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ASYMPTOTIC ANALYSIS OF THE RADIAL MINIMIZERS
OF AN ENERGY FUNCTIONAL *

YUTIAN LEIf

Abstract. The author proves the WP convergence of the radial minimizers u. = (ue1, Ue2, Ue3)
of an energy functional as ¢ — 0, and the zeros of u?l + ugg are located roughly. In addition, the
estimates of the convergent rate of u§3 are presented.

1. Introduction. Let B = {x € R%* 2% + 23 < 1}. Denote S! = {z € R* 2% +
73 = 1,23 = 0} and S? = {z € R%2? + 23 + 23 = 1}. Let g(z) = (¢'%,0) where
x = (cosf,sinf) on OB, d € N. We concern with the minimizer of the energy
functional

1 1
E.(u,B) = , /B |Vul|Pdr + @/Bugdm (p>2)
in the function class
W = {u(x) = (sinf(r)eide,cos f(r) e Wl’p(B,SQ);u\g-;B =g},

which is named the radial minimizer of E.(u, B).

When p = 2, the functional E.(u, B) was introduced in the study of some simpli-
fied model of high-energy physics, which controls the statics of planar ferromagnets
and antiferromagnets (see [3][4]). The asymptotic behavior of minimizers of E.(u, B)
has been considered by Fengbo Hang and Fanghua Lin in [2]. (In particular, they
discussed the asymptotic behavior of the radial minimizer of E.(u, B) in §5.)

In this paper, we always assume p > 2. As in [2][3] and [4], we are interested in
the behavior of minimizers of E.(u, B) as € — 0. We will prove the Wli’f convergence
of the radial minimizers. In addition, some estimates of the convergent rate of the
radial minimizer will be presented and we will discuss the location of the points where
ul = 1.

In polar coordinates, for u(x) = (sin f(r)e’¥, cos f(r)), we have

\Vu| = (f? + d*r~2sin® )12,

1
/ [Vu|lPde = 27r/ r(f? + d®r2sin? f)P/2dr.
B 0

If we denote

V ={f e WrP(0,1];rY/?f,,rAP)/Psin f € LP(0,1), f(r) >0, f(1) = 3}7

loc

[\V]

then V = {f(r);u(z) = (sin f(r)e’® cos f(r)) € W}.
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REMARK. V C {f € C[0,1]; f(0) = 0}.
In fact, if f € V, denote h(r) 1+

1 ) 1 )
A |h/('r')|pd’r' = (]_ + r;)pA |f/(r1+m)|p,rmdr
1
= (14550 - ,ﬁ)/O s|f(s)|Pds < oo

which implies that h(r) € C0, 1] and hence f(r) € C|0,1].
Suppose f(0) > 0, then f(r) > s > 0 for r € [0,t) with t > 0 sufficiently small.
This implies that sin f(r) > sins > 0. Noting p > 2, we have

1 t
/ rI=Psin? fdr > sin? s/ 17 Pdr = 0o
0 0

which contradicts /P~ sin f € LP(0,1). Therefore f(0) = 0.
Substituting u(z) = (sin f(r)e!?’, cos f(r)) € W into E.(u, B) we obtain

Eg(u, B) = 27TE6(f7 (07 1))7

where
' 2 2,.—2 2 p\p/2 1 2
EF0.1)) = [ [(f2 4 dPr~2sin® )72 4 oo frdr
0

This shows that u = (sin f(r)e’® cos f(r)) € W is the minimizer of E.(u, B) if and
only if f(r) € V is the minimizer of E.(f, (0,1)). Applying the direct method in the
calculus of variations we can see that the functional E.(u, B) achieves its minimum
on W by a function u.(x) = (sin f.(r)e!?, cos f.(r)), hence f.(r) is the minimizer of
E.(f,(0,1)).

We will prove the following

THEOREM 1.1. Let u. be a radial minimizer of E.(u,B) on W. Then for any
v € (0,1), there exists a constant h = h(vy) which is independent of € € (0,1) such
that Z. = {x € B;|ues| > v} C B(0, he).

This theorem shows that all the points where u2; = 1 are contained in B(0, he).
Hence as € — 0, these points converge to 0.

THEOREM 1.2. Let u.(x) = (sin f.(r)e® cos f.(r)) be a radial minimizer of
E.(u,B) on W. Then

lim u. = (¢',0), in W'P(K,R?)

£—

for any compact subset K C B\ {0}.
THEOREM 1.3. (convergent rate) Let u.(z) = (sin f.(r)e'® cos f.(r)) be a radial

minimizer of Ec(u, B) on W. Then for any n € (0,1), there exist Cyeq > 0 such that
as e € (0,e9),

1
[+ 5 eos? ik < e
n
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sup |uegz(z)| < Cce'r.
zeK

Here K = B\ B(0,7).

The proof of Theorem 1.1 will be given in §2. In §3,we will set up the uniform
estimate of E.(u., K') which implies the conclusion of Theorem 1.2 (see §4). By virtue
of the uniform estimate we can also derive the proof of Theorem 1.3 in §5.

2. Proof of Theorem 1.1.

PROPOSITION 2.1. Let f. be a minimizer of E-(f,(0,1)). Then
E(f,(0,1)) < Ce*7P

with a constant C independent of € € (0,1).
Proof. Denote

R 2
oAfs Lo, d” . o z 2 i
I(e,R) = Mm{/o [E(fr + 2 sin® f)2 + %ep cos” flrdr; f € Vr}

where

Vi ={f(r) €WIO.R:f(R) =3,
sinf(r)riil, f’(?“)?“% € LP(0,R)}.
Then

1(87 1) = EE(fE7 (07 1))

e I
= 7/ r((f2)2 + d?r~2(sin f)2)P2dr + —/ rcos? fodr
pJo 2e? Jo (2.1)
1 1/6 1 E_l
= 7/ e27Ps((f)? + d?s™%sin® f.)P/2ds + —/ e2scos? f.ds
P Jo ‘ 2e? Jo
=e27PI(1,e7 ).

Let f1 be the minimizer for I(1,1) and define
fo=/f1, as 0<s<1; f2:g, as 1<s<e L

We have

—1

I 1 /¢
I(l,e71) < —/ s[(f3)? 4 d*s~%sin? fo]P/%ds + 5/ 5cos? fods
P Jo 0
I 1t
< —/ s'PdPds + —/ s((f1)? + d*s~2sin? f1)P/2ds
pJ1 P Jo
1 1
+ 7/ scos? fids
2 Jo
dp

p(p_2)(1—ep— )4+ 1(1,1) <
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Substituting into (2.1) follows the conclusion of Proposition 2.1.
By the embedding theorem we first derive from |u.| = 1 and proposition 2.1 the
following

PROPOSITION 2.2. Let u. be a radial minimizer of E.(u, B). Then there ezists a
constant C independent of € € (0,1) such that

[uc () — ue(x0)| < Ce@ PPz — o727, Va, x4 € B.

As a corollary of Proposition 2.1 we have

PROPOSITION 2.3. Let u. be a radial minimizer of E.(u,B). Then for some
constant C independent of € € (0,1] such that

1

- uydx < C.
€ JB

Based on Proposition 2.2, we have the interesting result:

PROPOSITION 2.4. Let u: be a radial minimizer of E.(u,B). Then for any
v € (0,1), there exist positive constants A, pu independent of € € (0,1) such that if

1
—2/ uZydr < p (2.2)
9 BN B2le

where B?'¢ is some disc of radius 2le with 1 > X, then

lues(z)| <, Vo € BN Bk. (2.3)

Proof. First we observe that there exists a constant 3 > 0 such that for any x € B
and 0 < p <1,

mes(B N B(x, p)) > Bp°.
To prove the proposition, we choose

_2p_ _2p_
24725

- Y P ﬁ 1 T
)\—( Z(%) 0

%)p727ﬂ':

where C is the constant in Proposition 2.2.
Suppose that there is a point zo € B N B such that (2.3) is not true, i.e.

|tues(z)] > 7. (2.4)
Then applying Proposition 2.2 we have
lue () — ue(z0)] < 05(2*p)/p|x _ xo‘lﬂ/p < 05(271))/17()\5)1*2/17
= CN2/p = % Vi € B(zo, Ae)
which implies that

[ues () — ues(wo)| <

o2
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Noticing (2.4), we obtain

2
lues ()2 > [Jues(zo)| — %]2 > 7? Va € B(wo, Ae).

Hence

2
/ uZydx > lmes(B N B(xg, Ag))
B(:;o,)\s)ﬂB ) 4 (25)
Y 2 T 2R 2 2
> —_— = —(— )P~ = .
2 B e) =0 (5E)72e" = pe
Since w9 € B N B, and (B(x, Ae) N B) C (B¥¢ N B), (2.5) implies

2 2
/ uzzdr > pe®,
B2lenB

which contradicts (2.2) and thus the proposition is proved.

To find the points where uZ; = 1 based on Proposition 2.4, we may take (2.2) as
the ruler to distinguish the discs of radius Ae which contain these points.

Let ue be a radial minimizer of E.(u, B). Given v € (0,1). Let A, u be constants
in Proposition 2.4 corresponding to . If
% ulzdz < p,

€% JB(z*,22e)NB

then B(z°, \e) is called y— good disc, or simply good disc. Otherwise B(z¢, \e) is
called y— bad disc or simply bad disc.

Now suppose that {B(z$, \e),i € I'} is a family of discs satisfying

(1) : x5 € B,ie I (#) : B C Ujer B(a5, Xe);

(7i1) : B(z5,Ae/4) N B(m?,)@/4) =0,i #j. (2.6)
Denote

Jo.={ieI;B(xf, ) is a bad disc}.

PROPOSITION 2.5. There exists a positive integer N such that the number of bad
discs Card J. < N.

Proof. Since (2.6) implies that every point in B can be covered by finite, say m
(independent of ¢) discs, from Proposition 2.3 and the definition of bad discs,we have

pe2CardJ. <3 uZydx

B(x$,2Xe)NB

< m/ uggdx < m/ u§3dx < mCe?
UigllsB(If,Q)\E)ﬂB B

and hence Card J, < mTC < N.

Applying TheoremIV.1 in [1], we may modify the family of bad discs such that
the new one, denoted by {B(z5, he);i € J}, satisfies

i€Je

Uies. B(x$, Ae) C UjegB(x5,he), A<h; Card J < Card J.,
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|z§ — 25| > 8he,i,j € J,i # j.

The last condition implies that every two discs in the new family are not intersected.
From Proposition 2.4 it is deduced that all the points where |u.3| = 1 are contained
in these finite, disintersected bad discs.

Now we prove our main result of this section.

THEOREM 2.6. Let u. be a radial minimizer of E.(u, B). Then for any v € (0,1),
there exists a constant h = h(y) independent of € € (0,1) such that Z. = {z €
B; ucs(2)] > 7} € B0, he).

Proof. Suppose there exists a point o € Z. such that z¢€B(0,he). Then all
points on the circle Sy = {z € B; |z| = |zo|} satisfy

uZy(w) = cos® fo(|z]) = cos® fo(|zo]) = uls(xo) > 7*.

By virtue of Proposition 2.4 we can see that all points on Sy are contained in bad discs.
However, since |zg| > he, Sy can not be covered by a single bad disc. As a result, Sy
has to be covered by at least two bad disintersected discs. This is impossible.

This theorem implies that all the zeros of u2; + u2, are contained in B(0, he). In
particular the zeros are converge to 0 as € — 0.

3. Uniform estimate. Let u.(z) = (sin f-(r)e’® cos f-(r)) be a radial mini-
mizer of E.(u, B), namely f. be a minimizer of

e 1t
E.(f,(0,1)) = —/ (f2 + d*r~2sin? f)P/%rdr + —/ cos® frdr
P Jo 2e? Jo

in V. From Proposition 2.1, we have
E.(f,(0,1)) < Ce*7P (3.1)

for some constant C' independent of € € (0, 1).

In this section we further prove that for any n € (0,1), there exists a constant
C(n) such that

Es(fs?ﬁ) = Es(fea (777 1)) < 0(77) (32)

for € € (0,e0) with small g > 0. Based on the estimate (3.2) and Theorem 2.6, we
may obtain better convergence for minimizers, namely the VV;? convergence.
To establish (3.2) we first prove

PROPOSITION 3.1. Given n € (0,1). There exist constants

U1 I, (v = o)

nje[N+1 "N+ 1

and Cj, such that
E.(fe,n;) < Cje’™? (3.3)

for j=2,....N, where € € (0,g9).



ASYMPTOTICS OF RADIAL MINIMIZERS OF G-L TYPE 73

Proof. For j = 2, the inequality (3.3) is just the one in Proposition 2.1.
Suppose that (3.3) holds for all j < n. Then we have, in particular

Ee(fe; nn) < Cpe™™P. (34)

If n = N then we are done. Suppose n < N. We want to prove (3.3) for j =n + 1.
Obviously (3.4) implies

(n+1)n
1

N+1
- / [(f)2 4 d*r=2sin? f.)P ?rdr
PJE
(nt1)n
1 N+1

4eP | nn
N+1T

cos? fordr < Cpe™ P

from which we see by integral mean value theorem that there exists

nn  (n+1)n
such that
[(fe)z + d*r~?sin® fa]lr)iznwrl < Cre™ P, (3.5)
1 2 n—p
[E_P cos” felr=pni, < Cpe™ P, (3.6)

Consider the functional

1 1 !
E(p, 1) = ~ / (pz + l)p/er‘ + —p/ cos? pdr.
p

Tin+41 € Nn+1

1

It is easy to prove that the minimizer p; of E(p,n,+1) in W}E’p((nnﬂ, 1), R1) exists
and satisfies

_Ep(v(piz)ﬂp?“)?“ = sin 2;03 in (nn+1a 1) (37)
o
p|7”:77n+1 = faa p‘r:l = fa(l) = 5 (38)

where v = p? + 1. It follows from the maximum principle that p; < 7/2 and

sin? p(r) > sin? p(np11) = sin? fe (1) = 1= cos? fe(mnyr) > 1 =77, (3.9)

the last inequality of which is implied by Theorem 2.6.
Applying (3.4) we see easily that

E(p1;0m+1) < E(fe;nnt1) < CoBe(fe;npy1) < Cre P (3.10)

for € € (0,ep) with g > 0 sufficiently small.
Now choosing a smooth function {(r) such that { =1 on (0,7),{ = 0 near r = 1,
multiplying (3.7) by (p-(p = p1) and integrating over (7,41, 1) we obtain

1
v(p_Q)/ng‘T:nnJrl +/ 'U(p_Q)/ZPT(Crpr + Cppr)dr
ntt (3.11)

1 [
= 57)/ sin 2pCp,dr.

MNn+1
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Using (3.10) we have

1
| U(p_Q)/2pr(Crpr + Cprr)dr|

NMn+1

1 1 1

1

< / VPRI p2dr + —| [ (02 rdr — / P2 dr|
Nn41 Nn41 Nn+1

1 1 oo (3.12)
< C’/ o 2dr 4 =Pz, = o/ 2dr
Nin+1 p

Mn+1

1
1 1
S C/ ’Up/er + _Up/2|T:"7n+1 S C’”fgn_p + _Up/2|7':"7n+1
p p

NMn+1

and using (3.6)(3.10) we have

1t . 1/ 1
‘5_1” / Cpypsin 2pdr| = e—p\ / ¢ cos? pdr — / (€ cos? p),dr]

1 7771;»1 C 1 77”;’1 Mn+1 (3.13)
n—p
< > 08~ Plr=p, 41 + E—p/ cos” pdr < Cpe™ P,

Mn+1

Combining (3.11) with (3.12)(3.13) yields

1
—2)/2 2 - 2
U(p )/ p?"‘T=7]n+1 S Onsn P + 7/Up/ ‘7"=T’]n+1'

Hence
Uza/z|r:m+1 - U(p—z)/2(p3 + 1)\r=nn+1 — p(P=2)/2 3|r=%+1 + U(]ﬁ>—2)/2|7ﬂ:%+1

1
< C,e" P + 2_71)10/2|T:%+1 + 1}(10—2)/2|T:77n+1

1
< O e P 4 51)1)/2|7‘:777Hrl + 6Up/2‘T:nn+1 + 0(5)
1
=Che" P+ (5 + 5)Up/2|?”:77n+1 + C(($)
from which it follows by choosing § > 0 small enough that

vp/2‘7"=71n+1 < Cn6n7p~ (314)

Noting (3.9), we can see sin p > 0. Multiply both sides of (3.7) by cot p = ;OTS/’))
and integrate. Then

1

1
1
—ePy(P=2/2 cot p|,17"+1 = sp/ v(”*Q)/pr.Tdr + 2/ cos? pdr.
g1 s p Nnt1

Noting cot p(1) = 0 (which is implied by (3.8)) and =% > 1, we have

sinZ p =

e ) 1! )
E(p15mn+1) = —/ v?/ dr—l—g—p/ cos” pdr
NMn+1 1 NMn+1

1
1
< C[/ VP22 4 - cos? pdr] < CvP=2/2p, cot Plr=nni1-

MNn+1 € Nn4+1
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From this, using(3.14)(3.6) and noticing that n < p, we obtain
E(p1;mn41) < Co®=2/2p cot ply—p,. .,

< (Cpenr)r-1/p(—EnE" 12 (3.15)

< CoP=Y2cot pl,—y ., < .o

S On+1€n+l—p+(n/2—n/p) S Cn+1gn+1—p.
Define

we = fe, for 7 € (0,Mp+1);  we = p1, for 7 € [Mat1, 1]
Since f; is a minimizer of E.(f), we have
E.(fe) < Bc(we),
namely,

Ee(f.s; 77n+1)

I I
< - / (p? + d?r=%sin? p)P/?rdr + - / cos? prdr
€
n

p n+1 NMn+1
1

C c !

< — (p? + )P 2dr + — / cos? pdr + C
p Nn+1 2Ep Nn+1

= CE(p1;Mn+1) +C.

Thus, using (3.15) yields
Es(f5§ 77n+1) < Cn+16n7p+1

for € € (0,ep). This is just (3.3) for j =n + 1.

PROPOSITION 3.2. Given n € (0,1). There exist constants nn+1 € [NN—fl,n] and
Cn+1 such that

_ Lt
E-(fe;nn1) < Onpae P4 4 —/ —qdr (3.16)
p MN+1

where N = [p].

Proof. Similar to the derivation of (3.6) we may obtain from Proposition 3.1 for

j = N that there exists nyy1 € [NN—A, (]X,Tl)”], such that

1 _
> co8? felrmnny, < One™ 7P (3.17)

Also similarly, consider the functional

1 [t 1 !
E(p,nn41) = —/ (pz + 1)p/2dr + —p/ cos? pdr
n

N+1 € NN+1

whose minimizer po in W;E’p ((nn+1,1), RT) exists and satisfies

—Ep(v(p_z)ﬂpr)r =sin2p, in (Mn41,1) (3.18)
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7T
p|7‘:77N+1 = f67 plTZl = fa‘(l) = 5

where v = p? + 1. From (3.4) for n = N it follows immediately that
E(painnt1) < E(fe;nni1) < CnE:(fe;nn41)
< ONE:(fe;nn) < Cne P,
Similar to the proof of (3.14) and (3.15), we get from (3.17) that

Up/2‘ SCN€N_p,

T=NN+1

E(pa;nn41) < Cnyre TP (3.19)

Now we define
we = fe, form € (0,nn41);  we = p2, forr € [nni1,1]
and then we have
E.(f:) < Ee(w:).

Notice that

1 1
/ (p? + d*r~2sin? p)P/2rdr — / (d?r~2sin? p)P/2rdr

TIN+1 MIN+1

1 1
= B / / [(P% + d2'r_2 Sin2 p)s + (dzr_Q Sil’l2 p)(l _ 5)](p_2)/2]d8p27“d7~
NIN+1

1 1
< C’/ / [(p2 + d?r~2sin? p)(P=2)/25(P=2)/2
TIN+1

+(d?r=2sin? p)P=2/2(1 — §)P=2/2)dsp2rdr

1 1
=C (p? + d*r~2 sin? p)(p 2)/2 2rd7‘/ sP=2/244
"]N+11 . 0
+C (d*r~?sin® p)(p_Q)/zpfrdr/ (1— 8)(p—2)/2ds
NN +1 0
1 1 1
<C(  prdr +/ pidr)y<C | (o + 1) %dr.
TIN+1 NMN+1 NN+1
Hence
1 .
(vanN-l—l < ]—9/ + d?r~ (81np2)2)p/2rdr
nN
+ ! (cos pa)*rdr
5 2
2¢P TIN+1
1/t c rt
< f/ (d®r=2sin? p)P?rdr + — / (cos pa)%dr
P Iy 267 Joni

1
+C ((p2)? + 1)*/2dr
17]N+1
1
p / r(d*r=?)PRdr + CE(p; nn11)-
n

p N+1

IA
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Using (3.19) we have

E.(fs;nne) < / r(d?r—? p/2d7'+CN 1eNPHL
nN

"=

This is my conclusion.

4. Proof of Theorem 1.2. THEOREM 4.1. Let u. = (sin f.(r)e'¥, cos f.(r))
be a minimizer of E.(u, B) in W. Then

lim f. =2, in W(0,1]R) (4.1)

lim ue = (e',0), in WYP(K, R?) (4.2)

for any n € (0,1) and compact subset K C B\ {0}.

Proof. Tt suffices to prove (4.2), since (4.2) implies (4.1). Without loss of gener-
ality, we may assume K = B\ B(0,7nn4+1). From Proposition 3.2, We have

Es(usyK) = 277E6(f5a77N+1) <C

where C' is independent of €, namely

/ |[Vue|Pde < C, (4.3)
K
/ lues|?de < CeP. (4.4)
K
(4.3) and |us| = 1 imply the existence of a subsequence u., of u. and a function

u, € WHP(K, R?), such that
limousk =u,, weakly in WYP(K,R?)
Ek—
: . « 3 2
lim w., =u., in C¥K,R°),a€ (0,1—-). (4.5)
Ek—>0 p

(4.4) and (4.5) imply u, = (¥ 0). Noticing that any subsequence of u. has a
convergence subsequence and the limit is always (¥, 0), we can assert

lin(l) u. = (¢'0),  weakly in WYP(K, R?). (4.6)
E—

From this and the weakly lower semicontinuity of [ 1 |Vu|P, using Proposition 3.2, we
have

/ Vel |Pd Sli_mgkﬂo/ \Vu5|pdm§makﬂo/ |Vue|Pdx
K K K

1
< Clime_oeN TP 4 27 / (d*r=2)P?rdr

MN+1

and hence

lim \Vu5|pdx—/ Vel |Pdy
K

e—0

since [} |Ve'®Pdx = 2m an+1(d2r*2)p/2rdr. Combining this with (4.6)(4.5) com-
plete the proof of (4.2).
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5. Estimates of convergent rate. Assume K = B\ Bg, where R € (0,1/2).
We will prove the following

THEOREM 5.1. Let u.(x) = (sin f.(r)e® cos f.(r)) be a radial minimizer of
E.(u,B) on W. Then there exist C,eq > 0 such that as € € (0,1),

1
/ rl(fL)P + L cos? feldr < CeP. (5.1)
R ep
sup |ues(z)]| < Ce™r. (5.2)
rzeK

(5.1) gives the estimate of the rate of f.’s convergence to 7/2 in WP (n, 1] sense,
and that of convergence of |u.3(x)| to 0 in C°(K) sense is showed by (5.2).

Proof. First, it follows from Jensen’s inequality that

27 1

d2 1
2nE-(f-;n) [(fe')2 + 2 sin® fg]p/Qrdr + gp / cos® fordr

Y " 1 Yo
2 2 dr

> (fL)Prdr + 1/ cos? fordr + == / — sin? fordr.
D Jy v Jy p oy P

Combining this with (3.16) yields

9 1 1
?ﬂ- (fD)Prdr + Elp/ cos? fordr
2w ”1 dp !
< ” T_P(l —sin? fo)rdr + CelPl+1=p,
n

Noticing that
1 —sin? f. < C(1 —sin® f.) = Ccos® f.,

and (4.4), we obtain

9 1 1
] / (fHPrdr + ip/ cos? fordr
D Jy e Jy

1 v
< C’/ d—p cos? fordr + CelPlt1-p (5.3)
r
n
< CeP + CelPlt1-p < Celpl+i-p,

Using (3.16), (5.3) and the integral mean value theorem we can see that there exists
m € [n,n(1+1/2)] C [R/2, R] such that

(o)} + d*r~?sin® fo],—y, < C1, (5.4)

1
[5_17 c08? felpmy, < ChelPl=PHL, (5.5)

Consider the functional

1t 1/t
E(p,m) = —/ (p? + 1)P2dr + 2—p/ cos? pdr.
p m € m
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It is easy to prove that the minimizer p3 of E(p,n;) in W}E’p((m, 1), R") exists.
By the same way to proof of (3.15), using (5.4) and (5.5) we have

E(p3,m) < v parcotpslrey,

+1-
[p] : p+%.

< Cicotps(m) < Ce

Hence, similar to the derivation of (3.16), we obtain

_ » 1 1 dp
Ea(fa;nl) < Cg[p] 2p+1_’_E n _/ i
m

Thus (5.3) may be rewritten as

1 1

1

/ (fL)Prdr + —/ cos? fordr
m &P m

[pl+1—p [pl+1—p | ;
5 T8 4 P < Che 2z 15,

< (Ce

Let 1, = R(1 — 5%) where R < 1. Proceeding in the way above (whose idea is
_ k_ _ k41 _
[p];i Py 2 le)p to [p];lg}rlp + & 2k:+11)p

improving the exponent of € from
step), we can get that for any m € N,

step by

1 1
1
/ (fL)Prdr + - cos? fordr < Ce

m Mm

[P];rnl*p_i_ @M -1)p

g 7 4 CeP.

Letting m — oo, we derive

1 1
1
/ (fHPrdr + —/ cos? fordr < CeP.
R e? JRr

This is (5.1).
From (5.1) we can see that

/ ulydr < Ce?P. (5.6)
K
On the other hand, for any zy € K, we have

[ucs () — ues(xo)| < Ce@ PPl — 20|'=2/P, Va € B(xo,ae),

by applying Proposition 2.2, where oo = (%)ﬁ Thus
1
|ues ()| > ey (0)| — Ca' /P > 5 lues(@o)l-

Substituting this into (5.6) we obtain

C€2p2/ u§3dm2/ u?ydx
K B(xzo,a¢)

T, 1 2o
|ue3($0)\2(a5)2 = Z(%)p‘z |ues (o)

2p
> |2+p_2€2’

I
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which implies

p—2

|u53(x0)\ S Ce=

Noting x( is an arbitrary point in K, we have

sup |uez(z)| < Cce™r
zeK

Thus (5.2) is derived and the proof of Theorem is complete.
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