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A CAVITY PROBLEM FOR MAXWELL’S EQUATIONS *

HABIB AMMARIT, GANG BAO%f, AND ATHUA W. WOODS$

Abstract. Consider a time-harmonic electromagnetic plane wave incident on a cavity in a
ground plane. Inside the cavity, the medium may be nonhomogeneous. In this paper, a variational
formulation is studied. Existence and uniqueness of the solutions for the model problem are estab-
lished by a variational approach and the Hodge decomposition. The variational approach also forms
a basis for numerical solution of the model problems.

1. Introduction. As a measure of the detectability of a target by radar sys-
tems, radar cross section (RCS) has always been an important subject of study in
electromagnetics. Mathematical and computational methods to accurately predict
the RCS of complex objects such as aircraft are of great interest to designers. Of
particular importance is the prediction of the RCS of cavities due to its dominance to
the target’s overall RCS. Examples of cavities include jet engine inlet ducts, exhaust
nozzles, and cavity-backed antennas.

We consider a time-harmonic electromagnetic plane wave incident on an arbitrar-
ily shaped open cavity embedded in an infinite ground plane. The ground plane and
the walls of the open cavity are perfect electric conductors (PEC), and the interior of
the open cavity is filled with a nonmagnetic material which may be nonhomogeneous.
The half-space above the ground plane is filled with a homogeneous, linear, isotropic
medium characterized by its permittivity g and permeability pg. This paper is de-
voted to a study of the propagation of the scattered waves from the cavity, and hence
its RCS.

There is a large engineering literature available on computation and design of
cavities. See, for example, [4], [6], [9], and references cited therein. However, little
is known about the analysis of the problem. In the general two-dimensional setting,
we have recently established in [3] the well-posedness of the scattering problem by
a variational approach. This paper is concerned with the three-dimensional scatter-
ing problem from a cavity. We extend the variational approach of [3] to solve the
scattering problem. However, the situation here is more complicated because:

(i) In this work, we study directly the vector form of Maxwell’s equations. The

problem geometry is three dimensional.

(ii) A Hodge decomposition is needed here due to a lack of compactness of the
solution functional space. In comparison, the compactness is trivial in the
two-dimensional case.

Our main result for the cavity problem indicates that the scattering problem attains a
unique weak solution for a general cavity medium. An important step of our approach
is to reduce the infinite nature of the scattering problem into a bounded domain
(the cavity) by introducing a transparent boundary condition. The proof is given
by a combination of a variational approach, the Hodge decomposition, and unique
continuation. Computationally, the variational approach reported here leads naturally
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to a class of finite element methods. Analysis and computation of the finite element
methods for the scattering problem will be studied and reported elsewhere.

The paper is outlined as follows. In Section 2, the Maxwell equations are presented
and simplified. The scattering problem is then reduced into a bounded domain one
by introducing the transparent boundary conditions in Section 3. The variational
formulations are also derived. Section 4 is devoted to a well-posedness study of the
model problem. It is shown that the problem attains a unique weak solution.

2. Maxwell’s equations. The media are assumed to be nonmagnetic, and we
assume that a constant magnetic permeability u = pg exists everywhere. We also
assume that no currents are present and the fields are source free. Then the elec-
tromagnetic wave propagation is governed by the following time harmonic Maxwell
equations (time dependence e~™?):
VXxE—iwpH =0, (2.1)
Vx H+iweE =0,

where E and H denote the electric field and the magnetic field, respectively. The
dielectric coefficient e(x) can be quite general. In addition, standard field continuity
conditions are also satisfied across an interface.

Let a plane wave (E¢, H) be incident on an electromagnetic cavity.

F1GURE 1. The problem geometry

As shown in Figure 1, a cavity D is placed on a perfectly conducting medium
(ground). Above the flat surface {z3 = 0} (I' UTY), the medium is assumed to be
homogeneous with a positive dielectric coefficient €y. The medium inside D is non-
homogeneous with a dielectric coefficient e(x). Assume further that e(z) € L*>(D),
Ree(x) > €1 > 0,and Ime(x) > 0in D.

On the surface of the perfectly conducting medium, the following boundary con-
dition is satisfied

nxE=0onl%US, (2.3)

where n is the unit outward normal.
In addition, we require that the scattered fields satisfy the Silver-Miiller radiation
condition:

lim, oo TE® =lim, o rH* =0, (2.4)
lim, o r{E°— ZoH®* xr} =0, '

Eo

where r = |z|, r = x/|z|, Zy = i

The scattering problem is the following: For a given incoming plane wave, deter-
mine the scattered fields in the cavity and the upper-half space.
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3. Transparent boundary conditions. We solve the scattering problem by a
variational approach. The fundamental step of the approach is to reduce the problem
into a bounded domain. This is done by introducing transparent boundary conditions
on .

Denote k? = w?pue. Let a plane wave, E* = pe*09® (k, = V/Ho€o), be incident on
the cavity from the above, where p,q € R3, g3 <0, p-¢ =0, and [p|? = |¢|?> = 1. Let
q* = (q1, 92, —q3). Then we may decompose the total fields as follows:

Et = Ez 7p6ik°q*'z + ES ,
Ht = Hl — Zop X q*eikgq*~x +Hs .

It is easy to see that the scattered fields also satisfy the Maxwell equations (2.1), (2.2)
in the upper half space, the boundary condition (2.3), and the radiation condition

(2.4). For convenience, we shall, for the rest of this paper, suppress the superscript
0A 0%A
“s” for the scattered fields. Also, we shall denote %0 and a2 by 9, A and 9% A,

respectively.

REMARK 3.1. Since the scattering object is unbounded, the total fields are com-
posed of three parts: incident, reflected, and scattered fields. In contrast, in the case
of a bounded scattering object, the total fields only consist of incident and scattered
fields. B

Next, we introduce the following functional framework. Let I" be a closed smooth
surface such that T  I'. We define divr and curlr as the the surface divergence and
the scalar surface rotational, respectively. Introduce the Sobolev spaces

H'(T) = {¢lr, ¢ € H/*(T)},
H'2(T) = {¢lr, € H/*(), supp(p) C T},
HY2(T) = (HY2()), H V() = (HYA(D)),
H M) ={@ e (H V(1)) ®@.n =0, divp® € H/2(T")},
HZMT) = {® e (HV2(T))?,®.n =0, curlp® € HY/2(I')}.
The following result holds.
LEMMA 3.1. There exists a linear continuous operator P : (H_l/Q(I‘))’ —

div
H_l/Q(I‘) such that

curl

—nXx (nx H)lr=P(—n x (n x E))|r.

Proof. Observe that the medium is homogeneous in the upper-half space. The
(scattered) fields satisfy

V x E=iwpgH  in {z3 >0},
V x H=—iweoE in {z3 > 0}
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and

lim rF = lim rH =0,

T—00 T—00
lim r{E - ZoH xr} =0,

where E = E12) + Eo2y + Esas, gj(x1,72) = Ej(x1,72,0), j =1,2,3.
Denote for j =1,2,3

gj(l'l,.’lig) = Ej(xlvx%o) .
Then
—nx (n X E) = (9179270) on {1’3 = 0} 3

where supp(g1,g2) =T
Thus

1
—n X (n X H)|m3:0 = ,—(8I2E3 — angQ,az3E1 — 8m1E3,0)|x3:0 .
iwflo

Now, for j = 1,2, 3, we have

AE; +k3E; =0 in {z3 >0}, (3.1)
Ej =gy on {z3 = 0} |
and

lim rE; =0,

T—00

lim T(@TEJ* - ik‘oEj) =0.

T—00

Taking the Fourier transform with respect to (1, x2) of (3.1) yields

(07, + (kg — & = &) Ej(&.23) =0 in {a3 > 0},
Ej(g,O) = gAj on {.133 = 0} .

Using the radiation condition to eliminate the incoming wave term, we obtain
Ej(f,xg) = g}ei VG —€f—&3es . (32)
Taking the inverse Fourier transform yields, for j =1, 2,

1 N s )
E_] — 5 / e’L k%—f%—g%mgg}ei&'-zdg .
(2’/T) R2

i ~ i€
Oy Ejlzs=0 = @2 /R2 kG — & — EBgyerde .

For E5, we obtain, by taking the partial derivative with respect to x5 of (3.2)

Hence

Ouy By = gain /K — & — et VHimGi-es
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This implies that
By(€, 75) = L 0.B
3(6,73) = m s B3 (€, 73) -
Note that V- E =0 in {z3 > 0}. We deduce

1

E3|py—0 = 3(€,0)e " d¢

r2 /K2 51 &2 Ors
1
277 R2 w/ 51 52

1 .
= - (€191 + E202)e™ " dE
(2m)? Jra \/kZ - 5% — &
Taking the partial derivatives with respect to x1 and x5 and letting x3 = 0 respectively
gives

—(Oay B + 00, E) (€, 0)] €7 dE

85132 E3|ZL’3:O

277 Rszlgl + €2 )E0e ST dE |

i&-x
277 R? m (6101 + §202)&1 e dE

a:zrl E3|ZL’3:O

Hence

1

1 ~ N
—nx (nx H)|p = 2w /R2{[\/m(§191 +§202)62 — \/m@}
[ﬁ(flgl +&292)61 + \/m G, O}ei€ede
07 51 62
:=P(—nx (nx E))|r . 0

It is easy to see that P is continuous. Denote by P* the adjoint of the operator P,

that is,
[ rtha= [ 17

It is easily seen that the operator P* is given by

1

1 ) ) —
(@) 2w Rz{[*ﬁ(&gz —&g)é + \/m G2,
. (£192 — &201)& — \/mgﬂ 0}etsde .

[:
Vs =& - &

P(g) =

LEMMA 3.2. Let g be in (Hd;})m(F))'. Then

Re/P(g)~§xndx1dx2 =0
r

implies g = 0.
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Proof. Clearly

_ 1 . .
/P(g)'gxndiﬂldﬂﬂz = — | WK=& -0l + 12
r WHo Jr2

L €191 + &227] d&1ds

Hence Re/ P(g) - § x ndxydxy = 0 implies
r

+

19117 + 12> =0 for |¢] < ko .
But ¢ is analytic with respect to £. Thus g =0 for all £. Hence g =0. O

REMARK 3.2. The integral / P(g) - g x ndx1dxs is taken in the sense of duality
r

H_l/Q(I‘), (H_l/z(l"))' if g is not smooth enough.

curl curl

LEMMA 3.3. Let g be in (ngii/z(F))’. Then there are two positive constants Cy
and Cy, such that

Im/ P(g) - g x ndxidze > Cl|divr(g X n)||§1_1/2(r) — Csllg % nH?{_lm(F) .
r

Proof. By some simple calculations, we obtain

1 R
/ P(g) - g x nderdas = —— 2+ 16?)
T

k2 R
[ﬁ“gl
Who Jr2 \/kj — & — &

&1G1 — €202|7] d&rdés .

1
Vi — & &
The conclusion follows immediately. O

We now prove a uniqueness result for the cavity problem. First, introduce the
Sobolev space

H(curl, D) :={v € L*(D),V x v € L*(D)}.

Our proof is based on a unique continuation result for solutions in H(curl, D) to
Maxwell’s equations. The reader is referred to [5] for a proof of the unique continuation
result. See [8] for the related Carleman estimates for Maxwell’s equations.

THEOREM 3.1. Assume that e € C*(D). Let E, H € H(curl, D) satisfy
VX FE=iwuH in D,
VxH=—iweE inD,
Exn=0o0onS,
nx (nx E)r € (Hg,* (D),
—nx (nx H)lr =P(—nx (nx E)|r) .
Then

E=H=0imD.
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Proof. If E and H in H(curl, D) satisfy the homogeneous boundary value problem
in D, then

1 _
—/ |V><E|2—w2/5|E|2—iw/P(n><(nXE))~E><n:0.
Ho JD D r
Taking the imaginary part we get
Re/P(—nX(an))-Exn:O.
r

Hence £ xn =0 on I' by Lemma 3.2. From the boundary condition, it is immediate
that H x n = 0 on I'. Finally, by unique continuation for solutions in H (curl, D) to
Maxwell’s equations [5], E = H =0in D. O

REMARK 3.3. From [5], unique continuation holds for H'(D) solutions of
Maxwell’s equations. Moreover, if the boundary 0D is of of class C1'* and the co-
efficient ¢ is in W1>°(D) = {¢ € L*®(D),Vy € L*(D)} then the solution of the
Maxwell equations is in H'(D). Therefore, by unique continuation [5], E = H =0 in
D follows from Exn=H xn=0onTI.

4. Variational Formulation. With the transparent boundary condition de-
fined by the operator P, we observe that the total fields satisfy the following boundary
value problem:

V x E' = iwpH" in D |

V x H' = —jweE' in D,

E'xn=0onSs,

—nx (nx H)|r=P(-nx (nx EY))+¢'Ir,
where
—¢' = —n x (n x (B — pet*0?®)) 4 P(—n x (n x (E* — petkod™®))) .
Define
Ho(curl,D) :={v € H(curl,D),uv xn=0on S} .

The variational formulation of the scattering problem in D is then to find E* €
Hy(curl, D), such that

a(Etv) = (¢',v) :== iw/gi -0 x ndxidze Yv € Ho(curl, D), (4.3)
r

where
1

a(Et,v):—/ VxEt-VXﬁ—wQ/EEt-E—iw/P(nx(ant))~§><n.
Mo Jp D r

We note that the boundary integrals are taken in the sense of duality (HC_u%2 (),
HY2(D).

curl
In order to analyze this variational problem we need the following Hodge decom-

position result.
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THEOREM 4.1. (The Hodge decomposition) For each E € Hy(curl, D), V-(¢F) €
L3(D), there ezists a function u € H(curl, D) satisfying

V-(eu)=01in D,
uxn=0onS,

—iweu - n|r = curlp(P(—n X (n x u))|r)
and p € HY(D), p=0 on S, such that
E=u+ Vp.
REMARK 4.1. Recall the standard notation: curir(v) is the scalar surface rota-
tional of the tangential vector v and
curlp(v) = divp(v X n) .

In order to prove the theorem, we need the following technical results.

PROPOSITION 4.1. Let uw € H(curl,Q) where Q is a bounded domain. Then for
any positive constant n

1
0l 10y <V wllEacay + el

LEMMA 4.1. For any function f € L*(D), the boundary value problem

V- (eVp) = f in D,
p=0onS,
—iwedyp|r = curlp(P(—n x (n x Vp))|r)

has a unique solution in HX(D) = {q: qe€ H*(D), ¢q=0 on S, qpr € H/2(T')}.

Proof. We examine the weak form of the boundary value problem. For any
q € H}(D), multiplying both sides of Equation (4.4) by g and integrating over D

yield
[ divtevmya= [ ra.
D D

Integration by parts gives after using the boundary conditions that
/6Vp-V_q—i/curlp(P(—nx(npr))@:—/f-q, (4.4)
D w Jr D
where the integral
/ curlp(P(—n x (n x Vp)) - g
r

is taken in the sense of duality H—'/2(T"), HY/2(T).
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Denote the left hand side of (4.4) by b(p,q). From integration by parts on the
boundary, we obtain

b(p, q) =/ eVp-Vq - i/P(—lﬂx (nx Vp)-(Vgxmn).
D wJr
The variational problem takes the form: to find p € H}(D), such that

b(paQ)zf/qua VqEH;(D)

It is now obvious from Lemma 3.3 that there are positive constants C7, Cs, such
that

Rebp.p) = [ A9+ Zim{ [ Ponx (nx V) (Vp x n)}
> O||Vplli2py = Col VP x [} 12 (py -
A simple application of Proposition 4.1 leads to
Re b(p,p) > Col[Vpl[7:2(p) -
Finally, by Poincaré’s inequality, we obtain

Re b(p,p) > ClIplI3 (p) -

The proof is complete by a direct application of the Lax-Milgram Lemma. O
We are now ready to prove Theorem 4.1.
Proof. By Lemma 4.1, the problem

Vv - (EVp) =V (EE) in LQ(D) s
p=0onS,
—iwednp|r = curlp(P(—n x (n x Vp))|r)

is well-posed. O
Now we define a new functional space

Vi={ue H(curl,D),u xn=00n S,V - (eu) =0 in D,
nx (nxu)é€ (Hd_iiﬂ(I‘))’7 —iweu - n = curlp(P(—n x (n x u))) on I'}.
We have the following compactness result.
LEMMA 4.2. The mapping V — L?(D)3 is compact.
Proof. Let & =win D, & = wu; in {3 > 0}, where u; is the unique solution of
V x (V xuy) — w?eopour = 0 in {z3 > 0},
u; Xnjp =u xnlp,

up X n|R2\f = O‘Rz\f
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and

1
lim rju; — Zo( Vui) xr|=0.

r—o00 iw'u,o
Then, from
—iweuy -n = curlp(P(—n X (n X u1))) on I,

we deduce that [e@ - n] =0 on I'. Further, u € H(curl). The proof is complete by an
application of Weber’s imbedding result [7]. O

THEOREM 4.2. The variational formulation is of Fredholm type.

Proof. The result follows by using the decomposition
E' = u+ Vp.

After some simple calculations, we obtain that u and p are solutions of the fol-
lowing variational system:
1 _ 2 _ _
— | VXu-VXU—w eu-T—iw [ PmMx(nxu)) -Txn
Mo Jp D r

—iw/(P—P*)(nx(npr))~i><n=iw/gi-T)><n Yv eV,
r r

—aﬂ/ evp-va—z'w/P(nx(nxvp))-vaxn:z‘w/gi-vaxn Vg € HY(D).
D r r

It is easily seen that the operator P — P* : (Hd_ii/z(F))' — HC_HIAQ (I") is compact.
Let the bilinear form a; on V' x V be defined by

1
al(w,v):—/ wa-VxE—wQ/ Ew-ﬂ—iw/P(nx(nxw))-ﬁxn.
Ho Jp D r
Define the bilinear form as on H!(D) x H}(D) by

ag(cp,q):—w2/ 5V¢-V§—iw/P(nx (n x Vy)) - Vg x n.
D r

From Lemma 4.1, it follows that there exists a positive constant C7 such that
la2(g,9)| > C1|IVq|[72(py Vg € Hy(D).

Further, an application of Lemma 3.3 along with Proposition 4.1 yields
a1(v,0) 2 Col[vl[3(curt,py — Csllvll72 (D)

where C5 and C3 are two positive constants.

The result follows then from the compact imbedding of V' into L?(D). O

The well-posedness of the variational formulation, (4.3), of the model problem
then follows immediately from Theorems 3.1 and 4.2.

REMARK 4.2. Our Hodge decomposition argument here is similar in spirit to the
one used in [1] for a well-posedness study of chiral grating problems.
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5. Concluding remarks. We have established well-posedness results for the
scattering by a three-dimensional cavity. It is shown that a unique weak solution
exists. For an open cavity, the results indicate that no eigenvalue may be present.
Thus any spurious mode in computation must result from numerical artifacts.

A crucial step in our analysis is to formulate the scattering problem in the cavity.
The variational approach here leads to a method for solving the problem in the cavity.
This is sufficient for solving the scattering problem in the whole space. In fact, because
of the homogeneous medium, the half space problem in {x3 > 0} can be solved easily,
say by the Fourier transform method, once the cavity problem is solved.
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