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CENTRAL LIMIT THEOREM FOR ZERO-RANGE PROCESSES

Jeremy Quastel, Y Hanna Jankowski Y and John Sheriff ¥

Abstract.  We consider additive functionals Ré V ( s)ds of symmetric zero-range processes,
where V isha mean zero local functjon. In dimensions 1 and 2 we obtain a central limit theorem
for a 1(t) SV( s)ds with a(t) = " tlogt in d = 2 and a(t) = t3*4 in d = 1 and an explicit form
for the asymptotic variance 2. The transient case d 3 can be handled by standard arguments
[KV, SX,S]. We also obtain corresponding invariance princi ples. This generalizes results obtained by
Port (see [CG]) for noninteracting random walks and Kipnis [ K] for the symmetric simple exclusion
process. Our main tools are the martingale method together w ith L2 decay estimates [JLQY] for the
process semigroup.

0. Introduction. In a system of mteracnrtg random walks on Z% one may
consider a local functionV and its time integral V( s)ds. The total number of
particles is a conserved quantity and correspondmgly such a system will typicdy
have a one parameter family of invariant measures parametrized by the average
particle density . If particle number is the only conservegaquantlty the system is
ergodic and, if we start with density then the time integral V( s)ds will converge
to the appropriate expectation E [V]. R

Next it is natural to ask about the uctuations of é(V( s) E [V]ds. We
observe them under the stationary proces$® obtained by starting the process with
the invariant measure  with density . A computation (see [CG]) shows that for
independent symmetric nearest neighbour random walks, with each particle jumping
at rate 2d, and V = (0), the number of particles at the origin,

1 4
wq (O s

converges in law to a normal distribution with mean zero and variance 2(d; ) where
d=1: a(t;d)= t>*
d=2 : a(td)= P tlogt (0:1)
d 3:atd)= pf
p_

and %(1; )=4=3"", 2@2;)= =2,and ?d; )=2 Rol p(0;0)dt in d 3,
where p;(x;y) are the transition probabilities of the corresponding continuous time
random walk. The recurrence of the individual particles is responsible for the unusual
scaling in one and two dimensions.
Kipnis [K] showed that the analogous results hold for symmetric random v%alks
with simple exclusion, with a new variance given by 2(1R) 4 (1 ,
22, )= (@ )=2 ifd=2and 2(d; )=2 (1 ) 01 p:(0; 0)dt in d 3.
However, these results are somewhat special as they rely on explicit calculationsn
particular, they rely heavily on the special self-duality of symmetric simple exusions
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Bom which the equation ( L)GR( ) = (0) is explicity solved by G ( ) =

x9 () (x)  )whereg(x)= 4 e Up(0;x)dt solves () g = (0) for the
lattice Laplacian f (x) = y L (y) f(x)). For more complicated V one can in
principle use duality to obtain analogous results. However, these are still ver special
exact computations and one can ask whether something more general is available.
Here we are interested in the zero-range models; systems of continuous-timendom
walks where each particle's jump rate is a ected by the total number of particles at its
site. No duality is available, and unless special assumptions are imposed, theadels
are not attractive. However they do have an explicit family  of (product) invariant
measures.

In the transient case, d 3, one can appeal to general results of Kipnis and

Varadhan [KV] for additive funcﬁonals of reversible Markov processes which appt
whenever we have a boundE[( , V( s)ds)’]  Ct, V mean zero. More precisely,

they show that the central limit theorem holds for t 172 SV( s)ds whenever the
asymptotic variance, 2E[VL V], is nite. In d 3 this holds for any bounded local
function. This still leaves open the cases = 1;2 where typically 2E[VL V]=1.
For symmetric simple exclusion and zero-range models, it is known [SX] that under
mild conditions, 2E[VL 'V]< 1 ifandonlyif V("( )=0for n=0;1;2ind=1,
n=0;1lind=2and n=0in d 3 where

V()=E [V] (0:2)

and V(" denotes thenth derivative.

Recently it was shown [JQLY] that under mild assumptions, the L? decay of a
mean zero functionV to equilibrium is at rate t 972 for the symmetric zero-range
dynamics. More precisely,

E [(PV)’]= CCid)IVA Pt 2+ oft 4 (0:3)

with an explicit constant C( ;d). P; here denotes the semigroug’- of the dynamics.
In other words, up to leading orderpthe only contribution of a local function V is
through its (formal) projection onto  ,( x ), and all other detallﬁ are lost.

From (0.3) one obtains immediately that the variance E [(z++ a(td) V( s)ds)?] !

C(;d)[VY )% in d=1 and 2 with a(t;d) as before; the unusual factorsi(t) = 3%
ind=1and a(t) = " tlogtin d =2 simply compensate for the non-integrability of
the correlationst 92, But also the fact that most of the details of V are lost means
that one can replaceV by more or less any local function, and a central limit theorem
for one would imply the same for the other. Hence our strategy is to nd a nice local
function f for which the martingale method used by Kipnis goes through, i.e. for
which we can solve ( L)G = f more or less explicitly, and then use (0.3) to extend
it to a general local function V.

In Section 6 we consider the symmetric simple exclusion process. Because of the
special self-duality property, (0.3) can be obtained easily. In fact one can copute
the next order term. Henﬁe for symmetric simple exclusion in one dimension we can
study the uctuations of JV( s)ds under P whenV( )= VY ) =0. The scaling
turns out to be a(t; 2) and the limit is normal with variance C[V°{ )]? with an explicit
constant C. An interesting open problem is whether the corresponding result can be
obtained for the zero-range models.




central limit theorem for zero-range processes 395

Although one expects a result analogous to (0.3) for a large class of system
at present it is only known for symmetric zero-range and simple exclusion process
(where one can use duality to give a complete expansion). For the important casef
the Ising model with Kawasaki dynamics, even under strong mixing conditions, (0.3)
is open and the best that is available at this time is a bound of the formt 9=2(logt)
for some > 0 [LQY]. It would also be very interesting to obtain related results for
asymmetric systems. Only partial results are available [S].

Finally, we note taat our methods give full invariance principles, i.e., process
limits of XN = m ONt V( s)ds: Of courseX N by itself is not a Markov process.
Using the martingale method we can obtain that the limit is Gaussian. Since

1 ZNtzthl

(1+js, s1j) lds;ds, = 2min(ty;ts) (0:4)

and
_ 1 VAN AN _ s 4 sy 4 -
Nl!?W N3=2 o o A+js2 si1j) 1= ds;ds; = g[tz +1] 7 2 ) ]; (0:5)

we sepejrom (0.3) that the asymptotic covariance is €( ;d)[VY )]?> min(ty;t)in d=2
and 22C(;d)[VYO)PI 2+ t572 j to t4j%?]ind=1. Henceind=2(and d 3)
the limit is Brownian motion, while in d = 1 the limit is a fractional Brownian motion
with exponent 3=2. In particular, the Markov property is recovered in the limit in
d 2butnotin d=1.

1. Notation and Results.

Zero-range model.  Particles are distributed on the lattice Z9, with (x) denot-
ing the number of particles at sitex 2 Z9. Con gurations will be called and the state
space is the sefNZ’ of such con gurations. We also choose jump rates:N! R, such
that ¢(0) =0 <c(k) for k 1. The dynamics of the process is described as follows.
If there are (x) particles at site x then the rate at which a particle jumps from x
to nearest neighbour sitey is ¢( (x)). In other words, each particle at x jumps at
rate 2dc( (x))= (x). When it jumps it chooses at random from its 2d neighbours.
This takes place independently of all the other particles, and the new con guration

XY obtained from in this way is given by *Y (z) = (2)+ (z;y) (x;z) where
(x;y)=1if x =y and 0 otherwise.

The dynamics we have described is a Markov process on the state spa{SLZd
whose generator acts on functions that depend only on a nite number of coordinates
as X
Lf() = c( IFC™) ()l (1:1)

Xy

wherex y denotes (ordered) nearest neighbours.

To ensure that the process is well de ned and also to guarantee that the system
on a box of side lengthN has spectral gap of ordemN 2 (see [LSV]), we assume that
forsomeB< 1 B c¢n+1) c(n) B foral n=0;1;::: and that there exists

> 0andky 1 suchthatc(m) c(n) foral m n kg. Note that it follows
from the assumptions that for some < 1 ,foralln=0;1;:::, In p cn) n.

Denote byZ:R. ! R, the partition functionde nedby Z(') = K o K=q(k)!

where c(k)! = ¢(1) c(k). Note that from  In ¢(n) the radius of convergence of
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Z is in nite. The dynamics we have described conserves the total number of particles
and the product measure on NZ* with marginals

(«=1)=02¢ )] " I=q))! (1:2)
forj 2 N, x 2 z9, for 0 "< 1 represent a full set of extremal translation
invariant, invariant measures [A]. Let (') = E . [ o] be the density of particles for
the measure . :[0;1) ! [0;1) is a smooth strictly increasing bijection. Since

(" ) has a physical meaning as the density of particles, instead of parameterizing the
above family of measures by , we use the density as parameter and we write

2 [0;1 ) for the corresponding product measures. Note is a smooth function
whose derivative is bounded above and below by a strictly positive constanon each
compact set of R, (cf. [KL]). Notethat =E [ (0)]="'Z 4 )=z(' ) and

E [e()1="(): (1:3)

The process is reversible with respect to each , i.e. the generatorL is symmetric on
L2( ). Fix adensity > 0 and denote byP the corresponding stationary process
with marginals

A function V : NZ° I R is calledlocal if it only depends on (x), x 2 where
is a nite subset of Z9.

We will say that a local function V, depending on , jxj R, has apolynomial
boundif for someN;C;;Co < 1,

X
VO) Cat Cof eI : (1:4)
ixj R
In [JLQY] it is shown that (0.3) holds for bounded local functions with
C(d; )= ()8 ) = (1:5)

We will prove below it holds for any local function with polynomial bound. N ote that
in our model

()=Var (O)="()=%): (1:6)

Theorem 1.1 . Consider zero-range models satisfying the above condition&et
V be a mean zero local function with polynomial bound, and coider
N 1 z Nt
X = V( ¢)ds; 1.7

where a(t; d) is given by (0.1). UnderP , XN ) X, whereX; is

d =1 : fractional Brownian motion;

2 ()

== VO 2 t3:2 + t3:2 j t t j3=2 ;
cov P q )13_2[ OI°[t; 1 0t 4]
d =2 : Brownian motion; covariance ﬁ[vo( )12 min(ty;ty);

d 3:Brownian motion; covariance 2 V( L) 'V min(ti;t,):

The cased 3 follows from the general central limit theorem for additive func-
tionals of reversible Markov processes [KV] together with the fact [SX] that ind 3
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every mean zero local function with polynomial bound has V( L) 'V < 1 (which
also follows easily from the decay estimate). Theal = 2 case will be proved in sections
2 and 3 and thed = 1 case will be proved in sections 2 and 4.

Symmetric simple exclusion. Particles are performing symmetric continuous
time random walks on the lattice Z9 with the exclusion rule that jumps to already
occupied sites are suppressed. If we start with at most one particle per site thert i
remains so for all time. The state space is therfO; 1gZd and the generator acts on
local functions as X
()= (FC®) f() (1:8)

Xy

where * denotes the con guration obtained from by switching the occupation
numbers atx andy. For simplicity we have considered the nearest neighbour case with
jump rate one to each nearest neighbour site: The results will all have straigtforward
generalizations to any symmetric nite range jump law. The invariant measures of
the process are the product measures with  ( x =1)= , 2 [0;1]. These are
also reversible. LetP denote the stationary process with initial distribution

Theorem 1.2. Consider the symmetric simple exclusion process describathove.
i. Let V be a mean zero local function, and consider

y4

Xe = a(N;d)

V( s)ds (1:9)

where a(t; d) is given by (0.1). UnderP , XN ) X, whereX; is

. . . 2 l =, —, . . Q=
d=1: fractional Brownian motion; cov: —gp_—)[vo( M2+ 372 jt, 4%,
. . . 1 .
d = 2 : Brownian motion; covariance %[VO( )12 min(ty; to);

d 3:Brownian motion; covariance 2 V( L) 'V min(ty;t,):

ii. In d=1, let V be a local function withV( )= VY )=0. Let

1 ZNt

XN=p— V( s)ds: 1:10
t BWQNO ( s)ds ( )

Under P , XN ) Brownian motion, covariance ij‘)(( )j? min(ty;ts).

Part i was proved in [K] for V() = o (note that our process has been
sped up by a factor A relative to his). The cased 3 follows from [KV] and [SX]
as before.d 2 is proved in an analogous way to Theorem 1.1, using the analogous
decay estimate (0.3) which can be obtained easily for symmetric simple exclien using
duality. Part ii is proved in Section 6 by using duality to obtain the next term in the
decay estimate.

2. L? decay to equilibrium. The main tool used to prove Theorem 1.1 is the
following result adapted from [JLQY]. Let P; denote the semigroupe'- .

Theorem 2.1 . Let V be a local function with polynomial bound (1.4) and
E [V] = 0. Then there exists > 0 and R < infty and depending only ond
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and C;; C,; N appearing in (1.4) such that
tPE [(PV)Z CCA)IVI)P Rt (2:1)

holds with C( ;d) given by (1.5).

Proof. As stated in [JLQY], (0.3) holds only for bounded V. Keeping careful
track through that proof of the dependence of theo(t 92) term on kVk; we obtain
the following statement: There exists an > 0 and a constantK (d; ) < 1 such that
for any local function V, forall t 1,

ft2E [(PV)Z] C(di ) V) Bj K(d: ) KVIE t (2:2)

For V satisfying (1.4) we write V. = W, + X; where W; = V ~ t=% and X;
(Vv V "Pt:"'). By the contractivity in L? of P, and jX{j  f 1 -4 wheref
Ci+ Co[ i R (X)]N, and by the Schwarz inequality, we haveE [(P;X¢)?]
kf kZZ[P(f p t=4)]*2 which is exponentially small in t. Also jWX ) VY )]
E [fls -« L(x )] ct @forsomec<1l anda> 0depending only onCs;C>
and N . Applying (2.2) to W, the result follows. O

The proof of the following lemma can be found in [SV].

Lemma 2.2 . (Garsia, Rodemich, Rumsey) Let p and  be continuous,
strictly increasing functions on [0;1 ) such thatp(0) = (0)=0 andlimy;  (t) =

1.GivenT > 0andX; 2 C([0; T];R), then for O T ,
z zZ.Z !
. . 47777 Xy X4
X+ Xj 8 = > dsdt dp(u):
: : 0 uz o o p(jit  sj) L)
Corollary 2.3 . Let Py be probability measures orC([0; T]; R) satisfying
Er, [(Xt  Xs)?1= C(N)jt  sj** (2:3)

for t;s 2 [0; T] with C(N) C < 1 and independent oft ands, and > 0. Then
Py are tight. If C(N)! OasN !'1 | then Py converge weakly to the trivial process
concentrated onX; 0.

Proof. We apply the lemma of Garsia, Rodemich, and Rumsey with (x) = x2.
After an application of Schwarz's inequality we obtain
|

P1=2
dsdt

Z-Z . .
. . dp(uy ~ TT T Ep, Xt Xsj?
Ep,[ sup jX;y X 16 - -
7 [jt sjp 17 2 o U 0 o0 p(jit  sj)?

From (2.3) if we choosep(x) = x with 1+ 5 > > 1, the right hand side is bounded

by A- C(N) ! for someA< 1. This proves that Py are tight. If C(N)! Oitis
clear that X; 0 is the only possible limit. 0

Corollary 2.4 . Letd 2. Let V be a local function satisfying (1.4) with
Vi )=V()=0:
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R
Let Py be the distribution of X} = Lo o' V( 5)ds, t 2 [0;T] under P . Then Py
converge weakly to the trivial process concentrated oX; O..

Proof. By Fubini's theorem,
Z, M z.z
0 0 o0

By the reversibility of the process this is equal to

t So

2 E [(Ps, s, V)?]dsids,:

0 o0 2

By the decay estimate this becomes, ird =1 or 2,
2(d)C V) T (B A ) TP+ Cot?

for C;;C, < 1 depending only on and d. SinceVY ) = 0 the result follows from
the previous corollary. O

In the sections 4 and 5 we will prove the following result.

Lemma 2.5 . Let
1 z Nt
N _—

XN=-_=-
ta(N;d)
Let Py be the distribution of XN under P . Then Py are tight and has unique
wealblimit: In d = 1 fractional Brownian motion of parameter 3=2 with covariance
2 (), %) p3=2
- e 1%

'2(—) min(ty;tz).

(c(s) " ()ds: (2:4)

+t3% jt; )32 In d = 2, Brownian motion with covariance

Proof of theorem 1.1. We can write

Z t z t
A®) vY)
\% ds= \% —=[c( s(0 ' ds+
. (s) . (s) .0()[(5()) ()l o)
By Corollary 2.3 the rst term, suitably rescaled, is tight and converges to the trivial
processX; 0. By the previous lemma, the second term is tight and converges to

the limit in theorem 1.1. O

Z t
, [c( s(@) " ()lds:

3. Some coe cients from potential theory. We now compute some explicit
constants which play a role in the limiting variance. Let pi(X;y) be the solution of

@p_

@t
where fy = y Ty fx is the lattice Laplacian and (x) takes the value 1 at
x 2 4 and 0 otherwise. Note thatp(x;y) = e 24t~ ' G405 (x;y) wherepa(x;y)
are the transition probabilities of a symmetric simple random walk on Z¢. We have,
ast!l

p; P(Xy)= (X ),

p(0;0) (4 (1+1) *= (3:1)
For each > O, let zZ,
g (x)= e ' p(0;x)dt;
0
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x 2 Z9, so that
( )g= (O (3:2)
P
Lemma 3.1. i. In d=2, lim , oﬁ « y@ ) gX)*=1=2,
i Ind 2 kg ke =1, te 'p(0;0)dt # 2

Proof.
P
i follows from (3.1). Multiplying (3.2) by g and sumgling gives  ,[g (x)]*+

3 x @) g()N? =g (). Byii,lmio—pg— . ,0 gx)?=
21im 1 o —05—9 (0). Now use (3.1) again. 0
Let Z,
vi(x) = ps(0;x)ds
0
so that @
@\t/: v+ (0); Vo(x)=0: (3:3)

P _

Lemma 3.2 . Ind=1,i. limy t 32 [w(Xx)?= ﬁt(pz 1);
L 3 Rt P oo =
i limgg t o x yVs(¥) Vs(x)?ds= #-(2 2).

PrOBf 5 P R’[ Rt Rt R52
o )T = g o Psi(05X)ps, (0;X)dsids; = 2 ) 7 P, + s, (05 0)ds, ds,.

Hsiglg (3.1) we obtaini. To oﬁtain i, mul;iply (3.3) by v and integrate to obtain

o x yVs()  Ve(¥)]2ds=2 jvs(0)ds | [v(x)]? and use (3.1) again. 0

4. Martingale method (d=2). In this section we prove Lemma 2.5 in dimen-
sion d = 2 using the martingale method. Let
X

X
G ()= g x) ) G ()= g (x)(cC (x)) " ()):
x2zd x224
A summation by parts yields
LG ()=c( () () G ()

Hence we can write

z Nt
1
' = MN+RN
P , (X s@ " ()ds= M+
where L Z ni
M = BW[GFN( nt)  Gi=n( o) . LG1=n ( s)ds] (4:1)
is a martingale and
1 1 z Nt
RE = PReg O (M) G (o) G (s)dsl: (4:2)

We compute
kG kf.( y=Var ( (0)kg h?z(zd) qndké ki2( y=Var (c( (0)kg k?z(zd). From

lemma3.1itfollowsthatEp RN *  Ct=logN . Hence, once we shor) is tight,
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it will converge to the trivial process X; 0. This is done at the end of this section
in Lemma 4.2.

For MN we use the central limit theorem for martingales [R] in the following
form.

Lemma 4.1 . If MN martingales satisfyingi: MN (t)! 2t in probability,
t2 0T i (MN)() = 1 Mn( )i%1G My ()] )! 0in probability,
for each > 0. Then M conveges to a Brownian motion with variance 2. Here
hM i (t) is the variance process of a martingaleM (t), de ned by M 2(t) h Mi (t) is a
martingale, and ; are the jump times, and l\/h( i) the jumps of the process.

Note thaté'fF;VIt = G(t; ) G(0; o) Sf@ + LgG(u; y)du then E[(M;
Ms)?jFs] = E[St x y S x)(r xyG)?dujF s] wherer ,, G( )= G( ¥) G( ). Inour
situation, r xyG ()= g (y) g (x). Hence we can compute by Lemma 3.1.,

COtX Tt
logN 2

MN (1) = (Gi=n (¥)  Gi=n (X)) 2!

Xy
which givesi of Lemma 4.1. To checkii, note that

X p
(MN)(t) = ﬁ N PN (0(Gi=n (¥) Grn (0)21(G=n (¥)  Gr=n (X) N logN )
Xy

where PXNy are independent Poisson processes running at ratdl (x)(1 (y). This
converges to 0 asN ! 1 by the law of large numbers and another application of
Lemma 3.1i.

The following lemma completes the proof of Theorem 1 ird = 2.

Lemma 4.2 . The family of processesR) de ned in (4.2) is tight.

Proof. Note rst that W[Glz,\]( nt)  Gin (0)]= IN + MN whereN =

R
pﬁm ONt LG 1=y ( s)dsand M is tight. From the Feynman-Kac formula and the

variational formula for the principal eigenvalue of L + V,

1 h n Z: oi n p_p_o
—logE exp LGN ( s)ds sup E [LGin()f()]+ET[ fL f]:
2t 0 E [fl=1;f 0

NoWE [LGa-nf] = %P « y E [eC GNECY) FONGn(Y) Gi=n (X))]and E [fLF ] =
%p x yE [g:( (X))(f;( XY f())?]. By Schwarz's inequality andf(PXV) f()=
C PO+ TN F(¥) " () thesupremumisboundedbyC 2 y(G1=n (Y)
ti-n (X))2. By stationarity and Lemma 3.1 we obtain,

h n oi

Eexp Y I expf C(N) ?jt  sjg: (4:3)

In fact C(N) = O(N 1), but for compactness we_only need thatC is bounded.
Applying Lemma 2.2 with ( x)= ¢ landp(x)= " X after some computation one
obtains from (4.3) that for some C(T) < 1,

E[ sup 08 aNj] ¢’ (@+log );

which gives the compactness of N .
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R
Now we can writeRN = AN+BN+CN whereAN = O—NpéTW ONt [Gl_N( Nt)
Nt
Gi=n ( s)lds, Bf = Nﬂ‘;NlTW 0 [Gi-n (s) 4Gin( s)ldsandCl = N |ogN Pl
2)Gin ( nt)  Gien (o). AN and CN are tight by the previous argument. BY is
tight by Corollaries 2.3 and 2.4. 0
5. Martingale method (d=1). In this section we prove Lemma 2.5 for zero-

range models on the one dimensional integer lattice. Using the decay estimate Theo-
rem 2.1, and a variance computauon (Eych as in the proof of Corollary 2.4 we can see

that (2.3) is satis ed for XN = a(N T o (c( s) ' ())dsforsomeC(N)=C«< 1.

Hence XN are tight. Furthermore the asymptotic covariance can be computed by
(0.5). Therefore it onIyFEemains to show that the limiting process is Gaussia.

Note that u¢(x) = (; O ps(0; x)ds is the solution of

@u="9)] u+ ol u(x;0) O

Let X
Ul()= ur «(X)( (x) ):
X
Rt . . . .
Then M = Ul (1) UJ(o) (@+ L)UJ( s)dsisa martingale int up to time
T, and by explicit computation of (@ + L)UJ] we have
Zq
(c( () " ()dt=My+Ug(o)+ Ry
0
where Z+y
Rt = ar «(x)a( «(x))ds;
0 x
wherea(n)=c¢c(n) '() " )Xn ) andgx)=p o 1t (0; x). In particular,
1 z NT

Ci o (@sO) (Dds= g MAT + UM (o) + Lo Rur

N34 N34 N 3=4

We rst show that the error term N 3Ryt is negligible. We write the expec-
tation of its square as

1 Znt ZNT X

3=2
N 0 0

T si(XD)ONT s, (X2)E[a( s, (X1))a( s,(x2))]ds1ds;:
X1:X2
Since we have a stationary Markov process the expectation can be written as
E [ax,Pjs, s;jax,] where we usea, to denote the function 7! a( (x)). By the
Markov property, and reversibility of the process this can be rewritten as
E [(Pisy sii el axl)(P,s2 s1i @,)]. By Schwarz's inequality, the L? decay estimate, The-
orem 2. 1 and the fact that a° = @E ,[alj = 0, we have, uniformly in x; and x»,
Ela( s, (X1))a( s,(X2))] = o(jsz2  sij 122 ) for some > 0. The summations over
x; of q(x;) are each 1, and hence, performing the two time integrals, after a simple
change of variables we obtain for some> 0.

2
E N **Ryr  =ON )
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Now note that Ul ( o) 2 Fo and M{ are independent. By the central limit
theorem, N 3=#UJ'T (' o) converges to a Gaussian process. Note that
X 2t
MtT = I xy UsTdPs(X;Y)
Xy 0
whereP/¥ are independent, compensated Poisson martingales jumping at ratg{ s(x)).
Sincer x Ul = ur <(y) ur s(x) we have

1 NT 1 X 2T
N3=4 VINT :N3:4 . [unt s(Y)  unT s(X)1dPs(x;y)
Xy
1 X Z1 N :
e , vy % (x)dQL™ (x):

x2z=" W
e= 1

where _ p_ p_
v () =[une C Nx+ €  une( NX);

QY (x)= N 4Py, (p NX; pﬁx + e):

Now P 7P QL (X) x converges to a space-time white noisg " ()W(t; x) (with
variance ' ( )). We can iBentify vt’\“e (x) with a function on R by, say, polygonaliz-
ing between values ofZ= N. Ther, by local central limit theorem [L], Ve (x) !
sgn(e)v; (x) strongly, where v;(x) = Sxe x*=dsg 82§ Therefore (31-M{\T con-
verges to the Gaussian process given by the sum of two independent copies (o 1)
of z7-
() Ve (X)W (dt; dx):
R 0

This completes the proof of Theorem 1 ind = 1.

p

6. Symmetric simple exclusion. Symmetric simple exclusion possesses a very
special self-dual property, which can be expressed in several di erent ways. Forup
purposes we use the following description. Fix 2 (0;1) and for each nite subset A
of 9 let

where in this model
()= (@ )

The collection -, A a nite subset of Z9, is an orthonormal basis ofL?( ). Let E,
denote the span of x, jAj = n. Then L?( ) is the direct sum of the E,. The special
self-dual property of symmetric simple exclusion is thatL : E, ! E,. In particular,

X

L= (=8 =)

B A
where B A means that B can be obtained fromA by deletingpa sitebfrom A and
appending its nearest neighbour. Iff 2 L?( ) then we havef = i:o jAj=n TA ™
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P P
and Lf = r11=0 jaj=n Enfa~a where
X
Cnfa = (fs  fa)
B A

In other words, on eachE,, the process can be identi ed with a continuous time
random walk A; on the subsets ofZ¢ of cardinality n, where jumps to all nearest
neighbour sets take place at rate one. Let us denote the corresponding semigroup
P{VA = Ealfa,l.

The duality allows one to make rather explicit computations. In particular, we
can compute the next order term in (0.3).

Theorem 6.1 . Let PV( )= E [V( )] be the semigroup of symmetric simple
exclusion with generator (1.8). For any local function withE [V]=0,

d=1: E [PV)A= () ) VOR 2 -Slve g 1 o o)

d=2: E [(FV)’]= ()@ ) VOt "+ a(;V)t 2+ Ot ?)
d 3:E [(PV)]= ()@ ) PIVIPt 2+ aa(;v)t 22+ ot 9);

=1 X X

where
(V)= O vee Lvir 200 v
128 2 128 6, )
1A x 1 X s 5w o o
ag(;V)= W[i X S0 %) +2 (d” 3div( )Tl d 3
j_

Remark. The next term in the expansion seems to have no meaning except id = 1.

Proof. From the Parseval relation and the duality described above

2 RoX (n) 2
E [(PV)T]= [Py VAl
n=1 jAj=n

Since Pt(”) corresponds to random walk on an orthant of g4)" where no two of the
n coordinates in Z¢ coir]gide, with re ecting boundary conditions, it is not hard to
see we have expansions jAj:n[Pt(”)V‘A]Z =t "2+ gt L+t 2+ ). The
coe cients cj“ are not easy to compute except fom =1 or j = 1. On the other hand,
for the theorem we only needc}; ¢z ind=1, ¢};c;cGind=2,and ¢i;ciind 3.
The n =1 caseis straightforvigird sincePt(l) corresponds to a random yalk onz¢.
Let's call f, = V¥, and let f{( )= B2 fx€ X. Parseval's identity reads , jfyj2 =
)¢ [ if'()j2d: If fy =y (fy fx)then Cf() = q()f() where
q( )= y ol€ ¥ 1). Hence ,je' fxj?=(2 ) ¢ [ )€ 2a0)jf\( )j2d . Let
&(z) = q(z) j zj?. After change of variables we have
X z
2 g fhif=@ ) ¢,

i PoA Z .
o e 27i’g 2ta(z= t)JfA({%Ff)jdeZ
X [t

f )
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Expand jf(#)j? = jf(0)j + t ***DYfj?(0) z+t 'D?f1?(0)z z+ Df1?(0)z z

z+O(t 2)ande %" ) =1 ¢! 3 627 1 7' +O(t ). We have

X
27 f2=@ ) POt 18 ) A P0) 2 S SifPO O )

Here is the continuum Laplace operator. Now note that

0, X h X ! 1_2X
V()—XE V() T ) = () va-
. P L
Since Vi = f(0) this gives
= g yaalVIOR

P, P P
Now jfj2(0)= 2| jd=1 X+ (X Tx)?]. This gives
o L g 1 w2 @ s

(8 )d:2 2j:1 X ! 2 X !

The casen = 2 can be mapped 1! 2 to a random walk x; on fxi;x, 2 Z9 :
X1 6 X»0. Sincexy2;=N converges to Brownian motion onR?® with generator the
continuum Laplacian , it is not hard to check using the local limit theorem that

X @ 1 X
t P WA j? = g ya) Vaj?+ Ot )
jAj=2 ®) iAj=2
Now X
viy=2 ()* Va:
jAj=2
This gives
- ( )2 JVO(Z )]2
L4 ) '

|

Proof of Theorem 1.2. The proof follows closely the proof for zero-range in sections
2,3 and 4, so we only give a sketch. As in Corollary 2.4, the decay estimatallows
us to reduce the problem to solving for some particular choice oV. In d = 1;2
for V() = 0, that choice can be V() = (0) , and the central limit theorem is
proved in [K]. The only remaining case isd=1, V( )= VY ) =0. We choose as our
candidate V( ) = ~g.14. Let E denote the subsets oZ of cardinality 2. For A, B in

E», let pZ(A; B) be the solution of
%ﬁ C2p;  BS(A'B)= (AB);
R
where (A;B)=1if A= B and 0 otherwise. Theng?(A) = 01 e 'pA(f0;1g;A)dt is
the solution of
( L8 (A)= (A0 1g):
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De ne X
G ()= & (A)a:
jAj=2
Then
( LG =-~fo1g:
Hence Z
pﬁw . “01905= M{" + RY

whereM " andR{' are asin (4.1) and (4.2). We havekG ki, )= Var ( (0)Kg*k% 4

and k& kt2( )= Var ( (0)kg?k?% ,q, and the same estimate as beforekgzk?z(Ez)

1 givesEp [(RN)?] C=logN and then Corollary 2.3 implies that RN converges
to the trivial process X; 0. As in section 4, Lemma 4.1 implies thatMN converge
to Brownian motion. The explicit covariance is obtained from Theorem 6.1. 0
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