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LIMITING BEHAVIORS FOR BROWNIAN MOTION REFLECTED
ON BROWNIAN MOTION

XIA CHEN Y AND WENBO V. LI *

Abstract.  Suppose that g(t) and W; are independent Brownian motions starting from  g(0) =
Wp = 0. Consider the Brownian motion Y; re ected on ¢(t), obtained from W; by the means of
the Skorohod lemma. The upper and lower limiting behaviors o f Y; are presented. The upper tail
estimate on exit time is computed via principal eigenvalue.

1. Introduction. Brownian motion re ected on Brownian motion appeared in
recent papers by Soucaliuc, Toth and Werner (2000), Burdzy, Chen and Sylvester
(2000) and Burdzy and Nualart (2002) in their study of re ected Bronian motion and
corresponding heat equation in domains with space-time boundaries. In this paper,
we study the upper and lower limiting behaviors of Brownian Motion re ected on
Brownian Motion. Our starting point is the following beautiful result of B urdzy and
Nualart (2002).

Suppose thatg(t) and W; are independent real Brownian motions starting from
g(0) = Wy = 0. Consider the Brownian motion Y; re ected on g(t), obtained from
W, by the mean of the Skorohod lemma. Hereg should be thought of as a \ xed
Brownian path." Then

Yy = (W + ct):pé; t 0

where C; is a 3-dimensional Bessel process indepbegdent ¥, and starting from 0. A
process with the same distribution asf (W; + C;)= 2;t 0Ogis called a BMB-process
in Burdzy and Nualart (2002) and many useful properties are given.

The main goal of this paper is to present some \global" results for BMB-proces
and a natural generalization. Namely

Theorem 1.1. Let X (t), X(0) =0, be ad-dimensional (d 1) Bessel process
independent ofW. Then

1
li pP=—= W()+ X(t) =2 'S: 11
|rt'r!113up tloglogt ® ® as (1)
liminf 971 _ W(t)+ X (1) = pé as: (1.2)
ti1 tloglogt - h '
and for d 6 2
r—

liminf loglogt sup W(s)+ X(s) = = ais: (1.3)
ti1 s t 2

In particular, we have for Y;, Brownian motion re ected on Brownian motion,

o 1 P N
Ilterf pWY(t)— 2 as: 1.4)
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1
li —VY(t)=1 'S: 1.
MU Piioglogt ' (DT @S (1-9)
and
r logl
liminf 09 logt sup Y(s) = p= as: (1.6)
til t st 8

It is interesting to see that the behaviors in (1.4) and (1.6) for Y is exactly the
same as those foW . Furthermore, due to the time reversibility, their behaviors near
time zero are also the same.

Next we outline some of the tools we used. As it can be seen in the next section,
the main part of this work is to estimate the upper tail of the exit time fro m a suitable
domain. The approach we follow is to reduce our problem to the principal eigenvalue
of the Markov process WV (t); X (t)) killed upon the exit from the domain. This ap-
proach has been e ectively utilized by Donsker and Varadhan (1975-1983) in their
fundamental work on Large deviations for Markov processes and its applicatios, and
by Pinsky (1985, 1995) and Remillard (1994) in various problems inwlving estimates
of exponential type. In Donsker and Varadhan (1975), the principal eigenvalues rep-
resented in terms of the I-function in large deviation theory. In Berestycki, Nirenberg
and Varadhan (1994), the existence of the principal eigenvalue is discussed in general
setting. Our results require exact evaluation of the principal eigenvalue, which is -
yond the general theory. Fortunately, the generators we deal with are self-adjoit) in
which case the principal eigenvalue can be written as a computable quadratic vati
ation. Some techniques we use here are partially inspired by the work of Remi#ird
(1994). To be more precise, we state our main probability estimate.

Theorem 1.2. Let W and X be given as in Theorem 1.1. Then ford 6 2,

2

lim }IogP supjW(s) X(s)j 1 = —: a.7)
ti ot s t 4

Note that supg jW(s) X (s)j and sup, ;jW(s)+ X (s)j have the same distri-
bution and we use minus sign for convenience in our proofs. Furthermore, as it can
be seen in the next section, we have the variation formula in the casd = 2, but could
not evaluate it explicitly. We strongly believe that both (1.3) and (1.7) hold for d = 2.

There are two ways to view the estimate in (1.7). The rst can be stated as

1 _
tIlllm {IogP t = — (1.8)

where is the rst exit time of ( d + 1)-dimensional Brownian motion from the
unbounded domain

= f(xy)2RY R: 1<y j xj»< 1g: (1.9)

In this setup, the generator is the half Laplacian onR%*! and the domain is the part
between two parallel right corns. Our approaches detailed in the next section work in
this setting as d = 1. Other related interesting problems and techniques on the rst
exit times of higher dimensional Brownian motion from unbounded domains can be
found in Banuelos, DeBlassie and Smits (2001), Li (2002).
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The second way can be stated as

2

1 _
tI!|1m ¥IogP c t = x (1.10)

where ¢ isthe rst exit time of the di usion process ( X (t); W (t)) from the unbounded
domain

G=f(x;y)2R" R:jy Xxj<1g (1.11)
Asd 2, the generator is
oy L : d 1@ . . ... . -
Lf (x;y) = §4f(x,y)+ o @){ xy);  (Xy)2R" R (1.12)

These are two ways we handle the problem in the next section.

Next we make some simple observations. We assume throughout this paper that
W(t);W;(t), j =1;2; dare independent standard Brownian motions and thus we
can use the representation

0 y 1.5
X@t)=@ w (1A  =jBgt)iz
j=1

where Bgy(t) = (Wy(t); ‘Wqy(t)) 2 RY is the standard d-dimensional Brownian
motion. It is well known and follows from rotation invariant that a s process,

WD+ Wih) W() | W)

2 Y2

f(W(t);We(t) : t Og= 't 0
in law and thus as process,
fW()+ jWi(t)j : t Og= fpimax(\N(t);Wl(t)) :t  Og

in law by using 2max(a;b) = a+ b+ ja h. This allows us to obtain the following
sharp lower bound in the cased = 1:

P OSUIOtJ'W(S)*“in(S)J'J' 1
S

P p§ sup jmax(W(s); Wi(s))j 1
0 st

P 1 IoEW(s) 1;p§W1(s) 180 s t

P pi sup jW(s)j 1 P p§ sup Wi(s) 1
0 st 0 st

Ford 1, an easy upper and lower bounds for the probability estimate in Theorem
1.2 can be found by using the well known estimates

1 :
lim ~logP sup X(s) 1 = j2=2 (1.13)
i1 t 0 st
wherej is the smallest positive zero of the Bessel functiond , =(d 2)=2, and
j 1=2 = =2. The above estimate can be obtained either from the exact distribu-

tion result due to Ciesielski and Taylor (1962) or from a general principle eignvalue
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approach detailed in Donsker and Varadhan (1976). Now by using the simple fact
that

P sup jW(s)+ X(s)j] 1 P sup jW(s)j 1
0 st 0 st

via Anderson's inequality, and

P sup jW(s)+ X(s)j 1 P sup jW(s)j P sup jX(s)j 1
0 st 0 st 0 st
for = j%2,=( %2, +i%°), we have
(72,4122 Jim TlogP sup jW(s)+ X(9 1 [%,=2= B
: 0 st

In particular, combining the above estimate with Theroem 1.2, we see that for 1<
< 1=2,]j (2173 1)%2) 1, =21 1)¥? =2
Finally, we mention the following heuristic argument which is suggestivebut seems
impossible to produce a rigorous upper or lower bound. We observe that for xed
s 0O,
0 1

xd xd
W(s)+ X (s)= W(s)+ sup X;W(s)= sup @w(s)+  x;W(s)A
jXj2=1 j=1 jXj2=1 j=1

and for xed x 2 RY with jxj, =1,

xd q p_
W (s) + XiWj(s)= 1+ jxjzW(s)= 2W(s)
=1

in distribution where W is a standard Brownian motion. Jointly, our Theorem 1.2
implies

1 . . 1 P . 2
lim —logP sup jW(s)+ X(s)j 1 =1Ilm =logP supj 2W(s)j 1 = —
vt 0 st tt 0st 4
where the last equality follows from (1.13).

The rest of the paper is organized as follows. In Section 2, we present the proof
of Theorem 1.2 viewed as the large deviations of the rst exit time of the di usion
process K (t); W(t)) from the unbounded domain G in the cased 2, and the
di usion process (Wy(t); W(t)) from the unbounded domain in the case d = 1.
They are necessary for the proofs of Theorem 1.1 and important in their own. In
Section 3, we give the proof of Theorem 1.1 which also requires some large datidn
estimates.

2. The rst exit time and principal eigenvalue. Recall that G is given in
(1.11). We now prove that
z

inf jir £(x;y)j?x% dxdy

1 1
lim —logP maxjW(s) X(s)j<1 = =
tin g stJ ®) ()] 2jfj =1;f2¢ct (G) ¢
(2.1)
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where, by the notations we shall introduce below,C} (G) is the class of continuous
functions f (x;y) on G which are in nitely di erentiable and f(x;y)=0if y x= 1.

We rst deal with the case d 2. Consider the diusion process K (t); W (1))
with state space R R and generator given in (1.12). It is easy to see that as a
linear operator on the Hilbert spaceL?(R* R; ), L is self adjoint, where is the
measure onR* R given by

(dx;dy) = x¢ ‘dxdy

and
1 Z
<Lfif> = 3 jir £(x;y)j?>x% dxdy
R

R+

if f is smooth enough. Write
Z 1=2
ifi = f2(x;y)x% ldxdy
R* R

For an open domainD (with respect to the relative Euclidian topology on R* R)
in the spaceR* R we de ne

p =infft 0; (X(t);W(t)) 62Dg:

De ne the semigroup T; (t  0) by
th (X;y): E(x;y) f(X (t);W(t))If p tg :

Note that P(,.,,f p =0g=0foreach (x;y) 2 D. We haveT, = id. Let Cé (D) bethe
class of of functionsf continuous onD, in nitely di erentiable in D andf (@D = 0.
Notice that R* R is a whole space in our setting. In other words a open seb
in R* R may contain the vertical line segmentf(x;y); x =0 and 1<y < lIg,
in which case the line segment should not be viewed as a part €D By a trivial
extension, all functionsf in C} (D) can be viewed as the functions de ned orR* R
with f =0 outside D. For eachf 2 C} (D),
Z
f(X pat; W pat) . Lf (X (s); W(s))ds

is a martingale. Hence, using the fact thatf (@D =0,
1 14
T WPeGy) Txy) = o By LEX(EWE)I, s dst LT (XY)
0

ast! O0and (x;y) 2 D. Thus the generator Lp of T; coincides with L on C (D).
SinceC} (D) is a core we haveT; = e'-© on C} (D).
To prove the lower bound we need only to show
Z

lim inf }IogP supjW(s) X(s)j<1 1 jr £(x;y)j>x% dxdy (2.2)
il t s t 2 G

for every f 2 C} (G) with jfj =1 and K = support(f) G being compact.
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We x an open domain D in R* R with compact closure such thatk D
D G.and(0;0)2 D. Let pp t;(x;y) be the density (with respect to the Lebesgue
measure) of the measure

(A)=Pf o H(X(1);W() 2 Ag:

Then combining results of Azencott (1984) and Leandre (1987, e.g. Theorem 11.3),

we have

infxyy2ok Po to;(X;y) > O for somet, > 0, see also Stroock and Varadhan (1979).
By Markov property, for t t,, and everyf as above

;f b tW9=Epo It toaPxtawe.nf o t 1o
Pxy)f ot to@pp to;(X;y) dxdy .
j figtsupix® L(xy)2Kgt oinf po te;(%y)  FGY)Puyyf bt togx? ldxdy
(xy)2K z
j fjlzsupfxd l,(X,y) 2 Kg 1 inf pD tOv(ny) th tofxd ldxdy
Z (xy)2K

=c felt Wlofxd Igxdy= c<fe® tltof>

where the third step follows from

Poay)f ot 18= Epy) i ot tog
j fJ'11E(><;y) FOXeWils o ¢ tog = jfjlth t.f (X Y)
and the constant c does not depend ort.

We now consider the spectral structure of the self adjoint operatorLp. By
Jensen's inequality

Zyg n Z, o)
<fie( Llofs = et ) Er(d) exp (t to) E(d)
n 1o n 12 ! )
—exp (t to)<Lpff> =exp (t to)é jir £(x;y)j?x% tdxdy
G

Here we have used the fact that the spectral measurg&s (d ) is a probability measure
due to
z 0
Er(d )= jfj* =1:

Hence (2.1) holds.
On the other hand, using the fact that P maxs { X (s) t?g e t* for any
> 0 andt large, we have

, 1 . . . 1
limsup =logP maxjW(s) X(s)j<1 limsup —logP p, t
tn t s t tn t

whereD; = f(x;y)2R* R: 0 x<t?andjy xj< 1g.
Next we observe

P o t =E@o lis, 1gPxwwayf o, t 19



LIMITING BEHAVIORS FOR BM REFLECTED ON BM 383

Ewo:0 lt(xawwapzoPx@wayf oo t 19
Z n 2 20
+
=C  Puy)f o, t 1ox? lexp Xy
ZDt 2

C  Puy)f o, t 1gx* ‘dxdy:

t

dxdy

Given > 0, let D, be the -neighborhood ofD; in R* R and choose &, 2 C (D)
such that fg O is bounded andfg 1 in D;. Then

Z

Puy)f ot 1gx? ldxdy
ZD+

fo(GY)E (xy) fo X(t 1;W(t 1) 1f , ¢ 19 x* tdxdy
vl

fo(GY)Exy) fo X(t 1W(t 1) 1¢ , ¢« 19 x¢ dxdy
D, n ' 0]

= <foe" Voify> jfojiexp (t 1) sup <fiL p f>
7 ifi =1;f2C5 (D)
, N 1 - ot 200 1y
1 _ .

Gitfexp  (t 1)5 o e ©0 50 Ir £06y)i*x" “dxdy

2 : 1 t 2,d 1 °

t t 1)= inf ir f(x;y)j :
Cit“exp  ( )Zm :1;Ifn2(:(} ©) o jr f(x;y)j*x® “dxdy

Hence we have
Iimsup}IogP maxjW(s) X(s)j<1
ti1 t stz
= inf ir f . 2,d 1 :
2t e o) o (X y)j*x" “dxdy
Letting ! 0 we have
1 1 z
Ilrt'r!wlsupt logP TatXJW(S) X(s)j<1 3 :1;Ifm;cg ) G]I‘ f(x;y)j°x" “dxdy

(2.3)
Therefore, (2.1) follows from (2.2) and (2.3).

The cased = 1 is slightly di erent since the operator given by (1.12) is no longer
the generator of (X (t); W (1)) (p.416, Revuz-Yor (1991)). In this case one can write
X (1) = jWy(t)j where W (t) is another 1-dimensional Brownian motion independent
of W (t). Notice that the two dimensional Brownian motion ( Wy (t); W (t)) has (1=2)
as its generator. By the argument we proceed in the casd 2,

VA

tIilm %IogP matij(s) X(s)j<1 = 1 jr f(x;y)jdxdy
! S

inf
2jfj :1;'?2cg 0
where is given by (1.9) (with d =1, of course). A simple argument shows that the
in mum can be taken only for those f 2 C} (G;) satisfying f ( x;y) = f (x;y) for all
(x;y) 2 . Therefore,
z z

. . . .2 _ . - . .2
P |fn2fCé G0 jr f(x;y)jcdxdy = it =1 ;|rf1f2Cé ©) G]I’ f (x;y)j dxdy
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Hence (2.1) remains valid in the cased = 1.

It remains to show that
z 2
.nf -r f - i2,d ldxdy: . (2 4)
it =1;Ifzcg (G) GJ (X y)ix 5 .
Given a > 0, we take
f (x;y)=Ce * cosz(y X)

where the constantC > 0 is determined byjf j = 1. One can easily check that
Z 2
jr £ (xy)j?x? tdxdy = —+ 2
G 2

by using jf j> = 1. Since is arbitrary, we have proved
Z 2

jr £(x;y)j?x? dxdy (2.5)

inf —:
jfi =1;f2¢ct (G) ¢ 2

On the other hand, by the substitution g(x;y) = x{4 D=2f (x;y) we have that for
eachf 2 C} (G),

. . . Lo 12 g
ir foay)iz=x @ Yjr gxy)j*+ %x @D gZ(xy) (d 1x dg(x;y)@@)gl(x;y):

For d 3, we have by de nition of g that lim ,, o- x 1g?(x;y) = 0: Note that
Z
@
X lg(x;y)@)g(x;y)olxdy
T o Cgoonie Ly " x tg0y) Cgtrinnd
= y X TgXy)=9gx;y)ax + y X TOXY)=9(Xy)ax:
10 @>? 1 y 1 @>?
By using integration by parts we see that
Z
y+1l @
Tnry ) &y
X g(x,y)@)g(x.y)dx

x=y+1 17 v+

1
=% ) oy X P y)dx
. ,
y+1
=2 x f(ay)ix
2 0
Similarly,
g Caemi= L7 2oy
y 1 1 @)9 ’ 2 vy 1 1 .
Therefore,
z @ \Z
x g(xy)—=g(x;y)dxdy = =  x 2g%(x;y)dxdy:
. a( y)@)g( y)dxdy 7 . g°(x;y)dxdy
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Combining above calculation together, we have

Z
jir £(x;y)j?x% dxdy
G
S I A 2 e
= jrgxy)jcdxdy + ——— x “g(x;y)dxdy (d 1) x g(x.y)—)g(x,y)dxdy
ze d4 2% 4 1 % © @
= jr g(x;y)j%dxdy + @ 17 d 1 x 2g%(x;y)dxdy:
G 4 2 G

And thus for d 3,
Z Z

jr £(x;y)j?x% dxdy ir g(x;y)j?dxdy:
G G

Hence we obtain
Z

inf jr £(x;y)j?x% dxdy

it ElszCé (6) & Z o

inf jir g(x;y)j%dxdy; g2 Cd (G)and  g?(x;y)dxdy=1 : (2.6)
G G

In the cased = 1, (2.6) is automatically holds with equality.
Next we consider the problem over a larger domain with some symmetry. Let
G =1f(x;y) 2 R? jy xj< 1g. By symmetry betweenx andy,
n< VA 0
inf jr g(x;y)j’dxdy; g2 Cg (G)and  g*(x;y)dxdy =1
nZ° z° 0
= inf jr g(xy)i’dxdy; g2 Cg (G)and  g*(x;y)dxdy =1
nZ ) ¢z 0
2inf @@)g(x;y) dxdy; g2 C} (€)and  g?(x;y)dxdy =1
n ZGl z y+1 @ 2 © z 0
= 2inf dy —)g(x;y) dx; g2 C} (€)and  @?(x;y)dxdy =1
1 y 1 @ (¢
(2.7)

where the rst equality in (2.7) needs to be justied. Let
G°= f(xy)2R?% ( x y)2Gg:

Then for eachg 2 C} (6)
Z

ir g(x;y)j%dxdy
76

jr gOxy)jfdxdy +  jr g(x;y)j2dxdy
ZG ZG°

ij g(x; y)j*dxdy + Gjr g(x; y)j*dxdy

whereg(x;y) = g( x; y). Clearly, g2 C} (G). Let
nZ z 0

¢ = inf jr g(x;y)j%dxdy; g2 C (G)and  g?(x;y)dxdy =1
G G

=
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Then
Z Z

ir gxy)ifdxdy 6 g?(x;y)dxdy
G G

for every g 2 C¢ (G). Therefore,
z z z

ir gl y)jfdxdy ¢ g*(x;y)dxdy +  g?(x;y)dxdy
6 7 Z G G
= . 92(X:y)dxdy+ OQZ(X:y)dxdy = 6
G

if e9d 2(x;y)dxdy = 1.
On the other hand, if g2 C} (G) and c9 2(x;y)dxdy = 1 satis es
z

ir g(xy)jfdxdy <+ g
G

we de ne qp&;y) 2 C} (6) by g(x;y) = g(x;y):pi if (x;y) 2 G and g(x;y) =
g( x; y)= 2if(x;y) 2 G% Then
Z
g’ (x;y)dxdy = 1

and
Z Z

ir gOcy)ifdxdy = jr g(x;y)ifdxdy <+ g:
€ G

So
nZ z 0
inf jr g(x;y)j?dxdy; g2 Cg (€)and  g’(x;y)dxdy =1 G
(¢ (&

and we nish the justi cation of (2.7).
Back to the estimate of the lower bound for (2.4). We start with a well known
variational identity (see, c.f., Strassen (1964))
nZi Z, o] 2
inf jh%x)jdx; h2C3 ( 1;1) and jh(x)j2dx=1 = T
1 1

Under a simple substitution, this gives thatforanyy 2 R andanyh 2 C} (y 1;y+1),
Z y+1 2 VA y+1
jh%x)j%dx  — jh(x)j?dx:
y 1 4 y 1

Hence we have that for anyg 2 C} (&) with R@ G2(x:y)dxdy = 1,
Z, Zyu @ 2 2 Z Z o .
1 v y 1 @g(x'y) 7 1 4 y 1 g OGy)dx =
In view of (2.7),
z 2

: : Ly)i2yd 1 .
i) :1;'?203 ©) Gjr f(x;y)j“x" “dxdy > (2.8)
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Finally, (2.4) follows from (2.5) and (2.8) and we nish the proof of T heorem 1.2.

We end this section with the following comment: From the proof of (2.8) one ca
see that except the casal = 1, the in mum can not be reached. This may suggest
that the following eigenvalue problem

1

2
ST+ G2y = 5T (xy) ()26 and 1(@G=0

does not have a solution which is reasonably smooth iG (Recall that G contains the
line segmentx =0 with 1<y < 1) unlessd =1, in which case the function

F(xy)=cos5(y x)
solves the equation. In the casal = 5, one can see that the function
foay)=x* cos(y Xx)

solves above eigenvalue problem but fails to be continuous atx = 0with 1<y< 1.

3. Limiting behaviors. Let B4(t) be a d-dimensional Brownian motion inde-
pendent of W (t). Since X d jBaj2, we replaceX (t) by jB4(t)j2 in this section.

We rst prove (1.3). By Theorem 1.2 and Borel-Cantelli Lemma, one can easily
show that

r—
log logt
t

|Imlnf Tatx W (s) + jBq4(9)j2 5 as:

On the other hand, let t, = kK and let > = 2 be xed. By Theorem 1.2,

r

. . ti+1
P max W((s) W(t + |By(s Bg(t _
, max (s) (te) +] rd( ) Ba(tk)i2 log10gti s
. . ti+1
=P max W(s)+ jBy(s _
s tker  tk () * JBal )]25 log logty+1
. . 1
P W(s)+ |B —
max W(s) + jBa(s)j2 log 109tk s
n 2 [0}
= ———loglogt
Consequently
X r
P max  W() W) +iBa(s) Baltiz _ber oy
. te S tis log logtk+1
Thus it follows from Borel-Cantelli lemma that,
s
. log logt . .
liminf 109 99l max W(s) W(tk) + jBg(s) Bad(tk)j as:
k!l tk+l tk S tk+1
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Letting ! =2 yields
s __
iminf 129190% o W(s) W(t) +jBa(s) Ba(t)] - ass:
ki1 Tk tk S tkst 2

Next note that

P ti+1
2ty loglogty =0 —————
k10g10G loglogtk+1
and thus by the standard laws of iterated logarithm,
s
. log logt . .
l 09001 axjw(s)j =0 as:
k1 tk+1 s tk
and
s
. log logt : .
im 2909 B u(S)j2 =0 as:
k1 tk+1 sty

Therefore the upper bound of (1.3) in Theorem 1.1 follows from
max_ W(s)+ Ba(S)i
S tk+1

max  W(s) W(tk) +jBa(s) Bal(tk)iz +max jW(s)j+max jBg(s)jz:
tx S tk+a stk s tk
We nished the proof of (1.3) in Theorem 1.1.
To prove (1.1) and (1.2) in Theorem 1.1, we need some upper tail estimates. Ft
we show that

n 0]
lim ZlogP max W (t) + jBa(t)i2
) n [0}
= lim ZlogP W(1)+ jBa(1)j2 = % (3.1)
and
n [0}
Ililm 2logP max W(t) j Ba(b)j2
) n 0]
= lim 2logP W(1) j Bg(D)j2 = %: (3.2)

Consider (W;Bg) as a Gaussian random element inC [0;1; R9* . It follows
from standard large deviation estimate,

l 2logP  YW;Bg)2 F inf 1(x;
im og (W;Bqg) (x;'y”)zp (x;y)

for each close seF 2 C [0;1;RY*! and

H 2 1 . H .
I!|lm logP (W;Bg) 2 G (x;i/n)fze 1 (X;y)

for each open setG 2 C [0;1; R | where

1% oo
1oxy) = 5 . JyiF+  jx(0)j® -
j=1
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Thus by contraction principle we only need to show

1
inf L(x;y) = inf — 1(xy)= (3.3)
max 1 y(O+ ix(V]s =1 YW+ xMjz=1 4
and
inf I (x;y) = i I (x;y) = L (3.4)
max, 1y x(jz YW x@iz=t 2 '
Note that
N s [P - R « Qu—
max y(t) + jx(Dj2  max 2 jy(O)iT+  jxj(t)j 2 1(xy):
j=1
On the other hand,
. _ p——
y)+ jx(Wj2=2 1(x;y)
by taking y(t) = xi(t) = = Xgq(t) = ct for some positive constant. Hence (3.3)

holds.
Similarly, we have

) ) 21 P N o
y(@) ji x()jj y(t) . Jy()j L (x;y)

and,
" . P—
y@) i x@ii = 1(xy)
by taking y(t) = ct and x(t) = = Xq(t) = 0. Hence (3.4) holds.
For any r > 1, the upper bounds in (3.1) gives that

X n p_______©
P max W(s)+ jBa(s)iz (2+ ) rkloglogrk <1
K S I

for any r > 1. So Borel-Cantelli Lemma gives that

Iimsuppliimax W(s)+ jBg(s)jz 2 as:
ki1 rkloglogrk s r*

By making r > 1 arbitrarily close to 1 we obtain the upper bound of (1.1) by a
standard deterministic estimate. Notice that the obvious relation W (t)+ X (t)  W(t)
and the law of the iterated logarithm for Brownian motions give the lower bounds for
(1.2). By the lower bounds in (3.1) and (3.2), given > 0,

X (0]

n R —
PoW() W) +iBa(r*) Ba(r)iz (@ ) r“Tloglogrl =1
k

n _ p__ 0
PoW( ) W(r) +Ba(r*1) Ba(r)iz  ((2 ) r*Tloglogrkt = 1
k
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for su ciently large r > 1. By independence and Borel-Cantelli Lemma,

h i
1
limsup p——o—--o— W(rK™?) W) +jBga(r**t) Bg(r¥)j 2 as:
mSUp P oglogrts (r) W) +jBa(r") Ba(riz
liminf p ! hW(rkﬂ) W(rk) +jBq(r***) Bg(r¥)j ! P5r  as
KL " kT Joglogrk+l ‘ e -

From the classic law of the iterated logarithm,

limsup __ W (r)j + jBa(r)jz 2IO 2r 172
ki1 rk+1 loglogrk+!

Sincer > 1 can be arbitrarily large and > 0 can be arbitrarily small, we have the
lower bound of (1.1) and the upper bound of (1.2).
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