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A CAVITY PROBLEM FOR MAXWELL’S EQUATIONS ∗

HABIB AMMARI† , GANG BAO‡ , AND AIHUA W. WOOD§

Abstract. Consider a time-harmonic electromagnetic plane wave incident on a cavity in a
ground plane. Inside the cavity, the medium may be nonhomogeneous. In this paper, a variational
formulation is studied. Existence and uniqueness of the solutions for the model problem are estab-
lished by a variational approach and the Hodge decomposition. The variational approach also forms
a basis for numerical solution of the model problems.

1. Introduction. As a measure of the detectability of a target by radar sys-
tems, radar cross section (RCS) has always been an important subject of study in
electromagnetics. Mathematical and computational methods to accurately predict
the RCS of complex objects such as aircraft are of great interest to designers. Of
particular importance is the prediction of the RCS of cavities due to its dominance to
the target’s overall RCS. Examples of cavities include jet engine inlet ducts, exhaust
nozzles, and cavity-backed antennas.

We consider a time-harmonic electromagnetic plane wave incident on an arbitrar-
ily shaped open cavity embedded in an infinite ground plane. The ground plane and
the walls of the open cavity are perfect electric conductors (PEC), and the interior of
the open cavity is filled with a nonmagnetic material which may be nonhomogeneous.
The half-space above the ground plane is filled with a homogeneous, linear, isotropic
medium characterized by its permittivity ε0 and permeability µ0. This paper is de-
voted to a study of the propagation of the scattered waves from the cavity, and hence
its RCS.

There is a large engineering literature available on computation and design of
cavities. See, for example, [4], [6], [9], and references cited therein. However, little
is known about the analysis of the problem. In the general two-dimensional setting,
we have recently established in [3] the well-posedness of the scattering problem by
a variational approach. This paper is concerned with the three-dimensional scatter-
ing problem from a cavity. We extend the variational approach of [3] to solve the
scattering problem. However, the situation here is more complicated because:

(i) In this work, we study directly the vector form of Maxwell’s equations. The
problem geometry is three dimensional.

(ii) A Hodge decomposition is needed here due to a lack of compactness of the
solution functional space. In comparison, the compactness is trivial in the
two-dimensional case.

Our main result for the cavity problem indicates that the scattering problem attains a
unique weak solution for a general cavity medium. An important step of our approach
is to reduce the infinite nature of the scattering problem into a bounded domain
(the cavity) by introducing a transparent boundary condition. The proof is given
by a combination of a variational approach, the Hodge decomposition, and unique
continuation. Computationally, the variational approach reported here leads naturally
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to a class of finite element methods. Analysis and computation of the finite element
methods for the scattering problem will be studied and reported elsewhere.

The paper is outlined as follows. In Section 2, the Maxwell equations are presented
and simplified. The scattering problem is then reduced into a bounded domain one
by introducing the transparent boundary conditions in Section 3. The variational
formulations are also derived. Section 4 is devoted to a well-posedness study of the
model problem. It is shown that the problem attains a unique weak solution.

2. Maxwell’s equations. The media are assumed to be nonmagnetic, and we
assume that a constant magnetic permeability µ = µ0 exists everywhere. We also
assume that no currents are present and the fields are source free. Then the elec-
tromagnetic wave propagation is governed by the following time harmonic Maxwell
equations (time dependence e−iωt):

∇× E − iωµH = 0 , (2.1)

∇× H + iωεE = 0 , (2.2)

where E and H denote the electric field and the magnetic field, respectively. The
dielectric coefficient ε(x) can be quite general. In addition, standard field continuity
conditions are also satisfied across an interface.

Let a plane wave (Ei,Hi) be incident on an electromagnetic cavity.

D

S

ΓΓ c

Figure 1. The problem geometry

As shown in Figure 1, a cavity D is placed on a perfectly conducting medium
(ground). Above the flat surface {x3 = 0} (Γ ∪ ΓC), the medium is assumed to be
homogeneous with a positive dielectric coefficient ε0. The medium inside D is non-
homogeneous with a dielectric coefficient ε(x). Assume further that ε(x) ∈ L∞(D),
Re ε(x) ≥ ε1 > 0, and Im ε(x) ≥ 0 in D.

On the surface of the perfectly conducting medium, the following boundary con-
dition is satisfied

n × E = 0 on ΓC ∪ S , (2.3)

where n is the unit outward normal.
In addition, we require that the scattered fields satisfy the Silver-Müller radiation

condition:

limr→∞ rEs = limr→∞ rHs = 0 ,
limr→∞ r{Es − Z0H

s × r} = 0 ,
(2.4)

where r = |x|, r = x/|x|, Z0 =
√

µ0

ε0
.

The scattering problem is the following: For a given incoming plane wave, deter-
mine the scattered fields in the cavity and the upper-half space.
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3. Transparent boundary conditions. We solve the scattering problem by a
variational approach. The fundamental step of the approach is to reduce the problem
into a bounded domain. This is done by introducing transparent boundary conditions
on Γ.

Denote k2 = ω2µε. Let a plane wave, Ei = peik0q·x (k0 =
√

µ0ε0), be incident on
the cavity from the above, where p, q ∈ R3, q3 < 0, p · q = 0, and |p|2 = |q|2 = 1. Let
q∗ = (q1, q2,−q3). Then we may decompose the total fields as follows:

Et = Ei − peik0q∗·x + Es ,

Ht = Hi − Z0p × q∗eik0q∗·x + Hs .

It is easy to see that the scattered fields also satisfy the Maxwell equations (2.1), (2.2)
in the upper half space, the boundary condition (2.3), and the radiation condition
(2.4). For convenience, we shall, for the rest of this paper, suppress the superscript

“s” for the scattered fields. Also, we shall denote
∂A

∂α
and

∂2A

∂α2
by ∂αA and ∂2

αA,

respectively.

Remark 3.1. Since the scattering object is unbounded, the total fields are com-
posed of three parts: incident, reflected, and scattered fields. In contrast, in the case
of a bounded scattering object, the total fields only consist of incident and scattered
fields.

Next, we introduce the following functional framework. Let Γ̃ be a closed smooth
surface such that Γ ⊂ Γ̃. We define divΓ and curlΓ as the the surface divergence and
the scalar surface rotational, respectively. Introduce the Sobolev spaces

H1/2(Γ) = {ϕ|Γ, ϕ ∈ H1/2(Γ̃)},

H̃1/2(Γ) = {ϕ|Γ, ϕ ∈ H1/2(Γ̃), supp(ϕ) ⊂ Γ},

H−1/2(Γ) = (H̃1/2(Γ))′, H̃−1/2(Γ) = (H1/2(Γ))′,

H
−1/2
div (Γ) = {Φ ∈ (H−1/2(Γ))3,Φ .n = 0, divΓΦ ∈ H−1/2(Γ)},

H
−1/2
curl (Γ) = {Φ ∈ (H−1/2(Γ))3,Φ .n = 0, curlΓΦ ∈ H−1/2(Γ)}.

The following result holds.

Lemma 3.1. There exists a linear continuous operator P : (H
−1/2
div (Γ))′ 7→

H
−1/2
curl (Γ) such that

−n × (n × H)|Γ = P (−n × (n × E))|Γ.

Proof. Observe that the medium is homogeneous in the upper-half space. The
(scattered) fields satisfy

∇× E = iωµ0H in {x3 > 0} ,
∇× H = −iωε0E in {x3 > 0}
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and

lim
r→∞

rE = lim
r→∞

rH = 0 ,

lim
r→∞

r{E − Z0H × r} = 0 ,

where E = E1x̂1 + E2x̂2 + E3x̂3, gj(x1, x2) = Ej(x1, x2, 0), j = 1, 2, 3.
Denote for j = 1, 2, 3

gj(x1, x2) = Ej(x1, x2, 0) .

Then

−n × (n × E) = (g1, g2, 0) on {x3 = 0} ,

where supp(g1, g2) = Γ.
Thus

−n × (n × H)|x3=0 =
1

iωµ0
(∂x2

E3 − ∂x3
E2, ∂x3

E1 − ∂x1
E3, 0)|x3=0 .

Now, for j = 1, 2, 3, we have

∆Ej + k2
0Ej = 0 in {x3 > 0} ,

Ej = gj on {x3 = 0} (3.1)

and

lim
r→∞

rEj = 0 ,

lim
r→∞

r(∂rEj − ik0Ej) = 0 .

Taking the Fourier transform with respect to (x1, x2) of (3.1) yields

[∂2
x3

+ (k2
0 − ξ2

1 − ξ2
2)]Êj(ξ, x3) = 0 in {x3 > 0} ,

Êj(ξ, 0) = ĝj on {x3 = 0} .

Using the radiation condition to eliminate the incoming wave term, we obtain

Êj(ξ, x3) = ĝje
i
√

k2
0
−ξ2

1
−ξ2

2
x3 . (3.2)

Taking the inverse Fourier transform yields, for j = 1, 2,

Ej =
1

(2π)2

∫

R2

ei
√

k2
0
−ξ2

1
−ξ2

2
x3 ĝje

iξ·xdξ .

Hence

∂x3
Ej |x3=0 =

i

(2π)2

∫

R2

√
k2
0 − ξ2

1 − ξ2
2 ĝje

iξ·xdξ .

For E3, we obtain, by taking the partial derivative with respect to x3 of (3.2)

∂x3
Ê3 = ĝ3i

√
k2
0 − ξ2

1 − ξ2
2ei

√
k2
0
−ξ2

1
−ξ2

2
x3 .
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This implies that

Ê3(ξ, x3) =
1

i
√

k2
0 − ξ2

1 − ξ2
2

∂x3
Ê3(ξ, x3) .

Note that ∇ · E = 0 in {x3 ≥ 0}. We deduce

E3|x3=0 =
1

(2π)2i

∫

R2

1√
k2
0 − ξ2

1 − ξ2
2

∂x3
Ê3(ξ, 0)eiξ·xdξ

=
1

(2π)2i

∫

R2

1√
k2
0 − ξ2

1 − ξ2
2

[−(∂x1
Ê1 + ∂x2

Ê2)(ξ, 0)]eiξ·xdξ

= − 1

(2π)2

∫

R2

1√
k2
0 − ξ2

1 − ξ2
2

(ξ1ĝ1 + ξ2ĝ2)e
iξ·xdξ .

Taking the partial derivatives with respect to x1 and x2 and letting x3 = 0 respectively
gives

∂x2
E3|x3=0 = − i

(2π)2

∫

R2

1√
k2
0 − ξ2

1 − ξ2
2

(ξ1ĝ1 + ξ2ĝ2)ξ2e
iξ·xdξ ,

∂x1
E3|x3=0 = − i

(2π)2

∫

R2

1√
k2
0 − ξ2

1 − ξ2
2

(ξ1ĝ1 + ξ2ĝ2)ξ1e
iξ·xdξ .

Hence

−n × (n × H)|Γ =
1

(2π)2ωµ0

∫

R2

{[− 1√
k2
0 − ξ2

1 − ξ2
2

(ξ1ĝ1 + ξ2ĝ2)ξ2 −
√

k2
0 − ξ2

1 − ξ2
2 ĝ2],

[
1√

k2
0 − ξ2

1 − ξ2
2

(ξ1ĝ1 + ξ2ĝ2)ξ1 +
√

k2
0 − ξ2

1 − ξ2
2 ĝ1], 0}eiξ·xdξ

:= P (−n × (n × E))|Γ .

It is easy to see that P is continuous. Denote by P ∗ the adjoint of the operator P ,
that is,

∫

Γ

P (f) g =

∫

Γ

f P ∗(g).

It is easily seen that the operator P ∗ is given by

P ∗(g) =
1

(2π)2ωµ0

∫

R2

{[− 1
√

k2
0 − ξ2

1 − ξ2
2

(ξ1ĝ2 − ξ2ĝ1)ξ1 +
√

k2
0 − ξ2

1 − ξ2
2 ĝ2],

[
1

√
k2
0 − ξ2

1 − ξ2
2

(ξ1ĝ2 − ξ2ĝ1)ξ1 −
√

k2
0 − ξ2

1 − ξ2
2 ĝ1], 0}eiξ·xdξ .

Lemma 3.2. Let g be in (H
−1/2
div (Γ))′. Then

Re

∫

Γ

P (g) · ḡ × n dx1dx2 = 0

implies g ≡ 0.
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Proof. Clearly
∫

Γ

P (g) · ḡ × n dx1dx2 =
1

ωµ0

∫

R2

[
√

k2
0 − ξ2

1 − ξ2
2(|ĝ1|2 + |ĝ2|2)

+
1√

k2
0 − ξ2

1 − ξ2
2

|ξ1ĝ1 + ξ2ĝ2|2] dξ1dξ2 .

Hence Re

∫

Γ

P (g) · ḡ × n dx1dx2 = 0 implies

|ĝ1|2 + |ĝ2|2 = 0 for |ξ| ≤ k0 .

But ĝ is analytic with respect to ξ. Thus ĝ ≡ 0 for all ξ. Hence g ≡ 0.

Remark 3.2. The integral

∫

Γ

P (g) · ḡ ×n dx1dx2 is taken in the sense of duality

H
−1/2
curl (Γ), (H

−1/2
curl (Γ))′ if g is not smooth enough.

Lemma 3.3. Let g be in (H
−1/2
div (Γ))′. Then there are two positive constants C1

and C2, such that

Im

∫

Γ

P (g) · ḡ × n dx1dx2 ≥ C1||divΓ(g × n)||2H−1/2(Γ) − C2||g × n||2H−1/2(Γ) .

Proof. By some simple calculations, we obtain

∫

Γ

P (g) · ḡ × n dx1dx2 =
1

ωµ0

∫

R2

[
k2
0√

k2
0 − ξ2

1 − ξ2
2

(|ĝ1|2 + |ĝ2|2)

− 1√
k2
0 − ξ2

1 − ξ2
2

|ξ1ĝ1 − ξ2ĝ2|2] dξ1dξ2 .

The conclusion follows immediately.
We now prove a uniqueness result for the cavity problem. First, introduce the

Sobolev space

H(curl,D) := {v ∈ L2(D),∇× v ∈ L2(D)}.

Our proof is based on a unique continuation result for solutions in H(curl,D) to
Maxwell’s equations. The reader is referred to [5] for a proof of the unique continuation
result. See [8] for the related Carleman estimates for Maxwell’s equations.

Theorem 3.1. Assume that ε ∈ C2(D). Let E,H ∈ H(curl,D) satisfy

∇× E = iωµH in D ,

∇× H = −iωεE in D ,

E × n = 0 on S ,

n × (n × E)|Γ ∈ (H
−1/2
div (Γ))′ ,

−n × (n × H)|Γ = P (−n × (n × E)|Γ) .

Then

E = H ≡ 0 in D .
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Proof. If E and H in H(curl,D) satisfy the homogeneous boundary value problem
in D, then

1

µ0

∫

D

|∇ × E|2 − ω2

∫

D

ε|E|2 − iω

∫

Γ

P (n × (n × E)) · Ē × n = 0 .

Taking the imaginary part we get

Re

∫

Γ

P (−n × (n × E)) · Ē × n = 0 .

Hence E × n = 0 on Γ by Lemma 3.2. From the boundary condition, it is immediate
that H × n = 0 on Γ. Finally, by unique continuation for solutions in H(curl,D) to
Maxwell’s equations [5], E = H ≡ 0 in D.

Remark 3.3. From [5], unique continuation holds for H1(D) solutions of
Maxwell’s equations. Moreover, if the boundary ∂D is of of class C1,α and the co-
efficient ε is in W 1,∞(D) = {ϕ ∈ L∞(D),∇ϕ ∈ L∞(D)} then the solution of the
Maxwell equations is in H1(D). Therefore, by unique continuation [5], E = H ≡ 0 in
D follows from E × n = H × n = 0 on Γ.

4. Variational Formulation. With the transparent boundary condition de-
fined by the operator P , we observe that the total fields satisfy the following boundary
value problem:

∇× Et = iωµHt in D ,

∇× Ht = −iωεEt in D ,

Et × n = 0 on S ,

−n × (n × Ht)|Γ = P (−n × (n × Et)) + gi|Γ ,

where

−gi = −n × (n × (Ei − peik0q·x)) + P (−n × (n × (Ei − peik0q∗·x))) .

Define

H0(curl,D) := {v ∈ H(curl,D), v × n = 0 on S} .

The variational formulation of the scattering problem in D is then to find Et ∈
H0(curl,D), such that

a(Et, v) = (gi, v) := iω

∫

Γ

gi · v̄ × n dx1dx2 ∀v ∈ H0(curl,D) , (4.3)

where

a(Et, v) =
1

µ0

∫

D

∇× Et · ∇ × v − ω2

∫

D

εEt · v − iω

∫

Γ

P (n × (n × Et)) · v × n .

We note that the boundary integrals are taken in the sense of duality (H
−1/2
curl (Γ))′,

H
−1/2
curl (Γ).

In order to analyze this variational problem we need the following Hodge decom-
position result.
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Theorem 4.1. (The Hodge decomposition) For each E ∈ H0(curl,D), ∇·(εE) ∈
L2(D), there exists a function u ∈ H(curl,D) satisfying

∇ · (εu) = 0 in D ,

u × n = 0 on S ,

−iωεu · n|Γ = curlΓ(P (−n × (n × u))|Γ)

and p ∈ H1(D), p = 0 on S, such that

E = u + ∇p.

Remark 4.1. Recall the standard notation: curlΓ(v) is the scalar surface rota-
tional of the tangential vector v and

curlΓ(v) = divΓ(v × n) .

In order to prove the theorem, we need the following technical results.

Proposition 4.1. Let u ∈ H(curl,Ω) where Ω is a bounded domain. Then for
any positive constant η

||u × n||2H−1/2(∂Ω) ≤ η||∇ × u||2L2(Ω) +
1

η
||u||2L2(Ω) .

Lemma 4.1. For any function f ∈ L2(D), the boundary value problem

∇ · (ε∇p) = f in D,

p = 0 on S ,

−iωε∂np|Γ = curlΓ(P (−n × (n ×∇p))|Γ)

has a unique solution in H1
a(D) = {q : q ∈ H1(D), q = 0 on S, q|Γ ∈ H̃1/2(Γ)}.

Proof. We examine the weak form of the boundary value problem. For any
q ∈ H1

a(D), multiplying both sides of Equation (4.4) by q and integrating over D
yield

∫

D

div(ε∇p) · q =

∫

D

f · q .

Integration by parts gives after using the boundary conditions that

∫

D

ε∇p · ∇q − i

ω

∫

Γ

curlΓ(P (−n × (n ×∇p)) · q = −
∫

D

f · q , (4.4)

where the integral

∫

Γ

curlΓ(P (−n × (n ×∇p)) · q

is taken in the sense of duality H−1/2(Γ), H̃1/2(Γ).
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Denote the left hand side of (4.4) by b(p, q). From integration by parts on the
boundary, we obtain

b(p, q) =

∫

D

ε∇p · ∇q − i

ω

∫

Γ

P (−n × (n ×∇p) · (∇q × n) .

The variational problem takes the form: to find p ∈ H1
a(D), such that

b(p, q) = −
∫

D

f · q, ∀q ∈ H1
a(D) .

It is now obvious from Lemma 3.3 that there are positive constants C1, C2, such
that

Re b(p, p) =

∫

D

ε|∇p|2 +
1

ω
Im

{∫

Γ

P (−n × (n ×∇p)) · (∇p × n)
}

≥ C||∇p||2L2(D) − C2||∇p × n||2H−1/2(Γ) .

A simple application of Proposition 4.1 leads to

Re b(p, p) ≥ C0||∇p||2L2(D) .

Finally, by Poincaré’s inequality, we obtain

Re b(p, p) ≥ C||p||2H1(D) .

The proof is complete by a direct application of the Lax-Milgram Lemma.
We are now ready to prove Theorem 4.1.
Proof. By Lemma 4.1, the problem

∇ · (ε∇p) = ∇ · (εE) in L2(D) ,

p = 0 on S ,

−iωε∂np|Γ = curlΓ(P (−n × (n ×∇p))|Γ)

is well-posed.
Now we define a new functional space

V := {u ∈ H(curl,D), u × n = 0 on S,∇ · (εu) = 0 in D,

n × (n × u) ∈ (H
−1/2
div (Γ))′, −iωεu · n = curlΓ(P (−n × (n × u))) on Γ}.

We have the following compactness result.

Lemma 4.2. The mapping V →֒ L2(D)3 is compact.

Proof. Let ũ = u in D, ũ = u1 in {x3 > 0}, where u1 is the unique solution of

∇× (∇× u1) − ω2ε0µ0u1 = 0 in {x3 > 0} ,

u1 × n|Γ = u × n|Γ ,

u1 × n|R2
\Γ

= 0|R2
\Γ
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and

lim
r→∞

r|u1 − Z0(
1

iωµ0
∇u1) × r| = 0 .

Then, from

−iωεu1 · n = curlΓ(P (−n × (n × u1))) on Γ,

we deduce that [εũ · n] = 0 on Γ. Further, ũ ∈ H(curl). The proof is complete by an
application of Weber’s imbedding result [7].

Theorem 4.2. The variational formulation is of Fredholm type.

Proof. The result follows by using the decomposition

Et = u + ∇p.

After some simple calculations, we obtain that u and p are solutions of the fol-
lowing variational system:

1

µ0

∫

D

∇× u · ∇ × v − ω2

∫

D

εu · v − iω

∫

Γ

P (n × (n × u)) · v × n

−iω

∫

Γ

(P − P ∗)(n × (n ×∇p)) · v × n = iω

∫

Γ

gi · v̄ × n ∀v ∈ V,

−ω2

∫

D

ε∇p · ∇q − iω

∫

Γ

P (n × (n ×∇p)) · ∇q × n = iω

∫

Γ

gi · ∇q × n ∀q ∈ H1
a(D).

It is easily seen that the operator P − P ∗ : (H
−1/2
div (Γ))′ 7→ H

−1/2
curl (Γ) is compact.

Let the bilinear form a1 on V × V be defined by

a1(w, v) =
1

µ0

∫

D

∇× w · ∇ × v − ω2

∫

D

εw · v − iω

∫

Γ

P (n × (n × w)) · v × n.

Define the bilinear form a2 on H1
a(D) × H1

a(D) by

a2(ϕ, q) = −ω2

∫

D

ε∇ϕ · ∇q − iω

∫

Γ

P (n × (n ×∇ϕ)) · ∇q × n.

From Lemma 4.1, it follows that there exists a positive constant C1 such that

|a2(q, q)| ≥ C1||∇q||2L2(D) ∀q ∈ H1
a(D).

Further, an application of Lemma 3.3 along with Proposition 4.1 yields

a1(v, v) ≥ C2||v||2H(curl,D) − C3||v||2L2(D),

where C2 and C3 are two positive constants.
The result follows then from the compact imbedding of V into L2(D).
The well-posedness of the variational formulation, (4.3), of the model problem

then follows immediately from Theorems 3.1 and 4.2.

Remark 4.2. Our Hodge decomposition argument here is similar in spirit to the
one used in [1] for a well-posedness study of chiral grating problems.
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5. Concluding remarks. We have established well-posedness results for the
scattering by a three-dimensional cavity. It is shown that a unique weak solution
exists. For an open cavity, the results indicate that no eigenvalue may be present.
Thus any spurious mode in computation must result from numerical artifacts.

A crucial step in our analysis is to formulate the scattering problem in the cavity.
The variational approach here leads to a method for solving the problem in the cavity.
This is sufficient for solving the scattering problem in the whole space. In fact, because
of the homogeneous medium, the half space problem in {x3 > 0} can be solved easily,
say by the Fourier transform method, once the cavity problem is solved.
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