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RELAXATION TO ISENTROPIC GAS DYNAMICS FOR A BGK
SYSTEM WITH SINGLE KINETIC ENTROPY

F. BERTHELIN Y AND F. BOUCHUT 2

Abstract. We introduce a family of vector kinetic BGK equations leading to isentropic gas
dynamics in the relaxation limit, that have only one entropy at the kinetic level. These models
possess the generic structure of kinetic relaxation models . By a sharp adaptation of averaging
lemmas to BGK models that have a dissipative entropy, we estab lish an estimate in the inverse of
the square root of the relaxation parameter on the L2 norm of the gradient of the approximations.
This estimation is new in the context of kinetic equations, a nd it allows, by the method of DiPerna,
to establish the convergence towards weak solutions of isen tropic gas dynamics that satisfy a single
entropy inequality.

1. Introduction. The method developed by DiPerna [12] using Tartar's com-
pensated compactness [25] for establishing the convergence of approximate soluiso
to one-dimensional nonlinear hyperbolic systems of conservation laws is wellkwn.

It has been used mainly when dealing with viscosity or numerical approximations.
However, the problem of establishing similar results to relaxation models sut as
those introduced in [11] is not solved in general. Apart from the scalar casepf which
we refer to the review [27], until now, only particular relaxation structures have been
treated in [26], [24], [3]. In [24] and [3], the main ingredient that is ugd is that many
entropies have a kinetic extension, in the sense de ned in [11]. A general method
for nding such extensions in kinetic BGK models can be found in [6]. In physically
relevant models however, only one entropy has an extension, and therefore one has to
introduce other tools. This was done in [26], where from particular energy inequdties,
the author establishes an estimate on the gradient of the approximate solutios

K@U-k: P (1.1)

where " is the relaxation parameter. This is indeed exactly the estimate used by
DiPerna in the viscosity approximation.

The purpose of this paper is to explain how this approach can indeed be used
generically when dealing with kinetic BGK models, even if we have a single entropy
extension. The new ingredient for establishing (1.1) is an averaging lemma whichsi
particularly adapted to the BGK relaxation term. With di erent scalings, rel ated
appropriate sharp estimates for relaxation limits leading to incompressibé models of
gas dynamics in multidimension have recently been the object of great progress, see
[10], [1], [19], [23], [15].

In order to be more specic, we shall deal with the one-dimensional system of
isentropic gas dynamics

@ +@(u)=0;
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314 F. BERTHELIN AND F. BOUCHUT
with (t;x) 0; u(t;x) 2 Rand > 0; 1< < 3. Approximate solutions are
obtained via a kinetic BGK model

@+ @fo= M) e R R (1.3)

with
(»; »u)=U= fud: (1.4)

Heref.(t;x; ) 2 R? as in the general framework of [6], and the maxwellian equilibrium
M has to satisfy the consistency relations
z z

M(Gu )d =(;u); MQGu )d =F (uu?+ ) (15

The stability theory for (1.2), that has been completed in [21], [20], uses theentropy
inequalities

@ (U)+ @G(V) 0 (1.6)

for a whole family of couples entropy-entropy uxes (;G), with  convex, the so
called weak entropies. According to [6], a kinetic entropy associated to is a function
H (f; ) which is convex inf, veri es the consistency relation

Z

HM(Gu ), )d = (;u); (1.7)

and satis es a minimization principle
z z z
HM((u ) )d H(f() )d; GGu)= f()d; (1.8)

for any function f () 2 L? taking values in suitable convex setsD , in the sense
that f () 2 D . The model used in [2], [3] (see also [4] and [5] for related problems)
possesses kinetic entropiesl for all entropies . Here we shall consider more general
models that have a single kinetic entropyH corresponding to the physical energy,

*(ju)= u?=2+ 1 SGu)=(*Guy+ u (1.9)

Therefore, we shall obtain in the relaxation limit weak solutionsU = ( ; u ) satisfying
only

@ U+ @GU)=m 2M (1.10)

for any (weak) entropy , and the measurem is nonpositive only for = €. This is
indeed the approach of [26], [17], [16]. Thus we look for approximate enbpy equations

@ (U)+ @G(U)=m» + R ; (1.11)

whereR .~ ! Oas"! 0in WP forany1<p< 1, m. are measures locally
bounded uniformly in *, and m .~ 0. This is su cient to apply the compensated
compactness method. The measures . are indeed bounded via the estimate (1.1),
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as in the viscosity approximation. The fact that the energy has a kinetic extensio
comes into play only via an a priori estimate coming from the entropy disspation,

kM- fokgz cP= (1.12)

which enables to establish (1.1). However, to get this we need coercivity of the kitic
entropy, and this holds in our model only for 1< 5=3. We shall assume also some
a priori L' bound on -, u- and that the vacuum does not appear. These are the
main restrictions of our work. The convergence result can be stated as follosv

Theorem 1.1. We assume thatl < 5=3, and that the solution f- to (2.1)-
(2.10) with initial data f° such that (2.22)(2.24) and (4.2) hold, satis es (2.35)-
(2.36) and (4.1). We setU- =( -; ~u-)= Lf-d . Then there exists a subsequence
such that - ! and -u-! @ a.e, where(; u ) is aweak solution to (1.2) with
initial data ( %, %u® = w-lim ffd , and (1.10) holds.

The outline of the paper is as follows. In Section 2, we introduce our BGK model
and establish the kinetic entropy dissipation estimate that leads to (1.12. In Section
3, we prove the key averaging lemma. Finally, in Section 4 we establish the rakation
limit by combining the averaging lemma and the dissipation result, in order to dbtain
(1.1), (2.11), and Theorem 1.1.

2. Kinetic equation. In this section, we introduce a family of vector kinetic
BGK models for isentropic gas dynamics, parametrized by a scalar & 1. The
value = ( 1)=2 gives indeed the model of [2], [3], but for other values of, only
the energy of the system has a kinetic extension. This is the case in particular forhte
most physical model, obtained for = 1. We establish the estimates supplied by the
corresponding dissipation in Theorem 2.5.

2.1. BGK model. The model we consider is written as

@f + @f:w in]o;1[ R R; (2.1)

wheref = f(t;x; )= (fo(t;x; );f1(t;x; ) 2R3t 0,x2R, 2R,

f(;x; )2D ; (2.2)
MfItx )= M ( (Ex);u(tx); ); (2.3)
Z Z
(tx)= fo(ttx; )d; (tx)u(tx)= fi(t;x; )d; (2.4)
R R
and
M(iu; )= Mo(su; );Ma(iuy )=(1  Ju+ IMo(su; ) ; (2.5)
Mo(iu; )= ¢ 2 G I (2.6)
R QY . |
1 11 2 =
ST 1 2°T3 ’ @0



316 F. BERTHELIN AND F. BOUCHUT
J = @ 7% dz=" " ( +1)=( +3=2): (2.8)
1

The parameter must satisfy
0< 1 (2.9)

and the model of [2], [3] corresponds to the choice = ( 1)=2. The setsD of (2.2)
are de ned as

D =D

D

f(fo;f1) 2 R?% fo>0o0rf;=fo=0g if < 1;

f(fo;f1))2R?% fg 0, f1= fog if =1: (2.10)

The kinetic entropy for (2.1) is de ned as follows. Inthe case < 1, forf =(fg;f1) 2
Dnf(0; 0)g,

2 fort~ 1 1f2
N _ 0 -1 ,
HE )= 7 2f°+201= 1+1= 1 2f, 1 1
2 1+1 = (211)
_ 1 1 f]_ p f_ + fo + 2f O
"1 2 PR 0 g 1+1= © 20 Y
and H(0; ) =0, while in the case =1, for f 2D ,
2 A
H(f; )= =fo+ 0 ; 2.12
()= 5o+ 1= (212)
Indeed, makingf, = fin (2.11) and letting ! 1 gives (2.12).
The value of the moments ofM are
VA VA
Md =(;u); Md =(uu?+ ) (2.13)
R R
z 1
2Md = u?+ —; u?+@2+ 9) u (2.14)
R

for every 0 andu 2 R. These relations enable to compute the formal Chapman-
Enskog expansion for this model, which is, up to terms in"2,

@U + @QF(U)= "@(D(U)@U); (2.15)
with

(1= 1) 1 0

PU= ("= W@ +1=) 1

(2.16)
and U = ( ; u ). We observe that the least dissipative model is obtained for =1,
where D (U) becomes singular. This model is degenerate also becauke( ;u; ) is
then colinear to (1; ), thus we have to look for solutionsf = (fg; f o). This is the

most physically relevant model, that is already mentioned in [6]. Our analyss also
works in this case.



BGK SYSTEM WITH SINGLE KINETIC ENTROPY 317

We have the following relations, that can be obtained with straightforward computa-
tions.

Proposition 2.1.  The energy € and the kinetic entropy H are related through

Z
HM(;u; ); )d = ®(;u) forevery 0; u2R; (2.17)
R
Z
HM(;u ); )d =G®(;u) forevery 0, Uu2R; (2.18)
R
and if < 1,
 oH @°
2 = (MU ) )= —=(su)= ou?=2;
@b Q. 1 (2.19)
> @mGu )= 2 Gu)=
@i B @Qu)"’ ’

forevery > 0, u2 Rand 2 R suchthatMg(;u; )> 0.

With the same proofs as in [2], one can deduce the following results.
Proposition 2.2 ( Subdi erential inequality ). For any 0, u; 2R and
f 2D , we have

H(; ) HM(u ) )+ — Su f M(u ): (2.20)

Proposition 2.33(  Minimization principle ). Consider f 2 L1(R ) such that
f()2D aerand gH(f(); )d < 1. Then
VA Z

RH(M[f]( ); )d RH(f(); )d: (2.21)

2.2. Dissipation estimates. We take an initial data f° 2 LY(R, R ) which
satis es

fo(x; )2D ae.inR R; (2.22)
7z
ifox; Jjdxd  Cl<1; (2.23)
R R
zZ
HE2(x; ); )dxd  CP <1: (2.24)
R R

Then with the same proof as in [2], there exists a solutionf- to the BGK model
(2.1)-(2.10), with initial data ., satisfying

fa2 G\ L{ (0,1 [L*(Rx R)); (2.25)
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8 0O f«(x; )2D ae.inR R; (2.26)
zZ zZ
8t O fo(t;x; )dxd = fo(x; )dxd; (2.27)
R R R R
2z
8t O H(f«(t;x; ); )dxd  CQ; (2.28)
R R
Z Z
@ f.d+@ f-d=0: (2.29)

As in [2], we have the following identity.

Proposition 2.4 (  Entropy variation ). The solution f- to (2.1)-(2.10), with
initial data f? satisfying (2.22)-(2.24), veri es

2 37
zz
9  H@E-(tx ) )dxd &
R Bzz 0 , (2.30)
-1 HUE ) (— o b Siu) (M) £ dida
10T R R
Moreover,
HYf-; ) (—1 - u—j;u-.) (M[f-] f-) 0 ae. (2.31)

In the case < 1, the derivative HYf; ) of H(f; ) with respect to f is given for

f 60 by
I

2 _ 1 1f2 1 f,
Or¢. — - - 1= - =i, 771 .
HL )= 3% 1T 22 17 "1 7 @ 3
while if =1, we set by convention
!
HYf; )= Zy 1= (2.33)
’ 2 p= 0

In (2.30), HY0; ) needs not be de ned since by applying the result of [7] to each
component off., we have

M[f-] f-=0 a.e.tx; wheref-=0: (2.34)

We shall now assumelL! bounds, because we are not able to prove them. It was
possible in [3] because of the compatibility with all entropies, but here this poperty
does not hold. Thus we assume that for somé&, A > 0 independent of",

M B i) Af)os J(MIE-Da) AMIE-]o: (2.35)
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We assume also compact support in velocity, that is to say there exists a clesl ball
B (0; Q) such that

supp f+; supp M[f-] B(0;Q): (2.36)

These assumptions imply obviously that -, u- are bounded independently of'. We
are now able to establish the optimal rate of convergence foM [f+] f-.

Theorem 2.5. We assume that 1, that is to say 1 < 5=3, and that the
solution f- to (2.1)-(2.10) with initial data f° such that (2.22)-(2.24) hold, satis es
(2.35). Then there existsC > 0 independent of", such that

777

jf+ M[f-]j?dtdxd C™ (2.37)
101 R R

Proof. Since the case =1 is the easiest and is performed with the same type of
estimates, we let it to the reader, and consider only the case < 1. We start from
the dissipation identity of Proposition 2.4,

22z 2

HYf; ) (—— « Y =;u) (f+ MI[f-])dtdxd CO" (2.38)
051 R R

We note that wheneverM [f-] 6 0,

2
e
( 1 2

We also notice that for X = (Xo;X1) 2 D nf0g, Y =(Yo;Y1) 2 R?,

;u) = HAM -], ): (2.39)

HORX ) Y Y = KaXg™ Y@+ Ka(XaYo  XoY1)?=X3; (2.40)

1=

with K, = =2c¢ and K, =1=1 ). We deduce as in [3] that

Iuprjeo (HAMIFT ) HAES ) (M[F] fr)

KiFY H(MIfDo (F)0)?mpr.160 ; (2.41)
thus
2zz = 1 1= CO
((f)o  (M[f-])o)?dtdxd  —— " (2.42)
M [f-]60 !

We also have, recalling that by (2.34),M [f-] = 0 a.e. wheref. =0,

vgge0 (HAMIF-] ) HYE-; ) (M[f-] fv)
Kz (f)i(MIf-Do  (Fr)o(MIf-])1 2

F f)o+(M[F-]o Ivirege0: (2.43)
In the case €-)o (M [f-])o, we write
(f)r (M[f-])1
(2.44)

_ (aM Do ()oMIDy (e p rayyy MIED1,

(MIf-1)o (M[f-1)o’




320 F. BERTHELIN AND F. BOUCHUT

and in the case €-)o > (M[f-])o, we write

(f)1 (M-

f )1 (M[f-Do (F)o(MI[f-]) () (2.45)
- CREEDe SBED Do (03
0 (f-)o

In any case, we obtain

Ivrgeo (Fr)1 (M[fr1)1)?
2

(f-)aM[f-D)o  (F-)o(MI[f-])s
81y . 2.46
160 (F)o+ (M Do (2:49)
+2A%1y 1160 (M [F-D)o  (F+)0)%;
thus we get
22z 0 2l 1= 0
(t)r MEDodaxd 2o 2AF Z G o gg)
Kz K1
M [f- 160
Let us now treat the setfM [f-]=0; f- 6 0g. On this set, we have
0 G
HAf ) (— - 0 Sou) (0 M)
LB R e g
1 2 2 1’ 07 o= V0
1 1(f)3
+1 Eﬂ(f")o (1 + U )(f)1

p "
. p(f"i ( +@ Hu) (f) +2CT(f")é+1:

o0 uw)? e () (2.48)
On the setfM[f-] = O;f- 6 0g, we have - > 0, and 5( u-)? — Lis
nonnegative by de nition of M, thus (2.48) and (2.38) give
777 1=
= 2c- C?
(f)57° didxd A (2.49)
M [f-1=0
Now, since 1, we have
727z 77z
((f)o (M[f+]o)?dtdxd = (f+)2 dtdxd
M [f-1=0 L
Flo1= (f)e™ = dtdxd
M [f+1=0

2c’” CYF?t 1=
s L (2.50)
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which gives the bound on the rst component. Furthermore,
Iy im0 (F)1 (M[FD1)? = Tyr.p=0 (F)3
A1y 1120 (F+)3

= Ay =0 (F)o  (M[f+1)0)?; (2.51)

which concludes the proof. O
3. Averaging. The regularity theory for averages of kinetic equations has been

developed in [14], [13], [9], [22], [10], [18], [8]. We introduce here @sult that is
particularly adapted to BGK right-hand sides. In order to treat correctly the init ial

data, we use a Fourier transform in the variablex only, in the spirit of [9]. The dual
variable is denoted byk.

Proposition 3.1. Leta2 L} . (RM;RN) and 2 L?(RM), such that for some
K Oand0O< 1, one has

Z
8 2sN :8z2R;8 > 0 i ()j’d K : (31
z<a () <z +

Let f 2 C([0; T;L?(RY RM)) solve

@f +divy[a( )f]= h . LI g in]0;T[ RY RM; (3.2)

for someg;h2 L2(]0;T[ RY RM) and initial data f (0;:) = f°, and de ne
Z

tx)=  f(tx ) ()d 2C(0;TEL*(RY)): (3.3)
RM
Then, for a.e. Kk,
Z P2
jc (t;k)j2dt
0
2 Iy
Cpi ) Z 1=20 Z =2 2 < @)
R L U RN L4 A i Rj? dtd
zZZ b=z 7 7 a2 2 P=a
+"1 7 jgi2dtd  + jRj? dtd jgj ditd
0 0 %
| Z¥ Y10 » z2 2 b=y
S jRj2 dtd jA M2 dtd 5: (3.4)
0 0

Proof. Denoteg= "'+ g2 L2(00;T[ RY RM). Then

@ +divk[a( )f]=g in]o;T[ RY RM; (3.5)
and by estimate (3.23) in [9], the Fourier transform in x, ¢ (t;k) satis es for a.e. k
Z ¢ D=2 p_" 4 1=2
je (P = P )i
0 1 Z TZ I 1:2# (36)
g j P+ gtk )dd :

0
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for any function = (k) > 0. Since
o+ = h+(% ya O+ b; (3.7)
we deduce that
Z. D=2
jc (tk)j2dt
0
2 |
Pk, 1 ¢ 1=2 Z+L " © 1=2
4 i£0i2 4+ =2 Ri2
Koz o P . AT
ZZ Pi= 1 zZZ -
+— jgj? dtd + T iR 2dtd 5: (3.8)
0 2 0
By taking
0 1 zZ 1=2 ZZ 1=2 Z 1
- iR M2dtd  + jgj? dtd 052 d
=min %"; > = + ZZ — g; (3.9
we get the result. O
We can notice that in the important case = 1, the last term of the second

argument in the right-hand side of (3.9) can be omitted.

Corollary 3.2. If in Proposition 3.1 we haveh 2 H}(]0; T[ RY RM)andf®2

He 2\ Hy “2(RY RM), g2 Hy ~%Q0;T[ RY RM) then 2 HI(QO;T[ RY),
with

P _

K kg Cv K "7 k%, -2t KE Ok o khky, T Pkk s -
Wopoe2 (3.10)

+ kgL khi, T2+ khi, 77— :

1 W
Hx L2

4. Relaxation limit. This section is devoted to the proof of the a priori esti-
mates that enable to apply compensated compactness to the approximate solutions
«, U+ obtained in Section 2.

4.1. Estimate in H?!. We shall assume that vacuum does not appear. Since
» 2 LL, we cannot have a global lower bound, thus we assume a local lower bound,

“(EX) TR for0 t T; R<x<R; (4.1)

for some t.r > 0 independent of".
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Theorem 4.1. We assume that 1, that is to say 1 < 5=3, and that the
solution f~ to (2.1)-(2.10) with initial data f° 2 Hy 2(Ry R ) such that (2.22)-(2.24)
hold and

C
0 .
Ki-Kyi2r, Ry 712 (4.2)
R
satis es (2.35)-(2.36) and (4.1). WesetU- =( «; ~u-)= f.d . Then, there exists
Cr.r > 0, independent of", such that for any0<" ",
= C
j@U-j2dtdx =R (4.3)
10T[ ] RRI
= C
j@uj2didx TR (4.4)
10T ] RRI
If moreover f2 2 H}(Ry R ) with
C
KEPkyair, R) (4.5)
then
777 777 C
j@f-j2dtdxd + j@f +j2 dtdxd TR, (4.6)
10T 1 RR[ R 10T 1 RR[ R

Proof. Obviously, we can apply Proposition 3.1 to a vector function. We take

a( )= and 2 C.(R),0 1, such that =1 gn the supportin of f-. Then
(3.1) holds with =1, K =1, and we have = f. ()d = U.. Therefore we
obtain with h= M[f-]andg=0

" o M £

kUkyi=2go.r gy C Kf ..OkLi + kM [f --]kL:zx L 4.7
According to Theorem 2.5, we conclude that
n 1=4.
kU- kH_xlzz(]oﬂ R) Cr : (4.8)

Then, we estimateM [f+-] = M (U-; ). We localize in x by taking a function g(x) 2

Cl, R O,suchthat r(x)=1for R x R. Since on the support of g, - is

lower bounded by (4.1), we have that thereM (:; ) is Lipschitz continuous, because
1. Therefore, we deduce that

KrOOMIfTky =20 g, gy Crr" ™ (4.9)
We then write the characteristics formula
Z
P
fu;x; )=f9%x t; )e® +Z e SMI[f-](t s;x s; )ds: (4.10)

0
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By multiplying by g (x) and by taking the Hx 2 norm, we obtain by using the trans-
lation invariance that for xed t;

k r(X)f(t;x; )kalzz

(Rx)
Ofy- t="
k R:EXZ-'-tt LENCSIDLNEE L (4.11)
+> e S kgr(x+s)M[](t sx K122,y dS:

0

Since remains in a bounded domain, we conclude with (4.9) that

k R(¥)fky1=2 Crp" ¥ (4.12)

10T Ry R)
Next, we would like to use the estimate of Corollary 3.2, but we need to loclize in x.
We write

M

@ i)+ @)= TRl ep (4.13)

thus we can apply Corollary 3.2 tofR = gf. with h= gM- andg=2f-. We
obtain

K@( rU k2,

C k rfk, 12 + "7k pfak

(Rc R) Hi?00:T[ R R) (4.14)

M. f. 172

+ k@( RM--)ki? k gfukﬁf + R

We notice that since M [f-] = M (U-; ), we have @M [f-]= M YU-; Y@U-. One can
check that -, u- being bounded, we have

KMOU.; k. C .10 D, (4.15)

this is true indeed for 1< < 2, and this is a bit more general than the Lipschitz
argument used in (4.9). We deduce with (4.14), (4.12) and Theorem 2.5 that
" #

kr@Ukiy Crr " 24" Pk r@UKS (4.16)
tx tx

which gives (4.3)gThen, we multiply (4.13) by and apply againgorollary 3.2, which
givesthatk r@ f-d kLi Crr" 122 and since@U- + @ f-d =0, we get
(4.4). The last estimate (4.6) is nally obtained by replacing the H =2 norm by the
H® norm in (4.11), and by expressing@f - from the BGK equation with the estimate
of Theorem 2.5. O

4.2. Entropy equations and compensated compactness. We conclude
here the proof of Theorem 1.1, by establishing the strong convergence &f-. It is
obtained by the method of DiPerna [12].

Proof of Theorem 1.1. We have from (2.29)
z

@U- + @ f«d =0; (4.17)
R
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thus by (1.5)
z

@U + @F(U)=W.;  with W.=@  (M[f-] f.)d: (4.18)
R

Take now a smooth entropy , with entropy ux G. Recalling that by Theorem 4.1,
U 2 HL locally, we multiply (4.18) by %U-), and get

@ (U)+ @G(U)= qU) We: (4.19)
Now
W) Wz z
=@ 1) M[] f)d @A) ME] fad; 420
R R
therefore we get
@ (u)+ @G(-;u)=my + R (4.21)
with
z
me. = Ru) QU M[f-] f)d; (4.22)
R
and
z
R, =@ qu) (M[f-] f)d (4.23)
R
Using Theorem 2.5, we obtain
z
u) (M[f-] f-)d ! 0 inL%; as"! O (4.24)
R

and indeed also inLP for p < 1 since this is bounded inL? . Furthermore, by
Theorems 4.1 and 2.5,
zz z
j@U-j (M[f-] f«)d dtdx
;T[] RR] R
Ck@QU-k 20011 ] rRrRpKM[f+] f"ka;x; Crr:

(4.25)

which yields that m . is bounded in M o uniformly with respect to ". We obtain
therefore that @ ( -;u-)+ @ G( -;u-)is compact in Hlocl' We are now able to apply
compensated compactness, and the result of [20] allows to conclude the compactness
of the sequence (-; -u-). By passing to the limit in (4.18), we obtain (1.2) together
with the initial data. Finally, it remains to establish an inequality for the physical
entropy. We use a di erential form of (2.30), that is fully justied in [3 ],

z z

@ H(f;)d+@ H(f;)d o0 (4.26)

which gives with (2.17), (2.18) that
@7°( -iu)+ @G( +;ur) z
@ HMI[f-[; ) H(f- )d+@ (HMI[f-]; ) H(f-;)d (427)
I 0 inw, P,

loc
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and the desired result. 0

Remark. The above proof shows that the ratekM [f-] f-k.2  C"'¥2 cannot
be improved, otherwise we would get in the relaxation limit a solution that satis es
entropy equalities, which is not possible in general. The rates of Theorem 4.&are
therefore also sharp, since they say that all the terms of the BGK equation are P
the same order in terms of". However, for other norms than L2, the rate could be
improved. For example, one can hav&kM [f-] f-k .1+ C", this should be somehow
related to a BV bound.
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