ihj, @cy)ri = O(jx  yjeohxizm), ro = giep.

(3.74) is a special case of a more general result for the composition of ewToeplitz
operators top (@) top (b) that can be formulated in the obvious way.

Recall that if k 2 Cg°(C2"), diamsupp (k) Co and Ku(x) =
k(x;y)u(y)L(dy); then the trace class norm ofK is  C1(Co; n)kkkd:pwhere kid the
Fourier transform of k. Moreover the trace ofK is given by tr(K) = k(x;x)L(dx).

Lemma 3.4. Let m< 2n. If R is him-negligible, thenR is of trace class with
trace class norm O (h<).

Proof. Let r(x;y;h) be the kernel of R. For (xo;y0) 2 C2", we dene ¢ =
2@ ( Xo0), 0= 2@ ( Yo)asinthe proof of Lemma 3.1. Then forjx Xoj;jy VYoj
1, we have

r&r y(eRe o= r(x;y;hyeRe oy=h) = O(1)hNtxo  yoi "N xoi™;

for every N N and all multiindices k; . (The estimates are uniform in (Xo;Yo).)
If 2 C3°(B(0;1)), it follows that (  xo)R ( o) is of trace class norm
O(1)hN hxo yoi =N hxgi™. Using partitions of unity separately in the x andy variables,
we get the lemma.O

Lemma 3.5. Let m< 2n, and let g2 S(hi™), with support in jx yj 1=C.
Then top (g) is of trace class as an operator or.2(e~2 ="L (dx)) and the corresponding
trace class norm isO(h— ), for every > 5n=2. Further,

] -
(al ) (dix; )+ O(h)  jalx; )j (dix; )):

trtop(q) = @hn

Proof. Let be a cut-o function with support in the unit ball and let b(x;y) be
the integral kernel of the operatorB = (  Xo)e~ ="top(q)e =" (  yo). This has
the same trace class normkBk; as the operator B; with integral kernel bi(x; ) =
g@Re(ox)=hiyx;y)gRe( oy)=h [f 2n< < 2n+1, then

kBiky Ckkl: C khDi bk, C (khDi2nbyk, 2)20+1— (khDi2n+1 bk, ») —20:
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The estimates above together with (3.20) show that
RN
khDii bk, > = O(1)h—n—i hxgim( (x xo) (y Yyo)e ck—yI*=h [ (dx)L (dy))=2

wherej = 2n;2n + 1 and c is a positive constant. The right hand-side may be
estimated from above by a constant timesh—"—i+n=2hxims(xe yo) where s is a
rapidly decreasing function. A combination of these estimates withj = 2n and j =
2n +1 gives

kBky = O(1)h—=2— hxoims(Xo VYo):

The assertion about the trace class norm of topg) follows then by a partition of unity
if one chooses = n=2 (assuming that < 5n=2+1).
The second statement follows from (3.70).0

with q2 $AHim), we put

Top(q) = top(q) : (3:75)
Then
Top(g) =top( g+ e ="(him-negl.)e~ =": (3:76)

Notice that if m < 2n, then the trace of Top (q) is independent of whether we view
our operator as acting inH or in L2(e=2 =L (dx)).
If we chooseq as in (3.71), then

Op(p) =Top( g+ e ="(him-negl.)e~ =": (3:77)

We can now adapt the discussion in section 2. Assume thap(x; ) =1+ a(x; )
with a= O(h(x; )im)in ,+f0g W for, m< 2n. If we rst assume that p6 0
on ,weseethatOpfp):H ! H has a bounded inverse

Op(p)~t=Top(r)+ e ="(negk)e~ ="; (3:78)
wherer 2 $41), ro(x;x) = 1=p(x; ig@ ( x)). The same holds for Op ('), if we de ne

the deformation pt from 1 to p as in section 2. Using the calculus above, we get the
analogue of (2.7):

(|
log detOp (p) = @h )n( logp( ) (d )+ O(h)); (3:79)
where is the symplectic volume density on . The subsequent argument of section
2 can also be carried over, so if we now alloy to vanish on , we get
1]
logj det Op (p)j (2h)“( logjp( )j (d )+ o(1)); h! O (3:80)

We can now state the main result of this section.

Theorem 3.6. Let p(x; ) be holomorphic in an open tubular neighborhood of
R2n of the form R2n + iW, 02 W R2n and satisfyingp(x; ) 1= 0O(hXx; )im)
there for somem < 2n. Let F  C2n be a complex Lagrangian space (i.e. a complex
subspace of dimensiom on which vanishes) which is strictly negative in the sense
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that 2 (t~ 1) < 0, 8t 2 F nf0g. Let W—1 W be an open convex neighborhood of
02 R2" and let R2n + iW—bel an IR -manifold of the form f + *( ); 2 R2ng,
where” 2 Cg°(R2";F). Then | ‘ isreal, where {=f +t(); 2R2g,0 t 1,
and we assume this form to be non-degenerate, uniformly on dac ;, uniformly for

t 2 [0;1]. Then

1
(o(1)+ logjpj (d)); h! O (3:81)

logjdetpv(x; hD x)j @h

Proof. Let :C2n ! C2n be a complex linear canoncial transformation with
(F) = f(x; ) 2 C2n; x = 0g. The negativity of F implies that this space is of the

form o
- 9 n
= ox x2C
where f is a holomorphic quadratic form with Im f @< 0. Then it is clear that
is of the form (3.3) where o satis es (3.2) (noticing that o(0;y) = f (y)), and
hence that = w with W as in (3.1). Then (R2")= »» Where ¢ is a st.pl.s.h.
guadratic form. The assumption about the form of implies that () = with
r r o2Cg, and more generally, ( v)= ,, t=t+(1 t) o. Since | t
is uniformly non-degenerate, we see tha% is uniformly non-degenerate and hence
strictly positive, since so is the case fott = 0.

We recall the metaplectic invariance (3.7), so thatW —1p%(x; hD )W = g¥(x; hD),
whereq= p ~1. Clearly detp¥(x;hD) = det g¥(x; hD), where we rst consider
g¥(x;hD) as a bounded operatorH ,! H ,. If we assume that o is bounded,
then (3.81) follows from (3.80) (with p replaced byq), sinceH is then the same space
asH ,. Inthe general case, we can approach by a sequence dsdchthat 1 4is
bounded,r [Hr in Cg°, lisluniformly st.pl.s.h. and —Stays inside the convex

tube (R21 + ii—We then have (3.80) uniformly (with p;  replaced byq; p-pnd
passing to the limit we get it also for . O

In [Sj2] function spaces are de ned associated to IR-manifolds which are ob-
tained by certain global holomorphic deformations and it is showed there howh-
pseudodi erential operator s act on these spaces and that this action can be pulled
back to an action onH . Under essentially the same assumptions oR, we still have
the conclusion (3.81).

4. Hpdlder properties of I( ;p), ! ( ;p); the dierential w.r.t. . Let o
and , be as in section 3. Letd—1 W be open bounded neighborhoods of 0 in
,- Let p be holomorphicin , + iW and satisfy
p(x; ) 1= 0O(hx; )im); forsomem< 2n: (4:1)
The IR manifolds under consideration in the remainder of this paper will satisfy:

, + ii-istlosed (4:2)

is di eomorphic to R2n; (4:3)
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Outside a bounded set, we have = (4:4)
with 02Cs; (@@) ~1=0(1):
(From the discussion in section 3 and in this section, it will be clear that the asumption
on o can be weakend to: O §'2 C°)

The last assumption allows us to identify near in nity with a neighborhood o f
innity of Cn by means ofC" 3 x ' (x; %%(x)) 2 , and we can therefore de ne
the spaceCg°().

Sometimes we let =  depend smoothly ont 2 neigh (0;Rk). We then require

t to fulll (4.2){(4.4) with uniformity in (4.2), (4.4). Moreover, i f we represent
= . outside a bounded set, then we assume that for everid 0,

r N {2 C°; uniformly in t: (4:5)

We will write p or sometimes onlyp for the restriction p; . The zeros ofp in

, + i-ar® con ned to a bounded set and there existano 2 N, such that for every

2, + iWtHere existsm 2 f 0;1;::;;mog, such that r mp( ) 6 0. If is an IR
manifold as above, we conclude (since is maximally totally real) that for every

2 ,wehave r mp ()60forsome O m mg. Let o2 be azeroof p and
choosem as above. Then we can nd a real smooth vector eld on neigh ( o; ) such
that ™p ( o) 6 0. Choose local coordinates X1; X2;::; X2n) = ( x1; x5 for centered
at o, such that = @—%. By Malgrange's preparation theorem ([Ma]), we have in a
neighborhood ofx = 0:

1 ™1
p (x)=g0)(xT + G (xHxT ) =qx)  (xa j(xD); (4:6)
1 j=1

where a; (x5, g(x) are smooth with g (0) =0, g(0) 6 0, and ; (xT are the zeros of the
second factor in the middle expression. (The ordering of the roots does not matter.)
Ifwelet =  depend smoothly ont 2 neigh (0; Rk) as above, and let ¢ be a zero of
p ,, and if we choosexs; ::; X2n to be local coordinates on ; depending smoothly ont
and centered at o whent =0, then (4.6) extendsto p , with g= q(t;x), & = & (t;x5
being smooth in (t; x), and with j = ;(t;x3. From (4.6), we get easily:

Lemma 4.1. For the choice of coordinates above and forp > 0 small enough, we
have
(fxa2[ o olijp ()i @ C =m; (4:7)
for jx§ oand0< 1. Here denotes the one dimensional Lebesgue measure. In
the parameter dependent case, the estimate is uniform infor jtj o (small enough).
Proof. It su ces to observe that fx1 2 [ o; ol; jp (X) g is contained in the
union of the intervals [Re j(x§J C ¥™;Re ;(x§+ C M. 0O

If (d)= (d ) denotes the symplectic volume element on , it follows that
f2:5jp()i g C =y (4:8)
again locally uniformly in t in the parameter dependent case.
For 0 < 1, we put

1 . .
1 jp ()j2+ 2

1 (ip= 5 ol (@) (4:9)
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Notice that the integral converges in view of (4.1), (4.4). We also denel( ;p) =
lo( :p): 1
I(;p = logjp ()i (d): (4:10)

Here the convergence over a neighborhood of in nity follows from (4.1), (4.%but the
possible presence of zeros @f requires a veri cation of the convergence of

1 L,
logjp ()j (d)= logt dV (t); (4:11)
Ip | (0:3]) 0

where V (t) = (jp j~1([0;t])) = O(t1=mo), by (4.8). Integration by parts shows that
the last integral is equal to

L, 2
[(log )V (D], . AAOLE

From the dominated convergence theorem, we see that

LCsp!t 1C:ps PO (4:12)

Using (4.8), we can estimate the rate of convergence.

Lemma 4.2. We have
L (;p) 1( ;p=0O(¥mo); I O (4:13)

Proof. For > 0, we have
]
@ (;p= |

SO 1sa @) (4:14)

The contribution to the integral from the region where jp ( )j > 1=2 is O( ) and the
contribution from the bounded region wherejp ( )j 1=2is

= L,
7 o 7 oy d = —d =
o0~ 1ty (2+ip ()i?) (d)=00)+ o 2+ 12 V()
=
O()+[ 55Vl ﬁV(t)dt -
|:1|:2 2t 1_q
O()+ 0O() , mtlszdt= o( ™o hy:

Hence@! ( ;p) = O( ~1*1=mo) and the Lemma follows by integration. O

We next study the di erential of | and | with respectto . Let neigh(0 ;R) 3
t 7! + be a smooth family of IR-manifolds as above, satisfying (4.1){(45). We then
have a corresponding generatoy 2 CS°( +;R) such that a deformation eld of the
family is given by

¢ = H(EI; (4:15)
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when d_ik a smooth real extension ofy to a full neighborhood of . If f; denotes an
almost holomorphic extension ofg;, we take = Re f, so that (cf. (1.19)):
= iHy——odl : (4:16)
With 5
Fp)= —Iog(1+ )
we have 1

I ( ;P = F(p) (d);

t

and

@

@ (ip)= (—F @+ ) @) (4:17)

@i
where we also used that ; in (4.16) induces canonical transformations s : s! t,
which conserve the symplectic volume element (see (1.19)). Singeis holomorphic,

we have ((p) = iH¢,p, where in the last expression, we may viewH;, = Ht—as-the

real Hamilton eld on ¢ of fy; = g with respectto r From (4.17), we get
: D @F .. _
@ ( ;p)= (@(p)le p —(P)iH:P) (d) (4:18)
- P @
_ i p p o _ dp dp,... . .
- 2 thpp_'_ de pp_'_ 2dlef1| (d)_ 2 . pp+ 2( p)letl (d )
Here 14 dp
ap _ . .
25 p)— dargp; (4:19)
wherep=p 60, so we get
- pp
@ ( ;p)= hppid(argp JiHedo(d); (4:20)
which can also be written
= PP
@ ( ;p)= thWHargpt;dti (d): (4:21)

In the last two integrals the integration is restricted to  np—21(0), and the Hamilton
elds are the ones for the real symplectic structure on .

Proposition 4.3.  The coe cients of the di erential form dargp , (de ned on
t np~1(0)) belong toL1( ¢; ).

Proof. The integrability near in nity follows from (4.1) (and we there identify
+ with a neighborhood of in nity in C" as indicated after (4.4)), so we only have to
establish the local integrability near every point in p~1(0)\ . Let ¢ be such a point
and let m 2 f 1;2;::g be the order of vanishing, so thatr kp( ¢)=0,0 k m 1,
r mp( o) 0. Choose 2 linearly independent and commuting vector elds 1;::; 2n
in a neighborhood of o suchthat "p( o) 6 0. Let X1;::;X2n be the local coordinates

centered at o with j = &. Let Aj = &argp . for x 2 neigh (0)np~*(0), so that
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dargp , = ;1 Aj (x)dx;. We have to show that A; is locally integrable near 0 and
may choosej = 1 for simplicity. Applying (4.6)to p = p ,, we see that
1

JQargp ,(x)jdx1  Const;
o M=o oip (00} @X

for x§ o, and the local integrability follows. O

Let [dargp] , denote the dierential form on  with L1 coe cients whose re-
striction to ¢ np~1(0) is equal to dargp ,. Similarly let [Hargp] , be the L1 vector
eld on  determined by Hargp , On ¢ np~1(0). Write

o

@ (p)= thpppf S[dargp] ;He,i (d); (4:22)
.

@ (6p= Rl dii (@) (4:23)

H¢,, dt have bounded coe cients near in nity (using the identi cation with  C" near
in nity indicated after (4.4)), and from Proposition 4.3 and the dominated co nvergence
theorem, we get the rst part of the following result:

Proposition 4.4. We have@l ( ;p)! "@ ( t;p)", ! O, where
[ [
"@( ;p)"= Hdargp] ;Hs i (d)= HHagp] ;i (d ) (4:24)

Moreover, t 7! | ( ;p) is a Lipschitz function and the a.e. derivative is given by
"@( ,p"-

Here the last statement follows from the fact that t 7! k[dargp] ,k_: is locally
bounded, as we can see by adding a smoothdependence in (4.6).

A Hamilton eld is divergence free in symplectic coordinates, so divHarg p] |, is
a distribution of order 1 with support in p~1(0)\ . From (4.24), we get

1
"@( P = frdiv[Hagp] ., (d): (4:25)

t

Notice that the integral does not change if we add a&-dependent constant tof;. When
dp ; dp are pointwise linearly independent onp™1(0), we shall obtain in section 8 a
simple expression for this distribution and see that it is a Radon measure.

5. Second derivative under non-autonomous Ows. Let1 3t7!  bea
smooth deformation of IR-manifolds as in the preceding section, wheré is a small
open interval which contains 0. Letf; 2 C;°( t;R) be a corresponding smooth family
of generating functions (unique up to at dependent constant) so that if we extend
f+ to an almost holomorphic function in a neighborhood of ¢, then a corresponding
deformation eld is given at ; by

¢ = iH—=2Re (iH+,); (5:1)

and we recall that ; generates a family s : s! ¢ of canonical di eomorphisms.
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Let p be a holomorphic function as in the preceding section and IeE be a smooth
real-valued function de ned on a complex neighborhood ofp( ), with F(1) = 0O,

where | = [tgot. Put |
J(t) = F(p) (d): (5:2)
With pp=p t, t= to,We get
—
J(t) = F(p) (d);
and 1
an= e+ Lpen @)
9 @p @
@F .. @F ——
I[@p(p)lan @Ian] (d):

Sincep is holomorphic near ¢, we can consider (as in the preceding sectionis, as

the real Hamilton eld Hf: '. Viewing in the same wayH,, Hy as complex Hamilton
elds on ¢, we get

1
@O=1 [ZEH GO O] @)
= @pF @F
1
=7 t[@p(p)Hp(ft) @(p)Hﬁ(ft)] (d):
Since the transpose oH, with respectto (d ) is equal to Hp, we get
1

@i(1) = Gt()fm(d);et():i(Hp(%f; Hﬁ(%':)): (5:3)

Notice that G¢( ) is de ned on  with Hp;Hy de ned as complex vector elds on ¢,
so G¢( ) depends bothon andonT ;.

Let | 3t 7! Lbe a second family with the same properties and letft—be
a corresponding smooth family of generating fucntions, that we also extend alwst
holomorphically. We assume that

0; (5:4)
o2 fo: (5:5)
Equivalently, we have
dist(Led 1) = O(t2): (5:6)
Possibly after shrinking I around 0, we can de ne
L1
Jg=_F@ @) (5:7)
(|

and analogously to (5.3), we have

1
@J(t) = D@ ) (d): (5:8)
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Let = L1 ;*: ! [Lwhere Lk [0 o), so that . is symplectic and
() =03 (5:9)

Since we also have distT ( y(L}T (1)) = O(t2); we getGef +( ) = Gi( )+ O(t2);
and hence =

@y @)= G )a() (d)+ Ot?); (5:10)

t
where

O = fp N (5:11)

and we can assume thag:( ) 2 C=(I neigh( o)) with g:() almost holomorphic on
t. We can also assume that

Qo() O (5:12)
(5.10) implies that
1]
@:@b @10 = G X@9=o () (@) (5:13)

y [Hp(%ﬁ H(—)]((@flﬁ_r|o (@ )=o) ) (d);

and where we used (5.9) in the last step. Here we can undo the previous integration
by parts and get

[
1 F F
1@ @0=1 @ @) EHy@ @)l @)
i, @p @
(5:14)
Notice that (@f)i=o = @(f (t; ¢( )))t=0 is real, and similarly for @ft-—
In order to exploit the last relation, we need to compute the second derivative

in the case of "autonomous ows", and we shall temporarily consider the case o&
special family of deformations. Letfl-2] Cs°( o;R) and denote by flalso an almost

holomorphic extension of ftJFor t 2 neigh (0; C), consider the IR-manifolds L=

[ o), where ¥ exp H 'm( IQTO in nite order on o, we have
Re(tfl.)tl it 5 |m(tfb—’_—|
and it follows that [ = + O(t=) on . Let @ @ denote holomorphic and
antinolomorphic derivatives. We also see that@L( ) = O(t>°) on . We have
1 1
I = Ellz(p) (d)= F(p) (d)+ O(t); pr:=p LI
1
@i=  @F(p) (d)+ O(t=)=
1 0 1
@F @F —— @F
— — d O(t=°) = — d O(t=°);
0( @p(pt)@pn+ @(pt)@pt) (d )+ O(t=) 0 @ngt)@pt (d)+ O(t=);

O ar
@@ = O@F()pt)@pr@pr (d)+ O(t=):
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For t =0 we have @p: = iH fl{-_pp and hence

1
@F s
(@@¥H) =0 = O@ng)(Hf@(Hf@p) (d): (5:15)

Next we compute

@ = (@I QIE)= i é Fo) @ %F<n)@) (d )+ O(t=)
|:|

= 6p(p)in|E—| @(p)in@] (d )+ O(t=):

Modulo O(t=), we have HfIET H Im fL=10, on L1so we get

P
. |: .
@ I = é@“’)HRerp Hotp) (d)+0(=)  (5:16)

- Hol L(F(P) (d)+ O(t=) = O(t>):

(The idea behind this is that in the case when flis holomorphic,
then Lk exp ith =} only depends on Re, and hence we have the same foil{t}.)
The last relation can be dierentiated any number of times w.rt. Ret, Imt and
combining this with (5.15), we get

1

(@ J) -0 =4 @@IH) -0 =4 ggép)Hr(p)Hr(p) (d): (5:17)

We now restrict the attention to real t and write @ instead of @et. In order to
apply (5.17) in (5.13), we letfl(g] ) 2 Cz>(1 C2n) be such that fl¢¢] ) is an almost

holomorphic extension off'];tl and observe that @fl(e] ) = O(tee +dist( ; o)=). We
can apply (5.13) and get the following identity for t =0
1

@I()=4 CF | oHL(P @) (5:18)

. @@p =
+i [Hp(@g Hp( )]@ft (d):

Comparing witi5.3), we see that the last term in (5.18) is equal to @), J(t;S),

with J(t;s) = . F(p) (d), s =exps2Re(H g, )( t). Clearly this extends to
generalt and the last term can also be written
1
1 @F @F
- —H d 5:19
T (it @hmen @) (5:19)

where Hp, Hy in the last two formulae denote the complex vector elds on .
Notice that the bracket in the last integral in (5.18) can also be written as

@F @F_ @F
@3 Ho(— ) @p P;Pg;
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where fp;pg = Hp(p) denotes the Poisson bracket ofp and p for the symplectic
structure of .

6. Continuity and convergence for the di erential of 7 1( ;p). Let
be an IR-manifold and p a holomorphic function as in section 4. We recall (see
also below) that by Malgrange's preparation theorem, the di erential form dargp on
np~1(0) has L coe cients, and the same holds for the Hamilton eld Hagp. Let
[dargp] and [Hagp] denote the correspondinglL® form and L1 vector eld respec-
tively on .
We review some calculations for the dierential of 7! I( ;p). Lett 7! ¢ be
a smooth deformation of IR-manifolds as in section 4, wherd is an open bounded
interval containing t =0, and let t 7! f(t; ) 2 C;°( t;R) be a corresponding gener-
ating family (unique up to a t dependent constant and extended to be almost holo-

morphic in ), so that = ( o), with @ () = iH—d)), 2 o. With
F (p) = %Iog(”l"z+ 22 ), we obtained in section 4 that
.
LCop= F(p) (d)=1(p+ O(=m); (6:1)

t

for somem 2 N nf0Og. Moreover, we saw that

o dp dp
@ (ip=5 hRSy Pl @)
Here 3-(® )= dargp wherep6 0, so that
1 _
@ (up=  h P (dargp)] Hri (d) (6:2)
pp +
- pp t
= thﬁ[Harg p] t;dti (d )
By the dominated convergence theorem, we got
1] 1
@ (up! Hd(argp)] ;Hfi (d)=  HHagp] ;i (d); (6:3)
when ! 0, and sincek[d(argp)] ,K.1( ; ) is locally uniformly bounded with respect

to t, we concluded thatt 7! | ( ¢;p) is uniformly Lipschitz with respect to , and
in particular that t 7! 1( ¢;p) is Lipschitz and that the a.e. derivative of the last
function is given by
1 1
"@( P = Hd(argp)] ;Hf i (d)=  HHagp] ;i (d):  (6:4)

t

In a more fancy way, we can consider an open connected sktin the family of smooth
IR-manifolds as in section 4, and de ne the "distance"between o; 12 L to be

4
dist( o; 1)=inf  kdekir () (d)dt; (6:5)
0
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where the in mum is taken over all smooth curves [Q1]3t7! 2L, thatlink o to

1. (We did not check that this is really a distance, nor did we consider the problem
of studying the completion of L.) We can think of L as a manifold. The tangent space
of L at a point is then the space of all &, wheref 2 C;°(; R). In the same spirit,
we have the di erentials

1
cmye i = PP e . .
hECip = T ] sdi (@) (6:6)
1 1
hd 1( ;p)"; 1= HHagp] ;di (d)= Hdargp] ;H¢i (d);  (6:7)
where d is the di erential on corresponding to the in nitesimal variation . Here

"d I ( ;p)" becomes the almost everywhere di erential of our Lipschitz function | ('; p)
whenever we restrict to vary in a curve or more generally in a nite dimensional
submanifold.

We next give su cient conditions for the continuity of * d | (;p)" at some given
point , and for having a power law estimate in the convergenced | ( ;p) !
"d I( ;p)". We start with the continuity question. Let ¢ be a xed IR-manifold (as
in section 4). Let xo 2 ¢ be a point, where p(xo) = 0 and choose local coordinates
(X1;::;X2n) centered at Xo, such that for some O< N 2 N: @‘jOp(O) 60, @i p(0) =0,
0 k No 1,1 | 2n. Let p = p . We are interested in studying how
dargp varies when we make a small variation of . For simplicity, we concentrate
on @,argp , and we viewp as a small perturbation in C= of p ,, by choosing
coordinates (X1;::;X2n) On  depending smoothly ont.

By Malgrange's preparation theorem:

N B
po(x)=a()(x°+ & (xHx°7); (6:8)
1

where q; g are smooth with gq(0) 6 0, & (0) = 0, and we write (X1;X2;::;X2n) =
(Xx1;x9. Let 1(xT;:; no (XY be the roots of the last factor of (6.8) (where the
ordering doesn't matter) so that locally, up to a multiple of 2 ,

" —
argp ,(x) =arg(q(x)) + arg(xy  j(x5); forp ,(x)60: (6:9)
1

From this we see that

]
j@,argp ,(x)jdx1 C<1; (6:10)
0

for jxf 0, with o > 0 xed and su ciently small, and where the integration is
restricted to the points where p ,(x) 6 0. Assume,

N
fxH2 R2 =1 jx§ o; (x93 2 Rgis of Lebesgue measure 0. (BXQ))
i=1
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(Equivalently, Xo(p_ol(O)\ ([ o; o] B(O; o)) should be of measure 0, where xo
denotes the projectionx 7! x&) Let ¢, t 2 neigh(0;Rk) be a smooth family of
IR-manifolds. Then for t su ciently close to 0, (6.8) extends:

) Com— .
p.(x)= o)XY+ a(xFoxy°T); (6:11)
1

(choosing the local coordinates to depend smoothly o) and we want to estimate
1

j@,argp ,(x) @argp (x)jdx; (6:12)

where we integrate overfx; jxij < o;jx¥< o;p ,(X) 60 6 p ,(xX)g. The corre-
sponding integral
1

Ki(x3= j@argp ,(x) @argp (x)jdxy (6:13)

is a bounded function ofx and converges to 0 whert ! 0 for xHoutside the set in
(H(x1)). So under that assumption, the integral (6.12) converges to 0 whert ! 0.

We next nd an equivalent form of (H( x1)), which is easier to formulate globally
on o: Introduce the assumption

For every smooth hypersurface ] o; o[ B(O; o); (A)
p_ol(O) \ is of (Lebesgue) measure 0 in :

Proposition 6.1.  (A) and (H( x1)) are equivalent.

Proof. We rst prove (H( x1))) (A) and assume that (A) does not hold. Let
] o; o[ B(O; o) be a smooth hypersurface such thatp—1(0)\ is of measure
> 0in . The set

vol (p~1(0)\  \ B(x; )) ,

(PO ) == fx2 \ pri(0); N

1, ! Og

is of full measure in \ p~1(0) considered as a subset of . We notice thatp, vanishes
to in nite order on ( p~1(0)\ ) . The set

Foo =fx 2 ( \ p71(0))co;
vol (fy 2 ( \ p71(0)) o; (dx2 ™ 2~ dx2n); (Y) =0g\ B(X; )) L
vol (B(x; )\ ) o

I Og

is of full measure infx 2\ p=%(0);(dx2 " ::” dxz2n); (x) = 0g. At the points of
Fe, the form (dxz~ ::” d2n); vanishes to innite order as well asp, . Let y0 =
(¥9;::¥2)) 2 Feo. We may assume that is of the form xzn = a(X1;::; X2n—1) near yo.
Then @@f(x) vanishes to1 order at (y9;::;y9,_,), so at y° the hypersurfaces and
Xon = a(y?;X2; i X2n—1) are tangent to 1 order. It follows that p(Xi;X2;:;X2n—1;
a(y?;x2;:1;X2n—1)) vanishes to1 order at (y?;::;y9,_,) in contradiction with the fact
that @°p(y°) 6 0. Consequently Fo, is empty and hence

fx2 \ p71(0); (dx2” " dxzn)| (X)=0g
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is of measure 0. In particularfx 2 (p72(0) \ ) oo;(dx2” ;2" dx2n); (Xx) 6 0g is of
non-vanishing measure, and the same holds for itxHUspace projection, which is in
contradiction with (H( x1)). We have proved that (H(x1)) implies (A).

It remains to prove that (A) implies (H( x1)). Recall that @°p 6 0 in
1  o; of B(O; o). Without loss of generality, we may assume that @°Rep 6 0
there. Then

P20 [ % n:
where
n = fx; @ Rep(x) 60; @ *Rep(x)=0g
are smooth hypersurfaces such that xo; is a local di eomorphism for j = 1;::; No.
]

Applying (A) to p~1(0)\ ;, it follows that xo(p~1(0)) is of measure 0.0

Combining Proposition 6.1 with its preceding discussion, we get

Theorem 6.2. Let ¢ be an IR manifold and assume

For every smooth hypersurface 0; (Agion)
p~1(0)\ is of Lebesgue measure 0 in:

Then "d I (;p)" is continuous at = ¢ in the following sense: Letneigh (0;Rk) 3
t 71 be a smooth family of IR manifolds as in section 4, such that (o = .
Let f1(t);::;fk(t) be a corresponding system of generating functions ong, so that f-
is generating for the one parameter family obtained by varyig t-, (freezing all the t;
with j 6 ") and hence that

1

"@I1( ;p)= Hdargp] ,;Hr. i (d): (6:14)
Then "@ I ( ¢;p)" are continuous at t =0 and consequentlyt 7! | ( ;p) is di eren-
tiable at that point with partial derivatives (without the " ") given by (6.14).

In practice, it might be preferable to use Proposition 6.1, which says tha (A giob )
holds i for each xp 2 p~1(0) there is a (or equivalently for all) system(s) of smooth
local coordinatesxi;::;x2n centered at that point, such that @°p(0) 6 0 for some
No 2 N nfOg (that we choose to be minimal), and the roots ; (x£) of the last factor
in (6.8) have imaginary parts that are 6 0 on a set of full measure in a neighborhood
of x== 0.

We now turn to the question of having a power law for the convergence | ( o;p)
I "d I( o;p), ! 0. Here we did not nd a nice invariant condition and content
ourselves with

For every xo 2 p~1(0)\ o, we can nd 2n linearly independent vector elds (B)

1,33 2n Near Xo, such that J-kp(O) =0,0 k N; 1, J-Nj p(0) 6 O, for

some O<N; 2 N, and such that if ; is a hypersurface passing througtxo,

transversal to , then there exist o; o > 0, such that for 0< 0s

vol (fxM2 j; dist(xH'xo)  o; Iilnf jpexpt j(xMj< 0) 0;
tI< o

Proposition 6.3.  Under the assumption (B), there exists 1 > 0 such that
pp
2+ pp

[dargp] , [dargp] , = O( t); in L1: (6:15)
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Proof. The expression in (6.15) is equal to

2

op+ s[dargp] ,: (6:16)

The L1 norm of this function over any region jpj Const: > 0 is O( 2), so we only
have to examine what happens near a poinko, where p vanishes. If 1;::; 2, are the
corresponding vector elds appearing in (B), it is enough to show that

2
kﬁ[ j@rgp)l oKeimeigh(xo: o)) = OC 1); (6:17)

for every j, with the obvious de nition of [ j(argp)] ,. Fix a j and choose local
coordinatesx; :;; X2n centered atXo, such that ;| = @,.

Independently of the proof we are engaged in, it may be of interest to notice that
if we write (6.8) and let 1(x7);::; n; (X be the corresponding roots, (withNj = No)
then the volume estimate in (B) implies that for some new o:

vol (fx2 B(0; o); jIm «(xj @ O ( °); (6:18)

for all k. Conversely we can go from (6.18) to the volume estimate in (B) (witha new

0)-
Rather than quoting (6.8) directly we shall only use the fact that

(-
sup j@,argp(x)jdx;1  Const (6:19)

X=o —o
Let0< [1 1. Then, with g(x9 =inf — j«< , Jp(t; x5,
oo,

—]

: + 2
B0 = PP

@, argp(oidadx+ O((1)2) O (Lo (2)2);

@, argp(x)jdx,dx"=

a(x0)=
and choosing[(=l with =2=2+ o), we get (6.17) with 1 =2 o=(2+ o). O
7. Minimality to in nite order of critical points. Let ¢ C2n pbeanlIR

manifold and p(x; ) a holomorphic function as in section 4. We assume that ¢ is a
critical point for the functional

1 ]
I(;p)= > log(pp) (d ); (7:1)
in the sense that
1
Hd I( o;p"; 1= HHargp] o;i (d )=0; (7:2)

for f 2 C5°(; R) corresponding to the in nitesimal variation o+ . Equivalently,

div[Hagp] , =0; (7:3)
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where we recall that div[Harg p] , is a distribution of order 1 on ¢ with support
in p71(0)\ . We assume that ¢ is a regular point in the sense that there exists
1 > 0 such that

dargp] , o o[dagp] , = O( ) in L, (7:4)

and recall that this implies that
bd 1 (oip); 1 h"dI(op"; 1=0(1); (7:5)
when the form o, corresponding to is bounded. We also recall that (7.4) is a

consequence of the property (B) of the preceding section.
Theorem 7.1. Assume (7.3), (7.4) and let

neigh(GRk) 3t 7!
be a smooth family of IR manifolds as in section 4, with (o = . Then
I up) 1 osp)  CnjtiN; (7:6)

for every N 2 N.

Proof. Since our estimates will be uniform w.r.t. additional parameters, we may
assume thatk = 1. The next result says that up to an error O(t=) it is possible to
obtain { as the result of an autonomous almost holomorphic ow acting on ¢, with
a real generator (on o).

Proposition 7.2.  There existsf¢( ) = f(t; ) 2 Cg°(neigh(0;R) C=2n), real-
valued on o and almost holomorphic in on ¢, such that

dist( ; exp(tiH)b) = O(t=): (7:7)

Moreover df; is unique on o mod O(t°).

Proof. We rst consider the situation locally near a point ( Xo; o) 2 o. After a
complex canonical transformation, we may assume that ; is given by

_ 20N

i @x

where H¢(x) is real and smooth in (t;x) and strictly plurisubharmonic in x. Let
f 2 C( o;R) and extend f to a smooth function on C2", almost holomorphic at

0. Then up to O(t~), Lk exp(tiH} -l is given by

_ 206
i @x

where G;(x) = G(t;x) solves the Hamilton{Jacobi problem

(x); (7:8)

(x); (7:9)

@G(t;x) Ref (x; %@G(t;x)) =0; G(0;x) = Ho(x): (7:10)
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(Here we use that up to in nite order at  o,we havei+—=-Hm, = HZ™ ) More-
over, it follows that

Ref (x; 2@G(tx) = T (x; 2@G(5:x) + O(t=); (7:11)
so (7.10) gives
@5(x) T (6 F@G(X) = O(1=); G(0iX) = Ho(x): (7:12)
Notice that
G(t:x) = Ho(x)+ tf (x; %@Ho(x))+ o(t2): (7:13)

If we let f = fs depend smoothly on a real parameters, then di erentiating
(7.12), we get@G,,_, =0,

@@G Z@f.(x 2@G(tx) @@G(X) = (@f)(x ~@G(tx)+ O(t=); (7:14)

and it follows that 9
@G = t@fs(x; T@H°)+ o(t2): (7:15)

So if we replacef (x; ) by f(x; )+ k(x; ), then G(t;x) is replaced by
G(t;x)+ tk(x %@Ho)+ O(t2 )+ Oft 2): (7:16)

It is now clear how to get the local existence of a suitabld s in (7.7) by successive
approximations. We start by choosing (cf. (7.13))f @ (x; ) so that

G(t;x) = H(t;x) + O(t2): (7:17)
Then (with = s), we try a corrected
& = f@x; )+ sk(x; ): (7:18)

Then (with s =t), G(t;x) is replaced by
G(tX)+ PK(x; Z@Ho(x) + O(F);
so there is a unique choice ok so that for the new G(t; x), we have
G(t;x) = H(t;x)+ O(t3): (7:19)
Now we take = s2 and try a corrected
P90 )= F@ 06 )+ k0 );

with a new k. Then G(t;x) in (7.19) is replaced by

G(t; x) + t3k(x; %@Ho(x))+ o(t4); (7:20)
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and there is a uniquek so that the new G satis es
G(t;x) = H(t;x) + O(t4): (7:21)

Continuing this way we get the local existence off s.

We next look at the local uniqueness. Letfs(x; ), gs(X; ) be two functions
which are almost holomorphic in (x; ) at o, smooth in (s;x; ) and real-valued for
(X; )2 o.Letk2 N besuchthatfs(x; ) gs(x; )= skh(x; )+ O(sk*l) for some
smooth function h. Then the two varieties exp(tiH){—ob, exp(tiHg(—d) are given
(mod. O(t=)) by = 2@H(t;x) and = 2@G(t;x), with

Hi(x) Gi(x)= tk+1 h(x; %@Ho(x)) + O(tk+2);

and if H = G, it follows that h(x; %@Ho(x)) = 0, and hence (since ¢ is maximally
totally real), that h = O(dist( ; o)=°). (That we have uniqueness only up to at
dependent constant is due to the fact thatH;(x) is unique only up to such a constant.)
O

As already used in the proof above, we may replace exfit—(—o) in the last
proposition by L, where Lid = exp s(Hg‘gf‘)( 0). According to (5.18), we have
1 1

_ @F |
@ _F® @)= @—@gépm@pw@p) ) (7:22)
. F F
4 @[Hp%g Hﬁ(%)l@f'r;?' @),

where fl,;' denotes an almost holomorphic extension of Re from Ld and all the
Hamilton elds are in the sense of the symplectic manifold Ld. Now f; is almost
holomorphic on ¢ and f; = Re f; + O(s®) on Ld. Consequently, r s: (fl,;{ )
fi( )= O(s*) on Ld and in particular

@fls1= O(s>) on Lid: (7:23)

We shall use this in (7.22) with F( ) = %Iog( 22++‘;ﬁ). Since gg—(gp 0 (as we shall
review in the beginning of section 8), the rst term to the right will be 0. The
second derivatives ofF are O( —2) on some compact subset ofld and uniformly
bounded outside, so the last term in (7.22) isO(sM = 2) for every M 2 N. It follows

that

(L) 1 (oip) t@s! (Gdip) O w () (7:24)
Here
(@spol (5dip) = (@)s=0 (1 (Fedip)  To(Ledip) (7:25)
= fdargpl . 5 pdargpl H ()= O( )

according to (7.3), (7.4), and using this in (7.24) together with the fact that | ('1—,#; p)
| ( ¢;p) = O(t=) (since dist(Led; )= O(t=°)and 7! | ( ;p)is uniformly Lips-
chitz), we get

M
(P 1 (0P O ()it 0 w@ (7:26)
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Finally we use that | ( ;p) I( ;p)= O( 1=m) (see Lemma 4.2), to get

tM
ICp) 1(osp) O m(¥M+ 14— (7:27)
Choosing rst = tK with K very large, and then M su ciently large, we obtain

(7.6) with N as large as we like, and the proof of Theorem 7.1 is completél

Assume that p( ) = p(z; ) depends holomorphically onz 2 C. ltis clear
that 1 ( ;p(z)) is subharmonic in z for every xed . We end this section by giving a
completely formal argument which indicates that if we have a minimizer = ( z) to

7V 1( ;p(2)), then 1 (( 2);p(z)) will also be subharmonic. The argument is formal
but it should be possible to turn it into a proof whenever we have a su ciently good
control over the variational problem:

For close to (0), we have

= 1 =exp(iHOO) |

to in nite order at (0), where f 2 Cg°((0); R) is small and we also letf denote
an almost holomorphic extension. If we allowf to be complex valued, we still get an
IR-manifold, close to (0), and we see that | ( ¢;p(z)) = |(f;z) is plurisubharmonic
in(z;f). At z=0, f =0, the Hessian (that we assume exists) of (f;z) is a quadratic
form in (Ref;z) and the plurisubharmonicity means that

Ho 1w
4" ff 2'fz o:
;|I]]] |I]]]
2 zf Zz

Here the subscriptf indicates ordinary (real) derivatives with respect to f, while z
and z indicate holomorphic and anti-holomorphic derivatives (as in the Levi form). In
other terms:

0 ZOP I+ S0 i)+ S0F D+, (7:29)

for all tangent vectors (; ), where we use standard sesquilinear scalar products.

Assume (for instance after an arbitrarily small convexi cation in f) that 1’ > 0.
For z close to 0, letf (z) be the real function with ( z) = (), sothat | {f (z);z) = 0.
Di erentiating, we get 0 = I[f+ 1T, f2=" (1)~ On the other hand,
(1(f (2);2))P= 1 Hf (2); 2), so that

(1(f(2);2)2 =1 (2);2) + 1 I(F (2);2)f Hz) = 1. 1 B m-u
Choosing = 2(1{")~11 P in (7.28), we see that this quantity is 0.
8. The codimension 2 case.  We start by recalling a very classical formula and
its proof. Let > 0. Thenforp2 C:
p
log( 2 + = = = :
@@log(*+ pp) @2+pr) 2+pp (2+pp?  (2+pp)?

This is a non-negative function which tends to O forp 6 0. If L(dp) denotes the
Lebesgue measure o, we have
1 ) L )
L(dp) =2 Srdr = (8:2)

G (7 * PP 0o (719
2 2 )

R CET

1 pp 2

(8:1)

0
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We conclude that log( 2 + pp) is subharmonic for 0 1, and that
@@log(pp) = : (8:3)
Let C2n pe an IR manifold, and let p be a holomorphic function as in section
4. Recall that

= 2+ pp
LCip =35 log(—7

) (d);lo=1: (8:4)

If p= p(;z) depends holomorphically on a complex parameterz, we get for
> 0

1
1 _
@@ (ip=5 @Qog(2+pp)@r@p (d) (8:5)
1 - 2
= 5 W@p@p (d);
sol ( ;p)is a subharmonic function of z. This also holds for the limiting case = 0.
We shall investigate the e ect of small variations of . Let = 0, Where
] ; [Bt7! .isasmooth deformation as in section 4. LeHY—bedhe correspond-
ing deformation eld, fy 2 Cg°( (;R) and f; also denotes a corresponding almost
holomorphic extensionin . Let {: o! ¢ be the corresponding ow, so that ; is

symplectic. Repeating earlier calculations,

I ( ;p)=1C( o;pt); wherepr=p +: (8:6)
Since
@p = iHt (P o (8:7)
we get
@II__LI t,p) = - (8:8)
% @(og( 2+ pp)) iHs () ¢ (d)+ % @(og( 2+ pip)) iHip ¢ (d)
0 I:I 0

=Re @(log( 2+ ptpy)) iHe (P) ¢ (d):
0
This can also be written
1

@ ( ;pp=Re  @(log( 2+ pp)) iH¢ (p) (d): (8:9)
Take t = 0 for simplicity, and use that H¢, (p) = Hp(f¢), to get
1
(@1=0! ( ;p)= Rei  @(og( 2+ pp)Hp(fo) (d); (8:10)

where H; is viewed as a di erential operator on , namely the Hamilton eld of the
restriction of pto with respect to the restriction of  to . In order not to make the
notations too heavy, we shall often not distinguish between functions orC2" and their
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restrictions to . Since the transpose of Hp with respect to the symplectic volume
form (d )is equalto Hp, we get
1
(@i=0! ( ;p)=Rei foHp(@(log( 2+ pp)) (d) (8:11)
1 1

=Rei fo(@@(log( 2+ pp)fp;pg (d)=2

2 i
fOWéfp,pg (d):
Herefp;pg= fp ;p g denotes the Poisson bracket for the symplectic manifold .

Throughout the remainder of this section, we shall assume withp= p :

dp; dp are independent at all points of \ p—1(0): (H)

This implies that := \ p~1(0) is a smooth (possibly empty) submanifold of codi-
mension 2 in . Since is symplectic, it is orientable: We say that the volume fo rm

n=n! is positive on (and hence identi ed with the volume density (d )). We then
have a natural induced orientation on depending also on p: We say thata 2n 2
form on is positive at some point in if n iédp" dp is a positive multiple of

n=n! at that point. (Here we notice that iidp" dp = dRep” dim p.) We de ne the
Liouville measure on to be the density alias positive 2n 2 form ;0 on , such
that

i " )
p;0 A Edp/\ dp - m (812)
In the next lemma we continue to write fp;pg= fp ;p 0.

Lemma 8.1. For n 2, we have

i n—1
éf PP p:o = ( W)l : (8:13)
_ . 1
In particular, it follows that 5fp;pg po(d ) =0, for every connected component
of

Proof. We know that is symplectic at a point 2 (i.e. | is non-degenrate
at )i fp;pg860, and we know that "—1, is non-vanishing precisely at the points
where is symplectic. Consequently both members of (8.13) vanish at the poins
where is not symplectic. On the other hand, near a point where is symplectic, we
can choose symplectic coordinateg1;::;Xn; 1;:; n On , so that is given by x, =

n = 0. Since p0 is a form of maximal degree in &5 O = (X1;:; Xn—1; 1;: n—1),
we get from (8.12):

n i i, @p @p @ @
= oA _dprdb= .o — d,+ —dx,) " dn,+ —dx
ar - wot WA e 5lg dn T gy P " (g, T @y ™)

i
= Efp;r)g po™dndxy:
Now use that
W=dl"dxl"dz"dxz"::"dn"dxn;
to conclude that
prﬁg o=di1Mdxg MM d g M dx _1:("'7_1) o Q
2 DR o " (n 1t



DETERMINANTS AND COMPLEX PHASE SPACE DEFORMATION 221

Next we consider the limits of (8.5), (8.11), when ! 0. Itis easy to see that the
contribution from the region where jpj is 0, for every xed > 0. On the other
hand, in the region jpj < , we introduce  := p~i(w), for w 2 D(0; ) = f!l 2
C;j!'j< g, and the corresponding Liouville form .. Then

[ 1
pw Edp/\ dp = ] n;
at the points of , and in view of (8.5):

] 2

———@p@p (d)= ()
1 ; ( 2 + 2

[P (PO ))2 PB
(  @p@p pw(d))” dRew” dimw:

w

NI NI

p:) ( 2+ ww)2
As we saw in the beginning of this section,

2

(Frwme

so the expression (*) converges to
1]

5 @p@p po(d ): (8:14)

We conclude that
[
@@I( ;p= > @p@p p;o(d ); (8:15)
np 1(0)

rst in the sense of distributions, then in the classical sense, since the RHS in thisast
equation is smooth.
The discussion also applies to (8.11), and shows that

[ i [ 1
I( ;p=2 fo=fp; o(d)=2 fo——— n7 L
(@), ( P g 02 P;Pg pio(d ) o Y D)
(8:16)
We conclude that = ¢ is a critical point for the functional 71 ;p)i for
p=p ,we haveon :
p()=0)f p;pg=0: (8:17)

Combining (8.1) and the earlier discussion with (5.18) and the subsequent remarkwe
get
(- 1

_ i
@ ( ;p)=2 HpftHpft po(d ) +2 (@ft)éfpiﬁg po(d ):
tnp 1(0) tnp 1(0)

If we extend the de nition of 1( ¢;p) to complex t by almost holomorphic extension
of the ow , a simpler and more direct computation shows that

1

@@ ( t;p)= > HpftHpft po(d ); for t real: (8:18)
tnp 1(0)
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In this last identity, we let @ and @ denote holomorphic and antinolomorphic deriva-
tives.

Let be critical for 1(;p) in the sense that we have (8.17). We shall next see
that if n = 2 and if we make an in nitesimal change p 7! p+ p, then there is
a corresponding in nitesimal change 7! exp(H ; )() = Lef , such that L
critical for 1 (;p+ p):

Theorem 8.2. Letn=2,let be an IR-manifold andp a holomorphic function
as in section 4. Assume (H) and (8.17). Letq be holomorphic andO(h(x; )im), m <
2n, in some tubular neighborhood of and putp;( )= p( )+ zq( ), z 2 neigh (O;R).
Then there existsf 2 C2°(; R) such thatif , = exp(ziH()-1is the corresponding
IR-deformation, we have

fpz;p,0= O(z2) on p;*(0)\ 2

Here the Poisson bracket is the one given by the symplecticrfio on ;.

In a forthcoming paper, we shall show, by using non-linea@equations, a stronger
version of the above result, namely that the O(z2) can be replaced by 0, for small
z. We think that the proof below has some independent interest and reveals some
intereresting structures. It is based on the use of second order elliptic operatonsather
than @type operators.

In proving the theorem, it will be convenient to use the terminology of in nites-
imal variations p = zg, z! 0O,and f = zf,z! O, so that our calculations will be
modulo errors O(z2).

From (8.17) and (H), we see that

fp;pg=ap ap; (8:19)

for some smooth functiona which is uniquely determined on (and where the Poisson
bracket is the one of the symplectic manifold ). For a general in nitesimal change
p, of p, we get

fp+ p;p+ pg=ap ap+fp;pg+fp; pg= (8:20)
ap+ p) ap+ p+(Hp+a)( p) (Hp+ A(p);
so (on )
fp+ p;p+ pg=(Hp+a)( p) (Hp+a)(p)on(p+ p)~1(0): (8:21)

If we apply an in nitesimal change 7! [=kxp iH ¢ (), we get
(Pt PliLgpt ptiH(p) =(p+t p iHp(f)) ;
so we get

fPp+ PP+ PO s p) 10 | (8:22)

fpt p Hp(T)ip+ P He(T)G ou gy 10 =
(Hp+ 3 P+ iHpT) (Hp+a)(p iHpf)
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where we used (8.21) with a new in nitesimal change in the last step. Since the
last expression is already in nitely small, we can ignore the e ect of the in nitesimal
displacement of the zero set op and consider that it is given on p—1(0). To have it
equal to 0 amounts to solving onp—1(0) the equation
i((Hp+ @)Hp+(Hp+ @Hp) f = (Hp+ a) p+(Hp+ a)p;

or in other terms

Re(Hp+ a)Hpf = Im(Hp+ a ponp=1(0)\ : (8:23)
Here (Hp+ a)Hy is an elliptic second order operator on the leaves of the bicharacteristic

foliation of = p=1(0)\ , so when n = 2, it is an elliptic operator on . Let us
notice that it is real on :

2iim(Hp + a)Hp = (Hp + a)Hp  (Hp+ @Hp =[Hp;Hp] (@Hp aHp)=0;

where in the last step we used (8.19) and the fact thatiip; Hg] = Hgppy. Since f is
real the problem (8.23) reduces to

(Hp+ @)Hp(f)=Im(Hp+a) pon : (8:24)

Lemma 8.3. For every smooth functionu on and every component of , we
have 1

(Hp+ @)u po(d)=0: (8:25)
In particular, if we replace u by a productuv, we see that
(Hp+ @)= Hg (8:26)

where the star indicates that we take the complex adjoint ih2( ; p.o(d )).

Proof. We compute the Lie derivative Ly, ( p;0): First we recall that Ly, =0
and henceLy, " =0. Secondly, at the points of , we get

Ly, (dp” dp) = dp” dfp;pg= dp” (adp adp)= adp” dp:

Still at the points of , we apply Ly, to the relation

[ 1
pio " Edp/\ dp= o

and get

i i i i
0=1Ln,( po)" édp"drﬁ p:OAELHp(dp'\dp): L, ( po)” Edp"db a po” édp“dﬁ:

It follows that
Lu,( p0) = @ po: (8:27)
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To get (8.25), we write
1 [ [
0= Lu,(u po(d))=(Hp(u) po+ uLn, po)= (Hp+ au po(d): O

The operator in the LHS of (8.24) can be written in di erent forms:
(Hp + @)Hpy = (Hp)Hy = HH,: (8:28)

Here the rst equality follows from (26) and second one from the fact that the gperator
is real. In particular, our operator is formally self-adjoint. If u 2 C<°(), where is
a component of , and (Hp + a)Hzu = 0, we get

KHpUKE: ;) = KHpUK( ) =03
SoHRepU = Him pu = 0. This means that u is constant on every bicharacteristic leaf
and hence on the whole component , sincen = 2. Let us now check that the RHS
in (8.24) is orthogonal to C=>() \ Ker( (Hp+ a)Hp) also for generaln: The latter
space is the complexi cation of its maximal subspace of real functions, and for sdrca
real function u, we get

(Im(Hp+ &) pju) =Im(( Hp + @) pju) = Im( pjHpu) =0:

Returning to the casen = 2, our operator is elliptic and essentially self-adjoint. The
previous discussion implies that for every p 2 C<°(), the equation (8.24) has a
solution f 2 C<°(), which is unique up to a constant. Theorem 8.2 follows. O

Let p, be as in Theorem 8.2, now withz 2 neigh (0;C) and assume thatp, is
holomorphic in z. We want to choosez; 7! fj;j = 1,2, so that with z= z; + iz, -
is critical for I (;p;), where  =expi(wiHs, + woH¢,)( o), and wheref; are real
and smooth on ¢ and the Hamilton ow is de ned to in nite orderat o f w=0g.
We will only consider the in nitesimal solution of the problem, that we obtain fr om
(8.24), so that forz= w =0:

1 @p 1 @p .
(Hp + @)Hpf1 = E(Hp + a) @Rez E(Hﬁ*' a)@,
1 @ 1 o~ @
(Hp + a)Hpf2 = E(Hp + Q) F; E(H5+ a) F;:
Equivalently we have forz = w = 0:
-1 @p. :
(Hp+ @Mpfu = (Hp+ a)(@g, (8:29)

1 @i
(Hp + a)Hpfw = —(Hp + a)(@ ;
wherefy = 3(f1+ 1f2). We then know that for the function I ( w;pz).

ro((r wlh)( z;pz))=0; atz=0; (8:30)
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or equivalently that
(rz+rwrwlh)( w;pz)=0; atz=w=0;
which can be expanded in terms of holomorphic and antiholomorphic derivatives as

(@@ + @) =0; (@G + @@)! =0; (8:31)
(@@ + @@) =0; (@& + @) =0; forz=w=0:

From these relations we see that@ @ = @@ is real (at z= w =0) and that:

@aA(I( z;p))=(@+ @)@+ @)I( w;P)= @@I( wipPz) G@I( W;(psz-)s:2)
Since .

@ @ ...
(( @—w)2 +( @—W)Z)’

Al

@ e._
@vaw
we have forz = w =0:
(ool ( wiP)= F(o)a(we) +(G)2la(we));
] _
L (wi:005P0); ] =1

I( (ow,)iP0);j =2:

In the de nition of 1;(w;) we can letw; be complex and we notice that to in nite

1 (wj) =

order at w; =0, we have lj(w;) |j(Rew;). Hence forw; =0, z=0:
@ _ @ @ -
(w10 = (g * Gy 1) =
4%@_%'1%):45 g Hf BT o)

where we abused the notation since-@—%, & in the third member denote holomorphic
and antiholomorphic derivatives, and where we used (8.18) in the last step. Theame
calculation is valid for j =2, and we get forz= w = 0:

@@ = Hof o) po(@) = 5 ((Hp+ @)Hpt )T} po(d ):

SERR j=1 P 'O

Here we used again that the adjoint ofHp for .0 is (Hg + @). Now recall that
(Hg + @Hp is a real selfadjoint operator, to get

1
(Hg+ @)Hpfj)f; po(d )=4 (Hp+ @Hpfw)fw po(d );
j=1 P 0O p 1(0)
and
(I 1
@@l = 2 ((Hﬁ"' a)prw)m p;O(d ):2 prw prw p;O(d ):
p 1(0) p 1(0)

(8:33)
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Since Hp+ a)Hy is a real operator, the rst equation in (8.29), can also be written
_ 1
(Hp+ B)(Hofuw 5 @p)=0: (8:34)

Here the orthogonal of the image ofH, is the kernel of H{—% (Hp + &), so (8.34)
says that

1
Hp(fw) = ( 5 @P); (8:35)
where is the orthogonal projection onto the image of H,. Then (8.33) becomes
[
@Gal = - i @pj? po(d): (8:36)
2 p 1o

Using this and (8.15) in (8.32), we nally get for z = 0:
1 1

j@pi? po(d) > j @pi? po(d); (8:37)
0) p (0

@Q@(I ( z:pz)) = >
p
which can also be written
1
@@(I( Z;pZ))z E J(I ) @p]2 p;O(d ): (8:38)

p 0
This formula gives some possible indication about the distribution of zerosof
detp¥ (x; hD ).

9. The case when p , is of principal type. Let o be an IR-manifold and p
holomorphic as in section 4. Writepg = p ,. Assume,

Po( )=0) dpo( ) 60: (9:1)

Let o2 pgl(O). We can nd local symplectic coordinates (x; ) on neigh( o; o),
centered at o, such that with x = (xEx,), =( § n):

Po=qa(x ) n+ir(x; 9); (9:2)

with q;r smooth, q(0) 6 0, r real valued with r(0) = 0. We want to study

1 =
Hd 1( o;p)"; i= MHagp:di (d)=  Hhargpo;Hsi (d); (9:3)

with the integrals over o, where we recall thatdarg po, Harg p, €Xtend from onpy L)
to L1 functions on (. Hered is the generator of the in nitesimal deformation  of
0. We restrict the attention to f 2 C35°(neigh( o; o); R), so that (9.2) is applicable
with a non-vanishing g. Since
1
hdargqg;Hii (d )=0;
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we get
] 1
Hd 1( 0ip)"; 1= IHagpdi (d)=  HagpyHei (d);  (9:4)

whereps = 5 +ir(x; §. We can view (9.4) as the limit when ! 0 of

1 o
M J(op); i=Rei ———Hip (d) (9:5)
+ 2
= o P1P1 ] -
. 1 . 1
= Rei ————Hp,f (d)=Rei Hp, (———)f (d
I:loplp_+ 2Pt ( ) , pl(plﬁ"' 2) ( )
=Rei —— H 1 f d):
O@T )M (P (d)
Sincer is independent of ,,, we see that
- g(Mp .
Hp, P = Hp, 'Pr; (9:6)

where Hp'f) denotes the @, ; @, ) component of Hp,, i.e. the Hamilton eld of py,
in the variables (xn; n) with (x& § as parameters. We can insert this in the last
expression of (9.5) and run the computation there backwards withH p'f), H; (" instead
of Hp,, H¢, to get

1

7pﬂ§+ HMpy (d): (9:7)

hd J ( o;p); i=Rei
Here we can integrate rstin (xn; n) and thenin (x& 0. The earlier discussion then
applies to the (xn; n) integral, making use of the fact that d(Margp; := dix,; ,)argp:
is uniformly in L1, when (x5 § varies. (Cf the remark on parameter dependence
giving the last part of Proposition 4.4, wheret can be replaced by k& §.) We get
1] 1]
Hd 1( oip)"s i= M, dWfi (d)=  hMargpHMi (d);  (9:8)

where we recall that in view of the uniform boundedness ofl(™argp; in L1, we have
1M M

P HMpdxed 0t B A0 idxed ;1 O (9:9)

Rei
pipr+ 2

uniformly in (x% 5, since the LHS in (9.9) is equal to

P1P1 g (n) . .
Wh}l(”)al’gpl,Hf |and n- (910)
Now recall that the LHS of (9.9) is also equal to
EIII
Rei —(————)fp;prgf dxnd n = (9:11)
IZIII@ 5 111 )
Re W'fpl,mgdend n :2 ( 2+ r%+ r(x, qz)2(@nr)dend n:
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As we already know in arbitrary dimension the limit only depends on the behaviour
of f near the points (Xn; n) = (Xn;0), with r(x; 3=0.
Assume for some xed & 0, that

The zeros ofxy 7! r(x; O are all of nite order. (9:12)

Assume thatx, = 0 (say) is a zero of orderm and assume that supp . f is contained
in a small neighborhood of (Q0). We have

r = xgfu(xn); u(0) 6 0; (9:13)

and consider 4 di erent cases.

1) m is odd andu(0) > 0. Then r considered as a function o, is invertible near 0
and using that @, rdx, = dr, the integral in (9.11) becomes
[

2
Wf (r=%(y); n)dydn! f (0;0): (9:14)

2) m is odd andu(0) < 0. Now the map r reverses the orientation and we get the
limit f (0;0).
3) m is even andu(0) > 0. The restrictions r4 to a neighborhood of 0 on the positive
and negative half axes respectively are now invertible and we can cut the integrahto
two, which simpli es to

1

NErarraval (r7Hy); n) FrZHy); n))dyd g
y= n

! S(F(0:0) f(0;0)=0:

4) m is even andu(0) < 0. We get a change of sign compared to the previous case,
and hence we still have the limit O.

Summing up, we get

Proposition 9.1.
(A) Assume for a given (x= 0, that (9.12) holds and de ne the index (xn) of a zero
xn Of r(x®; O to be +1 if r changes sign from to +, 1 if r changes sign from
+ to , and to be 0 if we have no change of sign which happens precjselhenm is
even. Then

[ 2  —
(Z+ 2771k qz)z(@nr)f (Xn; n)dXnd n'! o (xn)f (Xn; 0):
e (9:15)
(B) Assume that (9.12) holds for almost all (x5 5. Then
e —
td 1( o;p)"; 1=2 ( (xn)f (x; 5 0))dxtd & (9:16)

Xnir(x; 9=0

It is easy to construct an example of app of the form (9.2) which does not satisfy
(9.12), such thatr has in nitely many zeros in x, and for which i'd 1( o;p)"; iis
a distribution of order 1, but not a Radon measure, acting onf .
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The codimension 2 case, i.e. the case whaipy, dpg are linearly independent at
every point of p, *(0), is equivalent to the case whenr(x; ¥=0) dr(x; 60, and
in this case (9.12) does hold for almost all X&' 9. In this case we can get (9.16) more
directly from (8.16). Indeed, consider the situation locally and assume thatpo( o) =0
and that

dRepo; dim po are linearly independent at o: (9:17)

Choose local symplectic coordinatesx; ) centered at o, so that
po= n+ir(x; ): (9:18)
Notice that r is now allowed to depend on . Then by (9.17):
dix; or(0) 80: (9:19)

Let us rst assume that
fRepo; Im pog( o) 6 0; (9:20)

or equivalently that @, r(0) 6 0. Then near o, the surfacepgl(O) is given by , =0,
r(x; ©0) = 0 and can be parametrized by xn = Xn(xH Y. The Liouville measure
becomes

dxfd &
(d(x5 ) i@ 1] (9:21)
and hence (8.16) becomes
111
b 1( o) =2 f (xExn (x5 5 §0) (d(x5 5);
where
= fRepo; IM pogl (d(xZ ) = jgi”:jdx@i [ sgn (@, r)dxd = (9:22)

Recall from Lemma 8.1, that this density is also given by
1 n—1 .
(n 1 et

with a suitable choice of orientation on po_l(O). Since , =0on pgl(O), we see that
even when (9.20) is not ful lled (but still under the assumption (9.17)), the absolute
value of the density appearing in (8.16) is bounded by

. 0 . i
jdxtd It 1(0)1. (9:23)

We already know that this density vanishes precisely when@, r = 0, and those points
are precisely the ones where the projection

r-10)\ ,10)3 (x; 37! (x5 §2 R2An-1

is not a local di eomorphism. The Lebesgue measure om—1(0)\ ;2(0) is locally
equivalent to the Liouville measure L, given by (9.21), and by (9.22), we have

ji=i@,riL: (9:24)
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We conclude that
1

jdes ;H oo (9:25)
{(x; 90) [x1%(0) nneigh (0); |@,rl= }

and this means that the points in pgl(O), where @, r(x; ©0) =0 can be neglected in
the (local) formula for id 1 ( o;p); i. Further, by Sard's theorem (here in an easy
case), the set

f(x5 O 2 neigh (O;RA"-D); 9x,, 2 neigh (OR); r(x; F0)=0; @,r(x; 50)=0g
(9:26)
is of Lebesgue measure zero.

Summing up, under the assumption (9.17), and forf 2 Cg°(neigh( o; o)), we

have, using the coordiates in (9.18):

L] [ —
b I( oip); =2 dx‘d o (x; Yf(x; 50); (9:27)
Xn:;r(x; 90)=0

where (x; B=sgn @, r(x; 50),if @,r(x; 50)60and (x; =0 otherwise. Here
we use the fact that the set (9.26) is of measure 0. Notice that if X5 J is not in that
set, and we enumerate the zerog, = xh(xZ 3 of r(x; 70) in increasing order forj
in a subinterval of Z, then we may assume that sgr@, r = ( 1), and we get

— ‘ I
i (xExh(x3 9; Of (xBxh; GO)j=j (F(xGx3%; §0) f(xOx3h §0))j
j k
Csupj@, f (x5t; F0)j;
t

so we have a locally uniform bound on the RHS even when approaching the set (9.26)
where the number of zeros may tend to in nity. (The need to usejr f| looks a little
strange since we are working under assumptions that imply that our di erential is a
Radon measure with respect tof .)

We next want to globalize the formula (9.27) and make the global assumptios

po( )=0) dRepo( ); dimpo( ) are independent, (928)

Repo( )=0) dRepo( ) 60: (9:29)

If we choose local symplectic coordinates such that Rey = n, then the Liouville

measure on (Rgx)~1(0) is dx'd ¥t wheret = x, corresponds to the time of the

Hamilton ow of Re po. A contribution from a zero in (9.27):  (xGxh; Of (xGxh; ©0)
can be expressed as

2 (xGxh; Of (xGxh; F0)dtdx@ ¢

t [Lb. oT(XE;‘ q

where 4o o is some interval of lengthT (x5 § > 0.

We shall use this without refering to (9.18) rst in the case when the length of
the time interval is xed and then for a special choice of variable length. Firg in the
case of a xed length we have

hd 1( orp)i i (9:30)
2

1
= o ( tCNFC () Repo=o(d);
(Repo) *O) ¢ g=T;T [;1m po( (( ))=0
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where () = exptHgrep,( ). Repo=0 IS the Liouville measure on (Repo)~1(0) and

()isequalto 1if Impo( s( )) has a simple zero ats = 0 with a change of sign
from to + and is O otherwise. Notice that for 2 (Repp)—1(0) away from some set
of measure 0, all the zeros oR 3t 7! Im po( ¢( )) are simple.

Lemma 9.2. The set of points 2 (Repo)~1(0), such thatimpo( ( )) is< O
for somet 2 R and O for all su ciently large positive t, is of measure 0.

Proof. Let be the setin question, so that is a union of non-closed trajectories.
Let
+=F 2 5Im po( ¢()) O fort Og:

Then —1
ot +1;
o ctll
so by the dominated convergence theorem,
SRS
_ | L) . ’
Repo=0 ( ¢( +)) ! Repo=0 () ; 11

But  is measure preserving SOrep,=0 ( t( +)) is independent oft and we conclude
that Re pO:O () = 0 D

We have 4 variants of the lemma since we may replace Imp by Impo andt by
t. It follows that for  outside some set of Liouville measure 0, we are in one of the
following three cases:

) Impo( ¢() Oforallt2R,
2)Impo( ¢() Oforalt2R,

3)t 7! Impo( t( )) has in nitely many changes of sign both whent! +1 and when
t! 1 . Moreover each zero is simple.

Here the last sentence in 3) could be added because of the observation prior to
Lemma 9.2.

De ne a function F on (Repo)~1(0) in the following way: Put F( ) = 0 in the
cases 1) or 2) above or it 7! Im po( t( )) has at least one zero which is not simple.

In case 3) lett( ) 0<s( ) be the zeros of Impy( ¢( )) which are closest to 0
in the sense that Impo( ¢(( )) 60 for t( ) <t<s (). IfIm po( .( ))|]t( Js()l > 0,

we put F( ) =0 and in the opposite case we put

_ 1
OO0
1 Lk

)
TS 1) o, HrewC (Dt

Alternatively we could take

FCsHO) 0 H () (9:31)

H) = Hrep, (F)( ) (9:32)

in the last case andi{]) = F( ) = 0 in the other cases.
With this choice of F or with F replaced by F—ve have
1

b I1( o;p); =2 F() Rrepo=0(d): (9:33)
(Re po) 1(0)
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Before continuing the main discussion, we need an auxiliary result:

Lemma 9.3. Let M be a compact smooth manifold and let be a smooth non-
vanishing vector eld on M. If fo 2 C°(M;R), then we can nd f 2 C>(M;R)
arbitrarily close to fo in the C= topology, such that

v(f)(x)=0) d(v(f))(x) 60; (9:34)

for everyx 2 M.

Proof. We can coverM by nitely many open sets j,j =1;:;N such that for
eachj there is areal functiong; 2 C=(M)with vg; =1in ;. Considerf; = fo 10.
In 1 we havev(f1) = v(fo) 1, and we can choose; arbitrarily small, so that 1 is

not a critical value of v(fo) on 1. Then there exists 1 > 0, such that
jr (via)j+ jvfaj 1 (9:35)

in 1. Dene f = f1 20, so that v(f2) = v(f1) 2in 2. We choose » very
small and not equal to any critical value of v(f1) on ,. Then (9.35) holds in ; after
replacing (f1; 1) by (f2; 1=2) and there is some , > 0 such that

jr (vi2)j + vz 2 (9:36)

on 1[ 2. Continuing this procedure we get the Lemma afterN steps.O

We next consider the case wherpg is of real principal type. Let o be an IR
manifold and p a holomorphic function as in section 4. Letpo = p ,. We now assume

Po is real-valued (9:37)
dpo 6 0 on p, 1(0); (9:38)
and that pgl(O) 6 ;. Let neigh(O;R) 3t 7!  be a smooth deformation of IR
manifolds as in section 4, with =0 = o. Let fy 2 Cg°( ;R) be a corresponding

smooth family of generators. Then (7.3), (7.4) are satis ed, so Theorem A applies
and shows that

(P 1 0P CnijtiN; (9:39)
for every N 2 N. o is therefore a critical manifold in a generalized sense and we
shall now see that the derivative oft 7! I ( t;p) has a jump discontinuity at t = 0 if
fo is appropriately chosen.

Apply Lemma 9.3 with M = pgl(O), v = Hp, and conclude that there exists
f =fo2 C5°( o;R) such that:

dHp,f, 60 whereeverHp,f =0: (9:40)

Im

From now on we will assume thatfo has this property.
Identifying  and o by means of the symplectic map ot : o! t of section
1, we can viewp; as a function on . By Taylor expansion, we get

pe( )= po( )+ itH¢po( )+ O(t?) in Cg°: (9:41)
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Hence 1
Rept = po + O(t2?); fImpt = Hp,f + O(t): (9:42)
For t 6 0, we put
t=f 2 o,p()=0g; (9:43)
and fort =0:
o=Ff 2 o;po()=0;Hpf()=0g: (9:44)

From (9.40,42) it follows that ¢, o are smooth compact submanifolds of ¢ of
codimension 2, and that dist( o; t) = O(t), in the natural sense. We notice that
t = B(0), where 1= Rep + '™ fort 6 0 and fiol= po iHp,f. Then

p] ¥ O(t) in Cg° and dRefi,Idim f_&re linearly independent on . Fort 6 0,
we have

i _
Efpt;mg pe=0 = (sgn t)f p gl p, =0 (9:45)

on . Further

%fmz f RefiIm figl= fRefigdm figd+ O(t) = HZf + O(t);

and we get fort 6 O (cf. (8.16)):
- i
@ ( t;p) =(sgnt)2 ftéfm m=0(d ) (9:46)
tI:I .
=(sgnt)2 fo%fm m=0 (d )+ O(t):

From this and (9.39) we see that
- [
2 foyforio po=o(d) O (9:47)
0

The following proposition shows that most of the time we have strict inequality
and hence that @l ( :;p) has a jump discontinuity at t = 0. The proof also gives a
more direct explanation of (9.47).

Proposition 9.4.  Assume that there is a point o 2 o where 5f figiieg =
HZf 6 0. Then we have strict inequality in (9.47).

Proof. The expression (9.47) if formally equal tohd 1( o;fe)] i, with gen-
erated by fo. (This is only formal, since fip_Hoes not in general have a holomorphic
extension.) The discussion starting at (9.17) applies and we have (9.33) witF de ned
there with f equal to fo and with po replaced by fio] The points 2 p,*(0) of type
3) are the ones for whicht 7! (Hp,f)( ¢«( )) has only simple zeros, in nitely many
near botht =+ 1 andt = 1 . The assumption in the proposition implies (and is
in fact equivalent to) the fact that the points of type 3) form a set of measure > 0.
Let be point of type 3) for which F( ) maybe 6 0 i.e. for which the closest zeros
t() O0<s()ofImpel ()= (Hpf)( t()) aresuchthat (HEF)( () is
<Ofort=1t( )and> Ofort=s( ). Thent = t( );s( ) are subsequent local extrema
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of the function t 7! f ( ( )) which is strictly increasing between the two points. Con-
sequentlyf ( s¢y( )) f( ¢)()) > 0. We conclude thatF( )in (9.31)is 0 with
strict inequality on a set of measure> 0. As already noticed,
1 i 1
2 fosfiomlied p=o(d)=2 F() poo(d): (9:48)
10

0 po (0
and the proposition follows. O

At least in the case whenf = fo extends to a bounded holomorphic function
in a tube and = expiH¢ ( o), there is a more general way of detecting a jump
discontinuity at t = 0 of @I ( ;p), when pgl(O) contains a real hypersurface, even
without assuming that po is of principal type. This can be done by examining the
second derivative and the Levi form with respect tot, and we hope to develop this
point of view in some future work. Another possible approach would be to dok for
jump discontinuities in dargp: as a function oft.

10. Examples. We consider two simple examples with  xed and with p de-
pending on a complex spectral parameter. Let o and p be as in section 4, and assume
that p = p(z) depends holomorphically onz 2 where C is open. Recall that

1 1
HCoip() = 5 10g(p(2)p(2)) (d ):

0

Using (8.3), we get

@@(% log(p(;z)p(;z)) =  (p(;z))@p(;z))@p(;z); (10:1)

near simple zeros ofz 7! p(;z). We want to discuss the special case whep( ;z) =
p( ) z,with p( ) as in section 4, but since this symbol tends to 1 z rather than 1
when !1 | we need to consider a modi ed symbol, corresponding to the estimate
of a relative determinant. Let p(")) 2 S( ;1) with

p() )= Ohim): m< 2n: (10:2)
Assume that C nflg and that
i)62; 2 o (10:3)
Consider
1
@)= 10 k=)= ; (og((p () log(FIHET2) (@): (10:)
forz2 . Then, .|
@@l (z2)= 0 (p() 2) (d): (10:5)

This means that if 2 Cg°(), then
1 [

. ()@@ (2))L(d2) = (p( ) (d): (10:6)
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In other words @@ (z) can be described in as the direct image under p of the
symplectic volume on gq:
@@l(z)= ph): (10:7)

If we assume thatpg = p , is real-valued and that \ R ] 1 ;0 then the
measure @@ (z) on is supported in \ R, and is given there by the Stieltjes
measure dV (E), with .

V(E) = (d): (10:8)
p()=E

For our second example, we drop the assumption thapy = p , be real and assume
instead that is a small neighborhood of 0 in C, that pgl(O) consists of precisely one
point o and that jpo( )j dist(; )2, for 2 neigh( o; o). Let = pocl), SO
that @@!(z) = . We observe that (D(0;r)) rn.

Let bl a second holomorphic function with the same properties and the same
point o, and assume that

Boll) po( )= O(dist(; o)2No); (10:9)

for someNp > 1. (Actually the discussion is valid with a comparison function fig P
C5°( o) which does not necessarily have a holomorphic extensiop.)lLet V = V;

C n f0g with V D@©;r), 0 <r 1. If z=po() 2 V for some 2 o, then
dist(; o) = O(r'=2) and it follows that ig(1) 2 V + D(0;CrNo). Consequently,

(V) [V + D(0;CrNo)); (10:10)
where [3 1o d(; ). The preceding argument is symmetric inp, i, 80 we also have
) (V+ D(0;CrNo)): (10:12)

The last two estimates express that@@! (z) and @@1%z) (where IXZ) is de ned as
in (10.4), with fréplacing p) are close to each other neaz = 0.

The last example is motivated by the study of resonances for the semi-classical
Schredinger operator that are generated by a non-degenerate critical point of the
potential, and we refer to [HeSj], [Sj3], [BrCoDu] for more details. After a suitable
complex scaling or application of the theory of [HeSj], we can reduce the study of
resonances of a Schredinger operator h2 + V(x) in R™ in a neighborhood of 0
(say), to that of the zeros of a relative determinant det(P  z)(F— z)—1, where P
is a realization of h2 + V in a suitable space that is associated to an IR-manifold

o and with principal symbol p, and B—i$ a Schmedinger operator with a potential
such that V1 V is su ciently short range and such that P—Has no resonances in some
neighborhood of 0. (Actually, the property p( )! 1, !'1 , must be replaced by a
more general ellipticity property, but that does not a ect the validity of the discuss ion
above.) Then as we saw in section 3, though we now have to appeal to the [HeSj]
theory which is similar but slightly heavier than the one we explained in that secion,
we obtain

logjdet(P z)(B2)-1)j] (@2h)="((z)+ od); h! O (10:12)

The symbol fimay be obtained by using a quadratic approximation ofV at the critical
point and then we can takeNo = 3=2, or it can be obtained by using a (more elaborate)
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Birkho normal form in which case we may have larger values ofNy sometimes even
No=+1.

As a special case, we may take = 2, and assume that for some local smooth
symplectic coordinates &; ), centered at o, we have

1 1
Boll) = f (G( £+ X3 5( 5+ x3);
near o with f 2 C<°(neigh (0; C)) with
f(1;2)= 11 1 22+0(2);

with 1; 2> 0. Then near 0: [ 32 f L, wherelL is the Lebesgue measure on the
4th quadrant in R2.
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