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SEMICLASSICAL LIMIT OF THE NONLINEAR
SCHR ODINGER-POISSON EQUATION
WITH SUBCRITICAL INITIAL DATA

HAILIANG LIU Y AND EITAN TADMOR *?

Abstract.  We study the semi-classical limit of the nonlinear Schedi  nger-Poisson (NLSP) equa-
tion for initial data of the WKB type. The semi-classical lim it in this case is realized in terms of
a density-velocity pair governed by the Euler-Poisson equa tions. Recently we have shown in [ELT,
Indiana Univ. Math. J., 50 (2001), 109{157], that the isotropic Euler-Poisson equati ons admit
a critical threshold phenomena, where initial data in the su b-critical regime give rise to globally
smooth solutions. Consequently, we justify the semi-class ical limit for sub-critical NLSP initial data
and con rm the validity of the WKB method.

1. Introduction.  Consider the nonlinear Schmdinger-Poisson (NLSP) equation,
i = = k .M 2 o ; x2IR t2IR; (1.1)
subject to the initial condition
p——0 . -
o(X) = o(x)€SeT . x 2 IRY: (1.2)

Here, (;t) is a complex-valued wavefunction depending on the scaled Planck con-
stant ~, with k and ¢ > 0 being scaled physical constants. The NLSP equation
(1.1) has been studied in di erent contexts, and in particular, as the fundamental
equation in semiconductors applications, withc > 0 standing for a constant back-
ground charge andk 2; << 1 being the Debye number. We refer the reader to
the recent review [GLM] and references therein.

The connection between Schmdinger equations and the classical hydrodynamics
was already noted in 1927 by Madelung, in the context of semi-classical limit fothe
Nonlinear Schmdinger (NLS) equation. To this end, one identi es two physically
relevant observable quantities | the uid density :=j j?, and the uid velocity
u = r yxarg . Indeed, introducing S as the phase of the wave function

_ P T neS k=

and separating real and imaginary parts in the NLSP equation (1.1), one obtais the
following irrotational ow equations for the density-velocity pair, ( ;u = r xS),
consult e.g., [LL]

¢+tr (u)=0; (1.3)
2 p—

u+u ru=kr %X C)+Er p—: (1.4)
The resulting system amounts to a dispersive regularization with the squag of the
Planck constant playing the role of the amplitude of dispersion. If we argue drmally
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518 H. LIU AND E. TADMOR

that this O( 2) term on the right of (1.4) is negligible as ! 0, then the corresponding
limiting system becomes the Euler-Poisson equations

t+r (u)=0; (1.5)
u+uru=kr X o) (1.6)

subject to given initial data
(x;0)= o(X); u(x;0)=r Sp(x):

The dispersive regularization term in (1.4) represents a quantum correction, ad the
corresponding system (1.3)-(1.4) governing the observables (;u ) could be viewed as
Quantum Euler-Poisson (QEP) system, a speci ¢c example to larger class of quantm
hydrodynamical systems, [SMM].

The above argument is, of course, only formal. The Madelung's transformatn
relies on the assumption that the amplitude  does not vanish and that the phase
S remains nonsingular, for otherwise the transformation is not well-de ned and the
equations (1.3), (1.4) become singular, even though NLSP itself is still regar. The
challenging issue here is to justify such a dispersive limit. The asymptotis of ob-
servable quantities as ! 0 is known as “semi-classical’, expressing the passage from
guantum to Newton mechanics, where the time and distance scales become large
enough relative to Planck's constant. The “semi-classical' limit problem asociated
with the NLSP equation (1.1) can be summarized as follows. We consider the faily
of solutions for the NLSP Cauchy problem (1.1),f ; > 0g, subject to the WKB-type
initial data

(x; 0) = P Co(x)€SoF . x 2 RY (1.7)

where o and Sy are given smooth functions. The purpose is to determine the behavior
of the wavefunction as ! 0, through the dynamics governing semi-classical limits
of its observables, the density, =1lim j j?, and the velocity u =lim r yarg

As noted earlier, this argument is self-consistent as long as the solution ofhe
Euler-Poisson system (1.5)-(1.6) remains classical. Motivated by theecent regularity
results for general a class of isotropic Euler-Poisson equations, [ELT], evturn to
justify the (strong) semi-classical limit of the NLSP. In this paper we restrict our
attention to the one-dimensional problem

2

[ t = E XX +V ; Vxx = k(] j2 C): (18)

The corresponding one-dimensional QEP system reads

¢+ ( u)x=0; (1.9)
2 P
U+ Uy = Vy + p 2 V. =k( o) (1.10)
X
and we are inquiring whether the one-dimensional NLSP (1.8) has a ‘faithful' de-
scription in terms of its formal semi-classical limit system, the one-dimen®nal Euler-
Poisson equations,

0; (1.11)
Vi Vi = k( ©O): (1.12)

t+(U)x
U + UUy



SCHRODINGER-POISSON EQUATION WITH SUBCRITICAL INITIAL DATA 519

In [ELT] we have shown thatghe one-dimensional Euler-Poisson system (1.11)-
(1.12) with initial data, ( o;ug); ( o() ©) = 0, below certain critical threshold,
ie.,

q_
jQuoj< k2o c; (1.13)

retains a globally smooth solution. Equipped with this regularity result for the limit-
ing Euler-Poisson system, it is natural to inquire about the regularity of its dispersive
regularization, the QEP equations (1.9)-(1.10). Our main results show the exitence
of globally smooth solution, , of (1.8), which assumesub-critical smooth initial data,
1.7),
q__
j@Soj< k2 o2 c:

We then justify the semi-classical limit for the observables ( ;u ) connected with
these global solutions and we conclude by verifying their WKB expansions.

We comment in passing on two related di culties associated with justifying t he
global semi-classical limit in this case. First, the QEP equations represent a dpersive
regularization of the limiting Euler-Poisson equations, and as such, they do notend
themselves to the standard energy method. Instead, the analysis of small dispersv
limits usually proceeds by exploiting su ciently many integrals of the motio n. A case
in point is the recent study of semi-classical limit of the defocusing cubic NLS caiied
out in [JLM2]. In our case, however, the nonlinearity of the dispersive correctio yields
only two such integrals that we know of | the total density and energy recorded in
(2.1)-(2.2) below. Second, the regularity of the Euler Poisson equations withsub-
critical initial data is based on tracing along particle paths, the delicate balance
between the focusing e ect of convective terms and the repulsive Poisson forcing. We
lack, however, the usual energy dissipation estimates in this case. Consequentiyne
should not expect to extend a classical energy approach, whose general framework in
the context of quantum hydrodynamics can be found in [JLM1], in order to justify
the semi-classical limit in the present setting of sub-critical NLSP problem.

To circumvent these di culties, our analysis of the 2 2 QEP system (1.9)-(1.10)
is carried out in terms of a modi ed Madelung's transformation of the form, consult
[Gre],

(x;t)= A (x;t)e V=

Here A is acomplex valuecamplitude which takes into account the slowly varying part
of the solution and  represents the fast scale. There is a one-to-one correspondence

between these modied variables, ¢ = ,;A = a + iB) and the observables
( ;u = S)) connected with the usual representation, =" expfiS =g,
ab ba -

= jA j% u=gq-+ u:=S;4q=,: (1.14)

2 (@)2+(b)2

This leads to an equivalent 3 3 modi ed system, (2.8)-(2.10), governing the modi ed
velocity gradient g and a slowly varying complex valued amplitudeA = a + ib .
Unlike the usual WKB variables, the governing equations foru :=[ ,,;a ;b]forma
strongly hyperbolic system, which enables us to bridge between the associated ISP
solution, U , and its semi-classical limit solution of the Euler-Poisson equations.
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The rest of the paper is summarized into main four theorems. We begin ink2 with
the following local existence statement.

Theorem 1.1 ( Local existencg. Consider the NLSP equation (1.8) subject to
a sequence of WKB initial data, ¢(x) = Ag(x)expfi ¢(X)= g, with ( 4(x); Ag(X))
uniformly bounded in (H#(IR); H?(IR)). Then there existsTo > 0,

To 1=(k OkH a(r) T kAOkH Z(IR));
such that (1.8) admits a solution of the form
(x;t)= A (x;t)expfi (x;t)=g; 0 t<Ty:

Moreover (A (x;t); (x;t)) remain bounded in L' [0;To];H?(IR)
LY [0; Tol; H*(IR) uniformly in

Theorem 1.1 tells us that the modi ed variables,U :=[d := ,,;a ;b]converge
to alimit, U :=[d;a; Q. This limit is governed by a modi ed limit system, (3.1)-(3.3),
which is studied in x3. Our next result, outlined in x4, complements Theorem 1.1
with an error estimate for kU  Uk.

Theorem 1.2 ( Error estimate). Consider the NLSP equation (1.8) subject to
a sequence of WKB initial data ,(x) = Ag(x)expfi o(x)=g, with ( o(X); Ag(X))
uniformly bounded in (H*(IR);H?(IR)). Let U =[d «.a:bl; t  To denote
the modi ed variables associated with the local NLSP solutin A (x;t)expfi =g;t
To, and let U =[d; a; I denote the solution of the modi ed limit system, consult (31)-
(3.3) below. ThenH? limU (;t)= U(;t); t To, and the following error estimate
holds

h [
kU (;t) U(;t)kgz  Const: kUp(x) Uo(X)ky2 + t  To:

The modi ed limit system (3.1)-(3.3) is equivalent with Euler-Poisson equations
(1.11)-(1.12). In particular, the H 2-regularity of its limit solution, U( ;t) is dictated
by the regularity of the Euler-Poisson equation. We now invoke theglobalregularity of
Euler-Poisson solutions, established in [ELT] under the sub-critical condition (113).
It follows that kU( ;t)ky2 and hencekU ( ;t)ky2 remain bounded fort Const:n
and we can therefore extend the local solution constructed above. The argument is
classical { consult e.g., [C0] in the context of global Navier-Stokes solutins during the
regularity interval of Euler equations. We conclude, in x5 with the following statement
of global existence.

Theorem 1.3 ( Global existencg. Consider the NLSP equation (1.8) subject to
WKB init'@l data, (x;0) =rAo(X)expfi o(x)=g, with o(x) = Sp(x) 2 H4(IR), and
Ap(x) = o(X) 2 H2(IR); ( o() ©)=0. Assume that the initial data satisfy the
sub-critical condition

q
i@So( )i< k2o() c; 2 IR
Then forany T > 0, there exists g = o(T) such that, for every0 < o0, the NLSP
equation (1.8) admits a global solution of the form = A (x;t)expfi (x;t)=g for

allt<T,where , ;A =a +ib are bounded inL? ([0; T];H?(IR)) uniformly in

XX 1
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Moreover, its semi-classical limit (d = 4 ;a;b) is the global solution of the modi ed
system (3.1)-(3.3) and the following error estimate holds

K o (1) w (kg2 + KA (;t)  A(;t)kgz Constr:; t  T: (1.15)

Finally, we are ready to convert the last global statement, yielding a complee
global characterization of the semi-classical limit of the one-dimensional NLSPFin
terms of the usual observable variables, ;u . Relations (1.14) and Theorem 1.3
imply the H, convergence of ! (x;t) of order O( ). Moreover, we can use the
fact that H(IR) is an algebra to conclude that

.pa& Const:
2 (a)2+(b)z Hr
and hence theH; convergence ofu = q + O() ! u of order O( ) follows. We

conclude

Corollary 1.1 (  Global convergence revisitedl pCons:ider the NLSP equa-
tion (1.8) subject to WKB initial data (1.7  o(X) = o(X)expfiSe(x)= g, with
( 0(x);So(x)) bounded in(H2(IR);H*(IR)); ( o() ¢©) =0. Assume that the initial
data satisfy the sub-critical condition

1@ So( )J'<qk20( ) ¢; 2IR
Then, for small enough, (1.8) admits a global solution of the form
= TDexplis (=g
for all t < Const:In 1, with the following semi-classical limit, ( ;u = S,)! (;u)

where (;u) is the solution of the Euler-Poisson equations (1.5)(1.6). Mbreover, the
following error estimate holds

k (;t) (;Okn, + ku (;t) u(;t)ka, Constr ; t T In}:

The above results enable us to justify the WKB expansion.

Theorem 1.4 ( WKB expansion). Consider the NLSP equation (1.8) subject to
sub-critical WKB initial data, (x; 0) = A(x; O)expfi ( x;0)=g

p
i@ (;0i< k(2A(; 0)2 o)

Fix an integer N 0, and assume that] « (;0);A(;0)]2 HS; s> 2N +2. Then
(1.8) admits a solution of the form = A expfi =g,

%

A (x;t)) = Aty +0o(N); A 2HS A(IR);
0

)= gt T+o( M) 2HT AT(R):
j=0
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This then yields the usualN -terms WKB expansion

X q ,
A (x;t)expfi  (x;t)=g= i (x;1) TexpfiSj(x;t)= g+ of Ny, t T NIn}
j=0

with §; and ; determined by the WKB method.

We conclude our Introduction by mapping yet another possible route to justify the
semi-classical limit in the current setting of NLSP. In the rst step, one justies the
passage from one-dimensional NLSP to the limiting one-dimensional Vlasov-Poisa
equation,

z

@ (x; ;t)+ @f(x ;t)+ %@f (x; ;t)=0; Vix (1) =k f(x;;t)d  c:

This passage, administered through the Wigner transform,f :=(W )(x; ;t), was
rigorously justi ed in [LP] and [MM] for multidimensional problems in the mi xed type
case and was recently proved in the one space dimension for the general case in [ZZM]
The second step requires a rigorous justi cation of the passage from Vlasov#isson to
Euler-Poisson equations. This passage is administered through the measure stibn,

f(x;t)= (xt) ( u(xt));

whose rst two moments form a renormalized solution of the Euler-Poisson, cosult
[GM]. In patrticular, for sub-critical (  ¢; Up), the Euler-Poisson solution ( ( ;t);u( ;t))
remains smooth, [ELT] and it coincides with such renormalized solution, [GLM,Corol-
lary 3.2].

2. Local convergence in time. We can show that there are two global invari-
ants for the quantum Euler-Poisson equation
Z

M@= (  odx= M(0):; 2.1)
ZIR

. 1 k p_—
EM:= 5 (W) 5%+ 2 (T

> dx = E(0): (2.2)

Following Grenier [Gre], we use a modi ed Madelung's transform
= A (x;t)e 0=

with a complex-valued “amplitude’, A , representing the slowly varying part of the
solution and an argument  dictating the fast part of the solution. In the present
context, this modi ed transformation plays a key role in the derivation of global (in
time) hyperbolicity which in turn justi es the global semi-classical limit . The relation
with the usual observables is revealed upon the change of variables

= P—gs - j Ajexpfi(S + argA)=g

which yields
= PEiARn (2.3)
u:=8=qg+ (AA, AA)=2 ) q:= (2.4)
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Substitution of = A expfi =g into the NLSP (1.8) leads to

. 2 . i 1
At A Al T LA SA Lt A L2 VA =0
with

Vi = jA 2 ©

We split the above equation between the slowly varying part governed by the comlex
valued A , and the fast scale governed by ,

1 -
t+ E( x)2 =V ; Vxx = k(JA 12 C);
1 i
At + xAx + ;A XX EAXX =0:

Setting the velocity g = , and the electric charge,e := V, =k, gives

qt+ag =ke; g =jAj ¢ (2.5)
1 i
At+qAx+§Aqx:§Axx:

= a + ib, the amplitude

Separating the real and the imaginary part of A

equation reads

1
Bt aact sag= by (2.6)

1 .
q+qbk+§qu—§axx. (2.7)

To justify the uniform estimates of and A , the velocity is dealt in terms of its
derivative, d := q, = 4, satisfying the transport equation

d+qd + d °=ke, =kja+ibj2 c:

We arrive at the following system

d+qd,=kja+ibj> ¢ (d)? (2.8)
1

a+qga, = Ea d EQ(x; (2.9)
1

bh+qgb = Ebd +§axx: (2.10)

We observe that even when thﬁ modi ed variables assume initial data with a
real amplitude, (a (x; 0);b (x; 0)) =(~ 4;0), the evolution of (2.10) still develops an

imaginary component, b ( ;t) 6 0.
The system (2.8)-(2.10) can be written in the compact form in terms of the 3

vectorU :=[d; a; b
3
5

0
1 (2.11)
0

oNeoNe]
= OO

2
Ut+qUx:§‘]Uxx+Q(U;U); J=4
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with a quadratic nonlinear term given by
2 . 3
kja+ibj? ¢ (d)?
QU ;uU)=4 ad=2 S:
bd=2

Observing that (2.11) is a symmetric hyperbolic system, will enable us to poceed
in the usual fashion with classical energy estimate. We use j(), k k to denote the
psual L2 products and norms, and we seek a short time uniform bound okU k2, :=

k@U k?,. Dierentiation of (2.11) with respect to x leads to

I m

(@u)+@@qu,)-= EJ(@U I + @QU ;U); m=0;12

Taking the inner product of the above equation with @'U with m =2 yields

1d )
2 @qu QU
@(QU)X;@U +§J(@U )xx;@u + @Q(U;U);@U

= I+ 1o+ I3:

k@U k?

For the rst term we have
X2 2 . X
li=  @@U);@u = . @adfu:@u = 1w
k=0 k=0

Integration by parts yields jlioj = jq@U :@U | | q@U;@U |
kd ki kU k%. For the other two terms we have

jlij =2j q@U ;@U j k dky kU K3;
jlizi =] g @U ;@U | k dyky kU K3;

and together with one-dimensional Sobolev estimate, the last three upper bounds
imply that

jlij Const:(kd k; + kd,k; )kU k3  Const:kU k3: (2.12)

Integration by parts and the anti-symmetry of J show that the dispersive term van-
ishes,

2= 5 3(@U)u:@U = 53@U;@U =0:
We are left with the last quadratic term
@Q(u ;U );@u
(KGa + b2 O () )iy 3 @dhide 3 (bd)aih,

D lay+ Iz + laa:

I3

Some further calculations imply that each of the last three expressions is upper
bounded by Const:kU k3; for example

1] %kd ki ka k2 + kd ky ka k ka, k+ %ka ki kd, k ka, k ConstkU K;
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with similar estimates for |3, and I33. The estimate for k@ U™k with m =0;1 can
be similarly obtained. A combination of the above facts yields the usual Ricati's
equation

%ku ko CokU ka: (2.13)
The energy bound independent of asserted in Theorem 1.1 follows for a local time
interval, [0; To],

1
kU (;t)ko  2kUgkz; Toi= =
U (50ke Uokai 1 To 2CokUgkz
3. The modi ed limit system. To study the global convergence rate of the

QEP system (1.9)-(1.10), we consider the modi ed Madelung transformation whit
led to the system of three equations (2.8)-(2.10). The corresponding 33 limit system
takes of the form

d + qdc = k(ja+ ibj* ¢ o 3.1

a + qa = %ad; (3.2)
1

b+ ah = 5bd; (3.3)

with q( ;t) standing for the primitive of d( ;t) satisfying
a+qq = ke; e =ja+ibj® c: (3.4)

This modi ed system shares the same regularity properties as the 2 2 limit Euler-
Poisson system, (1.11-(1.12). This is the content of

Lemma 3.1 (Regularity). Let T be the maximal time interval of regularity for
the solution U = (d;a;b> of the modi ed system (3.1)-(3.4). Let T be the maximal
time of regularity for the solution (;u)”> of the Euler-Poisson equation (1.11)-(1.12),
subject to initial conditions ( o = a3 + k§;ug)” . Then we haveT = T .

Proof. Assume (;a; b is a smooth solution of the modi ed system (3.1)-(3.3),
with q denoting the velocity, d = ¢x. A simple manipulation, (3.2) 2a+(3.3) 2b
yields that := a? + b? satis es the mass equation (1.11),

(+( Q) =0; =a’+ b
R
Spatial integration of (3.1) implies that the primitive q= d satis es
a+ 9% = VW Vi = k(ja+ ibj> o =k( o©):

We conclude that (;q)> is a smooth solution of Euler-Poisson system (1.11)-(1.12),
subject to initial conditions ( o;®)> =( o;Uo)”, Thus, by uniqueness, the two solu-
tions coincide, ( = a?+ b?;g)> =(;u)> fort T and henceT T.

Conversely, assume that (;u)” is the smooth solution of Euler-Poisson system
(1.11)-(1.12) for t 2 [0; T], subject to initial data ( o 0;up) such that o= a3+ k3.
By assumption, d = uy is smooth. Consequently, fort 2 [0; T] one obtains smooth
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solutions a and b of the linear transport equations, (3.2) and (3.3), subject to initial
conditions (ag; by)” . Combining the two equations for a and b gives, as before

(@ + )+ q@2 + P)x = (a®+ BP)dk:

Subtracting this from the mass equation (1.11), we nd that w := (a2 + ) isa
solution of the transport equation

Wt + uwy = wd,;

with zero initial data, w(x;0) 0, and hencew 0, i.e., = a?+ I?. Dierentiation
of (1.12) then yields

(@Qu)i + u(@u)x = k(o= Kk(a+ibj* o;

which shows that (@u; a;b)” is a smooth solution of the modi ed system (3.1)-(3.3)
with initial data ( do;ap;kp) for t 2 [0; T] and henceT T .0

Lemma 3.1 tells us that the regularity of the extended system (3.1)-(3.4) is dic-
tated by the regularity of the associated 1D model (1.11)-(1.12). The critcal threshold
of the latter was analyzed in [ELT], and the result is recorded here for the reader's
convenience.

Theorem 3.1 ( Global regularity with sub-critical data ). The system of Euler-
Poisson equations (1.11)-(1gl2) admits a global smooth sdlien for sub-critical initial
con gurations (  o;Up) With (o €)dx =0 such that

j@uo( )j< k2o() c; 8 2IR (3.5)

The precise behavior of the solution of (1.11)-(1.12) is given along the pé#cle
paths

RX
x(it):= + 3 ;HS) sin(’ ckt) + wa cos ckt):  (3.6)

If (3.5) holds then x 6 0, and we have

P K (o0 gdx _p_
x(;t)t)= u(x(;t);t) = ug( )cos( ckt)+ —pa(ism( ckt):

o .
x (5t)’
If condition (3.5) fails, then the solution breaks down at the rst nite time, t¢, where
X (;t¢) vanishes.
Lemma 3.1 together with Theorem 3.1 yield

Theorem 3.2 ( Critical threshold fgy modi ed system). The limit system (3.1)-
(3.4) with initial data (do;ao; )™ with  (a§+ b5 c)dx = 0 admits a globally smooth
solution if and only if

q
jdo( )j< k2a3( )+2B() c; 8 2IR (3.7)
In this case the solution of (3.1)-(3.3) is given by

(2 + B)(x(it yip= B+ B0,

d(x(;t);t) =

x (;t '
do( )cos} ok + " K=o o ) o)sin(” okt).
x () '
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4. Local convergence rate. According to Theorem 1.1, the modied QEP
solution U = (d;a;b)> remains uniformly bounded together with couple of its
derivatives, independent of . Passing to the limit for the time interval t To,
the QEP solution converges to a limit solution, U, which is governed by the Euler-
Poisson equations in their modi ed formulation (3.1)-(3.3). We want to estimate the
convergence error. To prove Theorem 1.2 let us consider the dierencé/ = U U
which is governed by the error equation

W, + qW, =(q q)Ux+§JWXX+§JUxx+Q(U ;U) QU U):

We seek an error boundk@W k2. A straightforward energy method yields
22kgw K = (daw ;@w )
=  d@aew)@w + @(a 9deu);Gw
+ 5 IG(Un + W )i @GW  + @QU U ) QUIL): GW

S P N PR EE S D

For the rst term we have the same estimate we had before fol ; in (2.12)

jlij=] @QW );@W | ConstkU kokW k3: (4.1)
We now turn to the second term
X2 2 . X2
l.= @(a 9@U);@wW = « @@ 9@ u@w = I
k=0 k=0

The expressions on the right are estimated from above by Sobolev inequality
jlaoj=j (@ Q@U;@W | k @Uk; kg okkW kp ConstkUkskW K3;
jlaj=j2 (@ ox@U;@W | k @Uky k(d 0)xkkW kp  Const:kUkskW kZ;
jloj =] @ QU;@W | k Ugky kg gkokW k;  ConstkUk kW K3:
For the third term we have

jlai= ] I@(Ux + Wy )i @W = j I@Uw; @W |  KUKekW kp:  (4.2)

Finally, we treat the forth term, 1,4. We rst note that di erence between the quadrat-
ics,Q(U ;U ) Q(U;U) must be of the form

QU ;U) QUU)=L[U;(U UJ+R[(U U)UJ (4.3)

whereL and R are some xed bilinear form (which in this case involve the constant
k). We split, accordingly, 14 = J4+ K4 and we nd

X2
Ji:= @L[U;W |;@W = i L[@U; @ ‘W ];@w

k=0

and we nd with the usual estimates

x
jdsj Const:  k@Uk; kW ko (kW k; ConstkUks kW k3:
k=0
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A more careful treatment is required to handleK 4, when L replaced by R,
Ks:= @R[W ;U @W
xR 2 . xR
= . RIEW ;@ “UL@W =  Ku;
k=0 k=0
each of the terms on the right is upper bounded as follows,

jKaj ConstkW ki kU kokW ko  Const:kU kokW K3;
jKaj Constk@W ki kU kikW k,  Const:kU kokW k3;
jKa2j ConstkW kokU ki kW k,  Const:kU kokW k3:

Summarizing the upper bound we have so far we conclude

%kw ko kUks + C4 kU( ;t)k4 + kU k, kW ko: (44)

According to Theorem 3.2, the particular solution U and its derivatives remain uni-
formly bounded in time, since they could be expressed in terms a@ (a?+ ¥); @d and
@u which are all periodic in time. Let C, denote the upper boundkU( ;t)ks; C,.
By Gronwall's inequality the error does not exceed

kU (1) U(;Hke . . (4.5)
t t

k U(;0) U(;0ky+ Cy exp Ci1(Cs+ kU (; ko)d ds:
s=0 =s
We recall that for the short time interval, t To, we have by Theorem 1.1,
kU (;t)ks 2kUgk, and (4.5) implies convergence rate of ordeiO( ) asserted in
Theorem 1.2.

5. Global convergence of semi-classical limit. The error equation (4.4)
shows that during the local existence interval, [Q To], the QEP solution cannot grow
too fast as predicted by the pessimistic Ricatti bound (2.13),

d

—kU ka  CokU k2:
dt 2 0 2
Indeed, U must stay within the O( ) neighborhood of the limit solution U( ), and in
particular,

Z, R,
kU (;t)ko k U(;tko+kU (;t) U(:t)ka Co+Cy e =s C1(CarklU (5 k2)d (g
s=0

We want to extend this argument beyond the local existence interval [0 To]. The error
bound (4.4) is valid for all t's, linking the growth of the error e(t) := kU (;t) U(;t)ks
to the growth of kU( ;t)ka,

%E(t) Cs +C; Cs+ kU ko E(t):

Together with the upper bound kU k, k Uky + kU (;t) U(;t)ka Co + e(t) we
conclude

%e(t) Cs +C1 Ca+ Co+e(t) et) C[+et)+ &(t)]; e0)=0:
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This gives the inequality for Z (t) = e(t)e °t,
d
aZ(t) Ce S+ Ce“z2 Z7(0)=0:

Multiplying the above inequality by Ewan with  chosen as

eCT
=max 4T 1);————
( ) 4 (eCT 1)
we obtain
0
(1+ZZ)2 Ce Ct+C 1gCt:
Integration over [0;t] gives
1 ct 17 aCt 1
1+ 2 tem) 03
for o With ¢ = ﬁ and chosen above. Therefore we havé 1=, i.e.,
eCT
t in ——: 4(e“7T 1
e(t) min e 1) (e )

This shows that for any T > 0, there exists a su ciently small o e €T, such that
for o we havekU (;t) U(;t)kz Consty and Theorem 1.3 follows.

6. Validity of the WKB expansion. According to Theorem 1.3, the NLSP
equation (1.8) admits a global solution with modi ed variables, U =[ ,,;a ;b]such
that U = U+ O( ) where U satis es the limiting modi ed system (2.11). The latter
is an hyperbolic system so thatU( ;t) is in H® if U(;0) is. We want to show that
the NLSP solution = A expfi =g, realized in terms of the 3-vector of modi ed
variablesU :=[ ,,;a ;b], admits the following asymptotic expansion

X
U= Ul+o") U 2L ([0;TEH® 4 (IR):
j=0

Leading order

From Theorem 1.3 we know thatU are bounded inL* ([0; T]; H?(IR)). Using
the governing equation (2.11),U, are bounded inL? (0;T;L2(IR)); in fact,

according to (2.11),U is given as the sum of three terms: arH® H? term

q U,, a vanishing L2 term, JU,, and an H? quadratic term, Q(U ;U ),

which are compact inL?2. It follows that a subsequence ofU converge uni-
formly in L ([0; T];L2(IR)) to Up, which are solutions of

@Uo + p@Up = Q(Up; Up); Up =[do;a0;lp]; do= Q= @ o
subject to HS initial data
Uo(;0) = IimOU (;0)2 HS:
Hyperbolicity implies that Ug( ;t) remains in H® and the uniqueness of limit

solution for this system ensures the convergence of the whole sequentk, !
Uo.
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First order
To justify the rst order term in the expansion, we consider the HS 2-initial
data

Up(;0) = |im0U (O Y(:0).

Setting W = (U Ug)=, and carrying out the energy estimates along the
lines of x4 leads to an upper bound

KW (;t)ks 2 F (kUgks); t T,

with a nonlinear dependenceF, depending onfk Up( ;t)ksgo ¢+ T- Hence
W is bounded inL? ([0; T];HS 2), and W, is bounded inL* ([0; T];HS 4).
As before, a subsequenceW converges strongly inL! ([0;T];HS 4) to a
limit function U; =[aqi;a;1;b]. This limit solves the following rst variation
problem

2 3
2d0 2ka0 2kb0

@U; + p@U1 + q1@Up = Q(Uo; Up) + 4 %ao ldo 0 SUg (6.1)
s 0 Zdo

with initial data

0.0 = i OGO

The hyperbolicity of (6.1) implies that Uy( ;t) remains in HS 2 and compact
in HS 4. The uniqueness of solution to this problem ensures the convergence
of the whole sequencéV to U; 2 HS 4,

Higher order terms

Assume that we have already an asymptotic expansion to the ordeN

X .
U=y +o")
j=0

with U; 2 L ([0;T];HS 2). Let W W, denote the error

Inserted into (2.11), we nd that W satis es

@W +q@W +(d §)@U = 5IW,, + 510+ H (W 0) (6.2

where H Hy is given as the sum of bilinear form, consult (4.3)
Hy = L(O ;W )+ RO ;W )+ N*1Qw ;W ):

One can show thatH ( ;t) is boundedkHy ks 2y 2 Const:kW k§ oN 2
Assume that the initial data satisfy

kW (O)ks on 2 Const;
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then (6.2) implies that the scaled error, e(t) := kW( ;tks 2y 2, Satises
e(t) Cys + Cie(t) + Co€2(t), which in turn yields

1
KW (;t)ks ov 2 Const: t T NIn-=:

P N i N +1
We conclude that kU U Tks 2n 2 O ( ).
WKB expansion
The above results show that we have obtained the formal expansion of
and to an arbitrarily high order. To recover the usual WKB expansion, it
su ces to equate the -powers of the same order in the identity
I I
x 9 — R ' b3 '
[(xt) Tesin= = An ™ exp i m ™l
j=0 m=0 m=0
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