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GENERALIZATIONS OF FUETER'S THEOREM

K.I. KOU ¥ , T. QIAN Y, AND F. SOMMEN *

Abstract. In relation to the solution of the Vekua system for axial type monogenic functions,
generalizations of Fueter's Theorem are discussed. We show thatif f is a holomorphic function in one
complex variable, then for any underlying space R the induced function k+(n D=2f (x5 + x) Py (X),
where Py (x) is left-monogenic and homogeneous of degree Kk, is left-monogenic whenever k+(n 1)=2
is a non-negative integer. If the space dimension n + 1 is odd, then the above also holds for k being
non-negative integers.

1. Introduction. If f (z) is a holomorphic function in an open set of the upper
half complex plane and

f(2) = u(s;t) + iv(s;t); Z= s+ it

then, Fueter's theorem (see [F]) asserts that in the corresponding region there holds
vy 3 G =
D u(q;:jg)+ ﬁv(%’]g) =0;

req= chi+ pj + k;D = @+ @@= @i+ @ + @k; = @+3B+@+ @@=

whe
@—%;I =0;1;2;3: The quaternionic space may be identi ed with R} for n = 3; where
Rl =fx=Xp+X:X02R;x2R"g
and
R"=fx=xqe1+ Xn€n :Xi 2 R;i=1; iNng;

ande?= 1lee = ee;ij =1;2 ;ni<j ([BDS]). The quaternionic algebra
corresponds to the non-universal Cliord algebra overR in the above setting with

n =2 and e; = e;ey: Fueter's machinery is used to develop singular integral and
Fourier multiplier theory on the unit sphere of the quaternionic space in [Q1].

In 1957, Sce extended this result toR} for n being odd positive integers ([Sc]).
He proved that under the same assumptions orf , there holds

(n 1)=2 . X iy =0-
D u(xo; jxj) + J.&.V(xO,m) 0;

1

whereD = @+@ @ @e;+ +@en; = @+G+ +@ @= £:i=0
for n being even

Using Fourier transformation Qian extended Sce's result toRY
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positive integers ([Q2]). The theme was further developed and found to play a crucia
role in the study of Fourier multipliers and singular integrals on the unit sphere of R}
and its Lipschitz perturbations ([Q3]). As example, the study shows that by meansof
this technique, some topics on the sphere may be reduced to the corresponding ones
on the unit circle in the complex plane.

In a recent paper Sommen proved the following result: Ifn+1 is an even positive
integer, then
D K =2 )+ V(Xosjxi) P =0;
u(Xo; X) iX] V(Xo;Xj)  Pw(X)
where Py is any polynomial in x of homogeneityk; left-monogenic with respect to the
Dirac operator @ viz. @x(x) =0 ([So]). When k = 0; this reduces to Sce's result.

Below we will brie y write

X
f(Xo+ X) = u(Xg;X)+ —V(Xo;jXj):
(Xo + X) (o)m(ol_l)

The present paper extends Sommen's result, as given in the following

Theorem 1. Let f be a holomorphic function in a relatively open setB in the
upper hallf complex plane. LePy(x) be left-monogenic, homogeneous of degrke Then

inthe set B = fx = xg+ x2 R} : (Xo;jXj) 2 Bg the function
k(0 D=2[f (x0 + X)Pi(X)]

is left-monogenic wheneverk + (n  1)=2 is a non-negative integers. If the space
dimension n + 1 is odd, then the monogenicity of the above expression alsoltds for
k being non-negative integer andPx(x) a homogeneous left-monogenic polynomial of
degreek:

Note that in Theorem 1 whenn+ 1 is odd and k +(n 1)=2 is a non-negative
integer, then k has to be a \half integer" among (n 1)=2;::; 1=2;1=2;3=2;::: In
this case the de nition of Py(x) is given in x2 below. These cases were studied in
detail in the Ph.D. thesis [VL1] and papers [VL2] and [SVL]. Also based on these
studies, for k being non-negative integersPy(x) can be non-polynomial. The second
conclusion of Theorem 1, however, does requirBg(x) to be polynomial.

In the text the single letter C will denote constants depending onn and k that
may be di erent from time to time. We will use the notation ;. ; ; etc. to denote
the constants that are explicitly de ned and of the same values throughout the paper.
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2. The Equations For General Axial Monogenic Functions. The classical
Fueter's Theorem and its generalizations obtained in [Sc] and [Q2] provides us with
monogenic functions of the axial type

A(xo;r) + I B(xg;r) = (" D7f (xo + X);
whereby x = r!_;r = jxj and A and B are scalar valued functions. This means that
D(A(Xo;r) + LB(X0;r)) =0;

whereD = @+ @ In polar coordinates,

where

= x"@-= gex(xi@ xk@);

being the spherical vector derivative (or spin-orbit coupling).
We obtain from  (1)=(n 1)! the Vekua-type system

@A @B =(n 1)=r)B
@B + @A =0:

More generally, one may consider monogenic functions of the axial type
(A(xo;r) + L B(Xo;1))Pi(L);
whereby
Pe(n) = r*Pe(l)

is left-monogenic inR"; i.e. @x(x) = 0; and homogeneous of degrek 2 Z*;Z* =
f0;1;::0

It is clear that if Py is a homogeneous polynomial of degrek then it is spher-
ical harmonic, and, conversely, every spherical harmonic of degrek; Sx; admits a
decomposition of the form

Sk(L) = Pe(L)+ LPe 1(L):

Moreover, the function ! Py (1), which appears in the above generalized axial system,
is the restriction to S" ! of the inverted function Jyx_'” Pk(m%) which is monogenic in
R" nf0g and homogeneous of degree (k + n  1); i.e. outer spherical monogenic of
degree (k+ n 1), and also spherical harmonic of degre& + 1:

The properties

@rkp()=0; @ *" Vip()=0
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imply that
P Pe) = kPe(L); o (LPkW)=(k+n  1LP(L):

Based on these, the monogenicity of A + ! B)Py(! ) then requires the functions A
and B to satisfy the Vekua system

@A @B=((k+n 21)=rB
@B + @A = (k=r)A:

The generalized Fueter's Theorem obtained in [So] provides special solutions to
this system of the form

k(0 D228 (xg + X)P(X));

for the casen being odd. The rst question is to generalize this to the casen be-

ing even. But there is yet another interesting generalization having to do with the

consideration of spherical monogenic® of general complex degree of homogeneity
2C:

Definition . Let U be an open domain inR" of the form U = R*  O; 0O being
an open subset oB" %;ie. U=fx=1rl : r> 0;! 2 Og: Then a function P is
called spherical monogenic of degree in U if P (x) = r Px(1) and @ (x) =0 in
U: The restriction P (1) of P (x) to S" ! is called spherical monogenic of complex
degree in O:

The theory of spherical monogenics of complex degree is fully elaborated in the
Ph.D. thesis [VL1] and basic information is also contained in [VL2] and EVL]. In this
paper we are using the following basic facts about spherical monogenics of complex
degrees.

() If a spherical monogenic P is a homogeneous polynomial, then certainly
= k 2 Z*: But the converse is NOT true. In fact, there exist spherical monogenics
Py (x) with k 2 Z* that are not polynomials. In that case Py(!) is not globally
de ned over S" 1; i.e. there are singularities.

(i) Whenever P is spherical monogenic of degree; P (x) = 5w P (552) is
spherical monogenic of the degree = n+1:

(iii) In particular, spherical monogenics of degree (k+ n 1), k2 Z*; are the
inverse of spherical monogenics of degrele 2 Z*: In case they are the inverse of
homogeneous polynomials they are de ned everywhere outside the origin, as well as
inall points ! 28" 1;ie.U=fR* S" lg

(iv) There are no other spherical monogenic® which are de ned all over S" *:
Spherical monogenics of degree not included in the discrete setf0; 1;2;:::,g[f n+
1, n; n 1;::gcanonly be de ned in proper subsets ofS" 1;i.e. they must have
singularities. Even for = k2 Z* andfor = (k+n 1);k 2 Z* there can be
singularities.
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Example . (The homogeneous Radon kernel)

Lett;s2 S" L:and<t:s>=0,i.e. T =t+is is a nullvector. Let z be the
generalized power ofz 2 C dened for z 2 C nL; L being a line issuing from the
origin. Then

R (x;T)=<x;T> T;

as a function ofx; is spherical monogenic of degree in a suitable conic region inR":

Moreover, in caseTy; T, are anti-commuting nullvectors, then the product of the
two corresponding Radon kernels

<x;Ti> <x;Te> TiTo

is monogenic whenever it is de ned. In the case + = 0 we obtain monogenic
functions which are homogeneous of degree 0

Hence there are plenty of examples and there is no reason why one couldn't
consider functions of the more general axial type

(A(xo;r)+ LB (x0;1))P (x)

dened for ! 2 O (open subset ofS" 1) and (xo;r) belongs to an open subset of
R R*:Inthis case the equations of monogenicity reduce to the Vekua-type system
with complex parameter:

@A @B=( +n 1)=nB
@B + @A = ( =r)A:

So here we do not have any restriction to except for the fact that in case
= ( +n 1) we can always writeP (! ) = ! P (1) and axial functions of the
form (A+ ! B)P (1) may be rewritten into the form (B L A)P (L): Itis, therefore,
always su cient to consider only one of the two cases. This allows one to restgt to
the values of for which e.g. Re( ) (n  1)=2 and in particular when we consider
restrictions to 2 Z we only have to consider the case

2f [(n 1)=2]:; 10120

Now in this paper we want to produce solutions of the above Vekua system which
can be written into the form concerned in the Fueter's Theorem:

0 DZ2(f (xo + X)P (X))

There are two cases.
Case 1. +(n 1)=2is a non-negative integer (see3).

In this case we can generalize the method used by Sce to obtain the Fueter's Theorem
showing that the above expression is monogenic.
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In case n is odd, we correspondingly consider the values = (n
1)=2;::;; 1;0;1; 2; 3;::: which are integers including the cases = k 2 Z* considered
in [Sc] and [So] wherePy (1) are globally de ned. This restriction may be released.

In case n is even, we correspondingly deal with = (n  1)=2;::
1=2;1=2; 3=2; :::which are half integers. In this caseP is never globally de ned but
for Sce's method that gives no problem.

Case 2. +(n 1)=2is a non-negative non-integer (see4).

In this case one has to consider general powers of the Laplace operator de ned in
terms of integral operators (Fourier multipliers) as in [Q2]. Those opeators are non-
local pseudodi erential operators and the methods make use the fact thatP (1) is
spherical harmonic. It is natural to restrict ourselves to those cases for whictP (1)
have no singularites onS" !: Due to the fact that  *(" =2 is non-local, any
singularity of P (1) would indeed have an e ect everywhere. So there are only the
cases = k2Z"or = (k+n 1)k2 Z*:We assume thatPy(!) is globally
de ned. The space dimensionn + 1 in the case has to be odd as dealt with inx4.

In all other cases the Vekua system with complex powers may still be considered,
but the solution of it via a generalized Fueter's Theorem may only work under the
above made restrictions.

Note nally thatincase = (n 1)=2; no matter whether n is odd or even, we
always assert that functions of the special formf (xo + X)P (x) are monogenic in the
appropriate domain in RY:

3. The Case Where k+(n 1)=22 Z* By Using Sce's Method. In this
case we can take over almost literally the proof given in [So] for the resictive case
k 2 Z* based on Sce's method fok = 0 and n odd (For a further development of the
method see [QS]).

We just repeat it with the adapted notations. Note that in this case there is no
restriction on the dimension n + 1 but we only assume that +(n 1)=2=s2 Z*:

First note again that locally every holomorphic function f (x + iy) in the real
variables x and y may be written as (@ + i@)h(x;y); whereh is harmonic. Then we
still have that, where de ned,

(@ @lh(xe;r)P (X)]= f(xo+ X)P (X);
so that we have to verify the validity of the relation
(@+ @@ @I°" [h(xo;r)P (X)]=0:
Let us write
hi(xo;)P (x) = '(h(xo; NP (X)):

That this may be done follows again from the fact that for any scalar function g(xo;r);

@g(xo; )P (X)) = L@(9P (x)
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and

@QWMP®F¢MmmV”W§ﬁ(%D

= (@g+(2 +n 1)=ng)P (x):

So, as in [So], withs=  +(n 1)=2

(gxoinP () =(@+ G+ ~@gxoiNIP ()
From this, one obtains consequently,

hi(Xo;1)P (x) = ( h(xo;1)P (x)) = (2 s)1=r@)(h)P (X);
ha(xo;r)P (x) =2s(2s  2)(1=r@)*(h)P (X);

etc. (also see [QS]), and, clearly, aftes + 1 steps we get zero.
Hence the Fueter principle is valid in all cases wherebys= +(n 1)=22 Z*:

Example . Fors= +(n 1)=2 =0 we obtain monogenic functions of the form
F(x)= f(xo+ X)P (x); f being holomorphicand = (n 1)=2: Of special interest
for applications are homogeneous monogenic of the form

F(x)=(xo+ x)'P (x); | being complex
and in particular the functions

_ (xo+ )
PO SGTse ot

which for the special valuesl = k+ (n 1)=2;k 2 Z*; provide more examples of
spherical monogenics of degre& 2 Z* which are not polynomial, i.e. which have
singularities after being restricted to the unit sphere.

Important Remark . The notation may be somewhat misleading because it
refers to replacing the complex variablexg+ ir by xo+ ! r: For example, ifg(xo+ir) =
if (Xo + ir) then one would mistakenly have g(xo + X) = if (Xo + X) rather than
g(xo + X) = xf (Xg + x) as it should be from the de nition of g(xo + x) in x1, where
one should writeg(Xo + ir) = u+ iv; u; v being functions ofxqy and r and then replace
i by !':In this way *(n D=2 f (xo + x)P (x) is also monogenic wheneverf is
holomorphic. Another way to look this is that the function ! f (xg + x) can also be
written in the form ( @ + ! @)h(Xo;r); where h(xq;r) being scalar (real or complex)
harmonic, and that is what matters in the proof of Fueter's Theorem in the case.

In other words, one can even multiply f (xo + X) with both the zero-divisors
(1=2)(1 + il ) and (1=2)(1 il ) to obtain other suitable input for Fueter's Theorem
and the result of these multiplications is given by

(1=2)A +i)f (xo ir); (=) iL)f (xo+ ir);

f (z) being holomorphic (also see [LMcQ)]).
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As important examples of this we mention the functions

(1=2)1 i)
(Xo a+i(b r)

leading to the construction of \axial Cauchy kernels" of which the singulariti es include
the codim 2 spherexp = a;r = b: They are algebraic functions. Yet, from these
functions one may construct

(1=2)1 it )(xo a+ib ir)+(1=2)1+ il )xo a+ib+ir)
(xo at+ib)2+r?

Xo a+ib Xx
(xo a+ib)2+r2

which is a rational function and becomes singular forxo = a and r = b, After
application of the classical Fueter-Sce Theorem as well as its extended version from
[So] it stays rational and the order of the singularities on the codim 2 sphere igjiven
by 2k + n: Also, in the case wheren is odd anda = (n 1)=2; the plane wave
function <x;T >@ ™=2T s rational and the product

(xo a+ib x)T
(xo a+ib)2+r2)<x;T >0 D=2

is rational, monogenic and has rst order zeros on the sphereg = a;r = b as well
as higher order zeros on the plane< x ;T >= 0: It is a combination of a Cauchy-
kernel and a Radon kernel which plays an important role in the transform anaysis of
monogenic functionals.

4. The Case n+1 Odd By Using Fourier Integral Operator. The method
was rst used in [Q2] to extend Fueter's and Sce's Theorems to the spaceR] where
n+1is odd. We shall further develop this method in combining with certain inter-
twining relations between di erential operators.

Note that **(" D=2 js de ned through a certain Fourier multiplier (see [Q2]).
In general, we will adopt the following de nition: for s 0;

g(x) = F Y@i] D*Fg();

where
Z

Fo()= Rnem;) g(x)dx

is the Fourier transform of g, also denoted byd} and
VA

F h(x)= e 21> n()d
R}

is the inverse Fourier transform of h:

If k is a non-negative integer, then the Fourier multiplier de nition of =~ k*(n D=2
coincides with the pointwise di erentiation operator when n+1 is even ([Q2]). In the
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casen +1 is odd, our proof shows that the tempered distribution de ned through the
Fourier multiplier is actually identical to a function.

In this section unless stating exceptionally we always assume thah + 1 is odd
and k is a non-negative integer. We rst show that for any | 2 Z; where Z is the set
of integers, the function

ke D=2 (%0 + X)'Pi(x)
is left-monogenic.

We shall rst deal with the negative power cases. Owing to the relation ([Q2],

[Q3])

('t @ '* x |
XZ T (1) @ Xz

we are reduced to show that
k#(n p=2 X p
X k(X)
is left-monogenic.

Lemma 1. Qg+1 (X) = XPk(X) is harmonic and homogeneous of degrde+ 1:

Proof. We observe that

@ *
— +1(X)=0:
@ Qk+1 (X)
Using Leibniz's formula for second derivative, we obtain
@ ° @ . @ . @*?
X)=2 X Pr(x)+ X P, (X):
@x Q1) ax X @x P ax "

Adding together, we arrive

Qr+1 (X) = 2@(x)+ X_Py(x)=0: O

The related proofs in [Q2] and [Q3] use the following Bochner type relation (@r
the restricted casej = =1): In the tempered distribution sense (see [St]),

Qi()

R ()= 900). j22%;0< <n +1; (1)

A

where Q; is a harmonic, homogeneous polynomial of degrege and

o i (=2 (j=2+ =2) )
J’ (F2+(n+D=2 =2)
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The relation (1) is equivalent to
. z
QJ (X) /\(X)dx - IJ (n+1) =2 ( j:2 + = 2) QJ(X)
Ry XD (j=2+(n+1)=2 =2) gy jxj*
j2Z7;0< <n +1;

z

(x)dx;

where is any function in the Schwartz class inRY:

For the case = 0; the left-hand-side integral of (1) is replaced by the principal
value integral (see [St]). Forj = 0; the relation holds for (n+1) 22Z* and
also 2 2Z* (See, for instance, [GS]). Now we need to extend (1) to the cases
Re()> jj22z":

We write the result in a symmetric way, and we have the extension of the abog
relation:

Lemma 2. For j<; < (n+1)+j + =n+1;j22Z";wehave
: z . z
=2, )T Qj(x)/\ _ i =217 Qj(x) )
C3) g Q&= 2205 e e @)

where is any function in the Schwartz class inRY:

Proof. For 0 < < n +1 the both sides of (2) are holomorphic. For j 1
we can show that the relation can be extended to all complex numbers satisfying
Re( ) > | through holomorphic continuation. In fact, due to the orthogonality
property of spherical harmonics of di erent degrees, there follows

Z P : !
Qj (X) ( in:o Xi @_%)] 1A(O)

LHS = lim g — ) O oD

- dx
0+ <ijxj 1)X
Z

Qj (x)

ixj> 1 ]le +( n+1)

“(x)dx
that can be holomorphically extended to Re( ) > j: The right-hand-side can also
be holomorphically extend to this region. The proof is complete. o0

InLemma 2,let =2 |; we have
A
L Ty

Z
Qj (x) A _ i (n+)) =2+(] 2) 1 Qj (x) :
5 "(x)dx = i J (n+D=2+] D gy ¥ (x)dx:

Replacing by **(" D=2 andj by k +1; we obtain

7 A
_ X) . . = X
lim et 00 et Drpgax= ke vz Qb g,
P+ s jxj(n*D) RY X
where
k=210 %2k k(n D=2 !

(n+D)=2+k)
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That is

M"(x)dx: ken p=2 Qe () (x)dx:

Replacing Qx+1 by XP«(x); we have

Z . A z
LHS = r PO 00 (dx= qp B (P(@) )(x) (9dx;
where E(Xx) = JXJLI = 1n “—2 (x) is the Cauchy kernel in R} and is the Dirac

function. So,
_ X
k+(n 1)=2 jszpk(l) = 1”} klE (Pk(@ )(X)= 11 klEPk(@(X):

This shows that the function

k+(n 1)=2 lp .
iXP2 k(X)

and, therefore, all the functions

ke(n =2 X : . ,
e Pc(X) ; |2 Z" nfOg;
are left-monogenic. We in fact have the identity
K D= (xo + x) 'P(X) €)

(Dt e 't
Bk @y

EPk(Q(X); |2 Z" nfOg:

Now we turn to the non-negative power cases and we are to show that fdr2 Z*;
D72 (xo + X)'Pi(®)
is left-monogenic. We deal with these cases through an intertwining relation forthe

operator D k+(n 1)=2:

Lemma 3. Let n be an even positive integer. Then, fors = k+(n 1)=2; we
have

X X
(D °) WG(X h o= n;sW(D (@(x 1) (4)

where s is a constant depending om and s, and g is any in nitely di erentiable
function in RT nfO0g:

Temporarily accepting Lemma 3, we proceed with the main proof as follows.
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In Lemma 3, set g(x) = (;7)'Px(x); | 2 Z*: Noticing that g(x ') =

( D*x'jxj 2Py (x); we obtain

n;sw( ke(n D=2 2 Pe() (x 1)

(D " D K Py (x) =
In the early part of the proof we have shown that the right-hand-side vanishes, we
thus conclude

(D " D) (xo+ x)' Py(x) =0; 122"

To prove Lemma 3 we need rst to study fundamental solutions of the operator
D **(n 1=2:1n [PQ] we provide a list of fundamental solutions of the iterated Dirac
operators@;l 2 Z*; in the context R": To summarize, a fundamental solution for @
is, essentially (i.e. apart from a positive multiple constant depending onn and 1),

X

W; if | isodd; and

T if | is even;

except for the cases whera is even andl n for which a fundamental solution is

(clogixj + o) X __.iflisodd :

&'nilﬂ ;
and

(clogjxj + d)# if 1 is even:

jxjn 1

Now we are in the context R with @replaced by D: We are able to prove the
following results.

In below we denote 2=2k+(n 1): So & may be even or odd. It is even if and
only if n+1; the dimension of RY; is even.

The following result holds for both the casesn being even and odd.

Lemma 4. The operator DjDj? in R} has a fundamental solution of the same
form as those in the above list for@®*' in R"*1: except that the termx in the latter
is replaced byx:

Proof. We discuss two cases.
(i) 2s is even (The conclusion to this case will not be used in the following proof).

In that case the Fourier multiplier of a fundamental solution of DjDj?s is, apart
from a multiple constant depending only onn and k;

11 B
_j j2s - j st
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A fundamental solution of the operator jDj?$*? as a radial function is the same as the
one in the above list for @2 in R"*1. Denote it by K (x): Note that in the present

case the space dimensiom + 1 is even, so the fundamental solution obtained from
the list is of the form

2s+2<n+1; and (clogjxj+d)j 2s+2 n+1:

jxjn 2s 1; Xjn 2s 1;
Then DK is a fundamental solution for DjDj?S. The function DK is seen to be of
the desired form

- X
W; 2s+2<n+1; and (clogjx1+d)W; 2s+2 n+1:
(i) 2s is odd.
In that case
11 1

ij2s - J_JJ j23+1:

Now a fundamental solution of the operator DjDj?s *; corresponding to the Fourier
multiplier

can be deduced through the list (the space dimension +1 now is odd), and is of the
form

f .
ij” 2s+2

Since the Fourier transform of 15 | is Riesz potential 15jxj"; a fundamental so-
lution of DjDj?* may be obtained through the convolution
1 O

j jn J jn 25+2

in the tempered distribution sense.

We assert that the convolution itself is a locally integrable function away from the
origin. In fact, the distribution, after being applied a certain times Laplace operator,
becomes a local integrable function away from the origin. The assertion thenollows
from the corresponding result in generalized function theory (see, e.g., [GS]).

Secondly we note that the convolution as a distribution is of homogeneity of
degree 3 n: To show this, we have got to show that for any test function in the
Schwartz class, we have

M N); (5= s mm N(x); (X);
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whereM and N represent the generalized functions induced by

]XJn an ijn 2s+2 ’
respectively.

Denote f(x) = f( x): Owing to the homogeneous properties oM and N, we
have

M NG CD=(M NX; 1 ()

(N()M (1 )(x)
(N(X); M (x))
1+2$(N;M )

= 1+25(M N, ):

Next let denotes any rotation about the origin in RY: Let be represented by
the matrix ( j ) and the role of on x; denoted by !x; be given by the matrix
vector multiplication ( j )(x); where (x) is understood as a column vector. Denote
also by its induced action on functions, (f)(x)= f( x): Now, sinceM is a scalar
and N is a vector, the function M N is vector-valued, homogeneous of degrees2 n.
Denote the vector-valued function

KX)=M N(x)

that is of homogeneityn  2s: We have, owing to the rotational properties of M and
N,

(KMX); 00=(KX; * x)

=(N(x); M b (x)
=(N(x); ™M (x)
=( N(X);M  (x))
=(N( xX)ZM o (x)
=(( §XNOOM (X))
=( i )INXEM ()
=( i )(K(X); (X))

=(( 5 )KX); ():

We thus have

K( )= (KX):
Invoking the Lemma of Section 1.2, Chapter 3, [St], toK (x)5xj%% "; we conclude
that

X -

K (xX)5xj>> "= C—;
(X)=xj i
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and thus
X

M N(x)= CW;

as desired. O
Proof of Lemma 3. Since nown+1 is odd, we only concern the case (||) in Lemma

4. SetL = D S = DjDj?: Its fundamental solution is given by G(x) =
We have

X .

jXJn 2s+1 -+
1 O

L j%)j(n+l)+2 S+2

= G(x*' y"h

R

o) H xhH

y ! 1
Jy 1j(n+1)+2 S+2 jyj2n+2 (Lg)(Y)dy

xT 4 kg oyl
jX 1jn 2s+1 R1 jX yjn 2s+1 jy 1jn 2s+1

1
e e (L)Y
) ij 1)1'(“ 125” Ry 1X (XyJ“yg"‘” (La))dy
= ijl)j(nlzmg(x):
This concludes that |
0 1 _ 1y.
i j s () ) (x)= m('—g)(x ):
The proof of Lemma 3 is complete. 0

Our next step is to show that the monogenicity of
KA D=2 (xo + X)'Pr(x)); 12 Z;
induces that of
kKH(n D=2(F (xg + X)Py (X))

in general, and thus conclude the theorem. Through a translation we may assume
that the function f is holomorphic in a disc centered at the origin of the complex
plane. We can further assume that the Taylor expansion off has real coe cients by
considering the associated holomorphic functions

9(2)=(1=2)(f(2)+ f(2)) and h(z)=(1=2)(f(z) F(2));
and the decompositionf = g+ ih: We are to show that the series
X1 X1

and o KM D2[(xg + x) Pe(x)]
1= 1 =1
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have the same convergence radius; and

X R N
¢z and g M D=2[(x0 + x)' Py (X)]
1=0 1=0

have the same convergence radius.

For the negative power case, we refer to the quantitative relation (3) and he
estimate (3) in Proposition 2, [Q3], and obtain

joetn D%+ x)'Pe(¥)]j  C(L+ j'])n+2kW3
Based on the estimate, the two series of negative powers have the same conwange
radius.

Now we consider the positive power series. Note that now is even. Observe
that = jDj ! k*n=2: and so a fundamental solution of S is the convolution of
the Riesz potential J.J.ln and a fundamental solution of “*"=2: the latter being of the
type (in the odd dimensional space)

l .
jxj(n+l) 2s 1’

where C is a constant depending on onlyn and k: This enables us to work out, in the
spirit of Lemma 4, a fundamental solution of S of the form
1 .
jxj(n+1) 2s
Following the proof of Lemma 3, we can deduce the intertwining relation

( '5) Wg(x 1) :ijj(nﬂ%( S)(g)(x 1): (5)

Replacings by s+ 1, for g(x) = ( M%)'Pk(x); we haveg(x 1) =( 1)*x'P¢(x); and

(k+1)+( n 1):2(( 1)kX|Pk(§)): ijjzn}2k+2 (k+1)+( n 1)=2 JX% Pk(l) (X l):

Applying Newton potential and relation (3), we have, in the distribution sense,
VA
- C 1 1
k+(n 1)=2/l — 1 1y Ay
(X Pk (l)) (I 1)| RT JX an 1 jyj2n+2 k+2 @ EPk(X)(y )dy

Using the estimate obtained for the negative power terms, we conclude, through an
argument concerning homogeneity as in Lemma 4, that

i D200+ ) POIT CL+ M2

The above obtained estimate now guarantees that the two series of positiveqwer
entries have the same convergence radius.
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